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Abstract

Conditions for the stabilizability of time-delay systems with non-commensurate point delays
by dynamic state feedback are known in the literature. In this paper it is shown that these
conditions are satisfied generically.

Although an algebraic approach is used to describe the class of all time-delay systems with
point delays, the concept of genericity is formulated in a topological framework. In the metric
space consisting of all parametrizations of time-delay systems, the subset of all stabilizable
systems is an open and dense subset.

The proof is given for the commensurate delay case first. At the end it is pointed out
that the non-commensurate delay case is not significantly more difficult, and that the same
arguments prove also that systems with non-commensurate time-delays are generically stabi
lizable.
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1 Introduction

Time-delay systems can be seen as rather straightforward generalizations of ordinary linear
time-invariant systems. In the time-delay case, x( t), the derivative of the state x at time t,
and yet), the output y at time t, do not depend on the state x and the input u at time t only,
but also on the state and input from specific time instants in the past. Introduce a number
of delay operators 0"1, . .. ,O"k, acting on the state and input trajectories x(t) and u(t), with
ai corresponding to a time-delay Ti:

ajx(t) = x(t - Td, (i = 1, ... ,k). (1)

Then a system with k non-commensurate time-delays T1, ••• , Tk can be written as

{
x(t) = A(a1,'" ,ak)a:(t) + B(a}, ,00k).U(t),
y( t) = C (a}, ... , ak )x( t) +D(0"1, , aklu(t),

(2)

where A(0'1, . .. ,ak), B(0'1, ,ad, C(0'1, .. . ,ad and D(0'1, . .. ,ad are polynomial matrices
in the delay operators 0'1, ,ak of appropriate dimensions. Note that in this setting x(t) is
not the real state of the system at time t, but the time trajectory {x(t) I t E [t - T, t]} is.
Here T denotes the length of the largest time-delay occurring in (2). Nevertheless we often
refer to x( t) as the state of the system.

After substitution of the indeterminates S1,"" $k for the delay operators 0"1," . , O"k in
(2), the system (A( $}, ... , $k), B( .s}, ... ,$d, C($1, ... ,$d, D($1, ... , $k» over the polynomial
ring R[$1, ... ,$k] is obtained. Clearly there is a 1-1 correspondence between this system and
the original time-delay system, because each indeterminate $i (i = 1, ... , k) corresponds to
precisely one delay operator ai. In this way, a time-delay system can be considered as a linear
system over the polynomial ring ~[$1,' .. ,$k]'

The reformulation of a time-delay system in terms of a system over a polynomial ring, as
suggested in [7] and [13], has proven to be rather fruitful in solving several interesting control
problems, e.g. the input-output decoupling problem (see [1]). The stabilization problem,
however, is more complicated because here the length Ti of the time-delay plays an important
role. Unfortunately, this value of Ti is not captured by the description as a system over a
polynomial ring. In the solution of the problem, this difficulty can be circumvented by the
introduction of so called Hurwitz-sets (see also Section 2). But in the final stabilizability
condition, given as a rank condition by Emre and Knowles in [3], the lengths of the time
delays again appear explicitly. In this paper, it is this rank condition that is proven to be
generically satisfied.

The condition of reachability for systems over polynomial rings can be stated as a rank
condition in almost the same way as the stabilizability condition (for a short proof see for
example [4]). In [8], Lee and Olbrot prove that this condition is generically satisfied if and
only if the number of inputs to the system is larger than the number of indeterminates of
the polynomial ring (i.e the number of non-commensurate time-delays). Their approach is
completely algebraic; they compare the number of polynomial equations that have to be sat
isfied with the number of unknowns, and apply some results from algebraic geometry to prove
their result: except on some hypersurfaces in the system-parameter space, the reachability
condition is always satisfied.
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At first sight, this approach looks also very promising for solving the genericity problem
of stabilizability for time-delay systems. In this case however, each indeterminate Sj in the
polynomial ring corresponds to a delay operator (1j of length Ti, which are interrelated via
an exponential function. In this way some extra. (exponential) equations are obtained which
are probably enough to remove the condition on the number of inputs. Unfortunately, this
method fails because we are now dealing with both polynomial and exponential equations,
which do not fit into the algebraic geometric framework any more.

In this paper we choose a completely different approach: we describe the concept of
genericity in a topological way. In this setting, a certain property is called generic, if it
holds on an open and dense subset of the parameter-space describing all time-delay systems.
However, before we can speak of open or dense subsets, we first have to introduce a topology
on this space. This topology has to formalize our intuitive ideas on the question: when are
the parametrizations of two time-delay systems said to be close to each other? In Section 3
this topological framework is treated in more detail.

Then all the tools are available to prove in Section 4 that the set of stabilizable time
delay systems is open. The proof of denseness is more involved. \Ve start in Section 5 with
some preliminary results on matrices over the ring of analytic functions. These are used in
Section 6 to show that indeed the set of stabilizable time-delay systems is a dense subset of
the parameter-space describing all time-delay systems. However, before we can start all this,
we first give a short overview of some important results in the literature on the stabilization
problem for time-delay systems. This is the subject of Section 2.

Finally we have to make an important remark. Except for Section 2, it is always assumed
tacitly that we are dealing with time-delay systems with commensurate delays. This implies
that there is only one delay operator (1 needed to describe the system equations (2). In
general, this situation is much simpler than the non-commensurate delay case. Fortunately
this distinction does not make any difference for the approach we take to the problem. All
results are easily generalized to the non-commensurate delay case, because the assumption of
the presence of only one time-delay operator is never used explicitly. This assumption is only
made to simplify notations in order to highlight the really important ideas more clearly. In
Section i we return to this subject briefly, and explain why the methods developed in this
paper are also applicable in the non-commensurate delay case.

2 Stabilizability of time-delay systems

In this section we give a short overview of some results on the stabilizability of time-delay
systems. We will take an algebraic approach, based on the use of Hurwitz-sets. However,
this subject is not treated in full detail, because we are only interested in time-delay systems.
Therefore we confine ourselves to the application of this method to this particular case.

Consider an autonomous linear time-invariant system ~ with k non-commensurate delays
Tl, ••• ,Tk and introduce the corresponding delay-operators (11, ••. ,(1k. The system ~ can be
written as:

(3)

where A( (11, ••. ,(1k) is an 11 x n matrix of polynomials in the delay operators (11, •.. , (1k·
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Substitution of indeterminates S1,' .. ,Sk for o"}, ••• ,O"k yields a matrix A(81, ... ,8k) over the
polynomial ring R := R[S1,'" ,sd. The corresponding characteristic polynomial of A in R[z]
is defined as:

XA(Z) := det(zI - A(S1,"" sd)· (4)

The autonomous system (3) is called stable if for all initial values of the state (in fact these
are initial time trajectories in this case), the state x tends to zero for t ~ 00. According to
Hale (see [5, p. 182, Corollary 4.1]), this notion of stability is completely equivalent with the
notion given in the following definition.

Definition 2.1 The autonomous time-delay system

i(t) = A(0"1 •... ,O"dx(t)

is stable if and only if all the roots of the characteristic equation

(5)

lie in C-, the open left half plane. Here A(e- TjZ
, ••• ,e-TkZ

) denotes the matrix A(S1,'" ,Sk),
with e-TiZ substituted for the indeterminate Si (i = 1, ... , k), and where Ti is the length of
the time-delay in the delay operator O"i corresponding to Si.

Remark 2.2 In Definition 2.1 the relation between time-delays and exponential functions,
as mentioned in the Introduction, becomes evident. This is due to the fact that in the Laplace
transform with symbol z, a delay operator 0" corresponding to a time-delay T is transformed
into e- rz .

From Definition 2.1 it is clear that stability of an autonomous system can be described
completely as a property of the corresponding characteristic polynomiaL Now the Hurwitz-set
1) is simply defined as the set of all stable characteristic polynomials:

1) := {p(z, 81, ... , 8k) E lR[z, s}, ...• Sk] I p(z, 81, ... , sd is monic in z and

p(>., e- Tj
\ ... , e- Tk

'\) = 0 ===> A E C-}. (6)

Recall that R denotes the polynomial ring 1R[.s1,"" .sd. With the Hurwitz-set 1) we can
associate a ring of fractions Rv(z) defined by

p(z)
Rv(z) := {-() E R(z) Ip(z) E R[z] 1\ q(z) E V}.q z . (7)

Thus Rv(z) can be seen as the ring of all .stable tran.sfer functions. Now the stability of a
time-delay system is completely characterized by the Hurwitz-set 1) and the ring of fractions
Rv(z) associated with it.

Definition 2.3 Let ~ be a time-delay system as in (2), described as a linear system ~ =
(A, B, C, D) over the polynomial ring R. Then

(i) ~ is called internally .stable if XA(Z) = det(zI - A(sll'" ,.sk» E 1),

(ii) ~ is called externally stable if all the entries of the transfer matrix T( z) of ~ defined by
T(z) := D +C(zI - A)-l B, belong to Rv(z).

3



l' + E=(A,B) I

I

x

'--------i r = (F, G, H, J) :~_-----J

Figure 1: The closed-loop system

Note that in this description of stability, the lengths of the time-delays present in the
system do not occur in the system description I: = (A, B, C, D) itself, but in the Hurwitz-set
V defining the stability. Alternative notions of stability can be captured by an appropriate
change of the Hurwitz-set V.

Completely analogous to the case of linear systems over a field, the problem of stabilization
by (dynamic) output feedback can be split into two dual problems, also in the systems over
rings case: the problem of stabilizability by state feedback and the detectability problem. So
it is enough to solve only one of these problems. In the rest of this paper we confine ourselves
to the problem of stabilizability by state feed back, and therefore assume that C = I and
D = O.

