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Chapter 1

Introduction

1.1 Electrophotography

The principles behind the electrophotographic print process [62, 85] were discovered
in 1938 by Chester Carlson [16]. The two ideas that Carlson combined were the
formation of an electrostatic latent image using photoconductivity to selectively dis-
charge a surface charged insulator, and development of the latent image by dusting
with electrostatically charged powders. Electrophotography involves, in most embod-
iments, six distinct steps, which are shown in one possible configuration in Figure
1.1. In the charge step, a corona discharge by air breakdown uniformly charges the

Figure 1.1. The six steps of the electrophotographic process are charging, exposition,
development, transfer, fusing, and cleaning.

surface of the photoconductor, which, in the absence of light, is an insulator. Light,
reflected from an analog image or produced by a laser or a LED bar, discharges the
normally insulating photoconductor, producing a latent image, a charge pattern on
the photoreceptor that contains the image information. This is called the exposure
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step. In the development step, electrostatically charged toner particles are brought in
the vicinity of the latent image. By virtue of the electric field created by the charges
on the photoreceptor, the toner adheres to the latent image. The developed toner on
the photoconductor is transferred to paper in the transfer step by corona charging
the back of the paper with a charge opposite to that of the toner particles. In the
fuse step, the toner is permanently fixed to the paper by melting the toner into the
paper’s surface. In the last step, the clean step, the photoconductor is discharged and
cleaned of any excess toner using coronas, lamps, brushes, and scraper blades.

The electrophotographic print process is widely used. Electrophotographic print-
ers have demonstrated economic and technical viability over an enormous speed range
with high print quality. Unfortunately, certain key technologies in electrophotography
are not well understood, even after years of industrial practice. Electrostatic charging
of and adhesion between materials is not well or only partly understood [36]. This is
the motivation for extensive searches for copying or printing technologies simpler than
electrophotography. Alternative printing technologies [83] are for example ionography
and magnetography. Océ has attempted to overcome the limitations of competitive
processes by eliminating the charge and the exposure step in their color technology,
the so-called Direct Imaging technology [27].

1.2 Direct Imaging technology

The Océ color technology relies on three innovations. The first is called Direct Imag-
ing (DI). In Direct Imaging, seven DI-units are used to build a seven-color toner
image. In each of these DI-units, a bitmap image is transferred directly into a visible
toner image on a DI-drum. The second innovation is Océ’s Color Copy-Press system,
which compiles all partial color images from each DI-drum and transfers and fuses
the complete full-color image to the paper. The third innovation is a color version of
Océ’s image processing technology Image Logic.

The heart of the image development process is formed by the Direct Imaging unit,
which is schematically shown in Figure 1.2. The toner that is used in this development
process is mono-component, magnetizable, and electrically conductive. The print
process starts on the supply roller. Toner is magnetically drawn towards the supply
roller, which conveys the toner particles through friction. As a result of a bias voltage
between the supply roller and the DI-drum, attraction of toner towards the DI-drum is
achieved by induced electrostatic forces. The toner layers that are attracted onto the
DI-drum move along with the DI-drum until they reach the fixed magnet that is placed
underneath the imaging roller. The fixed magnet within the imaging roller causes a
strong magnetic field gradient, attracting the magnetic toner particles towards the
imaging roller. By choosing the geometry of the magnet properly, a sharp cut-off of
the field gradient can be achieved, providing a precise control over the position of the
toner between the DI-drum and the imaging roller. This control mechanism is the
basis for a good and consistent image quality. The strong field and the precise control
over the toner position require that the gap between the DI-drum and the imaging
roller is small and constant in time. This can be realized by making the sleeve of
the imaging roller soft-ferromagnetic, so that it is attracted by the imaging magnet,
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Figure 1.2. Schematic drawing of the Direct Imaging process.

ensuring a good and stable hydrodynamic bearing. The DI-drum itself consists of a
non-magnetic metal core, coated with an insulating layer of epoxy. In this insulating
layer, grooves are made with the desired resolution. These grooves are filled with a
conductive epoxy. The conductive tracks form the ring electrodes of the DI-drum; see
Figure 1.3. Finally, the DI-drum is coated with a thin dielectric top-layer of SiOx.

0 1 1 1 1 10 0 0 0

 

Figure 1.3. Direct conversion of digital data into a toner-image. Schematically shown is a
DI-drum with conductive tracks and the imaging roller.

The ring electrodes are electrically actuated from within the interior of the DI-drum.
In the situation that the electrodes of the DI-drum are on zero voltage, the large
magnetic force of the imaging roller will clean all toner from the DI-drum, no image
is produced and the toner is just fed back to the supply roller in a closed loop. If an
image is to be developed, a voltage is applied to the DI-drum tracks and the toner is
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drawn to the DI-drum; see again Figure 1.3. The resolution in tangential direction,
the direction along the ring electrodes, is determined by the duration of the applied
imaging potential. In the axial direction, across the ring electrodes, it is the spacing
of the ring electrodes that defines the resolution.

For each of the seven basic colors, there is one DI-unit, which produces a toner
image. In the so-called first transfer nip, the toner image is transferred from the DI-
drum to an intermediate drum by means of adhesive forces. This is achieved mainly
by using a relatively soft rubber top-layer on the intermediate drum, giving it the
right sticking and release properties at relatively high pressures and only moderate
temperatures. The different colors of the DI-units are laid down side by side on
the intermediate drum; see Figure 1.4. This technique of an intermediate on which
the complete visible toner image is compiled before it is transferred to the receiving
medium, is called the Color Copy-Press system. In the second transfer nip, the toner

 

Figure 1.4. The Color Copy-Press system. Seven color units are positioned around the
rubber intermediate drum. In a single step, the complete full color image is transferred to
paper.

image is transferred and simultaneously fixed onto the receiving medium.

1.3 Aim of the thesis

The print quality of the Direct Imaging technology is primarily determined by the
toner flow in the region between the DI-drum and the imaging roller; see Figure
1.5. The collection of toner between the DI-drum and the imaging roller is called
the DI toner assembly. The behavior of the DI toner assembly is determined by
magnetic, electric, and mechanical forces. The sum of these forces results in a complex
system behavior. Insight in the underlying physical processes of Direct Imaging can be
obtained by experimental research. The possibilities of experimental characterization
of the DI toner assembly are, however, limited. This is essentially caused by the small
dimensions of the system. Other significant problems for experimental research are
the high toner density in the DI toner assembly and the low transparency of toner.
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Figure 1.5. The collection of toner between the DI-drum and the imaging roller.

Another approach to get insight in the toner flow in the DI-unit is theoretical
modeling and numerical simulation. The behavior of granular material in motion can
be studied from a continuum point of view [30, 78]. One of the essential questions in a
statistical mechanical formulation of continuum fields and balance relations for gran-
ular materials is how to bridge the gap between microscopic quantities, like contact
forces and particle shape and size, in a granular assembly, and macroscopic quanti-
ties like stress, strain or the velocity-gradient. This can (in some cases) be achieved
by applying a volume averaging formalism to experimental results. However, there
persists until now a controversy between those who believe that a granular material
can be described with a continuum description, and those who do not.

The simulation of toner deposition, conducted in this thesis, consists of a many-
body system where the motion of each particle is calculated based on the forces acting
on it. This method is based on the discrete element method, first proposed by Cundall
[19] in 1971. In the discrete element method (DEM), all toner particles, as well as
the development rollers, are considered discrete elements. Each element has its own
specific properties such as position, speed, charge, and diameter. Furthermore, each
element interacts with its neighboring elements and its surroundings, i.e. electric and
magnetic fields. These interactions are modeled on a microscopic scale: the motion of
each particle is tracked numerically. Every time step, the forces that act on a particle
are summed and from this the speed and the displacement of the particle is calculated
by integration of Newton’s second law of motion. The macroscopic behavior of the
toner flow and print output are then simulated using DEM.

The use of the discrete element method for the description of granular media is
widely spread [86, 21]. Especially in the field of toner deposition, attempts are made
to understand the physical mechanisms of the various process steps in electrophotog-
raphy by means of DEM [54, 64, 45]. These studies are often restricted to a qualitative
description of the different process steps. The aim of this thesis is, however, a simula-
tion tool that gives a quantitatively correct description of the DI toner assembly. This
is an ambitious goal for three reasons. First, since worldwide relatively little effort is
put in obtaining quantitative agreement between DEM simulations and experimental
results, little is known about the success rate of such an attempt, and only few cases
are known where this has been accomplished [52]. Secondly, the problem discussed
here contains both electric and magnetic forces in a dense system of shearing toner
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particles. This is a complex system. Thirdly, since this thesis is concerned with an
industrial problem, the experimental settings are not fully controllable. Experiments
are performed with realistic toners, i.e with a size distribution and without a well-
defined shape, under not fully controlled settings of the DI-unit, i.e. not in vacuum
and under varying temperature and humidity conditions.

Although a specific focus is on the description of the DI technology, the applied
techniques are generic and can be applied in the analysis of problems of a similar
complexity. The result of the thesis will be used within Océ as a design tool for
fundamentally new ideas in the field of toner development, as a substitute for or
complimentary to time-consuming experiments, and as an educational tool for new
researchers in the field of toner development.

1.4 Print quality results

The primary goal of the development function in a printer is the deposition of high
quality dots on a development medium. Printed dots, also referred to as pixels, do
not have perfectly sharp edges; see Figure 1.6. The quality of pixels can be expressed
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Figure 1.6. CCD recording of a pixel on the surface of a DI-drum with average coverage
profiles.

in terms of edge sharpness [24]. Edge sharpness can be determined from coverage
profiles on the DI-drum. A coverage profile expresses the toner coverage of a pixel
or line as a function of one of the directions. Distinction can be made between
normal edge sharpness rn, in the direction of the ring electrodes of the DI-drum,
and axial edge sharpness ra, directed perpendicular to the ring electrodes of the
DI-drum. Edge sharpness is defined as the distance in micrometers over which the
coverage in an edge changes from 10% to 90%, where the maximum coverage in a
pixel is scaled to 100%. Edge (un)sharpness in the direction of a ring electrode of
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the DI-drum is caused by the fact that switching the print voltage on and off does
not immediately imply a transition of toner coverage from 0% to 100% or vice versa.
Perpendicular to the ring electrodes of the DI-drum, the edge (un)sharpness is caused
by the voltage drop from the ring electrode on which is being printed to the grounded
neighboring ring electrodes. The axial edge sharpness is primarily determined by
the size ratio between the conductive ring electrodes and the insulating area width
between two ring electrodes; it has shown to be quite independent of the behavior
of the DI toner assembly. Since the normal edge sharpness is predominant over the
axial edge sharpness, the focus will be on normal edge sharpness.

The normal edge sharpness rn can be split in sharpness of the front edge rn,f and
sharpness of the back edge rn,b. The normal edge sharpness rn,f and rn,b are two
important characteristics to express the print quality of the DI technology. These
characteristics depend quite strongly on the behavior of the DI toner assembly, which
again depends on the settings of the development unit. Settings of the development
unit that influence edge sharpness are, for example, the geometry of the magnet
within the imaging roller, the distance between the imaging roller and DI-drum,
toner properties, and the roughness of the surface of the imaging roller. Normal
edge sharpness is used as a print quality measure for Direct Imaging units. The Océ
CPS700, the first color product that is brought on the market by Océ using the DI
technology, achieves a normal front edge sharpness on the DI-drum of rn,f = 120µm
and a normal back edge sharpness of rn,b = 52µm for the black Direct Imaging unit
[13].

The optimization of edge sharpness is done experimentally. A scan is made of
the print quality of the Direct Imaging unit under different settings. From this scan,
the optimal and most robust setting is chosen as the standard for the units. This is
work that cannot be replaced by simulation tools, and can be done with a limited
experimental effort. Other issues are more difficult to address experimentally, since
they are very time-consuming and costly, and therefore almost impossible to optimize
in a trial-and-error approach. One would like to address such issues with a simulation
tool. In order to do this, the simulation tool has to be validated. Preferably, the
simulation tool is validated on relevant aspects such as edge sharpness. Therefore,
the results for the normal edge sharpness when applying DEM for the settings of the
black development unit of the Océ CPS700 will be shown here as an example case.

A total number of fifty DEM simulations were run, where in each simulation a
line was printed. In Figure 1.7, the result of one of these fifty simulations is dis-
played. From these fifty printed lines, an average coverage curve, similar to Figure
1.6, is calculated; see Figure 1.8. From this average curve, the normal front and back
edge sharpness can be determined. The simulated normal front edge sharpness is
rn,f = 124µm and the simulated normal back edge sharpness is rn,b = 44µm. This
is quantitatively in good agreement with the experimental results of rn,f = 120µm
and rn,b = 52µm, and also shows qualitatively that the settings of the black unit give
a normal back edge sharpness that is better than the normal front edge sharpness.
This validates the DEM model for normal edge sharpness of the black unit of the Océ
CPS700. A further analysis of the quality of the simulation model with respect to
edge sharpness and a discussion of this is found at the end of the thesis.
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Figure 1.7. Snapshot of a DEM simulation movie of the black unit of the Océ CPS700.
A line has been printed on the upper drum, the DI-drum. The lower drum is the imaging
roller. The imaging roller has a mechanical roughness (dredger profile) and a magnetic knife
placed underneath.
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Figure 1.8. The calculated average coverage curve and sigmoid fit for the black unit of
the Océ CPS700 as function of the distance x in the direction of the ring electrodes of the
DI-drum.



1.5 Overview of the thesis 9

1.5 Overview of the thesis

The model that is developed is a two-dimensional description of the DI toner as-
sembly. A cross-section of the DI-unit in the direction of the ring electrodes of the
DI-drum is described. This is believed to be sufficient for the description of the print
process for the reasons mentioned before: the dominance of normal edge sharpness
over axial edge sharpness, and the translational invariance of the DI-units in axial
direction. There is, however, another reason for a two-dimensional simulation tool:
computational time. A three-dimensional model would be very time-consuming and
would put high demands on the simplicity of the force models. Print quality measures,
such as normal edge sharpness, require an averaging over multiple simulations to get
reliable statistical data. If this would be combined with a three dimensional model,
computational time would become a major drawback for the use of the simulation
tool.

Although a two-dimensional model is developed, the models for the forces that act
on the toner particles in the DI assembly are three-dimensional. The dominant forces
in the DI toner assembly are normal and tangential collision forces between particles
themselves and between particles and developing rollers, adhesive and cohesive forces,
magnetic forces on toner particles due to the magnet within the imaging roller and
the presence of magnetized neighboring particles, and electric forces between particles
and the DI-drum. Models for these forces are derived and discussed in Chapter 2.
Force models are derived with two focuses: they should give a good description of the
underlying physical phenomena and they should be computationally efficient. It will
be shown that the latter requirement often puts high constraints on the models. It
will be shown that under some restrictions, the electric force on the toner particles
can be calculated in a computationally efficient way. These constraints are fulfilled
by the current geometry and voltage settings in the DI toner assembly. However, in
future this might not be the case. Therefore, in Chapter 3, the local defect correction
method [2] is used to solve Maxwell’s equations for the electric potential in order
to calculate electric forces. This is a method that is generally applicable and still
computationally manageable in a discrete element method simulation. In Chapter 3,
the local defect correction method for solving Maxwell’s equations around a floating
sphere is formulated. The derived local defect correction method uses local analytical
solutions. This allows the use of global coarse grids, which makes the algorithm
computationally efficient. The method is also extended to the case of multiple particles
in an external electric field: Schwartz’s iteration method is used, or, in case the
particles come too close to each other, a completely numerical method.

An important part of the use of the discrete element method, which often does
not get the attention it deserves, is the calibration of the different parameters in the
force models. For the calibration of the different parameters, calibration experiments
have been set up. These experiments supply the system identification of the DI toner
assembly in terms of the model parameters. A problem of the system identification
of the DI system is in the small dimensions of the system. The typical length scale is
micrometers. In cases, it turns out that individual parameters cannot be measured in
one single experiment, but that the added effect of several parameters is measured.
In that case, the appropriate set of parameters is fitted such that on a macroscopic
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level agreement is achieved with experimental values. The calibration of the different
model parameters, and the experiments that are set up for this purpose, are described
in Chapter 4.

In Chapter 5, it is analyzed to what extent the DI print process is described by
the proposed simulation tool. Especially, print quality aspects that are relevant for
the DI print process are analyzed. This analysis forms the validation of the model.

Finally, in Chapter 6, a short overview of the important steps in the design of the
simulation tool is given, and recommendations are made about the use and potential
of the developed tool. These recommendations form the conclusion of this thesis.



Chapter 2

Force models

In the discrete element method (DEM), an adaptation of the classical molecular dy-
namics technique [60], the equations of motion for the trajectory, spin, and orientation
of each particle in the flow are solved, and each collision between particles and between
particles and the surrounding boundary objects modeled. When appropriate, equa-
tions of motion are also solved for the boundary objects the particles interact with,
in order to treat moving boundaries. Consequently, Newton’s equations of motion

mi
d2xi

dt2
= Fi, i = 1, .., N, (2.0.1)

are integrated for a system of N particles starting from a given initial configuration.
The discrete element method explicitly models the dynamic motion and mechanical
interactions of each body or particle in the physical problem throughout a simulation
and provides a detailed description of the positions, velocities, and forces on each
body or particle at discrete points in time. This requires explicit expressions for the
forces acting on and between particles.

The forces that act on particles in the DI toner assembly are due to normal and
tangential collision, adhesion, magnetic, and electric effects. In this chapter, models
for these forces are derived. The force models have to fulfill two conditions: they
should give a good qualitative and quantitative description of the relevant physics,
and they should be computationally efficient.

2.1 Geometry

In DEM simulations, all discrete elements have to be provided with a geometry to
indicate the shape of the real object. In general, a close resemblance between the
real and the numerical shape is aimed for. On the other hand, the implementation
of complex geometrical shapes is only worth the effort when a significant influence is
expected from the geometry in the sense that geometrical particle obstruction plays an
important role. Discrete element method simulations require the evaluation of inter-
element relationships such as contact, distance, and relative motion. These operations
become increasingly more complicated for complex geometries.
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In Figure 2.1, a scanning-electron-microscopy (SEM) recording of a collection of
black toner particles is depicted. The main substance of toner is resin. The toner

Figure 2.1. SEM recording of black toner particles.

resin is the binding material for the other substances of the toner and has certain
chemical and temperature dependant viscoelastic properties, which make it possible
to attach the toner to the paper. On the outside of the resin, a thin conducting layer is
deposited. For color toner, this layer consists of fluor-doped tin-oxide (SnO2), which
results in a transparant layer; for black toner, this layer consists of carbon (C); see
Figure 2.2. This coating gives the toner its electrically conductive behavior. To give
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Figure 2.2. Schematic overview of black and color toner.

the toner its magnetic properties, magnetic pigment is mixed with the resin; in color
toner carbonyl-iron (caFe), particles with an average diameter of 1.5µm, is used and
in black toner iron-oxide (Fe3O4), particles with a diameter of 0.2µm, is used. In a
color toner particle, on average 13 magnetic pigment particles are present, whereas in
black toner about 20,000 magnetic pigment particles are present. Finally, to give the
toner its color, (fluorescent) dyes or colored pigments are used. They have to give a
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Table 2.1. Material properties of black and color toner.

Toner Black K Color RGBCM
Particle size distribution (d95 − d5) [µm] 7-14.5 8.5-14.5

Average diameter (d50) [µm] 10.5 12
Density [kg/m3] 1.7 · 103 1.4 · 103

Magnetic pigment FO2 caFe
Volume percentage magn. pigm. 13.5 2.5

Average number pigm. part. 20,000 13

Table 2.2. Material properties of magnetic pigments.

Magnetic pigment FO2 caFe
Material Fe3O4 Fe

Average diameter [µm] 0.2 1.5
Density [kg/m3] 5.1 · 103 7.7 · 103

Saturation magnetic flux [T] 0.15 0.65
Saturation magnetization [A/m] 4.50 · 105 1.65 · 106

certain color to the toner by selective absorption of wavelengths in the visual range.
A summary of some relevant properties of black and color toner and the magnetic
pigments [51] are given in Table 2.1 and 2.2. The exact definition of and measurement
techniques for these material properties can be found in Chapter 4.

Yellow toner particles have somehow deviating material properties; the behavior
of yellow toner will not be analyzed in this thesis.

Since modeling of systems with large number of particles with very complex
shapes, as shown in Figure 2.1, results in time-consuming algorithms, one often con-
fines oneself to simple geometrical shapes such as spheres. A collision detection algo-
rithm for two spheres is, indeed, very simple. Spherical particles can, however, role
frictionless over a surface or over each other. Real toner particles cannot show this
rolling behavior due to their geometry. To resolve this limitation of the single-sphere
model, a model was implemented in which n = 1, 2, ... spherical particles are kinemat-
ically clustered according to a predefined distance between the centers of the spheres.
In the case of n = 2, a holonomic constraint is defined between sphere i and sphere j
at respective positions xi, xj , namely

|xi − xj | = l, (2.1.1)

with l a predefined distance. Every single toner particle is thus described by n clus-
tered spheres, as can be seen in Figure 2.3. More realistic toner geometries can thus be
achieved by increasing the number of clustered spheres that form one toner particle;
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Figure 2.3. Kinematically clustered spheres form one toner particle.

this however has its reflection on computational speed.
The DI-drum and the imaging roller are cylinders with diameters of 4 and 10 cm,

respectively. They are modeled as single spheres. The DI-drum has a smooth surface,
even on a micro-scale. The surface of the imaging roller has a certain mechanical
roughness. This roughness is applied in order to improve the behavior of the DI toner
assembly. The surface of the imaging roller is depicted in Figure 2.4. Under an angle of
45◦, a regular structure is recognizable. In order to visualize this structure, an inverse

Figure 2.4. Surface of the imaging roller.

replica of the surface of the imaging roller has been made and the replica analyzed
with a scanning electron microscope (SEM). In Figure 2.5 and 2.6, SEM recordings
of the surface of the inverse replica of the imaging roller are depicted. The pyramids,
which form the mechanical structure of the imaging roller, have a height of 15µm
and a diagonal length of the ground surface of 50µm; see Figure 2.6. The spacing
between two pyramid structures is 20µm. In order to capture the full roughness of
the imaging roller in axial direction, the mechanical roughness of the imaging roller
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Figure 2.5. SEM recording of the surface of an inverse replica of the imaging roller. The
pyramid structure of the mechanical roughness of the imaging roller is visible.

5 0 ì  m
m

2 0 ì  m
m

D E M  m o d e l

Figure 2.6. SEM recording of the surface of an inverse replica of the imaging roller. The
regular structure of the mechanical roughness of the imaging roller is visible.
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is described in DEM along the diagonal of the pyramids; see again Figure 2.6. The
mechanical roughness of the imaging roller is modeled in DEM as a periodic structure
of line pieces. The structure of the imaging roller as modeled in DEM is depicted in
Figure 2.7.

D I - d r u m

i m a g i n g  r o l l e rm e c h a n i c a l
 r o u g h n e s s

Figure 2.7. Frame of a DEM simulation of the DI toner assembly. The front region of
the DI toner assembly is depicted. The imaging roller, the lower cylinder, has a mechanical
roughness. The depicted grid size is 50µm.

2.2 Collisions

2.2.1 Nomenclature

In this section, the forces due to collisions between two particles or a particle and
a boundary object are modeled. The DEM variant used here is sometimes referred
to as the soft-particle method [20, 31]. This means that a collision is modeled by
penetration of the objects during collision. This penetration is described as a certain
overlap between two objects; see Figure 2.8. Only collisions that take place in one

x

Figure 2.8. Normal collision between two toner particles.

plane (2-D collisions) are considered here. The toner particles are modeled as spheres
(or circular discs in the 2-D plane); the i-th particle having mass mi and radius Ri.
The particles are only locally modeled as discs; globally, they consist of more clustered
discs, but this is for the moment not relevant here. A solid boundary is modeled as
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a particle by letting mi and Ri go to infinity. The position of the center of mass of
the i-th particle in the plane is xi = xi(t) (xi ∈ R2), and its velocity is vi = ẋi(t).
The particles (discs) also have angular velocity, directed normal to the plane and of
magnitude ωi for the i-th particle. For the nomenclature as used in the rest of this
section, consider the collision between two particles i and j, as depicted in Figure 2.9.
The velocity vi is split in its normal and tangential component according to (n and

s

n
R i

R j

v i v j

w i

w j

Figure 2.9. Collision between two particles i and j.

s as in Figure 2.9)
vi = vi,nn + vi,ss, (2.2.1)

and the relative normal and tangential velocity vn and vs, respectively, of the contact
points for a collision between two particles i and j, are introduced by

vn = vj,n − vi,n; (2.2.2)

and (see Figure 2.9)
vs = vj,s − vi,s + ωiRi + ωjRj . (2.2.3)

2.2.2 Normal collision

For a pure normal collision, the velocities of the two colliding particles are directed
along the normal n on the contact surface at collision. According to the soft-particle
model, the (elastic) particles deform during the collision, modeled as a penetration of
the objects into each other; see Figure 2.8. The overlap ξ during this penetration is
equal to

ξ = Ri + Rj − |xi − xj |. (2.2.4)

A range of possible contact force models are available, which approximate the collision
dynamics to various extents. A big group of force models can be written in the form

Fn = −kξα − γ
d

dt
(ξβ), (2.2.5)

where Fn is the normal force between the colliding particles during the collision. The
first term on the right-hand side is the elastic restoring force and the second term
describes viscoelastic dissipation [86]. The material constants k and γ are the elastic
spring constant and the viscous damping coefficient, respectively. Hertz showed that
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for elastic spheres α = 3/2 [34]. The relation α = β holds if the material of the
colliding particles obeys linear viscoelasticity [44].

The normal dissipation in a collision is characterized by the coefficient of normal
restitution, which is defined as the ratio between the normal component of the relative
velocity before v

(i)
n and after v

(f)
n the collision,

en = |v(f)
n /v(i)

n |. (2.2.6)

This coefficient varies between 0 for completely inelastic and 1 for perfectly elastic
collisions (no normal dissipation).

Instead of the more complicated Hertz model, the simpler linear spring-dashpot
model (α = β = 1) will be used here. This model behaves well numerically, see
Section 4.2.2 for a stability analysis, and the collision time does not depend on the
velocity v

(i)
n . For α 6= 1, the collision time depends on the impact velocity, and this

would require a numerical time step which depends on the relative velocities of the
particles. The effective normal coefficient of restitution and the collision duration
time tn can for the linear spring-dashpot model easily be expressed in terms of the
collision parameters k and γ, namely

en = exp
(
−π

ω

)
, tn =

mπ

γω
, (2.2.7)

with ω and m given by

ω =
1
2

√
4mk

γ2
− 1, m =

m1m2

m1 + m2
. (2.2.8)

The simple linear spring-dashpot model is a good compromise between physical ac-
curacy and numerical efficiency.

2.2.3 Tangential collision

Collisions amongst particles or between particles and objects are, in general, not
head-on, and thus, shear also has to be taken into account. The shear contact force
component Fs, being the component in s-direction of the contact force on particle i,
is generally modeled with a Coulomb friction model:

Fs = −µdFnsign(vs), vs 6= 0,

|Fs| < µsFn, vs = 0,
(2.2.9)

where µs is the coefficient of static friction, Fn the normal force at the contact (Fn > 0
always), vs the relative tangential velocity of the two particles, as defined in (2.2.3),
and µd the coefficient of dynamic friction (µd < µs). The Coulomb law is discontinu-
ous at zero velocity. Since Coulomb friction is discontinuous, adjustments have to be
made to the model to avoid numerical instability of the force law in a simulation.

A simple implementation of the shear contact force is found in [20]. In this the-
sis, the shear contact force is, accordingly, modeled by a spring, which accounts for
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tangential elastic deformation of the contacting surfaces, according to

Fs = −ksη, (2.2.10)

where ks is the spring constant of the spring, which from time t0 on, at which the
contact was first established, has been stretched over a distance η, given by

η =
∫ t

t0

vs(τ)dτ. (2.2.11)

The tangential spring causes an oscillatory motion around the point η = 0. The
tangential spring force is limited by static Coulomb friction µsFn; this is the limit-
ing friction that can be withstood by the contact before sliding of one particle over
the other commences. In case of sliding, the shear contact force is given by kinetic
Coulomb friction µdFn. At that point, the spring is not stretched further. Since the
friction force acts on the surface of the particle, also a moment M is exerted on the
particle, according to

M = RFs, (2.2.12)

with R the distance from the center of mass of the particle i to the contact point.

2.3 Adhesion force

When two materials are brought into each others vicinity, they exert an attracting
force onto each other. This force is referred to as the adhesion force. A distinction
is usually made between an adhesion force, which acts to hold two separate bodies
together or to stick one body to another, and a cohesion force, which acts to hold
together atoms, ions, or molecules of a single body. In this thesis, the attracting force
between a toner particle and a developing roller is referred to as an adhesion force, and
between toner particles themselves as a cohesion force. However, both forces result
from the same basic properties of matter. Therefore, in this thesis, no distinction is
made between an adhesion and cohesion force model.

