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Abstract. 

SYSTEM IDENTIFICATION FROM NOISY 

MEASUREMENTS OF INPUTS AND OUTPUTS 

by 

Rikus Eising 

Nico Linssen 

Henk Rietbergen 

In this paper a system identification method is described for the case 

of measurement errors on inputs and outputs. The method gives consistent 

estimates of the parameters and in case of normal measurement errors 

maximum likelihood estimates are obtained. More specific statistical 

properties of the estimators are also provided. Furthermore, the sensi-

tivity of the results with to the assumptions is studied. 

Keywords: System identification, consistent estimates, maximum likelihood 

estimates, measurement errors on inputs and outputs, asymptotic 

statistical properties, sensitivity of estimates. 
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In [3] Kalman demonstrates clearly that most (system) identification 

techniques suffer from not well justified assumptions. These assumptions 

are crucial for these methods and many times these deeply rooted "pre

judices" allow for a "practical" solution of the identification problem. 

Kalman argues in [3] that one should take a completely different approach 

for the solution of identification problems. The modeling philosophy in 

[3] gives rise to a number of problems which prevent a practical solu

tion of the general system identification problem within this setting 

at the present time. 

In this paper we will present an identification method for a prototype 

situation (thereby avoiding a lot of technicalities) which is related to 

the approach as taken in [3] (for system identification). We will only 

present the simplest case of a linear time invariant single input-single 

output system. Our CARMA) model will be 

(1) Yk + a1Yk-l + ••• + adYk-d = bOuk + bl~-l + .•• + bduk_d 

k = 0,1,2, ... 

with observations 

( 2) 
Vk = Uk + ek 

zk = Yk + fk 
k 0, I , , ••• ,N • 

Here Uk' Yk are the "true" inputs and outputs of the system (1) (whose 

order d is supposed to be known) and ek , fk are the measurement errors. 

We will suppose that the errors have zero mean and that they are inde-

pendent (E{~et} = 0, E{fkf t } = 0 if k j t; E{~f.Q,} = 0). 

The problem is: 

Estimate al, ... ,ad , bO' b1, ... ,bd , uo'.",uN' YO""'YN based on the 
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measurements (2) where the true inputs and outputs are related by (1). 

In our opinion, information concerning the process that generated the 

inputs, is not relevant for the estimation of the parameters. If it 

were, the consequence would be that, for a given set of observed inputs 

and outputs, the estimate of its covariance matrix depends on the assump-

tions concerning the input process. So, whether or not the true inputs 

result from one or other random process, we assume them to be unknown 

but fixed. This so-called conditional approach is in line with the 

Ancillarity Principle formulated by Fisher [IJ. 

In [3J and [4J it is shown that the solution set of this estimation 

problem consists of a set of intervals for all variables involved. 

Additional information is needed in order to obtain point-estimates. We 

will make an extra assumption concerning the noise variables ek , fk . The 

ratio of the variances of the noise variables will be supposed to be known: 

JE:{f~} / E{e~} is known. Without loss of generality this ratio can be taken 

to be one, because if E{f~} = c E{e~} with c i: 0 we can define z~ ::: zk/IC 

and we have obtained a case where the ratio of the variances is one. (The 

case c ::: 0 can also be handled, because this is the case of no output er-

2 rors. If E{e
k

} ::: 0 then we have the classical case of no input errors.) 

This enables us to construct a consistent point estimator for the parame-

ters our model. If we also suppose the noise terms to be Gaussian and 

stationary (we have stationary Gaussian white noise as error terms) then 

the maximum likelihood estimate for the parameters in the model is given 

by the solution of the following minimization problem 

(3) 
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where the minimum has to be found with respect to the variables al, .•• ,ad , 

bO' b1, •.• ,bd , uO' ... ,uN' YO""'YN such that the (model) restriction (1) 

is satisfied. In [7J an approxImate maxImum likelihood solution has been 

obtained for this problem. 

In order to solve (3) we eliminate the variables uo,···,uN' YO""'YN 

and we solve the remaining unconstrained minImization problem for the 

parameters aJ, •.. ,ad , b
O

' b1, ... ,bd . 