In contrast with the classical theory for linea.r systems without delays, static state feed
back is not powerful enough to stabilize a time-delay system in general. Instead we look at
stabilization by dynamic state feedback. Given a. system I: = (A, B) over R, we are interested
in a dynamical system r = (F, G, H, J) over R such that the feedback interconnection as de
picted in Figure 1 is internally stable. Thus we look for a stabilizing dynamic compensator
which is a time-delay system itself.

The problem of stabilization by dynamic feedback was solved, first by Emre (see [2]), later
in an easier way by Rouchaleau (see [11]). Both approaches yield the following result:

Theorem 2.4 Consider a time-delay system ~ as in (2), described as a system ~ = (A,B)
over the polynomial ring R. Then

I; is internally stabilizable by dynamic state feedback

(zI - A I B) is right-inve1,tible over Rv( z).

Unfortunately, for a concrete time-delay system, the condition of Theorem 2.4 is still very
difficult to check, mainly because the ring of fractions Rv( z) is such a complicated object.
This problem was overcome by Emre and Knowles in [3]. They proved that the invertibility
condition of Theorem 2.4 can be replaced by a simple rank condition, which can be seen as
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a rather straightforward generalization of the well-known Hautus-test for stabilizability (see
for example [6]).

Theorem 2.5 Consider a time-delay system L;:

(8)

where ai (i = 1, ... , k) denotes the delay operator with time-delay Ti, and where A(0'1,.'" ak)
and B(0'1, •.• , ak) are n X nand n X 111 matrices respectively of polynomials in the delay
operators al, ... ,ak. Substitute indeterminates SI"",Sk for al, ... ,ak and consider l; =
(A(SI, ... ,Sk),B(SI"",Sk)) as a linear system over the polynomial ring n = R[St,,,,,Sk]'
Then

l; is internally stabilizable by dynamic state feedback

The rank condition (9) is the starting point in this paper. We prove that this condition is
generically satisfied on the parameter-space describing all time-delay systems of the form (8).
This means that condition (9) is very weak. It is satisfied for almost all time-delay systems.

Remark 2.6 The stabilization problem for time-delay systems was already solved earlier by
Pandolfi (see [9]). He used an approach based on the theory of infinite dimensional systems,
thus embedding the class of systems with point delays (i.e. the class of time-delay systems
we are considering in this paper) in the (larger) class of systems with distributed time-delays.
In this way, it is possible to prove stabilizability by static state feedback under exactly the
same rank condition (9). Unfortunately, in this approach the state feedback that is used to
achieve stability may contain distributed time-delays. So the compensator is not necessarily
an element of the class of time-delay systems we are considering here.

3 A topological framework for time-delay systems

This section is devoted to the topological aspects of the genericity problem of stabilizability.
First we introduce a topology on the parameter-space describing the set of all time-delay
systems with commensurate time-delays. This topology has to reflect our intuitive notions on
genericity. Then the space of all 2-D polynomials is equipped with a suitable norm. As already
noted in the last section, these polynomials, and especially characteristic polynomials, play
a vital role in the characterization of stability. Some topological aspects of this relationship
are elaborated in more detail.

Consider a triple L; = (A(s),B(05),T), with A(05) E R[s]nxn, B(s) E R[o5]nxm and T E R+.
After substitution of the delay operator a with time-delay r for the indeterminate s, such a
triple is a complete description of the time delay system:

{
x(t) = A(a)x(t) + B(a)u(t),

ax(t) = x(t - T), au(l) = u(t - T).
(10)

On the other hand, the triple ~ = (A( s), B( s), T) can be seen as a point in the parameter-space

v = ((A(s),B(s),r) I A(s) E R[s]nxn,B(s) E R[s]nxm,r E R+}.

.5
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Clearly, to each element of V corresponds a time-delay system as defined in (10). Moreover,
V is a subset of the linear space V := R[s]nxn x R[s]nxm x R. It is possible to impose a
norm on this linear space V. In this way the parameter space V is turned into a metric space,
and thereby its topology is fixed. We start with the introduction of a norm on polynomial
matrices in R[s]PX q •

Let P(s) be a p X q polynomial matrix over R [s]. Then there exists an .e E N and real
matrices Po, PI, ... , Pe, with Pe f; 0, such that

p.

pes) = L Pisi .
i=O

This .e is called the degree of the polynomial matrix P( s), and is denoted by .e = deg(P( s)).
Defining Pi := 0 for i > £, we can map the polynomial matrix pes) to the sequence (Pi)i~o of
real matrices. In this way we obtain an explicit description of P(s) in terms of its parameters.
In fact, there is a 1-1 correspondence between polynomial matrices and the space £o(RPX q

)

consisting of all real matrix sequences with only a finite number of nonzero elements (i.e
matrices with at least one nonzero entry), via the bijection:

00

'l/J: £o(RPX q
) -'0 R[s]PX q

: 'ljJ(P;)~o) = L PiSi.
i=O

The space Co(RPX q
) is easily turned into a normed space by defining the norm of (Pi)~O by

=
II(P;)~oll = L IIPill,

i=O
where IIPill is the operator induced norm of the real matrix Pi. It is evident that the same
norm can also be llsed for polynomial matrices:

Definition 3.7 Let pes) be a p X q matrix over R[s]. Let (P;)~o E £o(APX q
) be such that

P(s) = L Pi Si .
i=O

Then the norm of P( s) is defined as
00

II P (s)llpm := L IIPill,
i=O

(12)

(13)

where IIPil I is the operator induced matrix norm of Pi for all i E N U {OJ.

In the case of square polynomial matrices, so when p = q, the norm of Definition 3.7 turns
R[s]PX Peven into a (non-commutative) normed 1'ing, because

00 tOOt

II P(s)·Q(s)llpm = LIILPj·Qi-jll s LLIIPjll'IIQi-jll s II P(s)llpm·IIQ(s)llpm.(14)
i=O j=O i=O j==O

But this norm for polynomial matrices has also an other very important property. Recall
from Section 2 that in the Laplace transform with symbol z, the delay operator (7, with
time-delay T, is replaced by e- rz , and that there is a 1-1 correspondence between the delay
operator (7 and the indeterminate s. Because of Definition 3.7, the norm of P(s) is a uniform
upper bound for the norm of P(e- rz

) in the closed right half plane:
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Lemma 3.8 Let P(s) E R[s]PX q. Then

Vr > 0: Vz E c+ : IIP(e-TZ
)11 ~ IIP(s)lIpm.

Proof
There exists an eE N such that P(s) can be written as

l

P(s) = L Pisi ,
i=O

with Po, PI, ... , Pl E Rpxq. Let r > 0, z E C+. Then le-TZI ~ 1 and thus

l l I!

IIP(e-TZ)11 = II L Pie-iTzll ~ L IIPill·le-iTzl ~ L IIPil1 = IIP(S)llpm.
i=O i=O i=O

(15)

-
\Vith condition (9) in mind, Lemma 3.8 has a very interesting consequence for square

polynomial matrices.

Corollary 3.9 Let A(s) E R[s]nxn. Then

Vr > 0: Vz E C+ Vtv E C, Iwl > IIA(s)1I1.>rn: rank( wI - ft(e- TZ )) = n. (16)

Proof
Let r > 0 and Z E C+. Let wEe be such that Iwl > IIA(s)lIpm. According to Lemma

3.8 we know that

Therefore I - ~A(e-TZ) is invertible (simply by the corresponding Neumann series). Hence
wI - A(e-TZ

) is invertible. _

With help of Definition ;~.7, it is also easy to equip the linear space V with a suitable
norm.

Definition 3.10 Let E = (A(s),B(s),r) be an element of the linear space V = R[s]nxn X

R[s]nxm X R. Then the norm of E is defined as

IIEliv= II(A(s),B(s),r)lI v := Ilft(s)1I1J7n + II B(s)lIpm +Irl,

where IIA(s)lIpm and IIB(s)lIpm are polynomial matrix norms as defined in (13).

(17)

By this definition of the norm II . IIv on V, the topology on the parameter-space V, being
a subset of V, is also fixed.

Definition 3.11 Let E I = (AIC~),Bds),rd and ~2 = (A2(S),B2(s),r2) be two elements of
the parameter-space V. Then the distance between EI and E2 is defined as



'With this distance function, the parameter-space V becomes a metric space. We only have
to show that the topology generated by this metric reflects our intuitive ideas on genericity.

For each triple 1: = (A(8),B{8),r) in V, it is possible to check the stabilizability of the
corresponding time-delay system with help of Theorem 2.5. Define the map </> by:

</>: V --> {O,I}: </>{A(s),B(s),r) = { 1 if 3z E C+: rank(zI - A(e-
TZ

) 1 B(e-
TZ

)) < n,
o if'r/z E C+: rank(zI - A(e-TZ

) I B(e-TZ
)) = n.

Now stabilizability is called generic if ker </> is an open and dense subset of V. In the topology
just defined, this implies:

(i) ker </> is open: A stabilizable time-delay system remains stabilizable after a small per
turbation of the parameters describing the system (i.e. the property of stabilizability is
a robust property).

(ii) ker </> is a dense subset of V: Given a parametrization (A( 8), B( s), r) of a system which
is not stabilizable, there exists an arbitrarily small perturbation of the parameters, such
that the perturbed system is stabilizable.

We conclude that the topology generated by the metric of Definition 3.11 makes is possible to
give a formal description of genericity, which is completely in accordance with our intuitive
notion of this concept.

Remark 3.12 It is important to note that we have defined a topology on the parameter
space V of time-delay systems, and not on the set of time-delay systems itself. One time-delay
system has a lot of parametrizations describing the same input-output behavior, and they are
all mutually related through similarity transformations. The distance between two different
parametrizations of the same system is greater than zero. At first sight this seems strange,
but in fact it is no problem at all. The main point is that the stabilizability condition of
Theorem 2.5 is a rank condition on the parametrization of a system. To show that time-delay
systems are generically stabilizable, it suffices to show that this rank condition is generically
satisfied on the parameter-space V describing all time-delay systems. For this question it is
not important that a particular time-delay system does not have a unique parametrization.

