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A note on the solution of a coupled parabolic-
elliptic system arising in linear stability analysis
of gravity-driven porous media flow

G. J. M. Pieters, I. S. Pop and C. J. van Duijn

Abstract. In this note we consider a coupled parabolic-elliptic system. We show ex-
istence, uniqueness, and regularity of the system by using a contraction argument. The
presented results have applications to the linear stability analysis of gravity-driven flow.

Mathematics Subject Classification (2000).35M10,35B05,35C15,76E20.

Keywords. parabolic-elliptic system, existence, uniqueness, regularity, integral repre-
sentations, hydrodynamic stability analysis.

1. Introduction

In certain hydrogeological situations, fluid density variations occur because of changes
in the solute or colloidal concentration, temperature, and pressure of groundwater. This
defines flow problems in which the density decreases in the direction of gravity. For in-
stance, if the surface is maintained at a temperature different from that of the medium and
of the saturating fluid, a thermal boundary layer is formed. Similarly, a boundary layer is
formed by dispersing solute if the solute concentration at the boundary differs from the
concentration of the solution issuing from the medium. In these cases a steep boundary
layer is formed and, if stable, grows towards its equilibrium shape. However, in the early
stages of its development, the boundary layer is characterized by very large density gradi-
ents, and hence the evolution of the boundary layer is potentially unstable: the fluid region
of higher density will tend to ‘fall’ into the direction of the gravity. This generally leads
to the formation of ‘density-fingers’.

The formation of a boundary layer occurs naturally in semi-arid regions contain-
ing extensive areas of groundwater discharge [3, 13, 14]. The groundwater contains salt.
After upward throughflow induced by evaporation, the salt remains behind at the surface
and forms saline deposits (salt lakes or playas). Thus a spatially one-dimensional saline
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boundary layer may be created at the subsurface of a salt lake which is sustained by the
existing throughflow.

A standard approach in the stability analysis of this boundary layer is to derive
an evolution equation for infinitesimally small perturbations. In particular, for the steady
boundary layer this will lead to a coupled set of two linear parabolic-elliptic PDEs for
which a normal mode analysis can be applied. This gives a generalized eigenvalue prob-
lem in which the sign of the largest real part of the eigenvalues determines the stability
of the boundary layer. For growing boundary layers, however, a normal mode analysis
cannot be used anymore since the time-dependency makes the problem essentially non-
autonomous. Then one is usually left with the energy method. A stability analysis involv-
ing both the method of linearised stability and the energy method can be found in [9] and
[12] .

This note considers existence and uniqueness of the linearized equations. This as-
pect is usually taken for granted in papers dealing with linear stability analysis. We use
the salt lake problem as a proto-type, but our method of proof applies to other stability
problems as well, see e.g. [2, 4, 5].

2. The salt lake problem

2.1. Problem formulation

Following [12], we consider a homogeneous and uniform isotropic porous medium oc-
cupying the three-dimensional halfspaceΩ =R2×R+. The dimensionless equations in
terms of the Boussinesq approximation [8, 13] and the appropriate boundary conditions
are given by:

(P)



∂S

∂t
+ R∇ ·

(
US

)
= ∆S in Ω, t > 0 .

∇ ·U = 0 in Ω, t > 0 ,

U +∇P − Sez = 0 in Ω, t > 0 ,

U · ez = −R−1 , S = 1 atz = 0, t > 0 .

HereS denotes the dimensionless salt saturation,0 6 S 6 1, U the dimensionless fluid
discharge,P an appropriately chosen dimensionless pressure, andez the unit vector in
z-direction, pointing downwards. Further,R is a positive constant denoting the system
Rayleigh number. It is given by

R =
(ρm − ρr)gκ

µE
, (2.2)

whereµ denotes fluid viscosity,κ medium permeability,g gravity constant,E evaporation
rate at the surface,ρm maximum density at the outflow boundary, andρr fluid density in
‘natural circumstances’ (i.e. far away from the outflow boundary).

When solving Problem(P), an initial value has to be specified att = 0. In the
stability papers mentioned above the solution starting withS

∣∣
t=0

=0 in Ω plays a special
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role. It is called the ground-state solution and it will be discussed in the next section. The
main purpose of this paper is to study the equations that arise when considering horizontal
periodic and infinitesimal small perturbations with respect to this particular solution.