An electric field exists at any point in the neighborhood of any molecule, due to
the local non-uniformity of the charge distribution in the molecule. If the molecule
has a permanent dipole moment, the field will fluctuate as the molecule rotates or
oscillates. If a dipolar molecule is in its vicinity, it will interact with the field, according
to the laws of electrostatics. Any molecule, whether or not it has a permanent dipole
moment, possesses a polarizable electron cloud. The polarizability α is, in general,
a function of the frequency ω of the polarizing field. There is a natural frequency
ν0 for the polarizable electron cloud, and oscillations of electric displacement at this
frequency are always present. London [47] proposed the approximation hν0

∼= I,
where h is Planck’s constant and I the ionization energy. The field due to oscillations
in one molecule induces synchronous oscillations of the charge cloud in a neighbor
molecule, which are in the correct phase for maximum attraction. For two unlike
molecules a and b, the London expression for the energy of that attraction is

Uab = −3
4
αaαb

2IaIb

Ia + Ib
· 1
r6
ab

. (2.3.1)
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Hamaker [32] employed the r−6 bimolecular potential function to derive a theory for
the energy of interaction across an interface. Hamaker’s theory for the attractive force
between two spherical bodies with radii R1 and R2 as a function of the distance d,
leads to the equation

Fadh =
AR1R2

12(R1 + R2)d2
, (2.3.2)

where A is known as the Hamaker coefficient. The Hamaker coefficient is a material
property. The determination of the Hamaker coefficient is an important field of re-
search. In [1], a description is provided of the different available methods to obtain the
Hamaker coefficient for different materials and configurations. The expression (2.3.2)
is employed in this thesis for the calculation of adhesive forces; for d the distance
between the centers of the spheres is taken. Accordingly, the adhesion force in the
model increases linearly with particle size R and is inversely proportional to d2.

In practice, adhesion [63] incorporates other factors as well, including the rate
of separation, viscous energy dissipation, mechanical properties of both contacting
materials, and also roughness. Environmental effects play a significant or even dom-
inating role compared to material properties on adhesive interaction between solids
[55, 49]. Humidity is likely to cause bridging through curved layers of water between
the particle and the surface, generating an increase in the force needed to detach the
particle. Besides the formation of liquid bridges, the moisture formed at high rela-
tive humidity may have several other effects. First, moisture can lead to unwanted
excessive irreversible adhesion forces between particles [41, 57]: solid bridges can be
formed after evaporation of the moisture. Second, the moisture could affect mechani-
cal and adhesional properties, as it may act as a lubricant [37, 7]. Third, the moisture
may be absorbed and act as a plasticizer, softening the material’s surface [38]. This
would lead to more deformation and a larger effective contact area, which enhances
the adhesion force.

2.4 Magnetic force

In Chapter 1 and Section 2.1, it was already mentioned that toner particles contain
magnetic pigment particles that are magnetizable in an external magnetic field. A
magnetic particle in a non-uniform magnetic field, and a magnetic particle in the
neighborhood of another magnetic particle experience a magnetic force. In this sec-
tion, the physics of magnetism [74, 39, 71] is analyzed and force models derived for
the magnetic forces that act on and between toner particles in the DI toner assembly.

2.4.1 General theory

Field potential

In a magnetostatic problem, the field vectors in x ∈ R3 satisfy the system

∇×H = J, ∇ ·B = 0, (2.4.1)
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with H the magnetic field, J the current density and B the magnetic flux. In fact, this
also holds for a dynamic situation if the electric quasi-static approximation may be
applied. This approximation holds for relatively slow process, i.e. slow with respect
to the speed of light, and it amounts to the neglect of the displacement current ∂D/∂t
with respect to J, or ∇×H. According to (2.4.1)2, the field of the vector B is always
solenoidal. Consequently, B can be represented as the curl of another vector A0,

B = ∇×A0. (2.4.2)

However, A0 is not uniquely defined by (2.4.2); for B is also equal to the curl of some
vector A,

B = ∇×A, (2.4.3)

where
A = A0 −∇ψ, (2.4.4)

and ψ is an arbitrary scalar function of position x. The function A is the vector
potential of the field. Let us suppose that the medium is homogenous and isotropic,
and linear magnetic such that the magnetic permeability µ is independent of the field
intensity:

B = µH. (2.4.5)

In terms of the vector potential, (2.4.1)1 can be written as

∇×∇×A = µJ. (2.4.6)

When using the vector identity

∇×∇×A = ∇∇ ·A−∇ · ∇A, (2.4.7)

equation (2.4.6) reduces to

∇∇ ·A−∇ · ∇A = µJ. (2.4.8)

Let us now impose upon A the supplementary gauge condition

∇ ·A = 0. (2.4.9)

For this, it is necessary that ψ satisfies

∇2ψ = ∇ ·A0, (2.4.10)

where A0 is a particular solution of (2.4.8). Substitution of (2.4.9) in (2.4.8) gives

∇2A = −µJ. (2.4.11)

The theory for the integration of Poisson’s equation gives

A(x) =
µ

4π

∫

G

J(x′)
|x− x′|dτx′ , (2.4.12)
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with G ⊂ R3. The field B can be obtained directly from (2.4.12) by calculating the
curl of A. In virtue of the convergence of the integral and the continuity of its first
derivatives, the differential operator may be introduced under the sign of integration,
leading to

B(x) =
µ

4π

∫
∇x ×

[
J(x′)
|x− x′|

]
dτx′ . (2.4.13)

Evaluation of the integrand according to elementary rules yields

B(x) =
µ

4π

∫
J(x′)× (x− x′)

|x− x′|3 dτx′ . (2.4.14)

Localized current distribution

The properties of a general current distribution localized in a small region of space
are now considered; ”small” being relative to the scale of length of interest to the
observer. It will be assumed that the entire distribution can be circumscribed by
a sphere B of finite radius R drawn from the origin; only points of observation x
exterior to this sphere will be considered. Vector calculations show that

1
|x− x′| =

1√
|x|2 − 2|x||x′| cos θ + |x′|2 , (2.4.15)

with θ the angle between the vectors x and x′. Assuming |x| À |x′|, the denominator
on the right-hand side of (2.4.15) can be expanded in powers of |x′|/|x|, measured
relative to the origin, thus giving

1
|x− x′| =

1
|x|

∞∑
n=0

Pn(cos θ)
( |x′|
|x|

)n

, (2.4.16)

with Pn the well-described Legendre polynomials [5]. Substitution of (2.4.16) into
(2.4.12), making use of (the first condition is necessary to exclude magnetic monopoles;
see [39]) ∫

B

Jdτ = 0, ∇ · J = 0, (2.4.17)

and leaving out all second-order terms, gives

A(x) =
−µ

8π|x|3
[
x×

∫
x′ × J(x′)dτx′

]
. (2.4.18)

It is customary to define the magnetic moment density or magnetization M as

M =
1
2
x× J(x), (2.4.19)

and its integral as the magnetic moment m as

m =
1
2

∫
x× J(x)dτ. (2.4.20)
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Then, the first order term of the vector potential is the magnetic dipole vector po-
tential,

A(x) =
µ

4π

m× x
|x|3 . (2.4.21)

The magnetic flux B outside the localized source can be calculated directly by eval-
uating the curl of (2.4.21), leading to

B(x) =
µ

4π

[
3(er ·m)er −m

|x|3
]

. (2.4.22)

Here, er is a unit vector in the direction of x.

Magnetic force

If a localized distribution of current is placed in an external magnetic flux field B(x),
it experiences a Lorentz force. The general expression for the total force F is

F =
∫

G

J×Bdτ. (2.4.23)

If the external magnetic flux varies slowly over the region of current, a Taylor series
expansion can be utilized to find the dominant terms in the force. A component k of
B can be expanded around a suitable origin,

Bk(x′) = Bk(x) + (x′ − x) · ∇Bk(x) + ..., x,x′ ∈ G. (2.4.24)

With use of this, the force (2.4.23) can be expressed in terms of m and B, yielding

F = (m×∇)×B = ∇(m ·B)−m(∇ ·B). (2.4.25)

Since∇·B = 0, the lowest order force on a localized current distribution in an external
magnetic field B is

F = ∇(m ·B). (2.4.26)

In the quasi-static approximation, ∇×B = 0 holds outside the source of the magnetic
flux. Then, the force (2.4.26) can be expressed alternatively with help of the vector
formula

∇(a · b) = (a · ∇)b + (b · ∇)a + a× (∇× b) + b× (∇× a), (2.4.27)

as
Fmag ≡ F = (m · ∇)B. (2.4.28)

It is this formula that is used in the rest of this thesis and in the numerical simulations
for the magnetic (Lorentz) force.
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Hysteresis

For ferromagnetic media, the linear relation (2.4.5) must be replaced by a nonlinear
functional relationship

B = µ(|H|)H, (2.4.29)

for isotropic media. The phenomenon of hysteresis, shown schematically in Figure
2.10 for a 1-dimensional case, implies that B is not a single-valued function of H.
In fact, the function µ(|H|) depends on the history of preparation of the material.
The loop is generated by measuring the magnetic flux B(= |B|) of a ferromagnetic
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Figure 2.10. Schematic drawing of a hysteresis curve.

material while the magnetic field H(= |H|) is changed. A ferromagnetic material
that has never been previously magnetized or has been thoroughly demagnetized will
follow the dashed line as H is increased, demonstrating that the magnetic flux B
increases with increasing field strength H. At point a, almost all of the magnetic
domains are aligned and an additional increase in the magnetic field will produce
very little increase in magnetic flux. The material has reached the point of magnetic
saturation. When H is reduced back down to zero, the curve will move from point
a to point b. At this point, it can be seen that some magnetic flux remains in the
material even though the magnetic field is zero. This is referred to as the point of
retentivity and indicates the remanence or level of residual magnetism in the material
(some of the magnetic domains remain aligned, but some have lost their alignment).
As the magnetic field is reversed, the curve moves to point c, where the flux has been
reduced to zero. This is called the point of coercivity (the reversed magnetic field
has flipped enough of the domains so that the net flux within the material is zero).
The force required to remove the residual magnetism from the material, is called the
coercive force or coercivity of the material. As the magnetic field is increased in the
negative direction, the material will again become magnetically saturated but in the
opposite direction (point d). Reducing H to zero, brings the curve to point e; it will
then have a level of residual magnetism equal to that achieved in the other direction.
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Increasing H back in the positive direction, will return B to zero. Notice that the
curve did not return to the origin of the graph because some force is required to
remove the residual magnetism. The curve will take a different path form point f
back to the saturation point, where it will complete the so-called hysteresis loop.

2.4.2 Magnetic forces on toner

Toner particles get their magnetic properties from the magnetic pigment particles
that are mixed with the resin of the toner. The magnetic pigment particles in the
toner are not permanent magnetic particles, but they are magnetizable in an external
magnetic field, according to a hysteresis curve such as shown in Figure 2.10. The
magnetization m of a pigment particle i thus depends on the external magnetic flux.
In the DI toner assembly, the magnetic flux originates from two sources: the magnet
Bm within the imaging roller and the magnetized, surrounding toner particles Ba.
So, in general,

Fmag = (m(Bm + Ba) · ∇)(Bm + Ba). (2.4.30)

Accordingly, the force (2.4.30) can be split into two terms

Fmag = Fm + Fa, (2.4.31)

where
Fm = (m · ∇)Bm, (2.4.32)

represents the magnetic force exerted by the magnet within the imaging roller on the
particle i, and

Fa = (m · ∇)Ba =
∑

j 6=i

(m · ∇)Bj , (2.4.33)

represents the magnetic force exerted by the DI toner assembly on the particle i. In
both formulas, (2.4.32) and (2.4.33), m is the total magnetic moment due to Bm+Ba.
Both forces will be analyzed further in this section.

Magnet force

One black toner particle contains about 20,000 magnetic pigment particles, and one
color toner particle contains on average 13 pigment particles; see Table 2.1. It will
be clear that calculating the magnetic force on all magnetic pigment particles in one
toner particle by evaluation of (2.4.32) is computationally not achievable. If it is
assumed that the magnetic flux gradient ∇Bm does not vary over a toner particle,
the force (2.4.32) on one toner particle can be written as

Fm = (
K∑

k=0

mk · ∇)Bm = (m · ∇)Bm, (2.4.34)

with

m =
K∑

k=0

mk, (2.4.35)
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the total magnetic moment of the toner particle and K the number of pigment par-
ticles in the toner particle. Hence, the magnetic moment of a toner particle is taken
equal to the sum of the magnetic moments of the magnetic pigment particles in that
toner particle.

The magnetic flux Bm of the magnet within the imaging roller is calculated with
Flux2D [17]. Flux2D is a software package, based on the finite element method (FEM)
[53], for the analysis and design of electromagnetic and electromechanical devices and
processes. By defining the geometry, the magnetic properties, e.g. magnetization
curves of the different materials used in the construction of the magnet, and the
properties of the FEM mesh, the magnetic field is calculated in a predefined area
of interest. The result, see Figure 2.11, is used as input for our magnetic force
calculations.

Figure 2.11. Magnetic field calculations with Flux2D. The magnetic field lines for the
magnetic knife are visualized.

In the derivation of (2.4.34), a couple of assumptions have been made. Strictly
speaking, the formula (2.4.34) only holds for particles that are infinitesimally small
and magnetic fields that vary slowly over the region of current. These assumptions
are not necessarily valid for toner particles. Therefore, the application of (2.4.32) for
toner particles is verified with numerical results from [84]. The numerical analysis is
based on the following approach. The magnetic dipole moment m of a toner particle
can, according (2.4.35), be written as

m =
V

Vp
mp, (2.4.36)

with V the total volume of the magnetic pigments in one toner particle, mp the
magnetic dipole moment of one magnetic pigment particle, and Vp the volume of one
magnetic pigment particle. Since one is restricted in Flux2D to 2-D calculations, the
spherical magnetic volume V is modeled by a cylinder with the same diameter d as
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the spherical particle, and height h such that the total magnetic volume stays V .
Hence

d =
(

6V

π

)1/3

, h =
4V

πd2
. (2.4.37)

The calculation of the magnetic force on a particle with geometry given by (2.4.37)
has been performed by evaluation of (2.4.34) and by FEM calculations with Flux2D.
In Figure 2.12, the magnetic force calculations are displayed for the so-called DIP-
knife magnet and black toner particles on different positions between the imaging
roller and the DI-drum. It is readily seen that there is good agreement between the
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Figure 2.12. Magnetic force on a black toner particle with R = 5.25µm, located 100µm
above the magnetic knife, calculated analytically and with Flux2D, on different positions in
x-direction, the direction along the ring electrodes of the DI-drum.

analytically calculated force (2.4.34) and the force calculated with Flux2D.

Assembly force

In Section 2.4.1, it was derived that the magnetic flux at position x, caused by a
magnetic dipole mj at position xj , is given by (see (2.4.22) with x → x − xj , er =
(x− xj)/|x− xj |, and µ = µ0 for the free space)

B(x) =
µ0

4π

(
3(x− xj)mj · (x− xj)

|x− xj |5 − mj

|x− xj |3
)

, (2.4.38)
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and that the force exerted on a magnetic dipole mi in x = xi by an external magnetic
flux B is given by

Fa,j = (mi · ∇)B(xi), (Fa =
∑

j 6=i

Fa,j). (2.4.39)

The force exerted by a magnetic dipole mi at position xi on a magnetic dipole mj at
position xj is thus calculated by substitution of (2.4.38) into (2.4.39). This magnetic
force between different magnetized particles (in a large assembly) is often referred to
as dipole-dipole force.

The magnetic dipole interaction force for black and color toner is described in
DEM as if a single pigment particle were present in toner; toner, which has only
one pigment particle in its center, is from now on referred to as ”cherry pit” toner.
Actually, the geometrical magnetic pigment distribution in black and color toners are
quite different from cherry pit toner; see Section 2.1. The influence of the distribution
of magnetic pigment in toner particles on the dipole interaction force is not clear a
priori. This influence will be investigated here in detail. For this, three different
situations are investigated: 13 pigment particles randomly distributed over a (color)
toner particle, 20,000 pigment particles distributed over a (black) toner particle, and,
finally, 1 pigment particle in the center of the (cherry pit) toner particle. These
three geometrically different situations are investigated as follows. Two particles are
located with their centers at the x-axis with a predefined distance between them; see
Figure 2.13. The toner particles are modeled as spheres with radius R = 6µm. In

x

y

z

B

R

d

J

Figure 2.13. Visualization of the calculation of the dipole interaction force. The radius of
the particle, the distance between the centers of the particles, and the direction of magneti-
zation in the x, y-plane are denoted by R, d and θ, respectively.

each sphere, a desired number of pigment particles is placed randomly. In order to
be able to compare the three different geometries, the magnitude m = |m| of the
total magnetic moment of a toner particle is kept at 3.7 · 10−11Am2 in all situations.
In case of n magnetic pigment particles, this implies that the magnetic moment of
one pigment particle is m/nAm2. Both toner particles are magnetized by an external
magnetic flux B, normal to the z-axis (see Figure 2.13) and with direction θ with
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respect to the x-axis. The distance between the centers of the toner particles is d.
Note that this distance is in reality at least 13µm, since on toner particles a conducting
coating is deposited with a thickness of at least 0.5µm.

In Figure 2.14, the dipole-dipole force is depicted for black, color and cherry-pit
toner for d = 13µm. Every point in the color toner plot is an average value over 10,000

J
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Figure 2.14. The dipole interaction force |F| as function of the angle θ of the external
magnetic field with respect to the x-axis, for d = 13µm.

random distributions of the 13 pigment particles. In case of black toner, the dipole
interaction force has been calculated only once for every angle θ, since the density
of the pigment particles is so high that variations due to variations in the position
distribution are negligible. The three different curves are almost identical, indicating
that the modeling error is on average negligible. The interaction force for color toner
shows, however, a big variation due to position variations of the pigment in the toner;
this can be seen in Figure 2.15, where the dipole-dipole force for color toner is depicted
for 50 random distributions of the 13 pigment particles. The corresponding standard
deviation is of the same order of magnitude as the actual interaction force. In future
calculations performed for color toner, this variation in the dipole-dipole force due to
variation in the position of the magnetic pigment particles is neglected.

2.5 Electric force

The direct imaging drum is an aluminium, cylindrically-shaped drum in which con-
centric tracks are placed in an isolating coating; each separate track can be put on a
voltage. If a voltage is applied over the tracks of the direct imaging drum, charging
of the conducting toner particles takes place. If the DI toner assembly is regarded as
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Figure 2.15. The dipole interaction force |F| for color toner for 50 random distributions of
the 13 pigment particles, for θ = 0, and d = 13µm.

a continuous conducting medium, charge will gather at the boundaries. The charging
behavior of the DI toner assembly will be similar, since the high density of the DI
toner assembly provides the necessary conducting paths for the transfer of charge to
the surface of the assembly. However, due to the electrical resistance of the toner par-
ticles and the constant breaking up of toner-toner contacts due to the motion of the
assembly, the charging of the assembly is not instantaneous. This non-instantaneous
behavior is crucial for a good description of the print characteristics of the DI tech-
nology. Due to the charging of the boundary particles of the DI toner assembly, an
electric Coulomb force towards the DI-drum is exerted on the boundary particles.
This electric force is the print force.

In this section, a model for the electric force that acts on particles in the DI toner
assembly, and a model that quantifies the charging and decharging of the DI toner
assembly, are derived.

2.5.1 Electric potential in the DI toner assembly

To enable electric field transfer, the electric force exerted by the externally applied
field strength on the toner particle must be larger than the magnetic force. The
electrostatic force F, or Coulomb force, on a body of configuration G (G ⊂ R3) is
equal to

F =
∫

G

σEdτ, (2.5.1)

where E is the electric field strength and σ the volume charge density of the body. In
the development nip, see Figure 2.7, the electric field strength satisfies

∇ ·D = 0, ⇒ ∇ ·E = 0, (2.5.2)
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since there is no free charge outside the spheres. If an electric potential u is introduced
according E = −∇u, the problem for u is described as follows. Since there is no charge,
other than surface charge present in the front region G1, u is a solution of the Laplace
equation. The imaging roller is grounded, so at the surface of the imaging roller u = 0.
The toner particles are connected via a conducting path with the imaging roller, and
thus also have zero potential. The drum is put on a voltage V , which is alternatively
0 or 40 Volt. The drum is coated with a dielectric layer, made of SiOx, with a relative
dielectric permeability ε2 of 5, and a thickness dl of 600nm. Finally, far away from
the front region, it is assumed that the electric field is perpendicular to the DI-drum
and to the imaging roller. Summarizing, the following problem can be formulated:
find u1, u2, u3, ..., un, such that the following conditions are fulfilled: (see Figure 2.16
for Gi and Ci)

• in the vacuum space in front of the DI toner assembly

∆u1 = 0, x ∈ G1

u1 = 0, x ∈ Cd

u1 = 0, x ∈ ∂G1 ∩ (∂G3 ∪ ... ∪ ∂Gn),
∂u1

∂n
= ε2

∂u2

∂n
, x ∈ ∂G1 ∩ ∂G2,

∂u1

∂n
= 0, x ∈ Cl ∩ ∂G1,

(2.5.3)

• in the dielectric layer on the DI-drum

∆u2 = 0, x ∈ G2

u2 = V, x ∈ Cu,

ε2
∂u2

∂n
=

∂u1

∂n
, x ∈ ∂G2 ∩ ∂G1,

∂u2

∂n
= 0, x ∈ Cr ∩ ∂G2,

∂u2

∂n
= 0, x ∈ Cl ∩ ∂G2,

(2.5.4)

• in the DI toner assembly

ui = 0, x ∈ Gi i = 3, . . . , n. (2.5.5)

Due to the high density of the toner particles in the DI toner assembly, electric
screening takes place [71]. Suppose conductor 2 surrounds conductor 1, as shown in
Figure 2.17. The charge on 1 depends only on its own potential and the potential
of 2. Hence, there is no inductive effect between 1 and the conductors outside of 2.
This phenomenon is called electrical screening. A similar effect occurs in the DI toner
assembly. A toner particle that is completely surrounded by other toner particles, is
screened from the electric field of the DI-drum; see Figure 2.18. This is the reason
why charge will only gather at the outer particles of the DI toner assembly. Only
these particles will experience an electric force to the DI-drum, and can be printed;
see Figure 2.16.
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Figure 2.16. The electrostatic problems (2.5.3)-(2.5.5) are defined in the depicted front
region of the DI toner assembly. The materials depicted in grey are conducting.
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Figure 2.17. Electric screening of
conductor 1 due to conductor 2.

D I - d r u m

Figure 2.18. Electric screening of the
black toner particle due to surrounding
toner particles.
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2.5.2 Bulk of the DI toner assembly

If the bulk of the DI toner assembly behind the front region is considered as a contin-
uous medium, see Figure 2.19, the electrostatic problem in the bulk of the DI toner
assembly reduces to a Laplace problem for the electric potential u2 in the dielectric
layer on the DI drum, of thickness dl and relative dielectric constant ε2; that is

∆u2(x, y) = 0, (x, y) ∈ G2

u2(x, 0) = 0,
u2(x, dl) = V,
∂u2

∂x
(x, y) = 0, x → ±∞,

(2.5.6)

with V the prescribed potential of the conducting track of the DI-drum. The solution

i m a g i n g  r o l l e r
D I  t o n e r  a s s e m b l y

S i O x  l a y e r
D I - d r u m

y V

Figure 2.19. The bulk of the DI toner assembly considered as a continuous conducting
medium.

of (2.5.6) is
u2(x, y) = V

y

dl
. (2.5.7)

From (2.5.7), the electric surface charge density σ at the boundary y = 0 and the
electric field strength E2 in the layer can be calculated as

σ = −ε2ε0
∂u2

∂n
= −ε2ε0

V

dl
, E2 = −∇u2 = −V

dl
ey. (2.5.8)

The electrostatic force F acting on a toner particle is now (Gp is the 3-D configuration
of that particle)

F =
∫

Gp

σEdτ. (2.5.9)

The average area occupied by one toner particle is denoted by αR2. In the case of
a dense sphere packing, α = 2

√
3; in case of a square packing, α = 4. Then, the

electrostatic force on one toner particle is given by

F =
ε2ε0αR2V 2

d2
l

ey. (2.5.10)
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2.5.3 Bispherical coordinates

In literature, many models are described that predict the electric field strength of a
conducting particle in the neighborhood of another conducting particle or a dielectric
half-space. The solution for the plane-spherical capacitor is well-known [71] and can
be given using the method of image charges [25]. The approach of [82, 6, 46] is
adopted here and bispherical coordinates used to solve the problem of a conducting
toner particle in the field of an electrode.

A grounded sphere of radius R at a distance d from a plate on a voltage V is
considered; see Figure 2.20. The bispherical coordinates ξ, η, φ are defined by

x

y

V

D I - d r u m

d

R

Figure 2.20. A grounded sphere at a distance d from a plate on voltage V .

x =
a sinh η

cosh η − cos ξ
,

y =
a sin ξ cos φ

cosh η − cos ξ
,

z =
a sin ξ sin φ

cosh η − cos ξ
.

(2.5.11)

In terms of these coordinates, the plane x = 0, the surface of the plate, is described
by η = 0, and the surface of the sphere by η = η0, with sinh η0 = a/R, and a =√

(d + 2R)d. In bispherical coordinates, the Laplace operator applied to the potential
u reads

∇2u =
(cosh η − cos ξ)2

a2 sin ξ

{
∂

∂η

(
sin ξ

cosh η − cos ξ

∂u

∂η

)
+

∂

∂ξ

(
sin ξ

cosh η − cos ξ

∂u

∂ξ

)
+

+
∂

∂φ

(
1

cosh η − cos ξ

∂u

∂φ

)}
.

(2.5.12)
The problem, described by Figure 2.20, is rotationally symmetric, hence, independent
of φ. This means that the potential u = u(ξ, η), while the problem region is now the
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2-D region G, with
G = {(ξ, η)|0 < ξ < π, 0 < η < η0} . (2.5.13)

The problem for the potential u∗(ξ, η) = u(ξ, η)− V is then given by

∇2u∗ = 0, (ξ, η) ∈ G,
u∗ = 0, 0 < ξ < π, η = 0,
u∗ = −V, 0 < ξ < π, η = η0,
∂u∗

∂ξ
= 0, {ξ = 0 ∨ ξ = π} , 0 < η < η0.

(2.5.14)

From now on, the superscript in u∗ will be omitted. If the ”Ansatz” u(ξ, η) = (cosh η−
cos ξ)

1
2 V1(ξ)V2(η) is used, (2.5.12) can, after some calculations, be written as

∇2u =
sin ξ

(cosh η − cos ξ)
1
2

[
V1V

′′
2 + V ′′

1 V2 +
cos ξ

sin ξ
V ′

1V2 − 1
4
V1V2

]
. (2.5.15)

Introducing the separation constant p leads to

V ′′
1 (ξ) +

cos ξ

sin ξ
V ′

1(ξ) + pV1(ξ) = 0,

V ′′
2 (η)− (

1
4

+ p)V2(η) = 0.
(2.5.16)

First, (2.5.16)1 will be analyzed. Substitution of x = cos ξ (x here different from
Figure 2.20) gives

(1− x2)
d2V1

dx2
− 2x

dV1

dx
+ pV1 = 0. (2.5.17)

This is the well-described differential equation of Legendre [5]. The only solutions of
(2.5.16) that are finite in the domain −1 ≤ x ≤ 1 are the Legendre Polynomials Pn(x)
for p = n(n + 1), n = 0, 1, 2, . . .. The solution of (2.5.16)2 is now given by

V2(η) =

{
cosh(n + 1

2 )η,

sinh(n + 1
2 )η.

(2.5.18)

Therefore, a solution of (2.5.14) in the following form

u(ξ, η) = (cosh η − cos ξ)
1
2

∞∑
n=0

[
an cosh(n +

1
2
)η + bn sinh(n +

1
2
)η

]
Pn(cos ξ),

(2.5.19)
is proposed. From (2.5.14)2 it follows that an = 0 for all n. Moreover, since this
representation is even, both around ξ = 0 and ξ = π, the conditions (2.5.14)4 are
trivially satisfied. Boundary condition (2.5.14)3 gives

−V = (cosh η0 − cos ξ)
1
2

∞∑
n=0

bn sinh
(

(n +
1
2
)η0

)
Pn(cos ξ), (2.5.20)
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a relationship for the still unknown coefficient bn. This relation can be rewritten as
(for −1 < x = cos ξ < 1)

∞∑
n=0

bn sinh
(

(n +
1
2
)η0

)
Pn(x) =

−V

(cosh η0 − x)
1
2

=
−V

√
2

e
η0
2
√

1 + e−2η0 − 2xeη0

= −V
√

2
∞∑

n=0

e−(n+ 1
2 )η0Pn(x).

