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Summary 

Title: On the asymptotic behaviour of moments of infinitely divisible 

distributions 

Abbreviated title: Asymptotic behaviour of moments 

In this note the asymptotic behaviour of absolute moments of infinitely 

divisible (inf div) distributions is considered. It follows from the 

fact that tails of inf div distributions are bounded from below that 

their moments are bounded from below. It turns out that moments of inf 

div distributions also behave more regularly than moments in general, 

and a strong similarity is shown to exist between the moments of inf 

div distributions on the half-line and the probabilities of inf div 

distributions on the nonnegative integers. Regularity properties of 

the moment generating function ~ are used to show that limits of the 

form log a /(nk(n») exist, where a =a In! with a the n-th absolute 
n n n n 

moment. Furtheremore, it is shown that the boundedness of the Poisson 

spectrum has a simple characterization in terms of moment behaviour. 

Finally, this kind of behaviour is related to the order and type of 

the functions ~ and log ~. 
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On the asymptotic behaviour of 'momentsof infinitely divisible distributions 

by 

F.W. Steutel and S.J. Wolfe l ) 

(Technological University Eindhoven, The Netherlands) 

I.Introduction 

Tails of infinitely divisible (inf div) distribution functions 

(cdf's) have been studied in [3J, [7J and [9J. The existence of moments 

of inf div dsitributions is discussed in [11J. In this paper new 

results are obtained concerning the asymptotic behaviour of moments 

of inf div cdf's. 

In section 2 we collect various lemmas. In section 2 we are concerned 

with tails of inf div distributions, and give some new results on 

discrete distributions. In section 4 we obtain several results for 

moments of inf div edf's. In section 5 relationships between the 

behaviour of entire characteristic functions and the moments of their 

cdf's are discussed. 

We shall use the following notation. A cdf will be denoted by F 

(possibly with an index, its density (pdf) by f and its momen.t 

generating function (mgf) by ~. In section 5, we shall use ~ to 

denote a characteristic function (cf). The tail of F is denoted by T, 

i.e. T(x) - F(-x)+l-F(x) for x > O. The moments of F we denote by 

~ , the absolute moments by e . It follows easily that n n 
~ 

(1. I) 6 J 
n-I (n=I,2, ••• ). = n x T(x)dx n 

0 

Further we set a =6 In! and a =~ In! It follows that, if the mgf ~ n n n n 
is analytic in the neighbourhood of z=O, we have 

(1.2) ~(z) = I 
o 

n a z • 
n 

1) The second author was supported in part by Grant no. Mes 76-04964 

from the National Science foundation and a research fellowship from 

the Technological University at Eindhoven. 
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As the quantities ~ and a cannot be expected to behave very 
n n 

regularly (they may vanish for odd n), we shall mainly be concerned 

with the an and a • 
n We shall need the simple relations 

We shall use the well-known fact (cf.[4J) that a cdf with 62 < ~ 

is inf div iff its mgf , can be represented (uniquely) in the form 

I
~ 

itu . -2 } (1.4) ~(it) = exp{ict + (e - 1 - 1tU) u dM(u) , 

-~ 

where M is non decreasing and bounded with M(~) - O. M will be called 

the spectral function and the support of M will be referred to as 

the (Poisson) spectrum. We shall say that M has support on [a,bJ if 

[a,bJ is the smallest closed interval containing all points of increase 

of M. As the normal distributions (including the degenerate distributions) 

have smaller tails than any other inf div cdf, for our discussions 

it is no restriction to assume that the support of M is not concentrated 

at O. So, from now on all distributions will be non-normal and non

degenerate. 

2. Preliminaries 

In this section we collect some results that we shall need later. 

The proofs not given can be found in the references shown. 

Lemma 2.1 [7J. If F is an inf div cdf and if c is the smallest positive 

number (possibly ro) such that [-c,cJ contains the support of M, then 

(taking c- 1=O, if c=~) 

(2.1) lim 
~ 

-log T(x) 
x log x 

-1 = c 

-I Corollary 2.2 If F is inf div, then for every y > c there is a constant 
-1 

At and for every 0 < c there is a constant B such that 

A exp(-ylog x) S T(x) S B exp(-ox log x) (x > 0) 
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<X> • 