In almost the same way as for polynomial matrices, it is possible to regard the polynomial
ring R[8, z] as a linear space. and to define a norm on this space.

Definition 3.13 Let ])(8,Z) E R[s,z], and write ])(8,Z) as

e k

p(s, z) = L L PijS
j
zi.

i==O j==O

Then the norm of p( s, z) is defined as

e k

IIp(s, z)ll p := E L Ipijl·

i==O j==O

8
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With this norm, R[s, z] becomes a normed ring. This is not difficult to see. For all q E R
and i,j E N U {O}, we have

IIp(s, z) . qsj zillp= Iql'lIp(s, z)llp.
m n

So, when q(s, z) = L L qijSj zi, the triangle inequality implies that
i=O j=O

(21)

Besides the topology generated by this norm, Definition 3.13 has several other interesting
consequences. Analogously to the polynomial matrix case, there exists a 1-1 correspon
dence between polynomials p( .'I, z) in two variables and exponential polynomials of the form
p(e-TZ

, z). Moreover, in Section 2 we have seen that characteristic polynomials of this form
determine the stabilizability of a time-delay system. In the same way as in Lemma 3.8, the
norm IIp(s, z)llp contains information on some interesting properties of the function p(e- rz , z)
in the right half plane. For example, it is a good measure for the magnitude of Ip(e- rz

, z)1 in

a bounded part of C+:

Lemma 3.14 Let p(s, z) E R[$, z], and assume that the degree of p in z is n, z.e.

n k

p(s, z) = L L PijS
j
zi,

i=O j=O

and there is a j E {O, ... , k} such that Pnj :f O. Let 111 > 0 and E > O. Then

111-1 -
IIp(s,z)llp < E' Afn+1 -1 ===? \IT> 0: \lz E C+,lzl:::; 111: Ip(e-rz,z)1 < Eo (22)

Proof
Let T> 0 and z E C+ be such that Izl :::; 111. Then le-TZI :::; 1 and thus

n k n k

ILLPije-
jrz zil :::; L L Ipijl ·Ie-jrzl 'Izl i

:::;

i=Oj=O i=Oj=O

n k . n 111-1 . 111-1 n .

< ?=(L IPijl) 'Izlt < ?= E J1ln+l _ 1 'Izlt :::; E Mn+l _ 1 .?= M' = c.
,=0 .7=0 ,=0 ,=0 •

Finally we elaborate on the relationship between polynomial matrices in one variable on
one hand, and 2-D polynomials on the other hand. It is clear that here the characteristic
polynomial plays the leading role. In fact we prove that the map x:

x: R[sr xn -. R[s, z] : X(Jl(s)) = det(zI - A(s)), (23)

is continuous with respect to the norms on lR[s]nxn and lR[s, z] as defined in (13) and (20)
respectively.

Recall from formula (21) that the norm of Definition 3.13 on the space of 2-D polynomials
is sub-multiplicative:

\lp( s, z), q(s, z) E lR[s, z] : IIp(s, z) . q(s, Z )llp :::; IIp( s, z)llp . lIq(s, Z )llp.

9
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Considering Il[s, z] as a normed linear space, this implies that the multiplication of two
polynomials in R[s, z] defines a continuous mapping from Il[s, z] x R[s, z] to R[s, z]. Moreover,
the definition of a norm immediately implies that addition is a continuous mapping too. Now
the determinant of a matrix is simply a sum of products of entries of the matrix. So it is clear
that the mapping from a square 2-D polynomial matrix to its determinant is continuous in
the following sense:

Lemma 3.15 Let P(s,z) E R[s,z]nxn and denote the (i,j)th entry of P(s,z) by Pij(S,Z).
Then

"Ie> 0 36 > 0 VQ(s,z) E R[s,zt xn :

Vi,j E {1, ... , n}: Ilpij(s, Z)-qij(S, z)llp < 0 => II det(P(s, z))-det(Q(s, z))lIp < £,(25)

where qij(S, z) is the (i,j)th entry of the matl'i.1: Q(8, z).

With help of Lemma 3.1.5 it is possible to prove the continuity of the map X, defined in
(23).

Proposition 3.16 Let A(s) E R[s]nxn. Then

"IE > 036> 0 VB(8) E R[sr xn :

IIA(s) - B(8)lIpm < 6 => II det(zI - 11(8)) - det(zI - B(8))IIp < £. (26)

Proof
Define P(s,z):= (zI - A(s)). Let e > O. Choose 6> 0 such that (2.5) is satisfied. Now,

let B(s) E R[sr xn such that IIA(s) - B(8)111J1n < o. There exists an f.. E N such that A(s) and
B(s) can be written as

f.

A(s) = L Aisi ,
i=O

B(s) = L Bi Si ,
i=O

with Ai and Bi E Rnxn (i = O, ... ,C). Let Ajk(8) and Aijk denote the (j,k)th entry of A(s)
and Ai respectively. The same notation is used for B(8) and Bi.

Let j,k E {l, ... ,n}. Then

IIB(8)jk - A(s)jdlp = II(B(s) - A(s))jkllp =
f. e

II 'I)Bijk - Aijk) . sill p = L IBijk - Aijkl ~
i=O i=O

f.

< L IIBi - Aill = IIA(s) - B(s)llpm < 6,
i=O

where we used the fact that the absolute value of every entry of a constant matrix is smaller
than or equal to the operator induced norm of that matrix.

Now apply (2.5) with (zI - B(s)) playing the role of Q(s,z). Then we obtain:

II det(zI - A(s)) - det(zI - B(.~))llp < E.

This completes the proof.

10
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Remark 3.17 In this section we have defined a metric on the parameter-space V, and norms
on the linear spaces R[s]PX q , V and R[8, z]. In this way they have all become metric spaces
(and the last three even normed linear spaces). It is important to note that none of these
spaces is complete. They all basically consist of sequences (of scalars or matrices) with a finite
number of non-zero elements. However, we imposed a sort of £1-norm on these spaces. This
norm does not distinguish between sequences with a finite and an infinite number of non-zero
elements. Therefore it is easy to construct a Cauchy-sequence that does not converge.

Fortunately, completeness is never used in the proofs of our genericity result. So we do
not have to worry about this somewhat unsatisfactory situation. Moreover, it is possible to
solve this problem by introducing inductive limit topologies. In our case however, this rather
heavy technical tool would make things unnecessarily complicated.

4 On the robustness of the property of stabilizability

In this section the first paTt of our genericity result is proved. Based on the topological
framework introduced in the last section, it is shown that the subset of V, consisting of all
parametrizations of stabiliza.ble time-delay systems, is an open subset of V. Stated more
precisely, we prove that ker <p is open in the terminology of Section 3. In practice this means
that stabilizability of a time-delay system is a robust property: it is preserved after small
perturbations of the parameters. In this section an upper bound is derived for the distance
between a nominal stabilizable system, and all the perturbed systems that are allowed: if
the distance between a perturbed system and the nominal system is smaller than this upper
bound, the perturbed system is still stabilizable. Because this upper bound is always larger
than zero, this immediately implies that ker <P is open.

The proof of the main theorem of this section is based on the following well-known result
on linear operators.

Lemma 4.18 Let Ao E Cpxq
, with q > p. AS811me that Ao is of full row rank, so Ao is

right-invertible, with right-ilwet'se Bo. Then

VA E C
pxq

: IIA - Aoll < 11~011 ==> A is right-invertible. (27)

Proof

Let A E C
pxq

and assume that IIA - Aoll < II~oll' Write A as

A = A - Ao + Ao = Ao . (Bo(A - Ao)+1). (28)

Define l( := Bo(A - Ao). Then

11[(11 = IIBo(A - Ao)11 ~ IIBoll·IIA - Aoll < IIBoll' 11~011 = 1.

Thus U + J\') is invertible with inverse

T=L(-l)i[(i.
i=O

After right-multiplication of (28) with T Bo, we obtain

ATBo = AoU +[()TBo = AoBo = l,

and we conclude that A is right-invertible with right-inverse T Bo.

11
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Remark 4.19 Lemma 4.18 is also valid in the far more general context of Banach algebras.
In this paper however, we only need this rather restricted version.

Recall from Theorem 2..5 that the stabilizability condition for time-delay systems is a full

rank condition on a matrix in the varia.ble z, which has to be sa.tisfied for all z E C+. Therefore
it is obvious that Lemma 4.18 is quite helpful to prove the robustness of this condition.

Theorem 4.20 Let ~o = (Ao(s),Bo(s),To) be a point in V, and assume that the time-delay
system (10) corresponding to ~o is stabilizable, i.e.

Then there exi.st8 a p > 0 .such that all .systems ~ in the ball around ~o with radius p,

B(~o,p) := {~ E V 1 dv(~, Eo) < p},

are stabilizable.

Proof
First of all there exists an eE N such that Ao(s) and Bo(s) can be written as

f-

Ao(s) = L Aisi,
i=O

Next define G as

f

Bo(8) = L Bisi .
i=O

G:= {z Eel Rez ~ 0 1\ Izl:::; IIA o(8)llpm + I}. (30)

From Theorem 2.4 it follows that the matrix (zl -Ao('s)IBo(s)) is right-invertible over'Rv(z),

so (zl - Ao(e-rOZ)IBo(e-rOZ)) has a right-inverse T(z) which is analytic on C+. Because Gis

a compact subset of C+, T( z) is bounded on G and

J{ := max{IIT(zllll z E G}

is well-defined.
Choose

.1 1 1. 1 1
p:=nuu(I,-.,. ·-.-.-·mm(., )),

4/\ IIAo(s)llpm + 1 4/\ e IIAo(s)llpm IIBo(s)lIpm

then clearly p > O. We show that all systems in B(~o, p) are stabilizable.

