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Chapter 1

Introduction

1.1 Motivation

Most matter consists of charged particles, and their interaction is described
by electromagnetism. The interplay of light with matter gives rise to many
startling optical phenomena. The light of the sun has brought life to earth.
Optics is the branch of physics that describes the behavior of how light inter-
acts with matter, and is a field that has known a number of drastic transitions.

The name “optics” comes from ancient greek “
,
óψις”, meaning “eye” or

“sight”. It is unknown when the study of the field actually started, probably
the field is as old as human history. Early optics, geometrical optics, was con-
cerned with mirrors, lenses, and prisms. The earliest surviving book providing
a systematic study on the topic was written by Euclides (323 BC-283 BC),
signifying the long-lived interest in light.

The Dutch physicist Christiaan Huygens (1629-1695) argued in “Traité
de la lumière” that light consisted of waves; somewhat later Sir Isaac Newton
(1643-1727) proposed an alternative theory. He noted that light of a particular
color is unaltered when it is reflected from an object, from which he concluded
that color is an intrinsic property of light, from which he concluded:

“Rays of light are very small bodies emitted from shining substances.”

These two competing theories are the origin of the debate whether light is a
particle or a wave. Later quantum mechanics solved this paradox by demon-
strating that neither the notion of a delocalized wave nor that of a localized
particle are sufficient to fully describe the universe at the atomic scale. This
concept is known as the particle-wave duality.

The first revolution in optics was provided by James Clerk Maxwell. In
1864 he published the paper “A Dynamical Theory of the Electromagnetic

Field”, in which he wrote down the “General Equations of the Electromagnetic
Field”, later to be known as Maxwell’s equations:
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“The agreement of the results seems to show that light and magnetism are

affections of the same substance, and that light is an electromagnetic

disturbance propagated through the field according to electromagnetic laws.”

Maxwell’s equations account for the vast majority of optical phenomena, but
as the scientific world zoomed in on a more and more microscopical scale they
discovered that the laws of physics behave differently on the atomic scale.

The photoelectric effect was discovered in 1887 by Heinrich Rudolf Hertz.
When light is shone on a metal plate, electrons are emitted only when the
frequency of the light is above a certain threshold, see Fig. 1.1. This was
explained in 1900 by Max Planck by showing that light could be described
as particles, although he believed this had nothing to do with the physical
reality. The energy of a photon, which depends on its frequency, is completely
absorbed by an electron. Only if the energy of an individual photon is large
enough to overcome the potential barrier of the metal (the work function)
the electron is able to escape with a kinetic energy equal to the energy differ-
ence between photon and the workfunction. This explains why increasing the
intensity of the light does not change the energy of the ejected electrons.

In one of his five famous publications in 1905, Albert Einstein postu-
lated that these light quanta where a physical reality (by Einstein called “das
Lichtquant”, and now called a “photon”). This contradicted the general be-
lieve that light existed as waves, and again initiated the discussion about the
particle-wave duality. This was one of the steps that led to the development
of quantum mechanics in the first half of the twentieth century, which is the
framework underlying modern physics.

Figure 1.1: Schematic picture of the photoelectric effect. The energy of individual
photons must be large enough to free the electrons from the material. When the
frequency of the light is high enough electrons (called “photoelectrons”) are emitted
with increasing energy as the frequency of the light is increased.
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The development of quantum mechanics has had a tremendous success
in explaining the properties of materials on an atomic and molecular level.
This has resulted in many well-known applications, such as the laser, the light
emitting diode (LED), the electron microscope and the scanning tunneling mi-
croscope. Furthermore the drastic miniaturization and increase in switching
speed of transistors have formed the basis for the telecommunications revolu-
tion of the late 20th century.

These technological innovations have had a large impact on society and
are transforming scientific research. They have led to more accurate mea-
surements and novel measurement methods. Computers are used to simulate
systems that are too complex or time consuming to deal with analytically or
experimentally. Moreover, as a result of modern communications technology
scientific results are published, read and aged more quickly.

In present day science the study of light is still a very active part of physics,
aimed at understanding the interaction between light and matter. In partic-
ular the control of the light in micro- and nanoscale optical materials forms
an important topic of research, offering unique possibilities to generate and
manipulate light.

The control of light on an ultra-small scale hinges on the understanding
of excited states in the material, therefore the study of the light-matter inter-
action in systems is very interesting from a fundamental point view. Apart
from the scientific challenges, it is a driving force behind many technological
innovations, of importance for the telecommunications, and the computer and
energy industry.

In this thesis, we study collective optical phenomena that emerge when
systems which strongly interact with light cooperate. The aim of this study
is to improve the understanding of the interaction between light and matter.
The long-term goal is to control the optical properties of materials on the
nanometer scale, relevant for the development of materials with novel optical
properties. We study the transmission and reflection properties of an ultra-
thin film of molecular J-aggregates, and show that it exhibits optical hysteresis
and can be used as an all-optical switch. We also consider a model for a
photonic crystal in which a ferroelectric phase transition occurs. This offers
the opportunity to tune the photonic band structure with an electric field,
opening and closing photonic pseudogaps. This system therefore acts as an
electro-optical switch.



4 1. Introduction

1.2 Outline

We start with the concepts that provide a basis for the understanding of this
thesis in chapter 2. We explain the important concept of quasi-particles, fo-
cussing on excitons - electronic excitations that explain the physics behind the
optical properties of many systems. We discuss the exceptional optical prop-
erties of J-aggregates, and briefly illustrate how a thin film of these materials
can exhibit intrinsic optical bistability. Finally we consider photonic crystals
and ferroelectric phase transitions.

In the next two chapters 3 and 4 we perform a theoretical study of the
nonlinear optical response of an ultrathin film consisting of oriented linear
aggregates. In these chapters we use distribution functions of which we pro-
vide a detailed study in chapter 5. Chapter 3 deals with one-exciton transi-
tions. In chapter 4 we extend this method, including two-exciton states and
exciton-exciton annihilation. We derive steady-state equations that establish
a relationship between the output and input intensities of the electric field
and show that within a certain range of the parameter space these equations
exhibit three-valued solutions for the output field. A time-domain analysis
is used to investigate the stability of different branches of the three-valued
solutions and to get insight into switching times.

In chapter 5 we show that a small number of selected states play an impor-
tant role in the third-order optical response of disordered linear J-aggregates.
We demonstrate this by calculating the pump-probe absorption spectrum re-
sulting from the truncated set of transitions and show that it agrees well with
the exact spectrum.

In chapter 6 we present the results of numerical simulations of a joint
probability distribution of transition energy and transition dipole moment in
Frenkel exciton systems with diagonal and off-diagonal disorder. We show
that the distribution has unique scaling properties: by scaling the transition
energy and transition dipole moment, the distributions calculated for different
disorder strengths collapse into one universal distribution. With this joint
distribution many important characteristics of the underlying system, such as
the absorption spectrum and the oscillator strength distribution can be easily
calculated. In chapter 7 we generalize this distribution to the ground-to-one
and one-to-two exciton transitions 5.

In chapter 8 we study the photonic band structure of cubic crystals of
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point dipoles, which is a conceptually simple model for a photonic crystal.
An interesting property of this model is the structural phase transition that
occurs for sufficiently large light-dipole coupling. Then the charges deviate
from their original position and form a frozen wave in the crystal, changing the
crystal structure. We study the effect of the phase transition on the photonic
band structure. Near the phase transition the dielectric susceptibility diverges.
Then an electric field can prompt a phase transition, and the resulting crystal
deformation changes the reflection properties of the crystal. We demonstrate
that this can open and tune directional band gaps and pseudogaps, drastically
changing the spontaneous emission and transmission properties of the crystal.
The tunability of a photonic band gap is useful for many applications such
as tunable optical microcavities and optical switches. Optical switches are
crucial devices in optical communication and for an optical computer, a major
challenge of photonics.





Chapter 2

Theoretical Foundation and Framework

This chapter serves as an introduction to the topics in this thesis. We introduce
the physical concepts that form a basis for the subsequent chapters. Advanced
readers can skip sections 2.1, 2.2, and 2.3, which are elementary introductions
to quasi-particles, relevant spectroscopic experiments, and excitons.

2.1 Quasi-particles

The concept of quasiparticles is one of the most important and most elegant in
condensed matter physics. Real systems contain so many interacting particles
that they are impossible to describe exactly. Often the elementary excitations
of such a system can be described as particle-like entities called quasi-particles.
This is a very universal concept because many-body systems can often be
considered as ordered, interacting molecules or atoms, and offers a dramatic
simplification of the treatment of many-body systems. We will illustrate the
concept of quasi-particles with some typical examples that are found in many
materials.

Polaron

First we consider the motion of an electron through a lattice, see Fig. 2.1(a).
As the electron travels through an atomic lattice, the charged electron distorts
the lattice because it attracts the positive nuclei of the lattice. This distortion
is dragged along, and the electron is called “dressed” with phonons (lattice
distortions are phonons, another quasiparticle we will consider below). The
exact description of the dressed electron is very complicated. The dressed
electron is a quasi-particle because it can be effectively described as a free
electron with a modified mass.
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Figure 2.1: (a) Electrons in a lattice attract positive ions, and form local distortions
of the lattice. These electrons are called “dressed” with phonons, and the electron with
the distortion that travels along can be considered as a quasi particle. (b) Illustration
of lattice vibrations. The interactions between the atoms are represented by springs.
The collective vibrations of the lattice are called “phonons”. (c) A charged ion in
an atomic lattice can move through the lattice because electrons from neighbouring
atoms can hop on the ion, resulting in an apparent movement of the positive charge,
behaving like a particle. This quasiparticle is called an “electron-hole”.

Phonons

The vibrations of an atomic lattice are another example of quasiparticles.
When the perfect lattice is disturbed, a distortion can move along the lattice,
because the atoms in the lattice interact with each other, similar to the spring
system shown in Fig. 2.1(b). In a mechanical system the vibrational motions
of a system are called the normal modes, and in solids the elementary lattice
vibrations are called “phonons”. They play an important role in the properties
of solids, including a material’s heat capacity and electrical conductivities. In
a quantum mechanical analysis they acquire particle-like properties.
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Holes

The removal of an electron from an atom results in a positively charged ion.
An electron of neighbouring atoms can hop on the charged ion, neutralizing
it but leaving behind a neighbouring charged ion Fig. 2.1(c). The positive ion
seems to move around the lattice, and can be considered as a quasiparticle
called an “electron-hole”, and the charge transport is called hole conduction.

In analogy to the above, we describe hole conduction by the hopping of an
ionized atom. In real systems hole conduction does not need such a drastic
excitation. In general the concept of a “hole” corresponds to the “lack of an
electron”. When an electron is excited into higher state (for instance, when
absorbing a photon) it leaves a hole in its old state, even though the electron
is still located at the same site, see Fig. 2.3(a) in Sec. 2.3. Both electrons and
holes can act as free charge carriers.

Excitons

In many materials electrons and holes attract each other by an electrostatic
attraction, forming bound electron-hole pairs, which are called excitons. Exci-
tons are neutral quasi-particles that can be excited by absorption of a photon.
They move through a material like a particle, transporting energy through a
material instead of charge. Excitons contribute to the light absorption, light
emission, and the transport of energy in many materials. These excitations
are of major interest when considering light-matter interaction. In section 2.3
we consider this particular type of quasiparticles in more detail, with a focus
on molecular excitons.

2.2 Spectroscopy

In this section we discuss three spectroscopic experiments that play an im-
portant role in the study of optical excitations: the absorption spectrum, the
fluorescence spectrum, and the pump-probe spectrum.

2.2.1 Absorption spectrum

When a material is irradiated with light it can be excited to a higher elec-
tronic state. The absorption spectrum shows light absorbed by the material
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over an energy interval. The absorption spectrum A(ω) can be calculated
by using Fermi’s Golden rule, which follows from first-order time-dependent
perturbation theory in the molecule-field interaction, given in the dipole ap-
proximation by the perturbation −d · E , where d denotes the total transition
dipole operator of the molecule and E the electric field:

A(ω) =
2π

~

∑

ν

|〈ν|d · e|g〉|2
︸ ︷︷ ︸

Oscillator strength Oν

δ(εν − εg − ~ω). (2.1)

Here |g〉 denotes the ground state of the system, and |ν〉 is summed over all
excited states of the system. The quantities εg and εν denote the energies of
these states. Finally ω is the frequency of the incident light, which has a po-
larization e. The delta-function reflects conservation of energy: an excitation
can only occur if the photon energy is exactly equal to the transition energy.

Spectral broadening

When an excited state population exponentially decays with a relaxation con-
stant γ, this will result in a Lorentzian lineshape of the absorption spectrum,

A(ω) = A0
1

(ω − ω0)2 − γ2
.

The width of the line peak is determined by the inverse lifetime of the ex-
cited state involved, according to the Heisenberg uncertainty principle. This
line-broadening caused by the finite lifetime of the excited states is called ho-
mogeneous or natural line-broadening. In real systems, interaction with the
environment results in a different lifetime γ and a different transition energy
ω0 for each excited state. These fluctuations are another source of spectral
broadening called inhomogeneous broadening.

2.2.2 Fluorescence

The fluorescence spectrum is complementary to the absorption spectrum. The
system is brought in an excited state, after which emission from the system
is observed. Typically, the emitted light has a lower energy than the ab-
sorbed light because some of the excitation energy is converted to vibrations
(phonons). This results in a difference between the maxima of the absorption
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and fluorescence spectra of an electronic transition, called the Stokes shift.
Measuring fluorescence spectra gives information about the life time and the
dynamics of excitations in a material.

2.2.3 Pump-probe spectrum

An extension of the absorption spectrum is the pump-probe spectrum. Here
the absorption is measured (the probe) after excitation of the material by an
initial beam (the pump). After the initial pump, the excitations can relax to
other states of the system. By varying the waiting time between the pump
and the probe, it is possible to obtain information about the dynamics of the
excitations in the system.

Usually the pump-probe experiment is performed with low intensities so
that only the one-photon1 states of the system are excited. This means that
the change in the absorption spectrum is very small, see Fig. 2.2(a) and (b).
This issue is solved by subtracting the original absorption spectrum (depicted
in Fig. 2.2(a)) from the spectrum observed after pumping: a pump-probe
spectrum is a difference spectrum, see Fig. 2.2(e)).

Three factors contribute to the outcome of a pump-probe spectrum.

Bleaching

Firstly, when the system is brought in an excited state by the pump beam, the
ground state is vacated. This results in a reduction of the absorption associated
with one-photon transitions, which is called bleaching, see Fig. 2.2(a) and (b).
Because the linear absorption spectrum is subtracted, this results in a negative
peak in the pump-probe spectrum.

Induced absorption

Secondly, two-photon states can be accessed from the one-photon states, which
results in absorption of light of the one-to-two photon transition energies. This
process is called induced absorption, and results in a positive peak in the
pump-probe spectrum, see Fig. 2.2(c).

1In this section, one-photon states correspond to excitations that can be reached from
the ground state by the absorption of a single photon. The two-photon states require the
absorption of two photons.
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Figure 2.2: Schematic outcome of a pump-probe experiment (a) Absorption of the
pump beam. Initially the system is in the ground state, and the weak pump beam
can only access the one-photon transitions. (b) Bleaching. The probe beam can
not access the one-photon transitions if the system was already excited by the pump
beam (the population of the one-photon states are depicted as a dot). The transitions
are bleached, which results in a decrease of the absorption of the probe beam. (c)
Induced absorption. From the one-photon state the system can be excited to a two-
photon state, which results in absorption at the corresponding transition energies.
(d) Stimulated emission. Triggered by the probe beam, the system goes back to the
ground state, resulting in a negative contribution to the absorption spectrum (e) The
resulting difference spectrum.

Stimulated emission

Thirdly, stimulated emission can occur, which results in the creation of a
photon with the same frequency of the one-photon state excited by the pump
beam. The emission also results in a negative contribution to the pump-probe
spectrum, see Fig. 2.2(d).
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2.3 Excitons

Excitons are bound electron-hole pairs that can be formed in a material by
light: an electron is brought in an excited state and forms a bound state
with the hole left behind [1]. They are charge-neutral excitations, and their
movement through the material gives rise to the transportation of energy. It
is possible to distinguish several types of excitons, based on their electron-hole
separation relative to the lattice constant.

Wannier-Mott or weak-binding excitons [2, 3], are often used to describe
collective excited states in semiconducting materials with a large dielectric
constant (resulting in a screened Coulomb interaction between the electron and
the hole). For this type, the electron-hole separation is much larger than the
unit cell of the system. Frenkel or tight-binding excitons [1] are localized within
the unit due to a strong electron-hole attraction. They can be considered as
an excited state of a single atom or molecule. The wavefunction of a Frenkel
exciton is delocalized over several unit cells of the system as a result of the
interactions between the atoms or molecules of the system.

In this thesis, we are specially interested in molecular systems. In molecu-
lar systems, molecules are bound to each other by non-covalent or intermolec-
ular forces. These forces are weak compared to the chemical bond. In covalent
semiconductors the binding of atoms is the result of overlapping electron or-
bitals, and the resulting electronic structure of the valence electrons is strongly
modified as compared to the individual atoms. Because the intermolecular in-
teractions in the molecular systems are weak, the molecules keep their distinct
entities. This enables one to express the Frenkel exciton states in a molecular
system in terms of individual molecular excitations. They allow for an accu-
rate description of the spectroscopic properties and the dynamics of electronic
excitations in a wide range of molecular systems.

The inter-molecular transfer interactions mix the molecular excited states,
resulting in new eigenstates consisting of coherent superpositions of the ex-
citations of a single molecule. The coherent exciton wavefunctions can be
delocalized over many lattice units. As we will see in the next section, this
can have a dramatic effect on the (optical) properties of a system. In the
next section we will consider a well-known system with extraordinary optical
properties that can be explained by Frenkel excitons: molecular J-aggregates.

An extension of the Frenkel exciton concept is the charge transfer (CT)
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exciton, which can not be described by mixing molecular excitations. In CT
excitons the excited electron and hole are located on neighbouring (or nearby)
sites [4]. They are considered to play an important role in the description of
charge-generation by light, as they are considered as precursors of free charge
carriers [5]. Therefore, they are highly relevant for the analysis of photocon-
ductivity in organic semiconductors. Because the intermolecular overlap of CT
excitons is small, their absorption intensity is small. Fortunately, CT states
have a large static dipole moment, resulting in a high sensitivity to electric
fields. Therefore these states can cause a large electro-absorption signal2, al-
lowing experimental observation of the CT excitons [6, 7] . There is particular
interest in mixed Frenkel-CT excitons, which can have a large transition-dipole
moment resulting from the Frenkel excitons, and high sensitivity to external
electric fields resulting from the CT excitons [5, 8].

The exciton picture allows for a universal and convenient description of
excited-state dynamics in condensed phases. To underline their importance,
we will consider several photophysical processes that can be described in terms
of excitons. The dissociation of the electron-hole pair into free charge carriers
can result in an electric current in a material, see Fig. 2.3(a). This is the
operating principle behind organic solar cells [9].3 Apart from excitation by a
photon, excitons can also be created by injection of free charge carriers by an
electrical current. The formation of an electron-hole pair and the subsequent
recombination results in the emission of a photon, see Fig. 2.3(b). This process
is responsible for the electroluminescence of conjugated polymers [10], which is
the functioning principle of organic light emitting diodes [11]. The transport
of excitons results in the transport of excitation energy, which is a relevant
process in natural light-harvesting systems [12], see Fig. 2.3(c).

To summarize, excitons - bound electron-hole pairs - are charge-neutral
excitations that can be created by the absorption of light. The nature and
dynamics of excitons plays an important role in the optical properties of many
materials [13]. Therefore, the study of excitons is of great interest from both
a practical and a fundamental point of view.

2Electro-absorption spectroscopy studies the effect of an electric field on the absorption
spectrum of a material. The difference between the absorption spectrum with and without
an applied field results in the electro-absorption signal.

3The dissociation of the exciton into free charge carriers requires interaction with a
donor/acceptor interface. The interface is the active region of an organic solar cell which
generates the photocurrent.
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Figure 2.3: (a) Photogeneration of charge carriers: a bound electron-hole pair is
formed by absorbing a photon, which subsequently dissociates into free carriers.3

Solar cells work on this principle. (b) Electroluminescence: the recombination of a
free electron and hole into an exciton, and the subsequent release of the excitation
energy by emitting a photon. LEDs work on this principle: electrons and holes are
injected in the system, which recombine emitting a photon. (c) Photo-absorption
results in the creation of a tight-binding exciton. The electron-hole pair is always
located within a single unit cell, and can be considered as an atomic or molecular
excitation. The charge-neutral excitation can diffuse through the lattice, transporting
energy.

2.3.1 Coupling to vibrations

An exciton is an electronic excitation, corresponding to the reconfiguration of
the electron clouds of the system. This is in contrast to (vibrational) excita-
tions that correspond to the movement of the more massive nuclei. Because
the motion of the nuclei is slow as compared to the movement of electrons, the
electronic motion and the nuclear motion in molecules can be separated. This
means that the total molecular wavefunction Ψν,i can be replaced by the prod-
uct of the electronic wavefunctions and the vibrational wavefunctions, which
depend on the positions of the nuclei,

Ψν,i = ψνχν,i,

where ψν describes the electronic excited state, and χν,i corresponds to the
vibrational level i belonging to the excited state ν. This separation of the elec-
tronic and vibrational wavefunctions is an expression of the Born-Oppenheimer
approximation.4

4The Born-Oppenheimer (BO) approximation is only valid when the electronic states
obtained within the BO approximation are non-degenerate. Degenerate eigenstates will be
mixed by non-BO contributions in the system.
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When a system is brought in an excited electronic state, the reconfig-
uration of the electrons in the excited state results in a reconfiguration of
chemical bonds. This means that excited electronic states are accompanied
by vibrational (and rotational) excitations immediately after their creation.
The Franck-Condon principle states that the atomic nuclei can be considered
stationary during an electronic transition. Then the transition dipole moment
from the ground state Ψ0,0 to an excited state Ψ1,i is given by

µ = 〈Ψ1,i|d|Ψ0,0〉 = 〈ψ1|d|ψ0〉〈χ1,i|χ0,0〉, (2.2)

where d is the transition dipole moment operator. The Franck-Condon factor
is the square of the overlap integral between the vibrational wavefunctions of
the electronic states involved in the transition, |〈χ1,ν |χ0,0〉|2. It is proportional
to the relative intensities of the transitions to the different vibrational energy
levels of the excited state.

2.4 Molecular J-aggregates

2.4.1 Molecular excitons

In the 1930’s Jelley [14] and Scheibe [15] observed that when the concen-
tration of pseudo-isocyanine (PIC) is increased in a solution, a very narrow
absorption line replaces the monomer absorption spectrum. On the basis of
polarization dependent absorption experiments on streaming solutions of PIC
aggregates, Scheibe suggested that these aggregates have a one-dimensional
configuration [16].

Molecular J-aggregates consist of highly polarizable interacting cyanine dye
molecules. These dye molecules (self-) assemble in an aggregate, in which the
dye-monomers often form a chain-like [16] or cylindrical configuration [17, 18,
19], which is kept together by electrostatic forces. The optical properties of an
aggregate differ dramatically from those of a single dye. It is useful to consider
the following classical picture to understand this. The oscillating electric field
sets up an oscillating electron cloud, which forms a dipole against the positive
molecular backbone, and induces similar oscillations in the electron clouds of
the neighbouring dyes. Thus, a photon brings the aggregate in a collective
excited state, and in some of these states the transition dipole moments of the
individual dyes add to form a giant transition dipole moment, forming a very
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strong optical transition. The oscillator strength of the transition scales with
the number of coherently bound molecules (superradiance). The absorption
band - called the J-band in honor of one of its discoverers Jelley - is red shifted
and narrowed due to the exchange narrowing effect - see below.

The collective excited states of the J-aggregate - Frenkel excitons - can be
described on a basis of molecular excited states. In this case the Frenkel exciton
model gives an accurate description of the extraordinary optical properties of
molecular J-aggregates [20]. When a single transition dominates the optical
response of a molecule, the aggregate can be modeled as coupled two-level
systems. Then the Frenkel Exciton Hamiltonian within the Heitler-London
approximation is given by [21, 22, 23],

H =
∑

n=1



εnb
†
nbn −

∑

m6=n

Jnm

(

b†nbm + b†mbn
)



 . (2.3)

Here b†n (bn) is the Pauli creation (annihilation) operator that creates (de-
stroys) an excitation on molecule n. They obey the commutation relations

[

bn, b
†
m

]

= δnm

(

1− 2b†nbn
)

, [bn, bm] = 0. (2.4)

The molecular transition energy of molecule n is indicated by εn, and the
dipole-dipole interaction between molecule n and m is denoted by Jnm. In the
Heitler-London approximation, the total number of excitations is a conserved
quantity. Therefore, the eigenstates can be classified in bands according to
the number of excitations, which are referred to as one-exciton, two-exciton,
etc., bands.

The oscillator strength Oν occurring in Fermi’s Golden rule Eq. (2.1) is
an important quantity which describes how strong a transition is coupled
to radiation. Diagonalizing Eq. (2.3) results in collective excited states |ν〉
expressed in terms of molecular excitations |n〉,

|ν〉 =
N∑

n=1

ϕνnb
†
n|g〉



18 2. Concepts

The dipole operator of the system reads

d =
∑

n

µn

(

b†n + bn

)

,

where µn indicates the molecular transition dipole moment of molecule n.
Using these expressions for |ν〉 and the transition dipole moment d, we find
the following useful expression for Oν :

Oν =

∣
∣
∣
∣
∣

∑

n,m

ϕνn〈n|µm

(

b†m + bm

)

· e|g〉
∣
∣
∣
∣
∣

2

=

∣
∣
∣
∣
∣

∑

n

ϕνnµn · e
∣
∣
∣
∣
∣

2

=
∑

n,m

ϕνnϕ
∗
νm(µn · e)(µm · e). (2.5)

2.4.2 Dimer

A basic understanding of the optical properties of J-aggregates can be build
up by considering just two interacting dye molecules [24]. The excited states
of the dimer are described by the Frenkel exciton Hamiltonian

H = ε0

(

b†1b1 + b†2b2
)

− J
(

b†1b2 + b†2b1
)

.

Here ε0 corresponds to the molecular transition energy. Furthermore J corre-
sponds to the interaction between the monomers, see Fig. 2.4(a). We will take
J positive, in which case the system is called a J-aggregate, see Fig. 2.4(b).
When J is negative the system is called a H-aggregate, see Fig. 2.4(c). The
exciton states

|−〉 =
1√
2
(b†1 − b†2)|g〉,

|+〉 =
1√
2
(b†1 + b†2)|g〉,
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are found by diagonalizing the Hamiltonian, and have transition energies

ε± = ε0 ∓ J.

Here |g〉 denotes the ground state of the dimer, where both molecules are in
the ground state.

Figure 2.4: (a) A single dye with transition dipole moment µ0 transition energy ε0
(b) A dimer of monomers with parallel transition dipole moments. For this config-
uration the dipole-dipole interaction results in a negative coupling −J : the system
corresponds to a J-aggregate. (c) A dimer of monomers with parallel transition dipole
moments. Here, the dipole-dipole interaction results in a positive coupling +J : this
system corresponds to an H-aggregate.

For simplicity we will consider the transition dipole of the dimer equal in
magnitude and parallel to the polarization direction e, in which case the dipole
operator in terms of Pauli creation (annihilation) operators reads

d = µ0

[(

b†1 + b1

)

+
(

b†2 + b2

)]

,

where µ0 is the transition dipole of a single molecule. The coupling of the
monomers does not change the total oscillator strength, but does result in
the redistribution of the oscillator strength over the different transitions. The
oscillator strength corresponding to the transitions to the dimer states read

O− = 0,

O+ = 2µ2
0,
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from which we obtain the linear absorption spectrum, given by Eq. (2.1),

A(ω) =
2π

~
2|µ0|2δ(~ε0 − ε+)

The antisymmetric state |−〉 does not have any transition dipole moment.
Such a transition is dipole-forbidden, and the corresponding state is called
dark. On the other hand, the symmetric state |+〉 has a transition dipole
moment which is enhanced by a factor

√
2 as compared to the dipole moment

of the monomer. Furthermore, because the spontaneous emission rate is pro-
portional to the oscillator strength of a transition, the state |+〉 decays twice
as fast as the excited monomer, which is called superradiance.

The two-exciton state has a two-exciton energy 2ω0, and can be represented
by the product of the molecular one-exciton states by

b†1b
†
2|g〉.

The two-exciton state has no transition dipole moment with the ground state,
which is easily seen by noting that the dipole operator is a single particle
operator, and can only change the number of excitations by ± 1. However,
it is easily checked that the transition dipole moments from the one-exciton
state |+〉 is 〈1, 2|d|+〉 =

√
2µ. The transition from the dark state |−〉 to

the two-exciton state does not have a transition dipole moment. The two-
exciton state can be observed in the pump-probe experiment we discussed in
Sec 2.2.3. The transition from the superradiant state |+〉 is blue shifted, and
results in a blue-shifted induced absorption of the pump-probe spectrum, see
Fig. 2.2(d). The shift reflects the Pauli exclusion of the double excitation on
a single monomer [25] described by the commutation relations Eq. (2.4). This
blue shift can also be seen in larger and disordered J-aggregates [26, 27, 28],
see also chapter 5, and was first reported experimentally in Ref. [26].

One of the most notable properties of the J-band is its narrow line width.
This can be explained by considering the mechanism that causes the inhomoge-
neous broadening of the linewidth of monomers. Typically, they are embedded
in a solvent. We assume that the aggregate interacts with the solvent, which
provides a disordered environment. This results in random fluctuations in the
transition energies ε0 (diagonal disorder) of individual monomers, which we
will assume uncorrelated. Furthermore we assume that the electronic tran-
sition and relaxation is essentially instantaneous on the time scale of solvent
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Figure 2.5: Schematic level diagram of (a) - a single dye with transition dipole
moment µ0 and spontaneous emission rate γ0 (b) - two coupled dyes with interaction
strength −J , showing an enhanced transition dipole moment

√
2µ0 and an enhanced

spontaneous emission rate 2γ0. The symmetric state |+〉 is indicated by→→ to illus-
trate the enhancement of the transition dipole moment. Similarly, →← corresponds
to the antisymmetric state |−〉. The transition frequency of the transition from the
optically allowed state |−〉 to the two-exciton state is blue-shifted with respect to the
one-exciton transition. The dark state |−〉 has no a transition dipole moment with
the doubly excited state |12〉, so this transition is forbidden.

motion, in which case the disordered environment can be considered static.5

We will assume that the deviations of the monomer excitation energies ε1
and ε2 from ε0 can be modeled by uncorrelated Gaussian6 variables with zero
mean and standard deviation σ. When the absorption spectrum is taken from
an ensemble of monomers, the disorder leads to an inhomogeneous broadening

5This assumption is often only valid for low temperatures (where the solvent is frozen).
6The choice of a Gaussian distribution function can be motivated as follows. The site-

energy fluctuations are the result of the solvent cage which contains the aggregate. The many
random contributions from individual solvent molecules result in a Gaussian distribution as
a result of the central limit theorem.



22 2. Concepts

of the linewidth proportional to the width of the distribution of the perturba-
tion. The transition energy of the dimer states, however, are perturbed by the
sum of the fluctuations of the monomer transition frequencies (to first order
in the fluctuations). Thus, the distribution of the transition energies of the
dimer states is the mean of two Gaussian distributed stochastic variables. It
is well known that variances of independent, Gaussian distributed stochastic
variables add. This means that the width of the dimer-spectrum, dominated
by the superradiant state, is narrowed by a factor

√
2 as compared to the

monomer spectrum [29]. This effect is called exchange narrowing.

To summarize, when the dipoles are equal in orientation and magnitude,
the dimer demonstrates important enhancements of the optical properties of a
monomer. The coupling −J results in delocalized exciton states, with a single
radiative state which is red-shifted with respect to the monomer transition.
This state has an enhanced transition dipole moment, which results in a su-
perradiative decay time. Exchange narrowing results in a narrowing of the
absorption linewidth, see Fig. 2.5.

2.4.3 Homogeneous linear chain

Figure 2.6: Schematics of a J-aggregate, showing the red-shifted absorption band.

Next we consider the linear optical properties of a homogeneous J-aggregate
consisting of N coupled two-level monomers with parallel transition dipoles,
see Fig. 2.6. We restrict ourselves to nearest-neighbor interactions −J . In this
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case the Frenkel exciton Hamiltonian Eq. (2.3) reduces to

H =
N∑

n=1

ε0b
†
nbn − J

N−1∑

n=1

(

b†nbn+1 + b†n+1bn

)

. (2.6)

For this Hamiltonian the one-exciton states can be found analytically [25],
reading

|ν〉 =
∑

n

√

2

N + 1
sin

πνn

N + 1
b†n|g〉 (2.7)

with energies

εν = ε0 − 2J cos
πν

N + 1
, (2.8)

where ν = 1, 2, . . . , N . The oscillator strength between the ground state |g〉
and the exciton state |ν〉 is given by

Ok =
2µ2

N + 1
cot2

πν

2(N + 1)
ν odd,

= 0 ν even.

The change of the optical properties, which we illustrated above by the
dimer, are much more dramatic for the linear J-aggregate. The interaction
results in delocalized exciton states, with exciton energies distributed in a band
with a width of 4J . The transition dipole moments of the monomers add to
form a giant transition dipole moment for the lowest state of the J-aggregate.
This results in an oscillator strength of 0.81Nµ2

0, 81% of the total oscillator
strength. This also means that the radiative decay rate for the J-aggregate
scales with N , much faster than the decay of the monomer emission [30].

