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1 Introduction

Let Xl, X 2, ••• be a sequence of Li.d. random variables with common distribution function
F, which we assume for convenience to be differentiable and strictly increasing. Denote with
Q the inverse or quantile function pertaining to F. Well-studied estimators for F and Q are
the empirical distribution function

n

(1) Fn(x) = ~ L l(_oo,x](Xi ), x E IR ,
i=l

and its left-continuous inverse Qn, the empirical quantile function. Denote the empirical
process by

(2)
1

an(x) = n"2(Fn (x) - F(x)), x E IR ,

and the quantile process by

(3)
1

fin(t) = n"2 f(Q(t))(Qn(t) - Q(t)), 0 < t < 1 ,

where f := F'. Bahadur (1966) introduced and studied the process

(4) Rn(t) := an(Q(t)) + f3n(t), 0 < t < 1 .

This process is also thoroughly investigated in Kiefer (1967, 1970) and hence now known as
the Bahadur-Kiefer process. Recently there has been again a lot of interest in the process
Rn and some of its generalizations. We refer to Shorack (1982), Einmahl and Mason (1988),
Deheuvels and Mason (1990a,b, 1991), Beirlant and Einmahl (1990), Beirlant, Deheuvels,
Einmahl and Mason (1991), Deheuvels (1992a,b), Arcones and Mason (1992) and Deheuvels
and Einmahl (1993).

A main and striking result on the topic, stated in Kiefer (1970) and proved in Shorack
(1982, upper bound) and Deheuvels and Mason (1990a, lower bound) is that under addi
tional regularity on F

sup
O<t<l

1.
Ii n4m 1 ------....,..1 = 1 a.s.

n-oo (log n)2 sup \f3n(t)12
O<t<l

(5)

which immediately yields that

(6)
1

sup IB(t)12,
O<t<l

where B is a Brownian bridge, a result already contained in Kiefer (1970). A one point
analogue of (6) is (Kiefer (1967)): for any fixed 0 < t < 1
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where Z is standard normal and independent of B.

If we are not only interested in the middle of a distribution (fixed t) but also in its right
tail (t = tn ---+ 1 as n ---+ 00) it turns out that most of the asymptotic distributional theory for
(Xn(Q(tn)), f3n(tn) and Rn(tn) can be obtained by using essentially the same techniques as for
fixed t, as long as n(l - tn) ---+ 00, i.e. we work in the intermediate tail. Also on this subject
there are several papers published; for obvious but neglected implications to estimating the
tail of F, see Einmahl (1990).

It is clear that Fn is useless as an estimator of F if t n tends to one, so fast that

(8) n(1 - tn) ---+ 0 (n -+ 00) ,

i.e. if we want to estimate F(Yn), subject to the condition n(1 - F(Yn)) ---+ O. Observe that
we work then outside the sample. In fact a little reflection shows that estimating F(Yn) in a
reasonable way is impossible without additional assumptions on F if we are as far in the tail
as here. A rather weak and natural assumption is that F is in the domain of max-attraction
of an extreme-value distribution, meaning that there exists constants an > 0 and bn, n E IN,
such that

(9)
(

max X· - b )
lim P l<i~n t n::; X --+ G(x)

n--= an

for all continuity points of G, a non-degenerate distribution function. It is well known that
for proper choices of an and bn the limiting distribution in (9) are all of the form

(10) exp(-(1 + Ix)-lh) =: G,,(x), IE JR,

for those x for which 1 + IX > O. (For I = 0 interpret (1 + IX )-lh as e-x .) The parameter
I is called the extreme-value index. Under assumptions (8) and (9) estimators for F(Yn)
and Q(tn ) are derived and (under additional conditions) shown to be asymptotically normal
in Dijk and de Haan (1991) and de Haan and Rootzen (1992), respectively (in the sequel
denoted as DdH and dHR). See also Dekkers and de Haan (1989), and Dekkers, Einmahl and
de Haan (1989) for more background.

In this paper we establish an extreme-tail analogue of (7) under assumptions similar to those
in DdH and dHR, thus combining modern statistical theory of extremes with the classical
results by Bahadur and Kiefer. It turns out that the limiting random variable is chi-square
with one degree of freedom.