(2.5.21)
From the orthogonality of the Legendre polynomials, it now immediately follows that

bn = −
√

2V e−(n+ 1
2 )η0

sinh(n + 1
2 )η0

, (2.5.22)

and that the solution of (2.5.14) is given by

u = −V
√

2(cosh η − cos ξ)
1
2

∞∑
n=0

e−(n+ 1
2 )η0

sinh(n + 1
2 )η

sinh(n + 1
2 )η0

Pn(cos ξ). (2.5.23)

The electrostatic force F on the sphere is directed towards the plane x = 0, and,
according to (2.5.9), this force is given by (here S is the surface η = η0 of the sphere)

F = −
∫

S

σExdS, (2.5.24)

where

σ = ε0
∂u

∂n

∣∣∣∣
S

= ε0
cosh η0 − cos ξ

a

∂u

∂η

∣∣∣∣
η=η0

, (2.5.25)

and

Ex = −∂u

∂x
= −cosh η0 cos ξ − 1

a

∂u

∂η

∣∣∣∣
η=η0

, (2.5.26)

where it has been used that the tangential derivative ∂u/∂ξ = 0 at η = η0. Finally,
for the surface element

dS =
a2 sin ξ

(cosh η0 − cos ξ)2
dξdφ, (2.5.27)

holds. All this leads to

F = 2πε0

∫ π

0

(cosh η0 cos ξ − 1) sin ξ

cosh η0 − cos ξ

(
∂u

∂η

∣∣∣∣
η=η0

)2

dξ. (2.5.28)

Substitution of (2.5.23) and making use of (2.5.20) gives

∂u

∂η

∣∣∣∣
η=η0

= − V
√

2
cosh η0 − cos ξ

(V1 + V2) (2.5.29)
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with (x = cos ξ)

V1 =
sinh η0

2
√

2
,

V2(x) = (cosh η0 − x)3/2
∞∑

n=0

(
n +

1
2

)
cosh(n + 1

2 )η0

sinh(n + 1
2 )η0

e−(n+ 1
2 )η0Pn(x).

(2.5.30)

Using the expression (2.5.29), (2.5.28) can be written as three separate integrals

F = 4πε0V
2(F1 + F2 + F3), (2.5.31)

with

F1 = V 2
1

∫ 1

−1

x cosh η0 − 1
(cosh η0 − x)3

dx,

F2 = 2V1

∫ 1

−1

V2
x cosh η0 − 1
(cosh η0 − x)3

dx,

F3 =
∫ 1

−1

V 2
2

x cosh η0 − 1
(cosh η0 − x)3

dx.

(2.5.32)

The integral F1 can be rewritten as

F1 =
1
8

sinh2 η0

[
− cosh η0

∫ 1

−1

cosh η0 − x

(cosh η0 − x)3
dx−

∫ 1

−1

−1 + cosh2 η0

(cosh η0 − x)3
d(cosh η0 − x)

]
,

(2.5.33)
which can be evaluated to

F1 = 0. (2.5.34)

The integral F2 can be rewritten as

F2 = 2V1

∞∑
n=0

vn

∫ 1

−1

x cosh η0 − 1
(cosh η0 − x)3/2

Pn(x)dx, (2.5.35)

with

vn =
(

n +
1
2

)
cosh(n + 1

2 )η0

sinh(n + 1
2 )η0

e−(n+ 1
2 )η0 . (2.5.36)

Two functions, Jn and Rn, are now defined as

Jn(cosh η0) =
∫ 1

−1

Pn(x)√
cosh η0 − x

dx,

Rn(cosh η0) = − cosh η0Jn(cosh η0)− 2(cosh2 η0 − 1)J ′n(cosh η0).

(2.5.37)

With the definition (2.5.37) of Rn,

Rn(cosh η0) =
∫ 1

−1

x cosh η0 − 1
(cosh η0 − x)3/2

Pn(x)dx, (2.5.38)
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holds. The integral expression for Jn, (2.5.37)1, can be evaluated to

Jn(cosh η0) =
√

2e−(n+ 1
2 )η0

2
2n + 1

. (2.5.39)

The results (2.5.37)-(2.5.39) can now be used to attain

F2 =
∞∑

n=0

cosh(n + 1
2 )η0

sinh(n + 1
2 )η0

e−(2n+1)η0 sinh η0

(
neη0 − (n + 1)e−η0

)
. (2.5.40)

The integral F3 can be calculated straightforwardly, giving

F3 =
∞∑

n=0

cosh(n + 1
2 )η0

sinh(n + 1
2 )η0

e−(n+ 1
2 )η0 ·

·
[
−(n +

1
2
)
cosh(n + 1

2 )η0

sinh(n + 1
2 )η0

e−(n+ 1
2 )η0 + (n + 1) cosh η0

cosh(n + 3/2)η0

sinh(n + 3/2)η0
e−(n+3/2)η0

]
.

(2.5.41)
With this result, an explicit expression for the Coulomb force on one earthed spherical
particle at a distance d (related to η0) from a plate on voltage V has been obtained.
The total electric force (2.5.31) is plotted in Figure 2.21 as a function of the distance
d. The electric force (2.5.31) can be approximated with the formula
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Figure 2.21. The electric force (2.5.31) as a function of the distance d for a particle with
radius R = 5µm and a potential of 40V.

F =
a4πε0RV 2

d
, (2.5.42)

with the coefficient a given by a = 0.45. Note the (dis)similarities between electric
force model (2.5.42) and (2.5.10).
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2.5.4 Multiple particle interaction

In the previous subsection, a model for the electric force on a toner particle in the
vicinity of an electrode has been derived. The electric charging of and the force
exerted on particles that are near the DI-drum, or at least do not have a particle
placed between them and the DI-drum, can be described by (2.5.31), with d replaced
by the distance l of the particle to the surface of the DI-drum plus the thickness dl

of the SiOx layer divided by its relative dielectric constant ε2:

d = l +
1
ε2

dl. (2.5.43)

For these particles, the influence of screening effects can be neglected since there are
no surrounding particles that substantially screen the electric field of the DI-drum.
Particles that are part of the bulk of the DI toner assembly, but are not pressed
against the DI-drum, are screened by toner particles located between them and the
DI-drum; see Figure 2.22. These particles will not feel an electric force towards the

i m a g i n g  r o l l e r

D I - d r u m
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Figure 2.22. The front region of the DI toner assembly. The black particles are not
electrically screened by other particles. The white particles are partially screened. The grey
particles are completely screened.

DI-drum. The electric force on particles in the most left part of the front region of
the DI toner assembly is still unknown. Whether toner particles that have one or
more toner particles placed between them and the DI-drum, and that are located in
the most left part of the front region of the DI toner assembly, are printed, will be
investigated here. These particles will be referred to as front particles.

A technique, which is frequently used for the analysis of particle interaction in
electrostatics, is the multi-pole method [14, 50, 73, 28]. Obviously, also several nu-
merical techniques such as Galerkin’s method [53] and the boundary element method
[80] can be explored. A more pragmatic approach to get insight in the electric force
on the front particles will be used here. Two competing forces on a toner particle
in the front region are the magnetic force and the electric force; other forces do not
intrinsically contribute to the print force.
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A toner particle is accelerated under the influence of the magnetic and electric
force towards the DI-drum if the sum of the y-component of the electric force, which
is directed towards the DI-drum, and the y-component of the magnetic force, which
is directed towards the imaging roller, is positive and thus directed towards the DI-
drum; see Figure 2.23. This is investigated numerically at different positions in the
gap between the DI-drum and the imaging roller. The total force on the toner particle
at various distances l from the drum is calculated for varying x-coordinate; see Figure
2.23. The magnetic force exerted by the magnet within the imaging roller is calculated
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Figure 2.23. A toner particle is located at a distance l from the DI-drum. The competing
forces are the magnetic force and the electric force.

by evaluation of (2.4.34). At the position of the toner particle, the magnetic flux Bm

and magnetic flux gradient ∇Bm are determined with the FEM package Flux2D.
From the local magnetic flux Bm and the magnetic hysteresis curve of the toner
particle, see Tables 2.1 and 2.2, the magnetic dipole moment m of the toner particle
is determined. For the calculation of the electric force on the toner particle, (2.5.31)
is used. This force model gives an upper estimate for the electric force on a front
particle, since electric screening is not taken into account in the derivation of (2.5.31).

Two different situations are investigated: black toner in a black DI-unit and color
toner in a color DI-unit. In both cases, the distance between the DI-drum and the
imaging roller is chosen maximal, and the radius of the toner particle is chosen as
R = d95/2. According to Table 2.1, this value is for black toner d95 = 7µm and for
color toner d95 = 8.5µm. The chosen settings of the DI-unit result in a net force to
the DI-drum that is larger than in all other possible configurations of the DI-unit.
The results for the two different situations are depicted in Figure 2.24 and 2.25, where
the distance l between the DI-drum and the particle varies between 2µm and 12µm in
steps of 2µm. The front particles are located between x = −300µm and x = 0µm; see
Section 5.1 for an analysis of the position of the front particles. Figures 2.24 and 2.25
show that front particles, having a toner particle of diameter d50 placed above them,
are not accelerated under the influence of the magnetic and electric force towards the
DI-drum, since for l ≥ d50µm the net force on the toner particle is directed to the
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Figure 2.24. Resulting force on a front particle in a black DI-unit. The distance between
the black toner particle and the DI-drum varies between 2µm and 12µm, from the upper to
the lower plot, and the x-coordinate varies between -0.5mm and 0.1mm.
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Figure 2.25. Resulting force on a front particle in a color DI-unit. The distance between
the color toner particle and the DI-drum varies between 2µm and 12µm, from the upper to
the lower plot, and the x-coordinate varies between -0.5mm and 0.1mm.
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imaging roller. Therefore, electric forces acting on particles that are more than d50

away from the DI-drum can be neglected.

2.5.5 Charge model

The particles of the DI toner assembly, which are pressed against the DI-drum, are
charged when a voltage difference is applied between the imaging roller and the DI-
drum. The charge of the toner particles is the result of a flow of charge from the
imaging roller through the bulk of the DI toner assembly to the toner particles,
pressed against the DI-drum. A necessary condition for the flow of charge to a parti-
cle is the existence of a conducting path from that particle to the imaging roller. The
conducting path is provided by the conducting toner particles of the DI toner assem-
bly. These particles form chains from the imaging roller to the DI-drum. Because the
DI toner assembly is not a static, but a dynamic assembly, the chains that provide
the conducting paths are constantly broken up and restored. Obviously, this inter-
nal dynamics of the DI toner assembly has an effect on the charging behavior of the
assembly. Due to the charging and decharging of the DI toner assembly, the voltage
difference between toner particles and the DI-drum changes in time, and, according
to (2.5.31), the electric force.

The conducting paths consist of toner-toner contacts and toner-imaging roller
contacts. The contact between a toner particle and another toner particle is in the
simulation treated as an ideal electric resistance Rtt. Similarly, the contact between
a toner particle and the imaging roller is treated as an ideal electric resistance Rti.
A toner particle that approaches the DI-drum builds up charge and an electric force
towards the DI-drum. According to Section 2.5.4, toner particles within a range of d50

of the DI-drum, build up enough charge to be printed. Therefore, they are treated as
a capacitor with respect to the DI-drum. The capacity is denoted by Ctd. Particles
in contact with the DI-drum build up charge, and leak charge into the DI-drum.
Consequently, the contact of a toner particle with the DI-drum is treated as a capacitor
Ctd in parallel with an ideal resistance Rtd. By this routine, a simulation geometry
can be transferred into an electric circuit. An example of such a replacement electric
circuit can be found in Figure 2.26. Several methods [59] are available to analyze a
resistive network such as the one depicted in Figure 2.26. Node voltage analysis is the
most general method for the analysis of electrical circuits. The node voltage method
is based on defining the voltage at each node as an independent variable. One of the
nodes is selected as a reference node (usually ground), and each of the other nodes
is referenced to this node. Once each node voltage is defined, Ohm’s law is applied
between any two adjacent nodes in order to determine the current flowing in each
branch. In the node voltage method, each branch current is expressed in terms of one
or more node voltages; thus, currents do not explicitly enter into the equations. Once
each branch current i is defined in terms of the node voltages, Kirchoff’s current law
is applied at each node: ∑

i = 0. (2.5.44)

The systematic application of this method to a circuit with n nodes leads to n linear
equations. Other powerful techniques in the analysis of electrical circuits are the
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Figure 2.26. The electric circuit that models the charging behavior of the depicted geometry
of the DI toner assembly. The charging of the particle with number 18 is calculated by
determining the shortest conducting path to the imaging roller, depicted in black, and by
solving the corresponding 1-dimensional electric circuit.

principle of superposition and the concept of equivalent circuit (the Thévenin theorem
and the Norton theorem). Unfortunately, all these techniques put high demands on
computational costs, especially when the number of nodes, or, in this case, the number
of toner particles, is high. Consequently, solving the complete electric circuit every
time step is computationally not achievable.

The relevant characteristics of the charging process of the DI toner assembly are
the fact that charging of a toner particle in the vicinity of the DI-drum takes place ac-
cording to a certain RC-time, and that toner particles cannot be charged or decharged
if they are not in conducting contact with the imaging roller, so that charge can only
be distributed during collisions of toner particles that form conducting chains to the
imaging roller. These characteristics are captured when assuming that the charging
of toner particles is due to a flow of charge through the shortest conductive path
formed to the imaging roller. This shortest path is calculated for every particle and
is translated to a 1-dimensional electric circuit, which determines the total resistance
of the conducting path to the printable particle; see Figure 2.26. The equations of
the 1-dimensional electric circuit can easily be solved. The number of equations that
need to be solved is equal to the number of toner particles that are less than d50 away
from the DI-drum. The computational costs of this approach are thus limited, so that
the method can be applied in a discrete element method simulation.

2.6 Summary

In this chapter, the dominating forces in the DI toner assembly have been identified.
Collisions in normal direction are modeled by a linear spring-dashpot system. The

overlap during collision models the temporary deformation, the linear spring models
the elastic restoring force, and the linear dashpot models viscoelastic dissipation of
energy. The physical parameters that identify the linear spring-dashpot system are
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the restitution coefficient and the collision duration time.
Shear is modeled by Coulomb’s friction model. Since Coulomb’s friction model

is a discontinuous force model, changes have been made to the model in order to
implement it in a discrete element method simulation. In case of tangential collision,
a spring attaches to the surface of the bodies at time of contact. The tangential spring
stretches as long as the spring force is less than static Coulomb friction. If the spring
force overgrows static Coulomb friction, the spring detaches. This models dynamic
or sliding friction. The shear model is governed by the dynamic and static Coulomb
friction coefficients and the tangential spring constant.

Adhesion forces are modeled by the Hamaker theory. The adhesion force is char-
acterized by the Hamaker coefficient.

Two sources for magnetic forces on toner particles are identified: a magnetic force
due to the magnet within the imaging roller and a magnetic force due to surrounding
magnetized toner particles. The magnetic force due to the magnet within the imaging
roller is calculated as if the magnetized particle were infinitesimally small. The dipole-
dipole magnetic force is calculated as if a single magnetic particle were present in the
center of the toner.

The electric force of a spherical particle that is positioned at a certain distance
from an infinite electrode can be calculated with help of bispherical coordinates. This
electric force expression can be regarded as an upper estimate for the electric force
on a toner particle at a distance from the DI-drum. Careful comparison of electric
and magnetic forces show that toner particles that have a particle with diameter d50

placed above them, are not attracted towards the DI-drum. Therefore, electric forces
on toner particles with a toner particle placed above them are neglected.

The charge model describes the charging of the DI toner assembly. The DI toner
assembly consists of conductive particles, and charge will accordingly gather at the
boundaries of the assembly. The charging of the toner is modeled as a system of resis-
tors and capacitors. The RC-network that is solved every time-step is 1-dimensional.
The model is based on the assumption that charge will flow in the direction of the
electric field from imaging roller to DI-drum, and not along the direction of the ring
electrodes. Two-dimensional charging effects are neglected.



Chapter 3

Local defect correction
method

3.1 Introduction

In the electrophotographic print process, charged toner particles are transferred from
one surface to another by an electric field. To enable electric field transfer, the elec-
tric force exerted by the externally applied field strength must be larger than the
toner adhesion and/or magnetic force. Unfortunately, because of their quadratic na-
ture, electric forces cannot be determined by superposition [22, 82, 4]. Thus, complex
problems cannot easily be reduced to a sum of more tractable problems. As a re-
sult of this and of the complicated geometries involved, a comprehensive theory of
the forces on charged particles does not exist. Since DEM calculations are often very
time-consuming and require small time-steps, force models need not only be accurate,
but also computationally efficient. Therefore, the use of the Galerkin finite element
method [53] to solve the Laplace equation for the field distribution (with the appro-
priate re-meshing) at every time step is, for instance, not achievable. It is shown that
the local defect correction (LDC) technique, see [29] and [26], can be used to solve
Maxwell’s quasi-static equations for the electric potential. In this method, a coarse
global solution is iteratively improved employing fine local solutions. The discrete
problem that is actually being solved is an implicit result of the iterative process.

3.2 Mathematical formulation and solution proce-
dure

Consider the model problem as sketched in Figure 3.1, where a spherical particle
of radius R and net charge q is placed between two electrodes in a parallel-plate
capacitor. The particle is subjected to an external electric field E due to the applied
voltage difference between the two electrodes. If we introduce an electric potential
u, the problem for u is described as follows. Since there is no charge, other than the
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Figure 3.1. The geometry on which the elliptic problem (3.2.1) is defined.

surface charge present, u is a solution of the Laplace equation in two dimensions. The
capacitor plate is assumed to be large enough such that the field near the capacitor’s
edges is perpendicular to the electrodes. Summarizing, this results in the following
boundary value problem for u,

∇2u = 0, in Ω ⊂ R2,
u = f, on ∂ΩD,
∂u
∂n = 0, on ∂ΩN ,
u = g ∈ R, on ∂ΩL,

ε0

∮

∂ΩL

∂u

∂n
ds = q.

(3.2.1)

In (3.2.1), Ω is the whole domain without the particle ΩL, f the Dirichlet boundary
condition, ∂ΩD the part of the boundary where the Dirichlet boundary condition f
holds, ∂ΩN the part of the boundary where the Neumann boundary condition holds,
q the total charge of the particle ΩL, g the unknown constant potential of the particle
ΩL, ∂ΩL the boundary of the particle ΩL, and ε0 the dielectric constant in vacuum;
see also Figure 3.1. The equations are considered in dimensionless form henceforth.
Thus ε0 = 1 is taken. The solution of (3.2.1) cannot be calculated analytically.
Therefore, the use of a numerical method is necessary. Discretization of (3.2.1),
using the standard five-point discretization of the Laplacian with central differences,
requires the use of a global fine grid (grid size h). This is due to the spherical boundary
of the sphere, which cannot be discretized well with coarse non-curved lines and thus
makes an accurate calculation of the integral in (3.2.1) impossible. The use of a global
fine grid leads to a large system of equations, and thus to a time-consuming solution
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method. The LDC method uses another approach: first the problem

∇2u = 0, in Ω,
u = f, on ∂ΩD,
∂u
∂n = 0, on ∂ΩN ,
u = uguess, on ∂ΩL,

(3.2.2)

is solved on a global coarse grid (grid size H), which is denoted by ΩH . In (3.2.2),
uguess is a guessed value for the potential of the particle ΩL. In a DEM simulation,
uguess would logically be the potential of ΩL in the previous time-step. To discretize
(3.2.2), the standard five-point discretization of the Laplacian and central differences
for the Neumann boundary conditions are used. We define Ωl ⊂ Ω such that the
particle ΩL is contained in Ωl, and define the boundary Γ as the interface between Ωl

and Ω\Ωl; see again Figure 3.1. If the grid points of the coarse grid are partitioned
according to ΩH

l := ΩH ∩ Ωl, ΓH := ΩH ∩ Γ, and ΩH
c := ΩH \ (ΩH

l ∪ ΓH), the global
coarse grid discretization gives the solution to the system




AH
l BH

l,Γ 0
BH

Γ,l AH
Γ BH

Γ,c

0 BH
c,Γ AH

c







uH
l

uH
Γ

uH
c


 =




bH
l

0
bH

c


 . (3.2.3)

The right hand side bH incorporates the Dirichlet boundary conditions f and uguess.
This system gives the approximation uH on ΩH .

In the next step of the LDC algorithm, the coarse global solution is updated em-
ploying a local fine (grid) solution around ΩL. For this, we define artificial boundary
conditions on Γ. The artificial boundary conditions are interpolated values of the
function values of the coarse grid solution on the interface Γ. For this, the interpola-
tion operator Ph,H is used. The operator Ph,H maps function values at grid points
of the coarse grid that lie on the interface, denoted by ΓH , to function values at grid
points of the fine grid that lie on the interface, denoted by Γh. The vector space
of grid functions on ΓH is denoted by G(ΓH), and likewise G(Γh). Then we have
Ph,H : G(ΓH) → G(Γh). In Ωl, a local fine grid (grid size h) is chosen. In this way,
the following approximation uh

l on Ωh
l and gh on Ωh

L is found
(

Ah
l Bh

l,L

Ah
int,ul

Ah
int,g

)(
uh

l

gh

)
=

( −Bh
l,ΓP

h,HuH
Γ

q

)
. (3.2.4)

The lower block row equation in (3.2.4) is a discretization of the integral equation
(3.2.1)5. The dependence on the coarse grid approximation via the artificial Dirichlet
boundary conditions is made explicit by the first part of the right-hand side vector.

It is tried to improve the coarse grid approximation by using the approximation
uh

l , calculated on the local fine grid, to estimate the local error on the coarse grid.
For the description of this step, the operator RH,h : G(Ωh

l ) → G(ΩH
l ) is introduced as

the restriction from Ωh
l onto ΩH

l , viz. (RH,huh
l )(x, y) := uh

l (x, y) for all uh
l ∈ G(Ωh

l ),
(x, y) ∈ ΩH

l . We define the defect vector dH
l by

dH
l := AH

l RH,huh
l + BH

l,ΓR
H,huh

Γ − bH
l

= AH
l RH,huh

l + BH
l,Γu

H
Γ − bH

l .
(3.2.5)
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The defect vector dH
l is an estimate of the local error on the coarse grid at all points

of ΩH
l . The coarse grid approximation can be updated by placing the estimate (3.2.5)

on the right-hand side of the coarse grid equation (3.2.3). This leads to the coarse
grid correction step, giving a new approximation uH on the coarse grid,

AHuH =




bH
l + dH

l

0
bH

c


 . (3.2.6)

After solving (3.2.6), an updated local problem around sphere ΩL can be defined,
solved, and used to calculate the defect on the coarse grid, which again can be used
to define (3.2.6). This way, it is claimed that an iterative process has been constructed
to solve (3.2.1).

Previous results [2, 81] show that it may be beneficial to use the estimate (3.2.5)
not at all points of ΩH

l , but in a subset of ΩH
l only. In particular, nodes in ΩH

l

lying close to the interface Γ should be excluded. The region where the defect is not
calculated, is called safety region. The region where the defect is calculated, is called
defect region. This leads to the following generalization of (3.2.6):

AHuH =




bH
l + χH

l dH
l

0
bH

c


 . (3.2.7)

In (3.2.7), χH
l : G(ΩH

l ) → G(ΩH
l ), defined by

(χH
l uH

l )(x, y) :=
{

uH
l (x, y), (x, y) ∈ ΩH

def,
0, (x, y) ∈ ΩH

l \ ΩH
def,

(3.2.8)

is used for all grid functions uH
l ∈ G(ΩH

l ). If ΩH
def = ΩH

l , the estimate for the
discretization error is used at all points of ΩH

l , and (3.2.7) reduces to (3.2.6).

3.3 Properties of the LDC method

A number of useful properties can be shown to hold for the LDC algorithm, cf. [2].
In particular, we have

Lemma 3.3.1 Consider the LDC iteration for the special case that there is no safety
region, i.e. ΩH

def = ΩH
l , χH

l = I. If uH
Γ,k = uH

Γ,k−1 for a certain iteration step k, then
the algorithm converges and has reached a fixed point, i.e.

uH
i = uH

k , gh
i = gh

k , uh
l,i = uh

l,k, (3.3.1)

for all i = k, k + 1, ...
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The equations describing the iteration, (3.2.4), (3.2.5) and (3.2.7), can be written
in matrix notation as




Ah
l Bh

l,L 0 Bh
l,ΓP

h,H 0
Ah

int,ul
Ah

int,g 0 0 0
0 0 AH

l BH
l,Γ 0

0 0 BH
Γ,l AH

Γ BH
Γ,c

0 0 0 BH
c,Γ AH

c
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gh
i

uH
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uH
Γ,i

uH
c,i
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0 0 0 0 0
0 0 0 0 0

χH
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l RH,h 0 0 χH
l BH
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0 0 0 0 0
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gh
i−1

uH
l,i−1

uH
Γ,i−1

uH
c,i−1




+




0
q

(I− χH
l )bH

l

0
bH

c




.

(3.3.2)
If the LDC method converges, then the algorithm has a fixed point, which will be
denoted by

uH,h =




uh
l

gh

uH
l

uH
Γ

uH
c




. (3.3.3)

For the LDC algorithm, the fixed point uH,h has the nice properties stated in the
next theorem.

Theorem 3.3.1 Consider the LDC iteration for the special case that there is no
safety region, i.e. ΩH

def = ΩH
l , χH

l = I. Assume that the iteration of the LDC method
converges to a fixed point uH,h. Then uH,h has the following two properties:

• the projection of uh
l on the local coarse grid equals uH

l , viz.

RH,huh
l = uH

l , (3.3.4)

• uh
l , uH

Γ , uH
c , and gh satisfy the system of equations




Ah
l Bh

l,ΓP
h,H 0 Bh

l,L

BH
Γ,lR

H,h AH
Γ BH

Γ,c 0
0 BH

c,Γ AH
c 0
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int,ul

0 0 Ah
int,g







uh
l

uH
Γ

uH
c

gh


 =




0
0

bH
c

q


 . (3.3.5)

From (3.3.5), it follows that uh
l , uH

Γ , uH
c , and gh are an approximation of the solution

of the elliptic problem (3.2.1) on a composite grid.

3.4 Local problems

An important part of any LDC iteration is solving local boundary value problems.
In this section, analytical solutions will be derived for the local problem around a
floating sphere.
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Figure 3.2. The elliptic problem around a single sphere.

Consider the elliptic problem around a particle, as depicted in Figure 3.2. In
Figure 3.2, a circle of radius R2 around the center of the sphere has been chosen for
the boundary Γ around the spherical particle ΩL of radius R1. In polar coordinates,
the local problem can be formulated as

∇2u(r, θ) = 0, R1 ≤ r ≤ R2, 0 ≤ θ ≤ 2π,
u(r, θ + 2π) = u(r, θ), R1 ≤ r ≤ R2,
∂u

∂θ
(r, θ + 2π) =

∂u

∂θ
(r, θ), R1 ≤ r ≤ R2.

(3.4.1)

The differential equation (3.4.1)1 is separable, so that upon writing u = u1(r)u2(θ),
a general solution of (3.4.1) is found as a sum of elementary functions:

u(r, θ) = a0 + b0 log
r

R1
+

∞∑
n=1

{
(an cosnθ + bn sin nθ)

(
r

R1

)n

+

(cn cosnθ + dn sin nθ)
(

r

R1

)−n
}

.

(3.4.2)

In order to find the coefficients a0, b0, an, bn, cn, dn, (3.4.1) has to be supplemented
with boundary conditions on ∂ΩL and Γ. For a floating sphere with prescribed charge
q, the boundary conditions are

u(R1, θ) = g ∈ R, 0 ≤ θ ≤ 2π,∫ 2π

0

R1
∂u

∂r
(R1, θ)dθ = q,

u(R2, θ) = uΓ(θ), 0 ≤ θ ≤ 2π.

(3.4.3)

The function uΓ is, by choice, the trigonometric polynomial interpolating the grid
function uH

Γ , which are bilinear interpolated function values of uH
Γ at grid points of

the coarse grid that lie on the interface Γ. If uH
Γ is given on 2N + 1 points in θ, we

can write

uΓ(θ) =
N∑

k=−N

ckeikθ, (3.4.4)
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where the coefficients ck are given by

ck =
1

2N + 1

2N∑

j=0

e−ikθj uH
Γ (θj), k = −N, ..., N. (3.4.5)

Fourier theory states that the integral product of any even (cosine-function) vector
with any odd (sine-function) vector, or with any vector differing in index n, is orthog-
onal and only such products which do not vanish when integrated over θ from 0 to
2π need to be considered. Substitution of (3.4.2) in (3.4.3) results, therefore, in

u(r, θ) = a0 +b0 log
r

R1
+

N∑
n=1

(an cos nθ + bn sin nθ)

((
r

R1

)n

−
(

r

R1

)−n
)

, (3.4.6)

with

a0 =
1
2π

∫ 2π

0

uΓ(θ)dθ − q

2π
log

R2

R1
,

b0 =
q

2π
,

an =
1

π

((
R2
R1

)n

−
(

R2
R1

)−n
)

∫ 2π

0

uΓ(θ) cos nθdθ,

bn =
1

π

((
R2
R1

)n

−
(

R2
R1

)−n
)

∫ 2π

0

uΓ(θ) sin nθdθ.

(3.4.7)

3.5 Convergence analysis

In this section, some properties of the LDC method will be derived for the special
case that the analytical solution (3.4.6) is applied on the local domain.

