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AN APPROXIMATION FOR THE RESPONSE TIME 

Abstract 

OF AN OPEN CP-DISK SYSTEM 
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In this paper we look in detail at a computer system consisting of one Central Pro
cessing Unit (CP) and one Disk. It is visited by jobs with a special kind of work
load, one should think for example of database queries. During a visit to the com
puter system a job is served several times at the CP and several times at the Disk. 

We give a queueing model representing this system. This model is used to 
estimate the mean and variance of the response time of these jobs. Numerical 
examples are compared with a simulation of the system to check the correctness 
of this method. 
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1. INTRODUCTION 

For a good perfonnance evaluation of a computer system a thorough understand

ing is needed of how the internal traffic is dealt with. Here we will consider a 

computer system consisting of one Central Processing Unit (CP) and one Disk 

Unit. Jobs arrive at this system with some request, e.g. a database query. First 

they are served at the CP and this will generate a service at the Disk, and then 

again the CP is visited. After several rounds a job is completed and will leave the 

system (the last visit is always to the CP). This kind of queues is known in litera

ture as queues with delayed Bernoulli feedback (e.g. Foley & Disney [2] and 

Konig & Miyazawa [3]). Delayed Bernoulli feedback indicates that after the first 

station a toss is made to go to the second station with some fixed probability q or 

leave the sytem with (l-q). The feedback station in the models of most papers in 

this area is an infinite server in contrary to our model, where this station is a FCFS 

station as we will see later on. This feedback is what makes this model hard to 

analyse. 

Poisson 

arrivals 

FIG. 1.1: The queueing model 

feedback 

CP 

Our goal was to determine the distribution of the response time of a job 

visiting this system. Then we would be able to answer often posed questions like: 

"Which percentage of the jobs will have a response time larger than some 

prefixed number?" Unfortunately we could not determine the distribution, for the 

complexity of the model was too large. The complexity is caused by the structure 

of the model. As a result of the delayed feedback there is interference between 

"new" jobs and "older" jobs. No nice structure in the course of a visit of a job 

can be exploited. We are however able to derive an approximation for the vari

ance of the response time of a job visting the system. This variance gives some 

infonnation about the distribution. Although one has to be careful with the 

interpretation of the results. 
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In this paper we first model the computer system above in terms of Markov 

processes. Because not all details of the computer system are available we will 

make some assumptions, which are reasonable in our opinion. This model will 

enable us to calculate the equilibrium distribution. Knowing the equilibrium dis· 

tribution it is simple to calculate the mean for the response time. Because of the 

complexity of the model it is hard to determine the distribution of the response 

time. But as stated before, we are able to find the variance. 
To check the correctness of this method a comparison is made between the 

mean and variance obtained this way, and the mean and variance obtained by a 
simulation of this computer system. 

2. MATHEMATICAL MODEL 

We will now define a mathematical model which should describe the computer 

system properly. If the service times are distributed according to some phase type 

distribution, we can describe the system in terms of Markov processes. An 

exponential distribution is easiest to analyse, but the behaviour of the servers is 

then much "wilder" than the behaviour in the real computer system. We will 

consider Erlang distributions at both the CP and Disk. The number of phases is 

given by m at the CP and by n at the Disk. The average duration of a phase is I/Jl 

for the CP and ltv for the Disk. The arrival of new jobs is described by a Poisson 

process, with parameter A. The service disciplines at the CP and at the Disk are 

FCFS, first come first served, i.e. the job, which enters the queue before another 

one is also served before this other one. There are no priorities. A direct conse

quence of modeling a service as an Erlang distribution with FCFS is that the 

model has no product form solution (see e.g. Baskett, Chandy, Muntz & Palacios 
[1]). 

A great problem in modeling is the number of rounds a job makes. We will 

use two approaches simultaneously. In one approach we consider the number of 

rounds as fixed, denoted by R, in the other approach this number is geometrically 

distributed with mean R. The argument in favour of the first approach is that for a 

certain database query the number of rounds is known beforehand. The argument 

in favour of the second approach is that there are several kind of queries with all a 
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different number of rounds. So for an arbitrary job the number of rounds is not 

known beforehand. Below we will indicate which approach we use and why. 