The main results are presented in section 2. The proofs are deferred to section 3.
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2 Main Results

\Vhen (9) holds for a certain I E JR (see (10», this condition can be rewritten as

(11)

for all x. For our purpose condition (11) can be expressed most conveniently as follows: there
exist functions a > 0 and b such that

(12) lim s(1- F(b(s) + xa(s») = (1 +,xr1h
8-+00

for all x with 1+ IX > O. Writing U = Q(I- 1/1), where J denotes the identity function, we
can and will choose b = U and a = JU'. We need much more notation. Write Pn = 1 - tn;
throughout we will assume npn -4 0 (n -4 00). As suggested before we also write Yn = Q(tn).
Let k = kn be a sequence of positive integers with k ~ n, set an = kl(npn). Our estimator
of Q(tn) is defined by

(13)

with

(14) b(I) = Xn-k:n ,

(the (k + 1)-st order statistic from above),

k-l

(16) M~rl = i I)log Xn-i:n -log Xn-k:nY (r = 1,2),
i=O

(17) PIh') = { ~
1-')' 1 < 0,

(18) (
( (}l)2)_1

i = M(1) + 1 _ 1 1 _ M
n

n 2 M~2l

:I:

Set q(x) = JS')'-1 logs ds. Assuming among other things that k -4 00, kin -4 0 (n -4 00)
1

a.nd

(19) lim log an = 0
n-+oo Vk
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it is shown in dHR that

(20)
yfk(Qn(tn) - Q(tn))

a(~)q(an)

is asymptotically normal with mean zero and variance

(21)
/' < o.

Now we turn to the estimation of F(Yn). A difficulty is the restriction 1+/,x > 0 in connection
with (12). So we assume, setting s = ~ in (12), that Yn can be written as

(22) b( n ) ( n )c~ - 1Yn = k +a k --
/'

with en > 0 (for positive s interpret sO ~ 1 as log s). The estimator of F(Yn) is

(23) ( (
An)) -l/'Y- _ k • ' Yn - b( k )

Fn (Yn)-1--n max 0,1+/, a(~) .

In DdH it is established that under similar conditions as for the proof of (20)-(21) and if
/' > -~ we have that

(24)

is also asymptotically normal. The limiting random variable has exactly the same distribu
tion as the one for the expression in (20).

Remark Note that for a result like (24) to be reasonable a restriction on /' is needed.
Even it we are sampling from the uniform-[0,8] distribution (8 > 0), a parametric model
with/, = -1, it is hopeless to estimate F(Yn) with some Fn(Yn) in such a way that

() 1 - Fn(Yn) ( )
25 1 _ F(Yn) P 1, n -- 00 .

It is observed in DdH that in fact the limiting random variable for (24) is minus the one for
(20), or equivalently that the sum of the expressions in (20) and (24) converges to zero in
probability. It is our aim in this paper to present the proper distributional result for this
sum. '\Trite
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(27)

and let X~ denote a chi-square random variable with one degree of freedom.

Theorem 1
Let I > -~, npn -+ 0, k - 00, k/n - O. Assume U three times differentiable, 9 positive and

...;k g'(log i') _ 0 ,
g(1og I)

(28) log an sup 19"(v)/g'(v)l- 0 ,
v ~ log(I)

(29) q(an)/(a~..jk) - 0 ,

then as n - 00

with

(31)
/~O

-! < / < O.

Observe that the limit is degenerate for / = 1; the proper refinement of Theorem 1 for this
case is as follows.

Theorem 2

Let / = 1. Assume the conditions of Theorem 1 are fulfilled with (27) and (29) strengthened
to

(32)

(33)

g'(log 11)
(log an)...;k (l :') - 0 ,

9 og k

respectively, then as n - 00

(34)
- 2X~ .
d

Note that in Theorem 1 the extra (compared with the results in DdH and dHR) multiplica
tion factor is c~...;k/q(cn), which tends to 00 by (29) and the fact that an may be replaced
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by Cn there. In Theorem 2 this extra multiplcation factor is v'k; compared with Theorem 1
the extra factor is log Cn'

It is also noteworthy that the assumptions needed to prove (30) are weaker than the as
sumptions obtained by uniting those required for the asymptotic normality of Q(in ) and
F(Yn) in dHR and DdH, respectively. In particular, (2.11) in the latter paper is superfluous
here.

3 Proofs

Define

(35) G n = Vk(i-,),

(36) An = Vk(aG)ja(I) - 1) ,

(37) Bn = Vk((b(I) - b(I)/a(I» ,

and note (see dHR for details) that as n - 00, G n , An and En converge weakly to nonde
generate limiting random variables G, A and E, respectively. In fact G and E are normal for
all, E IR and A is normal if, #- O.