The equations describing the iteration can be written in matrix notation as (3.3.2)
or, in short notation, as

AH,huH,h
i = SH,huH,h

i−1 + bH,h. (3.5.1)

The fixed point uH,h satisfies, by definition,

AH,huH,h = SH,huH,h + bH,h. (3.5.2)

In case an analytic solution is used on the local domain, a safety region is created
naturally. Since the boundary r = R2 is curved and the global coarse grid is a uniform
square grid, in general no coarse grid points fall on the boundary r = R2. So, all
global coarse grid points in the local domain Ωl lie at a certain distance from the
interface Γ. The operator χH

l , which defines the safety region, can thus be written as
χH

l = I−P, with P 6= 0. Then the third equation of (3.5.2) can be rewritten in the
form

uH
l −RH,huh

l = −(AH
l )−1P(BH

l,Γu
H
Γ + AH

l RH,huh
l ), (3.5.3)

since PbH
l = 0. This leads to the following theorem.
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Theorem 3.5.1 Consider the LDC iteration (3.3.2) with the analytic solution (3.4.6)
on the local domain. If the iteration converges, then

‖uH
l −RH,huh

l ‖ = O(H2). (3.5.4)

Proof. Most of the effort will concentrate on establishing estimates for the norm of
BH

l,Γu
H
Γ + AH

l RH,huh
l , because from (3.5.3) we have that

‖uH
l −RH,huh

l ‖ ≤
1
8
· 1 · ‖BH

l,Γu
H
Γ + AH

l RH,huh
l ‖. (3.5.5)

If we let h ↓ 0, it follows that the grid function uh
l is the solution of the problem

∇2u = 0, R1 ≤ r ≤ R2, 0 ≤ θ ≤ 2π,
u(R1, θ) = g ∈ R, 0 ≤ θ ≤ 2π,∫ 2π

0

R1
∂u

∂r
(R1, θ)dθ = q,

u(R2, θ) = uΓ(θ), 0 ≤ θ ≤ 2π.

(3.5.6)

The function uΓ is the trigonometric polynomial (3.4.4). Due to the specific form of
uΓ, the exact solution of boundary value problem (3.5.6) is, according to (3.4.6),

u(r, θ) = a0 + b0 log
r

R1
+

N∑

k=1

(ak cos kθ + bk sin kθ)

(
r

R1

)k

−
(

r
R1

)−k

(
R2
R1

)k

−
(

R2
R1

)−k
, (3.5.7)

with

a0 =
1

2N + 1

2N∑

j=0

uH
Γ (θj)− q

2π
log

R2

R1
, ak = ck + c−k =

2
2N + 1

2N∑

j=0

uH
Γ (θj) cos kθj ,

b0 =
q

2π
, bk = i(ck − c−k) =

2
2N + 1

2N∑

j=0

uH
Γ (θj) sin kθj .

(3.5.8)
Since u is the exact solution of (3.5.6), BH

l,Γu
H
Γ + AH

l RH,0u0
l equals pointwise the

residual of the standard five-point stencil for the Laplacian:

ur+H,s + ur−H,s + ur,s+H + ur,s−H − 4ur,s

H2
= 0. (3.5.9)

By substituting into (3.5.9) the exact solution u(x, y) of the differential equation
(3.5.6), and expanding the result in Taylor series, the truncation error TH

r,s is found
as

TH
r,s =

1
12

H2(‖uxxxx‖∞ + ‖uyyyy‖∞). (3.5.10)

The notation
Dxu := uxxxx, Dyu := uyyyy, (3.5.11)
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is employed. The objective is now to show that ‖Dxu‖ and ‖Dyu‖ are bounded and
independent of H. First, upper estimates for ‖Dxu‖ will be found. If we use that

∂

∂x
= cos θ

∂

∂r
− sin θ

r

∂

∂θ
,

∂

∂y
= sin θ

∂

∂r
+

cos θ

r

∂

∂θ
, (3.5.12)

we can write

Dxu(r, θ) =
N∑

k=1

{aka(r, θ, k) + bkb(r, θ, k)}+ b0Dx log
r

R1
, (3.5.13)

with a(r, θ, k) and b(r, θ, k) defined by

a(r, θ, k) := Dx




(
r

R1

)k

−
(

r
R1

)−k

(
R2
R1

)k

−
(

R2
R1

)−k
cos kθ


 ,

b(r, θ, k) := Dx




(
r

R1

)k

−
(

r
R1

)−k

(
R2
R1

)k

−
(

R2
R1

)−k
sin kθ


 .

(3.5.14)

Upper bounds for the norm of the coefficients ak and bk can be found,

|ak| =

∣∣∣∣∣∣
2

2N + 1

2N∑

j=0

uH
Γ (θj) cos kθj

∣∣∣∣∣∣
≤ 2

2N + 1

2N∑

j=0

|uH
Γ (θj)| · | cos kθj |

≤ 2
2N + 1

(2N + 1) max
j
|uH

Γ (θj)| · 1 = 2max
j
|uH

Γ (θj)|,
(3.5.15)

and similarly

|bk| ≤ 2max
j
|uH

Γ (θj)|. (3.5.16)

From (3.5.13), (3.5.15), and (3.5.16) we now have that

|Dxu(r, θ)| ≤
N∑

k=1

{|ak| · |a(r, θ, k)|+ |bk| · |b(r, θ, k)|}+ |b0||Dx log
r

R1
|

≤ 2max
j
|uH

Γ (θj)| ·
∞∑

k=1

{|a(r, θ, k)|+ |b(r, θ, k)|}+
|q|
2π

6
R4

1

= 2max
j
|uH

Γ (θj)|S +
3|q|
πR4

1

,

(3.5.17)

where the sum in (3.5.17)2 is denoted by S. The sum S is convergent and independent
of the global grid size H if we take r < R2 − ε with ε > 0, independent of H. This



54 Local defect correction method

can easily be seen if we write

a(r, θ, k) =
4∑

i=0

ki(αi cos kθ + βi sin kθ)
4∑

j=0

(
r

R1

)−j δj

(
r

R1

)k

+ γj

(
r

R1

)−k

(
R2
R1

)k

−
(

R2
R1

)−k

=
4∑

i=0

ki(αi cos kθ + βi sin kθ)
4∑

j=0

(
r

R1

)−j (
r

R2

)k δj + γj

(
r

R1

)−2k

1−
(

R2
R1

)−2k

(3.5.18)
with the coefficients αi, βi, δj , and γj independent of r, θ, and k, and take into
account that

∞∑

k=1

knφk < ∞, for φ =
r

R2
< 1 and n ∈ N, fixed. (3.5.19)

Obviously, the same analysis is valid for finding upper estimates for ‖Dyu‖. Using
(3.5.17), it is seen that (3.5.10) is bounded by TH , where

|TH
r,s| ≤ TH :=

1
6
H2

(
2max

j
|uH

Γ (θj)|S +
3|q|
πR4

1

)
, (3.5.20)

so that we have

‖uH
l −RH,0u0

l ‖ ≤
1
48

H2

(
2max

j
|uH

Γ (θj)|S +
3|q|
πR4

1

)
. (3.5.21)

This proves the desired result

‖uH
l −RH,huh

l ‖ = O(H2). (3.5.22)

3.6 Discrete local solution and arbitrary interpola-
tion

The convergence proof of the previous section seems to rely heavily on the fact that we
have an analytical expression for the local solution and on the fact that trigonometric
interpolation is used for the artificial boundary conditions on Γ. It will be shown that
the same estimates can be applied in the case that the local boundary value problem
is solved on a fine grid and that arbitrary interpolation is applied.

The vector grid function belonging to the solution of (3.5.6) for h ↓ 0 will be
denoted by u, and for h 6= 0 by uh. In general, it may then be stated that

BH
l,Γu

H
Γ + AH

l RH,huh = BH
l,Γu

H
Γ + AH

l RH,0u + AH
l (RH,huh −RH,0u). (3.6.1)

Applying the infinity norm to (3.6.1), it is found that

‖BH
l,Γu

H
Γ +AH

l RH,huh‖ ≤ ‖BH
l,Γu

H
Γ +AH

l RH,0u‖+‖AH
l (RH,huh−RH,0u)‖. (3.6.2)
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The first term on the right-hand side of (3.6.2) has been estimated in the previous
section. It will be shown here that also the second term on the right-hand side of
(3.6.2) is O(H2). To this end, an operator Th is defined as

(Thuh)r,s :=
1
h2

(ur+h,s + ur−h,s + ur,s+h + ur,s−h − 4ur,s), (3.6.3)

at all the interior points. Then, the numerical approximation uh satisfies the equation

Thuh
r,s = 0, (3.6.4)

and the exact solution u satisfies

Thur,s = O(h2). (3.6.5)

Hence,
AH

l (RH,huh −RH,0u) = THRH,huh
r,s + O(H2). (3.6.6)

First, the special case H = 2h will be considered. In that case, THRH,huh
r,s can be

rewritten as

THRH,huh
r,s = uh

r+2h,s+uh
r−2h,s+uh

r,s+2h+uh
r,s−2h−4uh

r,s

(2h)2

= uh
r+2h,s+uh

r,s+uh
r+h,s+h+uh

r+h,s−h−4uh
r+h,s

(2h)2

+uh
r−2h,s+uh

r,s+uh
r−h,s+h+uh

r−h,s−h−4uh
r−h,s

(2h)2

+uh
r,s+2h+uh

r,s+uh
r−h,s+h+uh

r+h,s+h−4uh
r,s+h

(2h)2

+uh
r,s−2h+uh

r,s+uh
r−h,s−h+uh

r+h,s−h−4uh
r,s−h

(2h)2

− 4uh
r,s−uh

r+h,s−uh
r−h,s−uh

r,s+h−uh
r,s−h

h2 − uh
r+h,s+h−2uh

r+h,s+uh
r+h,s−h

2h2

−uh
r−h,s+h−2uh

r−h,s+uh
r−h,s−h

2h2 − 2uh
r+h,s−4uh

r,s+2uh
r−h,s

2h2

= 1
4

{∇2u(r + h, s) +∇2u(r − h, s) +∇2u(r, s + h) +∇2u(r, s− h)
}

+∇2u(r, s)− 1
2uyy(r + h, s)− 1

2uyy(r − h, s)− uxx(r, s) + O(h2)
= O(h2),

(3.6.7)
where the last step can be found by Taylor expansion of the expression (3.6.7)3. It
will be clear that the arbitrary case of H = kh, with k a positive integer, can be
tackled by applying (3.6.7) k times. In general, we thus have

‖AH
l (RH,huh −RH,0u)‖ = k ·O(h2) = O(H2), (3.6.8)

which proves the desired result

‖BH
l,Γu

H
Γ + AH

l RH,huh‖ = O(H2). (3.6.9)

In the derivation of (3.5.21), it is explicitly used in (3.5.7) that uΓ is a trigonometric
polynomial. This is, however, not a necessary assumption for the proof, as will be
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shown. If an arbitrary interpolation operator Ph,H is adapted, uΓ(θ) can be written
as

uΓ(θ) =
1

2N + 1

2N∑

j=0

uH
Γ (θj) · Pj(θ), (3.6.10)

with Pj , j = 0, 1, . . . , 2N , the interpolating functions. We assume that the interpo-
lating functions Pj fulfill the condition

1
2π

∫ 2π

0

|Pj(θ)|dθ ≤ C, (3.6.11)

for some constant C. In that case, it can still be estimated that

|an| =

∣∣∣∣∣∣
1

π(2N + 1)

2N+1∑

j=0

uH
Γ (θj)

∫ 2π

0

Pj(θ) cos(nθ)dθ

∣∣∣∣∣∣

≤ (2N + 1)‖uH
Γ (θ)‖

π(2N + 1)

∫ 2π

0

|Pj(θ)|dθ ≤ 2C‖uH
Γ (θ)‖,

(3.6.12)

and similarly

|bn| ≤ 2C‖uH
Γ (θ)‖. (3.6.13)

From this point, the proof of Section 3.5 can be followed at (3.5.17).

3.7 Convergence rate

In the previous sections, some properties of the LDC method have been derived in
case the method converges. In this section, it will be shown that the LDC method
converges for this special application.

Since there is no source term in (3.2.1) with a high activity, the solution of (3.2.1)
does not have a high activity region where the standard five-point stencil does not dis-
cretize the Laplace equation correctly. Discretization errors of the Laplace equation
thus do not play an important role in this application of the LDC method. There-
fore, the convergence behavior of the LDC method can best be shown with help of
the continuous analogues of (3.2.2), (3.2.4), and (3.2.6). A new model problem is
introduced

∇2u(r, θ) = 0, R1 < r < R3, 0 ≤ θ ≤ 2π
u(R1, θ) = c ∈ R, 0 ≤ θ ≤ 2π,∫ 2π

0

R1
∂u

∂r
(R1, θ)dθ = q,

u(R3, θ) = f(θ), 0 ≤ θ ≤ 2π,

(3.7.1)

where f is the Dirichlet condition on the boundary r = R3. The solution of (3.7.1) is
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given by (3.4.6) with

a0 =
1
2π

∫ 2π

0

f(θ)dθ − q

2π
log

R3

R1
,

b0 =
q

2π
,

an =
1

π

((
R3
R1

)n

−
(

R3
R1

)−n
)

∫ 2π

0

f(θ) cos nθdθ,

bn =
1

π

((
R3
R1

)n

−
(

R3
R1

)−n
)

∫ 2π

0

f(θ) sin nθdθ.

(3.7.2)

The solution method proposed in this paper, uses the following approach to solve
(3.7.1):

1. Initialization
Set v0(R1) = uguess and i = 1.

2. Global step
Solve the global system:

∇2wi(r, θ) = 0, R1 < r < R3, 0 ≤ θ ≤ 2π,
wi(R1, θ) = vi−1(R1), 0 ≤ θ ≤ 2π,
wi(R3, θ) = f(θ), 0 ≤ θ ≤ 2π.

(3.7.3)

3. Local step
Solve the local system:

∇2vi = 0, R1 < r < R2, 0 ≤ θ ≤ 2π,
vi(R1, θ) = g ∈ R, 0 ≤ θ ≤ 2π,∫ 2π

0

R1
∂vi

∂r
(R1, θ)dθ = q,

vi(R2, θ) = wi(R2, θ), 0 ≤ θ ≤ 2π.

(3.7.4)

4. Iteration step
Calculate E = ‖vi − wi‖. If E > TOL then go to step 2 with i := i + 1.

The solution of (3.7.3) is given by (3.4.6) with

a0,i = vi−1(R1),

b0,i =
1

log R3
R1

(
1
2π

∫ 2π

0

f(θ)dθ − vi−1(R1)
)

,

an,i =
1

π

((
R3
R1

)n

−
(

R3
R1

)−n
)

∫ 2π

0

f(θ) cos nθdθ,

bn,i =
1

π

((
R3
R1

)n

−
(

R3
R1

)−n
)

∫ 2π

0

f(θ) sin nθdθ,

(3.7.5)
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and the solution of (3.7.4) is given by (3.4.6) with

α0,i =
1
2π

∫ 2π

0

wi(R2, θ)dθ − q

2π
log

R2

R1
,

β0,i =
q

2π
,

αn,i =
1

π

((
R2
R1

)n

−
(

R2
R1

)−n
)

∫ 2π

0

wi(R2, θ) cos nθdθ,

βn,i =
1

π

((
R2
R1

)n

−
(

R2
R1

)−n
)

∫ 2π

0

wi(R2, θ) sin nθdθ.

(3.7.6)

From (3.7.2) and (3.7.5) it follows that

an,i = an, bn,i = bn, n = 1, 2, . . . i = 1, 2, . . . (3.7.7)

For the convergence of the approximate solution wi to the exact solution u, it thus
has been shown that

|a0,i+1 − a0| < |a0,i − a0|, |b0,i+1 − b0| < |b0,i − b0|, i = 2, 3, . . . (3.7.8)

To show this, we write

a0,i = vi−1(R1) =
1
2π

∫ 2π

0

wi−1(R2, θ)dθ − q

2π
log

R2

R1
. (3.7.9)

The integral on the right-hand side of (3.7.9) can be evaluated with help of (3.4.6)
and (3.7.5):

1
2π

∫ 2π

0

wi−1(R2, θ)dθ = vi−2(R1) +
log R2

R1

log R3
R1

(
1
2π

∫ 2π

0

f(θ)dθ − vi−2(R1)
)

. (3.7.10)

Making use of (3.7.9) and (3.7.10), we get

|a0,i − a0| =
∣∣∣∣∣
log R3

R2

log R3
R1

∣∣∣∣∣ · |a0,i−1 − a0|. (3.7.11)

Similarly, it can be derived that

|b0i − b0| =
∣∣∣∣∣
log R3

R2

log R3
R1

∣∣∣∣∣ · |b0,i−1 − b0|. (3.7.12)

From (3.7.11) and (3.7.12), the inequalities (3.7.8) follow since R2 > R1. This proves
the convergence of the LDC method.

3.8 Numerical results

In this section, the LDC algorithm described in Section 3.2 is considered, and the
theoretical results of Sections 3.3, 3.5, 3.6, and 3.7 verified.
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3.8.1 Numerical local solution

First, the results of Section 3.3 and 3.6 will be verified by the model problem

∇2u = 0, in Ω = (0, 1)2,
u(x, 0) = 0, x ∈ (0, 1),
u(x, 1) = 1, x ∈ (0, 1),
∂u
∂x (0, y) = 0, y ∈ (0, 1),
∂u
∂x (1, y) = 0, y ∈ (0, 1),
u(x, y) = g ∈ R, (x, y) ∈ ΩL,∮

∂ΩL

∂u

∂n
ds = 1.13,

(3.8.1)

where the region ΩL is the square (0.45, 0.55)2. A uniform coarse grid ΩH is chosen in
Ω with grid size ∆x = ∆y = H = 1/20. The coarse grid discretization is the standard
five-point scheme, as in (3.2.3), with uguess = 0.1. The area of refinement Ωl is chosen
as

Ωl = {(x, y) ∈ Ω|(x, y) ∈ (0.25, 0.75)2}. (3.8.2)

On the area of refinement, a uniform fine grid is chosen with grid sizes ∆x = ∆y =
h = H/2, as in (3.2.4). The fine grid discretization is the standard five-point scheme.
The operator Ph,H will be linear interpolation. The results of Section 3.3 hold when
no safety zone is applied. The results of Section 3.6 hold when a safety zone is applied.
Therefore, the case that Ωdef = Ωl, which will be denoted by ε = 0, and the case that

Ωdef =
{
(x, y) ∈ Ω|(x, y) ∈ (0.3, 0.7)2

} ⊂ Ωl, (3.8.3)

which is denoted by ε = 0.05, are analyzed. To demonstrate the behavior of the
difference between the global coarse grid and the local fine grid solution, the maximum
difference κH

i = ‖uH
i |ΩH

l
− uh

i |ΩH
l
‖, i = 1, 2, ..., is listed of the numerical solutions at

the coarse grid points in the local domain. Numerical results are presented in Table
3.1. The numerical results are in accordance with the analytical results of Sections
3.3 and 3.6. In case no safety region is applied (ε = 0), the local and global solution
on the local domain converge to each other, as seen in (3.3.4), whereas in case a safety
region is applied (ε = 0.05), the difference between local and global solution converges
to a fixed value, as seen in (3.5.21). This is in agreement with the results of Section
3.3 and 3.6.

3.8.2 Analytic local solution

In order to check the results of Section 3.5 and 3.7, the problem (3.8.1) is investigated
with ΩL the sphere with center (0.5, 0.5) and radius R1 = 0.05:

ΩL =
{
(x, y) ∈ Ω|(x− 0.5)2 + (y − 0.5)2 ≤ R2

1

}
. (3.8.4)

Again, a uniform coarse grid ΩH is chosen in Ω with grid size ∆x = ∆y = H, and the
standard five-point scheme, as in (3.2.3), with uguess = 0.1. The area of refinement Ωl

is chosen as

Ωl =
{
(x, y) ∈ Ω|(x− 0.5)2 + (y − 0.5)2 ≤ R2

2, R2 = 0.25
}

. (3.8.5)
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Table 3.1. Maximum difference κH
i = ‖uH

i |ΩH
l
− uh

i |ΩH
l
‖ between local and global solution

at the coarse grid points in the local domain.

i κH
i (ε = 0.0) κH

i (ε = 0.05)

1 1.32e-001 1.32e-001
2 5.55e-002 5.52e-002
3 2.30e-002 2.32e-002
4 9.57e-003 9.74e-003
5 3.97e-003 4.11e-003
6 1.65e-003 1.75e-003
7 6.86e-004 7.60e-004
8 2.85e-004 3.44e-004
9 1.18e-004 1.99e-004
10 4.91e-005 1.80e-004
11 2.04e-005 1.72e-004
12 8.47e-006 1.68e-004
13 3.52e-006 1.67e-004
14 1.46e-006 1.66e-004

In the area of refinement, the analytical solution (3.4.6) is used as the solution for the
local boundary problem (3.2.4). The operator Ph,H will be trigonometric interpola-
tion. The convergence rate of the LDC algorithm for H = 1/20, H = 1/40, H = 1/80,
and H = 1/160 is studied. To show the dependence of the convergence factor on H,
the maximum difference δi = ‖uH

Γ,i−uH
Γ,i−1‖, i = 1, . . . , 4 is listed of the numerical so-

lution at the coarse grid points on the interface and the ratios ρi := δi/δi−1, i = 2, 3, 4.
The numerical results are listed in Table 3.2. The numerical results show that con-
vergence is indeed linear and that the convergence factor is independent of H. The
analytic convergence factor, see (3.7.11) and (3.7.12), for this numerical example is
ρ = log 2/ log 5 = 0.43, which is also in good agreement with the convergence factors
ρi in Table 3.2. In Section 3.5, it has been shown analytically that the difference
between the local and global solution on the local domain converges to a fixed value
in case an analytic solution is applied. This difference κH

i depends on the grid size H,
according to (3.5.21). In order to verify this result, κH

i , i = 12, 13, 14 and the ratios
σH = κ

H/2
i /κH

i are calculated. The numerical results are depicted in Table 3.3. The
ratios indicate indeed that κH behaves as H2, as seen in (3.5.21).

3.9 The Schwartz alternating process

The use of analytical solutions fails when two local regions have some kind of overlap,
as for instance can be seen in Figure 3.3. In such a case, one problem cannot be
solved without the other since there is interaction between local problem 1 with local
problem 2 through the overlap region. It is, of course, possible to look at the two local
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Table 3.2. Maximum difference δi = ‖uH
Γ,i−uH

Γ,i−1‖ of the numerical solution at the coarse
grid points on the interface.

H i δi ρi

1/20 1 1.31e-01
1/20 2 5.29e-02 4.03e-01
1/20 3 2.13e-02 4.02e-01
1/20 4 8.57e-03 4.02e-01
1/40 1 1.34e-01
1/40 2 5.25e-02 3.92e-01
1/40 3 2.05e-02 3.91e-01
1/40 4 8.04e-03 3.91e-01
1/80 1 1.33e-01
1/80 2 5.27e-02 3.96e-01
1/80 3 2.09e-02 3.96e-01
1/80 4 8.28e-03 3.96e-01
1/160 1 1.32e-01
1/160 2 5.30e-02 4.02e-01
1/160 3 2.13e-02 4.02e-01
1/160 4 8.56e-03 4.02e-01

Table 3.3. Maximum difference κH
i between local and global solution and their ratios

σH = κ
H/2
i /κH

i .

H i κH
i σH

i

1/20 12 9.78E-04
1/20 13 9.78E-04
1/20 14 9.78E-04
1/40 12 2.46e-04 2.52e-01
1/40 13 2.46e-04 2.52e-01
1/40 14 2.46e-04 2.52e-01
1/80 12 7.09e-05 2.88e-01
1/80 13 7.09e-05 2.88e-01
1/80 14 7.09e-05 2.88e-01
1/160 12 2.01e-05 2.83e-01
1/160 13 2.01e-05 2.83e-01
1/160 14 2.01e-05 2.83e-01
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Figure 3.3. The local problems around sphere 1 and sphere 2 overlap.

problems as one bigger local problem on the domain Ωl, see Figure 3.3, and solve the
overall problem

∇2u = 0, in Ωl,
u = g1 ∈ R, on ∂ΩL,1,

ε0

∮

∂ΩL,1

∂u

∂n
ds = q1,

u = g2 ∈ R, on ∂ΩL,2,

ε0

∮

∂ΩL,2

∂u

∂n
ds = q2,

u = u1
Γ, on Γ ∩ Γ1,

u = u2
Γ, on Γ ∩ Γ2,

(3.9.1)

with some kind of numerical method. In (3.9.1), Γ = ∂Ωl is the boundary of the
domain Ωl, Γi = Γ ∩ ∂Ωl,i the restriction of the boundary Γ to the boundary ∂Ωl,i

of sphere i and ui
Γ the values of the global grid solution on the interface Γi. The

major drawback of the use of a numerical method is computing time. An alternative
approach is the use of the Schwartz alternating process.

3.9.1 Outline of the method

The idea of the Schwartz alternating process is the following: firstly, local problem 1
is solved in the ring region around sphere 1 with boundary information u1

Γ on Γ1 and
a guess u2,−1|Γ∗1 on Γ∗1 = ∂Ωl,1/∂Ωl. This local problem can be formulated as (see
Figure 3.4 for the notation)

∇2u1,0(r1, θ1) = 0, R11 < r < R12, 0 < θ1 < 2π,
u1,0(R11, θ1) = g1,0 ∈ R, 0 < θ1 < 2π,

ε0

∫ 2π

0

R11
∂u1,0

∂r
(R11, θ)dθ = q1,

u1,0(R12, θ1) = u1
Γ + u2,−1|Γ∗1 , 0 < θ1 < 2π.

(3.9.2)
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Secondly, local problem 2 is solved in the ring region around sphere 2 with boundary
information u2

Γ on Γ2 and u1,0|Γ∗2 on Γ∗2 = ∂Ωl,2/∂Ωl. The local problem around

E u 1  =  0  E u 2  =  0  

u 1 ( J 1 )

R 1 2

R 1 1

R 2 2

R 2 1

G 1 *G 2 *

G 1 G 2

u 2 ( J 2 )

R 1 ( J 1 ) R 2 ( J 2 )

W l , 1

W l , 2

Figure 3.4. Application of Schwartz’s principle.

sphere 2 can be formulated as (see also Figure 3.4)

∇2u2,0(r2, θ2) = 0, R21 < r < R22, 0 < θ2 < 2π,
u2,0(R21, θ2) = g2,0 ∈ R, 0 < θ2 < 2π,

ε0

∫ 2π

0

R21
∂u2,0

∂r
(R21, θ)dθ = q2,

u2,0(R22, θ2) = u2
Γ + u1,0|Γ∗2 , 0 < θ2 < 2π.

(3.9.3)

After solving (3.9.3), a new local problem around sphere 1 can be defined from the
values of u2,0 on Γ∗1, solved, and used as input for a new local problem around sphere
2. This way, an iterative process has been constructed, which hopefully converges
to the exact solution u on Ωl. The ith (i ≥ 1) step of this iterative process can be
formulated as
Problem for sphere 1:

∇2u1,i(r1, θ1) = 0, R11 < r < R12, 0 < θ1 < 2π,
u1,i(R11, θ1) = g1,i ∈ R, 0 < θ1 < 2π,

ε0

∫ 2π

0

R11
∂u1,i

∂r
(R11, θ)dθ = q1,

u1,i(R12, θ1) = u1(θ1) + u2,i−1|Γ∗1 , 0 < θ1 < 2π.

(3.9.4)

Problem for sphere 2:

∇2u2,i(r2, θ2) = 0, R21 < r < R22, 0 < θ2 < 2π,
u2,i(R21, θ2) = g2,i ∈ R,

ε0

∫ 2π

0

R21
∂u2,i

∂r
(R21, θ)dθ = q2, 0 < θ2 < 2π,

u2,i(R22, θ2) = u2(θ2) + u1,i|Γ∗2 , 0 < θ2 < 2π.

(3.9.5)
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3.9.2 Convergence of the method

In order to proof convergence of the Schwartz method, e1,i and e2,i for i = 1, 2, 3, ...
are defined by

e1,i := u1,i − u1,
e2,i := u2,i − u2,

(3.9.6)

where u1 and u2 are the restrictions of the exact solution u to the local areas Ωl,1 and
Ωl,2, respectively. Substitution of (3.9.6) and use of (3.9.4) and (3.9.5) show that e1,i

and e2,i fulfill

∇2e1,i = 0, R11 < r < R12, 0 < θ1 < 2π,
e1,i(R11, θ1) = g1,i − g1, 0 < θ1 < 2π,

ε0

∫ 2π

0

R11
∂e1,i

∂r
(R11, θ)dθ = 0,

e1,i(R12, θ1) = (u2,i−1 − u2)|Γ∗1 = e2,i−1|Γ∗1 , 0 < θ1 < 2π,

(3.9.7)

and

∇2e2,i = 0, R21 < r < R22, 0 < θ2 < 2π,
e2,i(R21, θ2) = g2,i − g2, 0 < θ2 < 2π,

ε0

∫ 2π

0

R21
∂e2,i

∂r
(R21, θ)dθ = 0,

e2,i(R22, θ2) = (u1,i − u1)|Γ∗2 = e1,i|Γ∗2 , 0 < θ2 < 2π,

(3.9.8)

for i = 1, 2, 3, .... A well-known property of harmonic functions [9] is that they take
on their maximum and minimum on the boundary of their domain. From (3.9.7), it
then follows that

‖e1,i|Γ∗2‖ < max{|g1,i − g1|, ‖e2,i−1|Γ∗1‖}, (3.9.9)

under the condition that

∀θ∈R [R11 < R1(θ) < R12] , (3.9.10)

with R1(θ) defined as in Figure 3.4. The solution to (3.9.7) is given by (3.4.6). From
this solution, we get that

g1,i − g1 = e1,i(R11) = a0 =
1
2π

∫ 2π

0

e2,i−1|Γ∗1dθ. (3.9.11)

From (3.9.11), it can be estimated that

|g1,i − g1| ≤ ‖e2,i−1|Γ∗1‖. (3.9.12)

The estimates (3.9.9) and (3.9.12) lead to

‖e1,i|Γ∗2‖ < ‖e2,i−1|Γ∗1‖. (3.9.13)

Similarly, it can be estimated that

‖e2,i|Γ∗1‖ < ‖e1,i|Γ∗2‖ (3.9.14)
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Table 3.4. Maximum difference νi = max{|u1,i−u1,i−1|, |u2,i−u2,i−1|} between successive
solutions and their ratios τi = νi/νi−1.

i νi τi

1 6.64e-06
2 3.32e-02 1.51e-01
3 1.20e-02 3.62e-01
4 4.17e-03 3.47e-01
5 1.43e-03 3.44e-01
6 4.91e-04 3.42e-01
7 1.68e-04 3.42e-01
8 5.72e-05 3.41e-01
9 1.95e-05 3.41e-01
10 6.64e-06 3.41e-01

so that we have the desired result

‖e1,i|Γ∗2‖ < ‖e1,i−1|Γ∗2‖, ‖e2,i|Γ∗1‖ < ‖e2,i−1|Γ∗1‖. (3.9.15)

This proves convergence of Schwartz’s principle under the condition

∀θ∈R [R11 < R1(θ) < R12 ∩R21 < R2(θ) < R22] , (3.9.16)

which is satisfied if the local domains do not intersect or overlap the interior of the
spheres.