For the determination of the equilibrium distribution we will use the second 

approach, i.e. the number of rounds will be geometrically distributed. This is 

modeled by a probability q to go to the Disk and a probability (l-q) to leave the 

system after completion at the CPo We have two reasons for this choice. The first 

is a similar argument as given above. For the equilibrium distribution we do not 

know which kind of job(s) we are dealing with and therefore we can not consider 

the number of rounds as fixed. The second argument is a computational one. After 

each visit to the CP a coin is tossed whether a job goes to the Disk or leaves the 

system. This toss is made independently of the number of rounds already made, 

so we do not have to store this number. With the approach of a fixed number of 

rounds, on the contrary, we have to store this for each job, which will make the 

situation much more complex. The geometrical distribution of rounds therefore 

reduces the effons in calculating the equilibrium distribution tremendously. 

For the mathematical model we have to define the state of the computer 

system. There are two quantities which together describe the system: 

k 1 = number of phases at CP; 

k 2 = number of phases at Disk. 

The state of the system is now defined by a tuple i = (k 1 ,k 2). 

The computer system is an open system, i.e. an arriving job is never 

rejected. This causes the number of states to be infinite. In order to be able to 

compute the equilibrium distribution we limit the number of jobs allowed in the 

system to K. When the system contains K jobs, arriving jobs are rejected and lost 

for the system. This number K should be so large that the probability that the sys

tem is full is close to zero. 

The number of states now depends on this number K and on m and n, the 

number of phases for the Eriang-distributions. The number of states is 

N = [~J ·m-n + [fJ ·m + [fJ . n + L 



3. THE EQUILIBRIUM DISTRIBUTION 

If the system is in a certain state one of the next three possible events will change 

the state of the system after some time: 

1) a new anival; 

2) the completion of a phase at the CP; 

3) the completion of a phase at the Disk. 

If a queue is empty at the CP or at the Disk, the finishing of a phase at the CP or 

at the Disk can not occur. And if already K jobs are in the system the anival of a 

new job in the system is impossible. For some states there is only one possible 

event, e.g. the only possibility to leave the empty state is the anival of a new job. 

If a new job arrives at a non full system this job will join the queue at the CP. 

The description above gives the events which can really occur. For 

mathematical reasons we consider the impossible events as possible and they 

result in a transition from one state into that same state again. Hence all three 

servers, CP, Disk and "arrival server", are always active and each event can 

occur, independently of the state of the system. Thus the state of the system 

remains the same if a new job anives in a full system or if at an empty server a 

phase is completed. This simplifies the description of the system, because no 

exceptions have to be made for all kind of special cases. 

The system is now a discrete state Markov process with time between tran

sitions exponentially distributed with parameter (A.+J.1+v). After this time an 

event will happen: 

- with probability A. A. a new job will arrive at the system; 
+J.1+v 

- with probability A. J.1 a phase will finish at the CP; 
+J.1+v 

- with probability A. v a phase will finish at the Disk. 
+J.1+v 

Let 1t(;) denote the probability to be in state i in equilibrium and let Pi,j denote the 

probability to go from state; to state j, then the equilibrium equations are 

N 
1t(0 = k 1t(j)Pj,i 

j=l 

N 
k1t(i) = 1. 
;=1 

for all i, 
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Note that Pj.i = 0 for most j, i. 
In spite of the sparsity of the probability matrix it is impossible to solve the 

set of equations in terms of the input parameters. The sparsity, however, enables 

us to calculate the equilibrium distribution numerically for a system with rela

tively many states. 

The input parameters needed for this calculation are: 

1) the maximum number of jobs K, this number should be large enough; 

2) the number of phases at the CP and at the Disk, denoted by m and n; 

3) the arrival rate A; 

4) the service rates at the CP and Disk, 1.1 and v; 

5) the expected number of rounds a job makes, R (this determines q). 

A computer program is written to generate the transition probabilities and 

to calculate the equilibrium distribution. We used the Gauss-Seidel method 

described by Van der Wal & Schweitzer [5] to determine iteratively the equili

brium distribution. The advantage of this method is that it provides bounds on the 

equilibrium probabilities. For the kind of reduced matrices we have it can easily 

handle a system of several thousands of states. This is enough for in the real 

situation 5 jobs in the system will occur only seldomly. Thus if we take K = 20, 

we still can take for example m = 4 and n = 4, resulting in a number of states of N 

= 3200. 