Lemma 2.3 [8J. If (Pn)O 15 a disstribution on {O,I, ••• } with Po > 0 

and PI > 0, then it is inf div iff the Pn satisty 

(2.2) 

with rO 

defined 

(2.3) 

n 
(n+l)p I = \ P r 

n+ 5 n-k k 

> 0 and r k 
<!: o (k= ] ,2, ••• ) , 

00 n 
by P(x) = ti P x , is of the n 

00 

P(x) exp{L A n = (x -OJ, 
1 n 

00 

(n=O, I , ••• ) , 

or equivalently, 

form 

iff P(x), 

"here A =r / (nA) with A == L A < "'. (Here the measure generated by 
n n- ] n 

the A has the same support as H in (1.4». 
n 

Lemma 2.4 [8J. A cdf F on [0,0:» is inf div iff there exists a non-decreasing 

function K on [0,"') with J(x+l)-ldK < 0:>, such that 

(2.4) xdF == dF * K , 

where * denotes convolution. 

Corollary 2.5. If F is an inf div cdf on [0,"') having moments ~ of all 
n 

orders, then the quantities a == ~ In! satisfy 
n n 

n 
(2.5) (n+l) an+1 = ~ an_kbk , 

with bk > 0 (k=O,l, ••• ). 

proof: from (2.4) we obtain 

J k with vk - x dK > 0, for all non-degenerate F. Putting bk == vk/k!, 

we obtain (2.5). 

3. Tails and densities 

From Lemma 2.1 we obtain the following slightly more precise result. 
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Theorem 3.1. If F is an inf div cdf, and if [-a,bJ is the smallest 

closed interval containing the support of M (a or b may be zero, both 

may be infinite), then 

(3. 1) 

-I 
lim 
x~ 

-log Fe-x) 
x log x = a 

lim -log {I-F(x)} = 
x log x 

-1 
b • 

. Proof: First, let a > 0 and b < O. We put ~1=N +l~O+H , where ~f ,MO,H , - + - + 
have support on [-a,-eJ, [-E,eJ and [e,bJ respectively. Now the 

corresponding cdf's can be taken such that F has support on [-~,O], 

and F+ on [O,~) (cf[4J, p.3}2 ). By Lemma 2.1, F_ and F+ have (one-sided) 

tails satisfying (3.1). But again by Lemma 2.1, Fa has tails that 

are essentially smaller than those of F and F • As in F=F *FO*F 
- + - + , 

the tails behave as the biggest tails of its components (see e.g.[IIJ), 

the theorem follows. The proof can be adapted in an obvious way if 

either a or b is zero. 

For densities properties like those in (2.1) or (3.1) do not hold. 

As a counterexample consider F - F}*F2 on (O,~), where F} is absolutely 

continuous with f}(x)=(~x)-i exp(-x) and F2 is the cdf of a geometric 

distribution. Now F has a density f given by fez) = n~z fl(z-n), with 

poles at all nonnegative integers. It follows that -log f(x)/(x log x) 

cannot have a limi t as x -+ 00. For discrete densi ties on the half-line, 

however, we have 

Theorem 3.2. If (Pn)~ is an inf div distribution on {0,I,2, ••• } with 

PO > 0 and PI > 0, then 

(3.2) 
-:log p 

lim n = N- I 
n log n n+oo 

if N is the smallest positive number (necessarily integer, or possibly 

infinite) such that [O,N] contains the support of M. 

-log P -1 
Proof: As 0 < P ~ I-F(n-I), by Theorem 3.1 we have lim inf n ~ N • n n log n n+oo 

On the orher hand, by (2.3) we have 
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m 
A n Ar 
n ;;:: e-A 1 

--m"""'!- rr 
n 

is an integer. where ~ = (n-r)/N and r is choosen such that ~ 

By Stirling's formula it now easily follows that 
-log p I n -lim sup 1 S N • n- n og n 

co 
Corollary 3.3. If (an)O is a sequence of positive numbers having a 

positive radius of convergence, and satisfying 

n 
(n+l)an+1 = ~ an_kbk, 

with bk > 0 for all k, then 

- log a 
lim _o::--__ n_ = 0 

n log n n-

Proof: For suitable constants A and B the sequence p =A a Bn satisfies 
n n 

the conditions of Lemma 3.2 with N = co(cf. Lemma 2.3) 

4. Moments 

From Corollaries 2.5 and 3.3 we obtain 

Theorem 4.1. If F is an inf div cdf on [O,co) (not concentrated at 

zero) with moments ~ < co, and if the sequence a = ~ In! has a n n n 
positive radius of convergence, then 