3.9.3 Numerical results

In order to check the results of this section, the problem (3.9.1) is investigated numeri-
cally with ΩL,1 the sphere with center (0.41,0.5) and radius R11 = 0.05, and R12 = 0.1,
q1 = 2, and ΩL,2 the sphere with center (0.59,0.5) and radius R21 = 0.05, and R22 =
0.1, q2 = 1. The outer boundary condition is u1

Γ = u2
Γ = 0. In order to show con-

vergence of the Schwartz alternating process, νi = max{|u1,i− u1,i−1|, |u2,i− u2,i−1|}
and the quotients τi = νi/νi−1 are listed in Table 3.4. The calculated maximum
differences νi indicate indeed that the Schwartz alternating process converges. The
ratios τi show that the convergence is linear. This is in agreement with the derived
results of the previous section.

3.10 Numerical local solutions

It has been seen that the local boundary problems originating from the LDC method
can often be solved analytically or by using analytical solutions in the Schwartz alter-
nating process. However, Schwartz’s method fails when the condition (3.9.16) is not
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fulfilled, or, in words, when the local region of sphere 1 overlaps the interior of sphere
2, or vice versa. In that case, the use of a numerical method for solving the local
boundary problem on the domain ΩL cannot be avoided. The numerical method that
is used here, is the method of finite differences.

3.10.1 Outline of the method

The translation of the local boundary problem around the floating spheres to a finite
difference context is trivial [53], except for the discretization of the integrated flux
condition

ε0

∮

∂ΩL

∂u

∂n
ds = q. (3.10.1)

Equation (3.10.1) is evaluated by the discretization

q = ε0
2π

N

N−1∑

i=0

R1
∂u

∂r
(R1, θi), with θi =

2πi

N
. (3.10.2)

The partial derivatives in (3.10.2) are evaluated as follows. According to the definition
of partial derivatives, ∂u/∂r is equal to

∂u

∂r
(x) = lim

δ↓0
u(x + δer)− u(x)

δ
, (3.10.3)

with
er = cos θex + sin θey. (3.10.4)

Since the value of u in x and x+ δer is generally not known, u needs to be evaluated
numerically in these points. This will be done by applying bilinear interpolation; see
Figure 3.5 for the details. Following the notation of Figure 3.5, u(x) can be written
as a linear combination of the four surrounding grid points

u(x) = (1− dx
∆x − dy

∆y + dx
∆x

dy
∆y )ui,j + dx

∆x (1− dy
∆y )ui+1,j

+ dy
∆y (1− dx

∆x )ui,j+1 + dx
∆x

dy
∆y ui+1,j+1.

(3.10.5)

Similarly, u(x + δer) can be written as (3.10.5) with dx replaced by dx + δ cos θ and
dy replaced by dy + δ sin θ. If these expressions are substituted in (3.10.3), and the
limit δ ↓ 0 is taken, we get

∂u

∂r
(x) .= (− cos θ

∆x − sin θ
∆y + cos θ

∆x
dy
∆y + sin θ

∆y
dx
∆x )ui,j + ( cos θ

∆x − cos θ
∆x

dy
∆y − sin θ

∆y
dx
∆x )ui+1,j

+( sin θ
∆y − cos θ

∆x
dy
∆y − sin θ

∆y
dx
∆x )ui,j+1 + ( cos θ

∆x
dy
∆y + sin θ

∆y
dx
∆x )ui+1,j+1.

(3.10.6)
Substitution of (3.10.6) in (3.10.2) gives the boundary condition for the integral equa-
tion (3.10.1) in a finite difference context.
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Figure 3.5. Point where the partial derivative (3.10.3) has to be evaluated.

3.10.2 Numerical results

In order to check the results of this section, the problem

∇2u = 0, 0 < x < 1, 0 < y < 1,
u(x, 0) = 0, 0 < x < 1,
u(x, 1) = 0, 0 < x < 1,
u(0, y) = 0, 0 < y < 1,
u(1, y) = 0, 0 < y < 1,
u(x, y) = g1 ∈ R, (x, y) ∈ ΩL,1,∮

∂ΩL,1

∂u

∂n
ds = q1,

u(x, y) = g2 ∈ R, (x, y) ∈ ΩL,2,∮

∂ΩL,2

∂u

∂n
ds = q2,

(3.10.7)

is investigated, with ΩL,1 the sphere with center (0.4,0.5), R1 = 0.05, and q1 = 1, and
ΩL,2 the sphere with center (0.6,0.5), R2 = 0.05, and q2 = 1. The result of the finite
difference calculations with a grid size ∆x = ∆y = 1/80 is displayed in Figure 3.6.

3.11 Conclusion

With the LDC method, it is possible to calculate electric fields in a domain that
contains holes, here representing toner particles, with a prescribed integral charge
condition. The applied LDC method uses a coarse global grid on which a numerical
solution is calculated. The global coarse grid solution is iteratively refined with help
of fine local solutions around the holes. In case the holes are separated such that
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Figure 3.6. The numerical solution of (3.10.7), calculated with the method of finite differ-
ences and (3.10.6).

the local domains do not overlap, analytical local solutions can be used for the local
boundary problems. In case the local domains overlap, analytic local solutions are
not available any more. Then, the Schwartz alternating process is applied. If the
toner particles move even closer, such that the local domains overlap the holes, also
the use of Schwartz’s method is not possible any more. Then, the method of finite
differences is used to solve the local boundary problems.

The convergence properties of the LDC method and the Schwartz alternating
process are discussed and convergence proven. The application of the method of finite
differences is shown for the Laplace equation with the integrated flux conditions. With
help of these three types of solution methods for the local boundary problems, the
LDC method can be applied to a domain with an arbitrary number of holes. Thus,
a general numerical method has been constructed that for dilute systems, in which
the convergence of the local problems is more or less independent of the other local
solutions, is computationally efficient and that is able to calculate electric forces in
DEM simulations accurately.



Chapter 4

Calibration of model
parameters

The discrete element method is used extensively in simulating multiple interacting
bodies. The key to the success of the DEM method lies in correctly establishing
the interaction rules and the associated parameters. In Chapter 2, models have been
derived for the forces that act on and between toner particles in the DI toner assembly.
In this chapter, the parameters of the force models of Chapter 2 are determined by
using experimental data. In cases that no experimental data is available, experiments
are set up for the determination of the correct values of the parameters. The model
parameters form the distinction between the description of the print process of the DI
technology and other processes. In this thesis, the focus is on modeling the behavior
of black and color toner in the development nip of the Océ CPS700.

4.1 Geometry

The DI-drum and the imaging roller are cylinders with diameters of 4 and 10 cm,
respectively. The surface of the imaging roller has a certain mechanical roughness.
The surface roughness of the imaging roller is determined with a scanning electron
microscope; see Figure 2.5. The depth of the pyramid structure of the imaging roller
is determined with a P10 profiler [58], a highly sensitive surface profiler that measures
roughness. The depth of the structure is at most 15µm. The modeling of the DI-
drum and the imaging roller have already been discussed in Section 2.1. The DI-drum
is modeled by a cylinder, the imaging roller by a cylinder with surface roughness.
The roughness consists of line pieces and it models the pyramid structure of the
imaging roller. The surface speed of the DI-drum is 6.7m/min. This coincides with an
angular speed of 2.23rad/s. The surface speed of the imaging roller is for color toner
development 12m/min, which coincides with an angular speed of 10rad/s, and for
black toner development 30m/min, which coincides with an angular speed of 25rad/s.
The angular speed of the DI-drum and imaging roller are prescribed values in a
simulation. The roughness on the imaging roller is attached to the imaging roller by
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a holonomic constraint and thus moves with the imaging roller at the same angular
speed. The distance between the imaging roller and the DI-drum is 150µm.

The size distribution of toner is determined with a Coulter multi-sizer [18]. The
principle behind the Coulter multi-sizer is the following. Particles, suspended in a
weak electrolyte solution, are drawn through a small aperture, separating two elec-
trodes between which an electric current flows. The voltage applied across the aper-
ture creates a sensing zone. As each particle passes through the aperture, it dis-
places its own volume of conducting liquid, momentarily increasing the impedance of
the aperture. This change in impedance produces a proportional current flow. The
electric sensing zone principle states that the amplitude of this pulse is directly pro-
portional to the volume of the particle. Scaling these pulse heights in volume units
enables a size distribution to be acquired. The volume size distribution of black toner
particles is depicted in Figure 4.1. The size distribution of toner can be approximated
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Figure 4.1. The volume size distribution of black toner; d is the diameter of a toner particle
and A is the percentage of toner particles with that diameter.

by a normal distribution with standard deviation σ. From the normal distribution,
the values d95, d50 and d5 can be determined; the value dn indicates that n% of all
toner particles have a volume that is bigger than π(dn)3/6. These values can be found
in Table 2.1 for black and color toner.

4.2 Normal collision

A normal collision between two objects is characterized by the normal coefficient of
restitution and the contact time. These two physical parameters can, by means of
(2.2.7), be translated to the model parameters k and γ of the linear spring-dashpot
model, which is used to model normal collisions. Three types of collisions occur in the
DI toner assembly: collisions between toner particles themselves, collisions between
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toner particles and the imaging roller, and collisions between toner particles and the
DI-drum. For each type of collision, the normal coefficient of restitution and the
collision time have to be given a value. In this section, the normal coefficient of
restitution is determined experimentally for each collision type. The collision time is
estimated from the collision theory of Hertz.

4.2.1 Coefficient of restitution

The experimental determination of the coefficient of restitution of a collision between
two toner particles is a complicated task, due to the small size and the geometry
of toner particles. The small size of toner makes it difficult to handle single toner
particles and almost impossible to let two single particles collide and record the colli-
sion under controlled circumstances. Furthermore, the boulder-like geometry of toner
particles makes the chance of a completely head-on collision very small. Another
approach thus has to be chosen to determine the coefficient of restitution of toner
particles.

The tin-oxide or carbon coating on toner particles is very thin. This coating will
influence the surface properties of toner. The additives in the resin, such as the
magnetic and color pigments, will also have an influence on the elastic properties of
toner. However, the main substance of toner, more than 90%, is resin. Toner will
thus get its elastic properties mainly from the resin. Therefore, it is assumed that
the substances of toner, other than resin, have a negligible influence on the coefficient
of restitution. Furthermore, it is assumed that the small dimensions of toner have a
negligible influence on the restitution coefficient. It is thus assumed that the contact
force, depending mainly on the material properties, dominates the normal collision,
and that other forces, such as adhesion forces, which vary with particle size, can be
neglected with respect to the contact force. Under these assumptions, the normal
coefficient of restitution of a toner particle can be determined by recording a collision
between a resin particle and a counter-material. The counter-material is for particle-
particle collisions a plate of resin, for particle-imaging roller collisions the imaging
roller, and for particle-DI-drum collisions the DI-drum. In order to guarantee a head-
on collision, a spherical resin particle is used. In order to be able to control the
particle, a resin particle with a diameter in the order of millimeters is used.

For the fabrication of spherical resin particles, the following technique is used.
Resin powder is melted until it liquidizes. The resin is then cooled to a plate of resin;
this technique is also used to create the counter material of resin for the particle-
particle collision experiment. The resin plate is milled until the desired size of the
resin lumps is reached. The fabricated resin particles have approximately the desired
size, but still a boulder-like shape. In order to round the resin particles, the resin
particles are added to a dispersion. The dispersion with the toner particle is heated to
a temperature of about 75 degrees Celsius under constant stirring of the suspension.
Due to the heat and the stirring, the resin particles slowly round off.

The set-up that is used for the determination of the restitution coefficient, is
schematically depicted in Figure 4.2. A spherical resin particle is dropped on the
counter material with an initial velocity of approximately zero from a specified height
y0. The particle falls under influence of gravity g onto the counter material with a
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Figure 4.2. The set-up for the determination of the normal restitution coefficient.

velocity v
(i)
n , where

v(i)
n =

√
2y0g. (4.2.1)

The particle bounces back with a velocity v
(f)
n = env

(i)
n , where en is the normal

coefficient of restitution. The particle then reaches a maximal height y1 = e2
ny0.

From this relation, the normal coefficient of restitution can easily be determined as

en =
√

y1

y0
. (4.2.2)

Under the assumption that only gravitational forces act on the toner particle, the nor-
mal coefficient of restitution can be determined by measuring the maximum height
y1 of the particle after collision, and substituting this into (4.2.2). Since the experi-
ment is not performed in vacuum but in air, viscous friction also has to be taken into
account. This gives rise to the introduction of the Stokes force Fs, for low Reynolds
numbers given by

Fs = −6πηRv, (4.2.3)

which gives the force on a spherical particle with radius R that moves with velocity
v in a fluid with viscosity η. If the Stokes force is added to the model, the restitution
coefficient still can be determined from the maximum height y1 the particle reaches
after collision, but not by a direct relation as (4.2.2). Instead, en is given by

en =
v
(f)
n

βg(e−t/β − 1)
, (4.2.4)

with β given by

β =
m

6πηR
, (4.2.5)
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and t and v
(f)
n the solutions of the equations

β2g(e−t/β − 1) = y0 − βgt,

y1 = βv(f)
n + β2g log

(
βg

v
(f)
n + βg

)
.

(4.2.6)

Finally, m is the mass of the particle, and thus m = 4/3πR3ρ, with ρ the density of
the resin. However, taking the Stokes force also into account in order to determine
the restitution coefficient has only a negligible effect on the calculated restitution
coefficient.

The motion of the particle is monitored with a high speed camera with a frame
rate of 250 frames per second. This frame rate is sufficient to determine the highest
position after impact accurately; the velocity of the particle at its highest point is
zero, and therefore easily detectable. Three frames at three different moments of
the motion of the particle, are depicted in Figures 4.3 to 4.5. Substitution of the
value y1 = 8.0cm, which can be read from Figure 4.5, in (4.2.4) with y0 = 11.0cm,
R = 2.25mm, ρ = 1.4 ·103kg/m3, and η = 17.1 ·10−6Pa·s gives a restitution coefficient
en = 0.85. Data about the reproducability of the experiment and the dependence of
the restitution coefficient on impact velocity is visualized in Figure 4.6. The 4 depicted
samples per impact velocity are the results of four consecutive experiments. The
deviation on the normal restitution coefficient for the four samples per impact velocity
is maximally 0.03, and thus small. The impact velocity is varied by varying the
height y0. The dependence of the restitution coefficient on impact velocity seems to
be negligible. However, for much smaller impact velocities, the restitution coefficient
may become larger.

The same measuring technique can be applied to determine the normal restitution
coefficient between toner particles and the imaging roller, and between toner particles
and the DI-drum. Since the imaging roller and DI-drum are cylinders, care has to be
taken that the collision is completely head-on. This can easily be checked by the path
of the resin particle after collision. This should be vertical in case of a completely
head-on collision. The value that is found for particle-imaging roller collisions is
en = 0.58 and that for particle-DI-drum collisions is en = 0.95.

4.2.2 Contact time

If two objects, which in general are never completely elastic, collide, then during a
certain time a contact exists between the two materials. During the contact, the
surfaces of both objects deform. This deformation is restored after collision. The
experiments of the previous section were also conducted to determine the contact
time during collision. The contact time could, however, not be determined with
this experimental set-up, not even with a frame rate of 1000 frames per second.
Apparently, the contact time is much smaller than 1ms.

Although no experimental data is available for contact times, the contact time can
be estimated from the collision theory of Hertz [35]. The relationship that Hertz has
found for the collision force between two spheres i and j, related to the overlap ξ (see
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Figure 4.3. The particle starts to
drop under gravity.

Figure 4.4. The particle hits the
counter material, a resin plate.

Figure 4.5. The particle at its
maximum height after impact.
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Figure 4.6. The normal restitution coefficient for a toner-toner collision for varying impact
velocities. The depicted curve is the average value of four conducted experiments per impact
velocity.

(2.2.4)), is given by
FHertz = kHξ3/2, (4.2.7)

where the parameter kH is determined by [48]

kH =
4
3π

(
RiRj

Ri + Rj

)1/2 1
ϑi + ϑj

, (4.2.8)

and the material parameter ϑi is defined by

ϑi =
1− σ2

i

πEi
, (4.2.9)

with Ei Young’s modulus and σi Poisson’s ratio of the i-th sphere. These material
properties, [15, 8, 76], are for toner, the imaging roller, and the DI-drum given in
Table 4.1. For toner particles, the material properties of the toner resin is used; for
the imaging roller and the DI-drum, the material properties of the outer layer of the
imaging roller and the DI-drum, being of chrome and silicon, respectively, are used.
By setting the collision energy of the linear spring-dashpot model (2.2.5) at maximum
overlap ξmax (i.e 1/2kξ2

max) equal to the Hertz contact energy (i.e 2/5kHξ
5/2
max), we

get for the elastic spring constant

k =
4
5
kHξ1/2

max. (4.2.10)
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Table 4.1. Material properties of toner resin, the imaging roller (chrome) and the DI-drum
(silicon).

Material Young’s modulus [109 Pa] Poisson’s ratio [-]
Toner 3 0.25

Imaging roller 25 0.30
DI-drum 129 0.28

Table 4.2. Collision parameters derived from the restitution coefficient and contact time.

Toner Collision type k [N/m] γ [Ns/m]
Black Toner-toner 56 2.8 · 10−7

Toner-imaging roller 117 1.9 · 10−6

Toner-DI drum 126 1.9 · 10−7

Color Toner-toner 61 3.2 · 10−7

Toner-imaging roller 129 2.2 · 10−6

Toner-DI drum 138 2.2 · 10−7

The value for the maximum overlap ξmax is determined by calculating the stretch ξ
of the Hertz spring at which its potential energy equals the kinetic collision energy of
the particles, or

2
5
kHξ5/2

max =
1
2
m(vi − vj)2. (4.2.11)

The characteristic normal collision velocity v := vi − vj is determined by averaging
the normal contact velocities in a DEM simulation (for arbitrarily chosen parameters
possibly iterate if necessary), and is found to be v = 0.003m/s. Equation (4.2.11)
leads to

ξmax =
(

5mv2

4kH

)2/5

, (4.2.12)

which can be evaluated with help of the values of Table 4.1 to p := ξmax/Ri = 8·10−5.
As an estimate for the linear spring constant k we then find, on the basis of (4.2.8),

k =
16
√

p

15π

(
Rj

Ri + Rj

)1/2
Ri

ϑi + ϑj
. (4.2.13)

The imaging roller and DI-drum are again modeled as a particle by letting mj and
Rj go to infinity. Substitution of the material properties of Table 4.1 and 2.1 into
(4.2.13) leads, together with the restitution coefficients found in Section 4.2.1, to the
collision parameters of Table 4.2. The values for the coefficient γ are determined from
relation (2.2.7).
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The choice of the model parameters k and γ also has an influence on the numerical
time step that is allowed to take when applying the discrete element method. In
the discrete element method, the trajectories of N spherical bodies are followed by
Newton’s second law of motion

mi
d2xi

dt2
= Fi, i = 1, ..., N. (4.2.14)

In general, the force F on particle i depends on the positions x and the velocities v
of particles 1 to N , and the time t. The integration scheme that is used to solve this
set of differential equations is Newmark’s method

mxn+1 = mxn + ∆tmvn + (∆t)2[ξFn+1 + ( 1
2 − ξ)Fn],

mvn+1 = mvn + ∆t[θFn+1 + (1− θ)Fn],
(4.2.15)

with parameters ξ = θ = 0. This scheme is called Newmark purely explicit. For any
other choice of the parameters of Newmark’s method, for each n a system (which is
nonlinear when F depends nonlinearly on x and/or v) needs to be solved in order to
obtain xn+1,vn+1 from xn and vn. Newmark purely explicit is a first-order method.

As a model problem, we consider the linear spring-dashpot system

m
d2x

dt2
= −kx− γ

dx

dt
,

x(0) = 0,
dx

dt
(0) = v0.

(4.2.16)

Substitution of ξ = θ = 0 in (4.2.15) leads to

xn+1 = xn + ∆tvn +
1
2
∆t2Fn,

vn+1 = vn + ∆tFn.
(4.2.17)

Substitution of F = (−kx− γẋ)/m in (4.2.17) gives

xn+1 = (1− k
2m∆t2)xn + ∆t(1− γ

2m∆t)vn,

vn+1 = − k
m∆txn + (1− γ

m∆t)vn.
(4.2.18)

Substitution of (4.2.18)2 in (4.2.18)1 with index n replaced by n+1, and substitution
of

∆t(1− γ

2m
∆t)vn = xn+1 − (1− k

2m
∆t2)xn (4.2.19)

gives

xn+2 = (2− k

2m
∆t2 − γ

m
∆t)xn+1 − (1 +

k

2m
∆t2 − γ

m
∆t)xn. (4.2.20)

After defining k∗ and γ∗ as

k∗ :=
k

2m
∆t2, γ∗ :=

γ

m
∆t, (4.2.21)
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(4.2.20) can be written as

xn+1 + (−2 + k∗ + γ∗)xn + (1 + k∗ − γ∗)xn−1 = 0. (4.2.22)

In order to analyze the stability of this scheme, the discrete Fourier mode

xn = λn, (4.2.23)

is substituted in (4.2.22). This way, the following expression for the amplification
factor λ is found:

λ1,2 =
2− k∗ − γ∗ ±

√
(k∗ + γ∗)2 − 8k∗

2
. (4.2.24)

Extensive analysis of the properties of the amplification factors λ1,2 shows that New-
mark purely explicit is stable if

γ∗ ≥ k∗, and γ∗ ≤ 2. (4.2.25)

Substitution of (4.2.21) in (4.2.25) shows that the inequality ∆t ≤ min{2m/γ, 2γ/k}
is the stability condition of Newmark purely explicit and that Newmark purely explicit
is thus conditionally stable.

Substitution of the values for k and γ of Table 4.2 in the stability condition of
Newmark purely explicit leads to the numerical time step constraint ∆t ≤ 3 · 10−9s.
This small time-step constrains the time interval that is possible to simulate on a
PC to 15ms. One common simulation strategy to avoid this restriction, is to choose
k much smaller than estimated for the real materials, thereby allowing larger time
steps. Practical experiences have revealed that this strategy has little to no effects on
the macroscopic behavior of the DI toner assembly.

4.3 Tangential collision

The friction model for tangential collision (2.2.10) is characterized by three param-
eters: the static and dynamic friction coefficient µs and µd, respectively, and the
tangential spring constant ks. As in the case of normal collisions, three collision types
are distinguished: tangential collisions between particles themselves, between particles
and the imaging roller, and between particles and the DI-drum. For each tangential
collision type, values have to be given to the three tangential collision parameters. In
this section, the friction coefficients are determined experimentally for each collision
type. The tangential spring constant is set, based on numerical arguments.

4.3.1 Friction coefficient

The experimental determination of the friction coefficients for a collision between two
toner particles of size 10µm is a complicated task, for the same reasons as for the nor-
mal restitution coefficient. Therefore, it is assumed here, as in Section 4.2.1, that the
friction coefficient of toner is determined by the toner resin, being the basic material
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of toner. Under this assumption, the friction coefficient between two toner particles
can be determined by moving two resin plates over each other and measuring the
force that is required to do this. The experimental set-up that is used, is schemat-
ically shown in Figure 4.7. The substrate is a resin plate. The sample is a smaller

v

s u b s t r a t e
s a m p l e
w e i g h t

F z , wF z , s

F t

F n

F t

Figure 4.7. A schematic drawing of the experimental set-up for the determination of the
friction coefficient between toner particles.

resin plate. On the sample, a weight with mass mw = 211g is fixed. The normal force
Fn between the substrate and the sample is equal to the gravity forces of the sample
Fz,s and the weight Fz,w,

Fn = Fz,s + Fz,w. (4.3.1)

The weight together with the sample is pulled with piecewise constant speed v over
a distance x by a device that measures the force Ft, which is necessary to establish
this motion. According to Coulomb’s law, the force Ft and the normal force Fn are
related by

Ft = µFn, (4.3.2)

with µ the friction coefficient. A measurement series conducted in this way is shown
in Figure 4.8. The motion of the sample consists of two successive parts. In the first
part, of length x = 5mm, the sample moves with a velocity v = 50mm/min; in the
second part, of length x = 75mm, the sample moves with a velocity v = 2000mm/min.
In the first part, a so-called stick-slip motion is observed, and the force measured is
the static friction force; see Figure 4.9 for a detailed picture of the first phase. In
the second part, depicted in Figure 4.8, the sample moves with a higher speed over
the substrate. In the second part of the curve, Ft represents the dynamic friction
force. The variations in the force Ft are due to perturbations in the motion of the
sample due to thickness variations of the sample and the substrate. However, multiple
measurements show a good agreement. In Figure 4.8 and 4.9, four curves are depicted:
two for sample 1 of mass 26g and two for sample 2 of mass 34g. The weight, mass
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Figure 4.8. The force Ft as a function of the distance x for a resin substrate and resin
sample. Two measured curves per sample are depicted; the substrate is always the same, as
is the weight. Sample 1 has a mass of 26g and sample 2 of 34g.
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Figure 4.9. The static friction force Ft as a function of the distance x for a resin substrate
and resin sample. Two measured curves per sample are depicted.
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211g, and the substrate are always the same. From these curves, the average values
of the dynamic and static friction force can be read of, and they can be used in (4.3.2)
to calculate the associated friction coefficients. The result is that the dynamic friction
coefficient for toner-toner contacts is µd = 0.19 and that the static friction coefficient
is µs = 0.47.

Unfortunately, the routine as described above, cannot be applied for measuring the
friction coefficient between resin and the imaging roller or DI-drum, since the imaging
roller and DI-drum have a curved surface. For the determination of the friction
coefficient between toner and the imaging roller or DI-drum, a different experimental
set-up is used. A schematic overview of this set-up is depicted in Figure 4.10. The
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Figure 4.10. A schematic drawing of the experimental set-up for the determination of the
friction coefficient between toner particles and the imaging roller or DI-drum.

friction coefficient µ can, however, still be determined from the force Ft and the
gravitational force Fz by the capstan formula [77]:

Ft

Fz
= eµ π

2 . (4.3.3)

Since the resin plates used so far, are not flexible, it is not possible to bend them
around the imaging roller or DI-drum, so that the experimental set-up, displayed
in Figure 4.10, cannot be used straightforwardly; a flexible sample on which a thin
layer of resin is deposited, is needed. An obvious choice is paper on which toner is
printed at full coverage; Océ Color Copy paper of 100g/m2 and 200g/m2 are used. A
problem in using printed paper as sample in the set-up, displayed in Figure 4.10, is
that its surface is not perfectly smooth. The surface contains geometrical roughness
due to the printed toner and due to the structure of the paper. It has to be made
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sure that this geometrical roughness does not influence the friction measurements
significantly. In order to verify this, three reference experiments have been done. The
first reference experiment has been conducted with the set-up displayed in Figure
4.7. Printed 100g/m2 paper, printed 200g/m2 paper, and a resin plate were chosen
as substrate, while a resin plate was chosen as sample. With this configuration,
geometrical effects should not play a role since one of the surfaces, the resin plate,
has a smooth surface. Results are depicted in Figure 4.11. Indeed, Figure 4.11 shows
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Figure 4.11. The force Ft as a function of the distance x for a resin sample on the substrates:
printed 100g/m2 paper, printed 200g/m2 paper, and resin. The depicted curves are an
average over 4 measurements where the substrate and the sample have been changed.

that the real friction properties of resin are measured when a resin plate is applied as
sample against a printed paper substrate, and that thus geometrical effects are in that
case negligible. The second reference experiment investigates whether geometrical
effects are still negligible when both the substrate and the sample are printed paper.
In that case, two geometrically rough surfaces slide over each other, and geometrical
friction will very likely play a role. The result of this experiment is depicted in Figure
4.12. From Figure 4.12, the dynamic friction coefficient for printed 100g/m2 paper
is found to be µd = 0.22, and for printed 200g/m2 paper µd = 0.28. In both cases,
the friction coefficient is higher than for a resin sample due to geometrical friction.
Geometrical friction plays a less important role for 100g/m2 paper than for 200g/m2

paper. The latter paper is heavy paper and, therefore, in a fuser of a printer-engine
heated to a less high temperature than the 100g/m2 paper. This results to toner
particles that are melted better and a smoother toner surface for 100g/m2 paper than
for 200g/m2 paper. Due to this geometrically smoother surface, geometrical friction
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Figure 4.12. The force Ft, determined with the experimental set-up of Figure 4.7, as a
function of the distance x for a sample and substrate of printed 100g/m2 and 200g/m2 paper.
The depicted curves are an average over 4 measurements where the substrate and the sample
have been changed.

plays a less important role for 100g/m2 paper, and, therefore, 100g/m2 paper is a
better approximation of resin friction than 200g/m2 paper.