(31)

(32)

Let ~. = (A(s), B(s), T) E V be such that dv(E, ~o) < p. The proof that ~ is stabilizable,
i.e. that

Vz E C+ : rank(zl - A(e- rZ
) I B(e- rZ

)) = 17"

is divided into two parts, the case Izi > IIAo(s)llpm + 1, and the case Izi :::; IIAo(s)llpm + l.

Let z E C+, and assume that Izi > IIAo(.s)lIpm + 1. Because dv(~, ~o) < p we have

12



Using (32) it follows that Izl > IIAo(s)llpm + 1 2: IIAo(s)llpm + p > IIA(s)llpm, and according
to Corollary 3.9 (with w = z) this implies that

rank(z1 - A(e-TZ )) = n.

But then certainly rank(z1 - A(e-TZ
) I B(e- TZ

)) = n.

The second part of the proof is more complicated. Let z E C+, Izl ::; IIAo(s)llpm + 1. We
start by proving that

(33)

First note that

(34)

Now clearly

With Lemma 3.8 it is easy to see that the second term in (3.5) is bounded from above. Since
IIA(s) - Ao(s)llpm ::; dv(~, ~o) < P and p ::; 4},' we obtain

(36)

To estimate the other term, we apply a sort of alternative version of the Mean Value Theorem.

f e
IIAo(e-TO'O ) - Ao(e-T'O )11 = II L Ai . (e- iTO'O - e-iTZ)11 = II L Ai . iz 11' e-i~'Od~11 ::;

i=O i=O TO

e
< ~ IIAill· i,z'l: le- i("lrl( ::; IIAo(s)llpm' e· (1IAo(s)llpm + 1) ·IT - Tol ::;

1
< IIAo(s)llpm' e· (1IAo(s)llpm + 1)· P < 4J{' (37)

where in the last inequality (32) was used.
Completely analogous one can prove that

IIB(e-TZ ) - Bo(e-roz)11 ::; IIB(e- rz ) - Bo(e-TZ)II + IIBo(e-TZ ) - Bo(e-TOZ)II < 2~C (38)

Using (36), (37) and (38) in (34) we get:

II(z1 - A(e-rz ) IB(e- r'O ) _ (.,.1 _ Ao(e- TOZ ) IBo(e-1'OZ»11 < _1 + _1 + _1 =..!.-,
- . 4J( 4J{ 2!( J(

and thus (33) is correct.

13



Now recall that (zI - Ao(e-rOZ ) I Bo(e- TOZ )) is right-invertible, with right-inverse T(z).
Moreover IIT(z)11 ~ K. So

11('1- A(e- rz
) I B(e- TZ )) - ("'1 _ Ao(e-roz ) I Bo(e-TOZ))II < ~ < 1

- -. K - IIT(z)II'

After application of Lemma 4.18 we immediately see that (zI - A(Crz ) I B(e-rz»is right
invertible, hence

This completes the second part of the proof. •
Remark 4.21 At first sight. Theorem 4.20 seems to have very much in common with the
result of Pandolfi in [10, Section 5]. HO\vever, there are several differences. First of all,
Pandolfi's result is obtained within the framework of distributed parameter systems. This is
a much more general class of systems, in which the class of time-delay systems considered
in this paper is only a small subclass. :Moreover, in the setting of Pandolfi, perturbations
are described in a completely different way. In [10] systems are described with help of linear
operators acting on the (infinite dimensional) state space and the (finite dimensional) input
space. Perturbations of these systems are considered as perturbations of these operators and
they are measured in the operator norm induced by the norms on the input and state space.
In this context, the robustness of stabilizability against these perturbations is studied. In our
approach, the state space does not play any role. We describe perturbations within the metric
space V of all parametrizations. Pandolfi's result certainly holds true in a much more general
setting, but our result is more suitable to capture the concept of genericity for the time-delay
systems under consideration. So Theorem 4.20 is not at all an immediate consequence of the
result of Pandolfi. Although both results look very similar, there is not a clear relationship
between them, and the differences are more conspicuous.

5 Some results on matrices over the ring of analytic functions

In this section we make some preparations for the second part or the proof of our genericity
result. In this proof (which is given in the next section) we need some properties of matrices of
analytic functions. Especially the relationship between the rank of these matrices and their
determinants is studied. This relationship is clarified using projection matrices. Because
these results are interesting also in themselves, we isolate them from the rest, and devote this
section to this subject.

The first lemma describes how projections can be helpful for the computation of the
determinant of a matrix.

Lemma 5.22 Let Al and A 2 be two arbitrary squaloe matrices, and E a projection. Define
p(E) := rank(E). Let 0: be an indeterminate. Then

(39)
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Proof
Choose a basis {X1,""X n } such that range(E) = (Xl, ... ,Xp(E)} and range(I-E) =

(Xp(E)+b'" ,xn ). Let B = ( ~~ ) denote the matrix of Eil1 + (I - E)il2 with respect to

this new basis, where B 1 consists of the first p( E) rows of B, and B 2 of the last n - p(E)

rows. Then ( a~l ) is the matrix of aEil1 + (I - E)A2 with respect to this basis. Hence

= det ( aB] ) = aP(E) . det (~)
B 2 B2

= aP(E). det(Ei"h + (I - E)A2 ). •
Let Q( z) be an n X n matrix over the ring of analytic functions on C, i.e. aU entries of

Q(z) are analytic functions in ;;. Define

p(z):= det(Q(z». (40)

It is clear that in a point >. E C the matrix Q (>') is of full rank if and only if p( >.) i= O. But
also when p(>.) = 0 it is possible to obtain more precise information on the rank of Q( >.) from
the determinant function p(z), with help of a suitable projection E.

Proposition 5.23 Let Q(z) be an 11. X 11. matri.L of analytic functions, and p(z) = det(Q(z».
Assume that for a certain>' E C: p(>') = O. Define the matrix of analytic functions Q1(Z) as

Q1(Z) := Q(z) - ~(>') = f ~,QU)(>.)(z _ >.)j-1.
z- j=l J .

Let E be a projection such that EQ{,\) = O. Then

p(z) = (z - >.y(E). det(EQd;;) + (1- E)Q(z).

Moreover, if p(E) = k, then

{
p(j) (>. ) = 0 for j = 1, ... , k - 1,
ZP)(>.) = k!· det(EQ'(>.) + (I - E)Q(/\)).

Proof
Q(z) can be written as Q(;;) = Q(>') +(;; - >')Q1(Z). Therefore

p(z) = det(EQ(z) + (I - E)Q(;;» = det((z - >')EQ1(Z) + (I - E)Q(z» =
= (z - >.y(E) . det(EQl(Z) + (I - E)Q(;;),

(41)

(42)

where in the last step Lemma 5.22 is used. The result on the derivatives of p(z) in >. when
p(E) = k, is an easy consequence of formula (41) and the definition OfQ1(Z). •

Corollary 5.24 Let Q(z) be an n X n matrix of analytic functions, and p(z) = det(Q(z».
Then

V>. E C: z~:~~j i= ~} ==? rank(Q(>.» = n - 1.

15
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Proof
Let A E e be such that peA) = 0 and p'(A) i- O. Choose a projection E with range(Q(A)) =

ker(E). Because Q(A) is singular, peE) = rank(E) ;::: 1. According to Proposition 5.23 we
have

p(z) = (Z - A)P(E) . det(EQl(z) +(I - E)Q(;;)).

Suppose that peE) > 1. Then p'(A) = O. This contradicts our assumption, and therefore
peE) = 1. This implies that dim(range(Q(A))) = n - 1. •

Remark 5.25 From Proposition 5.23 it is immediately clear that p(A) = 0/\ p'(A) ::f:. 0 is a
sufficient condition for Q(A) to have rank n - 1, but not a necessary one. It is also possible
that rank(Q(A)) = n - 1 while p'(A) = O. In that case the matrix EQ'(A) + (I - E)Q(A) is
singular.

In Section 6 it turns out that we are especially interested in matrices Q( z) of analytic
functions for which the determinant p( z) has only simple zeros. According to Corollary 5.24
this implies:

if peA) = 0 then rank(Q(/\)) = n - 1.

Let Q(z) be given, and assume that /\ E e is such that ptA) = det(Q(A)) = 0 and also
p'(A) = O. Then it is possible to perturb Q(z) in such a way that A becomes a simple zero of
p( z). However, before we can prove this result, we first need a lemma that describes how a
constant matrix can be perturbed in order to increase its rank.

Lemma 5.26 Let A be an 11. x n matri:r over e, and assume that rank(A) = £. For each
j E {I, ... , n - f}, there exists a matrix B E Rnxn satisfying the following properties:

(1) There are j rows and columns in B that consist of precisely one 1, and for the rest
entirely of zeros. Aloreover, the other n - j rows and columns of B consist entirely of

zeros. Hence IIBII = 1.

(2) \::/0:,(3 i- 0: range(o:A + ;3B) = range(A) EB range(B).

(3) "10:,;3 i- 0: dim(range(o:A + i3B)) = C+ j.

Proof
Let el,"" en denote the standard basis III en. Then there exists a permutation 1r

{l, ... ,n}-+ {l, ... ,n}such that

range(A) = (Aerr(l)"'" Afrr(li»). (44)

Choose vectors ei) , ... , ein _ l from the standard basis satisfying

(ei) , , ein _ l ) n ra.nge( A) {O}

(ei), ,ein_e)+range(A) = en

Let j E {l. ... ,n-f}, and define B as

(45)

(46)

{
Berr(k) = 0

Berr(k) = ei k _£

for k = 1, ... , C, C+ j + 1, ... , n,
for k = C+ 1, ... ,C+j.
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With this choice of B, it is obvious that (1) is satisfied.
From the construction of B it is immediately clear that range(A) n range(B) = {O}.