The approach is as follows: Model (1) can also be written as 

Yo 
1 r 

AO 0 ......... 0 r Uo 
Aj 

(4) ::: 

0 

YN ~ Al AO UN 

where the A. are easily expressible as functions of a. and b .. For ease of 
1 1 J 

presentation we take zero initial conditions. Equation (4) will be denoted 

as 

Y ::: Au 

Now (3) can be written as 

(5) min II v - u II 2 + II z - A u II 2 

where the minImum has to be found with respect to the parameters a., b. 
1 J 

and the unknown true inputs. 

The vectors v and z contain the measurements v
k 

and zk respectively (as 

in u and Y) and II • II is the Euclidean vector norm. As a necessary con-

dition for a minimizing solution we must have that the partial deriva-

tives (of the object function in (5» with respect to the unknown true 
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inputs are zero. This gives 

Therefore 

(7) 

T A (z - A u) + v - U '" 0 . 

min 
a. ,b . 

1. J 

T T -1 
(z - Av) (I + M) (z - Av) • 

The solution of this minimization problem is a consistent estimate for the 

parameters of the system, at least for stationary white measurement errors. 

In order to specify the assymptotic properties of the estimator we will now 

introduce the concept of minimum sum estimation. 

Suppose that x1"",xn are random mutually independent vector variables and 

let ~l""'~n be a sequence of functions of a parametervector S and Xi' The 

-estimator an is called a minimum sum estimator if it minimizes 

F (e) 
n 

n 
=- L q>.(S;x.) . 

n i=l 1 1. 

If E~.(e,x.) is continuous and uniquely minimal in e '" eO' then under some 
1. 1. 

mild extra assumptions (see [4J), we have: 

(8) 
d 

C -T F" III (8 - SO) -+ N(O,I) 
n n n 

_II A 

where F represents 
n 

the second derivative matrix of F (S) and C is a 
n n 

1 n 
square root of - L 

n i=1 
c. c~ with c. equal to the column vector of first 

1 1. J.. 
.... 

derivatives of q>., all evaluated in e '" e . The measurement noise need 
1. n 

not be stationary in order for (8) to hold. However it does not hold if 

the fourth moment of the noise is not bounded. 
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If, additionally, we have that <p. (6 ; x.) 
1. 1. 

2 = t. (8, x.) and 
1. 1. 

then 

2 
t. (8

0 
; x.) - N(O,(1 I) 

1. 1. 

(9) 
"'" -T- It ;- _ d 2 

i D F y n (!3 - SO) -+ N (0 ,(j I) n n n 
_ 1 n 

where D is a square root of - I 
n n i=l 

of derivatives of t., evaluated in l. 

given by 

a 2 = F (S ) . 
n n 

Now write 

T d. d., with d. equal to the columnvector 
1. 1. 1. 

"'" . . f 2. 6 = S • A conSl.stent estl-mate or cr loS 
n 

Then it can be seen that our estimator is a minimum sum estimator with 

and 
2 

cp. = (B. (z - Av) ) 
1. 1. 

. h B 1 th' th f Wl.t . equa to e 1. row 0 B. 
1. 

Consequently, the asymptotic distribution of the estimator is known and 

given by (8) or, in the normal case, by (9). 

However the actual calculation of a minimizing solution for (7) is by far 

not a simple task. This is because the evaluation of the object function 

involves inversion of a big matrix and standard inversion takes cr(N3) 

operations ("operation" = "mUltiplication" plus "addition"). Furthermore, 
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minimization techniques often use a large number of function evaluations. 

Therefore straightforward inversion would be highly impractical here. 

Fortunately the matrix I + AA T contains a lot of IIstructurell which is 

very advantageous for the calculation of the inverse. 

In [2J a a-operator is introduced in order to measure the "distance to 

Toeplitz" of a matrix R = (r .. ) 
-~ ~J 

( 

= 

r N-j ,N-I 

The rank of c[~J is used as a measure for "distance to Toepliez". Let 

PN = rank c[~J. Then it is shown in [2J that a symmetric matrix ~ can be 

inverted using d( (P
N 

+ 2)N2) operations. Observe that P
N 

is zero for a 

Toeplitz matrix (a matrix T = (t .. ) is called Toeplitz if t .. = T .. ). 
1.J ~J 1.-J 

Now suppose that we have N + 1 measurements v
k 

and zk of the inputs Uk and 

Yk respectively. Then I + AAT is an (N+ J) >< (N+ I)-matrix. It is easily 

seen that 0[1 + AA TJ has rank 1 for every N. In fact we have 

( A 
• 1 

(10) 

= l ~ 
because A is a lower triangular Toeplitz matrix. 