The third and final reference experiment is conducted to validate whether the
set-up, as shown in Figure 4.10, gives, according to the expression (4.3.3), the same
friction coefficient as the set-up shown in Figure 4.7, according to (4.3.2). Therefore,
printed 100g/m2 and 200g/m2 paper has been stretched around a DI-drum, and the
experiment, according to the set-up as shown in Figure 4.7, performed with printed
100g/m2 and 200g/m2 samples. The result is shown in Figure 4.13. The dynamic
friction coefficient determined from Figure 4.13 is for 100g/m2 paper µd = 0.25 and
for 200g/m2 paper µd = 0.28. This coincides well with the values previously found
with the experimental set-up of Figure 4.7.

The series of reference experiments show that it is permissible to use printed
100g/m2 paper for the determination of the friction coefficients with the imaging
roller and the DI-drum; see Figure 4.14 and 4.15, respectively. From Figure 4.14
and 4.15, it is read of that toner-imaging roller contacts are characterized by a static
friction coefficient µs = 0.58 and a dynamic friction coefficient µd = 0.40, and that
toner-DI drum contacts are characterized by a static friction coefficient µs = 0.53 and
a dynamic friction coefficient µd = 0.34.
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Figure 4.13. The force Ft, determined with the experimental set-up of Figure 4.10, as
a function of the distance x for a sample and substrate of printed 100g/m2 and 200g/m2

paper. The depicted curves are an average over 4 measurements where the substrate and
the sample have been changed.
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Figure 4.14. The force Ft, determined with the experimental set-up of Figure 4.10, as
a function of the distance x for a sample of printed 100g/m2 paper and imaging roller as
substrate. The depicted curves are 4 measurements where the sample has been changed.
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Figure 4.15. The force Ft, determined with experimental set-up 4.10, as a function of the
distance x for a sample of printed 100g/m2 paper and DI-drum as substrate. The depicted
curves are 4 measurements where the sample has been changed.

4.3.2 Tangential spring

In the previous section, the dynamic and static friction coefficients for the three types
of collisions that are considered here, have been determined. The tangential friction
model contains, still, a third parameter, the so-called tangential spring constant ks.
The tangential spring constant will be set according to the approach of [60]. If it is
assumed that the two colliding spheres have radius Ri and Rj , the stretch η of the
tangential spring can be written as (see (2.2.3) and (2.2.11))

η(t) =
∫ t

t0

vs(τ)dτ =
∫ t

t0

(vj − vi) · sdτ +
∫ t

t0

(Riωi + Rjωj)dτ, (4.3.4)

which can be split into a translational part s,

s =
∫ t

t0

(vj − vi) · sdτ, (4.3.5)

and a rotational part Θ,

Θ =
∫ t

t0

(Riωi + Rjωj)dτ. (4.3.6)

The translational part fulfills the equation

s̈ = (v̇j − v̇i) · s = −Fs/m, (4.3.7)
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with m given by (2.2.8), and the rotational part fulfills the equation

Θ̈ = Riω̇i + Rjω̇j =
5
2
mFs, (4.3.8)

where it has been used that the moment of inertia Ii for a homogeneous sphere i
with radius Ri is given by I = 2/5miR

2
i . Using (2.2.10) for Fs, this leads us to the

equation

η̈ = −7ks

2m
η. (4.3.9)

Equation (4.3.9) has harmonic solutions with half period ts, where

ts = π

(
7ks

2m

)−1/2

. (4.3.10)

If ts/tn = c is set, where tn is the normal contact time, and solve this for ks for the
special case that γ = 0, we get

ks =
k

c2(1 + mR2/I)
. (4.3.11)

A natural choice for the parameter c is c = 1. In that case, (4.3.11) reduces to
ks = 2k/7. This relationship will be used for the tangential spring parameter ks for
all collision types.

4.4 Adhesion force

Adhesion forces are, according to (2.3.2), in this thesis characterized by the so-called
Hamaker coefficient. The results of two techniques for measuring practical adhesion
forces, i.e. atomic force microscopy (AFM) and the centrifugal method, will be used
here for determining the Hamaker coefficient.

By affixing a particle to the cantilever of an atomic force microscope, the inter-
action between this particle and a substrate can be investigated. Roughly speaking,
an AFM consists of a cantilever with a sharp tip acting as a probe and of a piezo
displacement unit which carries the substrate [70]. While the basis of the cantilever is
kept in a fixed position above the substrate, the substrate is moved upward by means
of the piezo displacement unit; see step 1 in Figure 4.16. As soon as the substrate
interacts with the probe, the cantilever is deflected from its normal horizontal posi-
tion. The tip jumps into contact with the substrate surface (step 2). The piezo unit
continues its upward movement until a pre-set height is reached (step 3). Then, it
reverses its direction of motion. As soon as the restoring force F of the cantilever
equals the interaction force Fadh of the cantilever, the tip separates from the surface
of the substrate (step 4-5). By means of the reflection angle of a laser beam reflected
at the surface of the cantilever, the extent z of the cantilever deflection can be mea-
sured. According to Hooke’s law, the restoring force of the cantilever is given by the
cantilever deflection z at the moment of separation multiplied by its spring constant k,
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Figure 4.16. Schematic plot of a force-distance curve of an atomic force microscope.

i.e. F = −kz. By putting F = Fadh and using this in (2.3.2), the Hamaker coefficient
A can be determined.

A disadvantage of AFM is that it studies just a single particle at a time. For
obtaining adhesion force distributions, the centrifugal detachment method, which
determines the removal of a large number of toner particles, is used. In the centrifugal
method, the particles are free to rotate and find an equilibrium position, whereas they
are fixed in AFM particle experiments. In the centrifugal method, the centrifugal force
is used to detach particles from a surface; see Figure 4.17. The working principle of the
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Figure 4.17. Schematic overview of the centrifugal detachment method.

centrifugal method is as follows. Toner is placed on the substrate and the number of
particles on the substrate is counted with a microscope. The centrifugal acceleration
is set, and the material centrifuged for a certain time. After this, the number of
particles on the substrate is counted again. This procedure is repeated several times,
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with an increasing centrifugal acceleration. The centrifugal force Fc depends on the
centrifugal acceleration of the centrifuge. If the substrate is positioned perpendicular
to the direction of the centrifugal force, the adhesion force is equal to the centrifugal
force if the particle is removed from the surface.

In this thesis, practical adhesion will not be investigated in depth. In [63], ad-
hesion forces have been measured for non-coated toner particles on a smooth silicon
surface as a function of temperature and relative humidity. While the temperature
was increased, the pull-off forces increased from 100nN at 25◦C to 250nN at 50◦C
(i.e. just below the particle’s glass transition temperature). In humidity-dependent
experiments at room temperature, pull-off forces of toner on silicon increased from
an almost constant level of 100nN for relative humidity value up to 70%, to 450nN
at 85%. In [10, 11], adhesion forces are (qualitatively) measured with the centrifugal
detachment method. Results of these measurements are depicted in Figure 4.18. In
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Figure 4.18. Adhesion measurements with green toner on SiOx, taken from [10].

Figure 4.18, the first measuring points are below 50%. This indicates that the main
part of the toner particles have an adhesion force to SiOx that is less than 2nN. The
value of the adhesion force of 10-20% of the most strongly fixed particles, shows how-
ever a large variation. The centrifugal force for which all particles are detached, varies
between 200nN and 1µN. Adhesion forces between toner and the imaging roller and
cohesion forces have not been measured. These parameters thus stay unknown, and
will be calibrated in Section 4.6 with the help of a so-called reduction experiment.

4.5 Magnetic force

The magnetic force, as introduced in Section 2.4.2, can be calculated with the software
package Flux2D. However, for this, the magnetization or hysteresis curve, relating the
magnetization M to the magnetic field strength H, is needed. The magnetic properties
of color and black toner are determined with a vibrating sample magnetometer (VSM).
A VSM applies a uniform magnetic field to the sample to be studied. If the sample
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is magnetizable, the constant magnetic field magnetizes the sample by aligning the
magnetic domains with the field. The stronger the constant field, the larger the
magnetization will be, at least up to the saturation point. Beyond this point, the
magnetization will no longer increase. The magnetic dipole moment of the sample
will create a magnetic field around the sample, sometimes called the magnetic stray
field. As the sample is moved up and down, this magnetic stray field changes as a
function of time and can be sensed by a set of pick-up coils; see Figure 4.19. The

Figure 4.19. Schematic drawing of a vibrating sample magnetometer.

alternating magnetic field will cause an electric current in the pick-up coils according
to Faraday’s law of induction. This current is proportional to the magnetization of the
sample. The stronger the magnetization, the stronger the induced current. With help
of an electromagnet, the magnetic moment is measured for different field strengths,
and thus the hysteresis curve of the sample is found.

The hysteresis curves for iron-oxide and carbonyl-iron [51], measured with a VSM,
are depicted in Figure 4.20. Note that both iron-oxide and carbonyl-iron show almost
no hysteresis. In the simulations, the hysteresis curves are replaced by a linear part
and a constant (saturated) part. The hystereris curve is thus characterized by two pa-
rameters: the magnetic field at which saturation occurs, and the saturation magnetic
flux of the material. The values of the saturation magnetic field and the saturation
magnetic flux for iron-oxide and carbonyl-iron are found in Table 2.2. Since the mag-
netization of the magnetic pigment in a VSM is measured as a bulk measurement,
the magnetic field at the position of a magnetic pigment particle is the magnetic field
of the external applied field plus the magnetic field originating from the magnetized
surrounding pigment particles. The hysteresis curve in Figure 4.20 thus gives the
relationship between an external magnetic field and the magnetization of the investi-
gated material, whereas the effective magnetic field in the bulk also has a component
due to the magnetic field of the bulk itself. In a dense packing, such as the DI toner
assembly, the magnetization of the material as a function of the external magnetic
field is thus given by the hysteresis curve in Figure 4.20. For a dense packing, an
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Figure 4.20. Hysteresis curve of carbonyl-iron (caFe) and iron-oxide (FO2).

extra component due to the internal magnetic field, as in (2.4.30), does thus not have
to be taken into account.

The magnetization M of a toner particle is equal to the magnetization of the mag-
netic pigment Mp. The magnetic dipole moment m of a toner particle is calculated
according to (2.4.35). By assuming a homogeneous distribution of the magnetic pig-
ment over the toner particle (i.e. by replacing the sum in (2.4.35) by an integral), it
is derived that

m =
4
3
πR3ηM, (4.5.1)

where η is the volume fraction magnetic pigment in a toner particle. The volume
fraction magnetic pigment in black toner is η = 13.5%. The volume fraction magnetic
pigment in color toner is on average η = 2.5%.

4.6 Reduction experiment

In the previous sections, the model parameters of the discrete element method for
simulating the behavior of the DI toner assembly for color and black toner in the
non-print situation, have been measured. Three parameters, however, remained un-
known: adhesion between toner and imaging roller, cohesion between toner particles,
and the shape of toner. In the DEM model, the shape of toner can be altered by
changing the number of spheres n, which build one toner particle. The three un-
known model parameters are calibrated in this section with the help of a so-called
reduction experiment.

The reduction experiment consists of a DI-unit where the DI-drum has been left
out; see Figure 4.21. In the reduction experiment, a certain amount of toner is applied
to the imaging roller on top of the magnet within the imaging roller. The toner is
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Figure 4.21. Schematic overview of the set-up for the reduction experiment.

attracted towards the magnet within the imaging roller and forms an assembly; this is
a static configuration. If the sleeve of the imaging roller starts rotating with respect to
the magnet, toner particles experience friction with the sleeve. If the friction force is
higher than the attractive force towards the magnet, toner is removed from the toner
assembly by the rotation of the sleeve. The amount of toner on top of the magnet
within the imaging roller is then slowly reduced. Toner that is removed from the DI
toner assembly is almost completely taken off the imaging roller by the supply roller
in the nip between the imaging roller and the supply roller; see Figure 4.21. The
amount of removed toner per unit time obviously depends on the adhesion of toner to
the imaging roller, the shape of the toner and the cohesion between toner particles.
All three model parameters determine the influence of the rotation of the sleeve of
the imaging roller on the assembly. The amount of toner removed from the DI toner
assembly per unit time, is thus a measure for the strength of the adhesion of toner to
the imaging roller and cohesion between toner particles.

In order the determine the amount of toner removed from the DI toner assembly,
the DI toner assembly is monitored with a camera and recorded. In every frame of the
recording, two points are clearly visible: the front position and the back position of the
DI toner assembly; see Figure 4.22 for a single frame of the recording. The front and
back position are the position of the DI toner assembly nearest to and furthest away
from, respectively, the magnet within the imaging roller. These positions are for every
frame of the recording determined with a Matlab program. From the front and back
positions, the size of the DI toner assembly, which is defined as the distance between
the front and back position, is determined. Because toner particles are removed from
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Figure 4.22. Frame of a recording of the DI toner assembly.

Table 4.3. Reduction speeds for black and color toner.

Toner Exp. 1 Exp. 2 Exp. 3 Average

Black 7.5 · 10−4m/s 7.8 · 10−4m/s 7.4 · 10−4m/s 7.6 · 10−4m/s

Color 2.0 · 10−4m/s 2.9 · 10−4m/s 2.5 · 10−4m/s 2.5 · 10−4m/s

the DI toner assembly by the rotation of the sleeve of the imaging roller, the size of
the DI toner assembly decreases in time. This is visualized in Figure 4.23 where the
size of the DI toner assembly as a function of time is plotted. In Figure 4.23, it is seen
that the size of the DI toner assembly reduces linearly with time, and thus that the
reduction of the size of the DI toner assembly is constant. Therefore, the reduction
of the size of the DI toner assembly can be expressed in an average size reduction
per second. The reduction experiment was conducted three times for black and color
toner. The result of these measurements is given in Table 4.3. The variations in
the measured reduction speeds are small, less than 0.4 · 10−4m/s. A much greater
difference in reduction speed is observed between black and color toner.

In order to calibrate the three remaining model parameters, it has to be possible to
simulate the reduction experiment with the DEM model. It is possible to compute the
behavior of the DI toner assembly for at most 100ms. This is a very limited amount
of time, since experimental reduction times are in the order of seconds. Therefore, the
three remaining model parameters will not be calibrated by the total amount of time
that is required to completely reduce the DI toner assembly, but by the reduction
speeds given in Table 4.3. These reduction speeds imply that the size of the DI toner
assembly is reduced by 76µm for black toner and 25µm for color toner in a time
frame of 100ms, which implies that the number of particles removed from the DI
toner assembly in a time frame of 100ms is less than 200 for black and less than 70 for
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Figure 4.23. Front position, back position, and size of the DI toner assembly as a function
of time.

color toner. Although this is a rough approach, it will be shown that the reduction
experiment still gives us enough information to calibrate the three remaining unknown
model parameters.

The reduction experiment gives us an a priori estimate for the adhesion force be-
tween toner particles and the imaging roller. Toner particles, which are removed form
the DI toner assembly by the rotation of the sleeve of the imaging roller, are attracted
onto the supply roller in the nip between the imaging roller and the supply roller by
the magnetic force exerted by the magnets within the supply roller. Apparently, this
magnetic force towards the supply roller is higher than the adhesion force towards
the imaging roller. The magnetic force F towards the supply roller is calculated with
Flux2D, and is, approximately, F = 0.1nN. Since toner particles are sometimes re-
moved from the imaging roller by this force, and sometimes not, the adhesion force
towards the imaging roller has the same order of magnitude. Notice however that,
similar to the adhesion force between toner and the DI-drum, a variation of several
orders of magnitude, see for instance Figure 4.18, in this force is possible.

For now, the number of clustered spheres n that form one toner particle, will be
set to n = 3. If more than n = 3 spheres are clustered to form one toner particle,
the geometry of the toner particles will likely be in better agreement with reality.
However, clustering more spheres has its effect on computational costs. The choice
n = 3 is a compromise between describing the full roughness of the toner particles
and computational efficiency. Once this choice is made, the dimensionless parameter
r, defined as the ratio of adhesion between toner and imaging roller Fadh (known)
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and cohesion between toner Fcoh (still unknown), i.e.

r =
Fcoh

Fadh
, (4.6.1)

can be considered as the only remaining unknown model parameter.
A series of reduction simulations have been performed in which the number of

toner particles, removed from the DI toner assembly by the rotation of the sleeve
of the imaging roller, have been determined for different parameter values r; see for
instance Figure 4.24 for a frame of a DEM simulation of the reduction experiment.
The result of the series of reduction simulations is displayed in Figure 4.25. Figure
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Figure 4.24. Frame of a DEM simulation of the reduction experiment with black toner.
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Figure 4.25. Number of particles removed from a black and color DI toner assembly in a
time frame of 100ms as a function of the dimensionless parameters r.

4.25 shows that the number of removed particles decreases linearly between r = 0 and
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r = 1. The number of removed particles is zero for r > 1. A good choice for the ratio
r, in agreement with the experimental results of Table 4.3, is therefore r ≈ 0.8. This
choice for the parameter r for both color an black toner leads, according to Figure
4.25, to a higher reduction rate for black toner than for color toner, in agreement with
the experimental results displayed in Table 4.3.

4.7 Charge model

The set-up, which is used to measure the resistance of the DI toner assembly and the
capacity of toner with respect to the DI-drum, consists of a DI-unit with an electrical
circuit for measuring currents. The DI-unit that is used has a DI-drum without tracks,
but with a built-in measurement probe. The probe is made of copper and has a width
of 25µm. The probe is isolated from the DI-drum by epoxy and is located underneath
the SiOx coating; see Figure 4.26. The probe covers the whole length of the DI-drum,
and moves with the DI-drum through the DI toner assembly. When toner is printed
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Figure 4.26. Probe for measuring current profiles.

on the region of the DI-drum above the probe, a current flows through the DI toner
assembly and probe. This current is converted into a potential difference by a resistor
and this potential difference is measured. The set-up measures current profiles using
a position-synchronized measurement system. An encoder, attached to the axis of the
DI-drum, translates the rotary motion of the shaft into a three-channel digital output.
For every 1/5000 of a revolution (cycle), the encoder creates a pulse, and for every
complete revolution, the encoder produces a home pulse. The origin of the home
pulse, i.e. the drum rotation angle for which the encoder sends out a home pulse,
can be adjusted. The home pulse simultaneously triggers a function generator and a
National Instrument (NI) acquisition card. For every home pulse, and therefore for
every drum revolution, the function generator applies a print voltage on the imaging
roller, thereby creating a printed line of toner on the DI-drum. This line can be
changed by adjusting the print voltage applied to the imaging roller. Once triggered
by the up-going slope of a home pulse, the NI-card effectuates an analog-to-digital
conversion and acquisition of the probe voltage for each up-going and down-going slope
of the encoder pulses. The digital measurement values along with a corresponding
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measurement count are read by a Labview program via the parallel port of a PC; a
more extensive description of the set-up can be found in [79, 23].

In the form of an RC-circuit, the set-up is depicted in Figure 4.27. Here, V1
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Figure 4.27. RC-circuit of the measurement set-up.

is the potential of the imaging roller, R the resistance of the DI toner assembly,
V2 the potential of the toner against the DI-drum, Rd the resistance of the SiOx

layer, Id the current leaking through the SiOx layer, C the capacity of the toner
against the DI-drum with respect to the probe, Q the charge of the toner against the
DI-drum, Ic the current due to the charging of the toner against the DI-drum, V3

the potential of the probe, Rm the measurement resistance (which is 10kΩ), Im the
current through the measurement resistance Rm, V4 the potential of the DI-drum,
and V the applied voltage difference between the DI-drum and the imaging roller.
The equations governing this RC-circuit can be derived from Kirchoff’s law:

R = V2−V 1
I , V1 = V,

Rd = V3−V2
Id

, C = Q
V3−V2

,

Rm = V4−V3
Im

, V4 = 0.

(4.7.1)

These equations are supplemented with the condition that the total current is constant
everywhere,

I = Id + Ic = Im, (4.7.2)

and that the current Ic is equal to the change of charge Q,

Ic =
dQ

dt
. (4.7.3)
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This system can be solved straightforwardly if it is assumed that the applied voltage
V can be written as

V (t) = V sin ωt. (4.7.4)

In that case, the harmonic component of the measured voltage Vm = V3 can be written
as

Vm(t) = Vm sin(ωt + φ), (4.7.5)

with Vm and φ given by

Vm =
√

a2 + b2, tanφ =
b

a
, (4.7.6)

with a and b the solutions to the linear system

(R + Rd + Rm)a− bωRdC(R + Rm) = RmV,

(R + Rd + Rm)b + aωRdC(R + Rm) = RdCωRmV.
(4.7.7)

The unknown parameters R, Rd and C are calibrated by measuring the amplitude
Vm and the phase shift φω/(2π) for relevant frequencies ω of the applied input signal
V (t), and by matching the values for R, Rd and C such that the calculated and mea-
sured amplitude and phase shift agree. An example of a measurement done with the
probe set-up with f = 1kHz (ω = 2πf), V = 40V, black toner, and standard settings
of the DI-unit, is depicted in Figure 4.28. In Figure 4.28, the applied and the mea-
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Figure 4.28. Measurement with the probe set-up for f = 1kHz, V = 40V, black toner,
and standard settings of the DI-unit.
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sured signal are depicted. The applied signal is scaled down to 0.06V, the measured
signal is measured inversely. The measured signal is zero, aside from some cross-link
information, as long as the probe is not positioned in the DI toner assembly. The sig-
nal increases when the probe enters the DI toner assembly, reaches a maximum, and
decreases again to zero when the probe leaves the DI toner assembly. From Figure
4.28, the maximum measured amplitude and the phase shift of the signal with respect
to the input signal, can be determined. This has been done for black toner for fre-
quencies varying from 500Hz to 2000Hz in Figure 4.29 and 4.30 for three measurement
series. A relatively big error on the phase shift is observed. The measured amplitude
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Figure 4.29. Measured voltage Vm as a
function of the applied frequency f .
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Figure 4.30. Measured phase shift φω/2π
as a function of the applied frequency f .

Vm still has to be re-scaled in order to be comparable to (4.7.6), since the measured
amplitude is a result of a flow of charge through many toner particles into the entire
probe, instead of the flow of charge through one toner particle into the probe. The
number of toner particles can however be estimated. The probe has a length of 30cm
and a width of 25µm, and thus an area of 7.5 · 10−6m2. A particle’s surface has an
area of πR2. Division of these two areas leads to an estimate of 105 toner particles
that are pressed against the probe. The measured amplitude thus has to be divided
by 105 to be comparable to the calculated amplitude in (4.7.6). The parameters R,
Rd, and C have been fitted such that good agreement is obtained between measured
and calculated amplitude and phase-shift. The result for the best fit parameter values
Rd = 1.8 · 1024Ω, R = 5.9 · 1011Ω, and C = 3.9 · 10−16C/V is depicted in Figure 4.31
and 4.32. A good quantitative agreement between measured and calculated curves is
observed for the amplitude Vm, but there is an offset of about 25 degrees between the
measured and calculated phase shift. There are a number of possible explanations for
this offset. First of all, the data acquisition card may introduce a phase shift when
retrieving the data. This has, however, been checked by applying the same signal
to both data ports; no artificial phase shift was visible then. Secondly, a phase shift
may be introduced by the appearance of an internal capacity of the SiOx layer. The
internal capacity of the SiOx layer is not accounted for here, since the most impor-
tant characteristic of the charging behavior of the DI toner assembly, its RC-time,
is already well described with the current model, and the qualitative behavior of the
model is the same as observed with the performed experiments.
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Figure 4.31. Measured and calculated
voltage Vm as a function of the applied fre-
quency f .
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Figure 4.32. Measured and calculated
phase shift φω/2π as a function of the ap-
plied frequency f .

The same approach is also repeated for color toner. The best fit is achieved for
Rd = 1.8 · 1024Ω, R = 6.3 · 1011Ω, and C = 2.8 · 10−16C/V. The result is depicted in
Figure 4.33 and 4.34. For Figure 4.33 and 4.34, the same analysis holds as for Figure
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Figure 4.33. Measured and calculated
voltage Vm as a function of the applied fre-
quency f .

500 1000 1500 2000
−70

−60

−50

−40

−30

−20

−10

0
Color toner

f [Hz]

ph
as

e 
sh

ift
 [d

eg
re

es
]

Figure 4.34. Measured and calculated
phase shift φω/2π as a function of the ap-
plied frequency f .

4.31 and 4.32. Qualitatively, good agreement is achieved; quantitatively, an offset can
be observed between the measured and calculated phase shift of approximately 25
degrees.
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Chapter 5

Validation and results

In this chapter, it is analyzed to what extent it is possible to describe the macroscopic
behavior of the DI toner assembly with the discrete element method simulation tool
that has been set up in the previous chapters. This is done with help of three measures:
the position of the DI toner assembly on the imaging roller with respect to the magnet
placed beneath the imaging roller, the lowest voltage at which particles are being
developed, and edge sharpness of printed lines for the black and color unit of the
Océ CPS700. Furthermore, some predictions, which have been done with the discrete
element method simulation tool, are presented.

5.1 Clean state

The DI toner assembly can be in two different states: in a clean state or in a print
state. In the clean state, no voltage difference is applied between the imaging roller
and the DI-drum. Then, toner is supplied to the DI toner assembly by the DI-drum,
and excess of toner removed by the imaging roller. In the print state, toner is also
removed from the DI toner assembly by the DI-drum on which toner is printed.

A macroscopic characteristic of the DI toner assembly in clean state, which can be
measured quantitatively, is its position on the imaging roller with respect to the edge
point of the magnet within the imaging roller; see Figure 5.1. This position will, from
now on, be referred to as front position. The front position is a macroscopic result
of all forces acting on the DI toner assembly in the clean state. The forces acting on
a particle in the DI toner assembly in the clean state are the magnetic force due to
the magnet within the imaging roller, magnetic dipole-dipole interaction forces due
to neighboring magnetized toner particles, mechanical forces due to collisions with
neighboring particles and imaging rollers, and adhesion forces due to neighboring
particles and imaging rollers. The front position of the DI toner assembly also depends
on the settings of the DI-unit such as the distance wh between the imaging roller and
the DI-drum, and the velocity vh of the imaging roller. Since the front position
is a characteristic of the DI toner assembly, a comparison between simulated and
experimental front positions is a good way to qualify how well the proposed DEM
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Figure 5.1. Schematic overview of the experimental set-up for determining the front posi-
tion.

simulation model is able to predict the macroscopic behavior of the DI toner assembly.
Before the comparison is started, first the experimental set-up that was used to

measure the front position, is discussed. The experimental set-up consists of a DI-
unit, where the aluminum DI-drum with conductive tracks has been replaced by a
DI-drum made of glass. The glass DI-drum consists of a glass core, a thin chrome
coating, and a standard SiOx coating. Because these layers are transparant, it is
possible to look through the glass DI-drum with a camera, and film the DI toner
assembly. A schematic overview of the set-up is depicted in Figure 5.1. In order to
determine the position of the DI toner assembly with respect to the magnet’s edge
within the imaging roller, a hole with a diameter d of d = 2mm was lasered in the
sleeve of the imaging roller. Through this hole, it is possible to look at the magnet’s
edge with the microscope within the glass DI-drum. The magnet’s edge position is
set to zero, so that all measurements are done relative to this edge, and a quantitative
comparison between experiment and simulation is possible. If the front of the DI toner
assembly is positioned in the direction of the supply roller relative to the magnet’s
edge, this is defined as positive; see Figure 5.2. The microscope’s magnification is
calibrated by the size of the magnet’s knife. The nip distance wh is set with spacer
foils, and adjusted with micro-screws. The velocities of the rollers is measured with
a tachometer. Results of the experiments for the black DI-unit, performed with the
experimental set-up of Figure 5.1, are depicted with sleeve velocity vh = 30m/min
and vh = 10m/min of the imaging roller for varying nip distances wh in Figure 5.3
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Figure 5.2. Frame of a DEM simulation movie in which the magnet’s edge and the front
position are shown. The color shading displays areas of equal magnetic field strength.

and 5.4, respectively. In both plots, a lower and upper boundary is displayed for the
measured front position. These boundaries arise from variations in one measurement
of the front position of the DI toner assembly due to variations in the velocity of
the rollers, variations in the nip distance wh, and intrinsical variations in the front
position of the DI toner assembly. A further analysis of the reproducibility of the
experimental results shows that off-sets between two independent measurements of
the front position of the DI toner assembly in the black unit, are maximally 50µm.
This measurement inaccuracy arises mainly from errors made in setting the distance
wh, setting the magnet’s edge to zero, and calibration of the microscope; also some
differences are visible between different toner batches.