2.4.4 Disordered Frenkel Chains

Real systems are subjected to interaction with a disordered environment, im-
purities, imperfections, etc, which result in random fluctuations in both the
interaction and the transition frequencies. It is well known that even a small
disorder induces localization of the excited states of the system [31, 32]. For
weak disorder, localized states appear only at the edges of the density of states,
called the Lifshits tail.
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A wide variety of disordered (quasi-)one-dimensional systems exist whose
optical properties draw considerable attention. In linear J-aggregates the lo-
calization results in a typical (disorder-induced) exciton coherence length of
N∗ at the bottom of the exciton band, resulting in an exchange narrowing of a
factor

√
N∗, reducing the width of the absorption spectrum of the J-aggregate

by a factor
√
N∗ as compared to the monomer spectrum [29, 33].

In the following, we assume that the aggregate interacts with a disordered
environment. This results in static, site dependent monomer transition fre-
quencies

εn = ε0 + δωn (2.9)

in Eq. (2.6) (diagonal disorder). Similar to the dimer, the perturbations of
the monomer excitation energies δωn are modeled as uncorrelated Gaussian
variables with zero mean and standard deviation σ. Numerical diagonalization
of the N×N Hamilton matrix Hnm = 〈n|H|m〉 of the disordered system yields
the exciton energies εν (ν = 1, . . . , N) and exciton wavefunctions

|ν〉 =
N∑

n=1

ϕνnb
†
n|g〉

of the one-exciton states, where ϕνn is the nth component of the wavefunction
|ν〉, and |g〉 denotes the ground state of the system. In the limit of weak
disorder, when the exciton states of the homogeneous chain still provide a
good basis, the perturbation leads to a shift in the exciton transition energies,
found by first-order perturbation energy,

ε(1)ν = 〈ν|H ′|ν〉

were H ′ is the perturbation of Eq. (2.6), and |ν〉 are the exciton states of
the homogeneous chain given by Eq. (2.7). The perturbation of the exciton
energies has a standard deviation of σ/

√

2/3(N + 1), reflecting the effect of
the exchange narrowing. When the perturbation becomes comparable to the
energy spacing between the levels, the exciton states mix, leading to the lo-
calization on chain segments. Since the aggregates can range up to thousands
of monomers, this will always be the case.

In Fig. 2.7 (a) we show the wavefunctions at their respective energies at
the bottom of the exciton band for a chain of 500 monomers for a particu-
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Figure 2.7: Panel (a) shows the 12 lowest exciton states of a chain of 500 monomers
with diagonal disorder. In panel (b) we plotted the random diagonal disorder Eq. (2.9)
averaged over 20 sites. The average reveals the local well-like fluctuations of the site
potential (indicated by dashed ellipses). The states on a localization segment resemble
the states of the homogeneous chain shown in panel (c). For example, the second state
is the lowest excited state of a localization segment that contains three higher lying
states. Note that in this segment even the energy spacings between the states resemble
those of the homogeneous system.

lar disorder realization. The figure clearly demonstrates the localization of
the wavefunctions as compared to the homogeneous chain given by Eq. (2.7),
shown in Fig. 2.7 (c). The energy of the localization segments are determined
by uncorrelated well-like fluctuations of the site potential [34]. The wells are
revealed when the disorder Eq. (2.9) is averaged over a number of sites, see
Fig. 2.7 (b).

In a disordered system a small number of states in the Lifshits tail [34],
just below the lower band edge at ε0 − 2J , contain almost all the oscillator
strength, and dominate the optical response. The wavefunctions of these states
consist (mainly) of a single peak, see Fig. 2.7 (a). Because they resemble
s-like atomic state, they are called s states. They are located at different
chain segments with a localization length Ndel (〈Ndel〉 = N∗), and overlap
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weakly. An important finding is that the low-energy structure of the segments
is similar to the low-energy structure of an ideal linear chain with a length
Ndel [35, 36, 37]. The state with the lowest energy on a segment contributes
dominantly to the absorption. As a result we can model the optical response of
a single segment reasonably well with a 2-level systems with a dipole moment
enhanced by

√
Ndel, see Fig. 2.8. The second level of the lowest segments

often resembles a p state, while the level-spacing between the s and p state
is comparable to the spacing of the ν = 1 and ν = 2 state of a homogeneous
chain of length Ndel, see chapter 5. They form the hidden structure in the
Lifshits tail of the density of states [36]. In chapter 5 we select the s states
and their p-like partner and study to what extent they reproduce the non-
linear response of the aggregate. Although the higher lying, more extended
exciton states do not contribute strongly to the optical absorption, they play
an important role in the diffusion of excitons in J-aggregates [38].

Figure 2.8: The optical response of a single segment can be modeled as a 2-level

systems with a dipole moment enhanced by
√
Ndel.

To summarize, the primary excitations that determine the optical response
of disordered J-aggregates are the states that reside in the Lifshits-tail. The
oscillator strength of the states are proportional to the localization length.

2.4.5 The success of the Frenkel exciton model

The Frenkel exciton model has been surprisingly successful in explaining the
optical properties of J-aggregates. Given the fact that chromophores are com-
plicated molecules with many electronic and vibrational models [39], the two
level approximation seems overly restrictive. We now briefly consider the ele-
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ments that explain the success of the Frenkel exciton model.

In the previous sections we argued that the molecular excitons could be
expressed in terms of the individual molecular excited states. Furthermore,
we showed that only a few exciton states at the band-bottom are responsi-
ble for optical response of a disordered J-aggregate. These exciton states are
electronic states that are coherently shared over a large number of monomers,
resulting in the exchange narrowing effect, explaining the narrow linewidth.
Furthermore, the delocalized nature of the exciton is responsible for a reduced
contribution of the vibrational modes [40, 41, 42, 43], which can be quantified
by means of the Franck-Condon factor Eq. (2.2), the overlap matrix element
between vibrational modes and electronic states. This factor provides a di-
rect measure for the coupling between the electronic states and the molecular
vibrations.

For a monomer the ground state corresponds to the state with no electronic
or vibrational excitation, |g〉 = |0, 0〉. The transition dipole moment from the
ground state to the excited state accompanied with a vibrational excitation ν
is given by,

µ
(0)
i = 〈1, i|d|0, 0〉 = 〈1|d|0〉〈χ1,i|χ0,0〉 = µ0〈χ1,i|χ0,0〉, (2.10)

Here, µ0 is the transition dipole moment of the monomer, and |〈χ1,i|χ0,0〉|2 is
the corresponding Franck-Condon factor. For the J-aggregate, the excitation
is delocalized over N monomers. The ground state of the J-aggregate is given
by [43],

|g〉 =

N∏

n=1

|0n, 0n〉,

where |0n, 0n〉 corresponds to the molecule n in the electronic and vibrational
ground state. We will assume that the vibrational levels are localized on the
molecules, the electronic excited ν = 1 state without any excited vibrations is
given by

|1, i〉 =

N∑

n=1

c1n|1n, 0n〉
N∏

m6=n

|0m, 0n〉,

where c1,n corresponds to the nth component of the ν = 1 wavefunction.

First, we will consider the 0-0 transition, the transition from the ground
state to the excited state without additional vibrations, see Fig. 2.9(a). The
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transition dipole moment of the 0-0 transition is given by,

µ0,0 =
N∑

n=1

c1n〈0n, 0n|d|1n, 0n〉 =
∑

n

c1n〈n|d|g〉〈χ1,0|χ0,0〉

= µ0〈χ1,0|χ0,0〉
∑

n

c1n.

Because for the linear chain the oscillator strength of the ν = 1 state is pro-
portional to N , the same result holds for the 0-0 transition,

O(0− 0) = |µ0|2|〈χ1,0|χ0,0〉|20.81N

Figure 2.9: Energy diagram of an electronic transition with additional vibrational
levels. (a) - The 0-0 transition, the transition between the ground state and the
excited state without an additional vibrational excitation. (b) The 0-1 transition,
the transition between the ground state and the excited state with an additional
vibrational excitation. (c) The 1-0 transition, the transition from the ground state
with one additional vibration and the excited state in the lowest vibrational state.

Next, we consider the 0-1 transition, the transition from the ground state
to the excited state with one additional vibrational excitation, located on
the lth molecule (see Fig. 2.9(b)). We assume that the vibrational states of
the ground state are identical to the vibrational states of the excited state.



2.5. Intrinsic Optical Bistability 29

Then the corresponding dipole moment can be calculated by considering the
transition between the ground state with one vibrational excitation and the
excited state in the vibrational ground state (see Fig. 2.9(c)), described by the
wavefunction

|0, l〉 = |0l, 1l〉
N∏

m6=l

|0m, 0m〉.

The transition dipole moment between this state and the ν = 1 state is given
by

〈0, l|d|1, 0〉 =

N∑

n=1

c1n〈0l, 1l|d|1n, 0n〉 = µ0〈χ0,1|χ1,0〉c1l

For the total oscillator strength for the 0-1 transition the transitions to all
monomers contribute, and we need to sum l over all molecules, resulting in

O(1− 0) = |µ0|2|〈χ0,1|χ1,0〉|2
N∑

l=1

|c1l|2 = |µ0|2|〈χ0,1|χ1,0〉|2,

which is equal to the oscillator strength of this transition for a single monomer.

The oscillator strength of the 0-0 transition is enhanced by a factor N with
respect to the 0-1 transition. Thus, the collective nature of the excited state
results in an effective reduction of the coupling of exciton states to the vibra-
tional modes of the dye. The same conclusion can be drawn when completely
delocalized vibrational states are considered [43].

2.5 Intrinsic Optical Bistability

In chapters 3 and 4, we consider the transmission properties of a thin film of
J-aggregates, which is determined by the collective emission of superradiant
exciton states. We select the states with the strongest optical transitions,
which we model as two-level systems with corresponding dipole moments and
transition energies (see Fig. 2.8). Thus, the optical response of the film is
reduced to the collective response of an ensemble of two-level systems with
the energy and transition dipole moments of the dominant optical states of
the aggregate [44, 45, 46, 47].

We consider a normal incident, monochromatic field, which will drive the
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Figure 2.10: Schematics of a thin film with normal incident light. The aggregates
are aligned parallel to the film plane, which results in aligned transition dipoles.
We assume that the incident light is polarized along the transition dipoles, and has
an amplitude Ei. The reflected and transmitted fields are indicated by Er and Et,
respectively.

dipoles in the film, see Fig. 2.10. The oscillating dipoles produce a secondary
field, which produces a backward and forward propagating field. The back-
ward propagating field results in the reflected field Er. The transmitted field
Et is the superposition of the incident field Ei and the forward propagating
field which is generated by the oscillating dipoles. This induced field has a
phase which is opposite to the incident field Ei, it destructively interferes
with the forward propagating field. If the density of aggregates in the film
is high enough, this can result in the total reflection of an incident field Ei,
see Fig. 2.11(a).

The reflective state is established by several competing processes. The
field which penetrates the film populates the excited state of the system, and
results in coherent polarized states, which produces the collective polarization
field. Dephasing of the individual dipole moments destroys the coherent field.
Finally, spontaneous emission brings the two-level systems back to the ground
state. Because the dipole-field destructively interferes with the incident field,
the field in the film is weak as compared to the incident field.

The reaction field is bound in magnitude, implying that this picture only
holds if the incoming field is smaller than a certain critical value. When the
intensity of the incident field exceeds the critical value, the aggregates become
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saturated, which results in the abrupt change of the (nonlinear) refractive
index and transmittivity of the film. The saturation of the absorption band
results in the transparency of the film. The threshold is very sharp because
when the film is in a transparent state, the field intensity in the film is very
large compared to the field intensity in the reflective state, see Fig. 2.11(b).
The incoming field is now largely transmitted, although some intensity is used
to keep the film saturated.7 When the pump intensity is reduced below the
threshold after switching, the film can remain transmittive: the field keeps the
film saturated until the intensity is below a second threshold, Fig. 2.11(c).

Figure 2.11: Intrinsic optical bistability in a thin film. At low field intensity the
dipoles in the film generate a field leading to the total reflection of the incoming
field (a). The dipole-induced field is bounded because the density of dipoles is finite.
When the input intensity is increased, the film saturates and the field penetrates the
film and is transmitted (b). When the film is saturated it remains transparent for
lower field intensities: in the transmittive state the film is bleached by the high field
intensity in the film (c).

7The excited-state population decays at a rate γ due to spontaneous emission.
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The field produced by the aggregate dipoles plays the role of intrinsic feed-
back. The feedback, combined with the saturability of the absorption band,
can result in optical hysteresis or optical bistability, which may be observed
in the thin-film arrangement of J-aggregates. Optical bistability is a general
name for a number of phenomena that result from the interplay of optical non-
linearity and feedback [48, 49, 50, 51]. An optical system exhibiting optical
bistability has two stable steady state transmission states, depending on the
input-history. Optical bistable devices can be used as optical switches, and
can be useful for optical computing.

2.5.1 Phenomenological Description of Exciton Dynamics

Because we consider high light intensities, states with more than one exciton
will be excited, meaning that the two-level approximation is too restrictive.
In chapter 4 we also consider two-exciton states, selecting the dominant one-
to-two exciton transition of the same segment. In this way the level repulsion
of the states is included in a consistent way.

Apart from the decay constants describing the relaxation of the populations
of our system, the dephasing of the coherences plays an important role in the
optical response of the film. The dephasing is a process in which coherence is
lost, caused by perturbation over time, and reduces the polarization.

Several processes contribute to the dephasing rate. Phonon-assisted hop-
ping processes between the localized one-exciton states in the exciton band
results in a temperature dependent dephasing rate [52, 53, 54]. At elevated
temperature the phonon induced coherence length N coh of the exciton states
becomes comparable with the disorder induced coherence length N∗. Our
model is restricted to temperatures for which N coh ≥ N∗, or equivalently,
when the spectral broadening of the total absorption band is not dominated
by the dephasing rate Γ2. In [54] it was shown that for aggregates of PIC-Br
this requirement is satisfied when T ≤ 44K. As an illustration of the speed
of the processes involved we show the relevant time scales for the exciton
dynamics in PIC-Br in Fig. 2.12.

In experiments with increasing pump intensities a very fast decay of the
higher states are observed as a result of exciton-exciton annihilation [55, 56,
57]. The annihilation rate strongly influences the optical properties at high
intensities, reducing the exciton lifetime and the fluorescence quantum yield.
We include the effect of exciton-exciton annihilation by assuming that the
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two-exciton states can transfer their energy to a resonant monomer level with
a rate w.

Figure 2.12: Diagram showing timescales of competing processes relevant for exci-
ton dynamics in aggregates of PIC-Br at low temperatures.

Thus, we end up with the 4-level system shown in Fig. 2.13 with the
corresponding population decay rates. The time dependent optical response
of exciton systems is a complicated interplay between radiative and non-
radiative processes. A complete microscopic description of exciton dynamics is
very complicated. Therefore we have considered this phenomenological model
which captures the main processes that are relevant for the optical response
of the film.
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Figure 2.13: Jablonski diagram depicting the competing transitions contributing to
the optical response of a J-aggregate film. The state |1〉 represents the lowest state
of a localization segment which decays with the rate γ10 to the ground state. This
state dominates the linear optical response of the aggregate. Two-exciton states are
represented by the state |2〉, which can decay back to the one-exciton state with a
rate γ21, and to an electronic-vibrational monomer level |3〉 with a rate W . The
state |3〉 undergoes fast vibrational relaxation to the vibrational ground state of the
corresponding electronic level. Furthermore, this level undergoes relaxation to the
one-exciton state and ground states with the rates γ31 and γ30, respectively
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2.6 Photonic Crystals

Photonic crystals are periodic optical (nano)structures. A photonic crystal
finds an analogy in atomic crystals, where the crystal structure dictates many
of the electronic properties of the material. In semiconductor physics the
atomic lattice gives rise to a periodic potential for electrons which leads to the
formation of an electronic band structure [58]. In photonic crystals the peri-
odicity in the index of refraction induces an optical band structure analogous
to the band structure of semiconductors [59]. When the lattice parameters of
a photonic crystal are adjusted, its optical properties can change drastically.

The main difference in the calculation of bands for the two types of crystals
is that the dispersion relation for electronic crystals is derived from a scalar
wave function obeying the Schrödinger equation, while the dispersion relation
for photonic crystals is derived from a vectorial field obeying the Maxwell
equations.

2.6.1 The photonic band gap

There is a special interest in photonic crystals with a photonic band gap. This
is a frequency range where light is not allowed to propagate, irrespectively
of the direction of propagation. Finding a photonic band gap is of interest,
since this gives suppression and enhancement of spontaneous emission inside
a crystal. Numerous studies have shown the existence of such photonic band
gaps theoretically. Because real crystals are finite and not perfectly periodic,
complete photonic band gaps can not exist in real photonic crystals.

As mentioned, the photonic band gap can result in the modification of
spontaneous emission in the crystal [60]. The rate of spontaneous emission
can be calculated using the Fermi Golden rule,

Pfi =
2π

~
|Mif |2ρf ,

where Pfi is the transition probability per unit time, Mfi is the matrix element
for the interaction and ρf is the density of final states. From this equation we
see that one can change the spontaneous emission rate of an atom by changing
the density of available photon states. In a photonic band gap the density of
states is zero and an atom is not allowed to emit in the frequency range
of the gap. The control of spontaneous emission is very interesting from a
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fundamental point of view, but may also have various interesting applications.
Lasers, for example, rely on stimulated emission, and spontaneous emission
decreases their performance. When we embed a laser in a proper photonic
band gap material one may enhance the performance. If a defect is introduced
in the otherwise perfect crystal, localized photonic states in the gap will be
created. By introducing defects, light can be localized or guided along the
defects modes. A defect can introduce an extra energy level in the gap, called
an impurity level, in which a photon can be trapped.

2.7 Soft modes

Ferroelectric crystals are materials in which a structural phase transition oc-
curs, which is marked by the appearance of a spontaneous dielectric polar-
ization in the crystal. Such a phase transition is usually connected with the
rearrangement of a few atoms in the unit cell. This can sometimes be inter-
preted as the freezing of a normal mode, the corresponding displacement being
imposed on the structure of the high temperature phase. The order parameter
of the transition is described by the static component of the unstable phonon.

This interpretation - soft mode theory - considers the phase transition as
an instability of one of the normal mode frequencies of the lattice [61, 62].
This transition involves a so-called soft optical phonon. The frequency of the
mode ω(qc) decreases or softens as the transition temperature is approached.
The vanishing of the frequency ω(qc) of the mode with wavevector qc at the
critical temperature can be considered as the disappearance of the restoring
force opposing the lattice distortion. Close to the critical temperature there
will be an increase of the fluctuations of the order parameter, and anharmonic
terms in the potential stabilize the lattice.
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[52] V. May and O. Kühn, Charge and Energy Transfer Dynamics in Molec-

ular Systems, (Wiley-VCH, Berlin) (2000).

[53] M. Bednarz, V.A. Malyshev and J. Knoester, Phys. Rev. Lett. 91, 217401
(2003).

[54] D. J. Heijs, V. A. Malyshev, and J. Knoester, Phys. Rev. Lett. 95, 177402
(2005); J. Chem. Phys. 123, 144507 (2005).

[55] V. Sundström, T. Gillbro, R. A. Gadonas, A. Piskarskas, J. Chem. Phys.
89, 2754 (1988).

[56] H. Stiel, S. Daehne, K. Teuchner, J. Lumin. 39, 351 (1988).

[57] K. Minoshima, M. Taiji, K. Misawa, T. Kobayashi, Chem. Phys. Lett.
218, 67 (1994).

[58] J. M. Ziman, Principles of the Theory of Solids, 2nd edition, (Cambridge
University Press) (1972).



REFERENCES 41

[59] J. D. Joannopoulos, R. D. Meada, and J. N. Winn, Photonic crystals:

molding the flow of light, (Princeton university press) (1995).

[60] P. Lodahl, A. F. van Driel, I. S. Nikolaev, A. Irman, K. Overgaag, D.
Vanmaekelbergh, and W. L. Vos, Nature 430, 654 (2004).

[61] W. Cochran, Phys. Rev. Lett. 3, 412 (1959).

[62] W. Cochran, Advances in physics 9, 387 (1960).





Chapter 3

Intrinsic optical bistability
of thin films of linear molecular aggregates:
The one-exciton approximation

Summary

In this chapter,1 we perform a theoretical study of the nonlinear optical re-
sponse of an ultrathin film consisting of oriented linear aggregates. A single
aggregate is described by a Frenkel exciton Hamiltonian with uncorrelated
on-site disorder. The exciton wavefunctions and energies are found exactly
by numerically diagonalizing the Hamiltonian. The principal restriction we
impose is that only the optical transitions between the ground state and op-
tically dominant states of the one-exciton manifold are considered, whereas
transitions to other states, including those of higher exciton manifolds, are ne-
glected. The optical dynamics of the system is treated within the framework
of truncated optical Maxwell-Bloch equations in which the electric polariza-
tion is calculated by using a joint distribution of the transition frequency and
the transition dipole moment of the optically dominant states. This function
contains all the statistical information about these two quantities that govern
the optical response, and is obtained numerically by sampling many disorder
realizations. We derive a steady-state equation that establishes a relationship
between the output and input intensities of the electric field and show that
within a certain range of the parameter space this equation exhibits a three-
valued solution for the output field. A time-domain analysis is employed to
investigate the stability of different branches of the three-valued solutions and
to get insight into switching times. We discuss the possibility to experimen-
tally verify the bistable behavior.

1This chapter is based on J. A. Klugkist, V. A. Malyshev, and J. Knoester, J. Chem.
Phys. 127, 164705 (2007).
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3.1 Introduction

Optical circuits make use of light to process information. They operate at
the speed of light with almost no energy dissipation, unlike electronic analogs.
Optical fibers [1, 2] and photonic crystal fibers [3] have already found im-
portant applications in optical communications and optoelectronic devices.
Implementing ultrafast optical sources and all-optical switches based on novel
(quantum-confined) materials, such as organic thin films and quantum dots, [4]
as well as silicon-based structures, [5] is now in progress. The realizability of a
single-photon optical switch based on warm rubidium vapor has recently been
demonstrated [6].

A key element of any optical logic device is the optical switch, which either
passes or reflects the incoming light, depending on its intensity. One possibility
to design an optical switch is to utilize the phenomenon of optical bistability.
Since the theoretical prediction of this effect by McCall [7] and its experimental
demonstration by Gibbs, McCall, and Venkatesan [8] for a cavity filled with
potassium atoms, an extensive literature, both theoretical and experimental,
has developed on this topic (see Refs. [9, 10, 11] for historical overviews and
Ref. [12] for recent developments on optical instability in wide aperture laser
systems). A generic optical bistable element exhibits two stable stationary
transmission states for the same input intensity, a property which in principle
opens the door to applications such as all-optical switches, optical transistors,
and optical memories.

Nonlinearity and feedback are the two necessary ingredients in order to
enable optical bistable response of an optical system. The former can be pro-
vided, e.g., by a saturable medium, while a cavity (mirrors) can serve to build
up a feedback. This arrangement has been used in the first demonstration
of controlling light with light [8]. Sometimes, however, the nonlinearity itself
plays the role of the feedback. Here, bistability is an intrinsic property of
the material; no external feedback, like a cavity, is needed. Thus, mirrorless
(or cavityless) optical bistability can be realized, which is even more advan-
tageous from the viewpoint of designing all-optical devices. During the past
decade, this type of bistability has been observed in a variety of inorganic ma-
terials heavily doped with rare-earth ions [13]-[16]. In Refs. [13], a population
dependent dipole-dipole interaction in ion pairs has been put forward as a non-
linearity and feedback mechanism to explain the effect. This interpretation
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has been debated in a number of papers [14]-[19].

Another class of materials, promising from the viewpoint of all-optical
manipulation of light, are molecular aggregates and conjugated polymers.
These systems commonly exhibit narrow absorption bands and suppression of
exciton-phonon coupling, superradiance and giant optical nonlinearities, fast
collective optical response and efficient energy or charge transport (see for an
overview Refs. [20]-[25]), which are ingredients necessary to design optoelec-
tronics or all-optical devices. Molecular aggregates and conjugated polymers
have already been used to fabricate light emitting diodes [26] and optically
pumped organic solid-state lasers [27].

One particularly interesting effect, which has already received a consider-
able amount of theoretical discussion, but still awaits experimental realization,
is the mirrorless optical bistability of a single molecular aggregate [28] or an
assembly of molecular aggregates [29, 30, 31]. The bistable behavior of a sin-

gle linear aggregate consists of a sudden switching of the aggregate’s excited
state population from a low level to a higher one upon a small change of the
input intensity around a critical point. The effect originates from a dynamic
resonance frequency shift, which depends on the number of excited monomers
in the aggregate. The origin of this shift lies in the quasi-fermionic nature of
Frenkel excitons in one dimension [32, 33, 34]. This nonlinearity plays the role
of intrinsic feedback, necessary for bistability to occur. There exists, however,
a restriction on the aggregate length: an aggregate exhibits bistable behav-
ior only if its coherence length is larger than the emission wavelength, which
makes experimental realization problematic.

An assembly of molecular aggregates arranged in an ultrathin film geome-
try (with the film thickness small compared to the emission wavelength) may
display intrinsic optical bistability governed by another mechanism, where the
density of molecules becomes the driving parameter. The same mechanism
holds for an ultrathin film of homogeneously broadened two-level systems [35].
When the density in the film is high enough, the on-resonance refractive index
can get sufficiently large to totally reflect an incoming field of low intensity.
Then the incoming field is almost completely compensated by a secondary field
of opposite phase, which is generated by the aggregate dipoles. The dipole-
induced field is bounded in magnitude, meaning that this picture only holds
if the incoming field intensity is smaller than a certain value, determined by
the density of aggregates. When this value is exceeded, the aggregates become
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saturated, which suppresses the dipole-induced field and abruptly changes the
(nonlinear) refractive index and transmittivity of the film. The field produced
by the aggregate dipoles plays the role of intrinsic feedback. The output field
depends nonlinearly on the input field of the film.

In Refs. [29] - [31] a thin film arrangement of oriented linear J-aggregates
was considered, where the localization segments of a single disordered aggre-
gate were modeled as independent homogeneous chains of fluctuating size.
Each segment was considered as a few-level system, with an individual ground
state and one or two excited states corresponding to the dominant optical
states of the segment. Within this framework, both the ground-state-to-one-
exciton [29] and one-to-two [31] exciton transitions were taken into account,
and bistable behavior was found in a certain region in the parameter space.

The approach used in Refs. [29] and [31] assumed full correlation of fluctu-
ations of the lowest exciton energy and the transition dipole moment, taking
both magnitudes as solely depending on the segment size. The real picture,
however, is quite different [36, 37]. In practice the optical response of J-
aggregates is strongly affected by disorder in the molecular transition energies.
The band-edge of the exciton energy spectrum of such a disordered aggregate
is formed by states that are localized on segments with small overlap. The
lowest state of a segment is optically dominant, whereas the other states have
a much smaller oscillator strength. The energy of the lowest state is not cor-
related with the size of the segment; it is determined by uncorrelated well-like
fluctuations of the site potential [38]. Therefore, the optically dominant states
of non-overlapping segments can be arbitrarily close in energy, having at the
same time completely different transition dipoles [39]. In other words, the
transition dipoles and energies of the relevant states turn out to be uncorre-
lated rather than correlated.

In this paper, we apply the two-level model, used in Refs. [29] and [30], to
describe the film’s optical response. However, unlike Refs. [29] and [30], we
will account properly for the statistical fluctuations of the transition dipole
moment and the transition energy, as they appear after diagonalizing the
Frenkel exciton Hamiltonian with uncorrelated on-site disorder. We calculate
the joint probability distribution of these quantities and use it to compute the
electric polarization of the film, which features in the Maxwell equation for the
field. The aggregate segment dynamics is described within the 2 × 2-density
matrix formalism. We derive a novel steady-state equation for the output field
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intensity as a function of the input intensity in terms of the joint probability
distribution of the energy and the transition dipole moment. On this basis,
the bistability phase diagram of the film is calculated. The critical parameter
for bistability to occur turns out to be different (larger) than that found in
Refs [29]. By numerically solving the truncated Maxwell-Bloch equations in
the time domain, we study the stability of the different branches of the three-
valued solution for the output field intensity. The calculation of an optical
hysteresis loop (an adiabatic up-and-down-scan of the field) demonstrates that
only two of them are stable. A new element in the paper is that we also
analyze switching time between both stable branches, and show that it slows
down dramatically close to the switching point.

The outline of this paper is as follows. In section 3.2 we present the
model and mathematical formalism. Section 3.3 deals with the linear regime
of the transmission. The steady state equation for the output intensity in
the nonlinear regime is derived in section 3.4. In section. 3.5, the stability of
different branches is considered, together with a study of the switching time.
In section 3.6 we discuss the possibility to achieve optical bistability using
J-aggregates of polymethine dyes. Section 3.7 summarizes the paper. Finally,
in the Appendix we address the effect of interference of the ground state to
one-exciton transitions, originating from the fact that excitons are born from
the same ground state, with all monomers being unexcited.

3.2 Model and formalism

We aim to study the transmittivity of an assembly of linear J-aggregates ar-
ranged in a thin film geometry (with the film thickness L small compared to
the emission wavelength λ′ inside the film). All aggregates are aligned in one
direction, parallel to the film plane. Such an arrangement can be achieved,
e.g., by spin-coating [40]. The limit of L≪ λ′ allows one to neglect the inho-
mogeneity of the field inside the film. The aggregates in the film are assumed
to be decoupled from each other. This finds its justification in the strongly
anisotropic nature of the system we have in mind. As we will see later (Sec.
VI), films of interest for bistability should have a molecular density of the or-
der of 1019 cm−3. With a typical separation of 1 nm between molecules within
a single aggregate, this implies that neighbouring aggregates are separated
by 10 nm. Thus, the dominant dipole-dipole interactions between molecules
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of different chains are a factor of 1000 weaker than those within chains. As
a consequence, we expect that the former interactions will merely result in
small shifts of resonance energies, away from the single-chain exciton energies
considered below.

On the other hand, the effect of interactions of the aggregate molecules
with the surrounding host molecules is important, because as a consequence
of the usually inhomogeneous nature of the host media, they lead to disorder
in the molecular transition energies and in the molecular transfer integrals,
both of which give rise to localization of the exciton states on segments of
the aggregates. Finally, thermal fluctuations in the environment result in
intraband scattering of the excitons that causes two effects: equilibration of
the exciton population and homogeneous broadening of the exciton levels. In
this paper, we neglect the former effect. This finds its justification in many
experimental studies, which have shown that the fluorescence Stokes shift of
J-aggregates of cyanine dyes usually is very small [46, 47, 48, 49].

3.2.1 A single aggregate

We model a single aggregate as a linear array of N two-level monomers with
parallel transition dipoles. In this paper, we restrict ourselves to optical tran-
sitions between the ground state an the one-exciton manifold, described by
the Frenkel exciton Hamiltonian

H0 =

N∑

n=1

ǫn|n〉〈n|+
N∑

n,m

Jnm |n〉〈m| , (3.1)

where |n〉 denotes the state in which the nth site is excited and all the other
sites are in the ground state and ǫn is the excitation energy of site n. The
ǫn are taken at random and uncorrelated from each other from a Gaussian
distribution with mean ǫ0 (the excitation energy of an isolated monomer) and
standard deviation σ. The transfer interactions Jnm are considered to be of
dipolar origin and non fluctuating: Jnm = −J/|n−m|3 (Jnn ≡ 0). Here the
parameter J represents the nearest-neighbour transfer interaction, which will
be chosen positive (as is appropriate for J-aggregates). The exciton energies
εν (ν = 1, . . . , N) and wavefunctions |ν〉 =

∑N
n=1 ϕνn|n〉, are obtained as

eigenvalues and eigenvectors of the N ×N Hamilton matrix Hnm = 〈n|H|m〉.
From the set of exciton states |ν ′〉 we only take into account the optically
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dominant states which, for J > 0, reside in the neighbourhood of the low-
energy bare band edge at ε0 = ǫ0−2.404J . These states are located at different
segments of the aggregate, which overlap weakly, and have a wavefunction with
no node. Therefore, they are called s-like states. To find all such states, we
use the selection rule proposed in Ref. [37]. It reads

∣
∣
∑

n ϕνn|ϕνn|
∣
∣ > C0,

where we set C0 = 0.8. This rule selects states with a wavefunction consisting
of mainly one peak. From now on, the state index ν will count only such s-
like states. The number of these states is roughly equal to N/N∗, where N∗ is
their typical localization size. We assume that the vibration-induced coherence
length of excitons is much larger than the disorder-induced localization length,
a condition that can be fulfilled at low temperature [41]. In this limit, the
exciton eigenstates |ν〉 form a good basis.

The above picture implies that an aggregate is modeled as a set of inde-
pendent segments, each of which has its own ground state |0〉 and an s-like
excited state |ν〉. The optical transition between these states is governed by
the segment dipole operator d̂ν = d0(|0〉〈ν|+ |ν〉〈0|), where d0 is the transition
dipole moment of a monomer. The corresponding transition dipole moment
of a segment is calculated as dν = d0

∑

n ϕνn ≡ d0µν , where µν =
∑

n ϕνn is
the dimensionless transition dipole moment.

The optical dynamics of a segment is described in terms of the 2 × 2-
density matrix (ρνν , ρν0, ρ

∗
ν0, ρ00) which obeys the Bloch-like equations (see

the Appendix)
ρ̇νν = −γνρνν + idνE (ρ0ν − ρν0) , (3.2a)

ρ̇ν0 = − (iεν + Γν) ρν0 − idνE(ρνν − ρ00) , (3.2b)

ρ00 + ρνν = 1 . (3.2c)

Here we set the Plank constant ~ = 1 and introduced the following notations:
γν = γ0|µν |2 is the radiative rate of the exciton state ν (γ0 being the monomer
radiative rate), and Γν = 1

2γν + γν0 is the dephasing rate of the state ν, which
includes a pure dephasing term, γν0. Finally, E is the total electric field inside
the film (see below). Owing to the disorder, the transition energy εν , the
relaxation constant Γν , and the transition dipole moment µν are stochastic
variables, which differ from segment to segment. Because of the fluctuations
in εν , Γν , and dν , the density matrix elements ρνν , ρν0, and ρ00 fluctuate as
well.
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3.2.2 The Maxwell equation

In this section, we specify the field E which enters Eqs. (3.2). It consists
of two contributions: the incoming field Ei and a part produced by the ag-
gregate dipoles. The incoming field is considered to be a plane wave Ei =
Ei(x, t) cos(kix−ωit) with a frequency ωi and an amplitude Ei(x, t), normally
incident and polarized along the aggregate transition dipoles. Under these
conditions, all the vectorial variables (transition dipole moments, incoming
and outgoing fields, and the field inside the film) can be considered as scalars.
The amplitude Ei(x, t) is assumed to vary slowly on the scale of the optical
period 2π/ωi and wavelength λi = 2π/ki.