(4.1) 
-log a 

lim n = 0, 
n log n 

n~ 

or equivalently 

(4.2) 
log ~ 

lim n = I. 
n log n n-

Both the probabilities of compound geometric distributions on the 

non-negative integers and the quantities ~ In! for compound geometric 
n 

distributions on the half line satisfy equations of the form 
n 

an+1 = aan-kbk • Using a theorem in [2J we then obtain 
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-log a 
(4.3) lim n 

== log y. 
~ 

n 
00 

where {xl L k I} ~ I. We omit the details. y == sup bkx :s; 

0 

More general and more precise results than (4.1) and (4.2) will be 

proved subsequently. To put these results in a clearer perspective, we 

conclude this section by showing that limits like (3.4) do not exist 

in general, not even in the case of infinite divisibility. It is well 

known that for any random variable (r.v) X the function ~(t) = Elxlt 

is log-convex, and hence that lim (log v(t)/t) exists as t + 00. We 

shall see that much more cannot be said in general. 

Theorem 4.2. Let ~ be a function defined on (0,00), that is positive, 

increasing and such that ~(t) = 0 (log t) and t(t) ~ as t + 00. Then 

there exists a random variable X with vet) - Elxlt <00 for all t > 0 

and such that log v(t)/(t1(t» does not have a limit as t + 00. 

proof: Under the conditions of Theorem 4.1, log v(t)/(tt(t» -

-[log v(t)/(t log t)Xlog t/l(t» will not tend to a limit if log t/1(t) 

does not have a limit (see(4.2.». So, let log t/t(t) + a > 0 

(possibly infinite). Now, let Y have an exponential distribution with 

EY ~ 1 and put X - Yh(Y), where 

(4.4) h(x)-- {oJ 
t2n < x < t2n + 1 

otherwise 

with 
-I 

tn+l = 1 (tn) for n-),2, ••• and tl such that l(t) < t for t ~ t)" 

Here t- 1 denotes the inverse function of 1. Now an easy estimation yields 

00 

f 
t2n t -t -) 

~(t2n) 
-x (t

2n
) 2n e 2n = x h(x)e dx ~ , 

0 

and therefore lim 
10gv(t2n) 

~ lim 
log t2n 

== a > O. sup 
t 2n1(t2n) sup t(t

2n
) 

n~ n~ 

On the other hand, using the fact that a -a is maximal at x = a, x e 
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00 

t -t f e -x dx:5: n ( t + 1) 2n+ I e 2n + 
t 2n+J -x x e dx. 2n 

t 2n+2 

As the last integral tends to zero, it follows that (we have ~(t2n+J)=t2n) 

lim inf 
n+oo 

= 0 

We now use the relations (2.6) to construct a similar counter 

example for the moments II of an inf div cdf F. We do this for the 
n 

special case that ~(t) = log t. First we define this cdf F by (2.4), 

where for K we take the cdf of a random variable X with moments \I • 
n 

As in the previous example take Y exponential with EY = 1 and define 

X = y 3
h(Y), where h is defined by (4.4) with t J-2 and tn+1-t!. As in 

the previous example we easily see that 

(4.5) lim sup log \I I(n log n) ~ 3, lim inf log \I /(n log n) ~ 1. 
n+oo n. n~ n 

From (2.6) it follows by induction, using the fact that the \I are 
n 

increasing (we have X ~ S3)and that \l
k 

\I k:5: \I , that 

(4.6) \In ~ lln+1 (n+ 1):\1 • 
n 

n- n 

From (4.5) and (4.6) we obtain lim sup log II /(n log n) ~ 3 and 
n 

lim inf II /(n log n) ~ 2. 
n 

From now on we shall be concerned with the absolute moments an 

of general cdf's, and we write a = a In! • We start with some simple 
n n 

observations. For notation we refer to section 1. 

We shall be concerned with the asymptotic behaviour of the absolute 

moments of a random variable X, i.e. with a - Elxl n and with a =8 In!. n n n . 
We start with some simple observations; for notation we refer to 

section I. 

Lemma 4.3. Let F be 'an inf div cdf with a mgf that is analytic in a 

neighbourhood of zero, then for any function k with k(n)+ 00 as n + 00, 

log a 
n 

lim sup -n-:k-:( .... n~) = 
n~ 

lim sup 
~ 

log la 1 n 
-n-:k:"""(7'"n""l!')""'--:5: O. 
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Proof: This follows at once from the definition of radius of convergence, 

and the relations (1.3). 