4. THE EXPECTED RESPONSE TIME 

Once the equilibrium distribution is obtained, it is easy to calculate the average 

number of jobs at CP and Disk, Lcp and LDisk: 

Lcp = L 7t(i}k 1 (i), 
i 

LDisk = L 7t(i}k2(i), 
i 

where kj(i) denotes the number of jobs at server j in state i. 

The mean of the total response time, M, can now be calculated according to 

Little's rule [4], using the average queue length and the adjusted arrival rate. The 

offered traffic A, is larger than the accepted traffic A, because there is a (small) 
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probability P {full} that the system is full. and jobs arriving then are rejected: 

-A. = A.. (1-P (full D. 
-M = (Lcp +LDisk) I A.. 

This value M is exact for the model above. Now the first question. the mean of 

the response time. is answered. For answering the second question, the variance 

of the response time. there is no simple formula such as Little's rule. A com

pletely different approach is therefore needed. Only after some assumptions we 

are able to solve this second problem. 

S. PROBLEMS IN DERIVING THE VARIANCE 

The determination of the variance of the response time for a job is more compli

cated. The influence of some quantities on the variance is intuitively clear, but 

the exact relation is hard to derive. For example if the utilization increases, it is 

obvious that the variance will increase too, but how much? What will be the 

effect on the variance if a job makes on average one more round? In this section 

we will discuss in very general terms the encountered problems and the used 

approximations at deriving the variance of the response time of a job. In the next 

sections we will discuss this into more detail. 

A first idea was to follow the visit of a job to the system closely, Le. to con

sider all possible states of the system during this visit and transitions that occur 

from one state into another one. This is an endless task for the system can be in 

all states (except the empty state) several times during the visit of a job, thus the 

number of possible paths is enormous. 

A smarter idea. which is imposed by the structure of the system, is to con

sider not the visit as a whole, but rounds. made by a job. Then the variance of a 

job is the summation of the variances of the various rounds plus the summation of 

the covariances between distinct rounds. It is obvious that the means of the vari

ous rounds are not independent and that the covariance differs substantially from 

0, because some jobs make a number of rounds at the same time and cause trouble 

to one another. If the system is very crowded at the start of one round, it probably 

still will be crowded at the start of the next one, and if the system is empty when a 
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job arrives, it probably will not be very crowded at the stan of its second round. 

So there are two new problems to overcome. The first one is to find the 

mean and variance for one round. this problem will be solved in the next section. 

The second one is to find the probability to go from one state at the beginning of 

one round to another state at the beginning of the next round. This problem is too 

complicated to handle for this state space. One reason why this is a problem is 

theoretical: it is hard to estimate the probability to go from one state to another 

one, for there are all kinds of effects influencing this probability. So the estima

tion will not be very accurate. And if we have estimated these probabilities the 

resulting N x N matrix should be multiplied several times by itself. This will cost 

a lot of time to evaluate. 

If we look at groups of states, instead of looking at individual states. we 

think we can estimate the probability to go from one group at the beginning of 

one round to another group at the beginning of the next round almost as good. 

And because of the reduction of the number of states the evaluation of the covari

ances can be done in reasonable time. We will discuss a method that uses an 

aggregation of states into these groups of states. For these aggregated groups we 

will approximate the transition probabilities. Then we can obtain the variance of 

the response time and a second formula for the mean of the response time, dif

ferent from the one in the previous section. 

6. EXPECTATION AND VARIANCE OF ONE ROUND 

In this section we will consider a system which has the same states as the system 

described above. but which is essentially different. In this new system there is no 

feedback. Thus in this system a job visits first the CP and will leave the system 

with probability q after a visit to the Disk and with probability (l-q) directly. 