Proof of Theorem 1 Write

(38)

= _ nc~')'+l ((1-.t (y » _ ~) + nc~')'+l (Pn _ ~)
2( ) n ft 2( )q Cn nCn q Cn nCn

also

(39)

Observe that (U(1jPn) - U(njk»/a(njk) = (c~ - 1);'. Now it follows from the last part of
the proof of the Theorem in dHR that as n _ 00
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(40)

Using (29), this easily implies that

and, weaker, cn/an -+ 1.

Throughout the remainder of the proof we assume I f 0; the small adjustments neces
sary for the case I = 0 are routine and hence omitted. We now consider the sum of the
deterministic terms in (38) and (39):

(42)

By a two-step Taylor expansion of 1 - (cn/any'!, it follows from (41) that the RHS of (42)
converges to zero. So it suffices to prove the theorem with Rn replaced by

(43)

Define

(44)

(C~-l C~-l)-----
l' I

where for the last identity (36) and (37) are used. Set

Now observe, using again (36) and (37), that the second term in (43) can be rewritten as
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Now from (41) it readily follows that this expression is equal to

(4 '"'1 ) c~v'k TXT (1 An) (1)- q(cn) n n + v'k + Op •

Following the lines of the proof of Lemma 2 in DdH and using the in that paper obtained
asymptotic normality of lVn and (35), we find that the first term in (43) can be written as

(48)

_ c~v'k -Y-"YW 1 ( )W2 ( )
- -(-) Cn n - '2 'Y + 1 n + Op 1

q Cn

_ C~v'k C~ log Cn 1) 2 ( )
- -(-) W n - () GnWn - '2(-;' +1 W n +op 1 .q Cn q en

Combining (43), (47), (48) and the aforementioned weak convergence of An we see that

(49) ,_ c~ log C n G ,T 1 ( ) 2 ( )R n - - () nH n - '2 I + 1 W n + 0 p 1 .
q Cn

Since for I ~ 0, Gn = -Wn + op(1) (see dHR), we have in this case

(.50+ ) R~ = ~b - l)W~ + op(l) ;

for 'Y < 0, c~ log cn / q(cn) - 0 (n - 00) and hence

(50-) R~ = -!b + l)HT~ + op(l) .

Now using Lemma 1 in DdH, which gives the asymptotic normality of lVn , in combination
with (50), completes the proof. 0

Proof of Theorem 2 This proof follows the lines of the previous one; we will highlight
the differences. Consider

(51) (
p _ _k ) + -----::--k_

n nCn Cn log Cn

= k (Cn -1) + k (an _ cn) = an_k_ (aCn

n
_ 1)2 .

log Cn an Cn log Cn Cn log Cn

Similarly as in dHR it follows from (28) and (32) that
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and cn/an -. 1 (n -. 00). Hence the RHS of (51) tends to zero as n --+ 00. So, it suffices to
prove (34) with R n1 replaced by

(53)

Using (36), (37), (52) and (44) we see that the second term in (53) is equal to

(54)

= - 1k Wn (1 + A~) +opel) = -VkWn1 (1 + A~) +op(l) ,
Cn og Cn vk vk

where lVn1 := VklVn/(cn log cn). Similarly as in the previous proof, the first term in (53)
can be written as (use (33) and (35))

(55) _k_ {cn log Cn I,V _ I(' ) c~ 10g2 CnW2 } (1)
1 " I'- I nl 2 1+ 1 2" nl + op
og Cn C~v k cn'Yk

From (54) and (55) it follows that we may replace R~l in turn by

Define H n = (c~ - 1)Ii - (cn - 1) and observe that we have from our (44) and the proof of
Lemma 1 in dHR

and hence

(58) -G - Cn log cnW ~A 0 (logcn )
n - () nl + ( ) n + p I'-kq Cn q Cn v,.

By (56), (33) and the fact that q(cn ) = Cn log Cn - Cn + 1, this results in

9



( . 11 _ W A 1 W {Cn log en H[ ~A } - 1 W 2 (1)59) R n1 - - nl n + og Cn nl q(c
n

) ttnl + q(c
n

) n og Cn nl +Op

= W~l +op(l) .

Now applying Lemma 1 in DdH yields the result. o

Acknowledgement I am grateful to Laurens de Haan for comments on a first draft
of this paper.
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