Lemma 4.4. If F is inf div (and non-normal), then 

log a. 
lim inf _.E:... ~ O. 

n log n 

Proof: From Corollary 2.2 we obtain 

n+1 

f3 ~ An 
n J 

n 

n-l 
x -yx log xd A n -y(n+l)log(n+l) e x ~ n e , 

from which the result easily follows. 

From the preceding two lemma's we obtain (compare Corollary 3.4) 

Theorem 4.5. If f3 (n=1,2, ••• ) are the absolute moments of an inf div 
n 

cdf with a mgf that is analytic in a neighbourhood of zero, then 

(4.7) 
log a. 

lim n = 0, 
n log n 

n+«' 

or equivalently 

(4.8) 
log a 

lim n = 
n+«' n log n 

Remark:Theorem 4.5 may not hold in one of two ways: the limit in (4.8) 

may not exist or it may be different from one. Instances of the first 

way were given in the counter example of Theorem 4.2 and the one 

following that theorem; in the first case the mgf is analytic, but the 

cdf is not inf div, in the second case vice versa. Convergence of 

(4.8) to a. > 0 occurs for Sn = E ya.n, where Y is exponential; 

for 0 < a. < 1 the cdf is not inf div, but the mgf is analytic, for 

a. > 1, it is the other way arround. An instance where the limit in (4.8) 

is infinite is provided by the log-normal distribution, which was 

recently shown to be inf div [10]. 

The following theorem gives a more detailed result. 
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Theorem 4.6. Let F be a (non-normal), inf div cdf with spectral 

function M. Then M has a bounded spectrum if and only if F has absolute 

moments Sn of all orders and if, putting a = 6 In!, 
n n 

(4.9) l ' lIn 1 1m a og n = c < ~, 
n-+'<'O n 

in which case c = max (a,b), where [-a,b] is the support of M. 

proof: First, let M have support on [-a,b] , with max (a,b) = c. Then 

by Corollary 2.2, for every y > c- 1 we have (cf.(l.l» 

Sn ~ A J~xn-l e-Yx log x dx = 

o 
l+n/log n 

Ay-n J~xn-l e-x 10g(x/Y)dx ~ 

o 

-n Ay 

f n-l -x log x/y > A -n n-l -n x e - y (n/10g n) e , 

nl10g n 

from which, using Stirling's formula, it follows that lim inf a!/n log n ~ y-l 

On the other band by Corollary 2.2 we have 

r -x 10g(x 10) 
an S Bo-n xn-1e-x 10g(x/o)dx S n2Bo-n x:- l e n n + 

o 

+ Bo-n r xn-1e-x log(x/o)dx, 

2 
n 

where x is the point where the integrand is maximal. The last integral 
n 

tends to zero, and it is easily verified that x - nl10g n as n ~ ~. 
n 

It then follows that lim sup a 1/n log n so- I , and the first part 
n 

of the theorem is proved. The converse is easily obtained by contradiction. 

Corollary 4.7. If F is a non-normal cdf with a bounded Poisson 

Spectrum, then 

log a. 
(4.10) lim n 10g

n
lOg n = -1. 

n-+oo 

Relation (4.10) implies (4.7). 
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5. Entire characferistic functions 

Some of the results concerning moments of inf div distributions 

were suggested by properties of entire functions. In this section 

we show how theorems about the coefficients of entire functions can 

be used to generalize some of our previous results. 

The following two theorems are well known (cf.[lJ, p.p. 9-]2), 

Theorem 5.1. The enfire function $(z) -

iff 

l ' n log n 
P - 1m sup logla I 

n-+«> n 

I 
n=O 

n a z is of finite order 
n 

is finite; the order of $ is then equal to p. 

Theorem 5.2. Let 

y - lim sup n la I
p/n 

n 

If a < y < ~, then the function $(z) is of finite order p and type T 

iff y - eTp • If Y - 0 or y = ~, then $ is respectively of order 

and type (pta) or of order and type not less than (p,~), and conversely. 