We assume without loss of generality that the film is located in the ZY
plane (x = 0). Then the total field at x = 0 (inside the film) is given by [42, 43]

E = Ei −
2πL

c
Ṗ , (3.3)

where P is the electric polarization of the film (electric dipole moment per
unit volume), the dot denotes the time derivative, and c stands for speed of
light. The second term in the right hand side of Eq. (3.3) represents the field
produced by the dipoles in the film, emitted perpendicular to the film in both
directions. The part propagating to the left is the reflected (plane wave) field,
given at x = 0 by Er = −(2πL/c)Ṗ , while the part propagating to the right
is the emitted (also plane wave) field, which forms, together with the incident
field Ei, the transmitted signal, determined at x = 0 by Eq. (3.3).

The electric polarization P is calculated as follows. First, we introduce the
expectation value of the dipole operator of an aggregate, d = d0

∑

ν∈s µν(ρν0+
ρ0ν), where the summation is performed only over the s-like states of the
aggregate. Furthermore, this value is averaged over a physical volume V ,
containing M aggregates, which, in fact, is equivalent to obtaining the average
〈d〉 over disorder realizations. After that, P is obtained by multiplying 〈d〉,
with the number density M/V of the aggregates. The final formula for the
electric polarization reads:

P = d0n0
Ns

N

∫

dεdµGs(ε, µ)µ [ ρ10(ε, µ, t) + c.c.] . (3.4)

Here, n0 = NM/V is the number density of monomers, Ns =
〈
∑

ν∈s 1
〉
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a normalization constant (having the meaning of the average number of s-
like states in an aggregate), and ρ10(ε, µ, t) is the off-diagonal density matrix
element, where the indices 0 and 1 label the ground and the excited s-state of
the segment, respectively. In our present formulation this element, as well as
ρ00 and ρ11, are ordinary (not stochastic) functions of ε and µ; which formally
follow from solving Eqs.(3.2). All stochastic aspects of the segment’s properties
are taken into account through the function Gs(ε, µ), which represents the
joint probability distribution of the transition energy ε and the dimensionless
transition dipole moment µ of the segment. The latter is defined as

Gs(ε, µ) =
1

Ns

〈
∑

ν∈s

δ
(

ε− εν
)

δ
(

µ− µν

)
〉

. (3.5)

It is worth to notice that at a given disorder strength σ, Ns scales linearly with
the aggregate size N . Hence, the ratio Ns/N in Eq. (3.4) is N -independent.
From our simulations we found that Ns/N = 0.074(σ/J)0.8 , which nicely
agrees with the disorder scaling of the typical localization size N∗ [37].

After the Gs-distribution is obtained by straightforward sampling of a suf-
ficient number of disorder realizations, one can easily calculate the two impor-
tant quantities: As(ε) = N−1

s

〈∑

ν∈s µ
2
νδ
(
ε − εν

)〉
=
∫
dµ µ2 Gs(ε, µ), which

represents the absorption spectrum, not accounting for homogeneous broaden-
ing (i.e., close to the zero-temperature spectrum), andMs(µ) = N−1

s

〈∑

ν∈s δ
(
µ−

µν

)〉
=
∫
dεGs(ε, µ), which represents the probability density of the transition

dipole moment. As we are mostly interested in the limit of dominating inho-
mogeneous broadening, we will refer from now on to As(ε) as to the absorption
spectrum, assuming that its half width at half maximum (HWHM) σ∗ is larger
than the homogenous HWHM (resulting from Γν).
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Figure 3.1: (a) The joint probability distribution Gs(ε, µ) of the transition en-
ergy ε and dimensionless transition dipole moment µ for s-like states on localiza-
tion segments, obtained for a disorder strength σ = 0.1J according to Eq. (3.5).
We used chains of length N = 500 with the monomer transition energy ǫ0 = 0.
The sampling was performed over 300 000 disorder realizations. Contour lines corre-
spond to 10% of the peak value of the distribution. (b) - The absorption spectrum
As(ε) =

∫
dµ µ2Gs(ε, µ). (c) - The distribution Ms(µ) =

∫
dεGs(ε, µ) of the transi-

tion dipole moment µ. The solid lines represent the results of calculations, whereas
the open circles are fits by a Gaussian.



3.2. Model and formalism 53

An example of the distributions Gs(ε, µ),As(ε), and Ms(µ) computed for
an ensemble of chains with N = 500 and a disorder strength σ = 0.1J , is
depicted in Fig. 3.1 [panels (a),(b), and (c), respectively]. Because Gs(ε, µ) =
Gs(ε,−µ), only µ > 0 is considered in the plots.

Note that in our model, the absorption spectrum As(ε) is almost symmet-
ric with respect to the peak position, except the tails, which show a small
asymmetry. It can be fitted well by a Gaussian, unlike the case when all the
exciton states are taken into account. The latter gives rise to a Lorentzian
high-energy tail of As(ε), reproducing the asymmetric lineshape commonly
seen in experiments. The shape of the Ms-distribution can also be fitted by
a Gaussian, but with a lesser accuracy than the absorption spectrum. The
distribution Gs(ε, µ) exhibits interesting scaling properties with regard to the
disorder strength σ. A detailed study will be presented elsewhere.

3.2.3 Truncated Maxwell-Bloch equations

To proceed we seek the solution of Eqs. (3.2) in the standard manner: we
set ρ10 = −(i/2)R exp (−iωit) and E = (1/2)E exp (−iωit) + c.c., where the
complex amplitudes R and E vary slowly on the time scale 2π/ωi, and we
use the rotating wave approximation. It is straightforward to arrive at a set
of truncated equations for the populations ρ11 of the one-exciton states, and
the amplitudes R of the off-diagonal density matrix elements, and the field
Ω = d0E (in frequency units):

ρ̇11 = −γρ11 −
1

4
µ (ΩR∗ + Ω∗R) , (3.6a)

Ṙ = − [i(∆−∆0) + Γ]R+ µΩ(ρ11 − ρ00) , (3.6b)

Ω = Ωi + ΓR
Ns

N

∫

d∆dµG(∆, µ)µR , (3.6c)

where ∆−∆0 = ε−ωi is the frequency detuning between the exciton transition
and the incoming field, which is decomposed into two parts: ∆ = ε − ε0 and
∆0 = ωi − ε0 indicating, respectively, the frequency detuning of the exciton
state and the incoming field from the exciton band-edge frequency ε0 = ǫ0 −
2.404J .

The constant ΓR = 2πn0d0
2kL is an important parameter of the model [29,

30, 31]. The physical meaning of ΓR can be explored by rewriting it in the form
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ΓR = 3
2πγ0n0L(λ/2)2, where γ0 = 4d2

0ω
3/(3c3) is the monomer spontaneous

emission rate and n0L is the surface density of monomers. The quantity
n0L(λ/2)2 can be interpreted as the number of monomers in a (λ/2)2-square
that oscillate in phase. In other words, ΓR can be considered as the radiative
rate of a single monomer, γ0, enhanced by the number of monomers within a
(λ/2)2-square. [44] ΓR governs the Dicke superradiance of a thin film, [42, 43]
as well as the collective radiative damping in the linear regime (see the next
section). Therefore it is usually referred to as the superradiant constant.

The set of equations (3.6) together with the normalization condition (3.2c)
and the definition (3.5) form the basis of our analysis. In the remainder of this
paper, we will be particularly interested in the dependence of the transmit-
ted field intensity |Ω|2 on the input field intensity |Ωi|2 following from these
equations.

3.3 Linear regime

In order to get insight into the effect and interplay of the parameters that
govern the bistability, we first consider the linear regime of the system. We
assume that a weak input field Ωi = const is switched on at t = 0, weakness
implying that the depletion of the ground state population can be neglected.
Thus, we set ρ00(t) = 1 and ρ11(t) = 0, which linearizes Eqs. (3.6),

Ṙ = − [i(∆ −∆0) + Γ]R− µΩ , (3.7a)

Ω = Ωi + ΓR
NS

N

∫

d∆dµGs(∆, µ)µR. (3.7b)

These equations can be solved easily in the Laplace domain. The solution for
the Laplace transform of the transmitted field Ω̃ reads

Ω̃ =
[

1 + ΓR
Ns

N

∫

d∆dµGs(∆, µ)µ2

× 1

p+ [i(∆ −∆0) + Γ]

]−1
Ω̃i , (3.8)

where p denotes the Laplace parameter. To evaluate this expression, we neglect
the µ-dependence of Γ. Then the integral over µ gives, by definition, the
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absorption spectrum As(∆). The latter is normalized now to Fs/Ns, where
Fs =

〈∑

µ∈s µ
2
ν

〉
is the average total oscillator strength of the s-like states per

aggregate. To perform the integration over ∆ explicitly, we replace As(∆) by
a Lorentzian centered at ∆∗ and with a width σ∗:

As(∆) =
Fs

Ns

σ∗

π

1
[
(∆−∆∗)2 + σ∗2

] (3.9)

(in all our numerical results, we do not invoke this approximation and keep
the exact form of the Gs-distribution, i.e., of the absorption spectrum). With
this substitution, the result of the integration over ∆ reads:

Ω̃ = Ω̃i −
Γ̃R

p+ i(∆∗ −∆0) + Γ + σ∗ + Γ̃R

Ω̃i , (3.10)

where we introduced the renormalized superradiant constant Γ̃R = (Fs/N)ΓR.
As the total oscillator strength of s-like states Fs < N , the ratio Fs/N < 1.
We also note that Γ+σ∗ denotes the total (homogeneous plus inhomogeneous)
dephasing rate.

Finally, by assuming Ωi = const, which corresponds to Ω̃i = Ωi/s in
the Laplace domain, we obtain the following time-domain behavior of the
transmitted field

Ω =
i(∆∗ −∆0) + Γ + σ∗

i(∆∗ −∆0) + Γ + σ∗ + Γ̃R

Ωi

+
Γ̃R

i(∆∗ −∆0) + Γ + σ∗ + Γ̃R

Ωi

× exp
[

−i(∆∗ −∆0)t− (Γ + σ∗ + Γ̃R)t
]

. (3.11)

As is seen from this equation, the field in the film, Ω, reaches its steady-
state value (given by the first term in the right-hand side) after a time 1/(Γ+
σ∗ + Γ̃R). If the dephasing dominates the relaxation of the dipoles, i.e., if
Γ + σ∗ ≫ Γ̃R, the steady state limit of the opposing dipole field, given by
−ΩiΓ̃R/[i(∆

∗ − ∆0) + Γ + σ∗ + ΓR], is small in magnitude compared to the
incoming field Ωi. As a consequence, the field inside the film Ω ≈ Ωi. In this
limit, one finds a high film transmittivity.
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When Γ̃R ≫ Γ + σ∗ the superradiant damping drives the relaxation. Now
the film dipoles, having sufficient time to respond collectively, can produce an
opposing field −ΩiΓ̃R/|i(∆∗−∆0)+Γ+σ∗+Γ̃R| of magnitude ≈ Ωi. This field
almost totally compensates the incoming field, and results in a low magnitude
of the field inside the film, |Ω| ∼ Ωi|i(∆∗ − ∆0) + Γ + σ∗|/Γ̃R ≪ Ωi, and,
consequently, in a low film transmittivity. Switching to a high transmission
state now requires a field intensity Ωi that saturates the system. In this case
we can see optical bistable switching (see the next section).

From the above, it is clear that the interplay of superradiance and de-
phasing determines the linear transmittivity of the film. Hence, the ratio
Γ̃R/(Γ + σ∗) is an important parameter of the model. In the theory of bista-
bility it is often referred to as the cooperative number [10, 11].
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Figure 3.2: Examples of the input-output characteristics, demonstrating the occur-
rence of three-valued solutions to Eq. (3.12). In simulations, chains of N = 500 sites
and a disorder strength σ = 0.1J were used, corresponding to a HWHM σ∗ = 0.0156J .
(a) - The results obtained for different superradiant constants ΓR at the optimal de-
tuning ∆opt

0 = −2.42J , which corresponds to an incoming field which is resonant
with the absorption maximum. The open circles, dotted, and solid curves repre-
sent, respectively, the data calculated for ΓR = 16.61σ∗ (the bistability threshold for
σ = 0.1J), ΓR = 11.52σ∗ (below the bistability threshold), and 27.12σ∗ (above the
bistability threshold). (b) - The results obtained for ΓR = 16.61σ∗ and various de-
tunings ∆0. The dotted and solid curves represent, respectively, the data calculated
for ∆0 = ∆opt

0 − σ∗, and ∆opt
0 + σ∗. The open circles show the same data as in panel

(a).
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3.4 Steady-state analysis

3.4.1 Bistability equation

In this section, we consider the steady-state regime, when we set Ωi = const
and Ṙ = ρ̇11 = 0. It is a matter of simple algebra to derive the following
equation for the output intensity |Ω|2:

Ω2
i = |Ω|2

∣
∣
∣1 + ΓR

Ns

N

∫

d∆dµµ2Gs(∆, µ)

× Γ− i(∆−∆0)

(∆−∆0)2 + Γ2 + |Ω|2Γ/γ0

∣
∣
∣

2
, (3.12)

Formally, Eq. (3.12) differs from the one found previously [29] by the small
factor Ns/N . This smallness, however, is compensated by theNs-scaling of the
integral in (3.12): the latter is proportional to Fs/Ns ≫ 1 (see the preceding
section). Thus, the actual numerical factor in Eq. (3.12) is on the order of
Fs/N . Numerically, we found that Fs/N depends only weakly on the disorder
strength σ, lying within an interval 0.75 ≤ Fs ≤ 0.83 when the disorder
strength σ ranges from 0 to 0.5J . This means that the linear optical response
in a system with static disorder is dominated by the s-like states, independent
of the disorder. We stress that, unlike previous works, [29] Eq. (3.12) properly
accounts for the joint statistics of the transition energy and the transition
dipole moment via the Gs-distribution.

3.4.2 Phase diagram

Numerical analysis shows that Eq. (3.12) can have three real roots in a certain
region of the parameter space (ΓR, σ

∗). In other words, our model can exhibit
bistable behavior. In all simulations, we used linear chains of N = 500 sites
and γ0 = 2 × 10−5J (appropriate for monomers of polimethine dyes). The
dephasing constant γν0 was considered not fluctuating [41] and was set to
γν0 = 500γ0.

Several examples of the S-shaped input-output characteristics calculated
for the disorder degree σ = 0.1J are shown in Fig. 3.2 for an input field that
is resonant with the absorption maximum. We use the dimensionless inten-
sities Iin = |Ωi|2/(γ0σ

∗) and Iout = |Ω|2/(γ0σ
∗), which is convenient because
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the HWHM of the absorption spectrum σ∗ is an experimentally measurable
quantity. Panel (a) shows how the input-output characteristics change when
ΓR is below, at, or above its critical value. Panel (b) shows the input-output
characteristics when the field is tuned through the resonance.
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Figure 3.3: (a) - Dependence of the critical superradiant constant Γc
R on the de-

tuning ∆0 (solid line) calculated for the disorder strength σ = 0.1J . The dashed
line shows the absorption spectrum (absorption only due to s-states). The dotted
horizontal line indicates Γc

R calculated for the optimal detuning ∆opt
0 = −2.42J . (b)

- Dependence of the switching intensity Ic
in on the detuning ∆0 calculated at the

corresponding bistability threshold, i.e., with Γc
R given in the panel (a).

At a given disorder strength σ, the minimal value of the superradiant
constant ΓR needed for optical bistability (the critical value Γc

R) depends on
the detuning ∆0. Figure 3.3(a) explicitly demonstrates this effect: Γc

R is almost
constant within the absorption band, whereas it clearly increases outside it.
Panel (b) shows the ∆0-dependence of the critical switching intensity Ic

in of
the incoming field at the bistability threshold. This is the lowest intensity
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at which the film can switch, when the field is tuned at ∆0, and when the
superradiance constant ΓR = Γc

R(∆0). The data presented here is obtained
for the disorder strength σ = 0.1J .

As is seen from Fig. 3.3(a), there exists a detuning ∆opt
0 , referred to as the

optimal one, at which Γc
R takes its minimal value. The detuning is optimal if

the imaginary term in Eq. (3.12) vanishes: this term opposes a three-valued
solution for the output field. For a symmetric absorption band, the optimal
detuning corresponds to the incoming field being resonant with the absorption
maximum. In our case, owing to a small asymmetry of the absorption band
[see Fig. 3.1(b)], ∆opt

0 = −2.42J is shifted slightly to the blue from the position
of the absorption peak.

We calculated Γc
R as a function of the HWHM σ∗ for the optimal detuning.

The result is shown in Fig. 3.4. The plot represents, in fact, the phase diagram
of the optical response: below the curve, the output-input characteristic of the
film is always single-valued (stable), while - depending on the detuning - it
can become three-valued (bistable) above it. The nonmonotonic behavior of
Γc

R at small magnitudes of σ∗, presented in the panel a, is simply explained
by the fact that the disorder-induced (inhomogeneous) broadening becomes
smaller than the homogeneous one σ∗ < Γ∗, where Γ∗ is defined as Γ∗ =
∫
dµdεΓGs(ε, µ). The ratio ΓR/Γ

∗ is now the relevant parameter, governing
the occurrence of bistability. The panel (b) shows the σ∗-dependence of Γc

R

plotted in units of Γ∗, which is monotonic. When σ → 0, the ratio Γc
R/Γ

∗ →
9.64. This value is deduced from Eq. (3.12). Indeed, in the limit of σ → 0 we
can move the Lorenztian outside the integral and use

∫
d∆dµµ2Gs(∆, µ) =

Fs/Ns. The resulting equation is the same as for a thin film of homogeneously
broadened two-level systems, only with the renormalized cooperative number
Γ̃R/Γ

∗ = (ΓR/Γ
∗)(Fs/N), where Fs/N = 0.83. Bearing in mind that the

critical value of the ratio Γ̃R/Γ
∗ is equal to 8, [35] we recover Γc

R/Γ
∗ = 9.64.
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Figure 3.4: (a) - Phase diagram of the bistable optical response of a thin film in

the (ΓR, σ
∗)-space obtained by solving Eq. (3.12) for ∆ = ∆opt

0 . The open circles
represent the numerical data points, whereas the solid line is a guide to the eye.
Above (below) the solid line the film behaves in a bistable (stable) fashion. The
solid line itself represents the σ∗-dependence of the critical superradiant constant Γc

R,
calculated for the optimal detuning ∆opt

0 , i.e., when the incoming field is tuned to the
absorption band maximum. This gives the minimal Γc

R for each σ∗. (b) - The same
data points as in the panel (a), only plotted as a function of Γ∗, where Γ∗ is the mean
value of the relaxation constant Γ.
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3.4.3 Spectral distribution of the exciton population

More insight into what occurs at the switching threshold is obtained by study-
ing the population distribution

r11(∆) =

∫

dµGs(∆, µ)ρ11(∆, µ) , (3.13)

with ρ11 the steady-state solution of Eqs. (3.6). This distribution enables us
to visualize the relevant spectral range around the switching point.

In Fig. 3.5, we plotted r11(∆) calculated for the optimal detuning ∆opt
0 and

ΓR = 27.12σ∗ (above the critical value Γc
R). Panels (a) and (b) show the results

obtained for the incoming field intensities Iin = Ω2
i /(γ0σ

∗) below and above
the switching threshold, respectively. Below the switching threshold, only a
relatively narrow spectral region around ∆opt

0 acquires population. This is
because, in spite of the intensities of the incoming field Iin = 3.33, 64.34, and
81.78 being far above the saturation value, the intensity of the field inside the
film, Iout = Ω2

i /(γ0σ
∗) = 0.025, 0.5, and 1.5, is below or on the order of it. For

these intensities, the one-exciton approximation, with only one s-like excited
state considered in each localization segment, is reasonable.

Figure 3.5(b) represents the population distribution r11(∆) after switching,
when the field inside the film Iout exceeds the switching threshold and becomes
much larger than the saturation magnitude. In this limit, we can replace
ρ11(∆, µ) in Eq. (3.13) by 0.5 and get r11(∆) = 0.5

∫
dµGs(∆, µ) = 0.5Ds(∆),

where Ds(∆) is the density of s-like states. The latter is plotted in Fig. 3.5
(b) by the solid line and appears to be wider than the absorption band. For
such field intensities, it is likely that the two-level model should be corrected
by including the one-to-two exciton transitions. We study their effect on the
bistable response in the next chapter.

3.5 Time-domain analysis

3.5.1 Hysteresis loop

It is well known that the S-shaped output-input dependence and, as a conse-
quence, the existence of two switching thresholds results in optical hysteresis.[10,
11]. To investigate this, we numerically integrated Eqs. (3.6) while slowly
sweeping up-and-down the input intensity Iin above the bistability threshold
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Figure 3.5: Population-distributions r11(∆) (solid curves), calculated according to

Eq. (3.13) for σ = 0.1J and ΓR = 27.12σ∗, with the optimal detuning ∆opt
0 = −2.42J

indicated by the vertical dashed line. Open circles show the absorption spectrum
As(∆). Panel (a) represents r11(∆) below the upper switching threshold. The plotted
distributions were calculated for the input intensities Iin = |Ωi|2/(γ0σ

∗) = 3.33, 64.34,
and 81.78 (from bottom to top). Panel (b) shows r11(∆) above the upper switching
threshold. In the inset, the dependence of the full width at half maximum (FWHM)
of r11(∆) on Iin is plotted in units of the FWHM of the absorption spectrum.
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Figure 3.6: Kinetics of the transmitted field intensity Iout = |Ω|2/(γ0σ
∗) ap-

proaching its stationary value (dashed line) after the incident field with intensity
Iin = |Ωi|2/(γ0σ

∗) = 150 is turned on abruptly at t = 0. The value Iin = 150 exceeds
the upper switching threshold Ic

in = 82.16. The other parameters were chosen as in
Fig. 3.7.

(ΓR > Γc
R). The result for the transmitted intensity Iout is shown in Fig. 3.7

by the solid curve with arrows. The parameters used in the calculations are
specified in the figure caption. The input field intensity was swept from zero
to 110 and back to zero. The open circles indicate the steady-state solution
obtained by solving Eq. (3.12) for the same set of parameters.

As can be seen from Fig. 3.7, the solid curve almost perfectly follows
the lower and upper branches of the steady-state three-valued solution, nicely
demonstrating the optical hysteresis. The intermediate branch is not revealed,
which is clear evidence of its instability. Note also that switching from the
lower branch to the upper one occurs for an input field intensity larger than
the critical value. This indicates that when the input field intensity is only
slightly above the switching intensity, the response of the film slows down. A
much less pronounced but similar effect can be observed at the lower switching
threshold, where the field switches from the upper branch to the lower one.
This is consistent with our study of the relaxation time presented below.
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Figure 3.7: An example of the stable optical hysteresis loop of the transmitted
intensity Iout = |Ω|2/(γ0σ

∗) (the solid curve with arrows) obtained by numerically
solving Eqs. (3.6) for a linear sweeping up-and-down of the input field intensity Iin =
|Ωi|2/(γ0σ

∗). The sweeping time is 3000/σ∗. The open circles represent the steady-
state solution, Eq. (3.12). The calculations were performed for the following set of
parameters: Γ2 = 500γ0, σ = 0.1J , ΓR = 27.12σ∗, and ∆0 = ∆opt

0 = −2.42J .

3.5.2 Switching time

Of great importance from a practical point of view, is the relaxation time τ
which is required for the output intensity to approach its steady-state value
after the input intensity has changed. If this time is much shorter than the
characteristic time of changing the input intensity, then the output signal will
adiabatically follow it, remaining all the time close to the steady-state level.
Only in the limit of short τ , an abrupt switching from low to high transmit-
tivity can be realized. This especially concerns the region in the vicinity of
the switching thresholds (see Fig. 3.7). In other words, the relaxation time τ
limits the usage of the optical bistable element as an instantaneous switcher.

Motivated by the above observations, we performed a study of the re-
laxation time τ . Figure 3.6 shows an example of how the transmitted field
intensity approaches its stationary value when an input field intensity with a
value of Iin = 150 is instantaneously switched on at t = 0. This field is above
the upper switching threshold Ic

in = 82.16. Calculations were carried out for
the set of parameters of Fig. 3.7. As is observed, for the set of parameters
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Figure 3.8: Relaxation time τ as a function of the excess input intensity Iin− Ic
in at

the upper switching threshold (indicated by the vertical dotted line). τ was calculated
by turning on abruptly the incoming field at t = 0, and waiting until the transmitted
field intensity Iout approaches its steady-state value (for more details, see the text).
The open circles show the numerical results, while the solid line represents a best
power-law fit given by Eq. (3.14). The calculations were performed for the set of
parameters of Fig. 3.7.

used, the output intensity stays low during a waiting time of about 20/σ∗,
before it rapidly (on a time scale much shorter than 20/σ∗) increases to its
steady state value. This behavior allows one to define τ as the time which the
output intensity takes to reach its first peak (17.3/σ∗ in the current example).

Using the above definition, we calculated the relaxation time τ as a function
of the excess input intensity Iin − Ic

in at the upper switching threshold. The
results are plotted in Fig. 3.8. As is seen, τ drastically increases when Iin gets
closer to Ic

in. The numerical data (open circles) is well fitted by the formula

τ = 870 (Iin − Ic
in)

−0.83 , (3.14)

shown by the solid curve.
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3.6 Discussion of driving parameters

To get insight into the possibility to realize optical bistable behavior for a film
of J-aggregates, we consider the typical parameters for this type of systems.
First, we estimate the superradiant constant ΓR = (3/8π)γ0n0λ

2L, considering
the low-temperature experimental data of J-aggregates of polymethine dyes.
For these species, typically, γ0 ≈ (1/3) ns−1 and λ ≈ 600 nm [45]-[50]. With
this in mind and choosing L = λ/2π (or kL = 1),we obtain the following
estimate: ΓR ≈ 10−18n0 cm3 ps−1. This value for L is easily accessible with
the spin-coating method [40] and guarantees the applicability of the mean-
field approach for the description of the thin film optical response [30]. The
typical width of the J-band of polymethine dyes is on the order of several tens
of cm−1 or approximately 1 ps−1 (in frequency units) [45, 50]. Thus, for the
set of parameters we chose, the number density of molecules n0 must be on
the order of 1019 cm−3 to get the ratio ΓR/σ

∗ required for bistability to occur.
This concentration is usually achieved in spin-coated films.

When the J-aggregates are composed of monomers with a higher radiative
constant γ0 and a larger emission wavelength λ, the monomer concentration
necessary for bistability reduces. From this point of view, J-aggregates of
squarylium dyes may be suitable candidates [51, 52, 53]. This type of aggre-
gates, spin-coated on a substrate, show a sharp absorption peak at λ ≈ 800
nm with HWHM = 20 nm at room temperature and a fast (∼ 100 fs) op-
tical response [51, 53] combined with a giant cubic susceptibility [52], both
attributed to the excitonic nature of the optical excitations. Ref. [51] reported
a monomer decay time of ∼ 100 ps, although no information about the quan-
tum yield was presented. If we assume that this time is of radiative nature,
the superradiant constant ΓR can be adjusted to values above the bistability
threshold even for smaller concentration of monomers in the film. On the
other hand, for larger γ0 the intensity required for switching increases, which
is not desired because of the limited photostability of most J-aggregates.

3.7 Summary and concluding remarks

We theoretically studied the optical response of an ultrathin film of oriented
J-aggregates, with the goal to examine the possibility of bistable behavior
of the system. The standard Frenkel exciton model was used for a single
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aggregate: an open linear chain of monomers coupled by delocalizing dipole-
dipole excitation transfer interactions, in combination with uncorrelated on-
site disorder, which tends to localize the exciton states. We considered a single
aggregate as a meso-ensemble of two-level systems, each one composed of an
s-like localized one-exciton state and its own ground state. The one-to-two
exciton transitions have been neglected.

As a tool to describe the transmission properties of the film, we employed
the optical Maxwell-Bloch equations adapted for a thin film. The electric
polarization of the film was calculated by making use of a joint probability
distribution of exciton energies and transition dipole moments, properly taking
into account the correlation properties of these two stochastic variables. The
joint distribution function was calculated by numerically diagonalizing the
Frenkel Hamiltonian and averaging over many disorder realizations.

We derived a novel steady-state equation for the transmitted signal in
terms of the joint distribution function, and demonstrated that three-valued
solutions to this equation exist in a certain domain of the parameter space
(ΓR, σ

∗),where ΓR is the superradiant constant and σ∗ is the half-width-at-
half-maximum of the absorption band. Our approach allowed us to generalize
previous results [29, 30] to correctly account for the stochastic nature of the
exciton energy and transition dipole moment. Using the new steady-state
equation, we have found that the critical value of the so-called “cooperative
number” ΓR/σ

∗, [10] which governs the occurrence of bistability of the film, is
higher than obtained before [29]. Moreover, in contrast to Refs. [29] and [30],
we have analyzed the switching time, which show a dramatic increase for input
intensities close to the switching point. We also found that the ”cooperative
number” ΓR/σ

∗ increases with σ∗, but only slightly, varying between 12 and
approximately 25 within a wide range of σ∗. Estimating the parameters of
our model for aggregate of polymethin dyes shows that these are a promising
candidate to measure the effect.

Finally, we note that also the microcavity arrangement of molecular aggre-
gates [54]-[58] is of interest for applications. During the last decade, organic
microcavities have received a great deal of attention because of the strong
coupling of the excitons to cavity photons, leading to giant polariton splitting
in these devices [59]. The recent observation of optical bistability in planar in-

organic microcavities [60] in the strong coupling regime suggests that organic

microcavities can exhibit a similar behavior.



Appendix A

Estimates of quantum interference effects

Our approach to the optical dynamics of a single aggregate was based on the
representation of the aggregate as a meso-ensemble of two-level systems with
their own ground states. The model has its origin in the fact that the optically
dominant exciton states are localized on different segments and overlap weakly.
In reality, however, the ground state of an aggregate (all the monomers are in
their ground states) is common for all (multi- ) exciton states. This results in
cross-interference of field-induced and spontaneous transitions. Below, we pro-
vide estimates of these additional terms and show that in the limit of dominant
inhomogeneous broadening of the J-band, the cross-interference effects can be
neglected. In our estimates, we will only consider ground-state-to-one-exciton
transitions.

We start with the equation for the density operator ρ

ρ̇ = − i
~

[

H0 − d̂E , ρ
]

−Rbathρ−Rradρ , (A.1)

where H0 is the exciton Hamiltonian specified in Eq. (3.1) and the term −d̂E
describes the interaction of the aggregate with the field E inside the film. Rbath

represents the dephasing operator, acting as follows:

〈ν|Rbathρ |ν ′〉 = (1− δνν′)(γν0 + γν′0)ρνν′ ,

〈ν|Rbathρ |0〉 = γν0ρν0 . (A.2)

Here, γν0 is the (pure) dephasing rate of the exciton transition |ν〉 → |0〉, ex-
cluding radiative decay. These constants will be considered on a phenomeno-
logical basis.

The operator Rrad governs the exciton radiative relaxation. It is given by
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(see, e.g., Ref. [61])

Rradρ =
1

2

∑

νν′

γνν′

[

|ν〉〈ν ′| ρ

+ ρ |ν〉〈ν ′| − 2 |0〉〈ν| ρ |ν ′〉〈0|
]

, (A.3)

where γνν = γ0

(∑

n ϕνn

)2
is the radiative decay rate of the population of

the νth state. Furthermore, γνν′ = γν′ν (ν 6= ν ′) describes the quantum
interference in the radiative relaxation of the νth and ν ′th states, resulting
from the cross-coupling of different decay channels. It reflects the fact that a
state ν, when decaying, drives another state ν ′ and vice versa. If the transition
dipoles of all the states are parallel, γνν′ = (γννγν′ν′)1/2.

Using Eqs. (A.2) and (A.3) in Eq. (A.1), we arrive at the following set of
equations for the density matrix elements:

ρ̇νν = −γννρνν −
1

2

∑

ν′ 6=ν

γνν′ (ρνν′ + ρν′ν) + idνE (ρ∗ν0 − ρν0) , (A.4a)

ρ̇νν′ =− (iενν′ + Γνν′)ρνν′ − 1

2

∑

ν′′ 6=ν

γνν′′ρν′′ν′

− 1

2

∑

ν′′ 6=ν′

γν′′ν′ρνν′′ + i (dνEρ∗ν′0 − ρν0dν′E) , ν 6= ν ′ , (A.4b)

ρ̇ν0 =− (iεν + Γν0)ρν0 −
1

2

∑

ν′ 6=ν

γνν′ρν′0

− i
∑

ν′ 6=ν

ρνν′dν′E − idνE (ρνν − ρ00) , (A.4c)

ρ00 +
∑

ν

ρνν = 1 . (A.4d)

Here we introduced the notations: ενν′ = εν − εν′ , Γνν′ = 1
2(γνν + γν′ν′) +

γν0 + γν′0, and Γν0 = 1
2γνν + γν0.

Equations (A.4) differ from those used in the two-level model, Eq. (3.2),
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by several terms. Because all the exciton states have the same ground state,
which is reflected in the normalization condition (A.4d), the low-frequency
coherences are now involved in the aggregate optical dynamics. They are
coupled to the populations [Eq. (A.4a)] as well as to the high-frequency (op-
tical) coherences ρν0 [Eqs. (A.4b) and (A.4c)] via both the cross-coupling of
the transitions and the field. In addition, the cross-coupling also couples the
optical coherences ρν0 [Eq. (A.4c)].