FIG. 6.1: The queueing modelfor one round of the tagged job 

arrivals 
CP 
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For this reduced system we will obtain the mean and variance of the 

response time for a tagged job visiting this system. The tagged job visits both the 

CP and the Disk and is observed during one round from the moment of its arrival 

at the CP until the moment of its departure from the Disk. We will denote the 

mean of the response time for one round of a job by Mo (i) and the variance with 

Vo (0 if i is the state of the system at the start of that round for the tagged job. 

The "0" indicates that it are original states. 

A job in a queue in this reduced system only has to deal with what happens 
in "front" of it; new arrivals can not overtake and therefore have no influence on 

the mean and variance for one round of the tagged job, and are therefore not taken 

into account. This is caused by the FCFS-discipline at CP and Disk. In case the 
discipline at the CP is processor sharing the situation becomes completely dif

ferent. Without arrivals the system above becomes empty in the long run. For 

there are k} phases at the CP and at most k2 + n·((k 1+m-l) div m) phases at the 

Disk to be finished. The number of phases that has to be finished at the Disk can 
even be less if one or more jobs leave the system directly after the CPo And the 

total number of phases in the system will decrease by the two events that can 
occur: 

1) finishing a phase at the CP; 

2) finishing a phase at the Disk. 

As with the transition possibilities for the complete system an "impossible" 
event is interpreted as a transition from one state into that same state again. In this 

case the number of phases in the system will remain equal. 

The response time for one round starting in a certain state consists of two 

periods. The first period is exponentially distributed with parameter (J,L+v) and is 

the time until the first transition. The second period is the time needed to com

plete the round after this first transition. The first period is independent of the 

second period. For the state with no jobs in the system the round is already com

pleted and thus the mean and variance for one round for this state are O. The 

mean and variance of the response time can now be written as: 

Mo(O = _1_ + '" gj J .• MoU) 
J,L+v j . 

Vo(i)= [ ~!v~ 2 + :rgi,l(Mo2Ul+VOU» _ [:rgi,j'MOU)] 2 

for i > 1, 

for i > 1, 



where gi,j is the probability that the system goes from state i to state j. The 

matrix with elements gi,i is a sparse triangular matrix. Starting at the empty state 

and going recursively to states with one phase more these formulae yields Mo(i) 

and Vo(i) for all i in a very efficient way (linear in the number of states). 

The formulae above should be read as: 

- the mean of the response time is the expectation of the first period plus the 

weighed mean of the expectations of the length of all possible paths to the com

pletion of the round, i.e. all paths to the empty state; 

- the variance of the response time is the variance of the first period plus the vari

ance of the remaining part of one round. The variance of the remaining part is 

the second moment of the length of all possible paths to the completion of the 

round minus the square of the means of the length of the remaining paths. 

7. AGGREGATION OF STATES 

As mentioned above the number of states at the beginning of each round is too 

large, especially since all transitions between these states are possible. So we 

would like to reduce the number of states drastically. 

One of the characteristic features of a state is the number of jobs in the sys

tem. We think this number contains the most relevant information about the sys

tem. Therefore we consider the aggregated states 0, 1,2, .. ,K of the number of jobs 

in the system. Let S be the number of jobs in the system then T (S) denotes the set 

of all states contributing to aggregated state S. Thus T (S) = {(k 1 ,k2 ) I 

(kl+m-1) div m+ (k2+n-1) div n =S}. 

We need two more notations. First a (i) will denote the state of the system 

after the arrival of a new job in state i, thus if i=(kJ,k2) then a (i)=(k 1+m,k2). 

And the distribution within the aggregated state S is denoted by 1ts(i): 

1
1t(i)' ~e T (S)1t(j)r1 if i e T (S) 

7ts(i) = J 
o else. 

The ingredients we use to determine the variance of the response time of a 

job visiting this computer system are the marginal distribution in an aggregated 
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state, the first and second moment for a round started in such an aggregated state, 

the probability to enter the system in a certain aggregated state and the probability 

to go from one aggregated state at the start of a round of the tagged job to another 

aggregated state at the start of its next round. 

7.1. Start probability in a certain aggregated state 

We want to know the probability PI (S) for the tagged job to anive in a certain 

aggregated state with S jobs for its first round (including the tagged one). The 

index 1 denotes that we are interested in this first round. This job arrives in the 

system in equilibrium, the well-known PASTA-argument (poisson Arrivals See 

Time Average), and we can derive the probability that there are S-1 jobs in the 

system in equilibrium directly from the equilibrium distribution: 

PI (S) = 1-P;!Ull} k xU) 
jeT(S-I) 

for S = 1, .... ,K. 