In Figure 5.3 and 5.4, the front positions have been displayed, obtained from
discrete element method simulations for the black DI-unit. In these figures, it can be
observed that the qualitative behavior of simulations and experiments for the front
position of the black DI-unit is the same: the front position becomes more negative for
increasing nip distance wh and decreasing sleeve velocity vh. Quantitatively, however,
there are discrepancies between simulations and experiments, which lie (just) outside
the scope of the measurement inaccuracy of 50µm; for an imaging-roller velocity of
vh = 10m/min, a quantitative disagreement of about 70µm is visible. The observed
quantitative disagreement between simulations and experiments can be traced back
to the toner geometry. In order to show this, the front position of rounded black toner
has also been measured; see Figure 5.3 and 5.4. Rounded black toner is normal black
toner that is rounded off by heating the toner, in a similar way as the toner described
in Section 4.2.1. This toner is thus not fully round, but is rounded off. Figure 5.3
and 5.4 show that the DEM simulations for black toner are in good agreement with
the measurements performed with rounded black toner. There is both qualitative
and quantitative agreement between simulations performed for normal black toner
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Figure 5.3. Front position for the black DI-unit for vh=30m/min and varying wh. Displayed
are lower and upper bounds for the measured values for black toner and rounded black toner,
and results determined with the DEM simulation tool.

- 2 5 0

- 2 0 0

- 1 5 0

- 1 0 0

- 5 0

0

1 0 0 1 2 0 1 4 0 1 6 0 1 8 0 2 0 0 2 2 0 2 4 0

w h  ( µ m )

fro
nt 

po
sit
ion

 (µ
m) b l a c k  l o w

b l a c k  h i g h

 b l a c k
r o u n d  l o w

b l a c k
r o u n d  h i g h

s i m u l a t i o n

Figure 5.4. Front position for the black DI-unit for vh=10m/min and varying wh. Displayed
are lower and upper bounds for the measured values for black toner and rounded black toner,
and results determined with the DEM simulation tool.
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and experiments performed with rounded black toner, which shows that the toner
geometry in the DEM model does not describe the real toner roughness, but is an
approximation of rough round toner. Front positions determined from simulations in
which n = 4, 5 and 6 spheres have been clustered to form one toner particle, show a
better agreement with the measured front positions of standard black toner, but still
do not show complete quantitative agreement. Capturing the full roughness of black
toner with clustered spheres appears thus not to be completely possible. Concluding,
although there is a quantitative difference between simulations and experiments due
to the modeling of toner geometry, a good description is given of the qualitative
macroscopic behavior of the behavior of the black DI toner assembly in the clean
state. Quantitative agreement is only achieved with rounded black toner.

Since the properties of color toner and the settings of the color DI-unit are different
from those of black toner and the black DI-unit, simulated and experimental front-
positions of the color DI-unit have also been compared, according to the method
above. The results are depicted in Figure 5.5 and 5.6. Qualitatively, good agreement
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Figure 5.5. Front position for the color DI-unit for vh=10m/min and varying wh. Displayed
are lower and upper bounds for the measured values for color toner, and results determined
with the DEM simulation tool.

is seen between simulations and experiments. Quantitatively there is good agreement
between simulations and experiments for a sleeve velocity of vh = 30m/min. For
a velocity of vh = 10m/min, a quantitative discrepancy between simulations and
experiment is observed. This discrepancy is analyzed further. By a specific choice
of its geometry, the magnet that is used within a color DI-unit, supplies a magnetic
force perpendicular to the imaging roller at position x = −150µm. In the direction
of the supply roller, i.e. in positive x-direction, the magnetic force is attractive,
i.e. directed in negative x-direction; in negative x-direction, the magnetic force is
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Figure 5.6. Front position for the color DI-unit for vh=30m/min and varying wh. Displayed
are lower and upper bounds for the measured values for color toner, and results determined
with the DEM simulation tool.

repulsive, i.e. directed in positive x-direction; see Figure 5.7. Since the front position
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Figure 5.7. The direction of the magnetic force in a color DI-unit as a function of the
x-position.

of the DI toner assembly lies for small wh in positive x-direction with respect to
the point x = −150µm, the magnetic force in the front of the DI toner assembly is
still attractive. The mechanical and adhesion forces on the toner particles must thus
supply enough grip of the imaging roller onto the DI toner assembly to move it back in
the direction of the supply roller. This is, indeed, shown by simulations, where front
positions to the right of x = −150µm are found. Apparently, the front position of a
color DI-unit depends highly on mechanical toner parameters. Furthermore, reduction
experiments, similar to the experiments described in Section 4.6, have shown that the
reduction rate of the DI toner assembly and thus the grip of the imaging roller onto
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the DI toner assembly is highest for vh = 10m/min, and decreases for higher and
lower velocities. Apparently, mechanical parameters have a bigger influence on the
DI toner assembly for vh = 10m/min than for vh = 30m/min. This coincides with
the observation that quantitative agreement between simulations and experiments is
achieved for vh = 30m/min and not for vh = 10m/min.

The macroscopic behavior of the DI toner assembly, resulting from simulations, has
been compared with the behavior from measurements. Good qualitative agreement
is found for both the black and color DI-unit. This is sufficient for the application of
the simulation tool as a design tool. Also quantitatively, in most cases, a satisfactory
agreement is found, although also discrepancies were found; errors are maximally
70µm. The results have shown the strong dependence of the macroscopic behavior of
the DI toner assembly on mechanical toner parameters such as friction and shape.

5.2 Print state

In the previous section, the macroscopic behavior of the DI toner assembly in clean
state has been considered. In this section, it is analyzed to what extent it is possible
to predict the macroscopic behavior of the DI toner assembly in print state with the
DEM simulation tool. A macroscopic characteristic of the DI toner assembly in print
state is the lowest applied voltage difference between imaging roller and DI-drum at
which particles are printed on the DI-drum. The lowest voltage difference at which
particles are printed on the DI-drum is defined as the Vo-level. The Vo-level expresses
the ratio between clean forces, such as the magnetic force, and print forces, such
as the electric force. Therefore, the Vo-level can be considered a good macroscopic
characteristic of the DI toner assembly in print state.

The Vo-level is measured and specified within Océ. Its value for a black DI-unit is
Vo = Vo,b and for a color DI-unit Vo = Vo,c [43]. The Vo-level is determined with the
DEM simulation tool by increasing the voltage difference between the imaging roller
and the DI drum in steps of 0.5V. The Vo-level is then defined as the lowest voltage
difference at which particles are printed on the DI-drum. The simulated Vo-level for
a black DI-unit is Vo = 1.02Vo,b and for a color DI-unit: Vo = 1.02Vo,c. Apparently,
there is good agreement with the experimental results. This shows that the ratio
between the clean force models, such as the magnetic and mechanical forces, and
the print force models, such as the electric force, is described well by the simulation
model.

5.3 Print quality

Print quality is a global concept, covering a lot of areas such as detail reproduction,
graininess, and color gamut. Two main determinants of color print quality are reso-
lution, measured in dots per inch (dpi), and the number of levels or gradations that
can be printed per dot. Generally speaking, the higher the resolution and the more
levels per dot, the better the overall print quality. In practice, most printers make a
trade-off, some opting for higher resolution and others settling for more levels per dot,
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the best solution depending on the printer’s intended use. Graphic arts profession-
als, for example, are interested in maximizing the number of levels per dot to deliver
”photographic” image quality, whereas general business users require reasonably high
resolution so as to achieve good text quality as well as good image quality.

A digital full-color image consists of a number of pixels; a pixel is the smallest unit
in an image containing color information. Each pixel contains three color coordinates;
one coordinate for each of the primary colors red, green and blue. Each color coordi-
nate typically contains 256 grey values. This implies that approximately 1.7 million
colors can be reproduced per pixel in a digital color image. However, a printer is not
capable of reproducing so many colors per pixel. In a binary device such as the Océ
CPS700, the dots of the seven DI-units are either ”on” (printed) or ”off” (not printed)
without intermediate levels. This implies that one can only print eight ”solid” colors
(cyan, magenta, yellow, red, green and blue, plus black and white). This is not a
broad enough palette to deliver good color print quality. Therefore, halftoning tech-
niques are applied. Halftoning algorithms divide a printer’s native dot resolution into
a grid of halftone cells and then turn on varying numbers of dots within these cells in
order to mimic a variable dot size. By carefully combining cells containing different
proportions of CMYRGBK dots, a halftoning printer can ”trick” the human eye into
seeing a palette of millions of colors rather than just a few.

A lot of different halftoning techniques are available such as error diffusion, dis-
persed dot dither, and blue noise masking [40]. Each halftoning technique has its
advantages and disadvantages. The halftoning has to take quality aspects such as
stability of the print process regarding single pixel development into account. If the
development unit is not able to print pixels in a stable way and with a high qual-
ity, this will affect the print quality. The degree of influence depends on the applied
halftoning technique.

Printed dots are in general not perfectly sharp. The front edge, the beginning of
a pixel, and the back edge, the end of a pixel, are not perfect, but have a certain
edge sharpness. Edge sharpness is defined as the distance in micrometers over which
the coverage in an edge changes from 10% to 90%, where the maximum coverage in
a pixel is scaled to 100%. Big dots consist of a front edge, a middle part where the
toner coverage is maximal and stable, and a back edge. Small dots only consist of a
front edge and a back edge, without a middle part. Since edge sharpness thus contains
information of the stability and quality with which pixels or dots can be printed by
a DI-unit, it is an important print quality measure for a DI-unit. Consequently, if it
is possible to predict edge sharpness with the DEM simulation tool, aspects of print
quality of a full color engine can be predicted. In the following paragraphs, it is
investigated to what extent it is possible to predict edge sharpness of printed dots for
a black and color DI-unit of the Océ CPS700.

Edge unsharpness is caused by two effects: an individually printed line can have
a transition region from zero to full coverage, and, next to that, two individually
printed lines can be shifted with respect to each other. Both effects are illustrated
in Figure 5.8. They are explained here in somewhat more detail. In Figure 5.9, a
snapshot of a DEM simulation has been depicted in which a line has been printed
on the DI-drum. Three areas can be distinguished in the front part of the printed
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Figure 5.8. Two individually printed lines are displayed. Edge sharpness can be caused by
a transition from zero coverage to full coverage in an individually printed line and by a shift
between two individually printed lines.

line, shown in Figure 5.9; the three areas are denoted by the numbers 1, 2, and 3.
Area 1 contains the first printed toner particles, area 2 does not contain any toner,
and in area 3 toner has been printed at full coverage. The transition region, which is
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Figure 5.9. Snapshot of a DEM simulation movie of the DI-unit. A line has been printed
on the upper drum, the DI-drum.

necessary to go from zero coverage to full coverage in region 3, thus consists of the
regions 1 and 2. The formation of such a transition region is caused by differences in
static and dynamic properties of toner particles at the point of being printed. When
a voltage difference is applied between the imaging roller and the DI-drum, particles
are charged depending on the properties, such as length, and number of conductive
paths to the imaging roller. The motion of the DI toner assembly causes continuous
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formation and breaking up of these conducting paths. Consequently, the speed of
charging differs between toner particles. Different charges on toner particles result in
varying electric forces towards the DI-drum. Besides the electric force, also magnetic,
adhesion, and collision forces vary from toner particle to toner particle. Dynamics
such as the occurrence of collisions or the presence of neighboring toner particles, also
determine the total force exerted on a particle. These statistics in print and clean
forces lead to toner particles that are printed and toner particles that are cleaned at
the same time. This behavior results in the formation of a transition region (region
1 and 2). Similar effects play a role during the formation of a back edge. However, if
the particles against the DI-drum are fully charged (to 40V), the electric print force
is so high that all toner particles against the DI-drum are printed. This results in the
full coverage area (region 3).

The above mentioned behavior also explains that the position of the full coverage
area is not fixed, but depends on the state of the assembly at the moment of applying
the print voltage. Therefore two lines, which are printed at the same time, but in a
DI toner assembly in a different state, can be shifted with respect to each other; see
Figure 5.8.

In order to capture both phenomena that contribute to edge sharpness with DEM,
a total number of fifty simulations have been run, where in each simulation a line is
printed. Each single printed line contains an edge sharpness due to the transition
region. Different printed lines put next to each other show a non-perfect edge sharp-
ness due to a shift in the area of full coverage. Both effects are accounted for by
determining an average coverage curve from the fifty printed lines. The average cov-
erage curve is determined by averaging the individual coverage curves from the fifty
simulations. The individual coverage curves simply depict the presence (defined as
100% coverage) or absence (defined as 0% coverage) of toner on the DI-drum as a
function of the position on the DI-drum. From the average coverage curve, a sigmoid
fit is calculated; sigmoid fits are predefined functions, which are part of a standard
measurement protocol to determine edge sharpness of printed dots. The average cov-
erage curve and the sigmoid fit, determined in the way described above from fifty
DEM simulations, are displayed in Figure 1.8 for a black unit of the Océ CPS700.
From the sigmoid fit in Figure 1.8, the normal front and back edge sharpness can
be determined. The simulated normal front edge sharpness is rn,f = 124µm and the
simulated normal back edge sharpness is rn,b = 44µm for the black DI-unit.

The experimentally determined values for normal edge sharpness of a black DI-
unit [13] are a normal front edge sharpness of rn,f = 120µm and a normal back edge
sharpness of rn,b = 52µm. Good quantitative agreement is observed between the
simulation and the experimental results. Both simulation and experimental results
show an a-symmetry: the back edge sharpness is better than the front edge sharpness.
Simulations and experiments differ maximally 8µm, which is very small.

Similar to the procedure above, also normal edge sharpness has been determined
when applying DEM for the settings of the color DI-unit of the Océ CPS700. Similar to
the black DI-unit, from fifty printed lines, an average coverage curve is calculated, and
from this average curve a sigmoid fit is made. From the sigmoid fit, the normal front
and back edge sharpness are determined. The simulated normal front edge sharpness
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is rn,f = 121µm and the simulated normal back edge sharpness is rn,b = 70µm. The
values that are determined experimentally, [13], for a color unit of the Océ CPS700 are
rn,f = 134µm and rn,b = 67µm. Again, an a-symmetry is seen between front and back
edge that is predicted well with the DEM simulations. Furthermore, there is good
quantitative agreement between simulation and experimental results. Simulations and
experiments differ maximally 13µm.

In the previous paragraphs, it has been shown that it is possible to predict edge
sharpness of the black and color DI-units of the Océ CPS700 quantitatively. This
confirms the high quality of the developed model. However, in Section 5.1, it has been
shown that we are not able to obtain full quantitative agreement between simulations
and experiments on the macroscopic behavior of the DI toner assembly in clean state,
defined as the front position, mainly because we do not model the full roughness
of toner particles. Since this discrepancy has been observed, it is in some sense
surprising that it is still possible to predict print quality so accurately. This can
be explained from the design of the DI-units. Within Océ, for a long time, people
have worked on the development of the DI technology. Part of the quality of a print
technology is determined by its robustness for varying environmental circumstances
and toner material properties. By achieving this robustness of the DI technology, an
insensitivity for a limited variation in toner properties such as shape and adhesion,
which may vary from toner batch to toner batch, has been achieved. Consequently,
little influence is to be expected from modeling toner shape and adhesion slightly
incorrectly. This also implies that the related force models and model parameters need
to be only first order models, since they are not dominating in determining the print
quality of the DI technology. Print quality of a DI-unit is, apparently, predominantly
determined by magnetic and electric forces. The good agreement between simulations
and experiments on print quality, shows that the magnetic and electric force models
give a very accurate description of the physics that play a role during the print process.

Since it is possible to predict print quality for the current settings of the DI-
units of the Océ CPS700 correctly, we feel confident about using the model to do
predictions for exotic settings of the DI-unit. As an illustration, the results from
DEM simulations for standard color toner have been compared with color toners with
deviating size distributions. Coverage profiles, determined from DEM simulations,
for a color unit of the Océ CPS700 with standard color toner with a size distribution
(d95-d50-d5) of 8.5-12-14.5µm, with fine color toner with a size distribution of 6-9-
12µm, and with color toner with a size distribution of 10-11-12µm are displayed in
Figure 5.10. The results for the obtained normal front and back edge sharpness are
depicted in Table 5.1. The results, displayed in Table 5.1, clearly show that especially
the normal front edge sharpness becomes better when applying fine toner particles or
when applying toner with a very small size distribution. Both tested toners result in
better (6-12µm) or less (10-12µm) statistics during the formation of front and back
edges of dots, and consequently in an improvement of quality.
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Figure 5.10. Coverage profiles determined from DEM simulations for a color unit of the
Océ CPS700 with standard color toner with a size distribution (d95-d50-d5) of 8.5-12-14.5µm,
with fine color toner with a size distribution of 6-9-12µm, and with color toner with a size
distribution of 10-11-12µm.

Table 5.1. Predicted normal front and back edge sharpness for a color unit of the Océ
CPS700 for standard color toner, for color toner with a size distribution (d95-d5) of 6-12µm
and for color toner with a size distribution of 10-12µm.

Toner rn,f (µm) rn,b (µm)

Standard 121 70
6-12µm 86 85
10-12µm 55 58



Chapter 6

Conclusions

The discrete element method has been employed to get insight in the toner flow in
the DI-unit of an Océ Direct Imaging color printer. In the discrete element method
(DEM), all toner particles as well as the development rollers, are considered discrete
elements. Each element interacts with its neighboring elements and its surroundings,
i.e. electric and magnetic fields. These interactions are modeled on a microscopic
scale: the motion of each particle is tracked numerically. Every time step, the forces
that act on a particle are summed and, from this, the speed and the displacement
of the particle are calculated by integration of Newton’s second law of motion. The
macroscopic behavior of the toner flow and print output is then simulated using
DEM. The model that is developed is a two-dimensional description of the DI toner
assembly: a cross-section of the DI-unit in the plane of the ring electrodes of the
DI-drum is described. The forces that act on particles in the DI toner assembly are
due to collisions, friction, adhesion, and electromagnetic actions.

All toner particles and development rollers have been provided with a geometry
to mimic the shape of the real object. To this end, a toner particle is described by
clustered spheres. The mechanical roughness of the imaging roller is modeled as a
periodic structure of line pieces. More realistic toner geometries can be achieved by
increasing the number of clustered spheres that form one toner particle. However,
high numbers of clustered spheres puts high demands on computational power.

In the model, each collision between toner particles, and between toner particles
and the development rollers, is modeled. During a collision, having a certain contact
time, particles deform, energy is dissipated in the form of heat, and particles restore
to their original shape. In the simulation, a collision is modeled by penetration of
the objects during collision. The normal dissipation in a collision is characterized
by the coefficient of normal restitution, which is defined as the ratio between the
normal component of the relative velocity before and after the collision. The normal
coefficient of restitution of toner is determined experimentally by recording a collision
between a spherical toner particle with a counter-material (toner, imaging roller, or
DI-drum). The collision duration time is estimated from the collision theory of Hertz.
Substitution of measured values for the restitution coefficient and collision duration
time lead to a strong numerical time step constraint.
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Collisions amongst particles or between particles and objects are, in general, not
head-on, and the particles have angular velocity. Therefore, shear is also taken into
account. The shear contact force is modeled with a Coulomb friction model. Since
Coulomb friction is a discontinuous force model, adjustments have been made to
the model to avoid numerical instability of the force law in a simulation. The friction
coefficient of toner is determined experimentally by moving a toner resin sample over a
substrate (toner, imaging roller, or DI-drum) and measuring the force that is required
to do this. The motion of the measuring device consists of two parts. In the first
part, where the device moves at low speed, a so-called stick-slip motion is observed.
The force that is measured is the static friction force. In the second part, the sample
moves at a higher speed over the substrate. Then, the force represents the dynamic
friction force.

When two materials are brought into each others vicinity, they exert an attracting
force onto each other. This force is referred to as the adhesion force. Hamaker’s theory
is used to describe this attractive force. The adhesion force is characterized by the
Hamaker coefficient, which is a material property. For toner, its value is measured
by atomic force microscopy and the centrifugal detachment method. Furthermore,
adhesion forces are estimated from the macroscopic behavior of the DI toner assembly,
i.e. in the reduction experiment.

In the DI toner assembly, the magnetic field originates from two sources: the
field from the magnets within the imaging roller and the field from the magnetized
surrounding toner particles. The magnetic field of the magnet within the imaging
roller is calculated with the finite element method. The inter-particle magnetic force,
also called dipole-dipole force, is calculated as if a single magnetizable particle were
present in each toner particle with the same magnetic dipole moment as the whole
toner particle. The magnetic properties of color and black toner are determined with
a vibrating sample magnetometer.

To enable electric field toner development, the electric force exerted on the toner
particle by the externally applied field strength must be stronger than the magnetic
force on that particle. Unfortunately, because of their quadratic nature, electric
forces cannot be determined by superposition. Thus, complex problems cannot easily
be reduced to a sum of more tractable problems. As a result of this, and of the
complicated geometries involved, a comprehensive theory of the forces on charged
particles does not exist. The use of the Galerkin finite element method to solve the
Laplace equation for the field distribution (with the appropriate re-meshing) at every
time step is computationally not achievable in a DEM simulation. It has been shown
that the local defect correction (LDC) technique can be used to solve Maxwell’s quasi-
static equations for the electric potential. With the developed method, it is possible
to calculate electric fields in a domain that contains holes, here representing toner
particles, with a prescribed integral charge condition. The applied LDC method uses
a coarse global grid on which a numerical solution is calculated. The global coarse
grid solution is iteratively refined with the help of fine local solutions around the
holes. In case the holes are separated such that the local domains do not overlap,
analytical local solutions can be used for the local boundary problems. In case the
local domains overlap, analytic local solutions are not available any more. In that



115

case, the Schwartz alternating process can be applied. If the toner particles move
even closer, such that the local domains overlap the holes, also the use of Schwartz’s
method is not possible any more. Then, the method of finite differences is used to
solve the local boundary value problems.

The convergence of the LDC method and the Schwartz alternating process are
proven. The application of the method of finite differences is shown for the Laplace
equation with the integrated flux conditions. With help of these three types of solution
methods for the local boundary problems, the LDC method can be applied to a domain
with an arbitrary number of holes. Thus, a general numerical method has been
constructed that for dilute systems, in which the convergence of the local problems
is more or less independent of the other local solutions, is computationally efficient
and that is able to calculate electric forces in DEM simulations accurately. For dense
systems, such as the DI toner assembly, also an alternative approach can be chosen:
bispherical coordinates can be used to calculate analytically the force on a conducting
toner particle in the field of an infinitely large electrode.

The particles of the DI toner assembly that are pressed against the DI-drum,
are charged when a voltage difference is applied between the imaging roller and the
DI-drum. The charge of the toner particles is the result of a flow of charge from
the imaging roller through the bulk of the DI toner assembly to the toner particles,
pressed against the DI-drum. An SiOx layer, a dielectric layer above the conducting
tracks, ensures that the electric charge on the toner does not leak to the conducting
tracks. A necessary condition for the flow of charge to a particle is the existence of
a conducting path from that particle to the imaging roller. The conducting path is
provided by the conducting toner particles of the DI toner assembly. These particles
form chains from the imaging roller to the DI-drum. Because the DI toner assembly
is not a static, but a dynamic assembly, the chains that provide the conducting paths
are constantly broken up and restored. Due to the charging and decharging of the
DI toner assembly, the voltage difference between toner particles and the DI-drum
changes in time, and, accordingly, the electric force.

The conducting paths consist of toner-toner contacts and toner-imaging roller
contacts. The contact between a toner particle and another toner particle is treated
as an ideal electric resistance. Similarly, the contact between a toner particle and
the imaging roller is treated as an ideal electric resistance. Toner particles within a
certain range of the DI-drum are treated as capacitors with respect to the DI-drum.
The contact of a toner particle with the DI-drum is treated as a capacitor in parallel
with an ideal resistance. By this routine, a simulation geometry is transferred into
an electric circuit. One relevant characteristic of the charging process of the DI toner
assembly is the RC-time; that is the time during which charging of a toner particle in
the vicinity of the DI-drum takes place. Another point is that toner particles cannot
be charged or decharged if they are not in conducting contact with the imaging roller,
so that charge can only be distributed during collisions of toner particles that form
conducting chains to the imaging roller. These characteristics are captured when
assuming that the charging of toner particles is due to a flow of charge through the
shortest conductive path formed to the imaging roller. This shortest path is calculated
for every particle and is translated to a 1-dimensional electric circuit, which determines
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the total resistance of the conducting path to the printable particle. The equations
of the 1-dimensional electric circuit can easily be solved. The number of equations
that need to be solved is equal to the number of toner particles that are less than
d50 (the value dn indicates that n% of all toner particles have a volume that is bigger
than π(dn)3/6) away from the DI-drum. The computational costs of this approach
are thus limited, so that the method can be applied in a discrete element method
simulation.

The set-up, which is used to measure the resistance of the DI toner assembly
and the capacity of toner with respect to the DI-drum, consists of a DI-unit with
an electrical circuit for measuring currents. The DI-unit that is used has a DI-drum
with a built-in measurement probe. When toner is printed on the region of the DI-
drum above the probe, a current flows through the DI toner assembly and probe.
The model parameters are calibrated by measuring the amplitude and the phase shift
of the measured voltage for relevant frequencies of the applied input signal, and by
matching the parameter values such that the calculated and measured amplitude and
phase shift agree.

With the simulation tool, it is possible to calculate and visualize the behavior of
the DI toner assembly, which consists of at most 10,000 particles, for a time frame of
about 15ms in approximately one night on a PC. The discrete element method has
been used for simulating the behavior of the DI toner assembly in the development
nip of the Océ Direct Imaging print process. It is shown that by determining the
appropriate interaction rules and the associated parameters, it is possible to gain
qualitative and quantitative agreement between experimental and simulation results.
The simulations have shown good agreement with experiments on the front position
of the DI toner assembly. Observed quantitative differences can be ascribed to the
modeling of toner particles by clustered spheres. In the DI toner assembly, shear
between toner particles and the imaging rollers and between toner particles themselves
plays an important role. Consequently, geometrical friction and thus toner shape play
an important role in modeling the shear characteristics of the DI toner assembly. By
clustering three spheres to form one toner particle, it is possible to describe the
geometrical roughness of toner to a large extent. However, it also turned out that for
describing the full geometry of toner, clustering spheres is not sufficient. If one wants
to achieve a full resemblance, other geometry models such as convex particles may be
more appropriate; but this will have its effect on computational costs.

The simulations have also been applied for determining print quality measures.
Good quantitative predictions have been made with the model on normal edge sharp-
ness. This not only confirms the quality of the model, but also opens opportunities
for many applications of the model. The model can, for instance, be used to predict
aspects of print quality for deviating settings of the DI-unit. Since it is relatively easy
to do predictions with the DEM model for exotic settings of the DI-unit, new ideas
can be tested fast and good ideas discovered more easily. The model can also be used
as a design tool for fundamentally new ideas that are difficult to test experimentally.
Furthermore, the DEM model provides a lot of insight in the relevant processes that
take place in the DI toner assembly, and allows people to improve the system on basis
of a fundamental insight in the physics playing a role in the image forming process.
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(2001).

[52] Mishra, B.K. and Murty, C.V.R., On the determination of contact parame-
ters for realistic DEM simulations of ball mills, Powder Technology 115, 290-297
(2001).

[53] Morton, K.W. and Mayers, D.F., Numerical solution of partial differential
equations, Cambridge University Press, Cambridge (1994).

[54] Nakayama, N., Watanabe, Y, Watanabe, Y. and Kawamoto, H., Exper-
imental and numerical study on the bead-carry-out in two-component develop-
ment process in electrophotography, IS&T’s NIP19: 2003 International confer-
ence on digital printing technologies, 69-73 (2003).

[55] Ouyang, Q., Ishida, K. and Okada, K., Appl. Surface Sci. 169-170, 644
(2001).

[56] Owen, D. and Parris, A., Elsevier Science 87, (1987).

[57] Padmadisastra, Y., Kennedy, R.A. and Stewart, P.J., Int. J. Pharm.
112, 55 (1994).

[58] P10 Profiler, http://www.zfm.ethz.ch/e/mems/eq tencor.htm.

[59] Rizzoni, G., Principles and Applications of Electrical Engineering, McGraw-
Hill, New York (2003).
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of the Océ Direct Imaging print process, In: NIP20: International Conference
on Digital Printing Technologies, Salt Lake City, USA, October 31 - November
5 2004, pp. 67-72, IS&T, Springfield (2004).



BIBLIOGRAPHY 121

[67] Severens, I.E.M., A.A.F. van de Ven, DEM Simulations of Toner Behavior
in the Development Nip of the Océ Direct Imaging Print Process, In: Proceedings
of the XIVth International Symposium on Trends in Applications of Mathematics
to Mechanics (STAMM04), Seeheim, Germany, 22-28 August 2004, pp. 483-492.
Eds.: Y. Wang and K. Hutter, Shaker Verlag, Aachen (2005).

[68] Severens, I.E.M., and Van de Ven, A.A.F., DEM simulations of the DI
toner assembly, In: Proceedings of the 13-th European Conference on Mathe-
matics for Industry (ECMI2004), Eindhoven, the Netherlands, 21-25 June 2004,
Eindhoven (2004).

