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1. Introduction

Sometimes a statistician is confronted with pairs of numbers:

(x.,y.)
1 1

i = I, ••. ,n •

He is told that x. and y. correspond to the independent respectively dependent
1 1

variables of modelfunctions f. with parametervector B. He is asked to pro
1

duce an estimate for B.
To estimate B it is necessary to know in which experimental situation x.

1

and y. were obtained, lest the wrong estimationmethod is used and incon-
1

sistent estimates result.

TLere is the situation that only the dependent variable is subject to

measurement error. In formula:

y. = f.(x.;B) + error.
111

Classical non-linear least squares yields consistent estimates for B.
Another well-known situation is called the Berkson-case; the deviation

between the independent vdriable and a known fixed value follows a

distribution, whose first two moments are known. In formula:

y. = f.(~. ,B) + error
1 1 1

~. = x. + error.
1 1

Berkson [IJ showed classical least squares estimates to be consistant,

provided f. linear in ~ .•
1 1

Fedorov [2J developed an algorithm to cope also with the non-linear case.

The third situation occurs when the independent variable is unknown but

observed. In formula:
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y. = f.(~.,8) + error
111

x. = ~. + error
1 1

There three situations are illustrated in figure 1.

In case III an estimate for 8 may follow from:

(I)
n

m1n L (x. _ ~.)2
Q c 1'=1 1 1
~ ,,:> •

1

2
+ (y. - f.(~.,8))

1 1 1

where for the sake of convenience the observational errors are assumed to

be independent and homogeneously distributed.

We may reformulate (I) as follows:

(2)

•

2 2 n 2
min II z - g(y) II , where II all equals L a. and

y i=1 1

~.
1

X.
1

~. =x.
1 1

X.
1

~ .
1

x. varies round ~.
1 1

Berkson-case

figure

~. varies round x.
1 1

functional case (III)



(3)
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(I; . )
1

and g. = f. for i $ nand g. =~. 1 > n •
1 1 1 1

The esti~ation problem includes now the determination of an estimate for

the (n + p)-pararnetervector y, given g and the observations z.

It is possible to determine an estimate for y with the aid of the standard

algorithms for nonlinear least squares as described for example in Chapter 3

of [3 J.

However, the number of unknowns is n + p and standardmethods will explode.

Knowledge about ~i is contained only in (xi'Yi)'

This feature of the observational model we employ 1n developing an efficient

algorithm to solve (I).

2. The al~orithm

2.1. General

AI. sq estimate y for y satisfies:

minll z _ g (y) 11
2

y

This is solved iteratively. Denote the k th approximation to y by y(k)

Th (k+l) . f'en y sat1s 1es:

y(k+l) is the solution to a linear regression problem and the iterative

method turns out to be the solution of a sequence of linear regression

problems.

In the linear case

g(y) = Gy holds, where G is a known matrix of appropriate size.
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Y follows from:

2
minll z - Gy II

y

and is equal to

provided G is column-regular.

An efficient and numerically s table way to actually compute y employs QR-decomposition.

In case G is columnregular there exist an orthogonal matrix Q and an upper

triangular matrix R, such that

If G is n * p then Q is n * nand R is p * p.

Q and R result from orthogonalization f.e. by means of Householder trans

formations.

It is obvious that:

In each step of the iterative solution to (2) QR-decomposition is applied.

The Jacobian ag/oy (k) is to be decomposed.

This matrix has the special structure (see (3»:

ag
ay (k) = [: :] n

IOn

A ~s diagonal because af./a~. = 0
~ J

X is a n * p-matrix with elements

Because the first n columns

(i:ij).

af./as .•
~ J

of ag/ay (k) are orthogonal, the triangular

factor of its decomposition can be written:
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Al diagonal, R upper triangular

To determine AI' A and R we employ identity (4) with the result:

2 1
AI = (A + I) 2 ;

and

(5)

From (5) we see that R is the triangular factor if

of the 2n * (n + p)-matrix og/Oy(k) is reduced the

and A and the QR-decomposition of the n * p-matrix

3. Consistency

-I h d ..Al X. T e QR- ecomposltlon

simple computation of Al
-I

Al X.

In case the observational errors are normally distributed the least squares

estimates for ~ and S are maximum likelihood. In the presence of many

nuisance parameters the estimate for S need not be consistent (a well

known example is given by Neymand and Pearson [4J).

Now we shall prove the consistency of the least squares estimator of e in the

very special case

L=s.·S
1. 1.

The normal equations for ~. are given by:
1

(~. - x.) + (S~. - y.)S = 0
1 1. 1. 1.

i = 1, ••• ,n •

Solving this for ~. and substituting the result in (1) yields
1.

1 n 2
-~2 L (y. - Sx.)

+ S i= I 1. 1.

This quantity divided by n is called the mean residual sum of squares and

denoted by MRSS.

Now assume

n
\' c- 2. ~ G fL '" ~ or n -+ co •

n i= 1 1
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Then for fixedS MRSS converges to:

h O.were S ~s the true value of a.
The behaviour of this function of S is sketched in figures 2 (SO 1 0)

and 3 (SO = 0).

MRSS MRSS

i

I + G
-. --------t---------

i

-- .-----------"1;:---------__.

-liso o o

figure 2 figure 3

From this we see that minimum sum of squares yields a consistent estimate

of a.
The simple least squares estimate given by

n
I y.x.

i= I ~ ~e=---
n 2I x.

i= I ~
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is inconsistent, it converges to

G
13 0

- .'G + 1

I tried to show inconsistency by means of simulation for a number of model

functions which were nonlinear both in the independent variable and in

the parameter. So far this has not been successful.

The approach sketcbed so far is different from the approach of Hodges and

Moore [5J, who tried to characterize the cases where error in the indepen

dent variable is not large enough to impair ordinary least squares estimation.
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