The term 11 (1- P{!ull}) is added because the system is not full at the arrival 

moment of the tagged job, for it is accepted. 

7.2. First and second moment for an aggregated state 

In the previous section we have derived the mean and variance for one round of a 

job as a function of the state at the start of that round. We will now use these 

results to obtain an approximation for the first and second moment of one round 

started in an aggregated state. 

A way which seems the most natural for the mean of one round started in 

an aggregated state, denoted by Ma(S) (Ua" in Ma stands for aggregated), is to 

take the mean of the expectations of the rounds started in all original states that 

contribute to aggregated state S. We assume that this probability distribution is 

equal to the equilibrium distribution, without the tagged job, conditioned to start

ing the round in aggregated state S. Thus the probability to be in state a (i) at the 

start of a round is 1ts(i) if one knows that the system is in aggregated state S. For 

the first moment Ma(S) of one round started in aggregated state S, we now have: 
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Ma (S) = :E 'lCS(i) Mo (a (i» for S = 1, .... .K. 
ieT(S-I) 

Note that a start in state S means that the system was in one of the states 

i E T (S-l) just before the arrival and in state a (i) just after the arrival of the 

tagged job. 

This expression is correct for the first round of the tagged job. We do not 

know the distribution for the states contributing to aggregated state S at the start 

of the next round. Therefore we assumed above that this distribution corresponds 

with the equilibrium distribution and is independent of the state at the start of the 

previous round and independent of the number of rounds already made. Thus we 

assume that the probability to be in aggregated state S is 'lCs(i) for each i in every 

round. 

For the second moment Ma(2)(S) of one round started in aggregated state S, 

the same procedure is used. For the second moment of one round started in 

aggregated state S we have: 

Ma(2)(S) = :E 'lCS(i) [ Mo2(a (i» + Vo (a (i»J for S = 1, .... .K. 
ieT(S-I) 

Above we consider only complete rounds for the tagged job. But its last 

round will be an incomplete one. for then the job will leave the system directly 

after its visit to the CPo The time needed to complete a last round from state 

(k l.k 2) is Erlang distributed with k 1 phases and parameter Jl. Thus for the same 

distribution for contributing jobs as above we have for the last round of the tagged 

job that its first moment Mal(S) and its second moment MaZ(2)(S) are, if the last 

round starts in aggregated state S: 

MaZ(S) = :E 'lCS(i)"(k l (i)+m}.!. forS= 1 •.... .K. 
ieT(S-l) Jl 

Mal(2)(S) = :E 'lCS(i)" [(k l (i)+m)2 + (kl (i)+m)J . ~ for S = 1, .... .K, 
ieT(S-I) Jl 
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7.3. Transitions for aggregated states 

Before we can detennine the. variance, we need to know the probability to go 

from aggregated state S to aggregated state S' after one round for the tagged job. 

There are two ways to change the state of the system, a departure or an arrival. 

Both events can happen several times during one round. With: 

peS,S '): approximation for the probability to go from S to S', 

D(S,h): approximation for the probability of h departures during one round, 

starting in aggregated state S, 
A(S,h): approximation for the probability of h arrivals during one round, start

ing in aggregated state S, 

we approximate P(S.S') by: 

P(S.S') = 

S'-1 
L D (S.S-S'+h}A (S,h) if S > S' 

h=O 
S-1 
L D(S,h}A(S,S'-S+h) ifSS;S' 

h=O 

D(S,h) and A(S.h) are given below. 

In this formula the probability P depends on the aggregated state S, not on 

the states contributing to S. Certainly for the arrival probability A. and therefore 

also for P, it is obvious that the length of one round is of importance for the pro

bability of h arrivals. And the length of one round is strongly dependant on the 

state of the system at the start of that round for the tagged job. But we think that 

we get a good approximation for the transition probabilities in the way described 

here. 