Similar theorems concerning the order and type of logarithms of 

entire functions can be obtained. Let ~(z) be an entire function 

without zeros, let X(z) = log $(z), and let M(r,$) denote the maximum 

value of 1$(z)1 for Izi = r. Let 

A$ = lim sup loS loa loa M(r,$) 

r+<"> 
log r 

and let 

n = lim sup loS loS M(r!1/!) 
$ X 

r+<"> r$ 

Let P1/! and T$ denote the order and type of $. Ruegg [6J has proved 

that Px - p, where p > 0, if and only if p$ = ~ and A1/! = p. In a 

similar manner if can be proved that it p > 0, then T = T if 
X $ 

and only if n$ = T. Once this is known, theorems 5.1 and 5.2 can 

be generalized to obtain the following theorems. 
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a zn be an entire function without zeros 
n 

and let X(z) = log $(z). Then X(z) is an entire functions of finite 

order iff 

p' ... lim sup 
n-+<><> 

n log log n 
- log I a I n 

is finite; the order of X is then p'. 

Theorem 5.4. Let 

I 

y' = lim sup (log n)la IP 
n-+<>o n 

If 0 < y' < "", then the function X is of order p' and type T' iff 

T' ... y'. If y' = 0 or y' = QQ, then X is respectively of order and 

type (p',O) or of order and type not less than (p',""), and conversely. 

x The proofs of Theorems 5.1 and 5.2 depend o~ the fact that (K/x) 

proofs of Theorem 5.3 and 5.4 depend on is maximal for x ... K/e. The 
x the fact that (K/logx) is, for large K, maximal for a value of x 

of Theorem 5.3 and 5.4 are then similar to K close to e • The proofs 

those of Theorems 5.1 and 5.2. Since they are quite long, they are 

omitted. 

It is known (cf [4], p.202) that a cdf has bounded support if 

and only if its cf is entire with order one and intermediate type. 

We now prove a related theorem for inf div cdf's. This is proved 

here because it is of some independent interest, even though it is 

not directly related to other theorems in this paper. 

Theorem 5.5. A (non-normal) inf div distribution with characteristic 

function ~ has a bounded Poisson spectrum iff log ~ is an entire 

function of order 1 and intermediate type. 

proof: First (cf.(1.4» let M have support on [-a,b] with c=max(a,b) > O. 

We can write log ~= log ~1 + log ~2' where 

e:: 

f 
iuz . -2 () log !PI (z) ... icz + . (e -l-J.uz)u dH u 

-e; 



-12-

and log ~2(z) =A f_! (eiuz_I)dG(u) where G is a cdf. Now, log ~2 1S 

easily seen to be of order I and type c (cf. [5J, p.1250), where as for 

'PI we have 

11 ( ) I I I 
J

E: I 12 1 uz I dM() I cz 1 + I z 12 eE: I z I Je:dM(U) • og 'P) z ~ cz + z e u ~ 

-e: e: 

It follows that log 'PI has order and type at most 1 and e:, and hence 

that log ~ has order J and type c. Conversely, it log 'P is entire of 

order 1 and type c, then by the same argument the support of M must be 

confined to [-c,c]. 

Ostrovskii has proved (cf.[4J, p.224) that an entire characteristic 

function without zeros must have a logarithm of at least order one and 

intermediate type. This theorem can be combined with Theorem 5.3 to yield 

the following theorem which generalizes Theorem 4.5 and Corollary 4.7. for 

notation we refer to section 1. 

Theorem 5.6: Let cp be a characteristic function without zeros. Then its 

coefficients a satisfy 
n 

(5. I) 
log/a I 

limsup n 
~ 0, n log n n-+<><> 

logla 1 
limsup n 

~ -1; n log log n 
n-+a> 

(5.2) 

if cp is analytic in a neighbourhood of zero, then 

(5.3) 
log/a I 

1imsup n = 0 
n log n n-+eo 

Proof: If cp is not entire, then (5.1) and (5.2) follow from the fact that 

the radius of Convergence of a is finite, i.e. that 1imsup la 1 lIn > O. 
n n 

If 'P is entire, the only case where the condition that cp ~ 0 is needed, then 

(5.2) and hence (5.1) follow from Theorem 5.3 combined with Ostrovskii's 

result. Finally, (5.3) follows from (5.1) combined with the observation 

that now limsup I a II/n < 00. 

n 
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It should be noted that these results are weaker than those in the 

previous section. It would be of interest to know if characteristic 

functions without zeros exist having the property that liminf (log a / (n log n) < O~ 
n 

or liminf t10g a )/(n log log n) < -1. Such cf's would not be inf div; 
n 

it follows easily from Theorem 4.6 that for an inf div cf lim a l
/ n log n 

n 

exists. Similarly, it would be of interest to know whether cf's without 

zeros exist such that liminf a 1/ n log n < limsup a 1/ n log n. 
n n 
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