2.2. The ground state solution and its properties

Direct verification shows that the following triple(U0, S0, P0) satisfies Problem(P) as
well as the initial conditionS

∣∣
t=0

=0 in Ω:

(i) U0 := −Ra−1 ez in Ω and fort>0;
(ii ) S0 =S0(z, t) is the unique bounded solution of

∂S

∂t
=

∂2S

∂z2
+

∂S

∂z
in Q :=R+ ×R+ , (2.3a)

S = 1 , z = 0, t > 0 , (2.3b)

S = 0 , z > 0, t = 0 ; (2.3c)

(iii ) P0 is determined (up to a constant) by integrating equation(P)3.

This triple is called the ground state solution. It describes uniform upflow, with a growing
salt boundary layer near the outflow surface{z = 0}. Observe that the initial condition
(2.3c) is not compatible with boundary condition (2.3b). The solution of (2.3) is given by
[e.g. see 12]

S0 = S0(z, t) = 1
2e−z erfc

[
z − t

2
√

t

]
+ 1

2 erfc
[
z + t

2
√

t

]
in Q . (2.4a)

The equilibrium boundary layer for this case, which arises ast → ∞, is given by a
decaying exponential, i.e.

S̄0 = S̄0(z) = e−z for z > 0 . (2.4b)

Below we introduce the half stripQT :=R+ × (0, T ], whereT >0 is arbitrarily chosen.
Without using the explicit form (2.4a) we prove

Lemma 2.1. We have

(i) 0<S0(z, t)<F (z/
√

t) for (z, t) ∈ Q, whereF is the similarity solution satisfying
1
2ηF ′ + F ′′=0 for 0<η<∞, with F (0)=1 andF (∞)=0;

(ii ) ∂zS0 ∈ L2(QT ).

Proof. The maximum principle implies0<S0 <1 and∂zS0 <0 in Q. Using the latter in
equation (2.3a) directly implies the first assertion. As a consequence we obtain∫

QT

S2
0 6

√
T

∫
R+

F 2 dη .

Multiplying (2.3a) by1− S0 gives

∂t

(
S0 − 1

2S2
0

)
= ∂z

(
(1− S0)∂zS0

)
+ (∂zS0)2 + ∂z

(
S0 − 1

2S2
0

)
. (2.5)
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The maximum principle forS0 also implies∂tS0 > 0 in Q. Hence∂zzS0 > 0 in Q.
Combining this and result(i) of this lemma giveslim

z→∞
∂zS0(z, t) = 0 for eacht > 0.

Using this observation when integrating (2.5) inQT gives∫
QT

(∂zS0)2 = 1
2T +

∫
R+

(
S0 − 1

2S2
0

)
dz 6 1

2T +
√

T

∫
R+

(
F − 1

2F 2
)

dη . �

3. The perturbation equations

For the purpose of the stability analysis we perturb the ground state and write solutions of
(P) as

S = S0 + s , U = U0 + u and P = P0 + p , (3.1)

with u = (u, v, w). We require that the perturbations satisfy homogeneous conditions at
the outflow boundary: i.e.s=0, u · ez =w=0 atz=0 and fort>0.

Substituting (3.1) into equations(P)1,2,3 yields the system (inΩ and for allt>0)

∂s

∂t
− ∂s

∂z
+ Rw

∂S0

∂z
+ Ru · ∇s = ∆s . (3.2a)

∇ · u = 0 , (3.2b)

u +∇p− sez = 0 , (3.2c)

As in [6] we note that equations (3.2b) and (3.2c) can be combined to give fors andw
the linear relation

∆w = ∆⊥s in Ω and for allt>0 , (3.3)

where∆⊥ denotes the horizontal Laplacian∂xx + ∂yy. This relation plays a crucial role
in various parts of this note.

For infinitesimal small perturbations one can disregard the higher order terms in
(3.2a) and considers the approximatelinear problem (inΩ and for allt>0)

(LP∗)


∂s

∂t
= ∆s +

∂s

∂z
−Rw

∂S0

∂z
, (3.4a)

∆w = ∆⊥s . (3.4b)

4. The linearised perturbation equation: existence, uniqueness and
regularity

Because the equations in Problem(LP∗) are linear and have constant coefficients, and in
accordance with experimental observations, we consider perturbations that are periodic
in the horizontal(x, y)-plane, i.e.{s, w}(x, y, z, t) = {s, w}(z, t)ei(axx + ayy) whereax
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anday are unspecified horizontal wave numbers. Substitution into(LP∗) yields the one-
dimensional problem

