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Summary

In this paper some generalizations of Gupta's subset selection procedure are discussed. As
sume k(~ 2) populations are given and assume that the associated random variables have
distributions with unknown location parameters fJ j , i = 1, ... , k. The ordered parameters
are denoted by (J[l] ~ ••• ~ fJ[k]' On the basis of independent samples from these popula
tions, Gupta (1965) selects a subset, as small as possible, which contains, with probability
at least P*, the best population, i.e. the one with the largest location parameter, fJ[k]. The
two generalizations discussed in this paper are those of van der Laan (1991, 1992a, b) and
of van der Laan and van Eeden (1993). Each one of these is designed to give a smaller
expected subset size, £5, than Gupta's procedure, for which £5 is large when fJ[k] is close
to the other fJi's. The procedure of van der Laan (1992a) selects, with probability at least
P*, an [-best population whose location parameter is at least fJ[k] - [ (with [ ~ 0). Some
efficiency results for normal populations, comparing van der Laan's procedure with Gupta's,
are presented. The procedure of van der Laan and van Eeden (1993) uses a loss function
and it upperbounds either the expected loss or the expected subset size, or both. The loss is
taken as zero when the subset contains an [-best population and as an increasing function of
fJ[k] - [ - max {fJj I i-th population in the subset} if not. Some properties of this procedure,
for the case of two normal populations, are presented.



1. Introduction

In many situations an important problem with wide practical application is the selection of
the "best" population from among a set of k(k ~ 2) populations, where "best" is associated
with the maximal (or minimal) value of an unknown parameter. In such a case, statistical
selection methodology can provide a model for the problem which enables the experimenter
to realistically formulate his question concerning the best population and solve it in an ade
quate way.
We assume that independent samples, one from each population, are given, that the param
eter of interest is the population mean, that the selection is based on the sample means and
that the best population is the one with the largest mean. There are two main approaches
to this problem: the indifference zone approach of Bechhofer (1954) and the subset selection
approach of Gupta (1965). For general theoretical considerations concerning these method
ologies we refer the reader to Gupta and Panchapakesan (1979).
The indifference zone approach has as its goal to indicate the best population. The procedure
selects the population which gave the largest sample mean. The probability requirement is
that the probability of correct selection is at least P*(k-1 < P* < 1), whenever the best
population is at least h* away from the second best for some given positive 6*. This minimal
probability P* can only be guaranteed if the common sample size n is large enough.
The subset selection approach has as its goal the selection of a non-empty subset, as small
as possible, which contains the best population with a predetermined confidence level. A
correct selection (CS) in this context is the selection of a subset which contains the best
population. The size of the subset is random and the confidence requirement has to be met
for all parameter configurations. When a large confidence level is required, one may expect
that the size of the selected subset will be large. Also, when the parameter values are close
together a large expected subset size will result.
Smaller (expected) subset sizes can be obtained by not restricting oneself to the selection of
the best population, but to allow the selection of an almost-best population to be a correct
selection. This aspect of subset selection is treated in Section 2. The use of loss functions is
discussed in Section 3. Section 4 contains some final conclusions.

The following notation will be used: the populations are denoted by 11"1, ..., 1I"k, the observed
means by Xt, ... ,Xk, the ordered sample means by X[I] :$ ... :$ X[k]' the unknown location
parameters by (h, ...,fh and the ordered parameters by 8[1] :$ ... :$ 8[k]' Further, the popula
tion associated with 8[i] is denoted by 1I"[i] and 1I"[k] is the best population.

2. Selection of an almost-best population

In this section, a correct selection is the selection of a subset which contains at least one E-best
population, where an £-best population is defined as a population 1I"j for which 8i ~ 8[k] - E.

Note that, for each £ ~ 0, there exists at least one E-best population.
As for Gupta's selection procedure, the goal is to select a subset (as small as possible) such
that, for all 8 = (8t, ... ,8k),Pe(CS) ~ P* for some given P*(k- 1 < p. < 1). The selection
rule is given by
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put 1ri into the subset if and only if Xi 2: X[k) - c ,

where the selection co~tant c 2: O. This rule is of the same form as Gupta's - the difference is
in the choice of c. Further, if the underlying distributions are normal with known variance u2 ,

then it can easily be seen that c =ud - e, where d is Gupta's selection constant for standard
normal populations and the same P* is used for the two procedures. It can easily be shown
that, when using Gupta's procedure, the probability of selecting an e-best population into the
subset is at least equal to the probability of selecting the best population and this for every
parameter configuration. A disadvantage of the new procedure is that the least favourable
configuration is more complicated than the one for Gupta's procedure.
As an illustration, consider the following two cases of normal populations:

u = 1, k = 10, P* =.90 and e = .5 or e = 1.0 .