Moreover, the inclusion range(aA + (3B) C range(A) + range(B) is trivial. So, to prove (2),
we have to show the correctness of the other inclusion only.

Let Xl E range(A). Then there exists an Yl E (e;r(l)"'" e;r(e)) such that Xl = AYI. But
clearly BYI = O. Hence

and Xl E range(aA +(3B).
Let X2 E range(B). Then there exists an Y2 E (e 1r(c+l)"'" e1r(C+i)) such that BY2 = X2.

But of course AY2 E range(A). Therefore there exists an Y3 E (e;r(l)"'" e1r(I')) such that
AY2 = AY3' Now

1 a
(a A + (3 B) . /3 (Y2 - Y3) = /3 (AY2 - A,Y3) + B Y2 - B Y3 = B Y2 = X 2,

and X2 E range(nA +(3B). This completes the proof of (2).
Finally, (3) follows immediately from (2) and the definition of B, which implies

rank(B) = j.
that

•
At this stage all the requirements are made to prove the main result of this section, which

is needed in the proof of the second part of our genericity result. It describes how a matrix
of analytic functions can be perturbed in order to reduce the multiplicity of one of the zeros
of its determinant to 1.

Proposition 5.27 Let Q(z) be ann X n '/IUltri.T of analytic functions, and assume that'x E C
is a zero of its determilWnt p(z) = det(Q(z)), i.e. p(,X) = O. Let g(z) be an analytic function
such that g' (>.) ¥ O.

For each [ > 0 there exists an n X n polynomial matrix .6.(s) over A[8]' which satisfies the
following properties:

(i) 11.6.(s)llpm < [,

(ii) deg(.6.(s)) ::; 1 if g(A) is real, and deg(.6.(s)) ::; 2 if g(A) is complex,

(iii) Define Q(z):= Q(z) + .6.(g(z)) and jJ(z):= det(Q(z)). Then 13(>.) = 0 and p'('x) ¥ O.

Proof
If p'('x) ¥ 0, the proof is trivial: take .6.(05) = O.
Assume 1/('x) = O. Let E > O. If rank(Q('x)) = n - 1, define Al := O. Otherwise, choose a

matrix AI, with II Alii = 1 according to Lemma ·5.26 in such a way that

(1) 'Va ¥ 0: range(Q('x) +O'Ad = range(Q('x)) Ell range(Al ).

(2) 'Va ¥ 0: dim(range(Q(A) + 0'041 )) = 71 - 1.

Fix 0' := ~[ and apply Lemma 5.26 again, but now on the matrix Q(,X) + O'ih. In this way
we find a matrix A 2 (possibly depending on n), such that IIA2 11 = 1, and satisfying

(1) 'Vf3 ¥ 0: range(Q('x) +O'A 1 + /3A2) = range(Q('x)) ED range(.4d ED range(A2).
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(2) Vf3 ¥: 0: dim(range(Q(;\) + oA1 + f3A 2» = n.

Let E denote the projection on range(A2 ) along range(Q(A)+O'At}, Le. E(Q(A)+O'At} = 0
and EA2 = A2. Then p(E) = rank(E) = 1. Define QO'(z) :== Q(z) + O'A1 , and PO'(z) :=
det(QO'(z)), So Pa(;\) == det(Q(;\) +O'At} = 0, and using formula (42) from Proposition 5.23:

p~(;\) = det(EQ~(;\) +(I - E)QO'(;\)) = det(EQ'(;\) + (I - E)QO'(;\)).

First note that ker(EQ'p)+(I -E)QO'(>\)) C ker(QO'(A)). l\foreover dim(ker(QO'(.-\))) = l.
Therefore we can divide the problem in two different cases:

Case 1: ker(EQ'(A) +(I - E)Qo(A)) = {O}.
Then p~(A) = det(EQ'(A) + (1- E)Qo(;\)) ¥: 0, and ~(s) := O'A 1 satisfies both (ii) and

(iii) and also (i) because 11~(8)llpm = 110'.41 11 ~ ~£.

Case 2: ker(EQ'(;\) +(1- E)QO'(;\)) = ker(Qc,(.-\)).
If gP) is real, define for all /3 E R\{O}

~13(s) :== O'fl l + f3(s - £1(;\)).42:

if £1(.-\) is complex, define for all 13 E R\{O}

~13(s) := oA1 + f3(s - £1(.-\»)(8 - g(A)).'12.

So in each case ~p(8) E R[8]nxn, and moreover (ii) is satisfied.
Let 13 E R\{O} and define Q(z) := Q(z)+~/3(g(Z»).Then Q(A) = Q(A)+O'A1, and in both

the real and the complex case there exist a ~i i: 0 such that Q'(A) = Q'(.-\) + ,A2. Because
Q(.-\) = QP) + O'fh is singular, we still have that 13P) = o. But according to Proposition
5.23,

p'(A) = det(EQ'(A) +(I - E )QP)) = det( E(Q'(A) + ~I A2 ) +(I - E)Qo(.-\)).

Assume that x E ker(E(Q'(;\) + ~iA2) + (1- E)Q,:xC;\)). Then x E ker(QO'(.-\)). So by
assumption x E ker(EQ'(A) + (I - £)Qo·(A)). Moreover we have that EA2 = A2 , and thus
we obtain

So (Q 0'(;\) + ~I A2 )x = O. IJut by construction Qer( A) + ~I A2 == Q(;\) +O'A1 +,A2 has full rank,
and thus x = O. This implies that rank(E(Q'(A) + ,A2) +(I - E)QO'P)) = n. Therefore
p'(.-\) ¥: 0, and Q(z) satisfies condition (iii) for all 13 ¥: O.

In order to satisfy (i), we choose

1 1
13:= 4E • min(g(;\),I),

when gP) is real, and

13 := ~E . min( 1 1.1),
8 g(A) +g(A) g(A)' g(A)

when £1(.-\) is complex. Then it is easily verified that 1I~,6(s)llpm < E. This completes the
proof. •
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Remark 5.28 When the matrix Q(z) of analytic functions has the property that Q(z) =
Q(z), its determinant p(z) has this property too. This implies that A is a zero of p(z) of
multiplicity k, if and only if X is a zero of p( z) of the same multiplicity. Note that if also
g(z) = g(z), and g(A) is complex, the reduction process described in the proof of Proposition
5.27 reduces the multiplicity of both the zeros >. and X to 1 in only one step. Although in
general a perturbation matrix ~(s) of degree 2 is needed to fix this problem, this matrix
handles both the zeros>. and X at the same time.

Remark 5.29 Corollary 5.24 and Proposition 5.27 are formulated in a very general con
text of matrices over analytic functions, but in the next section they are only used for a
very specific case. It is clear that for the time-delay system corresponding to the point
~ = (A(s),B(s),r) E V the matrix (zI - A(e-rz » is very important for its stabilizability
properties. Therefore the results of this section are applied to the case Q( z) = (zI - A(e-rz»
and g(z) = e- rz

• Then clearly g'(>') = -re- r
,\ =f 0 for aU>. E C. In this perspective Proposi

tion 5.27 describes how the matrix A(s) has to be perturbed within the normed ring R[s]nxn
in such a way that (zI - (A(e- rz ) + .6.(e- rz )) satisfies the condition of Corollary 5.24.

6 Approximation by stabilizable time-delay systems

In this section, the second and final part of our genericity result is proved. We show that
the subset of V. consisting of aU parametrizations of stabilizable time-delay systems, is a
dense subset of V. This means that in any arbitrary smaU neighborhood of a point ~ E V,
corresponding to a non-stabilizable time-delay system, there is a point t E V, that describes
a stabilizable time-delay system. In this section such an approximation by stabilizable time
delay systems is constructed explicitly. This explains the title of this section.

The main idea of the proof is as follows. Suppose that a point ~ = (A(s),B(s),r) E V
is given, such that the corresponding time-delay system is not stabilizable. Using Corollary
3.9, it is easy to show that for all matrices i1(.5) E R[s]nxn, the analytic function p(z) =
det(zI - A(e-rz » has only a finite number of zeros in C+. With help of Rouc!le's Theorem,
and Corollary .5.24 and Proposition .5.27 of the last section, it is possible to prove that for aU
E > 0, there exists a matrix A~(s) E R[sJnxll such that IIA(s) - Ae(s)\lpm < ~E and

(47)

So, in aU points z E C+ where the matrix (zI - Ae ( e-rz » loses rank, it only loses rank
1. This loss of rank has to be compensated by the matrix B(s). Therefore this matrix
has to be perturbed in such a way that the perturbed version Be( s) satisfies the inequality
"Be(s) - B(s )\!pm < ~E and is such that

'r/z E C+: rank(zI - Ae(e-rz » < 11. ===> rank(zI - Ae(e-rz
) I Be(e-rz » = n. (48)

Because the analytic function pAz) = det(zI - AAe- rz » has only a finite number of zeros
in the closed right half plane, it is possible to satisfy this condition. In this way we find a
stabilizable time-delay system ~e = (Ae(s),Be(s).r) such that dv(I:,Ee ) < E, and the proof
is complete.

19



The rest of this section only consists of a detailed elaboration of the scheme of the proof
given above. The first lemma describes the location of the zeros of the analytic function
p(z) = det(zI - A(e-TZ )) corresponding to the square polynomial matrix A(s).

Lemma 6.30 Let A(s) E R[s]nxn and T > 0 be given. Then the analytic function p(z) =
det( zI- A(e-TZ » has only a finite number of zeros in the closed r'ight half plane C+. Moreover,

all the zeros of p( z) in C+ are located within the semi-disc

D := {z Eel Rez ~ 0 and 1=1:::; IIA(s)/lpm}. (49)

Proof
From Corollary 3.9 (with 'IV equal to z), we know that

Yz E C+, Izl > IIA(s)llpm: rank(zI - A(e- TZ » = n.