The probability of h departing jobs in a round starting in aggregated state S 

is approximated by 

D(S,h) = [SkI] qh (l-Q)S-l-h forO S; h <So 

This probability is exact if each job passes the tossing point exactly once. Note 

that the tagged job visits the CP and the Disk and does not toss. In this situation, 

however, a job can pass this point 0, 1 or 2 times. There are some arguments to 

justify the approach above. The first argument is that on average the number of 

passings of the tossing point will be one, for jobs can not overtake each other. 



- 14-

Thus during one round of the tagged job another job will make approximately one 

round, with another start and ending point, and consequently pass on average the 

tossing point once. The second argument is that if we had modeled one round of 

the tagged job with start at the back of the queue at the Disk and end there again, 

each job would have tossed exactly once. We have not modeled it this way, for 

this will give rise to problems at the start of a visit of the tagged job. 

The arrival process is a Poisson proces with parameter A., so the probability 

that exactly h jobs arrive in a period with length tis (e-At (A,t)h)/h!. In this sys

tem however the length of one round is not deterministic. Therefore the real 

arrival probability for h jobs if the round started in aggregated state Sis: 

00 At h 
A(S,h) = J e- h\At) dGs(t) 

o . 
for h ~ O. 

where Gs is the unknown probability distribution for the length of one round 

started in S. We approximate this integral by taking the mean of one round started 

in S, Ma(S) , as "the" length of one such round. This results in a probability 

A(S,h) given by 

_ e-ivMa(S) (A..Ma(S»h 
A(S,h) - h! forh~O. 

We are dealing with a system with at most K jobs; an arrival in a full system will 

not alter the state of the system, and thus the arrival of "superfluous" jobs results 

in an aggregated state K. P(S,K) is therefore approximated by: 

S-1 00 

P(S,K) = l: D (S,h)· LA (S,K -S+g) 
h=O g=h 

This is the sum over all number of arrivals as least as big to fill the system with K 

jobs after all departures. 

In this way P(S,K) is a little over-estimated; for each job the state of the 

system at the end of the round instead of its arrival moment is taken to decide 

whether or not it is accepted. The effect of this over-estimation however is small, 

because K is taken large so that a full system will occur only seldomly. 

Furthermore it is implicitly assumed that a job which arrives during one 

round is still in the system at the start of the next round. This will be true in nearly 

all cases, but not in all. So P(S,S') is a little over-estimated. 
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8. DETERMINATION OF THE VARIANCE 

In the previous section we obtained all ingredients needed for the approxmation 

of the mean and variance of the response time of a visit to the original system. 

We will first consider all possible paths via aggregated states a job can 

make. Right after the entrance of a job, the system will be in aggregated state S 

with probability Pl(S). Then a job will go to state S' with probability peS,S') at 

the beginning of the second round, afterwards to SIt with probability P(S',S") 

etc .. In general if P,(S) is the probability to be in aggregated state S at the start of 

round r, then the probability to be in state S' at the start of round r+ 1 is 

K 
P,+l(S') = I, P,(S)·P(S,S,). 

s=o 

The mean and variance for the time needed to complete round r, denoted 

with M(r) respectively VCr), now are: 

K 
M(r) = I, P,(S)·Ma(S) 

s=O 

V(r) = [f P,(S).Ma(2)(s)1 - M 2(r). 
s=o J 

For the last round (r=R) Ma (S) and Ma (2) (S) should be replaced by 

Mal(S) and MaZ(2)(S). 

The mean of the response time of a visit of a job to this system. M, can now 

be approximated by 

R 
M = I, M(r). 

,=1 
where R is as before the total number of rounds. Note that this is the second for

mula we give for M. In section 4 the formula for M given there was exact for that 

model. Here the model is slightly different because the tagged job makes exactly 

R rounds, whereas in the model of section 4 every job made a geometrical distri

buted number of rounds. 

The mean of a round depends on previous rounds as mentioned above. To 

get an accurate estimation for the variance we therefore need to know the covari

ance between rounds. For computing the covariance between two rounds exactly 
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the probability to start in aggregated state S I in round r I under the condition to 

start in aggregated state S in round r has to be known for all S', S and for all r:t.r '. 
We approximate the covariance in a simple way by estimating the correlation 

coefficient between two rounds. The correlation between round r and round 

r', p(r,r') ,is estimated by: 

p(r,r') = p(I,1 r-r' I +1) for r:t. r'. 