In quantum optics of atomic gases, the cross-coupling of transitions has
been found to be the origin of many fascinating effects, such as narrow reso-
nances, transparency and gain without population inversion (see for an overview
Refs. [62, 63, 64, 65]), as well as bistability at a low threshold [66, 67, 68]. All
these effects, however, require specific conditions: equivalent magnitudes of
all the γνν and the absence of dephasing and inhomogeneous broadening. Any
deviation from these requirements washes out those effects. In particular, this
happens for J-aggregates; below we argue why all the cross-terms in Eqs. (A.4)
can be neglected for these systems.

The contribution of the cross-terms to a given state ν always comes in
the form of a summation over all other states ν ′. The optical dynamics of
the system is determined by only several dominant states. If N∗ is the typical
localization length, there will beN/N∗ of such states. They are spread over the
width of the absorption band, given by 2σ∗. Therefore we can estimate the sum
under consideration by (γ∗/2σ∗)(N/N∗) ∼ γ0N/2σ

∗, where γ∗ = γ0N
∗ is the

typical radiative rate of optically dominant states. The materials we consider
typically have γ0 ∼ 108 s−1 ∼ 10−2 cm−1 and 2σ∗ on the order of several tens
of cm−1. Then, for an aggregate of length N = 500 the ratio γ0N/2σ

∗ ∼ 0.1.
On this basis, we neglect all the cross-coupling terms in Eqs. (A.4) and replace
the normalization condition (A.4d) for the whole aggregate by the one for a
single segment, ρ00 + ρνν = 1.
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Chapter 4

Intrinsic optical bistability
of thin films of linear molecular aggregates:
The two-exciton approximation

Summary

In this chapter1 we generalize our work on the optical bistability of thin films
of molecular aggregates of the previous chapter. We account for the optical
transitions from the one-exciton manifold to the two-exciton manifold as well
as the exciton-exciton annihilation of the two-exciton states via a high-lying
molecular vibronic term. We also include the relaxation from the vibronic
level back to both the one-exciton manifold and the ground state. By select-
ing the dominant optical transitions between the ground state, the one-exciton
manifold, and the two-exciton manifold, we reduce the problem to four levels,
which simplifies the analysis of the nonlinear optical response of the film. The
one- and two-exciton states are obtained by diagonalizing a Frenkel Hamilto-
nian with uncorrelated on-site (diagonal) disorder. The optical dynamics of
the system is evaluated by density matrix equations coupled to the electro-
magnetic field in the film. We show that the one-to-two exciton transitions
followed by fast exciton-exciton annihilation promotes the occurrence of bista-
bility and reduces the switching intensity. We provide estimates of pertinent
parameters for actual materials and conclude that the effect can be realized.

4.1 Introduction

The phenomenon of optical bistability has attracted considerable attention
for more than thirty years now, starting with the theoretical prediction of

1This chapter is based on J. A. Klugkist, V. A. Malyshev, and J. Knoester, submitted to
J. Chem. Phys.
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McCall [1] in 1974, followed by experimental demonstration of the effect by
Gibbs, McCall, and Venkatesan [2] in 1976 (see also Refs. [3, 4], and [5] for
an overview). Since then a significant amount of literature has been devoted
to explore the topic (an extended bibliography can be found in the previous
chapter. The topic is of high scientific interest, because the ability to control
the flow of flux with light on the micro- and nano-scale is of great importance
for all-optical information processing. More recently, new materials such as
photonic crystals [7], surface-plasmon polaritonic crystals [8], and materials
with a negative index of refraction [9], have revealed bistable behavior.

In the previous chapter, we theoretically studied the bistable optical re-
sponse of a thin film of linear molecular J-aggregates. To describe the optical
response of a single aggregate, we used a Frenkel exciton model with uncorre-
lated on-site energy disorder, taking into account only the optically dominant
transitions from the ground state to the one-exciton manifold, while neglecting
the one-to-two exciton transitions. Within this picture, an aggregate can be
viewed as a meso-ensemble of two-level localization segments [10]. Then the
optical dynamics can be described by a 2× 2-density matrix. By using a joint
probability distribution of the transition energies and the transition dipoles
moment of the optically dominant Frenkel excitons, we were able to account
for the correlated fluctuations of these two quantities, which we obtained by
diagonalizing the Frenkel Hamiltonian with disorder. By solving the coupled
Maxwell-Bloch equations, we calculated the phase diagram of the possible sta-
tionary states of the film (stable, bistable) and the input-dependent switching
time. By analyzing the spectral distribution of the exciton population at the
switching point, we realized that the field inside the film is sufficient to pro-
duce one-to-two exciton transitions, in agreement with a similar statement
made in Refs. [11].

The goal of the present chapter is to extend the one-exciton model [6] by
including one-to-two exciton transitions. When two excitons are spatially
located within the same localization domain, they usually quickly annihi-
late, transferring their energy to an appropriate resonant monomer vibronic
level [12, 13, 14, 15, 16, 17, 18, 19]. Therefore, the generalized model requires
the consideration of exciton-exciton annihilation [11]. We will assume that
exciton-exciton annihilation prevents the three-exciton states from playing a
significant role in the response of the film. The relevant transitions of the
model are depicted in Fig. 4.1.
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Figure 4.1: Four-level scheme showing the competing transitions contributing to the
optical response of the film. The input field induces transitions between the ground
state |0〉, one-exciton manifold |1〉, and two-exciton manifold |2〉. The population of
the latter is transferred to a vibronic molecular level |3〉 with a rate w, followed by fast
relaxation between the vibronic sublevels to the vibronic ground state. The vibronic
molecular level relaxes to the one-exciton and/or ground state with the rates γ31 and
γ30, respectively. The constants γ10 and γ21 correspond to the radiative decay of the
one- and two-exciton states, respectively.

To make the two-exciton model tractable, we will select the optically dom-
inant transitions between the ground state and the one-exciton manifold (see
chapter 5), and also between the one- and two-exciton manifolds. We treat
the different localization segments independently, which, in combination with
the state selection, considerably reduces the computational effort necessary to
simulate the optical response. Then, the dynamics of an aggregate segment
is described by a 4-level system which consist of a ground state, the optically
dominant one- and two-exciton states of the segment, and a high-lying molec-
ular electronic or vibronic state, through which the excitons annihilate. This
model was first applied in Ref. [11], using the simplifying assumption that
the transition energies and transition dipole moments are correlated perfectly.
Following our previous work [6], we will account for the correct joint statistics
of both quantities. The optical dynamics of a single localization segment is
described within the framework of a 4×4-density matrix. We derive a steady-
state equation for the output field intensity as a function of the input intensity.
We calculate the optical response of the film, taking into account the reaction
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field produced by the aggregate dipoles. We find that, counter-intuitively,
tuning away from resonance may, depending on the dephasing rate, promote
bistable behavior. In addition, we show that fast exciton-exciton annihilation
combined with slow relaxation from the high-lying vibronic level enhances the
tendency towards bistability. The bistability phase diagram of the film is cal-
culated and compared with the one-exciton model. We discuss the possible
experimental realization of bistable behavior with actual materials.

This chapter is organized as follows. In the next section, we introduce the
model that describes a single aggregate, consisting of a Frenkel Hamiltonian
with uncorrelated on-site energy (diagonal) disorder. Our selection proce-
dure of the optically dominant transitions is described in section 4.2.2, and
we introduce our model for exciton-exciton annihilation in section 4.2.3. In
section 4.2.4, we describe the mathematical formalism, based on 4 × 4 den-
sity matrix equations combined with the Maxwell equation for a thin film of
oriented linear J-aggregates. We present results of our numerical analysis in
section 4.3, where we identify the conditions that favor a bistable behavior
of the film. In section 4.4, we estimate the driving parameters and the in-
put light flux required for experimental realization of bistability for films of
pseudoisocyanine J-aggregates. Finally, in section 4.5 we summarize.

4.2 Model

The geometry of the model system and the assumptions we adopt hereafter
are essentially the same as in the previous chapter. In short, we aim to study
the transmittivity of an assembly of linear J-aggregates arranged in a thin
film (with the film thickness L small compared to the emission wavelength λ′

inside the film) and aligned in one direction, parallel to the film plane. The
aggregates in the film are assumed to be decoupled from each other; their
coupling to the environment is treated through phenomenological relaxation
rates (see Ref. [6] for a detailed discussion).

4.2.1 A single aggregate

We model a single aggregate as a linear chain of N three-level monomers.
The two lower states are assumed to form multi-exciton bands, as a result of
strong dipole-dipole excitation transfer interactions between the monomers.
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To simplify the treatment of the multi-exciton states, we restrict ourselves to
nearest-neighbour interactions. We have assumed that the transition dipole
moments between the monomers are equal in magnitude and direction. Then
the (Frenkel) exciton part of the aggregate Hamiltonian reads

H0 =
N∑

n=1

εnb
†
nbn − J

N−1∑

n=1

(

b†nbn+1 + b†n+1bn

)

, (4.1)

where b†n(bn) denotes the creation (annihilation) Pauli operator of an excita-
tion at site n. The monomer excitation energies εn between the two lower
states are modeled as uncorrelated Gaussian variables with mean ε0 and stan-
dard deviation σ. The parameter J represents the nearest-neighbour transfer
integral, which is positive for J-aggregates. We assume that this quantity does
not fluctuate. After applying the Jordan-Wigner transformation, the multi-
exciton eigenstates are found as Slater determinants of one-exciton states ϕνn

with different ν [21, 22, 23]. The multi-exciton eigenenergies are given by
∑N

ν=1 nνεν , with εν being the one-exciton eigenenergies and nν = 0, 1 de-
pending on whether the νth state is occupied or not. Particularly, we will be
interested in the one- and two-exciton states:

|ν〉 =

N∑

n=1

ϕνn|n〉 (4.2a)

|µν〉 =
N∑

m>n

(ϕνnϕµm − ϕνmϕµn) |mn〉 , (4.2b)

where |n〉 = b†n|0〉 and |mn〉 = b†mb
†
n|0〉, and |0〉 is the ground state of the

aggregate (with all monomers in the ground state). We will also need the
transition dipole moments from the ground state |0〉 to a one-exciton state |ν〉
and from a one-exciton state |ν〉 to a two-exciton state |ν1ν2〉. In units of the
single-molecule transition dipole moment, they obtain the dimensionless form

µν =
N∑

n=1

ϕνn , (4.3a)
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µν1ν2;ν =
∑

n2>n1

(ϕνn1
− ϕνn2

) (ϕν1n1
ϕν2n2

− ϕν1n2
ϕν2n1

) . (4.3b)

where it was assumed that the aggregate is small compared to an optical
wavelength.

4.2.2 Selecting the dominant exciton transitions

Despite the fact that the physical size of a molecular aggregate can amount
to thousands of monomers (see, e.g., Ref. [13]), most of the optical properties,
in particular at low temperatures, are determined by the localized exciton
states of much smaller, non overlapping, chain segments. The disordered en-
vironment results in Anderson localization of the lowest exciton states in the
exciton band [24, 25]. The size of these localization segments is typically much
smaller than the physical size of the aggregate. We will denote the typical size
of these segments as N∗, often referred to as the number of coherently bound
molecules or localization length.

For J-aggregates, the optically dominant localized states reside in the
neighbourhood of the bottom of the exciton band. Some of them resemble
s-like atomic states: they consist of mainly one peak with no node within the
localization segment (see Fig. 4.2a). We will denote the subset of such states
as S. To select the s states from the complete set of wave functions ϕνn,
we used the rule proposed in Ref. [26],

∣
∣
∑

n ϕνn|ϕνn|
∣
∣ ≥ C0 with C0 = 0.75.

The inequality selects the states that consist mainly of one peak. We found
numerically that for a wide range of the disorder strength σ (0.05J < σ < J),
the selected states accumulate on average 73% of the total oscillator strength
(equal to N). Recall that for a disorder-free aggregate, the optically domi-
nant (lowest) exciton state contains 81% of the total oscillator strength of the
one-exciton transitions (see, e.g., Refs. [27] and [28]). Furthermore, we have
shown that the the s states well reproduce the linear absorption spectrum, fail-
ing slightly for the blue wing, where higher-energy exciton states contribute
as well, see chapter 5 and 7. From this, we conclude that our procedure to
select the optically dominant (s-like) one-exciton states works well.



4.2. Model 85

0 100 200

−2.06

−2.05

−2.04

−2.03

−2.02

−2.01

−2

−1.99

−1.98

−1.97

E
xc

ito
n 

en
er

gy
 [J

]

Site number

0 100 200

Site number

Figure 4.2: (a) The lowest 12 one-exciton states of a chain of length N = 500 for
a particular disorder realization at the disorder strength σ = 0.1J . (b) A subset of s
states (black) and ps states (gray) which have the largest ground-state-to-one-exciton
and one-to-two exciton transitions. The average single molecule transition energy ε0
was chosen as the origin of the energy scale.

Similar to the s-like states, one may also distinguish states that resemble
atomic p states. They have a well defined node within localization segments
and occur in pairs with s-like states. Each pair forms an sp doublet localized
on the same chain segment. The levels within a doublet undergo quantum
mechanical level repulsion, resembling the level spacing between the k = 1
and k = 2 exciton states in a homogeneous chain of size N∗ [26]. From studies
of the multi-exciton transitions in homogeneous aggregates [29], we know that
the transition from the k = 1 state to the two-exciton state which is formed by
the Slater determinant of the k = 1 and k = 2 states predominantly contributes
to the two-exciton optical response. This gives us a solid ground to believe
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that the s-like one-exciton states and the two-exciton states composed of (sp)
doublets dominate the one-to-two exciton transitions in disordered aggregates
(see below).

Usually, well defined (sp) doublets are found below the bare exciton band
edge at the energy −2J . These doublets are responsible for a hidden level
structure of the Lifshits tail [30]. For the s states located close to or above
the bare band edge, it is already impossible to assign a p-like partner localized
on the same segment: higher-energy states have more than one node and
spread over segments of size larger than N∗ (see Fig. 4.2). To obtain all
states that give a major contribution to the one-to-two exciton transitions, the
following procedure has been used. First, we select all s states, as described
above. Then, we considered the two-exciton states |sν〉 given by Eq. (4.2b) and
calculated the corresponding transition dipole moments µsν,s. From the whole
set of µsν,s, we took the largest transition, which we denote by µsps,s, were
the subscript s in ps indicates its relation with the state |s〉. This procedure
catches all true sps doublets and assigns a partner to solitary s states, which
does not necessarily look like a proper p state. In Fig. 4.2b, we show the final
set of the doublets selected from the states in Fig. 4.2a according to the above
procedure, which contribute mostly to the one- and two-exciton transitions.

The average ratio of the oscillator strength of the thus selected transitions
|s〉 → |sps〉 and |0〉 → |s〉 turned out to be approximately 1.4. For a homo-
geneous chain, this ratio equals 1.57 (then |s〉 = |k = 1〉 and |sps〉 = |k1 =
1, k2 = 2〉). The similarity of these numbers supports our selection procedure.
Even stronger support is obtained from computing the pump-probe spectrum,
using our state selection, and comparing the result to that of the exact calcu-
lations, see chapter 5. The comparison revealed that the spectrum using the
selected transitions only deviates from the exact spectrum in the blue wing of
the induced absorption peak, similarly to the linear absorption spectra.

4.2.3 Exciton-exciton annihilation

As was already mentioned in the Introduction, when two excitons are created
within the same localization segment, they efficiently annihilate (the intra-
segment annihilation in terms of Refs. [31] and [32]). The authors of Ref. [14]
studied experimentally the exciton dynamics in J-aggregates of pseudoisocya-
nine bromide (PIC-Br) at low temperature and found a 200 fs component in
the two-exciton state decay. They attributed this decay rate to the annihila-
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tion of two-exciton state located within the same chain segment with a typical
size of N∗ = 20. We adopt this mechanism for |sps〉 states described in the pre-
ceding section. Note that the exciton annihilation decay time of 200 fs is much
shorter than all other population decay times. All other relevant processes,
such as radiative decay, occur at times of tens to hundreds of picoseconds.

Two excitons located on different localization segments can also annihilate
(the inter-segment annihilation in terms of Refs. [32]). This process, however,
is much slower as compared to the intra-segment channel. [32] The thermally
activated diffusion of excitons accelerates the annihilation of spatially sepa-
rated excitons. We consider this diffusion-limited exciton annihilation as irrel-
evant to our problem, because switching requires the saturation of the majority
of the s states (see also section 4.4). Therefore, we neglect this process.

It is usually assumed that the annihilation occurs via transferring the two-
exciton energy to a resonant molecular vibronic level (see, e.g., Ref. [12]),
which undergoes a fast vibration-assisted relaxation to the ground vibronic
state. The population collected in this state then relaxes to the one-exciton
state |1〉 of the segment or to the ground state |0〉 of the aggregate (cf. Fig 4.1).
In this way, respectively one or two excitations are taken from the system. To
summarize, we use a four-level model to describe the optical response of the
film in the two-exciton approximation, which includes a ground state, one- and
two-exciton states, and a molecular vibronic level through which the excitons
annihilate.
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4.2.4 Truncated density-matrix-field equations

Using the four-level model we introduced in the preceding sections, we describe
the optical dynamics of a segment in terms of a 4 × 4 density matrix ραβ,
where the indexes α and β run from 0 to 3, where |1〉 ≡ |s〉 and |2〉 ≡ |sps〉.
We neglect the off-diagonal matrix elements ρ30, ρ31, and ρ32, assuming a
fast vibronic relaxation within the third molecular level. Within the rotating
wave approximation, the set of equations for the populations ραα and for the
amplitudes of the relevant off-diagonal density matrix elements Rαβ, (α 6= β)
reads [11]

ρ̇00 =
1

4
µ10 [ΩR∗

10 + Ω∗R10] + γ10ρ11 + γ30ρ33 , (4.4a)

ρ̇11 = −γ10ρ11+γ21ρ22+γ31ρ33+
1

4
µ21 (ΩR∗

21 − Ω∗R21)−
1

4
µ10 (ΩR∗

10 −Ω∗R10) ,

(4.4b)

ρ̇22 = − (γ21 + w) ρ22 −
1

4
µ21 (ΩR∗

21 − Ω∗R21) , (4.4c)

ρ̇33 = −γ3ρ33 + wρ22 , (4.4d)

Ṙ10 = − (i∆10 + Γ10)R10 − µ10Ω (ρ00 − ρ11) +
1

2
iµ21Ω

∗R20 , (4.4e)

Ṙ21 = −
(

i∆21 + Γ21 +
1

2
w

)

R21 − µ21Ω (ρ11 − ρ22)−
1

2
iµ10Ω

∗R20 , (4.4f)

Ṙ20 = −
(

i∆10 + i∆21 + Γ20 +
1

2
w

)

R20 +
1

2
iµ21ΩR10 −

1

2
iµ10ΩR21 . (4.4g)

Here, γ10 = γ0|µ10|2 and γ21 = γ0|µ21|2 are the radiative relaxation rates of
the one-exciton state |1〉 and the two-exciton state |2〉, respectively, γ0 denotes
the monomer radiative rate, and µ10 and µ21 are corresponding dimensionless
transition dipole moments. Furthermore, w is the annihilation constant of
the two-exciton state |2〉 and γ3 = γ30 + γ31 describe the population relax-
ation rate of the vibronic state |3〉. The constants Γ10 = γ10/2 + Γ and
Γ21 = Γ20 = γ21/2 + Γ correspond to the dephasing rates of the respective
transitions. They include a contribution from the population decay as well
as a pure dephasing part Γ, which, for simplicity, we assume equal for all off-
diagonal density matrix elements. Finally, ∆10 = ω10−ωi and ∆21 = ω21−ωi

denote the detuning between the exciton transition frequencies ω10 and ω21,
and the frequency ωi of the incoming field. Note that that Eqs. (4.4) auto-
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matically conserve the sum of level populations: ρ00 + ρ11 + ρ22 + ρ33 = 1.

The quantity Ω = d0E/~ in Eqs. (4.4) is the amplitude E of the field
inside the film in frequency units, where d0 is the transition dipole moment of
a monomer and ~ is the Planck constant. It obeys the following equation [11]

Ω = Ωi + ΓR
Ns

N

〈

µ10R10 + µ21R21

〉

, (4.5)

where Ωi = d0Ei/~ is the amplitude Ei of the incoming field in frequency
units, Ns is the average number of s-like states in an aggregate, and ΓR =
2πn0d0

2kL/~ is the superradiant constant, an important parameter of the
model [31, 11, 6]. In this expression, n0 is the number density of monomers in
the film, k is the field wave number, and L is the film thickness. The angular
brackets in Eq. (4.5) denote the average over disorder realizations.

The set of equations (4.4) forms the basis of our analysis of the effects
of one-to-two exciton transitions, exciton-exciton annihilation from the two-
exciton state, and relaxation of the annihilation level back to the one-exciton
and ground states on the optical bistable response from an ultrathin film of
J-aggregates. In the remainder of this chapter, we consider the dependence of
the transmitted field intensity |Ω|2 on the input field intensity |Ωi|2, following
from Eqs. (4.4) and (4.5).

4.3 Steady-state analysis

4.3.1 Bistability equation

To study the stationary states of the system, we first consider the steady-state
regime of the film’s optical response and set the time derivatives in Eqs. (4.4) to
zero. We focus on the limit of fast exciton-exciton annihilation, assuming that
the annihilation constant w is the largest of all relaxation constants and also
much larger than the magnitude of the field inside the film, |Ω|. The reason for
the last assumption is based on the fact that below the switching threshold,
the field magnitude |Ω|2 ∼ (γ0σ

∗) [6] where γ0, and σ∗ are the radiative
decay rate of a monomer and the half width at half maximum (HWHM) of
the linear absorption spectrum, respectively. As γ0 ≪ σ∗, the magnitude of
the field is also much smaller than σ∗. Above the switching threshold, |Ω|
becomes comparable to σ∗ [6]. The typical HWHM of J-aggregates of PIC at
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low temperatures is on the order of a few tens of cm−1, which in time units
corresponds to one picosecond. On the other hand, the time scale of exciton-
exciton annihilation is on the order of 200 femtoseconds (see section 4.2.3).
This justifies our assumption |Ω| ≪ w and allows us to neglect R20 in steady-
state Eqs. (4.4), because |R20| ∼ |Ω/(i∆21 + Γ20 +w/2)|. This approximation
enables us to derive a closed steady-state equation for the Ω-vs-Ωi dependence,
which reads

|Ωi|2 =

{[

1 + γR
Ns

N

〈

µ2
10

Γ10

Γ2
10 + ∆2

10

(ρ00 − ρ11)

+µ2
21

Γ21 +w/2

(Γ21 + w/2)2 + ∆2
21

(ρ11 − ρ22)

〉]2

+

[

γR
Ns

N

〈

µ2
10

∆10

Γ2
10 + ∆2

10

(ρ00 − ρ11)

+µ2
21

∆21 + w/2

(Γ21 + w/2)2 + ∆2
21

(ρ11 − ρ22)

〉]2}

|Ω|2 . (4.6)

The steady-state populations are given by [11]

ρ00 − ρ11 =
1 + (1 + wγ03/γ10γ3)S21

1 + 2S10 + (1 + wγ03/γ10γ3)S21 + (3 + w/γ3)S10S21
, (4.7a)

ρ11 − ρ22 =
S10

1 + 2S10 + (1 + wγ03/γ10γ3)S21 + (3 + w/γ3)S10S21
, (4.7b)

where

S10 =
µ2

10|Ω|2
2γ10

Γ10

∆2
10 + Γ2

10

, (4.8a)

S21 =
µ2

21|Ω|2
2 (γ21 + w)

Γ21 + w/2

∆2
21 + (Γ21 + w/2)2 . (4.8b)

The terms proportional to µ2
21 in Eq. (4.6) describe the effects of the two-

exciton state, the exciton-exciton annihilation, and the relaxation from the
vibronic level back to the one-exciton and ground states. Equation (4.6) re-
duces to the one-exciton model considered in the previous chapter by setting
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µ21 = 0. Similarly to the one exciton model, Eq. (4.6) contains a small fac-
tor Ns/N , absent in an earlier paper, Ref. [11]. This smallness, however, is
compensated by the Ns-scaling of the average in Eq. (4.6): it is proportional
to 〈(µ2

10 + µ2
21)〉/Ns ≈ 2N/Ns ≫ 1 [6]. Thus, the actual numerical factor

in Eq. (4.6) is approximately 2. We stress that, unlike previous work [11],
Eq. (4.6) properly accounts for the joint statistics of all transition energies
and transition dipole moments.

It is worth to notice that the second term in the first square brackets in
Eq. (4.6) represents the imaginary part of the nonlinear susceptibility, while
the one in the second square brackets is its real part. Hence, we will will
refer to these terms as to absorptive and dispersive, respectively, following the
convention adapted in the standard theory of bistability of two-level systems
in a cavity [2].

We numerically solved Eq. (4.6), with a specific interest in parameters
(ΓR, σ

∗,Γ, γ31, γ30) where the output-input dependence becomes S-shaped,
which indicates bistable behavior. In all simulations, we used linear chains
of N = 500 sites and the radiative constant of a monomer γ0 = 2 × 10−5J
(typical for monomers of polymethine dyes). The exciton-exciton annihila-
tion rate was set to w = 5000γ0, corresponding to an annihilation time of
200 fs. [14] The average single molecule transition energy ε0 was chosen as
the origin of the energy scale. 10000 localization segments were considered in
disorder averaging.

Figure 4.3 shows the output intensity Iout = |Ω|2/(γ0σ
∗) versus the input

intensity Iin = |Ωi|2/(γ0σ
∗). Here the superradiant constant ΓR is increased to

find the threshold value needed for optical hysteresis. The relaxation constants
γ30 and γ31 from the state |3〉 were taken equal to the radiative rate of a
monomer, γ0, which is the slowest process of our system. The incoming field

was tuned to the absorption maximum ∆
(0)
10 = ε0 − ωi − 2.02J , which naively

speaking is expected to result in the lowest threshold for bistability (see a
discussion of the detuning effects in section 4.3.3). The other parameters of
the simulations are specified in the figure caption. As follows from Fig. 4.3,
for the given set of parameters the bistability threshold is Γc

R = 7σ∗.

4.3.2 Effects of relaxation from the vibronic level

From the physical point of view, the most favorable conditions for bistability
occur when the relaxation from the vibronic state |3〉 is slow. This level is
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Figure 4.3: Examples of intensity of the transmitted field as a function of the inci-
dent field for different values the superradiant constant ΓR. The S-shaped hysteresis
characteristic in the solution indicates bistable behavior. Simulations were performed
for a disorder strength σ = 0.1J , resulting in an inhomogeneous HWHM σ∗ = 0.024J .

The incoming field was tuned to the J-band maximum, ∆
(0)
10 = ε0 − ωi − 2.02J . The

population relaxation rates of the vibronic state |3〉 were taken equal to the monomer
decay rate, i.e., γ31 = γ30 = γ0, while the dephasing constant Γ = 500γ0. In this
figure the superradiant constant ΓR ranges from σ∗ to 11σ∗ in steps of σ∗ (left to
right). As is seen from this figure, optical bistability requires a superradiant constant
which is larger than the threshold value Γc

R = 7σ∗.

populated by a fast population transfer from the two-exciton state |2〉 (fast
exciton-exciton annihilation). Indeed, under these conditions, the exciton pop-
ulation is rapidly transferred to the state |3〉, and, accordingly, the system
becomes transparent more easily when compared to the one-exciton model.
Clearly, faster relaxation from the state |3〉 to the ground state |0〉 will dete-
riorate the condition for the occurrence of bistability, while slower relaxation
improves the situation. This is illustrated in Figure 4.4.
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Figure 4.4: Examples of the output-input characteristics, demonstrating the effect
of the relaxation rates γ30 and γ31 from the vibronic state |3〉 on the bistable response.

The set of parameters used in the simulations are: σ = 0.1J , ∆
(0)
10 = ε0 − ωi − 2.02J

(tuning to the J-band maximum), w = 5000γ0, Γ = 500γ0, and ΓR = 10σ∗.
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4.3.3 Effects of detuning

As we mentioned in section 4.3.1, one might expect that tuning the incoming
field to the absorption maximum gives the lowest threshold for bistability. In
this section, we show that in general this expectation is incorrect.

In Fig. 4.5 we plotted the optical response of the film as a function of
the detuning, ∆10, obtained for two values of the dephasing constant Γ. The
disorder strength was set to σ = 0.1J , resulting in an inhomogeneous HWHM
σ∗ = 0.024J . From these data, one can distinguish two regimes. First, for a
relatively large Γ = 500γ0 ∼ σ∗ [panels (a) and (b)] the film’s response be-
haves according to the naive reasoning: the output-input characteristic looses
its S-shaped form upon a deviation of the incoming field frequency from the
absorption maximum. In contrast, as is observed in Figs. 4.5(c) and (d), for
Γ = 20γ0 ≪ σ∗, when the absorption width is dominated by inhomogeneous
broadening σ∗, tuning away from the resonance favors bistability.

We note that similar behavior has been found for assemblies of inhomo-
geneously broadened two-level emitters placed in a cavity, [2, 33, 34] where it
was suggested that this counterintuitive frequency dependence results from the
interplay of absorptive and dispersive contributions to the nonlinear suscepti-
bility. We believe that our model exhibits the same spectral behavior because
only the ground-state-to-one-exciton transitions lead to spectral sensitivity.
The one-to-two exciton transitions and the relaxation from the molecular vi-
bronic level do not: the former because of the fast exciton annihilation, which
washes out all spectral details, and the latter because it occurs from a re-
laxed state. Thus, all spectral features of the two-exciton model of the film’s
bistability are driven by the ground-state-to-one-exciton transitions. In other
words, the one-exciton (two-level) model considered in the previous chapter
is relevant for explaining the observed spectral behavior. In this case, the
bistability equation (4.6) is reduced to

|Ωi|2 =

{[

1 + γR
Ns

N

〈

µ2
10

Γ10

Γ2
10 + ∆2

10 + |Ω|2Γ10/γ0

〉]2

+

[

γR
Ns

N

〈

µ2
10

∆10

Γ2
10 + ∆2

10 + |Ω|2Γ10/γ0

〉]2
}

|Ω|2 . (4.9)
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Figure 4.5: Examples of the output-input characteristics, demonstrating the com-
bined effect of dephasing, Γ, and detuning, ∆10, on the occurrence of bistability. In the
simulations, the following set of parameters were used: a disorder strength σ = 0.1J
(HWHM σ∗ = 0.024J), the exciton-exciton annihilation rate w = 5000γ0, the decay
rates of the intermediate vibronic level γ31 = γ30 = γ0, and the superradiant constant
ΓR = 10σ∗. Panels (a) and (b) represent the results obtained for Γ = 500γ0 ∼ σ∗

when changing ∆10 from the absorption maximum at ∆
(0)
10 = ε0 − ω1 − 2.02J to the

red (a) and to the blue (b) in 20 steps of 0.024J . The lighter curves correspond to a
larger ∆10. Panels (c) and (d) show similar results obtained for Γ = 20γ0 ≪ σ∗.
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In our further analysis we show that, indeed, the interplay of the absorptive
and dispersive terms in Eq. (4.9) is responsible for the counterintuitive behav-
ior. First, assume that we are far outside the resonance, i.e., |∆10| is large
compared to the absorption HWHM, whether the homogeneous (Γ∗ = 〈Γ10〉)
or the inhomogeneous one (σ∗). Then, the dispersive term drives the bistabil-
ity, because its magnitude decreases as |∆10|−1 upon increasing ∆10, while the
absorptive term decreases faster, ∝ |∆−2

10 |. The critical superradiant constant
for dispersive bistability has been reported to be Γc

R = 4
[
Γ∗ + (Γ∗2 + ∆2

10)
1/2
]

(see, e.g., Ref. [2]) which reduces to Γc
R ≈ 4|∆10| when |∆10| ≫ Γ∗. On

the other hand, we found within the one-exciton model [6] that close to the
resonance (|∆10| ≪ σ∗), where the contribution of the absorptive term is dom-
inant, Γc

R scales superlinearly with the HWHM, namely as (σ∗/Γ∗)αΓ∗ with
α ≈ 1.7. Similar scaling (Γc

R = σ∗2/Γ∗) has been obtained in Ref. [34] for a
collection of inhomogeneously broadened two-level systems placed in a cavity.

The superlinear dependence of Γc
R for the absorptive type of bistability

is a key ingredient in understanding the counterintuitive ∆10 behavior of the
film’s optical response. Indeed, let ∆10 > σ∗ and ΓR = 4|∆10|, i.e., we are
at the (dispersive) bistability threshold. Now, assume that we tune back to
resonance, where bistability is of absorptive nature. Choose, for the sake of
simplicity, Γc

R = σ∗2/Γ∗ as the critical value. If 4|∆10| > σ∗2/Γ∗, we are
still above the (absorptive) bistability threshold, while in the opposite case
bistable behavior is not possible. For σ∗ . Γ∗, the line width is almost of
homogeneous nature, and tuning away from the resonance deteriorates the
conditions for the occurrence of bistability. [2] In our simulations, this holds
for the case of Γ = 500γ0 and σ∗ = 0.024J [see panels (a) and (b) in Fig. 4.5].

To conclude this section, we note that the detuning effect we found in our
simulations is asymmetric with respect to the sign of ∆10: the behavior of
Iout versus Iin is different for the incoming frequency tuned to the red or to
the blue from the absorption maximum. We believe that this arises from the
asymmetry of the absorption spectrum.