This implies that p(z) has no zeros in C+\D. So all the zeros of p(z) in C+ are contained in
D. But D is a compact set, and therefore the analytic function p( z) has only a finite number
of zeros inside D. This proves the claim. _

Corollary 6.31 Let A(s) E R[s]nxn and T > 0 be given. Let eE N be such that A(s) can be
written as

t

A( ~) - ~ A .~j
~ -L..... J'-'

j=O

Let b E R, and define the polynomial matrix Ab(s) by

e
Ab(S) := -b· I +L Aje-jTbs j .

j=O

Then the analytic function p( z) = det( zI - A(e-TZ »has only a finite number of zeros in the
half plane {z Eel Re z ~ b}. 1\1oreover. all the zeros of p( z) in this half plane are located
within the semi-disc

Proof
Define the analytic function Pb(Z) := det(zI - Ab(e-TZ )). It is easily seen that Pb(Z) is

just a shifted version of p( z):

Pb(Z) = det(zI - Ab(e- TZ )) = det((z + b)! - A(e-T(z+bl)) =p(z + b).

Therefore A is a zero of p( z) if and only if (,\ - b) is a zero of Pb( z). So the zeros of p(z) in the

half plane {z Eel Re z ~ b} correspond to the zeros of Pb( z) in C+. Application of Lemma
6.30 to the matrix Ab( s) yields the desired result. _

In the proof of one of the main results of this section, we have to assume that the analytic
function p(z) = det(z! - A(e-TZ )) has no zeros on the imaginary axis. Moreover, we are
interested in suitable perturbations of the corresponding polynomial matrix A(s). The next
proposition describes how a polynomial matrix A(s) can be perturbed in such a way that the
corresponding analytic function p( z) = det( z1 - A(e- TZ)) has no zeros on the imaginary axis.
Combining the results of Lemma 6.:30 and Corollary 6.31, it is easily shown that an arbitrary
small perturbation of A( s) is enough to satisfy this condition.
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Proposition 6.32 Let A(s) E R[s]nxn and T > 0 be given. Let E > O. Then there exists a
polynomial matrix A 1 (s) E R[s]n X n satisfying the the following properties:

(i) IIA(s) - A1 (8)llpm < E,

(ii) deg(A1 (s» =deg(A(8»,

(iii) Define P1(Z) := det(zI - A 1(e- TZ ». Then P1(Z) has no zeros on the imaginary axis.

Proof
If p( z) = det( zI - A(e- TZ » has no zeros 011 the imaginary axis, the solution is trivial:

choose A 1(8) := A(s).
Otherwise there exists a b < 0 such that ]J( z) has no zeros in the strip

{ZEClb< Rez<O}.

This follows from Corollary fi.:31: the analytic function p( z) has only a finite number of zeros
in any arbitrary right half plane.

There exists an eE N such that A(s) can be written as A(s) = LJ=o Ajsj. Define for all
bE (b,O):

I:

A,,(o5) := -M +L AjC-
jT"8 j

.

j=O

Then IIA,,(s) - A(8)llpm ~ b+L;=o IIA.iII·le-.iT" -11, and it is easily verified that there exists

a 6E (b, 0) such that 11.4.3(.5) - .4.(o5)llpm < E. Define .4.1(8) := .4.3(s). Then clearly (i) and (ii)
hold true. But also (iii) is not difficult to prove. Recall that p( z) has no zeros on the line
{z E C I Re z = 8}, and let w E R. With exactly the same argument on the shifting of zeros
as in Corollary 6.31, we have

and thus (iii) is satisfied too. •
The next theorem is a restatement of a well-known result from complex analysis. It plays

a crucial role in the rest of this section because it describes how small perturbations of an
analytic function influence the location of its zeros.

Theorem 6.33 (Rouche's Theorem) Let f and 9 be two functions which are analytic inside
and on a Jordan-curve .J. Suppose that fond g have no zeros on .J. Denote by NI and Ng

the total number of zeros of f and 9 inside J, also counting multiplicities. Then

'Vz E .J : If(z) - 9(z)1 < i/(z)1 ~ N g = lVI ·

Proof
See for example [12, Theorem 10.43].

(50)

•
It is evident that under the same conditions as in Theorem 6.33, and after the definition

of b := min{lf(z)11 z E .J}, the condition If(z) - 9(z)1 < b implies that f and 9 have the
same number of zeros inside J. This observation is exploited in the next lemma.
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Lemma 6.34 Let A(s) E R[s]nxn and T > 0 be given. Let:T be a Jordan curve in C+ such
that p(z) = det(zI - A(e-TZ

)) has no zeros on:T. Then

3t> 0 VA(s) E R[sr xn : 1I;1(s) - A(s)llpm < [==>

p(z) = det(zI _A(e- rZ
)) has the same number of zeros within:T as p(z) (counting

multiplicities), and no zeros on :T.

Proof
Define Pe( S, z) := det( zI - A(s)). Then Pe( s, z) E lR[s, z], and the degree of Pe(S, z) in z is

n. Define

b := min{lp(z)11 z E ..7}, (51)

and Ai := 1 +max{lzll z E :T}. Now apply Proposition 3.16. Choose an t> 0 in such a way
that for all matrices A(s) E lR[s]nxn such that, IIA(s) - A(s)llpm < t, the inequality

(52)

is satisfied. Here ]Je(s, z) denotes the characteristic polynomial det(zI - A(s)) of .4(s), which
is also of degree 11 in z. It is easily verified that [ satisfies the claim.

Let A(s) E lR[s]nxn be such that 11;1(8) - A(8)llpm < E. First apply Lemma 3.14 on
1"(s,z):= Pe(8,Z) -lie(8,z) and use inequality (.52). In this way we obtain:

Vz E C+, Izi ~ 111: Ip(z) -]i(z)1 < b. (53)

So in particular Ip( z) - li( z) 1< b for all z E :T. Obviously li( z) has no zeros on :T. Otherwise
there would be a A E .:T such that Ip(A)1 < b, which contradicts definition (51). Finally,
because both p( z) and li( z) are analytic functions without zeros on :T, RouclH~'s Theorem and
formulae (.51) and (.53) imply that ])(z) and li(z) have the same number of zeros inside the
Jordan curve :T (counting multiplicities). •

Lemma 6.:34 indicates that small perturbations of the matrix A(8) affect the zeros of p(z)
only slightly: they can not cross the Jordan curve:T. The idea is now to perturb A(s) in
such a way that the multiple zeros of p( z) inside :T become simple, without changing the
total number of zeros inside :T. In this approach, RouclH~'s Theorem (in the disguised form
of Lemma 6.34), again plays an important role.

Proposition 6.35 Let A(s) E lR[s]nxn and r > 0 be given. Let:T be a Jordan curve in

C+, and assume that ])(z) = det(zI - A(e- rZ
)) ha8 no zeros on:T. Choose t > 0 such that

Lemma 6.34 is 8atisfied. Let Np denote the total number of zeros of ])(z) within :T, counting
multiplicities. Then:

VE E (O,t) 3.4(s) E R[8]nxn 8uch that

(i) IIA(s) - A(s)l\pm < E,

(ii) deg(A(s)) ~ max(deg{ A(8)), 2).

(iii) The analytic function zi(z) = det(zI - A(e- rZ
)) has Np zeros within :T and they are all

simple.
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Figure 2: Location of the zeros inside a Jordan curve :7

Proof
Let E E (OJ). Then it follows from Lemma (L34 that for all A(s) E R[s]nxn satisfying

IIA(s) - A(s)llpm < E < t, the number of zeros of ]J(z) = det(zI - A(e-TZ
)) inside .:7 is equal

to N p • Let L p denote the number of simple zeros of p( z) within .:7. The proposition is proved
with help of the following induction argument:

(1) IIA(s) - Ai(8)llpm < 2'2-;-1 • [,

(2) deg(Ai(s)) ~ max(deg(A(s)), 2).

(3) The analytic function pj( z) = det( z1 - Aj( f- TZ
)) has at least Lp +i simple zeros in C+,

Le. LPi 2: Lp + i,

i = 0: This is trivial: choose 110 (8) = 11(8).
Induction step: Suppose that for certain i E {O, 1, ... , Np - Lp -1} we have found a matrix

Ai(S), satisfying (1), (2) and (3). Let Lp, denote the number of simple zeros of pi(Z) within
.:7. If L Pi 2: Lp + i + 1, choose 11i+1(S) = A;(s), and we are ready.

If L Pi = Lp+ i, the situation is more complicated. Because i < N p - Lp, we know that at
least one of the Np zeros of Pi(Z) inside .:7 is a multiple zero. Let Aj, j E {1, ... ,£} denote all
the distinct zeros of Pi( z). Then there exists a p > 0 such that the circles Cj defined by

Cj = {z E C liz - Ajl = p}, (54)

do not intersect one another nor the Jordan curve ..1 (see Figure 2). Apply Lemma 6.34 on each
of these circles Cj. Then for aU j = 1, ... , ewe find an tj > 0, such that for aU A(s) E R[s]nxn
the inequality IIA(s) - A(s)llpm < tj implies that pi(Z) and p(z) = det(zI - A(e-rz )) have
the same number of zeros within Cj, and no zeros on Cj. Define t := min{tj I j = 1, ... ,fl.
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Now assume, without loss of generality, that >'1 is a multiple zero of pi(Z). Apply Propo
sition 5.27 on Q(z) = (zI - Ai(e-TZ

)) with g(z) = e-rz and A = AI. Clearly g'(AI) =
_re-rA1 =I 0, so there exists a polynomial matrix ~(s) E lR[s]nxn, of degree deg(.6.(s)) $ 2,
in norm bounded by

1I.6.(s)lIpm < min(i, 2i~1 . E),

and such that p(z) = det(Q(z) + ~(Crz)) has only a simple zero in z = AI. We show that
Ai+l(S) := Ai(S) + .6.(s) meets the requirements (1), (2) and (3), with i replaced by i + 1.