Thus we assume that the correlation coefficient between two rounds depends only 

on the number of rounds in between. The correlation coefficient pO,r) is 

obtained from the covariance between round I and round r. It is: 

p(1,r) = {f f p(r-l)(S',S).Pl(S').Ma(S').Ma(S) -
S'=1 S=1 

[ f P 1(S')'Ma(s)1.[ f f P 1(s,).p<r-l)(SI.s).Ma(s,)1} 
S=1 J S=1 S'=1 ] 

. [..JV(l). V(r)J -1 for r> 1. 

Now the covariance between rounds r' and r, denoted by cov(r',r), is: 

cov(r',r) = p(r',r) . ..JV(r'}V(r) 

Finally, the total variance for the response time for a visit to this system, V. is: 

R R R R R 
V = l: V(r)+ l: L cov(r,r') = L V(r)+2· L L cov(r,r'). 

r=1 r=1 r'=1 r=1 r=1 r' <r 
r'-:;:r 

9. NUMERICAL RESULTS 

In the method described above several assumptions are made. To check whether 

these assumptions lead to reasonable results or not, the method is implemented 

and the results are compared with the results of a simulation of the computer sys

tem. Our main interest concerned two output parameters: the mean and the 

coefficient of variation of the response time. 
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We tested 96 examples with different input parameters. We consider these 

examples to be representative for most situations. In all these examples the mean 

service time a job needed was normalized to 100. This makes a comparison 

easier. The number of visits to the CPo denoted by R. was 4.6 or 8, the number of 

phases at a service station (m or n) was 2 or 4. All combinations given above were 

tested with a utilization at the CP varying from 0.2 to 0.8 and a utilization at the 

Disk varying from 0.1 to 0.75. The utilization at the Disk was always less than the 

utilization at the CP. 

The method above consisted of two parts. The first part is the determination 

of the equilibrium distribution. which immediatelly gives the mean for the 

response time for an average job. This is compared with the simulation of this 

same model. The differences in mean are very small as they should be, for Little's 

rule gives the exact results. 

The second part of the method above consists of the aggregation of states. 

This part results in an estimation for the mean and coefficient of variation of the 

response time of jobs making exactly R I rounds while jobs on average make R 

rounds. The comparison between the aggregated model and the simulation gives 

also satisfactory results, although less accurate. If R ' and R do not differ much, 

then the differences in the results between simulation and aggregation were only a 

few per cent. Even for R' «R or R '»R the differences were still below 10%. In 

most examples the approximated values were within the confidence interval for 

the simulation. 

As illustration we will show below the results of 4 of the 96 examples. 

These examples are given in table 9.1. 

TABLE 9.1: Data of examples 

R A m 1.1 n v 

1 8 1.15e-2 2 0.307 2 0.293 

2 6 1.20e-2 4 0.360 4 0.600 

3 4 7.50e-3 4 0.300 4 0.257 

4 6 1.54e-2 2 0.233 2 0.207 

For these input parameters the utilization at CP and Disk are 0.6 and 0.55 respec

tively for example 1. 0.8 and 0.4 respectively for example 2, 0.4 and 0.35 
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respectively for example 3 and 0.8 and 0.75 respectively for example 4. 

In all examples K =20, resulting in 840 states for example 1 and 4, and 3200 

states for example 2 and 3. The probability that the system is full is 3e-5 for 

example 1, 2e-3 for example 2, 5e-9 for example 3 and 4e-3 for example 4. The 

equilibrium distribution is calculated with an absolute accuracy of le-4 according 

to the algonhim of Van der Wal and Schweitzer [5]. The other results for these 

examples are given in tables 9.2, 9.3 and 9.4. 