4.3.4 Phase diagram

We compare the one- and two-exciton model by considering phase diagrams

of the film’s response under the resonance condition, ∆
(0)
10 = ε0 − ωi − 2.02J ,

see Fig. 4.6. Here we present the critical superradiant constant Γc
R versus

the quantity W1/2 = σ∗ + Γ∗, where Γ∗ = Γ + 〈γ10〉/2 is the homogeneous
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width of the one-exciton transition. The last term denotes the averaged rate
of population relaxation from the one-exciton state to the ground state, see
Eq. (4.4b). Roughly, W1/2 can be interpreted as the HWHM of the absorption
spectrum accounting for both inhomogeneous and homogeneous broadening
(through σ∗ and Γ∗, respectively). The upper (lower) solid curve in both panels
was obtained for the dephasing constant Γ = 20γ0 (Γ = 500γ0) and varying the
disorder strength σ. For a given Γ, the film is bistable (stable) above (below)
the corresponding curve. To compare these results with previous work [11],
we have also plotted Γc

R versus W1/2 taking all transition dipole moments and
relaxation constants equal to their averaged values (dotted curves). In this
case, the frequency detunings ∆10 and ∆21 are the only fluctuating parameters.

One of the principal conclusions which can be drawn from the data in
Fig. 4.6, is that a more efficient dephasing helps the occurrence of bistability:
all curves calculated for Γ = 20γ0 lie above those obtained for Γ = 500γ0.
The physics of this behavior is simple: as the threshold for the absorptive
bistability is Γc

R = (σ/Γ∗)αΓ∗ (see section 4.3.3), a smaller Γ∗ gives rise to a
higher threshold value for ΓR. Thus, by adjusting the dephasing constant Γ∗,
we can manipulate the film’s optical response. This conclusion was already
drawn in Ref. [10] within the simplified one-exciton model.

Another observation is that the magnitude of the critical superradiant
constant Γc

R is considerably lower in the two-exciton model than in the one-
exciton model. This was to be expected from the physical reasoning which
we presented above: a fast exciton-exciton annihilation combined with a slow
relaxation from the high-lying molecular vibronic level favors bistability. With-
out showing detailed data, we also note that the critical switching intensity,
i.e., the intensity calculated at the bistability threshold, is smaller in the two-
exciton model compared to the one-exciton model. In both models, it also
decreases upon increasing the dephasing rate.

From the comparison between the solid and dotted curves in Fig. 4.6, it ap-
pears that, surprisingly, fluctuating transition dipole moments and relaxation
constants improve the conditions for bistability. At first glance this seems
counterintuitive. However, inspection of changes in the absorption spectrum
obtained when all transition dipole moments are set equal to their averaged
value sheds light on this result. We found that upon neglecting the fluctua-
tions, the absorption spectrum, first, acquires a shift which introduces an off-
resonant detuning. Secondly, the shape of the absorption spectrum becomes
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more asymmetric. As the film’s response is sensitive to both the detuning
and asymmetry, the combined effect of these changes produces the observed
big difference between the two calculations. In principle, this discrepancy can
be reduced by adjusting the detuning; it is impossible, however, to correct for
the asymmetry. This comparison shows that to adequately calculate the film’s
optical response, fluctuations of all variables should be taken into account.

4.4 Thin film of PIC: Estimates

We analyze low-temperature experimental data of J-aggregates of pseudo-
isocyanine (PIC) here, to investigate the feasibility of measuring optical bista-
bility in a thin film of PIC. In particular, we will focus on aggregates of PIC-Br
studied experimentally in detail in Refs. [35, 36, 14]. At low temperatures, the
absorption spectrum of PIC-Br is dominated by a very narrow absorption band
(HWHM = 17 cm−1) peaked at λ = 573 nm and red shifted relative to the
main monomer feature (λ = 523 nm). For these aggregates, vibration-induced
intra-band relaxation is strongly suppressed (no visible Stokes shift of the fluo-
rescence spectrum with respect to the J-band is observed). This favors a long
exciton lifetime, which is desirable from the viewpoint of saturation, and thus
for optical bistability. The lifetime of the exciton states forming the J-band in
PIC-Br is conventionally assumed to be of radiative nature. For temperatures
below about 40 K, it has been measured to be 70 ps [35].

Within the one-exciton model studied in the previous chapter, we found
that the number density of monomers, required for the driving parameter
ΓR/σ

∗ to exceed the bistability threshold, has to obey n0 > 1019 cm−3. Such
densities can be achieved in thin films prepared by the spin-coating method [37,
38]. Within the extended four-level model considered in the present chapter,
the critical ratio of ΓR/σ

∗ may be even lower. Thus, we believe that from the
viewpoint of monomer density, J-aggregates of PIC are promising candidates.

Another important requirement for candidates, potentially suitable for
bistable devices, is their photostability. J-aggregates are known to bleach
if they are exposed for a long time to powerful irradiation. Therefore, it is
useful to estimate the electromagnetic energy flux through the film. For the
field slightly below the higher switching threshold, the dimensionless intensity
inside the film obeys Iout = |Ω|2/(γ0σ

∗) ≈ 1 (see, e.g., Fig.4.3). Using the
expression for the monomer spontaneous emission rate γ0 = 32π3d2

0/(3~λ3),
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we obtain E2
out ≈ 32π3

~σ∗/(3λ3). The electromagnetic energy flux through
the film is determined by the Pointing vector, whose magnitude is given by
Sout = cE2

out/(4π). Being expressed in the number of photons Sout/(~ω10),
passing per cm2 and per second through the film, this value corresponds
to 5 × 1021 photons/(cm2 s). As is seen from Fig. 4.3, above the switching
threshold the intensity inside the film rises by an order of magnitude. Hence,
above threshold the electromagnetic energy flux reaches a value on the order
of Sout ≈ 5× 1022 photons/(cm2 s).

Furthermore, the typical time τ for the outgoing intensity Iout to reach its
stationary value is on the order of the population relaxation time, which is 70
ps, except for values of Iout slightly above (below) the higher (lower) switching
threshold, where the relaxation slows down [6]. This means that typically, a
nanosecond pulse is enough to achieve the steady-state regime. Bearing in
mind the above estimates for Sout, we obtain the corresponding flux for a
nanosecond pulse Sout ≈ 1013 photons/(cm2 ns). On the other hand, for a
thin film of thickness L = λ/(2π) and number density of monomers n0 = 1020

cm−3, the surface density is n0λ/(2π) ≈ 1015 cm−2. Combining these numbers,
we conclude that only one photon per 20 monomers produces the effect, which
is well below the bleaching threshold [38].

4.5 Summary and concluding remarks

We theoretically studied the optical response of an ultrathin film of oriented
J-aggregates with the goal to examine the effect of two-exciton states and
exciton-exciton annihilation on the occurrence of bistable behavior. The stan-
dard Frenkel exciton model was used to describe a single aggregate: an open
linear chain of monomers coupled by delocalizing dipole-dipole excitation trans-
fer interactions, in combination with uncorrelated on-site disorder, which tends
to localize the exciton states.

We considered a single aggregate as a meso-ensemble of exciton localiza-
tion segments, ascribing to each segment a four-level system consisting of the
ground state (all monomers in the ground state), an s-like exciton state, a two-
exciton state constructed as the antisymmetric combination of this s state and
an associated p state, and a vibronic state of the monomer through which the
two-exciton states annihilate. To select the s- and p-like states, a new proce-
dure was used which correctly accounts for the fluctuations and correlations
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of the transition energies and transition dipole moments, improving on earlier
works [11]. The optical dynamics of the localization segment was described
within a 4× 4-density matrix formalism, coupled to the total electromagnetic
field. In the latter, in addition to the incoming field, we accounted for a part
produced by the aggregate dipoles.

We derived a novel steady-state equation for the transmitted signal and
demonstrated that three-valued solutions to this equation exist in a certain
domain of the multi-parameter space. Analyzing this equation, we found that
several conditions promote the occurrence of a bistable behavior. In particular,
fast exciton-exciton annihilation, in combination with a slow relaxation from
the monomer vibronic state, favors bistability. In contrast, fast relaxation from
the vibronic level to the ground state acts against the effect. Additionally,
bistability is also favored by faster dephasing.

We found a counterintuitive interplay between dephasing and tuning from
resonance. When homogeneous broadening of the exciton states (associated
with the incoherent exciton-phonon scattering) is comparable with the in-
homogeneous broadening (resulting from the localized nature of the exciton
states), the detuning destroys bistability. Oppositely, for slower dephasing,
the bistability effect is favored by tuning away form the resonance. We relate
this anomalous behavior to an interplay of the absorptive and dispersive parts
of the nonlinear susceptibility, which both contribute to the overall effect.

We found that in general, including one-to-two-exciton transitions pro-
motes bistability. The critical superradiant constant which drives bistability,
and the critical switching intensity are lower than in the one-exciton model [6].
Furthermore, bistable behavior is more easily established when the ratio of the
inhomogeneous to the homogeneous width is reduced.

Estimates of parameters of our model for aggregates of polymethine dyes at
low temperatures indicate that a film with a monomer number density on the
order of 1020 cm−3 and a thickness of λ/2π, achievable with the spin coating
method [37], is sufficient to realize the effect. Under these conditions, one
photon per 20 monomers produces the switching of the film’s transmittivity.

To conclude, we point out that a microcavity arrangement of molecular ag-
gregates [39, 40, 41, 42, 43] in the strong coupling regime is another promising
arrangement to realize an all-optical switch. The recent observation of optical
bistability in planar inorganic microcavities [45] in the strong coupling regime
suggests that organic microcavities can exhibit a similar behavior.
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Figure 4.6: Phase diagram of the bistable optical response of a thin film in the
(ΓR,W1/2)-space, where W1/2 = σ∗+Γ+ 〈γ10〉/2 is used a measure for HWHM of the
absorption spectrum accounting for contributions of inhomogeneous and homogeneous
broadening (through σ∗ and Γ+〈γ10〉/2, respectively) to the total width of the J band.
The data is obtained by solving Eq. (4.6) for the input field tuned to the J-band center,

∆
(0)
10 = ε0−ωi−2.02J and varying the disorder strength σ. In both panels, upper and

lower curves correspond to Γ = 20γ0 and Γ = 500γ0, respectively. The open circles
and squares represent the numerical data points, whereas the solid lines are a guide
to the eye. The solid lines themselves represent the W1/2-dependence of the critical
superradiant constant Γc

R. Above (below) the curve for a given Γ, the film behaves
in a bistable (stable) fashion. For comparison, we also plotted Γc

R versus W1/2 taking
all transition dipole moments and relaxation constants equal to their averaged values
(dotted curves, cf. Ref. [11]).
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Chapter 5

Selection of dominant multi-exciton
transitions in disordered linear J-aggregates

Summary

In this chapter1 we show that the third-order optical response of disordered
linear J-aggregates can be calculated by considering only a limited number
of transitions between (multi-) exciton states. We calculate the pump-probe
absorption spectrum resulting from the truncated set of transitions and show
that, apart from the blue wing of the induced absorption peak, it agrees well
with the exact spectrum.

5.1 Introduction

Since the discovery of the J-band of pseudoisocyanine (PIC) [1, 2], the study
of the collective optical properties of molecular aggregates has received much
attention. The collective nature of the excitations gives rise to narrow ab-
sorption lines (exchange narrowing) and ultra-fast spontaneous emission. The
development of novel optical techniques, a continuously increasing theoretical
understanding of the optical response of these systems, and the realization
that this type of excitations play an important role in natural light harvesting
systems have kept these materials in the spotlight.

During the past 15 years a topic of particular interest has been the effect of
multi-exciton states on nonlinear optical spectroscopies. Amongst the latter
are the nonlinear absorption spectrum [3, 5], photon echoes [6, 7], pump-
probe spectroscopy [7, 8, 9], and two-dimensional spectroscopy [10, 11]. From
a theoretical point of view, accounting for multi-exciton states requires the

1This chapter is based on J. A. Klugkist, V. A. Malyshev, and J. Knoester,
arXiv:0707.0826v1 [cond-mat.dis-nn]; J. Lumin., in print.
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handling of large matrices, due to the extent of the associated Hilbert space.
It is well-known, however, that for homogeneous linear aggregates, three states
dominate the third-order response, namely the ground state, the lowest one-
exciton state and the lowest two-exciton state. In practice, J-aggregates suffer
from appreciable disorder, which leads to localization of the exciton states.
It was shown in Ref. [8] that the three-state picture still holds to a good
approximation, provided that one replaces the chain length by the typical
exciton localization length. The existence of the so-called hidden structure of
the Lifshits tail of the density of states (DOS) justifies this approach [12, 13].

In this chapter, we put a firmer basis under the above idea, by systemati-
cally analyzing the dominant ground-state to one-exciton transitions and one-
to two-exciton transitions in disordered linear aggregates. By comparison to
exact spectra, we show that, indeed, the picture of three dominant states per
localization segment holds.

5.2 Model

We model a single aggregate as a linear chain of N coupled two-level monomers
with parallel transition dipoles. We assume that the aggregate interacts with
a disordered environment, resulting in random fluctuations in the molecular
transition energies εn (diagonal disorder), and restrict ourselves to nearest
neighbour excitation transfer interactions −J . The optical excitations are
described by the Frenkel exciton Hamiltonian,

H =

N∑

n=1

εnb
†
nbn − J

N−1∑

n=1

(

b†nbn+1 + b†n+1bn

)

. (5.1)

Here b†n(bn) denotes the Pauli creation (annihilation) operator of an excitation

at site n. The Pauli operators obey the anticommutation relations b†nbm +
bmb

†
n = δmn + 2(1 − δmn)b†nbm and b†nb

†
m + b†mb

†
n = 2(1 − δmn)b†nb

†
m. For the

same site, the excitations behave as fermions, while for different sites they act
as bosons. The monomer excitation energies εn are modeled as uncorrelated
Gaussian variables with zero mean and standard deviation σ. For J-aggregates
J > 0. Numerical diagonalization of the N × N Hamilton matrix Hnm =
〈n|H|m〉 of the disordered system yields the exciton energies εν (ν = 1, . . . , N)
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and exciton wavefunctions

|ν〉 =

N∑

n=1

ϕνnb
†
n|g〉

of the one-exciton states, where ϕνn is the nth component of the wavefunction
|ν〉, and |g〉 denotes the ground state of the system.

Remarkably, the Hamiltonian (5.1) can be rewritten in terms of fermionic

operators c†n and cn by making use of the Jordan-Wigner transformation
cn = exp

(
iπ
∑n−1

j=1 b
†
jbj
)
bn [4, 5]. The transformed Hamiltonian is identical

to Eq. (5.1), but now the b operators are replaced by c operators. The trans-
formed Hamiltonian is now bilinear in fermionic operators and can be diag-
onalized by the standard canonical transformation aν =

∑N
n=1 ϕνncn, where

ϕνn is the νth eigenfunction of the Hamiltonian in the site representation,
obtained from the equation

∑N
m=1Hnmϕνm = ενϕνn, with εν denoting the

eigenvalue (energy). After that, the multi-exciton eigenstates are given by
Slater determinants of one-exciton states ϕνn with different ν. The eigenen-
ergy of a multi-exciton state is given by the sum of the transitions energies εν
of the occupied states.

In particular, the two exciton states are given by the Slater determinant
of two different one-exciton states |ν1〉 and |ν2〉:

|ν1, ν2〉 =
N∑

n<m

(ϕν1nϕν2m − ϕν1mϕν2n)b†nb
†
m|g〉.

The corresponding two-exciton energy is given by εν1ν2
= εν1

+ εν2
. The

dimensionless transition dipole moment between the ground state |0〉 and an
excited state |ν〉 reads

µν =
∑

n

ϕνn

The corresponding transition dipole moment of a segment is calculated as
dν = d0µν , where d0 is the transition dipole moment of a monomer. The
dimensionless transition dipole moment between the first excited state and
the second excited state reads

µ(ν, ν1, ν2) =
∑

n1 6=n2

(ϕν,n1
+ ϕν,n2

)(ϕν1,n1
ϕν2,n2

− ϕν1,n2
ϕν2,n1

).
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5.3 Selecting dominant transitions

In a molecular aggregate thousands of monomers can be linked together, but
the disorder localizes the exciton states [14]. For J-aggregates a small number
of states at the bottom of the one-exciton band contain almost all the oscil-
lator strength. The states are localized on segments with a typical extension
N∗, called the localization length, which depends on the magnitude of the
disorder [15]. The wavefunctions of these states overlap weakly and consist of
(mainly) a single peak (they have no node within the localization segment),
see Fig. 5.1. For the remainder of this chapter we will refer to these states as
s states, and S will denote the set of s states.

From the complete set of wavefunctions we select the s states using the
selection rule proposed in Ref. [13],

∣
∣
∑

n

ϕνn|ϕνn|
∣
∣ ≥ C0.

For a disorder-free the lowest state contains 81% of the total oscillator strength
between the ground state and the one-exciton band [15]. Numerically we found
that the s states selected by taking C0 = 0.75 (for 0.05J < σ < 1.0J) together
contain 73% of the total oscillator strength:

〈∑s∈S µ
2
s〉

N
≈ 0.73.

Here µs is the transition dipole moment from the ground state to the state
|s〉. In Fig. 5.2(a) we show the absorption spectrum calculated only with the
s states and compare it to the exact spectrum.

We observe that the s states give a good representation of this spectrum,
except for its blue wing, where higher-energy exciton states, which contain one
node within the localization segment, contribute as well [16]. These so-called
p states may be identified as the second one-exciton state on a localization
segment [12, 13].

The p states play a crucial role in the third-order response. In order to
analyze this, we have considered two-exciton states |s, ν〉 given by the Slater
determinant of a given s state (selected as described above) with all other
one-exciton states ν /∈ S, with an additional requirement for the wavefunc-
tion overlap,

∑

n(ϕ2
snϕ

2
νn ≥ 0.0001 (the two-exciton state consisting of two s
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type states localized on different segments do not contribute to the nonlinear
response), and calculate the corresponding transition dipole moments µsν,s.
From this set of µsν,s, we select the largest one, denoted by µsps,s, were the
subscript s in ps indicates its relation with the state |s〉. It turns out that
the one-exciton state |ps〉 selected in this way is localized on the same seg-
ment as the state |s〉. Several of these doublets of s and p states are shown
in Fig. 5.1(b). The partners of the lowest s states indeed look like p states,
having a well-defined node within the localization segment. They form the
hidden structure of the Lifshits tail of the DOS [12] we mentioned above. For
higher lying s states, these partners (not shown) are more delocalized and
often do not have a p-like shape.
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Figure 5.1: (a) The lowest 12 one-exciton states of a chain of length N = 500 for a
particular disorder realization for σ = 0.05J . (b) A subset of s states (black) and p
states (gray) that mostly contribute to the one-to-two exciton transitions.

The average ratio of the oscillator strength of the transitions |0〉 → |s〉 and
|s〉 → |ps〉 turned out to be

〈

µ2
sps,s

µ2
s

〉

≈ 1.4.

For the dominant ground-to-one and one-to-two exciton transition in a homo-
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geneous chain, this ratio reads

µ2
12,1

µ2
1

≈ 1.57.

This comparison suggests that our selection of two-exciton states well captures
the dominant one-to-two exciton transitions in disordered chains. We have also
found that the energy separation between the states |s〉 and |ps〉 obeys

〈εs − εps〉 ≈
3π2J

N∗2 ,

with

N∗ =

〈
µ2

s

0.81

〉

.

This resembles the level spacing of a homogeneous chain:

ε2 − ε1 ≈
3π2J

N2
,

confirming that the separation between the one-exciton bleaching peak and
the one-to-two-exciton induced absorption peak may be used to extract the
typical localization size from experiment [9].

To illustrate how the selected transitions, involving the (sps) doublets,
reproduce the optical response of the aggregate, we have calculated the pump-
probe spectrum at zero temperature using only these transitions [11],

P (ω) =

〈

− 2µ4
sδ(ωs − ω) + µ2

sµ
2
sps,sδ(ωsps,s − ω)

〉

, (5.2)

and compared the result to the exact spectrum, see Fig. 5.2(b). Apart from a
blue wing in the induced absorption part of the spectrum (the positive peak),
the selected transitions reproduce the exact pump-probe spectrum very well.
In particular the separation between the bleaching and induced absorption
peaks is practically identical to the exact one.
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Figure 5.2: (a) Absorption spectrum due to s states (circles) compared to the exact
one (solid line). (b) Pump-probe spectrum due to the selected s and p type states
(circles) compared to the exact one (solid line). The spectra were calculated for
σ = 0.1J (top) and σ = 0.3J (bottom).

5.4 Conclusion

We have shown that the third-order optical response of disordered linear J-
aggregates is dominated by a very limited number of transitions. Considering
only these transitions significantly reduces the computational effort necessary
to simulate nonlinear experiments. We have used the procedure outlined above
to calculate the optical bistable response of a thin film of J-aggregates, taking
into account the one-to-two exciton transitions [17].
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Chapter 6

Scaling properties of
the joint energy and dipole distribution in
disordered exciton chains

Summary

Using numerical simulations, we demonstrate that the joint probability distri-
bution of exciton energies and transition dipole moments in disordered Frenkel
chains obeys simple scaling behavior with the strength of the disorder. A uni-
versal underlying distribution is found, which is identical for diagonal and
off-diagonal Gaussian disorder. The universality breaks down for disorder in
the transfer interaction resulting from deviations of the molecular positions
from their lattice sites, and for bundles of interacting chains. The joint distri-
bution determines a variety of ensemble spectra. We suggest the possibility to
probe it directly by using single-molecule or near-field optical spectroscopy.

6.1 Introduction

Disorder is a ubiquitous phenomenon in many materials, with a strong effect
on their observable properties. In practice, a rich variety of types of disorder
may occur, while also the disorder strength may vary widely. It is amazing
that even though the detailed material properties generally are quite sensitive
to disorder type and strength, their statistics often obey surprisingly universal
scaling relations. Examples are the long-known universal scaling of the density
of states and the distribution of localization lengths near the band-edge of
disordered one-dimensional systems [1, 2], and the recently reported universal
conductance distribution in two-dimensional conductors [3].

A large variety of low-dimensional systems with optical functionality cur-
rently attract attention, such as molecular aggregates [4, 5, 6], σ− and π−
conjugated polymers [7, 8, 9], quantum wires and wells [10, 11, 12, 13, 14].
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For these systems, the oscillator strength (the squared transition dipole) of the
localized electronic states is an equally important quantity as their energy and
localization size. In fact, for these systems, the energy and oscillator strength
of a state determine the optical spectrum. Ludwig et al. [15] studied the dis-
tribution of oscillator strength per state as a function of energy in disordered
exciton chains. Even though they did not focus on universality, their results
reveal such features, for instance the exponential decay of this distribution at
the band center on a scale set by the average oscillator strength.

In this chapter, we will study the joint probability distribution function
of the transition energy and transition dipole moment in disordered one-
dimensional exciton systems, thus obtaining full statistical information on
these properties and their correlations. We will focus on energies just be-
low the lower band-edge, the so-called Lifshits tail, which is the region that
dominates the optical response, as it contains the states with most oscillator
strength. Both diagonal and off-diagonal Gaussian uncorrelated (white-noise)
disorder will be considered. We will show that this joint distribution function
obeys universal scaling relations: independent of the strength and type of the
disorder its two-dimensional form may be obtained from one universal function
by simply scaling the energy and dipole axes using linear transformations that
contain powers of the disorder strength. We show that deep in the Lifshits
tail universality breaks down if the off-diagonal disorder is introduced through
randomness in the positions of the lattice sites, which leads to non-Gaussian
and correlated disorder in the intersite interactions.

The joint probability distribution of our interest takes the form

G(ε, µ) =
1

N

〈
∑

ν

δ
(
ε− εν

)
δ
(
µ− µν

)

〉

, (6.1)

where ν labels the eigenstates of the system, εν and µν denote their energies
and dipoles to the ground state, and N ≡ ∑ν 1 is a normalization constant.
The angular brackets indicate the average over realizations of the disorder.

In terms of G(ε, µ), the ensemble averaged linear absorption spectrum reads

A(ε) =

∫

dµµ2G(ε, µ) . (6.2)

Obviously, knowledge of G(ε, µ) also allows one to calculate the density of
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states, D(ε) =
∫
dµG(ε, µ), and the distribution of the transition dipole mo-

ment, M(µ) =
∫
dεG(ε, µ). Furthermore, provided that the excited state

population thermalizes fast on the emission time scale, also the fluorescence
lineshape can be expressed through G(ε, µ):

I(ε) = exp(−ε/kT )

∫

dµµ2G(ε, µ) , (6.3)

where T is the temperature and k denotes Boltzmann’s constant. Finally,
we recently showed that the joined distribution G(ε, µ) naturally emerges in
models of bistable optical response of exciton systems [16].

In addition to underlying the above ensemble averaged quantities, the joint
distribution function analyzed here may in principle be probed directly using
modern microscopic techniques, such as single-molecule and near-field optical
spectroscopy, by resolving individual exciton lines under the ensemble av-
erage [17, 18, 19]. Such experimental study could indicate deviations from
Gaussian uncorrelated origin of the disorder and possible deviation from pure
one-dimensionality.

The remainder of this chapter is organized as follows. In Sec. 6.2, we de-
scribe the model and the various types of disorder studied, and we formulate
the scaling hypothesis. Results of numerical simulations for the joint distri-
bution and optical spectra are presented in Sec. 6.3. Here the validity of the
scaling relation is demonstrated for the case of uncorrelated Gaussian disor-
der and the shape of the universal distribution function is found; the case of
positional disorder is considered as well. In Sec. 6.4, we briefly discuss some
additional cases of interest, such as Lorentzian diagonal disorder and of bun-
dles of interacting chains. We show that this latter may lead to different shapes
of the distribution function, largely depending on the slip angle between the
chains. Finally, Sec. 6.5 contains our conclusions.

6.2 Model and scaling conjecture

We consider a linear Frenkel exciton chain of N sites, labeled n = 1, . . . , N ,
each with a single optical transition with energy En. The transition dipoles
of all sites are assumed equal in magnitude and orientation; this magnitude
is chosen as the unit of dipole moment. Between different sites excitation
transfer interactions, Jnm, exist. The corresponding Hamiltonian, describing
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the chain’s linear optical properties, reads

H =
N∑

n=1

En|n〉〈n|+
N∑

n,m=1,n 6=m

Jnm |n〉〈m| , (6.4)

where |n〉 denotes the state in which site n is excited and all other sites are in
the ground state.

We consider three different cases of the above model, which differ pre-
dominantly in the type of disorder. In case (i), diagonal disorder, we take
the En as uncorrelated Gaussian random variables with zero mean (i.e., we
take the average excitation energy of a single site as the origin of the energy
scale) and standard deviation σd. In this case, the interactions will be taken
as Jnm = −J/|n−m|3, which are the dipole-dipole interactions on the regular
chain. Here −J denotes the nearest-neighbor interaction. We will assume that
J is positive (appropriate for a wide variety of exciton systems) and from now
on we set J = 1, i.e., we use it as the unit of energy.

In cases (ii), and (iii), off-diagonal disorder, all molecular transition ener-
gies are equal and set to zero. In case (ii), we only consider nearest-neighbor
interactions and take these as uncorrelated Gaussian random variables with
mean −J = −1 and standard deviation σo. In case (iii), the interaction disor-
der is modeled by random displacements of the sites. The position of site n is
given by (n+ ξn)a, with a the lattice constant and ξn a dimensionless random
variable. For interactions of dipolar origin, these displacements translate into
random couplings Jnm = −1/|n−m+ξn−ξm|3. We take the ξn independently
of each other from a Gaussian distribution with zero mean and standard de-
viation σξ. We note that even though the ξn are uncorrelated, correlations
arise between subsequent interactions along the chain, because each pair of
neighboring interactions involves one common displacement [20].

In order to calculate the distribution function G(ε, µ), we numerically sam-
pled disorder realizations and diagonalized the Hamiltonian matrix Hnm =
δnmEn + (1− δnm)Jnm. This yields the N exciton eigenenergies εν and wave
functions ϕνn (ν = 1, . . . , N). The transition dipole from the ground state to
the νth exciton state reads µν =

∑

n ϕνn. We typically sampled a few hundred
thousand disorder realizations for chains of N = 500 sites to obtain G(ε, µ)
defined in Eq 6.1. The exciton wave functions are localized by the disorder.
The states with large transition dipoles to the ground state, i.e., the ones that
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dominate the optical response, occur in the Lifshits tail [21], just below the
lower band edge εb of the system without disorder. For nearest-neighbor inter-
actions, εb = −2, while for long-range dipolar interactions, εb = −2.404. The
optically dominant states are characterized by wave functions that have no
nodes (no zeros) on the main part of their localization segments. The disor-
der imposes a typical localization size, N∗, for these states, which determines
the typical dipole moment to the ground state according to µ∗ =

√
N∗, i.e.,

the oscillator strength (µ∗)2 scales like N∗, a property that is referred to as
superradiant enhancement. Furthermore, the disorder also imposes a typical
energy scale E∗ for the disorder fluctuations on which the superradiant states
are localized; this scale determines the width of the absorption band and its
shift from εb. It is well established that both E∗ and N∗ depend on the dis-
order strength σ according to power laws. The coefficients and the powers in
these scaling relations depend on the type of disorder, on the interactions, and
on the dimension of the system [22, 23, 24, 25, 26, 27, 28]. The powers for E∗

and N∗ are related to each other by exchange narrowing arguments, which,
for instance, for Gaussian diagonal disorder dictate that E∗ ∝ σd/

√
N∗ [29].

It seems natural to conjecture that the typical quantities E∗ and µ∗ set
the scales for the arguments of G(ε, µ) and, in fact, impose scaling relations of
this distribution with the strength of the disorder. Thus, we surmise that

G(ε, µ) =

∣
∣
∣
∣
det

∂(ε̃, µ̃)

∂(ε, µ)

∣
∣
∣
∣
G̃(ε̃, µ̃) , (6.5)

where G̃ is a function that does not depend on the strength of the disorder,
while ∂(ε̃,µ̃)

∂(ε,µ) is the Jacobian of the scale transformations for the energy and the
dipole moment

ε̃ =
ε− εb + aiσ

αi

i

biσ
αi

i

, µ̃ =
µ

ciσ
γi

i

, (6.6)

implying that E∗ ∼ σαi

i and µ∗ ∼ σγi

i . Here, i = d, o, or ξ, depending on the
model under consideration, and ai, bi, ci, αi, and γi are constants. The term
aiσ

αi

i is the disorder induced shift of the distribution to lower energy, while
the factor biσ

αi

i reflects its disorder induced width along the energy direction.
If our scaling surmise holds, the maximum of G̃(ε̃, µ̃) should occur close to
(ε̃, µ̃) = (0, 1), while the width of the distribution should be of the order of
unity in both the ε̃ and the µ̃ directions.
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Figure 6.1: (a) The joint probability distribution G(ε, µ) for case (i) with disorder
of strength σd = 0.4 obtained by simulating Eq. (6.1). The average was performed
over 300 000 chains of N = 500 sites. (b) The density of states D(ε) =

∫
dµG(ε, µ).

(c) The absorption spectrum A(ε) =
∫
dµµ2G(ε, µ). (d) The distribution M(µ) =

∫
dεG(ε, µ) of the dimensionless transition dipole moment µ. Because of the symmetry
G(ε, µ) = G(ε,−µ), only the region with µ ≥ 0 is shown.

6.3 Results

6.3.1 Gaussian diagonal disorder

We first present our results for the case of diagonal disorder with long-range
interactions (case (i)). We only plot the distribution for µ ≥ 0, because the
sign of the transition dipole is arbitrary, due to arbitrariness in the overall sign
of the wave functions ϕνn (we have taken all wave functions real). A typical
example of the distribution function G(ε, µ), obtained for an ensemble of chains
of sizeN = 500 with diagonal disorder strength σd = 0.4, is depicted in Fig. 6.1
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Figure 6.2: Left column: Gray-scale representation of the joint probability dis-
tribution G(ε, µ) near the lower band edge, calculated for case (i), i.e., long-range
interactions and diagonal disorder, using three different disorder strengths σd given
in the panels. Right column: Contour plots of the same distributions, except that
the transformations (6.6) with the constants given in the text have been applied to
rescale both axes. After rescaling, the peak of the distribution lies close to the point
(ε̃, µ̃) = (0, 1). Contours are given at 0.90, 0.75, 0.60, 0.45, 0.30, and 0.15 of the peak
value.

(panel a), together with the density of states D(ε) =
∫
dµG(ε, µ) (panel b),

the absorption spectrum A(ε) =
∫
dµµ2 G(ε, µ) (panel c), and the probability

density of the dimensionless transition dipole moment M(µ) =
∫
dεG(ε, µ)

(panel d). Obviously, the joined distribution in Fig. 6.1(a) gives considerably
more insight into the nature of the various states than the density of states
or the distribution of dipole moment. The well-known low-energy peak that
exists in D(ε) for one-dimensional systems (panel b) is spread out in the second
dimension, revealing that most of the oscillator strength per exciton state
indeed occurs in this energy region and that the variation in this strength is
quite large. The distribution of the transition dipole momentM(µ) (panel d)
reveals a strong peak at µ = 0, which from panel a is seen to originate from
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the exciton states that lie within the bare band, while the much less intense
features at finite values of µ arise from states in the Lifshits tail, just below
the bare band edge at εb = −2.404J .

Figure 6.2, left column, shows the numerically generated distribution G(ε, µ)
for three values of σd. We restrict ourselves to the energy region just below
εb, where the optically dominant states occur. At first sight, the three dis-
tributions look very different. With increasing value of σd, the distribution
shifts down and broadens along the ε direction and also shifts towards lower
dipole moment. These trends are consistent with the fact that increasing the
disorder strength leads to an increase of the disorder fluctuations (E∗) and a
decrease of the localization size (N∗), i.e., a decrease of the average oscillator
strength per state [30].

The right column in Fig. 6.2 shows the same distributions, after applying
the scale transformations Eq. (6.6), with ad = 0.51, bd = 1.11, cd = 2.8,
αd = 1.45, and γd = −0.43. It is clear that after these transformations
the distributions indeed are (almost) the same over a very large range of
the disorder parameter σd, implying that the joint distribution at arbitrary
strength of the diagonal disorder can be obtained from a universal function
G̃(ε̃, µ̃) by applying the inverse of Eq. (6.6) with the appropriate constants.