(1) and (2) are very staightforward:

<

IIA(s) - Aj(s)llprn + IIAj(s) - Ai+l(s)lIpm <
2i - I I 2i+l - I
~.[ + 2i +l 'C = 2i+l ·C,

and deg(Aj+l(S») $ max(deg(Aj(s»,2):::; max(deg(A(s)),2).
(3) Because IIAi+l(s) - Aj(s)llprn < i, we can apply Lemma 6.34 on each of the circles

Cj defined in (54) separately. In this way we obtain that for all j E {I, ... ,f}, the number
of zeros of ]Ji+l(Z) within Cj is equal to the number of zeros of pi(Z) within Cj (counting
multiplicities). This implies that the L pi circles containing a simple zero of ]Ji( z), still contain
a simple zero of ]Ji+l(Z). :Moreover, the multiple zero Al has become simple by construction,
and thus

LPi+1 2:: Lpi + I = Lp + i + 1.

This completes the proof of the induction argument. The correctness of Proposition 6.35
follows immediately by taking ;1(s) = ANp-Lp(S). •

Proposition 6.3.5 shows that the matrix perturbations introduced in Proposition 5.27 can
be used successively to reduce the multiplicity of zeros to 1. RouclH~'s Theorem does not only
guarantee that the total number of zeros within the Jordan curve .1 remains constant, but
also that simple zeros remain simple. Combining Propositions 6.32 and 6.35, together with
the results of the previous section, we can finish the first part of the proof as indicated in the
introduction of this section. The main point is an appropriate choice of the Jordan curve .1.

Theorem 6.36 Let A(.s) E R[.s]nxn and T > 0 be given. Then for all E > 0 there exists a
matrix Ae(s) E lR[s]nxn such that

(i) IIA(s) - Ae(s)llpm < c,

(ii) deg(Ae(s»):::; max(deg(A(s)),2),

(iii) "1;\ E C+ : rank(AI - Ae(e-"'-\)) < n => rank(AI - Ae(e- r -\» = n - 1.

Proof
Let c > O. Choose according to Proposition 6.:32 a matrix Al(s) E R[s]nxn, of degree

deg(Al(s») = deg(A(s)), satisfying liArs) - Al(s)llpm < ~c, and such that ]Jl(Z) = det(zI
Al (e- rz ) has no zeros on the imaginary axis.

Define R:= IIAl(s)llpm + 1, and the Jordan curve .:1, a.s depicted in Figure 3 by

.1:= {z Eel (Rez = 0/\ Izi < R)V(Rez 2:: 0/\ Izi = R}.
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Figure 3: The Jordan curve :]

So, according to Lemma 6.30, all the zeros of P1(Z) = det(zI - A1(e-TZ
)) in C+ are located

inside the Jordan curve :J. Let N PI denote this number of zeros of Ih (z) within :J (counting
multiplicities). Choose t> 0 such that Lemma 6.34 is satisfied, and apply Proposition 6.35
with E:= ~ . min(l,c,t). Then we find a matrix Ac;{.s) E R[s]nxn such that

(1) IIA 1 (s) - Ae(s)llpm < ~ . min(l,c,t) < ~[,

(2) deg(Ae(s))::; max(deg(A 1 (.s)),2),

(3) Pe(z) = det(zI - Ae(e- rz
)) has Np1 zeros within :], and they are all simple zeros.

This matrix Ae ( s) clearly satisfies (i) and (ii):

IIA(s) - Ae(s)lIpm ::; IIA(.s) - A1(8)llpm + 11.41(.s) - Ae(8)llpm < ~c + ~£ = c,

and deg(Ae (8)) ::; max(deg(A1 (8»), 2)::; max(deg(A(8)), 2).
We next prove (iii). Because IIAe(s)llpm < IIA 1 (8)llpm +~, Lemma 6.30 implies that Pe(z)

has no zeros in C+ outside:]. Morover, because IIA 1(s) - Ae(s)llpm < t, we know from

Lemma 6.34 that Pe(z) has no zeros on :]. Therefore aU the zeros of Pe(z) in C+ are located
within :]. But according to (3), aU these zeros are simple, and thus we have:

Vz E C+ : Pe(z) =0 ==> p~(z) :f= O. (56)

Now, let>. E C+, and assume tha.t ra.nk(>'I - Ae(e-TA )) < n. Define Q(z) = (zI
Ae(e-TZ

)). Then Pe(z) = det(Q(z)), and we know that Pe(>') = O. But then p~(>') :f= 0, and
Corollary .5.24 indicates that

rank(Q(>') = rank(>'I - Ae(e-T .,») = n - 1.

This completes the proof.

2.5
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In the second part of this section we are concerned with perturbations of the matrix B(s).
Suppose that a point :E = (A( s), B(s), T) E V is given. First disturb A(s) in such a way that
for Ae ( s) conditions (i), (ii) and (iii) of Theorem 6.36 are satisfied. Then it follows from
Lemma 6.30 that the analytic function Pee z) = det( zI - Ae(e-TZ

)) has only a finite number of

zeros in e+,say )'1, ... , >'k. Because for each i E {1, ... , /;:}, rank( >.J - Ae(e-rAi)) = n -1, the
left-kernel of the matrix (AJ - Ae(e-rAi)), Le. the linear subspace of en consisting of all row
vectors xT

, such that x T ·(>.J-Ae(e- TAi )) = 0, is one-dimensional. So for each i E {l, ... ,k},
this left-kernel is spanned by one row vector v[ E en. Now (AJ - Ae(e-di )) I B(e-rAi )) is
of rank n if and only if

(57)

So, in order to achieve stabilizability, we have to perturb B(s) in such a way that for the
perturbed version Be ( s) the following holds:

(58)

To find such a perturbation of B(,.:;), we flrst look for a vector b that is not perpendicular
to a given finite set of vectors.

Lemma 6.37 Let the column vectors 1.'1, .•• , Vk E en be given, and assume that they are all
non-zero. Then there exists a vector b E ~n such that

Vi E {1, ... , k} : v; .b ,p O.

Proof
First define for all i = 1, ... , k the linear spaces

Vi := {x E ~n I v;· x = O}.

Because all the vectors Vi are non-zero, the sets 11; are linear subspaces of ~n, of dimension
smaller than or equal to n - 1. This implies that each Vi is a nowhere dense subset of Rn

•

Application of Bail'e's Category Theorem (see for example [12, Theorem 5.6 and Remark 5.7])
yields

k

Rn,p UV;.
i=1 •

Intuitively, the result of Lemma 6.37 is clear. The vectors 1.'1, • •• , Vk correspond to linear
subspaces Vb .. . , lIk in Rn of dimension smaller than or equal to n - 1. Now one simply has
to pick a vector bERn, which is not an element of one of these subspaces V1 , ••• , Vk. Because
we only consider a finite number of subspaces, this is a rather easy task.

Nevertheless, Lemma 6.:37 makes it possible to find an appropriate perturbation of the
matrix B(s) very straightforwardly. This is illustrated in the next lemma.

Lemma 6.38 Let the vectors 1.'1, ••• ,Vk E en and b1 , ••• ,bk E en be given. Assume that for
all i E {1, ... , k}: IIVil1 = 1. Then

Ve > 0 3P E ~n (i) IIPII < e,

(ii)ViE{1, ... ,k}: Vr·(bi+p),pO.
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Proof
Let E> O. Choose, according to Lemma 6.37, a vector I E An such that V[ '1 -:f: 0 for all

i E {I, ... , k}. Choose apE (O,min{lv[· bd I V{' bi -:f: 0, i = 1, ... , k}), and define

(3:= ~.min(€,p)·II~II·I'

Then (i) is clear: 11(311 ~ ~. €·1 < E. To prove (ii), let i E {I, ... ,k}. If vl' bi = 0, then

T( . TIT 1 . ..J.
vi . bi + (3) = Vi . (3 = 2' (Vi I)' Ibll . nlln(E,p) r O.

On the other hand, if V{ . bi -:f: 0, then

Iv; . (bi + (3)1 = Iv;bi + vT /31 ~ IvTb;l- Iv; (31 ~ p - II vill ·11(311 > p - ~P > O.

So, in either case V{ . (bi + (3) -:f: o. •
Now the outline given in the introduction of this section is almost complete. We only have

to state and prove the main results.

Theorem 6.39 Let E = (.4(05), B(05), r) E V be given. For all E > 0 there exists a point
t = (.4.(o5),.8(s),7') E V such that

(i) dv(E,t) < E,

(ii) deg(fl(s)) ~ max(deg(.4(.s)),2) and cleg(B(s)) = cleg(B(.s)),

(iii) The time-delay sy.stem corresponding to t is stabilizable, i.e.

Vz E e+ : rank(d - .rl(e- rZ ) I B(e- Tz )) = n.

Proof
Let € > O. First apply Theorem 6.;3fj to A( s), and choose a. matrix A(s) E R[s]nxn such

that

(1) 11.4(05) - .rl(s)\lpm < ~E,

(2) deg(A(s)) ~ max(deg(A(s)), 2),

(3) Vz E e+ : rank(zI - A(e-TZ
)) < n ==> rank(zI - A(e-TZ

)) = n-1.

According to Lemma 6.:30, the function jJ( z) = det( zI - A(e-TZ
)) has only a finite number

of zeros in e+, say AI, ... ,Ak. Only in these points (zI - A(e-TZ
)) loses rank, but then still

rank(zI - A(e-TZ
)) = n - 1. So the left-kernel of (d - A(e- TZ

)) is one-dimensional for all
z E {AI, ... ,).k}. Choose vectors VI, ... , Vk of norm 1 in en, spanning these left-kernels:

Vi E {1, ... , k}: span(IJi) = {a: E en I :r1' . (AJ - A(e-d ;)) = O}.