[69] Severens, I.E.M., Van de Ven, A.A.F., Wolf, D.E. and Mattheij,
R.M.M., DEM simulations of toner behavior in the development nip of the Océ
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Summary

The Océ color technology relies on three innovations. The first is called Direct Imag-
ing (DI). In Direct Imaging, seven DI-units are used to build a seven-color toner
image. In each of these DI-units, a bitmap image is transferred directly into a visible
toner image on a DI-drum. The second innovation is Océ’s Color Copy-Press system,
which compiles all partial color images from each DI-drum and transfers and fuses
the complete full-color image to the paper. The third innovation is a color version
of Océ’s image processing technology Image Logic. The print quality of the Direct
Imaging technology is primarily determined by the toner flow in the region between
the DI-drum and an imaging roller. The collection of toner between the DI-drum and
the imaging roller is called the DI toner assembly.

The discrete element method has been employed to get insight in the toner flow in
the DI-unit of an Océ Direct Imaging color printer. In the discrete element method
(DEM), all toner particles as well as the development rollers, are considered discrete
elements. Each element interacts with its neighboring elements and its surroundings,
i.e. electric and magnetic fields. These interactions are modeled on a microscopic
scale: the motion of each particle is tracked numerically. Every time step, the forces
that act on a particle are summed and, from this, the speed and the displacement
of the particle are calculated by integration of Newton’s second law of motion. The
macroscopic behavior of the toner flow and print output is then simulated using
DEM. The model that is developed is a two-dimensional description of the DI toner
assembly: a cross-section of the DI-unit in the plane of the ring electrodes of the
DI-drum is described. The forces that act on particles in the DI toner assembly are
due to collisions, friction, adhesion, and electromagnetic actions.

All toner particles and development rollers have been provided with a geometry
to mimic the shape of the real object. To this end, a toner particle is described by
clustered spheres. The mechanical roughness of the imaging roller is modeled as a
periodic structure of line pieces. More realistic toner geometries can be achieved by
increasing the number of clustered spheres that form one toner particle. However,
high numbers of clustered spheres puts high demands on computational power.

In the model, each collision between toner particles, and between toner particles
and the development rollers, is modeled. During a collision, having a certain contact
time, particles deform, energy is dissipated in the form of heat, and particles restore
to their original shape. In the simulation, a collision is modeled by penetration of
the objects during collision. The normal dissipation in a collision is characterized



124 Summary

by the coefficient of normal restitution, which is defined as the ratio between the
normal component of the relative velocity before and after the collision. The normal
coefficient of restitution of toner is determined experimentally by recording a collision
between a spherical toner particle with a counter-material (toner, imaging roller, or
DI-drum). The collision duration time is estimated from the collision theory of Hertz.
Substitution of measured values for the restitution coefficient and collision duration
time lead to a strong numerical time step constraint.

Collisions amongst particles or between particles and objects are, in general, not
head-on, and the particles have angular velocity. Therefore, shear is also taken into
account. The shear contact force is modeled with a Coulomb friction model. Since
Coulomb friction is a discontinuous force model, adjustments have been made to
the model to avoid numerical instability of the force law in a simulation. The friction
coefficient of toner is determined experimentally by moving a toner resin sample over a
substrate (toner, imaging roller, or DI-drum) and measuring the force that is required
to do this. The motion of the measuring device consists of two parts. In the first
part, where the device moves at low speed, a so-called stick-slip motion is observed.
The force that is measured is the static friction force. In the second part, the sample
moves at a higher speed over the substrate. Then, the force represents the dynamic
friction force.

When two materials are brought into each others vicinity, they exert an attracting
force onto each other. This force is referred to as the adhesion force. Hamaker’s theory
is used to describe this attractive force. The adhesion force is characterized by the
Hamaker coefficient, which is a material property. For toner, its value is measured
by atomic force microscopy and the centrifugal detachment method. Furthermore,
adhesion forces are estimated from the macroscopic behavior of the DI toner assembly,
i.e. in the reduction experiment.

In the DI toner assembly, the magnetic field originates from two sources: the
field from the magnets within the imaging roller and the field from the magnetized
surrounding toner particles. The magnetic field of the magnet within the imaging
roller is calculated with the finite element method. The inter-particle magnetic force,
also called dipole-dipole force, is calculated as if a single magnetizable particle were
present in each toner particle with the same magnetic dipole moment as the whole
toner particle. The magnetic properties of color and black toner are determined with
a vibrating sample magnetometer.

To enable electric field toner development, the electric force exerted on the toner
particle by the externally applied field strength must be stronger than the magnetic
force on that particle. Unfortunately, because of their quadratic nature, electric
forces cannot be determined by superposition. Thus, complex problems cannot easily
be reduced to a sum of more tractable problems. As a result of this, and of the
complicated geometries involved, a comprehensive theory of the forces on charged
particles does not exist. The use of the Galerkin finite element method to solve the
Laplace equation for the field distribution (with the appropriate re-meshing) at every
time step is computationally not achievable in a DEM simulation. It has been shown
that the local defect correction (LDC) technique can be used to solve Maxwell’s quasi-
static equations for the electric potential. With the developed method, it is possible
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to calculate electric fields in a domain that contains holes, here representing toner
particles, with a prescribed integral charge condition. The applied LDC method uses
a coarse global grid on which a numerical solution is calculated. The global coarse
grid solution is iteratively refined with the help of fine local solutions around the
holes. In case the holes are separated such that the local domains do not overlap,
analytical local solutions can be used for the local boundary problems. In case the
local domains overlap, analytic local solutions are not available any more. In that
case, the Schwartz alternating process can be applied. If the toner particles move
even closer, such that the local domains overlap the holes, also the use of Schwartz’s
method is not possible any more. Then, the method of finite differences is used to
solve the local boundary value problems.

The convergence of the LDC method and the Schwartz alternating process are
proven. The application of the method of finite differences is shown for the Laplace
equation with the integrated flux conditions. With help of these three types of solution
methods for the local boundary problems, the LDC method can be applied to a domain
with an arbitrary number of holes. Thus, a general numerical method has been
constructed that for dilute systems, in which the convergence of the local problems
is more or less independent of the other local solutions, is computationally efficient
and that is able to calculate electric forces in DEM simulations accurately. For dense
systems, such as the DI toner assembly, also an alternative approach can be chosen:
bispherical coordinates can be used to calculate analytically the force on a conducting
toner particle in the field of an infinitely large electrode.

The particles of the DI toner assembly that are pressed against the DI-drum,
are charged when a voltage difference is applied between the imaging roller and the
DI-drum. The charge of the toner particles is the result of a flow of charge from
the imaging roller through the bulk of the DI toner assembly to the toner particles,
pressed against the DI-drum. An SiOx layer, a dielectric layer above the conducting
tracks, ensures that the electric charge on the toner does not leak to the conducting
tracks. A necessary condition for the flow of charge to a particle is the existence of
a conducting path from that particle to the imaging roller. The conducting path is
provided by the conducting toner particles of the DI toner assembly. These particles
form chains from the imaging roller to the DI-drum. Because the DI toner assembly
is not a static, but a dynamic assembly, the chains that provide the conducting paths
are constantly broken up and restored. Due to the charging and decharging of the
DI toner assembly, the voltage difference between toner particles and the DI-drum
changes in time, and, accordingly, the electric force.

The conducting paths consist of toner-toner contacts and toner-imaging roller
contacts. The contact between a toner particle and another toner particle is treated
as an ideal electric resistance. Similarly, the contact between a toner particle and
the imaging roller is treated as an ideal electric resistance. Toner particles within a
certain range of the DI-drum are treated as capacitors with respect to the DI-drum.
The contact of a toner particle with the DI-drum is treated as a capacitor in parallel
with an ideal resistance. By this routine, a simulation geometry is transferred into
an electric circuit. One relevant characteristic of the charging process of the DI toner
assembly is the RC-time; that is the time during which charging of a toner particle in
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the vicinity of the DI-drum takes place. Another point is that toner particles cannot
be charged or decharged if they are not in conducting contact with the imaging roller,
so that charge can only be distributed during collisions of toner particles that form
conducting chains to the imaging roller. These characteristics are captured when
assuming that the charging of toner particles is due to a flow of charge through the
shortest conductive path formed to the imaging roller. This shortest path is calculated
for every particle and is translated to a 1-dimensional electric circuit, which determines
the total resistance of the conducting path to the printable particle. The equations
of the 1-dimensional electric circuit can easily be solved. The number of equations
that need to be solved is equal to the number of toner particles that are less than
d50 (the value dn indicates that n% of all toner particles have a volume that is bigger
than π(dn)3/6) away from the DI-drum. The computational costs of this approach
are thus limited, so that the method can be applied in a discrete element method
simulation.

The set-up, which is used to measure the resistance of the DI toner assembly
and the capacity of toner with respect to the DI-drum, consists of a DI-unit with
an electrical circuit for measuring currents. The DI-unit that is used has a DI-drum
with a built-in measurement probe. When toner is printed on the region of the DI-
drum above the probe, a current flows through the DI toner assembly and probe.
The model parameters are calibrated by measuring the amplitude and the phase shift
of the measured voltage for relevant frequencies of the applied input signal, and by
matching the parameter values such that the calculated and measured amplitude and
phase shift agree.

With the simulation tool, it is possible to calculate and visualize the behavior of
the DI toner assembly, which consists of at most 10,000 particles, for a time frame of
about 15ms in approximately one night on a PC. The discrete element method has
been used for simulating the behavior of the DI toner assembly in the development
nip of the Océ Direct Imaging print process. It is shown that by determining the
appropriate interaction rules and the associated parameters, it is possible to gain
qualitative and quantitative agreement between experimental and simulation results.
The simulations have shown good agreement with experiments on the front position
of the DI toner assembly. Observed quantitative differences can be ascribed to the
modeling of toner particles by clustered spheres. In the DI toner assembly, shear
between toner particles and the imaging rollers and between toner particles themselves
plays an important role. Consequently, geometrical friction and thus toner shape play
an important role in modeling the shear characteristics of the DI toner assembly. By
clustering three spheres to form one toner particle, it is possible to describe the
geometrical roughness of toner to a large extent. However, it also turned out that for
describing the full geometry of toner, clustering spheres is not sufficient. If one wants
to achieve a full resemblance, other geometry models such as convex particles may be
more appropriate; but this will have its effect on computational costs.

The simulations have also been applied for determining print quality measures.
Good quantitative predictions have been made with the model on normal edge sharp-
ness. This not only confirms the quality of the model, but also opens opportunities
for many applications of the model. The model can, for instance, be used to predict
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aspects of print quality for deviating settings of the DI-unit. Since it is relatively easy
to do predictions with the DEM model for exotic settings of the DI-unit, new ideas
can be tested fast and good ideas discovered more easily. The model can also be used
as a design tool for fundamentally new ideas that are difficult to test experimentally.
Furthermore, the DEM model provides a lot of insight in the relevant processes that
take place in the DI toner assembly, and allows people to improve the system on basis
of a fundamental insight in the physics playing a role in the image forming process.
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De Océ kleurentechnologie is gebaseerd op drie innovaties. De eerste heet Direct Imag-
ing (DI). Bij Direct Imaging worden zeven DI-units gebruikt om een zeven-kleuren
beeld op te bouwen. In elk van de DI-units wordt een bitmap omgezet in een toner-
beeld op een DI-drum. De tweede innovatie is Océ’s Color Copy-Press systeem, dat de
afzonderlijke kleurdeelbeelden van elke DI-drum samenvoegt en dat het volledige full-
color beeld transfereert en fuset naar papier. De derde innovatie is een kleurenversie
van Océ’s beeldbewerkingstechnologie Image Logic. De printkwaliteit van de Direct
Imaging technologie wordt voornamelijk bepaald door het tonergedrag in het gebied
tussen de DI-drum en een ontwikkelwals. De verzameling toner tussen de DI-drum
en de ontwikkelwals wordt het tonerrolletje genoemd.

De discrete elementen methode is toegepast om inzicht te krijgen in het toner-
gedrag in een DI-unit van een Océ Direct Imaging kleurenprinter. In de discrete
elementen methode (DEM) worden alle tonerdeeltjes en ontwikkelwalsen beschouwd
als discrete elementen. Elk discreet element heeft interactie met naburige elementen
en zijn omgeving, zoals elektrische en magnetische velden. Deze interacties worden
op microscopisch niveau gemodelleerd: de beweging van elk deeltje wordt numeriek
gevolgd. Elke tijdstap worden de krachten die op een deeltje werken berekend en
hieruit de snelheid en positie van elk element bepaald door integratie van Newton’s
tweede traagheidswet. Het macroscopische gedrag en de printkwaliteit van het to-
nerrolletje worden dan gesimuleerd met behulp van DEM. Het model dat ontwikkeld
is, is een twee-dimensionale beschrijving van het tonerrolletje: een doorsnede van
een DI-unit in het vlak van de ringelectrodes van de DI-drum wordt beschreven. De
krachten die op de tonerdeeltjes in het tonerrolletje werken, worden veroorzaakt door
botsingen, wrijving, adhesie en elektromagnetische effecten.

Alle tonerdeeltjes en ontwikkelwalsen zijn voorzien van een geometrie om de vorm
van de echte objecten te beschrijven. Een tonerdeeltje wordt beschreven als een cluster
van bollen. De mechanische ruwheid van de ontwikkelwals wordt gemodelleerd als
een periodieke structuur van lijnelementen. Realistischere tonergeometrieën kunnen
gerealiseerd worden door het aantal geclusterde bollen die één tonerdeeltje vormen te
vergroten. Echter, grote aantallen geclusterde bollen kosten veel rekentijd.

In het simulatiemodel wordt elke botsing tussen tonerdeeltjes en ontwikkelwalsen
en tussen tonerdeeltjes onderling, gemodelleerd. Tijdens een botsing, met een zekere
botsingstijd, deformeren deeltjes, wordt energie gedissipeerd in de vorm van warmte en
herstellen deeltjes naar hun oorspronkelijke vorm. Een botsing wordt in de simulatie
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gemodelleerd als een penetratie van objecten. Energiedissipatie tijdens een botsing
wordt gekarakteriseerd door de normale restitutiecoëfficient. Deze is gedefinieerd als
de ratio tussen de normale component van de relatieve snelheid voor en na de botsing.
De normale resitutiecoëfficient wordt experimenteel bepaald door een bolvormig hars-
deeltje te laten botsen met een tegenmateriaal (toner, ontwikkelwals of DI-drum). De
botsingstijd wordt geschat met behulp van de botsingstheorie van Hertz. Substitutie
van gemeten waardes voor de restitutiecoëfficient en de botsingstijd legt zeer strenge
beperkingen op aan de numerieke tijdstap.

Botsingen tussen deeltjes zijn in het algemeen niet frontaal en de deeltjes hebben
een hoeksnelheid. Daarom moet wrijving meegenomen worden. De wrijvingskracht
wordt gemodelleerd met het Coulombse wrijvingsmodel. Aangezien Coulombse wrij-
ving een discontinu krachtenmodel is, is het model aangepast om numerieke insta-
biliteit van het krachtenmodel in een simulatie te vermijden. De wrijvingscoëfficient
van toner wordt bepaald door een tonerhars sample over een substraat (toner, ont-
wikkelwals of DI-drum) te bewegen en de kracht te meten die hiervoor nodig is. De
beweging van het meetinstrument bestaat uit twee delen. In het eerste deel, waar
het instrument met een lage snelheid beweegt, is een zogenaamde stick-slip beweging
zichtbaar. De kracht die wordt gemeten is de statische wrijvingskracht. In het tweede
deel beweegt het sample met een hogere snelheid over het substraat. In dat geval is
de gemeten kracht de dynamische wrijvingskracht.

Als twee materialen in elkaars buurt worden gebracht, ondervinden ze een we-
derzijdse aantrekkende kracht. Deze kracht wordt aangeduid als de adhesiekracht.
De theorie van Hamaker wordt gebruikt om deze aantrekkende kracht te beschrijven.
De adhesiekracht wordt gekarakteriseerd door de Hamaker coëfficient. De Hamaker
coëfficient is een materiaaleigenschap. Voor toner is de Hamaker coëfficient geme-
ten met behulp van atomic force microscopy en de centrifuge methode. Bovendien
is de adhesiekracht geschat uit het macroscopische gedrag van het tonerrolletje. Dit
gebeurt in het zogenaamde leegloopexperiment.

In het tonerrolletje zijn twee magnetische bronnen: het veld van de magneten in
de ontwikkelwals en het veld van de gemagnetiseerde tonerdeeltjes. Het magnetische
veld van de magneet in de ontwikkelwals wordt berekend met de eindige elementen
methode. De onderlinge magneetkracht tussen tonerdeeltjes, ook wel dipool-dipool
kracht genoemd, wordt berekend alsof één enkel magnetiseerbaar deeltje aanwezig is in
elk tonerdeeltje met hetzelfde magnetische dipoolmoment als het gehele tonerdeeltje.
De magnetische eigenschappen van kleurentoner en zwarte toner zijn bepaald met een
vibrating sample magnetometer.

Om toner te kunnen ontwikkelen moet de elektrische kracht, uitgeoefend op het
tonerdeeltje door het extern aangelegde potentiaalveld, groter zijn dan de mag-
neetkracht op dat tonerdeeltje. Helaas, vanwege hun niet-lineair gedrag, kunnen
elektrische krachten niet bepaald worden door superpositie. Dit zorgt ervoor dat
complexe problemen niet gemakkelijk herleid kunnen worden naar een optelsom van
eenvoudige problemen. Daarom, en vanwege de vaak complexe geometrieën, bestaat
er geen alomvattende theorie omtrent de krachten op een conglomeraat van geladen
deeltjes. Het gebruik van de eindige elementen methode om het Laplace probleem
voor de veldpotentiaal elke tijdstap op te lossen (met de bijbehorende re-meshing),
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is qua rekentijd niet haalbaar in een DEM simulatie. Een alternatieve methode,
de zogenaamde Local Defect Correction (LDC) techniek, is toegepast om Maxwell’s
quasi-statische vergelijkingen voor de elektrische potentiaal op te lossen. Met de ont-
wikkelde methode is het mogelijk om elektrische velden uit te rekenen in een domein
met gaten, hier tonerdeeltjes representerend. De toegepaste LDC methode maakt
gebruik van een grof globaal grid waarop een numerieke oplossing wordt berekend.
De globale oplossing op het grof grid wordt iteratief verfijnd met behulp van lokale
oplossingen op een fijn grid rond de gaten. In het geval dat de lokale domeinen elkaar
niet overlappen, kunnen analytische oplossingen gebruikt worden voor de lokale pro-
blemen. In het geval dat de lokale domeinen elkaar overlappen, zijn geen analytische
oplossingen voor de lokale problemen beschikbaar. In dat geval kan de Schwartz
iteratiemethode toegepast worden. Indien de tonerdeeltjes nog dichter naar elkaar
migreren, zodanig dat de lokale domeinen de gaten overlappen, is ook het gebruik van
de methode van Schwartz niet meer mogelijk. In dat geval wordt de methode van
eindige differenties toegepast om de lokale problemen op te lossen.

De convergentie van de LDC methode en de Schwartz methode zijn aangetoond.
Tevens is aangetoond dat de methode van eindige differenties toegepast kan worden
om de Laplace vergelijking met de gëıntegreerde flux voorwaarde op te lossen. Ge-
bruik makend van de drie oplossingsmethodes voor de lokale problemen, kan de LDC
methode toegepast worden voor een domein met een willekeurig aantal gaten. Op
deze manier is een generieke numerieke methode geconstrueerd die voor systemen
met weinig deeltjes, waarin de convergentie van de lokale problemen min of meer on-
afhankelijk is van de andere lokale problemen, rekenefficiënt is en in staat is elektrische
krachten in DEM simulaties nauwkeurig te berekenen. Voor systemen met een hoge
dichtheid aan deeltjes, zoals het tonerrolletje, kan ook voor een alternatieve aanpak
gekozen worden: bisferische coördinaten kunnen toegepast worden om analytisch de
kracht te berekenen op een geleidend tonerdeeltje in het veld van een oneindig grote
electrode.

De deeltjes van het tonerrolletje die tegen de DI-drum gedrukt zijn, worden opge-
laden als een spannigsverschil aangelegd wordt tussen de ontwikkelwals en de DI-
drum. De lading van de tonerdeeltjes is het resultaat van een ladingsstroom van
de ontwikkelwals door het tonerrollletje naar de tonerdeeltjes die tegen de DI-drum
gedrukt zijn. Een SiOx laag, een dielektrische laag boven de geleidende sporen, zorgt
ervoor dat de elektrische lading op de toner niet naar de geleidende sporen lekt.
Een noodzakelijke conditie voor de ladingsstroom naar een deeltje is het bestaan van
een geleidend pad van dat deeltje naar de ontwikkelwals. Het geleidende pad wordt
verzorgd door het geleidende tonerrolletje. De deeltjes in het tonerrolletje vormen
paden van de ontwikkelwals naar de DI-drum. Omdat het tonerrolletje geen statische
maar een dymanische configuratie is, worden de geleidende paden continu verbroken
en hersteld. Vanwege het opladen en ontladen van het tonerrolletje, verandert het
spanningsverschil tussen tonerdeeltjes en de DI-drum in de tijd, en, diengevolge, de
elektrische kracht.

De geleidende paden bestaan uit toner-toner contacten en toner-ontwikkelwals con-
tacten. Het contact tussen een tonerdeeltje en de ontwikkelwals wordt beschouwd als
een ideale weerstand. Tevens wordt het contact tussen een tonerdeeltje en een ander
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tonerdeeltje beschouwd als een ideale elektrische weerstand. Tonerdeeltjes in de buurt
van de DI-drum worden beschouwd als capaciteiten met betrekking tot de DI-drum.
Het contact tussen een tonerdeeltje en de DI-drum wordt beschouwd als een capaciteit
parallel aan een elektrische weerstand. Volgens dit principe kan een simulatiegeome-
trie omgezet worden in een elektrisch circuit. De belangrijkste karakteristieken van
het oplaadgedrag van het tonerrolletje zijn dat oplading van een tonerdeeltje in de
buurt van de DI-drum plaatsvindt volgens een zekere RC-tijd en dat tonerdeeltjes
niet opgeladen en ontladen kunnen worden als er geen geleidend contact is met de
ontwikkelwals. Hierdoor kan lading alleen lopen tijdens botsingen van tonerdeeltjes
die geleidende paden vormen naar de ontwikkelwals. Deze karakteristieken worden
gemodelleerd door aan te nemen dat de oplading van tonerdeeltjes optreedt via het
kortste pad naar de ontwikkelwals. Dit kortste pad wordt berekend voor elk deeltje
en wordt vertaald naar een 1-dimensionaal elektrisch circuit dat de totale weerstand
bepaalt van het geleidende pad naar het printbare deeltje. De vergelijkingen van de
het 1-dimensionale elektrische circuit kunnen eenvoudig opgelost worden. Het aantal
vergelijkingen dat opgelost moet worden is gelijk aan het aantal tonerdeeltjes die min-
der dan d50 (het getal dn betekent dat n% van alle tonerdeeltjes een volume hebben
dat groter is dan π(dn)3/6) van de DI-drum verwijderd zijn. De rekenkosten van
deze aanpak zijn dus beperkt, zodat de methode toegepast kan worden in een discrete
elementen methode simulatie.

De opstelling die gebruikt is om de weerstand van het tonerrolletje en de capaciteit
tussen toner en de DI-drum te bepalen, bestaat uit een DI-unit met een elektrisch
circuit om elektrische stromen te meten. Het gebruikte DI-unit bevat een DI-drum
met een ingebouwde meetprobe. Als toner geprint wordt op de DI-drum op het gebied
boven de probe, zal een ladingsstroom door het tonerrolletje en de probe lopen. De
modelparameters zijn gecalibreerd door de amplitude en de faseverschuiving van de
probespanning te meten voor relevante frequenties van het aangeboden signaal en
daarbij de parameterwaardes zodanig te kiezen dat overeenkomst tussen gemeten en
berekende amplitude en faseverschuiving wordt bereikt.

Met de simulatietool zijn we in staat om in één nacht op een PC het gedrag van het
tonerrolletje, met maximaal 10,000 deeltjes, te berekenen en te visualizeren gedurende
een tijdsinterval van ongeveer 15ms. De discrete elementen methode is toegepast om
het gedrag van het tonerrolletje in de ontwikkelkneep van het Océ Direct Imaging
printproces te simuleren. Het is aangetoond dat het mogelijk is, door de geschikte
interactieregels op te stellen en de bijbehorende parameters te bepalen, om kwali-
tatieve en kwantitatieve overeenkomst tussen experimentele en simulatieresultaten te
behalen. De simulaties vertonen goede overeenkomst met experimenten wat betreft
de positie van het tonerrolletje. Geobserveerde kwantitatieve verschillen zijn toe te
schrijven aan de wijze van modelleren van tonerdeeltjes door bolletjes te clusteren.
In het tonerrolletje speelt wrijving tussen tonerdeeltjes en de ontwikkelwals en tussen
tonerdeeltjes onderling een belangrijke rol. Daarom spelen geometrische wrijving en
dus tonervorm een belangrijke rol in het modelleren van de wrijvingskarakteristieken
van het tonerrolletje. Door de geometrie van tonerdeeltjes te modelleren als geclus-
terde bollen is het mogelijk om de geometrische ruwheid van toner in belangrijke mate
te beschrijven. We hebben echter ook laten zien dat om de volledige geometrie van



133

toner te beschrijven, het clusteren van bolletjes niet voldoende is. Indien volledige
overeenkomst noodzakelijk is voor de beschrijving, zijn andere geometrische model-
len zoals convexe deeltjes misschien meer geschikt; dit heeft echter wel invloed op
rekentijd.

De simulaties zijn ook toegepast om printkwaliteitsaspecten te bepalen. Goede
kwantitatieve overeenkomst is bereikt voor normale randscherptes. Dit geeft ons niet
alleen vertrouwen in het model, maar opent ook mogelijkheden voor veel toepassingen
van het model. Het model kan bijvoorbeeld gebruikt worden om aspecten van print-
kwaliteit voor afwijkende instellingen van het ontwikkelunit te voorspellen. Aangezien
het relatief eenvoudig is om voorspellingen te doen met het model voor exotische in-
stellingen van het DI-unit, kunnen nieuwe ideeën snel getest worden en goede ideeën
eenvoudiger ontdekt worden. Het model kan ook gebruikt worden als ontwerptool
voor fundamenteel nieuwe ideeën die moeilijk experimenteel te testen zijn. Bovendien
biedt het model veel inzicht in de relevante processen die plaatsvinden in het tonerrol-
letje en stelt het mensen in staat het systeem te verbeteren vanuit een fundamenteel
inzicht in de fysica die een rol speelt in het tonerontwikkelproces.
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Deze promotie is, zoals waarschijnlijk iedere promotie, tot stand gekomen door vallen
en opstaan. Mede dankzij de steun van een aantal personen heb ik dit traject voor-
spoedig en succesvol kunnen doorlopen. Derhalve wil ik deze gelegenheid gebruiken
om hen te bedanken voor hun steun.

Allereerst wil ik Océ, i.h.b. Jo Geraedts, bedanken voor het bieden van de mo-
gelijkheid om de afgelopen jaren een groot deel van mijn tijd te besteden aan mijn
promotie. Dit was een unieke kans.

Fons van de Ven, mijn begeleider op de TU/e, heeft een zeer belangrijke rol
gespeeld in mijn promotie. Fons heeft niet alleen een belangrijke bijdrage geleverd
aan de inhoud van dit proefschrift, ook was hij degene die me bij tijd en wijlen opbelde
met de vraag ”of ik nog leefde, en of het niet verstandig was als ik weer eens langs
zou komen?”. Zonder deze wake-up calls, zou het realiseren van dit proefschrift zeker
niet zo soepel verlopen zijn.

Verder wil ik natuurlijk mijn promotoren Bob Mattheij en Dietrich Wolf bedanken.
Gedurende de afgelopen jaren hebben zij steeds weer gezorgd voor nieuwe ideeën en
inzichten. Een bijzondere blijk van dank verdient ook Theo Heeren, die mij in de
beginperiode van mijn promotie een vliegende start heeft gegeven door het werk dat
hij reeds aan DEM had gedaan.

Er zijn een aantal mensen met wie ik tijdens mijn promotie intensief heb
samengewerkt op deelstukken van dit proefschrift: Maurice van der Wielen, Dennis
Bosman, Luuk Heijnders, Theo Wijnstekers, Jos Maubach en Martijn Anthonissen.
Allen hebben in belangrijke mate bijgedragen aan dit werk. Verder wil ik Marcel Slot
bedanken voor het bestuderen van het concept en het geven van nuttige suggesties.

Belofte maakt schuld. Daarom wil ik een aantal mensen bedanken van wie ik
de PC het afgelopen anderhalf jaar heb mogen gebruiken om de DEM berekeningen
op uit te voeren: Jochem Brok, Peter Colin, Robin Kocken, Patrick Deckers, Harry
Eshuis, Sander Aarden, Peter Pijpers, André Erren, Paul Kuiper, Dimitri Eijkman,
Desie van den Heuvel, Rob van Loon, Rob Janssen en Jos Nelissen.

In het bijzonder bedank ik mijn ouders voor hun enorme steun gedurende mijn
hele studie.

Ivo

Venlo, april 2005.
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