The power αd = 1.45 deviates slightly from the values 1.34 and 1.35 that
were obtained for the width and the shift of the absorption band in previous
work [26]. Using the relation µ∗ =

√
N∗, the power γd = −0.43 may be

compared with the scaling of the typical localization length N∗. For the latter,
previous studies yielded N∗ ∼ σ−0.74

d [Ref. [26]] and N∗ ∼ σ−0.8
d [Ref. [28]]

(using different definitions for N∗), which translates into values of γd of -
0.37 and -0.4, in good agreement with our findings. We also notice that the
values of αd = 1.45 and γd = −0.43 comply well with the exchange narrowing
argument, which states that E∗ ∝ σd/

√
N∗, or αd = 1− γd.

6.3.2 Interaction disorder

We next turn to case (ii), nearest-neighbor interactions with Gaussian disorder.
Figure 6.3 presents the results for three values of the disorder strength σo,
before and after scaling. The scaling coefficients that were used to obtain the
right column from the left one, are ao = 1.02, bo = 2.65, co = 1.8, αo = 1.26,
and γo = −0.325. Like in case (i), we observe that the low-energy region of the
distribution G(ε, µ) also in this case seems to derive from a universal function.
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Figure 6.3: Same as in Fig. 6.2, only calculated for case (ii), i.e., nearest-neighbor
interactions and with Gaussian disorder directly imposed in these interactions.

The powers αo and γo deviate about 15−20% from αd and γd; their values also
deviate somewhat more from the exchange narrowing relation than in case (i).

The interesting question is to what extent the universality of G̃(ε̃, µ̃) still
holds if we compare between cases (i) and (ii), in other words, is the underlying
distribution the same for both cases. Comparing the right columns in Figs. 6.2
and 6.3 certainly gives the strong suggestion that they are. We have tested
this more quantitatively by taking the distribution G̃(ε̃, µ̃) obtained from case
(i) with σd = 1.0 as reference function and using the inverse of the scale
transformations found above for case (ii) in order to derive the distributions
G(ε, µ) for σo = 0.03, 0.10, and 0.30. We then calculated the absorption
spectra for these three values of σo using Eq. (6.2) and compared these to
the absorption spectra calculated directly by simulating the sum-over-states
in A(ε) = 〈∑ν µ

2
νδ(ε − εν)〉. The comparison, presented in Fig. 6.4, shows

an almost perfect agreement between both ways of obtaining the spectra,
demonstrating that the underlying distribution (in the optically important
energy region) is the same for both cases. We expect that this agreement would
not be affected by the including the long-range dipole-dipole interactions in
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Figure 6.4: Absorption spectra calculated for case (ii) (off-diagonal disorder) with
three different values of the disorder strength σo. The circles show the results obtained
through direct simulation of the spectra using a sum-over-states expression, while the
solid line is obtained from Eq. (6.2) by using the scale transformations to translate
the G(ε, µ) distribution obtained for case (i) with σd = 1.0 to the ones applicable to
case (ii) (see text).

6.3.3 Positional disorder

The universality of G(ε, µ) with Eq. (6.6) also has its limitations, as we will
demonstrate by considering case (iii), where the interaction disorder results
from positional disorder. A new scaling parameter needs to be introduced in
Eq. (6.6) to improve the fit,

ε̃ =
ε− εb + aiσ

βi

i

biσ
αi

i

, µ̃ =
µ

ciσ
γi

i

. (6.7)
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Figure 6.5: Same as in Fig. 6.2, only calculated for case (iii), i.e., interaction disorder
deriving from positional disorder. Note that the low-energy tail of G(ε, µ) tends to√

2 (dashed line), as very large transfer interactions result in dimer states. In the
right column, contours are drawn at 0.80, 0.60, 0.40, 0.20 times the peak value of the
distribution.

Figure 6.5 shows the results for the distribution for two values of σξ and our
best attempt at rescaling the distributions (using aξ = 61, bξ = 460, cξ = 0.52,
αξ = 2.06, βξ = 2.7, and γξ = −0.8). The distributions obtained after rescaling
do bear a resemblance to each other, but we also observe that the “beak” type
structure on the lowest-energy side gets more pronounced with increasing σξ

(also visible before scaling from the extending low-energy tail). Moreover, we
see that these rescaled distributions differ significantly from those obtained in
cases (i) and (ii), in particular, again, in the “beak” structure. The underlying
reason is this disorder model leads to the pronounced occurrence of a new type
of states, that do not exist in the other models, namely local dimer states.
These states originate from fluctuations in the monomer positions, which can
strongly reduce the distance between neighboring monomers, thus enhancing
the dipolar interactions and leading to effective dimers in the chain at low
energies. The dimer tail in G(ε, µ) is not scale invariant and can be considered
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as a signature of positional disorder. We note that the scaling coefficients
and powers quoted above agree well with earlier results for the scaling of
the width and shift of the absorption spectrum for this model as well as the
average oscillator strength per state. The powers differ significantly from those
obtained in cases (i) and (ii), because the typical fluctuation of the nearest-
neighbor transfer interaction generated by positional disorder is proportional
to σ2

ξ instead of σξ [20].

6.4 Additional cases of interest

For case (i) and (ii) we showed that the Lifshits tail has a very similar shape for
different disorder types, which depends only on a few scaling parameters. The
same tail-shape is also observed for diagonal disorder with nearest neighbor
interactions, which we denoted by (i)N . In this case, the distribution scaled
with Eq. (6.6) and the scaling constants given in Table 6.1 are used.

We have also considered case (i) with uncorrelated Lorentzian random vari-
ables with mean zero and disorder strength σL (the half-width at half maxi-
mum of the disorder distribution), which we denote by (i)L. Examples of the
resulting distributions are given in Fig. 6.6. The right column in Fig. 6.2 shows
the same distributions, after applying the scale transformations Eq. (6.7), with
the parameters given in Table 6.1. We first notice that after rescaling the three
distributions are, again, very similar over a very large range of the disorder
parameter σL. Furthermore, we observe that, surprisingly, the rescaled dis-
tributions bear a much closer resemblance to those for positional disorder
(Fig. 6.5) than those for Gaussian disorder (Fig. 6.2 and 6.3), in particular to
the distributions that were calculated with strong positional disorder.

Similar to our comparison between cases (i) and (ii), we have tested this
by using the distribution G̃(ε̃, µ̃) obtained from case (i)L with σL = 0.3 as
reference function and using the inverse of the scale transformations with the
corresponding constants in Table 6.1 for case (iii) in order to derive the distri-
butions G(ε, µ) for σξ = 0.03, 0.06, and 0.10. We then calculated the absorp-
tion spectra for these three values of σξ using Eq. (6.2) and compared these to
the absorption spectra calculated directly by simulating the sum-over-states
in A(ε) = 〈∑ν µ

2
νδ(ε− εν)〉. The comparison, presented in Fig. 6.7, shows an

almost perfect agreement between both ways of obtaining the spectra, demon-
strating that the underlying distribution for the optically important states is
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Figure 6.6: Same as in Fig. 6.2, only calculated for case (i)L, i.e., long-range in-
teractions and diagonal disorder drawn from a Lorenztian distribution, using three
different disorder strengths σL given in the panels. Here, the low-energy tail tends to
1 (dashed line); large transition energies result in isolated monomers. Right column:
Contour plots of the same distributions, except that the transformations (6.7) with
the constants given in the text have been applied to rescale both axes. After rescaling,
the peak of the distribution lies close to the point (0,1). Contours are given at 1.0,
0.8, 0.6, 0.4, and 0.2 of the peak value.

very similar for both cases.

The similarity of the results for case (i)L and (iii) can be understood by
observing that for case (i)L, the Lorentzian distribution has long tails towards
large deviations in the transition energies. This results in isolated monomer
states in the Lifshits tail which have a Lorentzian energy distribution; this
picture is confirmed by noticing that the dipole moment, and thus the local-
ization length, is unity in the lower energy region of Fig. 6.6 (left columns).
These states are responsible for the low-energy side of the distributions for
case (i)L. For case (iii), as a result of the 1/r3 dependence of dipolar interac-
tions, the probability distribution for nearest neighbour interactions also has
a long tail towards large interactions [26]. This results in dimer states, which
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Figure 6.7: Absorption spectra calculated for case (iii) (positional disorder) with
three different values of the disorder strength σξ. The circles show the results obtained
through direct simulation of the spectra using a sum-over-states expression, while the
solid line is obtained from Eq. (6.2) by using the scale transformations to translate
the G(ε, µ) distribution obtained for case (i)L with σd = 0.3 to the ones applicable to
case (iii) (see text).

is reflected in the fact that the dipole moments tend to
√

2 in the low energy
side of G(ε, µ), see Fig. 6.5 (left column). This dimerization is also observed
when the Gaussian distribution of nearest neighbor interaction in case (ii) is
replaced with a Lorenztian distribution (case (ii)L), see Fig. 6.8.

It thus seems that the shape of the low energy tail of G(ε, µ) distinguishes
various classes of systems. It may be of interest to investigate this further, in
particular also a possible dependence on dimensionality. A brief outlook into
the latter issue has been generated by us, by considering several alternative
configurations of dipoles, sketched in the lower part of Fig. 6.9.

In Fig. 6.9 (a) and (b) (top) we show G(ε, µ) for systems of, respectively,
two and three interacting chains with uncorrelated Gaussian diagonal disor-
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Figure 6.8: Same as in Fig. 6.2, only calculated for case (ii)L, i.e., nearest-neighbour
interactions and off-diagonal disorder drawn from a Lorenztian distribution, using
three different disorder strengths σξL

given in the panels. Similar to case (iii), large
fluctuations in the interactions results in dimer states, explaining the tendancy of the
low-energy tail of G(ε, µ) to

√
2 (dashed line). Right column: Contour plots of the

same distributions, except that the transformations (6.7) with the constants given
in the text have been applied to rescale both axes. After rescaling, the peak of the
distribution lies close to the point (0,1). Contours are given at 1.0, 0.8, 0.6, 0.4, and
0.2 of the peak value.

der σd, where each subsequent chain is shifted with 0.5a, a being the hori-
zontal separation between molecules in one chain, and a vertical separation
of h = 0.2a. Similar structures have been proposed as a possible configura-
tion of monomers in PIC J-aggregates. The low-energy region of the resulting
distributions show a strong resemblance with those of linear chains with uncor-
related disorder we considered in (i), (i)N , and (ii), even though the density of
states (not shown) differs significantly. The systems can be considered quasi
one-dimensional, because the interactions along the chain are relatively im-
portant. The low-energy states of the system are optically dominant, which
gives rise to the J-band in the absorption spectrum, shown in the middle of
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Fig. 6.9 (a) and (b).

We have also considered systems of, respectively, two and ten equally
spaced chains without horizontal slip, and a vertical separation of h = a.
The low-energy region of the distributions corresponding to these configura-
tions are shown in Fig. 6.9 (c) and (d). They clearly differ from those in
Fig. 6.9 (a) and (b). The systems can still be considered as a (quasi) one-
dimensional, but the strong coupling to neighbours in the vertical direction
results in collective states delocalized in both directions, which results in a
different joint distribution of the oscillator strength. Finally, we draw atten-
tion to the absorption spectra corresponding to these systems, shown below
the distributions in Fig. 6.9.

a b c α β γ

(i) 0.51 1.11 2.85 1.45 - -0.43
(ii) 1.02 2.65 1.8 1.26 - -0.325
(iii) 61 460 0.52 2.06 2.7 -0.8

(i)N 0 1.0 2.2 1.33 - -0.33
(i)L 1.0 4.0 2.05 1.0 0.33 -0.31
(ii)L 0.0 9.0 1.45 - 0.33 -0.25

Table 6.1: The scaling parameters used in Eq. (6.6) and Eq. (6.7) for the considered
types of disorder.

6.5 Conclusions

To summarize, we have introduced the joined distribution function G(ε, µ) of
transition energy and dipole moment of states as a new quantity governing
the optical properties of disordered systems. We have demonstrated that for
one-dimensional exciton systems with diagonal or off-diagonal Gaussian disor-
der the optically relevant part of this distribution derives from one universal
underlying function through simple scaling relations, summarized in Table 6.1.
For positional disorder the universality breaks down. The distribution then
closely resembles the ones for Lorentzian energy or interaction disorder. We
stress that G(ε, µ) contains all stochastic information relevant to a system’s
optical response. While ensemble spectra, such as the absorption spectrum,
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only contain this information in a convoluted way (Eq. (6.2)), direct mea-
surement of G(ε, µ) could give considerably more insight and, thereby, into
issues such as the disorder mechanism. It has been demonstrated already that
single-molecule and near-field optical experiments of exciton systems may in
principle resolve individual exciton states underlying the inhomogeneous en-
semble spectrum [17, 18, 19]. Determining the energy and oscillator strength
of these states would allow one to recover G(ε, µ).
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Figure 6.9: (top) - The low energy region of G(ε, µ) for several two-dimensional
dipole configurations with Gaussian diagonal disorder. (middle) - The absorption
spectrum. (bottom) - Schematics of the dipole configuration of each system. (a)
and (b) - Systems of respectively two and three interacting chains with a horizontal
slip. (c) and (d) - Systems of respectively two and ten equally spaced chains without
horizontal slip. Here, the vertical spacing between the dipoles is equal to their hori-
zontal spacing. The value of the diagonal disorder parameter σd is shown above each
distribution.
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Chapter 7

Scaling of the energy structure in the
Lifshits tail

Summary

Using numerical simulations, we demonstrate that the 4-dimensional joint
distribution function of exciton energies and transition dipole moments of
the dominant ground-state-to-one-exciton and one-to-two-exciton transitions
in disordered Frenkel chains obeys simple scaling behavior with the disorder
strength. This combines universal scaling with the concept of the local level
structure of localized one dimensional excitons. By demonstrating the scal-
ing behavior of two-dimensional spectra, we show that the universality can be
extended to the lowest two-exciton states.

7.1 Introduction

A wide variety of (quasi-)one-dimensional systems exist whose optical proper-
ties draw considerable attention. Examples are molecular J-aggregates [1, 2, 3],
polysilanes (σ-conjugated polymers) [4, 5], π-conjugated polymers [6], and
quantum wires and wells [7, 8, 9, 10, 11]. The primary excitations that deter-
mine the optical response of these systems are excitons, collective excitations
spread over many lattice units. The interest in these systems derives from
the fundamental interest in collective optical response (transitions with giant
oscillator strength, narrow lineshapes, anomalous behavior) as well as from
their applications in optical devices, such as light-emitting diodes and lasers.
Ideally, the symmetry in these systems dictates strong selection rules, implying
that a few exciton states, at precise energies, dominate the optical response.
In practice, however, both the transition energies and transition dipole mo-
ments of the exciton states are spread as a consequence of disorder, either
in the transition energies of individual lattice sites (diagonal disorder) or in
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the interactions between lattice sites (off-diagonal disorder), imposed by the
surrounding matrix, by conformational randomness, or by thickness variations
(quantum wires).

These linear systems have been very fruitfully modeled by the Frenkel exci-
ton Hamiltonian. The exact nature of the collective excitations is determined
by the environment surrounding the aggregate, which gives rise to scattering of
the excitations on static disorder (fluctuations in the excitation energy of the
individual monomers) and on dynamic degrees of freedom (vibrations). The
temperature dependence of the fluorescence Stokes shift, radiative lifetime,
dephasing rate and absorption linewidth of a linear chain are surprisingly well
described when the Frenkel excitons are coupled to acoustic phonons in the
host medium [12, 13]. The states in the low-energy exciton band edge are
mainly responsible for these optical and transport properties.

Multi-exciton states, in which several excitations are coherently shared by
a number of monomers, play a crucial role to understand and describe the out-
come of nonlinear optical experiments of molecular J-aggregates. Accounting
for multi-exciton states theoretically requires the diagonalization of large ma-
trices, and the consideration of a large number of transitions. It is well-known,
however, that for homogeneous linear aggregates, three states dominate the
third-order response, namely the ground state, the lowest one-exciton state
and the lowest two-exciton state. In practice, J-aggregates suffer from appre-
ciable disorder, which leads to localization of the exciton states. It was shown
in Ref. [14] that the three-state picture still holds to a good approximation,
provided that one replaces the chain length by the typical exciton localization
length. This can be explained by the existence of a so-called hidden structure
in the Lifshits tail of the density of states (DOS) [15, 16, 18]. In chapter 5
we showed that, indeed, the picture of three dominant states per localization
segment seems to hold, by demonstrating that the pump-probe spectrum is
well-fitted by the response of only those three states.

In chapter 6 we showed that the low-energy region of the joint probability
distribution function G(ε, µ) of the transition energy and transition dipole
moment in disordered one-dimensional exciton systems obeys certain scaling
relations. Its two-dimensional form is obtained from a universal function by a
simple linear transformation that contains powers of the disorder strength.

In this chapter we provide a detailed analysis of the stochastic properties
of optically dominant ground-state to one-exciton transitions and one- to two-
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exciton transitions of disordered one-dimensional Frenkel chains. We consider
the joint probability distribution of the exciton energies and transition dipole
moments of the dominant ground-state-to-one-exciton and one-to-two-exciton
transitions, found by diagonalizing the Frenkel Hamiltonian for a single linear
chain of monomers with disorder, averaged over disorder realizations. We show
that this distribution function obeys the same scaling properties as the low-
energy region of the distribution G(ε, µ) we studied in chapter 6, demonstrating
that the scaling transformations can be generalized to the complete low-energy
level structure.

7.2 Model

We consider a linear molecular aggregate of N two-level monomers with par-
allel transition dipoles, labeled by n = 1, 2, . . . , N . The excitation energy
of monomer n is denoted by εn. We will assume that εn are uncorrelated
Gaussian random variables with mean ε0 (the excitation energy of an isolated
monomer) and standard deviation σ. In this chapter, we will restrict ourselves
to nearest-neighbour interactions with an excitation transfer interactions in-
tegral −J . In this case the Frenkel exciton Hamiltonian is given by

H =

N∑

n=1

εnb
†
nbn − J

N−1∑

n=1

(

b†nbn+1 + b†n+1bn

)

. (7.1)

We will assume that J is positive (appropriate for a wide variety of exciton
systems) and from now on we set J = 1, i.e., we use it as the energy unit.
A small number of states in the Lifshits tail [19], just below the lower band
edge at ε0 − 2J , contain almost all the oscillator strength, and dominate the
optical response. The wavefunctions of these states are located on different,
weakly overlapping chain segments with a typical localization length N∗, and
consist of (mainly) a single peak (see, for example, Fig. 2.7). By numerically
diagonalizing the Hamiltonian Eq. (7.1), we calculate the exciton wavefunc-
tions

∑

n ϕνn and transition energies εν . The dominant optical transitions are
selected according to the rule [18]

∣
∣
∑

n

ϕνn|ϕνn|
∣
∣ ≥ C0 (7.2)
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with C0 = 0.95. This criterium selects wavefunctions that consist of mainly
one peak. These states are called s states, and for the remainder of this
chapter S will denote the set of s states (see also chapters 2-5). In Fig. 7.1(a)
we plotted the total oscillator strength per monomer contained in the optically
dominant s states in a chain of length N ,

〈∑s∈S µ
2
s〉

Ns
(7.3)

as a functions of the disorder strength. From this figure it is seen that the s
states collect approximately 57% of the total oscillator strength over a very
wide disorder range. Furthermore it is seen that (for infinitely long chains)
any amount of disorder causes the oscillator strength to drop below this ratio
for the homogeneous chain, in which the lowest state collects 81% of the to-
tal oscillator strength. When s states are selected with a lower value of the
selection constant C0, the oscillator strength collected in the s-states, 〈µs〉,
is increased. This is shown in Fig. 7.1(b), where we plotted Eq. (7.3) for
C0 = 0.75. In chapter 5 used this value for C0, and showed that the absorp-
tion spectrum due to s states well reproduces the exact absorption spectrum,
except a Lorentzian high-energy wing.

To describe the non-linear optical response, it is necessary to consider the
transitions to two-exciton states, for which the molecules in the aggregate
share two excitations. For one-dimensional systems in the nearest-neighbour
approximation the excitations do not interact [17], and the two-exciton states
can be expressed by an antisymmetric combination of two one-exciton states
|ν1〉 and |ν2〉, where ν1 6= ν2, and can be labeled by |ν1, ν2〉, see chapter 5,
sec. 5.2. The Fermi nature of the two-exciton states in the nearest neigh-
bour approximation is a direct consequence of the restriction that only one
excitation can exist on a single molecule.

An important finding is that the low-energy structure of the localization
segments is similar to the low-energy structure of an ideal linear chain with
a length N∗ [15, 16, 18]. The state with the lowest energy on a segment
contributes dominantly to the absorption, and the second level of a segment
resembles the ν = 2 state of a homogeneous chain of length N∗, while the
level spacing between the s and p state is comparable to the spacing of the
ν = 1 and ν = 2 state of a homogeneous chain of length N∗, see chapter 5. We
select the strongest one-to-two exciton transition from each s state (selected
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as described above). To filter out two-exciton states which consist of two s
type states that are localized on different segments, we also require a minimum
wavefunction overlap of

∑

n ϕ
2
snϕ

2
νn ≥ 0.00005. Furthermore, states that are

selected as a s states are not allowed to be p partners in another (sps) pair.
The transition dipole moment of the selected one-to-two exciton transition is
denoted by µsps,s, were the subscript s in ps indicates its relation with the
state |s〉. Well defined (sps) doublets are localized on the same chain segment,
and form the hidden structure in the Lifshits tail of the density of states [16].
In chapter 5 we showed that these selected s-to-sps transitions transitions
reproduce the exact pump-probe spectrum very well.
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Figure 7.1: (a) - Part of the total oscillator strength due to transitions to s states
according to Eq. (7.3) (circles). Part of the total oscillator strength due to transitions
to p states according to Eq. (7.4) (squares). The oscillator strength of p states is a
signature of the fact that in general the selected ps states are not perfectly antisym-
metric with respect to their center. Here, the s states are selected with C0 = 0.95.
(b) - Same, but now for C0 = 0.75.

When the s states are near the bare band edge, it is usually not possible
to assign a p-like partner localized on the same segment: higher-energy states
have more than one node and/or spread over segments with a size which is
larger than N∗. Furthermore, it is also possible that (weakly overlapping)
s-like states that fail to meet the selection criterium Eq. (7.2) are selected as
a p-like partner. Then, the p states of the selected (sps) doublets can have
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significant oscillator strength µ2
ps

. In Fig. 7.1 we plotted the dipole moment
accumulated in the p states,

〈∑s∈S µ
2
ps
〉

Ns
. (7.4)

It is seen that the imperfect p states carry approximately 21% of the total
oscillator strength of the system for C0. These states contribute to the blue
wing of the absorption spectrum [18, 20]. Together, the one-exciton transitions
to the s and p states almost completely determine the low-energy part of the
linear absorption spectrum, see Fig. 7.2. When s states are selected with a
lower value of the selection constant C0, the average Eq. (7.4) becomes smaller
because less states with a high oscillator strength are available as a partner,
see Fig. 7.1(b).

−2.4 −2.2 −2 −1.8

(a) σ = 0.3

ε

a.
u.

−2.5 −2 −1.5

(b) σ = 0.5

ε

a.
u.

Figure 7.2: The exact absorption spectrum (solid line), the absorption spectrum
calculated with s states (circles), the absorption spectrum calculated with ps states
(dot-dashed line), and the sum of the absorption of both the s states and the ps states
(dashed line). Here, the s states are selected with C0 = 0.95.
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7.3 Scaling of the energy structure in the Lifshits

tail

The object of study in this chapter is the generalized joint probability distri-
bution

Gsps(ε, µ, ε
′, µ′) =

1

Ns

〈
∑

s∈S
δ
(

ε− εs
)

δ
(

µ− µs

)

δ
(

ε′ − εps

)

δ
(

µ′ − µsps,s

)
〉

, (7.5)

where the sum over s is performed over S, the optically dominant one-exciton
transitions of the system, εs and µs correspond to their energies and transition
dipoles to the ground state, respectively. Furthermore, µsps,s corresponds to
the strongest one-to-two-exciton transition from the one-exciton state s; εps

corresponds to the s-to-sps transition energy εsps,s− εs, and Ns ≡ 〈
∑

s 1〉 is a
normalization constant (corresponding to the average number of localization
segments in an aggregate). The angular brackets indicate the average over
disorder realizations. The function Gsps represents the joint probability distri-
bution of the transition energies and transition dipole moments of the (sps)
doublets. All the information about the stochastic variables εs, εps , µs, and
µsps,s is contained in the distribution function Gsps . This distribution takes
into account the level statistics of the (sps) doublets which form the hidden
level structure.

We will demonstrate that the distribution Gsps derives from one univer-
sal underlying function through simple scaling relations: independent of the
strength of the disorder its four-dimensional form may be obtained from one
universal function by simply scaling the energy and dipole axes using linear
transformations that contain powers of the disorder strength,

ε̃ =
ε+ 2

σ1.33
, (7.6a)

µ̃ =
µ

2.2σ−0.33
. (7.6b)

The energies εs and εps scale with the transformation Eq. (7.6a). The constant
2 corresponds to the position of the bare exciton band edge at the energy
−2J , whereas the factor σ1.33 reflects the disorder induced broadening of the



146 7. Scaling of the energy structure in the Lifshits tail

exciton band along the ε direction. The transition dipole moments µs and µps

scale with σ according to the transformation Eq. (7.6b), which describes the
decrease of the transition dipole moments with increasing disorder strength
∝ σ−0.33. These relations are consistent with the fact that increasing the
disorder strength leads to an increase of the fluctuations in the transition
energies, and a decrease of the localization size (Nloc), i.e., a decrease of the
average oscillator strength per state [21]. The transformation Eq. (7.6) can be
compared to the transformation Eq. (6.6) of chapter 6. The differences lies in
the absence of terms which shift the energies with increasing disorder values.
We drop this term because it obscures the relations between the different
variables of Eq. (7.5).

For a given disorder strength Gsps may be calculated by straightforward
sampling of a sufficient number of disorder realizations. To obtain a smooth
distribution, a large number of realizations are required. To obtain our results
more efficiently, we calculated the eigensystem of the Hamiltonian Eq. (7.1),
and tabulated (εs, µs, εps , µsps,s) for 200 000 localization segments. We then
verified whether all six possible projections of Gsps on the parameter planes
(εs, µs), (εs, εps), etc., scale with Eqs. (7.6). In the subsequent sections, we
will consider several of these projections, and discuss their relevance.

7.3.1 Dominant one-exciton transitions

First, we will consider the joint probability distribution of the one-exciton
transition energy εs and the transition dipole moment µs of the optically
dominant s states of aggregate segments, Gs(ε, µ). The latter is defined as

Gs(ε, µ) =
1

Ns

〈
∑

s∈S
δ
(
ε− εs

)
δ
(
µ− µs

)

〉

, (7.7)

and can be obtained by integrating Gsps over the energy and transition dipole
moment of the p states, εps and µsps,s. Because the states which form Gs

dominate the linear optical response, many spectroscopic observables can be
expressed using this distribution. Furthermore, the zero-temperature absorp-
tion band is determined for a large part by

As(ε) =

∫

dµGs(ε, µ)µ2.
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The width of As(ε), σ
∗, is determined by the fluctuations of the transition

energies of the superradiant states. The scaling of the width is related to the
ε scaling of Gs(ε, µ), i.e., σ∗ ∝ σ1.33. This agrees well with the value that was
obtained for the width of the absorption band in previous work [22].

Figure 7.3, left column, shows Gs(ε, µ) for three values of σ. At first sight,
the three distributions look very different. With increasing value of σ, the
distribution shifts down and broadens along the ε direction and also shifts
towards lower dipole moment. The right column in Fig. 7.3 shows the same
distributions, after applying the scale transformations Eq. (7.6). It is clear that
after these transformations the distributions indeed are (almost) the same, and
demonstrate that the transformations properly scale, respectively, the εs and
µs parameters of the distribution Gsps.
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Figure 7.3: Left column: Gray-scale representation of the joint probability distri-
bution Gs(ε, µ), calculated for nearest-neighbour interactions and diagonal disorder,
using three different disorder strengths σ given in the panels. Right column: Contour
plots of the same distributions, except that the transformations (7.6) with the con-
stants given in the text have been applied to rescale both axes. After rescaling, the
distribution lies close to the point (0,1). Contours are given in steps of 10% of the
peak value of the distribution.
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When comparing these distributions with the joint distribution function
of the energies and the dipole moments of all one-exciton transitions, G (see
chapter 6), it is seen that Gs forms the low-energy “head” of G. Furthermore,
note that the used scaling parameters are identical.

7.3.2 Dominant one-to-two-exciton transitions

Next, we consider the scaling of the s-to-sps transition energies εps and the
corresponding transition dipole moment µsps,s, i.e., the dominant two-exciton
transitions. Their joint probability distribution is defined as

Gps(ε, µ) =
1

Ns

〈
∑

s∈S
δ
(
ε− εps

)
δ
(
µ− µsps,s

)

〉

, (7.8)

and can be obtained by integrating Gsps over the energy and transition dipole
moment of the s states.

Figure 7.4, left column, shows the distribution Gps(ε, µ) for three values
of σ. Similar to the scaling of Gs the distribution shifts down and broad-
ens along the ε direction and also shifts towards lower dipole moment. The
right column in Fig. 7.4 shows the same distributions, after applying the scale
transformations Eq. (7.6). It is clear that after these transformations the
distributions, indeed, appear very similar. From this we conclude that the
scaling transformations Eq. (7.6) can also be applied to the transitions be-
tween the one-exciton manifold and the two-exciton manifold. Furthermore,
this demonstrates that Gsps also properly scales with respect to εps and µsps,s.

7.3.3 Level repulsion

We now focus on the level repulsion between the s and the p states. The
correlation between the energy of the s state and the corresponding p state is
revealed by considering the distribution

E(ε, ε′) =
1

Ns

〈
∑

s∈S
δ
(
ε− εs)δ

(
ε′ − εps

)

〉

. (7.9)

This distribution can be derived from Gsps by integrating over the transition
dipole moments. The left column of Fig. 7.5 shows the numerically generated
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Figure 7.4: Same as in Fig. 7.3, calculated for Gps
(ε, µ), i.e., the distribution of the

energy and transition dipole moment of the dominant one-to-two exciton transition
from the s states.

distribution E(ε, ε′) for three values of σ. The major part of the distribution
lies above the diagonal, which reflects the quantum mechanical level repulsion
of the states of the (sps) doublets, which are localized on the same segment [16,
18]. The right column in Fig. 7.5 shows the same distributions, after applying
the scale transformation Eq. (7.6a). Again, the transformed distribution result
in a universal function Ẽ(ε̃, ε̃′) for arbitrary strength of the diagonal disorder.
This demonstrates that the Gsps also properly scales with respect to εs and
εps .
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Figure 7.5: Same as in Fig. 7.3, calculated for E(ε, ε′), showing the correlations
between the transition energy of s states and their corresponding p states. The
distribution in the upper left panel is barely visible on this scale.

7.4 Two-dimensional spectroscopy

In this section, we consider the two-dimensional spectrum which results from
the transitions between the states in individual (sps) doublets, and compare
the obtained spectra with the exact spectrum. Two-dimensional spectroscopy
is a recently developed third-order optical technique [23, 24] which is related
to the pump-probe spectrum which we discussed in chapter 5. The two-
dimensional spectrum consists of an x(y)-axis which can be interpreted as
the energy of the pump (probe) beam [25]. It accumulates the response of
the system which is pumped with one frequency, and probed with another
frequency. This spectrally resolved pump-probe spectrum allows for a more
detailed study of the transitions involved in the nonlinear optical response as
compared to the ordinary short-pulse pump probe spectrum, which can be ob-
tained from the two-dimensional spectrum by integrating the two-dimensional
spectrum over the pump frequencies. A detailed treatment of this technique is
beyond the scope of this chapter, for details see Refs. [23, 24, 25] and references
therein.
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In this section we present the rephasing (or photon-echo) spectrum at zero
temperature, neglecting homogeneous line broadening, assuming that there
is zero time delay between the pump and the probe pulses. The goal of this
section is two-fold. First, we want to study if the scaling relations Eq. (7.6) can
be extended to the exact two-dimensional absorption spectrum. Second, we
want to examine how well the transitions within the (sps) doublets reproduce
the exact spectrum.
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Figure 7.6: Top row: Two-dimensional spectra calculated using the selected (sps)
doublets, for three different disorder strengths σ indicated above the panels. Here, the
x-axis corresponds to the pump frequencies, and the y-axis to the probe frequencies.
The transformation Eq. (7.6a) has been applied to rescale both axes. The peak
above the diagonal is positive and represents induced absorption. The peak below
the diagonal and the diagonal itself corresponds to bleaching and stimulated emission
processes. Contours were drawn at ±25%, ±20%, ±15%, ±10%, and a ±5% of the
maximum of the induced absorption peak. Bottom row: Same as the top-panels, but
now for the exact two-dimensional correlation spectra.

Figure 7.6, top row, shows the two-dimensional spectrum resulting from
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the transitions within the (sps) doublets for three values of σ. Here the energy
axes have been scaled with Eq. (7.6a). It is seen that the transformation results
in spectra that appear (almost) the same. The narrow diagonal peak for equal
pump and probe frequencies represents the negative bleaching and stimulated
emission processes of the one-exciton transitions to the s and ps states. The
positive peak above the diagonal represents positive contributions of the blue-
shifted induced absorption from the s-to-sps transitions, as well as negative
contributions involving the |s〉〈ps| and |ps〉〈s| coherences as the system’s state
created by the pump pulse. The low energy part of the positive peak in the
spectrum is for a large part the result of s-to-sps transitions.