(LP)



∂s

∂t
=

∂2s

∂z2
+

∂s

∂z
− a2s−R

∂S0

∂z
w in Q , (4.1a)

−∂2w

∂z2
+ a2w = a2s inR+, for eacht>0 , (4.1b)

s = w = 0 z = 0, t > 0 , (4.1c)

s = f z > 0, t = 0 . (4.1d)

Herea =
√

a2
x + a2

y. In these equations we considera andR to be given positive con-

stants. Note that we have added an initial value fors at t=0. This is natural in the context
of the stability analysis where one poses the question for which parameter set(a,R) and
for which initial perturbationsf , the corresponding solution(s, w) of Problem(LP) van-
ishses ast→∞, implying stability of the ground state(S0,U0, P0). In our analysis we
will consider(s(t), w(t)) to beL2(R+)-functions for eacht > 0. This ensures that both
(S,U, P ) and(S0,U0, P0), see expressions (3.1), behave similarly at large depth below
the outflow surface{z=0}.

We fix t > 0, drop it from the notation for the moment, and first consider the sub-
problem

−d2w

dz2
+ a2w = a2s , w(0) = 0 , in L2(R+) . (4.2)

Existence and uniqueness are straightforward. In fact, introducing the Green’s function

Gw(z, ζ) =


a
(
e−az − ea(ζ − z)

)
e−aζ − 2

for z<ζ ,

a
(
e−aζ − ea(z − ζ)

)
e−aζ − 2

for ζ <z ,

(4.3)

the unique solutionw is given by the integral representation [e.g. see 7]

w(z) = a2

∫
R+

Gw(z, ζ)s(ζ) dζ for 06z<∞ . (4.4)

Some elementary manipulations show thatw satisfies

‖w‖2 6 ‖s‖2 , ‖∂zw‖2 6 1
2a ‖s‖2 , (4.5a)

‖w‖∞ 6 1
2

√
2 ‖w‖H1 6

√
1
2 (1 + 1

4a2) ‖s‖2 . (4.5b)

Furthermorew ∈ H2(R+) andw(z) → 0 asz → ∞. To prove these facts one uses
Cauchy–Schwarz and a result of [1, Theorem 4, p. 138]. By settingw=B(s), we associate
the linear operatorB : L2(R+) 7−→ H2(R+) with representation (4.4). Note thatB(s) ∈
L∞(R+) for s ∈ L2(R+).
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Now we turn our attention to Problem(LP), which we consider inQT for any
T > 0, and prove existence and uniqueness by a contraction argument. For this purpose
we replace in (4.1a)w by B(v), for a givenv ∈ L∞(0, T ;L2(R+)), and consider the
problem

(Pu)


∂u

∂t
− ∂2u

∂z2
− ∂u

∂z
+ a2u = −R

∂S0

∂z
B(v) =: Φ(v) in QT , (4.6a)

u = 0 z = 0, 0<t<T , (4.6b)

u = f z > 0, t = 0 . (4.6c)

Since∂zS0 ∈ L2(QT ) andB(v) ∈ L∞(QT ), the productΦ(v) ∈ L2(QT ). In what
follows we also considerf ∈ L2(R+). With these choices the solution of Problem(Pu)
admits the integral representationu = u1 + u2 [see also 10], where

u1(z, t) = e−a2t

∫
R+

Gu(z, ζ, t)f(ζ) dζ , (4.7)

u2(z, t) = e−a2t

∫ t

0

∫
R+

Gu(z, ζ, t− τ)Φ(v)(ζ, τ) dζdτ . (4.8)

Here the Green’s functionGu(z, ζ, τ) is given by (forζ, z, τ > 0)

Gu(z, ζ, τ) =
1

2
√

πτ
e

1
2 (ζ − z) + (a2 − 1

4 )τ
{

e−(z − ζ)2/4τ − e−(z + ζ)2/4τ
}

.

In this way we define the solution operator of Problem(Pu)

u = T (v) := e−a2t

{∫
R+

Gu(z, ζ, t)f(ζ) dζ+

+
∫ t

0

∫
R+

Gu(z, ζ, t− τ)Φ(v)(ζ, τ) dζdτ

}
. (4.9)

SinceΦ(v) ∈ L2(QT ) andf ∈ L2(R+), the solutionu=T (v) defines a weak solution
of Problem(Pu), with ∂tu, ∂zz u ∈ L2(QT ), which satisfies equation (4.6a) a.e. inQT .
To show that Problem(LP) has a unique solution we prove

Lemma 4.1. For givena>0, R>0 andf ∈ L2(R+), let δ =
2

5R2
andM0 :=

√
2 ‖f‖2.