TABLE 9.2: Expectation over all jobs 

1 2 3 4 

Little 204 332 137 349 

simulation 203 327 137 348 

TABLE 9.3: Expectation/or tagged jobs 

1 2 3 4 

forR'=R-l aggregation 173 262 96 284 

simulation 176 269 97 285 

for R'=R aggregation 200 315 135 348 

simulation 205 326 136 349 

forR'=R+l aggregation 227 369 174 413 

simulation 230 381 177 410 
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TABLE 9.4: Coefficient of variation 

1 2 3 4 

forR'=R-1 aggregation 0.52 0.76 0.43 0.61 

simulation 0.52 0.73 0.39 0.59 

forR'=R aggregation 0.52 0.75 0.39 0.60 

simulation 0.51 0.72 0.37 0.58 

for R'=R+l aggregation 0.51 0.74 0.36 0.59 

simulation 0.50 0.72 0.36 0.57 

These results show that the approach of the problem as suggested above is a rea

sonable one. A disadvantage of the approach above is that the equilibrium distri

bution is needed first. This is by far the most time consuming part of the approxi

mation. 

10. DISTRIBUTION 

Originally we were interested in the distribution of the response time of a job 

visiting the computer system. We are not able to derive the distribution because of 

the complexity of the model. On account of the results and experience for this 

model we have, we assume that the distribution of the response time is a kind of 

Erlang-like distribution. Most logical choices then are: 

- a r-distribution for the response time for which the parameters are detennined 

by the approximated mean and variance for the response time; 

- an Erlang-distribution for the service time and a r-distribution for the waiting 

time. 

To check this assumption we plotted for the 4 examples of above the r

distribution, the combination of distributions and the distribution of the response 

times found by a corresponding simulation. In all examples the r -distribution is 

given by the dotted line ( ..... ), the combination by a dashed line (---) and the simu

lation by a solid line (-). The horizontal axis is for the response time and the 

vertical axis is for the probability to get a response time below this value. 
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FIG. IO.l: Example 1 
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FIG. 10.2: Example 2 
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FIG. 10.3: Example 3 
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FIG. 10.4: Example 4 
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The combinations of distributions are plotted as the sum of an Erlang-(m·R) 

with parameter J.L, an Erlang-(n· (R -1» with parameter v and a r -distribution with 

the parameters chosen to fit the total combination to the mean and coefficient of 

variation as presented in the tables above for that specific example. The r-plots 

are obtained by drawing random points from a r-distribution with mean and 

coefficient of variation as approximated for these examples in the table above. 

As the figures show a r-distribution is a reasonable approximation if the 

main point is to predict the average behaviour of the distributions. The combina

tion of Erlang- and r-distributions is a better choice, especially for getting insight 

in the behaviour at the start and tail of the distribution. Therefore we think: that the 

last distribution should be used for answering questions like: "What is the proba

bility that the response time for a job will be greater than a certain value . ., 

11. CONCLUSION AND SUGGESTIONS FOR FURTHER RESEARCH 

In this paper we have discussed the distribution of the response time of a job visit

ing a computer system. This computer system consists of a Central Processing 

Unit and a Disk which both serve a job several times sequentially during its visit. 

First and last visit of a job are to the Central Processing Unit. A good example of 

such a job is a database query. In literature this is known as a model with delayed 

Bernoulli feedback. 

For the response time of a visit we have derived a heuristic method to find 

its mean and its variance. We showed that the approximations we get are quite 

good and within a few percent of the values obtained after a simulation of the 

computer system. The analysis is based on two steps. In the first step the equili

brium distribution for the system is derived and in the second step, after an aggre

gation of groups of possible states, the mean and variance of the response time of 

a job vistiting this computer system are derived. 

Furthermore we have shown that the distribution can well be approximated 

by a combination of Erlang-distributions for the service times and a Gamma

distribution for the waiting time with an overall mean and variance as approxi

mated by our analysis. This enables us to answer questions like the one posed in 

the first paragaph: "Which percentage of the jobs will have a response time 
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larger than some prefixed number?" 

We think we have developed a good understanding of the problem, but 

there are still some problems unsolved. For example: Is there a more precise 

approximation possible for the transition probability between aggregated states? 

Is there another and better choice for the aggregated states? Another interesting 

research topic is whether or not it is necessary to calculate the equilibrium distri

bution for all separate states to such a high accuracy. For this is in the evaluation 

the most time-consuming pan, and therefore most interesting if one wants to 

reduce time for evalution of this problem. 
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