The weak negative peak below the diagonal involves positive contributions
of the red-shifted induced absorption from the p-to-sps transitions, as well as
negative coherent contributions. For the homogeneous chain the one-exciton
states can be found analytically [17], reading

|ν〉 =
∑

n

√

2

N + 1
sin

πνn

N + 1
b†n|g〉 (7.10)

with energies

εν = ε0 − 2J cos
πν

N + 1
, (7.11)

and the p state corresponds to the ν = 2 state. In this case, the transition
from the ground state to the state |2〉, and the |2〉-to-|1, 2〉 transition does not
have a dipole moment. Therefore, this peak is absent for the homogeneous
chain. For disordered aggregates, the transitions to ps states, and the p-to-sps

can have a transition dipole moment. These transitions are typically much
weaker compared to the ground-state-to-s states or the s-to-sps transitions,
which explains the weakness of the signal. Figure. 7.7 schematically depicts
the level structure of an (sps) doublet, and the positions and magnitude of
contributions of the transitions involving these states.

The contribution of the s-to-sps transitions to the induced absorption peak
in the two-dimensional spectrum is described by the distribution

IA2D
sps

(ε, ε′) =

∫

dµdµ′ Gsps(ε, µ, ε
′, µ′) µ2µ′2 (7.12)

Because the pump-probe spectra presented in chapter 5 are reasonably well
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Figure 7.7: (a) - Schematic level diagram of the transitions involved in an (sps)
doublet. In this figure the subscript s on the index ps has been omitted for clarity.
(b) - The positions and contributions of these transitions to the two-dimensional
spectrum. Here, the radii of the circles schematically represent the magnitude of the
response. Furthermore, open circles correspond to a positive contribution, and closed
circles correspond to a negative contribution.

described by only the s-to-sps transitions, one might also expect that the main
features of the two-dimensional spectrum are well-described by the spectra re-
sulting from the (sps) doublets, in particular the low-energy induced absorp-
tion part. This comparison is useful to explain the observed two-dimensional
spectra.

Figure 7.6, lower row, shows the complete two-dimensional spectra, where
the energy axes have been scaled with Eq. (7.6a). It is clearly seen that these
spectra are almost identical after rescaling, demonstrating that not only the
transitions with in the (sps) segments, but all involved two-exciton transitions
can be scaled with Eq. (7.6a). Although the induced absorption above the di-
agonal appears similar to the approximated spectra, this peak is more intense
for the exact spectrum. To correctly retrieve the peak intensity, it is necessary
to take into account other one-to-two-exciton transitions. When the induced
absorption contribution from s-to-ss′ transitions is added to the spectra in-
volving only the transitions within the (sps) doublets, i.e. transitions from s
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states to other (weakly overlapping) s states s′, we obtain an almost complete
agreement for the low-energy part of the induced absorption. The negative
feature below the diagonal is much more pronounced as compared to the spec-
tra of the (sps) states. The nature of this peak is more subtle; to retrieve the
spectral shape contributions of all two-exciton transitions in the bottom of
the exciton band need to be taken into account.

7.5 Conclusion

In this chapter, we have considered the dominant ground-state-to-one-exciton
and one-to-two-exciton transitions in disordered linear Frenkel chains. The
dominant one-exciton transitions - s states - are found in the low-energy part of
the joined distribution function of transition energy and dipole moment of the
exciton states, G(ε, µ) introduced in chapter 6. An s state forms a local level
structure with a ps states that is localized on the same segment. We examined
the joint probability distribution Gsps(ε, µ, ε

′, µ′) of the transition energies and
the transition dipole moments of the (sps) doublets. We have demonstrated
that for one-dimensional exciton systems with diagonal Gaussian disorder, this
distribution derives from one universal underlying function through simple
scaling relations. The scaling relations are equal to the scaling of the low-
energy region of the complete exciton band, see chapter 6, which shows that,
surprisingly, the scaling properties of one-exciton transitions also applies to
the local level structure and two-exciton transitions. Although the transitions
involving only the selected (sps) pairs play an important role in the third-order
optical response, they are not sufficient to reproduce the exact two-dimensional
spectrum. The scaling of the exact two-dimensional spectrum unambiguously
demonstrates the generality of the scaling-laws.
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Chapter 8

Mode Softening, Ferroelectric Transition,
and Tunable Photonic Band Structures in a
Point-Dipole Crystal

Summary

In this chapter1 we study the photonic band structure of cubic crystals of
point dipoles. This conceptually simple system has a rich variety of physical
properties. We show that in contrast to earlier claims these systems cannot
have an omnidirectional photonic band gap. For sufficiently large plasma
frequencies this system exhibits softening of photonic bands, which gives rise
to a structural phase transition. We demonstrate that external electric fields
can be used to open and tune directional band gaps. The model studied may
be realized through lattices of quantum dots.

8.1 Introduction

The purpose of this section is to provide a brief overview of the topics which
are relevant for this chapter. The study of wave propagation through a pe-
riodic structure has had a long history, and still plays an important role in
condensed matter physics. In recent years photonic crystals have received a lot
of attention. These are materials in which the refractive index is modulated
with a period of the order of the wavelength of light. The multiple scattering
in these crystals gives rise to the opening of photonic band gaps [1, 2], in anal-
ogy to the electronic band gaps in semiconductors. The photonic band gap is
a frequency range for which light cannot propagate in any direction. Photonic
band gaps have interesting fundamental and technological consequences, such

1This chapter is based on J. A. Klugkist, M. Mostovoy, and J. Knoester, Phys. Rev.
Lett. (2006) 96, 163903 (2006).
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as the possibility to modify spontaneous emission [3], and the development of
perfect mirrors and novel wave guides [4]. For example, a cavity inside a pho-
tonic crystal with a photonic band gap is a cage for light with a frequency in
the gap. If an atom with a transition energy in the band gap is placed in such
a cavity, it cannot emit light: spontaneous emission is completely inhibited.
These possibilities to control light will lead to more efficient lasers [5] and LED
sources, highly efficient optical fibers [4] and optical switches [6] and play an
important role in the development of optical communication and computing.

The ability to tune photonic band gaps is a highly desired feature in pho-
tonics. A controllable alteration of the band structure is useful for many
applications such as optical switches, tunable optical cavities, and tunable
filters [7, 8]. Several ways to tune the band structure have been proposed,
including thermal tuning [9, 10] tuning by applying strain [11] or by the
application of an electric field [12, 13, 14] or a magnetic field [15, 16]. Busch
and John [12] infiltrated the void regions of a photonic crystal with a liquid
crystal to tune photonic band structure, and Kim et al. [17] showed the possi-
bility of tuning the band gap of photonic crystals infiltrated with a ferroelectric
material.

The most promising way to tune a band structure is the application of
an electric field. Because ferroelectric crystals have a large dielectric constant
close to the ferroelectric phase transition, a relatively weak external electric
field gives rise to a large dipole moment in the crystal. The induced static
polarization changes the crystal symmetry, which can have a large effect on
the position of the bands. Close to the transition an external field can tune
the band structure.

The majority of previous research has considered the photonic crystal as
a composite structure made up of two lossless isotropic media with different
refractive indices. Then the position and width of the photonic band gap
depends on the contrast in the refractive indices and the geometry of the
crystal [18]. We use crystals of point-dipoles - a generalized Lorentz model -
to model the properties of a photonic crystal. This is a conceptually simple
system with a rich variety of physical properties. For cubic symmetries this
model allows for a semi-analytical calculation of the band structure.

The Lorentz model for a dielectric is a periodic array of point charges
harmonically bound to their equilibrium positions by a restoring force. Our
interest in the Lorentz model originated from its instability towards a polar-
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ized dipole state [19, 20]. The oldest use of this model is the concept of the
polariton and the polariton stop-gap, describing the optical modes in atomic
and molecular crystals [21, 22]. More recently, crystals of point-dipoles have
also been used to model the propagation of light through photonic crystals [23].
Other intriguing phenomena that have been predicted for point-dipole crystals
are a negative refractive index and sub-wavelength lensing [24].

Recent advances in the fabrication of semiconductor and metallic quantum
dots have opened new possibilities to realize materials that are well-represented
as crystals of point dipoles. The Mie or plasma resonances of the individual
dots act as the dipolar transitions, with a wavelength much larger than the
dot size [25]. It has been realized that arrays of closely spaced quantum
dots, considered as point dipoles, may be used as sub-wavelength guides for
electromagnetic energy (plasmonics) [26, 27]. It has also been suggested that
quantum dots forming two-dimensional lattices may spontaneously polarize as
a consequence of the inter-dot dipolar interactions, even for lattice constants
of the order of 100 nm [28].

Combining several of the above concepts, one may envision photonic crys-
tals whose band structures soften as a consequence of electromagnetic inter-
actions between unit cells, leading to a dipole-ordered state at some critical
interaction strength. Close to this instability, the band structure is expected
to be very sensitive to external electric fields, which opens the possibility to
tune photonic band gaps.

In this chapter, motivated by the above ideas, we perform a detailed study
of the photonic band structure of cubic (sc, fcc, and bcc) point-dipole crystals.
The dipole-light interaction couples the dipole excitations with a crystal wave
vector k to photons with wave vectors k + G, where G is an arbitrary vector
of the reciprocal lattice. This coupling, on the one hand, gives rise to the
photonic bands and, on the other hand, results in long-range (retarded) inter-
actions between the dipoles. We show that, in contrast to earlier claims [23],
omnidirectional gaps do not occur in the band structure of these lattices. We
also show that for sufficiently strong interactions the lowest photonic bands
may soften at a particular symmetry point of the Brillouin zone, which leads
to a dipole ordered state, and we demonstrate the opening and tunability
of directional band gaps when switching external electric fields close to the
transition to this ordered state.

The chapter is organized as follows. In the next section we introduce the



160 8. Tunable Photonic Crystal

model that describes the lattice of point dipoles and present the dispersion
relation for the coupled dipole-photon modes. We discuss the regularization
of the divergent dipole sum, and consider the long-wavelength behavior of the
dispersion relation. We present band structures calculations in section 8.3,
and discuss the absence of a full photonic band gap in this model. In sec-
tion 8.4 we show that the long-range interactions between the dipoles gives
rise to a structural phase transition. We study the mode softening that occurs
when the coupling between the light and the lattice of dipoles is increased. In
section 8.5 we study how the band structure is modified when an external elec-
tric field is present in the crystal close to the phase transition. The possibility
to open a directional band gap is investigated. We conclude in section 8.6.
Finally we draw attention to the Appendices at the end of this chapter, where
we provide details on the the regularization procedure, the band structure cal-
culation, our numerical treatment of infinite lattice sums, the calculation of
the susceptibility and the effective harmonic approximation which we use to
describe the effect of a static polarization in the system.

8.2 Model

We consider a periodic array of transition dipoles pj , treated as harmonic
oscillators with a frequency ω0, coupled linearly to the electromagnetic field.
The Lagrangian reads (cf. Ref. [21]):

L =

∫

dV

[
E2 −H2

8π
+A0∇ ·P +

A

c
· Ṗ
]

+
2πn

ω2
p

∑

j

(
ṗ2

j − ω2
0p

2
j

)
. (8.1)

Here the first term describes the electromagnetic field and the coupling to
the lattice through the time derivative of the polarization density, Ṗ, and the
second term describes the lattice of dipoles. The plasmon frequency ω2

p = 4πne2

m
plays the role of a coupling constant, n is the density of dipoles and the
polarization density is given by

P (t,x) =
∑

j

pj (t) δ (x−Rj) , (8.2)
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where Rj are the coordinates of the lattice sites. Imposing the Coulomb gauge
∇ ·A = 0 and eliminating A0, we obtain

L =
1

8π

∫

dVA ·
(

− 1

c2
∂2

∂t2
+ ∆

)

A

+
2πn

ω2
p

∑

j

(
ṗ2

j − ω2
0p

2
j

)
+

1

c

∑

j

ṗj ·A(Rj)

+
1

2

∑

l 6=j

3 (pl ·Rlj) (pj ·Rlj)−R2
ljpl · pj

R5
lj

, (8.3)

where Rlj = Rl − Rj . The last term describes the coupling of dipoles to
transverse electromagnetic field modes, while the last term is the static dipole-
dipole interaction.

This Lagrangian gives rise to coupled equations of motion for dipolar ex-
citations with wave vector k from the first Brillouin zone and photons with
wave vectors k + G, where G is an arbitrary vector of the reciprocal lattice.
Eliminating the photon field we obtain the following equation of motion for
dipoles

∑

b

Mab
ωkp

b
ωk = 0, (8.4)

where a, b = x, y, z,

pωk =
∑

j

∫

dteiωt−ik·Rjpj (t) ,

and

Mab
ωk = (ω2

0 − ω2)δab + ω2
p

∑

G

[

Lab
ωk+G −

∫

BZ

d3q

vBZ
Lab

ωk+G+q

]

, (8.5)

with

Lab
ωk ≡

ω2δab − c2kakb

ω2 − c2k2
.

Here Lab
ωk describes the retarded dipole-dipole interaction in reciprocal space.
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The dispersion ωk of the coupled excitations is found from

det Mab
ωkk = 0. (8.6)

The calculation of bands in our model is similar to the calculation of the
polariton dispersion [21]. The only subtlety is the regularization of the sum
over G in Eq. (8.5) resulting from the self-interaction of the point dipoles.
Subtracting the self-energy is accomplished by subtracting from Lab

ωk+G the

average of Lab
ωk+G+q over the first Brillouin zone (with volume vBZ = (2π)3 n).

We discuss the regularization procedure in more detail in Appendix A.1. Apart
from the regularizing term, Eq. (8.6) is identical to those obtained in Refs. [23,
29] by more complicated methods (inspection reveals that the regularization
used in Ref. [29] does not remove all terms divergent at large G). In what
follows we use dimensionless variables measuring k in units of 2π/a and ω
in units of 2πc/a. For a sc lattice a is the lattice period. For bcc and fcc
lattices, which can be represented as, respectively, 2 and 4 interpenetrating
cubic sublattices, see Appendix A.2.

The time needed to calculate the slowly converging sum over G in Eq. (8.6)
is greatly reduced by using the transformation

1

(k + G)2 − ω2
=

∫ ∞

0
dλeλ(ω2−(k+G)2)

for ω2 < (k + G)2 and perform the sum over G prior to the integration over
λ. Then the subtraction of the self-interaction term of dipoles reduces to
the subtraction of terms divergent at λ = 0, which improves convergence.
In Appendix A.2 we give technical details on the numerical calculation of
Eq. (8.6) using this transformation.

8.2.1 Long-Wavelength Behavior

In the long-wavelength limit the photonic crystal effectively becomes a uniform
medium and the excitations can be divided into longitudinal and transverse.
The frequencies of the “acoustical” and “optical” transverse mode are respec-
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tively given by

ω2
T− =

(
ω2

0 − 1
3ω

2
p

)

ω2
L

k2, (8.7)

ω2
T+ = ω2

L +
ω2

p

ω2
L

k2, (8.8)

with the longitudinal optical mode frequency ω2
L = ω2

0 + 2
3ω

2
p. The acoustical

transverse mode has a linear dispersion at long wavelength, which is charac-
teristic for all photonic crystals.

8.3 Band Structure

In this section we discuss the band structure that we find from the dispersion
relation ωk. A band structure is the dispersion relation for wave vectors cal-
culated along a certain path through the first Brillouin zone (BZ). It is hoped
that the essential properties of the dispersion relation are captured by the band
structure picture along this path. Usually a path is taken that goes along the
edges passing through all the high-symmetry points (sometimes called the irre-

ducible or characteristic path). These symmetry points are labeled by letters.
The Brillouin zone with the symmetry points, the coordinates of the symmetry
points and the corresponding irreducible paths for the lattices we consider are
shown in Appendix A.3. At some of these symmetry points the off-diagonal
elements of Eq. (8.5) vanish, simplifying some of the analytical calculations.

8.3.1 Weak Coupling

The coupling of the dipoles to the light is described by the dimensionless
coupling

g =
ω2

p

ω2
0

It is illustrative to consider the band structure of the free photon dispersion
ω = |k|, the “empty lattice approximation”. In Fig. 8.1(a) we have plotted
the band structure of the sc lattice for free photons. The open circles in the
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band structure represent modes that are always present, independent of the
strength of the coupling between the photon and the dipoles, which we will
explain below. When the coupling is increased, the band structure deviates
from the band structure of free photons. When we look at Fig. 8.1(b), we
can see that some bands repel one another at the symmetry points (avoided
crossing). By looking closer at the elements of the matrix Eq. (8.5) one can
find out which bands are degenerate, and where the degeneracy is lifted.
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Figure 8.1: (a) Band structure for the empty sc lattice (g = 0). The dashed line
corresponds to the dipole mode (ω0 = 0.263), and the solid lines correspond to free
photon modes with ω = k. (b) Band structure for the sc lattice for g = 0.14 (ωp = 0.1
and ω0 = 0.263), when light is weakly coupled to the dipoles. The solid lines are found
by solving Eq. (8.6), and the open circles correspond to the free photon modes ω = |k|
that have nodes on the lattice sites.
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8.3.2 Strong Coupling

In Figs. 8.2 and 8.3 we show band structures for the sc, fcc and bcc lattice,
respectively. The solid lines were obtained by solving Eq. (8.6), while the
circles are solutions of the dispersion equation ω = |k| for free photons (poles of
Lab

ωk), corresponding to standing waves of the electromagnetic field E(x) with
nodes on the lattice sites. The latter are superpositions of two plane waves
with the wave vectors k1 and k2 and the polarization of the electromagnetic
field e,

E(x) = e
(

eik1·x − eik2·x
)

, (8.9)

with e · k1 = e · k2 = 0, k1 = k2, and k2 = k1 + G, so that at the lattice
sites E(Rj) = 0, implying that the light is not coupled to the dipoles. For
all three lattice types one can find lines of k1 and k2 in the momentum space
passing through the Brillouin zone boundaries that are related by a symmetry
transformation of the reciprocal lattice (see table 8.1), which give rise to bands
of decoupled states with energy continuously varying between some minimal
value ωc and ∞. Due to this peculiar property of lattices of point dipoles,
their band structures cannot have an omnidirectional gap for ω > ωc, where

ωc = 1
2 ,

√
3

2 ,
1√
2

for, respectively, the sc, fcc, and bcc lattice.

Actually, in contrast to what was reported in Ref. [23], we did not find
an omnidirectional gap for ω < ωc for any combination of system parameters.
It is not clear whether the noted discrepancy is due to errors made in the
regularization in Refs. [23] and [29]. For the bands in Figs. 8.2 and 8.3 there
is a path in k-space passing through high-symmetry points, along which the
frequency ωk continuously increases from 0 to ∞. Such a path is present for
all values of the model parameters, since the degeneracy of the modes at high-
symmetry points (the Γ, X, M and R points for the sc lattice) cannot be made
smaller, so that deformations of the bands cannot open an omnidirectional gap
(similar for the bcc and fcc lattice). It is important to note that this mode
degeneracy only partly results from the lattice symmetry and partly comes
from the dynamics of the point-dipole model, so that this argument for the
absence of a gap is not universal. For instance, for the sc lattice of point dipoles
Mab is a diagonal matrix at the M point [k = (1/2, 1/2, 0)] with M11 = M22.
In general, however, nonzero matrix elements M12 and M13 = M23 would also
be compatible with the symmetry of this point.
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Table 8.1: Free photon modes in the coupled system. Here k is the wave vector,
G = k2 − k1 is a vector from the reciprocal lattice, e is the polarization, and α is a
positive real number.

k1 k2 G e ωc

sc
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2
α
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2
α
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0
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Figure 8.2: (a) Band structure for the sc lattice for g = 2.31 (ωp = 0.4 and ω0 =
0.263), close to the softening at the M point. (b) The evolution of the lowest band
when g approaches gc ≈ 2.35. From top to bottom g = 1, 1.47, 1.90, and 2.35
(ωp = 0.4 for all bands).
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8.4 Phase Transition

In this section we will focus on the instability of our model. When the di-
mensionless coupling g of the dipoles to light is larger than some critical value
gc, the system becomes unstable towards a transition to an ordered state, in
which the dipole operators have nonzero average values at lattice sites. The
type of ordering can be inferred from the wave vector Q, at which the excita-
tion frequency vanishes (softening). The reduction of the frequency of a mode
indicates a structural transition. For this type of transition a mechanism, the
“soft-mode” model was proposed independently in Refs. [30] and [31]. In this
model a phonon mode becomes unstable at temperature Tc, and close to the
transitions its frequency decreases with the temperature as ω2

c = γ(T − Tc).
At the critical temperature the lattice displaces spontaneously in this mode
to a finite amplitude, limited by higher-order nonlinear contributions to the
restoring force [32]. The eigenvector of the unstable mode defines the new
crystal structure. If Q 6= 0, this indicates a transition to an antiferroelectric
state, in which the polarization density is modulated with the wave vector
Q. Softening of a mode at the boundary of the Brillouin zone corresponds
to commensurate antiferroelectric transitions, whereas softening at any other
wave vector corresponds to an incommensurate state (a spiral or sinusoidal
ordering for example).

The instability towards a ferroelectric state results in a vanishing velocity
of the photon-like excitations with a linear dispersion at Q = 0. These in-
stabilities are similar to those of the phonon spectrum (softening of phonons)
in displacive (anti)ferroelectrics at the critical temperature [30], and the in-
stability in the Dicke model of an electromagnetic field mode coupled to an
ensemble of two-level systems [33]. We can consider ω0 as an effective harmonic
frequency that is temperature dependent. This is seen when the anharmonic
terms in the potential are replaced by their thermal average (an effective har-
monic approximation, see Appendix A.6). The temperature dependence of the
restoring force is a general effect of anharmonic terms in the potential [32].

For all three lattices (sc, fcc, and bcc) we find an instability at the Γ point
(Q = 0) and gc = 3, indicating that for g > 3 the ground state is ferroelectric.
The vanishing of the velocity of the transverse excitations at the Γ point is
shown in Fig. 8.3. This instability was discussed previously in the context of a
model of classical dipoles of fixed length on the sc lattice (the Lorentz model)
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Figure 8.3: (a) Band structure for the fcc lattice for g = 2.9 (ωp = 0.85 and
ω0 = 0.5), close to the ferroelectric transition, where the velocity vanishes at the Γ
point, (b) for a bcc lattice using the same parameters. For both figures we also show
the lowest band for a slightly weaker coupling, g = 2.56, keeping ω0 = 0.5 (triangles)

[20]. In the long-wavelength limit the dielectric function at zero frequency (the
dielectric constant) reads

ǫ(0) =
ω2

0 + 2
3ω

2
p

ω2
0 − 1

3ω
2
p

. (8.10)

The derivation of Eq. (8.10) can be found in Appendix A.4. Note that the
dielectric constant satisfies the Lyddane-Sachs-Teller relation, ǫ(0) = ω2

L/ω
2
T ,

see Sec. 8.2.1. At g = 3, ǫ(0) diverges and the velocity of the transverse excita-
tion vanishes, see Eq. (8.7), as is the case in proper ferroelectrics. Our model
with dynamic dipoles has the same instabilities as the Lorentz model, because
at low frequencies the retarded interaction between dipoles, resulting from
their coupling to transverse photons, is small compared to the instantaneous
dipole-dipole interaction.
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(a) (b)

Figure 8.4: (a) The simple cubic lattice in a C-type ferroelectric state, corresponding

to mode softening at k = (1
2

1
20). (b) The simple cubic lattice in an A-type ferroelectric

state, corresponding to mode softening at k = (1
200).

For the sc lattice we also find another instability at the M point, which
occurs at a smaller value of the coupling, gc ≈ 2.35. The polarization vector
of the soft mode, e = (0, 0, 1), is transverse to the propagation vector. This
softening corresponds to a C-type antiferroelectric ordering (analogous to the
C-type antiferromagnetic ordering), in which dipoles form ferroelectric chains
in the z direction. In each chain dipoles are either parallel or antiparallel to
the z axis and neighboring chains have opposite polarization, see Fig 8.4(a).
The band structure in Fig. 8.2(a) has been obtained for g close to gc. The
dependence of the lower band on g is shown in Fig. 8.2(b). This instability
is in agreement with the result of Luttinger and Tisza [19], who studied the
lowest energy configurations of the Lorentz model for sc, bcc, and fcc lattices,
restricting to configurations with no more than 8 dipoles in a unit cell, all
dipoles having a fixed length. For the sc lattice they found that the C-type
antiferroelectric ordering (see Fig. 8.4(a)) has the lowest energy density, ε ≈
−2.675 (sc), measured in units of n2p2, where p is the classical dipole moment
and n is the number of dipoles per unit volume. For the bcc and fcc lattices
they reported lowest energy densities for antiferroelectric configurations with
ε ≈ −1.986 (bcc) and −1.808 (fcc).

We do not find any softening at nonzero wave vectors for fcc and bcc lattices
that occurs at couplings smaller than the one for the ferroelectric instability
(g = 3). This indicates that the true ground state is an incommensurate state
(spiral or sinusoidal for example) corresponding to a mode with a small wave
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number, or that the transition to the ground state is of first-order character
(then the lattice does not show mode-softening). As we show in appendix A.5,
we find that for all three lattice types the incommensurate helical state

pj = p

[

e1 cos

(
2π

a
Q ·Rj

)

+ e2 sin

(
2π

a
Q ·Rj

)]

, (8.11)

for e1 · Q = e2 · Q = 0 and Q → 0 (but Q 6= 0) has an energy density
ε ≈ −2.094, which for the bcc and fcc lattices is lower than the energies
found in Ref. [19]. We note that for infinite periodic lattices of dipoles the
energy of the helical state is not a continuous function of the wave vector at
commensurate values of the wave vector Q. In particular, the energy density
of the uniform ferroelectric state (Q = 0) equals 0 for all three types of the
crystal lattice and is much higher than the energy of the incommensurate state
with Q → 0. The energy loss for the uniform ferroelectric state with Q = 0
results from the frustration of the long-range dipole-dipole interactions. The
softening at the Γ point at g = 3 for the bcc and fcc lattices (see Fig. 8.3) thus
corresponds to a transition into a state, in which the dipole ordering is locally

ferroelectric. However, at distances much larger than one lattice constant the
dipole polarization must vary to prevent the energy loss due to frustrated
long-range interactions. The actual ground state will be a configuration of
ferroelectric domains. We also note that the energy density of the helical state
with Q → 0 tends to the energy density of long thin crystals, ε = −2π/3 ≈
−2.094, for which the dipole-dipole interactions are not frustrated [19]. For
the calculations in the next section we will assume that for the bcc and fcc
symmetry the crystal softens at |k| → 0.
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Figure 8.5: Band structure (a) for a sc lattice of dipoles for ωp = 0.4 and ω0 = 0.263
(g = 2.31), with λ1 = 0.1 and λ2 = 0.0 in an electric field in the (-1, 1, 1) direction
with a strength Eext = 0.03, (b) for an fcc lattice of dipoles for ωp = 0.85 and ω0 = 0.5
(g = 2.89), with λ1 = 0.1 and λ2 = 0.00 in an electric field Eext = 0.03 in the (1, -1, 1)
direction, (c) for an bcc lattice of dipoles for ωp = 0.51 and ω0 = 0.3 (g = 2.89), with
λ1 = 0.10 and λ2 = 0.0 in an electric field Eext = 0.01 in the (0, 1, 1) direction.
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8.5 Tuning

In this section we study the effect of a permanent polarization on the band
structure. In particular we study the effect of an electric field applied when
the system is close to a ferroelectric transition. The transition to a ferro-
electric state largely affects the low-frequency part of the band structure of
arrays of point dipoles. However, the divergency of the dielectric constant
Eq. (8.10) at the ferroelectric transition (when ω0 approaches

√

1/3ωp) can
be used to manipulate the bands at high frequencies, e.g., by applying an
external electric field Eext. For dipoles with nonlinear dynamics, an average
electric polarization 〈p〉, induced by an electric field, changes the symmetry
of the dipolar interactions, which affects the photonic bands. For instance, an
array with cubic symmetry allows for two quartic terms, λ1

4 (p4
x + p4

y + p4
z) and

λ2

2

(
p2

xp
2
y + p2

yp
2
z + p2

zp
2
x

)
, in the Lagrangian for the dipoles. Such higher-order

terms are, actually, necessary for stabilization of ordered dipole states. In
Appendix A.6 we show how we treat these nonlinear terms with an effective
harmonic approximation.

An external electric field applied along one of the cubic axes will change the
symmetry from cubic to tetragonal. Such symmetry changes most strongly af-
fect degenerate photonic bands and can open directional gaps at high-symmetry
points. For example, an electric field in the (−1, 1, 1) direction applied to the
sc lattice of dipoles lifts the triple degeneracy of the photon frequency ω at
k = (1

2 ,
1
2 ,

1
2 ):

ω2
± ≈ ω2 +A+

1

2
B ± 3

2
B

with A =
√

3λ1 +(1− 1√
3
)λ2〈p〉2 and B =

(√
3λ1 − 1√

3
λ2

)

〈p〉2 and opens the
gap

∆ = ω+ − ω− ≈
3
2B

ω
∝ E2

ext

gc − g
.

In Fig. 8.5(a) we show the band structure for the sc crystal for parameters
used to plot Fig. 8.2(a), in the presence of an electric field along the (−1, 1, 1)
direction, obtained by solving the linearized dipole-photon equations for λ1 =
0.1, λ2 = 0.00, and Eext = 0.03, were the field is in V/a, where a is the lattice
spacing. One can see a gap opening at the M and R points. Similarly, an
electric field along the (1,−1, 1) direction applied to the fcc lattice opens a
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gap at the W point [see Fig. 8.5(b)], and a field along the (0, 1, 1) direction
applied to the bcc lattice opens a gap at the P and H points [see Fig. 8.5(c)].

8.5.1 Density of States

D
O

S
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.]
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Figure 8.6: (a) - Density of states for the sc lattice with the parameters of Fig. 8.5(a)
(solid line), and for the same system without a field (dotted line). (b) - Similar for the
fcc lattice with the parameters of Fig. 8.5(b). (c) - Similar for the bcc lattice with the
parameters of Fig. 8.5(c). (d)-(f) - Ratio between the density of states shown in (a)-
(c), respectively (DOS(E = 0)/DOS(E(6= 0)), representing the inverse suppression of
the density of states as a result of the external electric field.

The stop-bands in Fig. 8.5, are directional: when an alternative path
through the Brillouin Zone is considered, the stop-band does not appear in the
band structure. This can be understood by considering an external field ap-
plied along the z-direction. Then, the frequency of the modes with k = (0, 0, 1

2)
can be different from the modes with k = (1

2 , 0, 0). Thus, in the presence of
the field an irreducible path through alternative symmetry points can result
in a different band structure.

To estimate to what extent emission of radiation can be modified we need
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to consider the density of states (DOS),

D(ω) =

∫

d3kδ(ω − ωk), (8.12)

In Fig. 8.6(a) we show the DOS of the sc lattice with the parameters of
Fig. 8.5(a) with and without the external field. The ratio of the DOS of
the lattice without and with the field is shown in Fig. 8.6(d). One can see
that the DOS at the position of the gap is suppressed by the presence of an
electric field. Similar results for the fcc lattice are shown in Fig. 8.6(b) and
(e), and for the bcc lattice in Fig. 8.6(c) and (e). This reduction of the density
of states is a strong indication that light transmission through the crystal is
suppressed.

8.5.2 Field induced phase transition

Interestingly, we find that the mode at the X point (k = (1
200)) softens when

a field is directed along the body diagonal of the isotropic sc lattice. In other
words, an electric field can induce the A-type anti-ferroelectric ordering. The
dipoles are oriented along the z-direction and are organized in planes alter-
nating along the x-direction, see Fig 8.4(b). This can be seen from the band
structure of the anisotropic lattice in an electric field by the softening of the
mode at the X point (k = (1

200)), see Fig. 8.7. This is shown in Fig. 8.7, for
which we used the parameters of the sc lattice shown in Fig. 8.2(a) with a
lower dipole frequency, ω = 0.2485. For this value of the coupling parameter
the system is in the C-type anti-ferroelectric state when no field is present.
When a sufficiently large field is switched on, the A-type ordered state is more
favorable.

8.6 Conclusion

In conclusion, we studied a simple model for a photonic crystal, namely a
cubic crystal of point dipoles, and calculated the photonic band structure.
We have shown that in such crystals, omnidirectional photonic band gaps do
not occur. We have also shown that the long-range interactions between the
dipoles may give rise to a dipole-ordered state, which manifests itself through
the softening of the lowest photonic band at one of the symmetry points of the
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Figure 8.7: Band structure for an isotropic sc lattice for g = 2.59 (ωp = 0.4 and
ω0 = 0.2485), in the presence of an electric field along the (−1, 1, 1) direction, obtained
by solving the linearized dipole-photon equations for λ1 = 0.1, λ2 = 0.0, and Eext =
0.03. The electric field forces softening of the mode at the X point, corresponding to
a transition from the C-type to the A-type anti-ferroelectric ordering.

Brillouin zone. The resulting state is ferroelectric (fcc, bcc) or antiferroelectric
(sc). Near the instability point, the band structure is very sensitive to external
electric fields, a property that may be used to open and tune a directional band
gap. The realization of actual systems in which the condition for softening
and tunability applies, hinges on the preparation of crystals of small building
blocks with strong dipole transitions; quantum dots with a sufficiently high
plasmon frequency seem to be the best candidates [28, 24].





Appendix A

A.1 Regularization

In this section we show that the integral in Eq. (8.5) is equivalent to the
subtraction of the self-interaction of the point dipoles, and we show that this
term cancels divergent terms in the summation over G. From the Lagrangian
Eq. (8.3) we find that equation for the electric field generated by the dipoles
reads

Ea
q = 4πn

∑

G

Lab
ωk+Gp

b
ωq. (A.13)

Taking the Fourier transform we obtain the dipole-generated electric field at
Rn

Ea(Rn) = 4π

∫
d3q

(2π)3
eiq·RnLab

ωq

∑

m

e−iq·Rmpb
m.