Further, define the closed and convex set

K0 :=
{

v ∈ L∞(0, δ;L2(R+)) : sup
0 6 t 6 δ

‖v(t)‖2 6 M0

}
. (4.10)

ThenT is a contraction inK0.
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Proof. We first prove that the operatorT mapsK0 into itself. Sinceu = T (v) satisfies
(4.6a) pointwisely we test the equation byu and obtain for06 t6δ the estimate

‖u(t)‖22 − ‖f‖
2
2 + 2

∫ t

0

‖∂zu‖22 + 2a2

∫ t

0

‖u‖22 = −2R

∫ t

0

∫
R+

∂S0

∂z
B(v)u 6

6 2R

∫ t

0

(
‖∂z(B(v))‖2 ‖u‖2 + ‖B(v)‖2 ‖∂zu‖2

)
dt 6

6 a2

∫ t

0

‖u‖22 +
R2

a2

∫ t

0

‖∂z(B(v))‖22 +
∫ t

0

‖∂zu‖22 + R2

∫ t

0

‖B(v)‖22 6

6 a2

∫ t

0

‖u‖22 +
∫ t

0

‖∂zu‖22 +
5
4
R2

∫ t

0

‖v‖22 . (4.11)

In the last inequality we used (4.5a-b). Hence

‖u(t)‖22 6
5
4
R2tM2

0 + ‖f‖22 6
5
4
R2δM2

0 + ‖f‖22 for all t ∈ [0, δ] , (4.12)

giving sup06t6δ ‖u(t)‖2 6M0 and implyingu ∈ K0 for t ∈ [0, δ].
Next we show thatT is a contraction inK0. Because of the linearity of the problem

we only need to estimate the solutionu, corresponding to zero initial data, in terms ofv.
Following the estimates in (4.11) and (4.12) we obtain for allt ∈ [0, δ]

‖u(t)‖22 6
5
4
R2

∫ δ

0

‖v‖22 6
5
4
R2δ sup

06t6δ
‖v(t)‖22 =

1
2

sup
06t6δ

‖v(t)‖22 ,

which proves the assertion. �

By the Banach fixed point theorem [15] there exists a uniqueu? ∈ K0 such that
T (u?) = u?. Consequently,s = u? andw = B(u?) satisfy Problem(LP) in the weak
(a.e.) sense inQδ. The next step is to extend the solution to the intervalδ 6 t 6 2δ. To
do so we first note thatu? ∈ H1(0, δ;H−1(R+)) ∩ L2(0, δ;H1(R+)) and thusu? ∈
C([0, δ];L2(R+)), see [11, Lemma 10.4]. Hence we can useu?(·, δ) as initial data in
(Pu) for δ6 t62δ. With K1 defined by

K1 :=
{

v ∈ L∞(δ, 2δ;L2(R+)) : sup
δ 6 t 6 2δ

‖v(t)‖2 6
√

2M0

}
,

we repeat the above argument to extend the solution toδ6 t62δ, and similarly to arbitrary
but finite times. In this way we obtain a weak (a.e.) solution(s, w) of Problem(LP) in
QT for anyT >0. SinceS0 is smooth fort>0, the same holds for the solution pair(s, w).
This is shown as follows.

Fix any µ > 0. By the above constructionu? ∈ L∞(µ, T ;L2(R+)) and hence
B(u?) ∈ L∞(µ, T ;H2(R+)). Further,S0 has bounded derivatives of any order in the
half stripR+ × [µ, T ]. As a consequence,Φ(u?) ∈ L∞(µ, T ;H2(R+)). Starting Prob-
lem(Pu) at t=µ and takingu?(·, µ) as initial data we notice that the boundary and initial
conditions are compatible. Thereforeu?

t ∈ L2(R+) and using a bootstrap argument in
equation (4.6a) finally givesu? ∈ C∞(R+ × [µ, T ]).

Thus we have shown
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Theorem 4.2. For givena,R > 0 and f ∈ L2(R+), the linearised problem(LP) has
a unique solution(s, w = B(s)) in QT for any T > 0. The solution satisfies(s, w) ∈
C∞(R+ × (0, T ]).
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