Denote for all i E {l, ... ,k} the first column of B(e-To
\;) by bi. According to Lemma 6.38

there exists a. 13 E R
n

such tha.t 111311 < !£ and V{ . (bi + (3) -:f: 0 for all i =1, ... , k.
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Define B(s) as the sum of B (s) and the 12 X m matrix (13 I 0), consisting of the column 13,
completed with zeros:

B(s) := B(s) + (1310).

Then (ii) obviously holds true, and we only show that t = (A( s), B( s), T) satisfies both (i)
and (iii):

dv(~, t) IIA(s) - A(s)llpm + IIB(s) - B(s)llpm + IT - TI <
1 1 1 1

< 2"E + 11(13 I0)11 = 2"E + 111311 < 2"E + 2"E = E.

To prove (iii), let z E e+. If z 1. {AI, ... , ;\d, then rank( zI - A(e-TZ
)) = 12, so certainly

rank(zI - A(e-rz ) I B(e-rz )) = n.
Otherwise, suppose that z =.\ for certain i E {l, ... ,k}. Let x E en be such that

(59)

Hence, xT is an element of the left-kernel of (A.;I - A(e- r .\)), and there exists an 0: such that
x = 0:' Vi. Now the first column of B(e- T

-\) is bi + 13, and

0= xT
• (bi + (3) = o:vT . (b i +/3) = (t. [uT . (bi + (3)].

We conclude that 0: = O. This completes the proof. •
From Theorem 6.39 it follows directly that the subset of V consisting of all parametriza

tions of stabilizable time-delay systems, is a dense suhset of V. Note however that the condi
tions on the degrees of A(s) and B( s) are essential. According to Theorem 6.39 it is possible
to construct a sequence of time-delay systems (~i )~l = (Ai (Os), Bi( s), Ti )~l converging to
~ = (A(s),B(s),T) (in the sense of Section :3) with the property that

Vi EN: deg(Ai(s))::; max(deg(A(s)),2) and deg(Bi(s)) = deg(B(s)).

This means that one only has to perturb a finite number of aU the parameters describing the
original system ~ in order to achieve stabilizability. Construction of a sequence of stabilizable
systems converging to ~, but with an increasing degree in s, is of no use for our genericity result
because this requires systems with time-delays of constantly increasing length. Fortunately
we can always obtain a stabilizable system with perturbations of an a priori given degree. This
indicates that the result also holds true within the framework of inductive limit topologies,
mentioned in Section 3.

So our conjecture on the genericity of stabilizability for time-delay systems is reduced to
a simple corollary from the Theorems 4.20 and 6.:39:

Theorem 6.40 Time-delay systems of the form (JO) are generically stabilizable by dynamic
state feedback in the following sense:

The subset of the parameter space V, consisting of all parametrizations ~ = (A( s), B(s), T)
of time-delay systems satisfying

Vz E e+ : rank(zI - A(e- TZ
) I B(e- TZ

)) = n,

is an open and dense subset of the metric space V.
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7 Generalization to the non-commensurate delay case

In the Sections 3 to 6, a derivation of our genericity result is given for systems with com
mensurate time-delays. This restriction was only made for notational convenience; the non
commensurate delay case is not significantly more difficult. In this section we explain that
our genericity result on stabilizability also holds true for the more general class of systems
with non-commensurate time-delays. \Ve point out that exactly the same arguments as in
the Sections 3 to 6 can be used to prove this result.

In the algebraic terminology, systems with k non-commensurate time-delays T}, ..• , Tk,

are modelled as systems over the ring R[SI," ., Sk], where the indeterminate Si corresponds
to the delay operator (Ji with time-delay Ti. To apply a topological approach to our genericity
problem, first a parameter space rV (the non-commensurate version of V) has to be introduced.
Denoting R[SI, ... ,Sk] by R,)IV is defined as:

)IV := {~ = (A, B, (Tl"'" Tk)) I A E R"xn, B E R nxm , Tj E R+(i = 1, ... , k)}. (60)

In the same way as in the non-commensurate delay case, a matrix over R[SI' ... , Sk]PX q can
be seen as a k-dimensional sequence of]J x q matrices over R, with only a finite number of
non-zero elements. So, application of an C1- norm is possible, and in this way Definition 3.7
is easily generalized. In the same way, polynomials in more than two indeterminates can be
treated.

\Vith these generalized definitions of the norms, the results of Section 3 also remain valid.

Most of these results rely on the fact that for aU z E c+: le- TZ 1 S; 1. Because all the
time-delays Tj are strictly larger than zero, we still have:

Vi E {I, ... , k} VTj > 0 Vz E c+: le-T;zl S; 1, (61)

and the same proofs can be applied. The only difficulty left is the result on the continuity of
the map X from a polynomial matrix to its characteristic polynomial. Here exponentials do
not playa role, but fortunately, in the proof of this result, the number of indeterminates is
not significant at all. Therefore it is immediately clear that this result also holds true in the
non-commensurate delay case.

The results of Section 4 are easily generalized, as far as the perturbations of the matrices
A(SI, ... ,Sk) and B( SI, .•. , Sk) are concerned. Perturbations of the lengths of the time-delays
are more complicated. However, because of (61), all the perturbations of the time-delays can
be treated successively. In each step i, (i = 1, ... ,k), the exponentials e-'T1z, .. . , e-Ti - 1Z and
e-Ti+1Z , .. • , e-TkZ , corresponding to all the other time delays except Ti, are in absolute value
bounded above by 1. Therefore exactly the same techniques as in formula (37) can be applied
successively for each Ti separately, to arrive at the desired result.

To explain this idea more clearly, consider the case of two non-commensurate time-delays.

Let AO(SI,S2) = L7=0 LJ=o Aij S l i .S2
j

, and consider a z E C+ such that Izi S; IIAo(sl,s2)lIpm+
1. Then

k (
IIAo(e-TIZ,e-T2Z) - Ao(e-hz,e-T2Z)11 S; L L ""4ijll·le-iTlze-jT2z - e-iflze-jf2zl S;

i=O j=O
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k e
:s: L L IIAijl1 .(le- iTlZ

- e-if1ZI + le- jT2Z
- e-jf2Z I) :s:

i=Oj=O

k e
:s: L L IIAijl1 . (Ii1·lzl·17I - TIl + Ijl·IZI . 172- T21) :s:

i=O j=O

Taking 71 and 72 close enough to TI and T2 respectively, this last expression can be made
arbitrarily small.

Section 5 is already put in a general context, so here nothing has to be done. Note however
that in Proposition 5.27 only one time-delay is needed to achieve an appropriate perturbation
of the matrix Q(z), and that g(z) = e- TjZ satisfies the condition g'(>.) i- 0 for all >. E C.

In the first part of Section 6 we are now dealing with analytic functions of the form

The assumption on the absence of zeros on the imaginary axis can be removed in almost
the same way as it was done in Section 6. The proof becomes somewhat unclear because
of notational difficulties, but the same ideas still apply. Trivially, Rouche's Theorem is still
valid, and it is also easily seen that aU the zeros of such functions p( z) in C+ are contained

in a compact subset of C+. Therefore, Lemma 6.:34 still holds true, and the same process
of successively reducing the order of the zeros to 1 can be used. Again, Rouclle's Theorem

guarantees that the total number of zeros in C+ remains constant, and that simple zeros
remain simple. Moreover, the results of Section 5 immediately imply that the condition on
the degree of A(Sl," .• Sk) is satisfied. Finally, perturbations of the matrix B(51, ... , 5k) are
easily found. For a suitable perturbation ;3, one has to substitute the right half plane zeros
{ ' '} f ('''"') - d t('~I A(' -TJ'Z -Tk Z ))' B( -TJ -Tk) B th'"1, ... ,"h 0 P ~ - e .;. - e , ... , e In e , ... , e . ecause ere IS

only a finite number of zeros of p( z) in C+, the method of Lemma 6.38 is still applicable.
Therefore also Theorem 6.39 can be generalized to the non-commensurate delay case.

Summarizing, we conclude that our genericity result for the stabilizability of time-delay
systems with commensurable time-delays, also holds true in the non-commensurate delay
case. This final conclusion is stated in the last theorem.

Theorem 7.41 Time-delay systems with non-commensurate time-delays of the form

where (7i (i = 1, ... , ~~) denotes the delay opcmtor corresponding to a time-delay Ti, are gener
ically stabilizable by dynamic state feedback in the following sense:
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The subset of the parameter space

}tV = {(A(SI,"" Sk), B(SI,"" Sk), (Tl,'''' Tk)) I .4.(SI,'''' Sk) E R[sl, ... , Sk]nXn,

B(SI, ... ,Sk)ER[81, ... ,8k]nXm 1\ ViE{l, ... ,k}: Ti>O},

consisting of all parametriza.tions E = (A( S1, ... , 8d, B(81, ... , Sk), (T1, ... ,Tk)), of time-delay
systems satisfying

Vz E C+: rank(zI - A(e-TIZ, ... ,e-TkZ) I B(e-TIZ, ... ,e-TkZ)) = n,

is an open and dense subset of the metric space tV.

8 Conclusions

In this paper it was shown that time-delay systems with commensurate or non-commensurate
time-delays are generically stabilizable. First, an algebraic approach was used to model time
delay systems \\lith point delays. For this class of systems, a topological framework was
introduced in order to formalize the concept of genericity. In this setting it was shown that
the set of stabilizable time-delay systems is an open and dense subset of the parameter-space
describing all time-delay systems. This means that stabilizability is a robust property: it
is preserved after small perturbations of the parameters. :Moreover, a non-stabilizable time
delay system can be approximated arbitrarily close by a sequence of stabilizahle time-delay
systems. Therefore the property of stabilizability is very weak: it is generic in the sense
described above.
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