The selection constants for these two cases are, resp. c = 2.483 and c = 1.983 and, using
these constants, the minimal (over the parameter configurations) Pe (subset contains the best
population) = .804, resp .655. This illustrates the fact that, with this new procedure, it is
possible to get a larger probability of CS than with Gupta's procedure.
For a fixed selection constant c and a fixed e the efficiency, G, of the e-best selection procedure
is defined as the relative difference in the minimal probabilities of reaching the selection goals
- the new one, resp. Gupta's - relative to Gupta's. For the two examples above, one gets
G = (.90 - .804)/.804 = .12 for the first example and G = (.90 - .655)/.655 = .37 for the
second.
If the density of the observations is strictly unimodel (Le. the logarithm of the density is
concave) then it can be shown (in the location parameter case) that G is a decreasing function
of P*. For the proof we refer the reader to van der Laan (1992b).
Another way to compare the c-best selection procedure with Gupta's is to investigate the
ratio

where Sb and Sa are the subset sizes for selecting the best and an c-best population resp.
when using Gupta's procedure and the c-best selection procedure, respectively, with the same
minimal probability of correct selection. For normal populations with standard deviation 1
we get the following results for this ratio:
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P*
k c .80 .90 .95

10 .5 1.011 1.007 1.004.-
1.0 1.033 1.0211.051
2.0 1.292 1.196 1.129

20 0.5 1.007 1.004 1.003
1.0 1.033 1.021 1.013
2.0 1.211 1.138 1.090

50 0.5 1.003 1.002 1.001
1.0 1.018 1.011 1.007
2.0 1.130 1.084 1.054

100 0.5 1.002 1.001 1.001
1.0 1.011 1.007 1.004
2.0 1.089 1.057 1.036

1000 0.5 1.001 1.000 1.000
1.0 1.002 1.001 1.001
2.0 1.024 1.015 1.009

3. Selection based on a loss function

Instead of asking for a probability of at least P* of a correct selection, van der Laan and van
Eeden (1993) use a loss function. They take the loss equal to zero when the subset contains
an c-best population and a nondecreasing function, h, of the difference 8[k] - c - 8(6] if the
selected subset does not contain an c-best population, where 8[6] = max(8;li such that 11'; is
in the subset). The subset selection goals are expressed in terms of an upper bound on the
risk function and/or on the expected subset size. These upper bounds are required to hold
either for all or for some 8. The selection rule is of the same form as the one used by Gupta
and by van der Laan. The difference is in the value of the selection constant c.
Gupta's and van der Laan's subset selection approaches are obtained as special cases by
taking h(x) == 1 for all x E JR+ with c = 0 for Gupta and c > 0 for van der Laan.
For the case of two normal populations with equal variances (72 = 1 and h(x) =. xP for some
p> 1, the selection rule becomes: put 11'1(11'2) into the subset if Xl -X2 > e(< -e), otherwise
put both populations into the subset. The risk function, R, is given by -

(Jl- c)P~«-e- Jl)J(n/2»/(Jl > c) ,

where Jl = 181 - 82 1, ~ is the standard normal distribution function and /(A) is the indicator
function of the set A. The expected subset size is given by

EsSe = ~«c-Jl)J(n/2»+~«c+Jl)J(n/2».

It can easily be seen that the risk function is a decreasing function of e and it can be shown
(see van der Laan and van Eeden (1993» that the expected subset size is an increasing
function of c. So, asking for max R S Ro for some given positive Ro puts a lower bound
on c, while asking for max EsSe S 1 + TO for some 0 < TO < 1 puts an upperbound on e.
Further, R is a decreasing function of c for Jl > c. So, if the bounds max R S Ro and max
EsSe S 1 + TO can not be simultaneously satisfied for the chosen c, then an increase in c will
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make it possible to satisfy these bounds.
Similar considerations hold for the case where the bounds on R and on E(JSc are to hold only
for some values of O.. ..
In order to apply in practice this new subset selection methodology, tables of R, max R, and
E(JSc are needed. Such tables can be found in van der Laan and van Eeden (1993).

4. Some final conclusions

The performance of selection procedures can be improved by either increasing the sample
sizes or by weakening the confidence requirement. IT an experimenter is able to specify an
E > 0 such that he is content to have a correct selection defined as a selection with an E

best population in the subset, then the methodology for an almost-best population can be
used. IT the introduction of a loss function of the form given in this paper is realistic for
a practical problem, then the methodology based on a loss function can be considered as a
flexible approach. Both methods are generalizations of Gupta's subset selection procedure
and are designed to give a smaller expected subset size. A comparison with Gupta's selection
procedure can be found in van der Laan and van Eeden (1993).
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