The term m = n corresponds to a self-interaction: the electric field at the
position of the dipole pn generated by the dipole itself, which is an infinite
contribution. By removing this term, the expression for the electric field be-
comes

Ẽa(Rn) = Ea(Rn)− 4π

∫
d3q

(2π)3
Lab

ωqp
b
n. (A.14)
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The regularizing term can be rewritten to the integral term in Eq. (8.5). Note
that the regularization is independent of the wavevector k.

In the following we show that the subtraction of the self-interaction re-
moves all terms divergent at large G for the sc lattice. For the sc lattice the
(dimensionless ) reciprocal lattice vectors G are described by integers na, and
the volume of the Brillouin zone equals one. In Appendix A.2 we show that
the following scheme also works for the bcc and fcc lattices. We consider
Eq. (A.14) in reciprocal space,

∑

n

∫

BZ
d3x

[
ω2δab − (k + n)a(k + n)b

ω2(ω2 − (k + n)2)
− ω2δab − (k + n+ x)a(k + n+ x)b

ω2(ω2 − (k + n + x)2)

]

,

(A.15)
and proof that this expression is convergent by demonstrating that Eq. (A.15)
goes to zero faster then 1

n4 when |n| → ∞, which is sufficient for convergence
since ∞∑

|n|=N

1

nk
∼
∫ ∞

m=N
dm

1

mk−2

is finite when k ≥ 4. We make use of the following expansion in n = |n|,

1

(n + k)2 − ω2
=

1

n2

1

1 + 2n̂·k
n + k2−ω2

n2

=
1

n2

[

1−
(

2n̂ · k
n

+
k2 − ω2

n2

)

+

(
2n̂ · k
n

+
k2 − ω2

n2

)2

−
(

2n̂ · k
n

+
k2 − ω2

n2

)3

+ h.o.t.

]

(up to 4th order) =
1

n2

[

1−
(

2n̂ · k
n

+
k2 − ω2

n2

)

+
4 (n̂ · k)2

n2

+
4 (n̂ · k) (k2 − ω2)

n3
− 8 (n̂ · k)3

n3
+ h.o.t.

]

, (A.16)

where n̂ ≡ n/|n|, and show that the terms in the expansion of Eq. (A.15)
cancel up to 4th order when |n| → ∞.

First we consider the diagonal term of Eq. (A.15), which is proportional
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to
∑

n

[
1

ω2 − (n + k)2
−
∫

BZ
d3q

1

ω2 − (n + k + q)2

]

. (A.17)

For the first term of Eq. (A.16) up to 4th order in |n| we have

∑

n

1

ω2 − (n + k)2
=
∑

n

1

n2

[

1− k2 − ω2

n2
+

4(n̂ · k)2

n2

]

+O(
1

n5
),

which can be seen by applying expansion Eq. (A.16) and realizing that terms
with odd products of n̂ · k vanish when performing the sum over n. For the
second term of Eq. (A.17) we have

∑

n

∫

d3x
1

n2

[

1− (k + x)2 − ω2

n2
+

4(n̂ · (k + x))2

n2

]

+O(
1

n5
),

and we see that Eq. (A.17) vanishes up to 4th order. This proves that Eq. (A.17)
is finite.

Next we consider the slightly more complicated terms of Eq. (A.15)

∑

n

(n+ k)a(n+ k)b

(n + k)2 − ω2
=
∑

n

(n̂+ k
n)a(n̂ + k

n)b

1 + 2n̂·k
n + k2−ω2

n2

. (A.18)

To tackle this expression we make use of the identity

∑

n

n̂an̂b =
1

3

∑

n

δab (A.19)

proof

∑

n

n̂an̂b = Aδab apply δab

−−−−−−→
∑

n

= 3A

and the identity

∑

n

n̂an̂bn̂cn̂d =
1

15

∑

n

(

δabδcd + δacδbd + δadδbc
)

(A.20)
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proof

∑

n

n̂an̂bn̂cn̂d = A
(

δabδcd + δacδbd + δadδbc
)

apply δcd

−−−−−−→
∑

n

n̂an̂b = 5Aδab apply δab

−−−−−−→ A =
1

15

Using these two results with the expansion Eq. (A.16) we list the following
terms up to 4th order (note that sums of the odd products of nanb . . . vanish):

0th order:
∑

n

(n̂ +
k

n
)a(n̂+

k

n
)b =

∑

n

[
1

3
δab +

kakb

n2

]

1st order: −
∑

n

(n̂+
k

n
)a(n̂+

k

n
)b
(

2n̂ · k
n

+
k2 − ω2

n2

)

= −
∑

n

1

n2

[

2nakbn̂ckc + 2kan̂bkcn̂c + n̂an̂b(k2 − ω2)
]

= −
∑

n

1

n2

[
4

3
kakb +

1

3

(
k2 − ω2

)
δab

]

2nd order:
∑

n

(n̂+
k

n
)a(n̂+

k

n
)b

4 (n̂ · k)2

n2

=
∑

n

4

n2

(

n̂an̂b +
kakb

n2

)

n̂ckcn̂dkd

=
∑

n

4

n2

[

1

3

k2kakb

n2
+

1

15

∑

n

(

δabδcd + δacδbd + δadδbc
)

kckd

]

=
∑

n

4

n2

1

15

(

k2δab + 2kakb
)
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We collect terms and obtain for Eq. (A.18) up to 4th order in |n|

∑

n

(n + k)a(n+ k)b

(n + k)2 − ω2
=

∑

n

{
1

3
δab +

1

n2

[
1

5

(

kakb − 1

3
k2δab

)

+
1

3
ω2δab

]

+O(
1

n5
)

}

,

which we use to obtain the following for the off-diagonal integral term in
Eq. (A.15)

∑

n

∫

cube
d3x

(n+ k + x)a(n+ k + x)b

(n + k + x)2 − ω2
=

∑

n

{
1

3
δab +

∫

cube
d3x

1

n2

[
1

5

(

(k + x)a(k + x)b − 1

3
(k + x)2δab

)

+
1

3
ω2δab

]

+O(
1

n5
)

}

=
∑

n

{
1

3
δab +

1

n2

[
1

5

(

kakb − 1

3
k2δab

)

+
1

3
ω2δab

]

+O(
1

n5
)

}

,

and we that see Eq. (A.18) vanishes up to fourth order. This proves the
convergence of Eq. (A.18), and we conclude that our regularization successfully
removes all divergent terms of Eq. (A.15).

A.2 Numerical Procedure

In this section we present details on the methods we used to calculate the band
structure numerically. The dispersion relation is found from the zero’s of the
eigenvalues of the matrix Eq. (8.5). This equation contains slowly converging
infinite sums. An Ewald summation can not be used because the presence of
ω2 in the denominator 1

(k+n)2−ω2 does not allow the necessary decomposition of

the sum [35]. In the following we show how to calculate the matrix elements
of Eq. (8.5) efficiently for a simple cubic lattice using a similar summation
technique, and we will generalize the procedure for the fcc and bcc lattices at
the end of this section. To numerically calculate the infinite sum over the BZ
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we used the decomposition

∑

n

1

(k + n)2 − ω2
=

∫ ∞

0
dλeλω2




∑

n

−
∑

n2<ω2



 e−λ(k+n)2

+
∑

|n|2<ω2

1

(k + n)2 − ω2
. (A.21)

This transforms the divergency of the non-regularized sums at large |n| to a di-
vergency when λ→ 0. We list the expression of the decomposition Eq. (A.21)
for the diagonal elements of Eq. (8.5),

∑

n

[

1

(k + n)2 − ω2
−
∫

xa< 1

2

d3x
1

(k + x + n)2 − ω2

]

=
∑

(k+n)2<ω2

1

(k + n)2 − ω2

−
∫ ∞

0
dλ







(π

λ

)3/2
− eλω2




∑

n

−
∑

(k+n)2<ω2



 e−λ(k+n)2







∑

n

[

(ka + na)2

(k + n)2 − ω2
−
∫

xa< 1

2

d3x
(ka + xa)2

(k + x + n)2 − ω2

]

=
∑

(k+n)2<ω2

(ka + xa)2

(k + n)2 − ω2

−
∫ ∞

0
dλ

{

1 + ω2λ

2λ

(π

λ

)3/2
− eλω2








∑

n

−
∑

(k+n)2<ω2



 (ka + xa)2e−λ(k+n)2





}

and the off-diagonal elements of Eq. (8.5),

∑

n

(k + n)a(k + n)b

(k + n)2 − ω2
=

∑

(k+n)2<ω2

(k + n)a(k + n)b

(k + n)2 − ω2

+

∫ ∞

0
dλ

{

eλω2




∑

n

−
∑

(k+n)2<ω2



 (k + n)a(k + n)be−λ(k+n)2

}
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We consider the integrals over λ in three regions,

R1 = 0 ≤ λ ≤ λ−,

R2 = λ− ≤ λ ≤ λ+,

R3 = λ+ ≤ λ ≤ ∞.
In our simulations we used the following values: λ− = 0.35 and λ+ = 10.
The first term on the right hand side of Eq. (A.21) can be written in terms of
generalized Jacobi Θ3 functions,

gm(λ, k) ≡
∑

n

(k + n)me−λ(k+n)2 , (A.22)

∫ ∞

0
dλeλω2

∑

n

e−λ(k+n)2 =

∫ ∞

0
dλeλω2

3∏

α=1

g0(λ, kα).

To decompose the other terms of Eq. (8.5) we also used g1(λ, k) and g2(λ, k).
We make use of the following property of these functions: when λ / 0.35 they
are accurately approximated by

g0(λ < 0.35, k) ∼
√
π

λ
,

g1(λ < 0.35, k) ∼ 0,

g2(λ < 0.35, k) ∼ 1

2

√
π

λ3
,

which is seen by replacing the summation over n by integration over n.

The integrals vanish in the interval R1, showing that the sum is convergent.
This result is independent of the particular choice of the upper boundary of
this interval, as long as the condition λ− ≤ 0.35 is satisfied. In the interval R2,
the integrals can calculated by simply summing the terms explicitly until con-
vergence is reached. Because the terms decrease exponentially with increasing
|n| only a small number of terms need to be summed in this case. Finally,
interval R3 is calculated by performing the integral using Gauß-Legendre in-
tregration.
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fcc and bcc lattices

The reciprocal lattice points of the bcc and fcc crystal structures can be de-
composed into two and four intersecting simple cubic lattices, respectively.
Therefore we can calculate the lattice sums and hence the band structure for
these symmetries making use of the results we obtained for the sc lattice. We
consider as an example the fcc lattice. The sum of the operator Lab

ωk+Gfcc
over

the reciprocal lattice can be decomposed in a sum of intersecting cubic lattices
in the following way,

∑

Gfcc

Lab
ωk+Gfcc

=
∑

n

Lab
ω
2

k

2
+n

+ Lab
ω
2

k

2
+( 1

2
, 1
2
, 1
2
)+n

, (A.23)

where the sum over n is over integers ni. The lattice spacing of this cubic
lattice is 4π

a , double the size of the lattice spacing of the reciprocal lattice of
a sc lattice. The regularization can be rewritten to regularize the two sums
over cubic lattices in Eq. (A.23),

∑

Gfcc

∫

BZ

d3q

4
(

2π
a

)3L
ab
ωk+q+Gfcc

= 2
∑

n

∫

cube
d3xLab

ω
2

k

2
+x+n

.

In a similar way we treat the reciprocal lattice of the bcc lattice,

∑

Gbcc

Lab
ωk+Gbcc

=
∑

n

Lab
ω
2

k

2
+n

+ Lab
ω
2

k

2
+( 1

2
,0, 1

2
)+n

+ Lab
ω
2

k

2
+( 1

2
, 1
2
,0)+n

+ Lab
ω
2

k

2
+(0, 1

2
, 1
2
)+n

,

(A.24)

∑

Gfcc

∫

BZ

d3q

2
(

2π
a

)3L
ab
ωk (q) = 4

∑

n

∫

cube
d3x

(
4π

a

)3

Lab
ωk (q) . (A.25)
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A.3 Brillouin Zones
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Figure A.8: The Brillouin Zones of the fcc, bcc and sc lattices. The symmetry
points (see Table A.2) are indicated by dots, the thick solid line shows the irreducible
path through the symmetry points.

Point in the BZ sc bcc fcc

(000) Γ Γ Γ
(1
200) X

(1
2

1
20) M N

(1
2

1
2

1
2) R P L

(100) H X
(11

4
1
4 ) U

(11
20) W

(3
4

3
40) K

Irreducible Path Γ- X-M- R- Γ P-Γ- N-H- P-N X- U- L- Γ-X- W- K

Table A.2: The coordinates of the symmetry points in the reciprocal space. In the
lowest row we show the irreducible path through the Brillouin zone that we have used
in the band structure pictures.
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A.4 Dielectric susceptibility

In this section we derive the dielectric susceptibility using the retarded Green’s
function

Gab
nm(t) = −iθ(t)〈[pa

n(t), pb
m(0)]〉, (A.26)

where 〈. . .〉 means in general the thermal average. Differentiating with respect
to t gives,

d

dt
Gab

nm(t) = −iθ(t)〈[ṗa
n(t), pb

m(0)]〉

since the equal-time commutator of pa
n(t) vanishes. We differentiate once more

d2

dt2
Gab

nm(t) = −iθ(t)〈[p̈a
n(t), pb

m(0)]〉 − e2

m
iδ(t)δnmδ

ab, (A.27)

where we used

[ṗa
n(0), pb

m(0)] = [eu̇a
m, eu

b
n] = −e

2

m
iδnmδ

ab.

Using the equation of motion for pa we obtain

Gab
ωk =

e2

m
δcb (Mac

ωk)−1 ,

where Mac
ωk is given by Eq. (8.5). The dielectric function is now found from

the relation

(ǫ−1)ab(ω,k) = δab + 4πnGab
ωk,

from which we can derive the expression for the dielectric constant Eq. (8.10)
by taking the limit k→ 0 and set ω = 0.
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A.5 Minimal Energy Configurations

To study the minimal energy configurations of the Lorentz model it is necessary
to minimize the coupling energy

E =
1

N

∑

i6=j

3 (pi · rij) (pj · rij)− r2ij (pi · pj)

r5ij
, (A.28)

which can be written in a Fourier representation,

E =
1

N

∑

a,b

∑

i6=j

[

∂a∂b
1

Rij

]

pa
i p

b
j (A.29)

=
1

2

∑

a,b

∑

i6=0

[

−
∫

d3q
4π

q2
qaqbeiq·Ri

]

pa
i (Ri)p

b
0. (A.30)

were we used

∂a∂b
1

Rij
=

(

3Ra
ijR

b
ij −R2

ijδ
ab

R5
ij

)

. (A.31)

We can describe commensurate configurations of pj by

pj = p1
je

i 2π
a

Q1·Rj + p2
je

i 2π
a

Q2·Rj + p3
je

i 2π
a

Q3·Rj , (A.32)

with pj
2 = 1 and Qa = n/2, where na are integers (pj must be real). In this

case the energy can be expressed by

E =
∑

a,b

Uab
Q1,Q2,Q3

papb, (A.33)

with

Uab
Q1,Q2,Q3

≡ −2π

[
∑

G

(Qa +G)a(Qa +G)b

(Qa + G)2
−
∫

d3q
qaqb

q2

]

.

The commensurate configurations described by Eq. A.32 with the lowest en-
ergy for the sc, fcc and bcc lattice are listed in Table A.3 [19]
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p Qx Qy Qz ε

sc (0,0,1) - - (1
2 ,

1
2 , 0) −2.676

fcc 1√
2
(0, 1, 1) - (1

2 ,−1
2 ,−1

2) (1
2 ,−1

2 ,−1
2) −1.808

bcc 1√
3
(1, 1, 1) (1

2 , 0,−1
2 ) (0, 1

2 ,
1
2) (1

2 ,−1
2 , 0) −1.986

Table A.3: The wave vectors of the lattice configurations described by Eq. (A.32)
with the corresponding energy density calculated using Eq. (A.33) from Appendix A.5,
summarizing the minimum energy configurations reported in Ref. [19].

In addition to commensurate configurations we also consider helical and
sinusoidal configurations of the lattice in a coordinate system with orthogonal
basis vectors e1, e2 and e3. A helical ordering around e3 is described by

pj = p

[

e1 cos

(
2π

a
Q ·Rj

)

+ e2 sin

(
2π

a
Q ·Rj

)]

The energy of this configuration is given by

E =
N

4

∑

ab

(

δab − ea3eb3
)

Uab
Q,Q,Q.

From this equation we can see that the lowest energy for the spiral state for
a particular Q is equal to the sum of the 2 lowest eigenvalues of the matrix
Uab

Q,Q,Q. The corresponding eigenvectors then define the basis vectors e1 and
e2. A sinusoidal ordering in the direction e3 is described by

pj = e3 cosQ ·Rj , (A.34)

where corresponding energy of this configuration is given by

E =
N

4

∑

ab

eaebUab
Q,Q,Q. (A.35)

For a particular Q the lowest eigenvalue of Uab
Q,Q,Q corresponds to the lowest

energy for the sinusoidal state, while the corresponding eigenvector defines the
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basis vector e3. When we take |Q| → 0

Uab
Q,Q,Q ≈ −2π




QaQb

Q2
+
∑

G 6=0

GaGb

G2
−
∫

d3q
qaqb

q2



 = −2π

[
QaQb

Q2
− 1

3
δab

]

,

from which we conclude that the incommensurate helical state described by
Eq. (8.11) has the lowest energy configuration with corresponding energy den-
sity ε ≈ −2.094.

A.6 Harmonic Approximation

In Sec. 8.4 we showed that the lattice is unstable with respect to a distortion
with k → 0, which was seen from the vanishing of the soft-mode frequency.
The condition for microscopic stability of the crystal lattice is that the squares
of all normal mode frequencies ω0(k) are positive. In order to have a built-
in stability which produces a ferroelectric phase transition below a certain
temperature, at least one of the normal mode frequencies must be imaginary.
In such a case the harmonic lattice is unstable with respect to this particular
normal mode. At sufficiently high temperatures, anharmonic terms in the
lattice potential stabilize the crystal by an anharmonic shift of the frequency.
In this section we introduce anharmonic terms in the Lagrangian of the dipoles,
and show that this gives rise to the temperature dependent anharmonic shift
of the dipole frequency ω0. An effective harmonic approximation allows us to
describe the behavior of the system close to the transition point around Tc.
We show that the presence of a permanent polarization changes the equation
for the dispersion relation Eq. (8.6) and opens the directional stop gap in the
band structure presented in Sec. 8.5.

Temperature dependence

When a static polarization is present in the lattice, the dipoles oscillate around
a new equilibrium position. This can be described by adding quartic terms
λ1

4 (p4
x +p4

y +p4
z) and λ2

2

(
p2

xp
2
y + p2

yp
2
z + p2

zp
2
x

)
to the lagrangian for the dipoles.

These terms are compatible with the cubic symmetry [34]. If λ2 > 0 the dipoles
in the ordered phase are directed along one of the crystal axes, while for λ2 < 0
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the spontaneous polarization is parallel to a body diagonal. Stability of the
lattice requires that λ1 > 0, and 1

2λ1 + λ2 ≥ 0, otherwise 6th order terms
should be included. The anharmonic terms result in a (non-linear) equation
of motion for the dipoles,

p̈a
n + ω2

0p
a
n + (λ1 − λ2) (pa

n)3 + λ2p
2
np

a
n −

e2

m
Ea(Rn) = 0. (A.36)

Above Tc

We now make an effective harmonic approximation by replacing the cubic
terms in the equation of motion by their thermal average according to Wick’s
theorem (dropping the index n for the moment),

〈papbpc〉 = 〈papb〉pc + permutations,

with

〈papb〉 = A(T )δab =
1

3
〈p2〉δab.

It is possible to calculate 〈p2〉 in a self-consistent harmonic approximation,
which would require integration over the density of states. In the following we
assume that the thermal average 〈p2〉 is some temperature dependent func-
tion, and we obtain the following temperature dependent renormalized dipole
frequency,

ω2
0 → ω2

0(T ) = ω2
0 + [3(λ1 − λ2) + 5λ2]

1

3
〈p2〉. (A.37)

In Sec. 8.4 we showed that the ferroelectric phase transition occurs when
ω2

0 = 1
3ω

2
p. Therefore we have

ω2(Tc) =
1

3
ω2

p

at the critical temperature Tc . Expanding 〈p2〉 around Tc,

〈p2〉 ≈ 〈p2(Tc)〉+ α(T − Tc),
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results in the following expression for ω2
0(T ) close to the transition,

ω2
0(T ) =

1

3
ω2

p +
1

3
α [3(λ1 − λ2) + 5λ2] (T − Tc). (A.38)

Substituting Eq. (A.38) into the equation for the dielectric constant Eq. (8.10)
shows that

ǫ(0) ∝ 1

T − Tc
. (A.39)

The dielectric constant diverges when T = Tc, which signifies the sensitivity of
the lattice to external electric fields applied close to the ferroelectric transition:
close to the transition a macroscopic polarization P is easily induced by an
external electric field.

Below Tc

Below the transition temperature the lattice with 〈p〉 = 0 is inherently un-
stable. In a polarized state the dipoles oscillate around a new equilibrium
position,

p = π + 〈|p|〉n̂,
were 〈|p|〉n̂ = 〈p〉 represents the order parameter and n̂ indicates the direction
of the polarization. We now make an effective harmonic approximation as we
did in the previous section, replacing nonlinear terms of π by their thermal
average. In the ordered state fluctuations can depend on the orientation with
respect to the polarization, n̂, so we distinguish between fluctuations parallel
and perpendicular to the polarization direction,

〈πaπb〉 = A‖(T )n̂an̂b +A⊥(T )
(

δab − n̂an̂b
)

.
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After some algebra we arrive at the following linearized equation for dispersion
relation of the crystal in the polarized state

{

Mab
ωk +

[

3λ1

(
〈p〉2 +A‖

)
+ 2λ2A⊥

]

m̂am̂b

+

[

λ2

(
〈p〉2 +A‖ +A⊥

)
+ 3λ1A⊥

]
(

δab − m̂am̂b
)
}

πb
ωk = 0, (A.40)

where Mab
ωk is defined by Eq. (8.5).

Induced Polarization

In Sec. A.5 we showed that the true ground state of the system is not ferroelec-
tric but helical. This transition also occurs with a divergent susceptivity. We
will assume that an external electric field Eext n̂ applied close to the transition
but above the transition temperature induces a static dipole moment 〈p〉 par-
allel to the field 2. We assume that fluctuations of the polarization are much
smaller then the static polarization, 〈p2〉 ≪ 〈p〉2, in which case Eq. (A.40)
reduces to

det
{

Mab
ωk + 〈p〉2

[

3 (λ1 − λ2)n
anb + λ2

(

δab + 2n̂an̂b
)]}

= 0. (A.41)

The magnitude of the average static dipole moment 〈p〉 is found from 〈|p|〉 =
χEext. For the susceptibility, the static response of the polarization propor-
tional to the field, we obtain

χ =
3g

gc − g
. (A.42)

The susceptibility increases when g decreases, and diverges at gc = 3.

The polarization breaks the symmetry of the lattice, which can lift the
degeneracy of photonic bands. The symmetry-breaking doubles the Brillouin
zone of the system, and the dispersion of the modes depend on the wave vector
with respect to the field. For example, when a field is applied in the ẑ direction
the bands at the 1

2
1
20 point may change differently then the bands at the 1

201
2

2In general the polarization can also have a component perpendicular to the field.
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point. In general the field-induced perturbation in Eq. (A.41) results in a
perturbation of the dispersion ωk which depends on the direction of the field
and some linear combination of the coefficients λ1 and λ2.

As an example we consider the simple cubic lattice and consider the dis-
persion relation ωk, at the k = (1

2 ,
1
2 ,

1
2 ) point with a field along the (−1, 1, 1)

direction. Then both the matrix Mab
ωk is diagonal, and Eq. (A.41) reduces to







M11
ω 1

2

1

2

1

2

0 0

0 M22
ω 1

2

1

2

1

2

= M11
ω 1

2

1

2

1

2

0

0 0 M33
ω 1

2

1

2

1

2

= M11
ω 1

2

1

2

1

2







+





A −B −B
−B A B
−B B A



 ,

(A.43)

with A =
√

3λ1 + (1 − 1√
3
)λ2〈p〉2 and B =

(√
3λ1 − 1√

3
λ2

)

〈p〉2. The field

lifts the degenerate modes corresponding to the zero’s of M11
ω 1

2

1

2

1

2

, and the

perturbed frequencies of the band at the symmetry point are approximately
given by,

ω̃2
1

2

1

2

1

2

≈ ω2 +A+
1

2
B ± 3

2
B (A.44)

and the resulting size of the gap is approximately

∆ = ω+ − ω− ≈
3
2B

ω
∝ E2

ext

gc − g
.

The shift of the bands and hence the size of the gap is proportional to the
magnitude of the static dipole moment 〈p〉2. When the field is applied in
a suitable direction it is possible to open a directional photonic band gap.
We have a particular interest in opening a gap at a symmetry point in the
Brillouin zone with a wave vector perpendicular to the direction of the applied
field. This is most useful for applications, because it is usually easiest to cut
a crystal along a symmetry axis.
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Samenvatting

In dit proefschrift bestuderen we mechanismen voor ultra-kleine licht schakelaars.
Toepassing van dit soort mechanismen kan de weg vrijmaken voor nieuwe klassen van
optische materialen, waarin op nanometerschaal de transmissie van licht aan- en uit-
geschakeld kan worden. De controle van de gang van licht door micro- en nanometer-
schaal optische materialen vormt een belangrijk onderwerp van onderzoek. Onderzoek
in dit vakgebied is van groot belang voor onder andere optische informatieverwerking
en kan mogelijk leiden tot de ontwikkeling van computers die gebruikmaken van op-
tische schakelingen (vgl. de huidige generatie computers, die de informatieoverdracht
bewerkstelligt door middel van elektronische schakelingen).

Door wisselwerkingen tussen een groot aantal identieke bouwstenen kunnen zich
interessante fenomenen voordoen. Hierbij kan men bijvoorbeeld denken aan de bij-
zondere eigenschappen van water, die pas bij een groot aantal watermoleculen aan
het licht komen. Zonder wisselwerking kan geen collectiviteit optreden. De optische
fenomenen die we in dit proefschift hebben onderzocht zijn collectieve eigenschappen
van configuraties van electrische dipolen. Een electrische dipool is één van de meest
eenvoudige systemen om de wisselwerking tussen licht en materie te beschrijven. Een
electrische dipool wordt gevormd door een dicht bij elkaar staande positieve en nega-
tieve lading. Zoals een magnetische dipool gericht kan worden door een magnetisch
veld, kan een electrische dipool worden gericht door een electrisch veld.

Op moleculair niveau kan de electronenwolk rond het molecuul met de positieve
atoomkernen een dipool vormen. Door absorptie van licht kan bovendien een di-
poolmoment in een molecuul worden gëınduceerd. De energie van een foton wordt
opgeslagen in de veranderde electronen-configuratie van het molecuul (als potentiële
energie). Het molecuul is dan van de energetisch meest gunstige toestand (de grond-

toestand) in een aangeslagen toestand gebracht. De grootte van het gëınduceerde
dipoolmoment wordt overgangsdipool genoemd. Stoffen met grote overgangsdipolen
hebben een sterke wisselwerking met licht.

Een molecuul met een overgangsdipool kan in de meest eenvoudige benadering
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worden beschreven als een systeem met twee niveaus: een toestand met een lage
energie - de grondtoestand - en een toestand met een hogere energie, die bereikt kan
worden door absorptie van licht - de aangeslagen toestand. Kleurstoffen zijn stoffen
die grote overgangsdipoolmomenten hebben, waardoor ze een sterke wisselwerking
met licht hebben.

In hoofdstuk twee beschrijven we in detail de uitzonderlijke optische eigenschap-
pen van clusters (ook wel moleculaire aggregaten genoemd) van kleurstof-moleculen.
De moleculen in het cluster worden door electrostatische krachten bij elkaar gehou-
den. De optische eigenschappen van deze clusters verschillen sterk ten opzichte van de
optische eigenschappen van een enkel kleurstof-molecuul. Dit kan inzichtelijk worden
gemaakt door het volgende vereenvoudigde beeld: een electromagnetisch veld (licht)
zorgt voor een trillende electronenconfiguratie, die een trillende dipool ten opzichte
van de positieve kernen vormt. Deze induceert ook trillingen in naburige kleurstof-
moleculen. Het veld brengt het cluster in een collectieve aangeslagen toestand. De
collectieve toestanden van het cluster hebben een veel groter overgangsdipoolmoment
dan de individuele moleculen. Daardoor hebben deze clusters van kleurstof-moleculen
een bijzonder sterke wisselwerking met licht, waardoor het een interessant studie-
object is.

In hoofdstuk drie en vier laten we zien dat een dunne laag van moleculaire aggre-
gaten als een volledig optische schakelaar kan werken. Licht met een lage intensiteit
wordt door deze dunne laag volledig gereflecteerd. Deze reflectie is het gevolg van de
sterke absorptie van de moleculaire aggregaten. De hoeveelheid energie die de film
kan opslaan is echter beperkt. Licht met een hoge intensiteit kan de film verzadigen,
waardoor een bijna volledige transmissie van het licht optreedt. Door het systeem
met een externe lichtpuls te verzadigen, kan de transmissie van andere lichtbronnen
worden geregeld.

In hoofdstuk vijf, zes en zeven onderzoeken we eigenschappen van wanordelijke
moleculaire ketens. Deze wanorde is het gevolg zijn van de chaotische omgeving rond
de ketens. Er wordt gekeken hoe materiaal-eigenschappen afhangen van de mate van
wanorde. Door bepaalde karakteristieken te schalen als functie van de sterkte van
de wanorde laten we zien dat deze eigenschappen in feite niet veranderen. Ondanks
de willekeur kunnen er toch heel algemene uitspraken over deze systemen worden
gedaan, die niet afhangen van de sterkte van de wanorde. In deze drie hoofdstukken
wordt verder aandacht geschonken aan experimenten waarbij de absorptie van licht
door de ketens wordt gemeten. In het bijzonder kijken we naar de verandering van
het spectrum van het geabsorbeerde licht als het systeem al energie van een eerdere
licht puls heeft opgenomen.

In het laatste deel van dit proefschrift hebben we een zogenaamd fotonisch kris-
tal gemodeleerd. Fotonische kristallen hebben door hun microscopische structuur
een sterke wisselwerking met zichtbaar licht. De meeste fotonische kristallen heb-
ben optische eigenschappen die niet veranderd kunnen worden als het kristal eenmaal
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gefabriceerd is. Bij bijzondere kristallen kan de doorlaatbaarheid van licht worden
veranderd door invloed van buitenaf. Een dergelijk kristal kan als een optische scha-
kelaar worden gebruikt, een belangrijk element in optische informatieverwerking.

Het fotonische kristal dat we onderzocht hebben bestaat uit invallend licht dat
interactie heeft met een rooster van Lorentz-oscillatoren. Een Lorentz-oscillator is
de meest eenvoudige beschrijving van de interactie tussen licht en materie. Materie
wordt voorgesteld door een massa met een positieve lading die met een veer aan een
massa met een negatieve lading is bevestigd. Het massa-veer systeem wordt door het
electromagnetische veld in beweging gebracht, waardoor een trillende dipool ontstaat.
Dit systeem is een elegant model om de licht-materie interactie te beschrijven en te
visualiseren.

Wat dit model van een fotonisch kristal bijzonder maakt, is dat een spontane
overgang plaatsvindt naar een nieuwe geordende toestand bij voldoende sterke wis-
selwerking tussen de dipolen en het licht. De dipolen zijn dan verplaatst van hun
oorspronkelijke evenwichtspositie, zodat de symmetrie van het oorspronkelijke kristal
is gebroken. Dat er een faseovergang plaats kan vinden, was al langer bekend, maar
dit was nog niet eerder in de context van fotonische kristallen geplaatst. De optische
eigenschappen veranderen als er een structuurverandering plaatsvindt.

Een interessante mogelijkheid doet zich voor nabij de faseovergang. De dipolen
zijn dan sterk te bëınvloeden door een extern electrisch veld. Met het externe veld kan
de lichtdoorlaatbaarheid van het kristal worden beinvloed, zodat het als een optische
schakelaar kan worden gebruikt.
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heeft eigenlijk veel te kort geduurd.

Verder wil ik alle mensen bedanken die mijn leven buiten de academische
wereld hebben gekleurd. In de eerste plaats de vrienden en kennissen met wie
ik de afgelopen jaren veel lief en leed heb gedeeld: Rudi (gefeliciteerd met je
verjaardag op de dag van mijn promotie !), Dirk, Leendert, Jeroen en Feike.
Verder de mensen met wie ik veel plezier heb beleefd in een verscheidenheid aan
activiteiten, zoals hardlopen (al mijn trainers en loopgroepgenoten), klimmen
(al mijn tochtgenoten), zingen (Gica, in het bijzonder natuurlijk mijn mede-
tenoren) en het wiskunde dispuut W 4. Verder wil ik mijn pianomentor Nanne
van der Werff bedanken voor het in goede banen leiden van mijn muzikale
ambities.

Ik wil ook graag mijn familie bedanken, in het bijzonder mijn ouders, voor
het vertrouwen en de steun gedurende mijn promotie. Jullie zijn onmisbaar
geweest voor mij.

Tenslotte wil ik Maaike bedanken. Ik had niet durven dromen dat ik
iemand tegen zou komen met wie ik zo veel geluk zou beleven. Ik ben je heel
dankbaar voor al je steun en liefde. De laatste maanden waren best heftig, niet
alleen door de laatste loodjes van mijn promotie, maar ook door het ongeluk
waarbij jij je rug brak. Gelukkig is dat nu allemaal achter ons en komen we
nu in rustiger vaarwater. Ik kijk erg uit naar een mooie toekomst met jou !