Thus the algorithm in [2J for the computation of the inverse of I + AAT 

takes d(3N
2

) ( = d(N 2» operations. Having obtained the factorization (10) 

fo·r free (such a factorization is necessary for the inversion algorithm) 

is an extra advantage here. 
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Example. We simulated data according to the following observational model: 

where uk and Yk are related through the ARMA model: 

(II) Yk - 0.7Y
k

_1 + 0.15Yk_2 = ~ - 0.5uk_ 1 + 0.2~_2 

(k = 0,1, ••• ,49) , 

and ek and fk are white Gaussian error terms with: 

We generated true inputs and outputs by choosing inputs uniformly distri-

buted on [-2,-IJ u [1,2J, and considered three cases: 

C I ok = O. I 

C2 ok = 0.3 

C3 ok uniformly distributed on [0.1,0.3J . 

C
3 

can also be seen as a case with stationary white measurement errors, 

because the distribution of the measurement errors is just a mixture of 

Gaussian distributions. 

In order to solve (7) for this problem we used the method as described 

~n [5J. 

The interesting question now is whether or not the asymptotic distribu-

tion given by (8), is also valid for finite sample size. If it is valid 

then the statistic 

S = 50 lie -T F " (S - SO) II 2 
n n n 

is chi-square distributed with 5 degrees of freedom, and So is the true 
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value of the parametervector, ~n this case equal to (-0.7, 0.15, 1, 

-0.5, 0.2). 

We simulated 16 sets of observations. For all three cases we took the 

same set of inputs and outputs and, furthermore, the same set of error 

terms, except for the appropriate scale factor. The values of Sand 

their associated probabilities of exceedance were then computed (see 

table 1). 

nr 

1 

2 

3 

4 

5 

6 

7 

8 

Table 1 

Probabilities of exceedance P of S 

PI 

.97 

.82 

.00 

.0 I 

. II 

.69 

.79 

.38 

(P. corresponds to case i) 
J. 

P2 
P

3 I nr PI 

.96 .99 9 .32 

.69 .68 10 .16 

.00 .00 II .90 

.00 .00 12 .91 

.08 .04 13 .69 

.66 .80 14 .99 

.84 .77 15 .43 

.43 .58 16 .06 

P2 

.46 

.03 

.87 

.00 

.65 

1.00 

.01 

.08 

P
3 

.58 

.06 

.87 

.00 

.45 

.93 

.13 

.05 

The P-values themselves should be uniformly distributed on (0,1), so half 

of them should be smaller than .5 etc. From this table we see that the 

asymptotically valid formula (8) gives more or less satisfactory results, 

especially for case 1, although there are some outlying values, notably 
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2 numbers 3, 4 and 14. For white noise and when crk does not depend on k 

(cases 1 and 2), (9) is applicable and we have that 

SG = 50 II D -T F II (8 - BO) II 2 / (4 • F (8 » 
n n n n n 

is chi-square distributed with 5 degrees of freedom. The probabilities 

of exceedance of SG are displayed in table 2. 

Table 2 

Probabilities of exceedande P of SG 

nr P1 P
2 nr PI P2 

1 .98 .98 9 .40 .67 

2 .82 .79 10 .55 .21 

3 .03 .03 1 I .96 .95 

4 .04 .00 12 .97 .00 

5 .26 .23 13 .88 .89 

6 .85 .87 14 .99 1.00 

7 .85 .89 15 .64 • 14 

8 .51 .59 16 .14 .24 

Comparing t~bles I and 2 we conclude that using (9) (when it is appli

cable) gives (slightly) better results (compare numbers 3, 10 and 15). 

This was to be expected, as the additional information, that the noise 

is white, Gaussian and stationary, is used. 

We may conclude that, in most cases, the estimated parameters do not 

differ significantly from 8
0

, This conclusion is based on the asympto

tic covariance matrix. 
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Discussion. 

More often than not, one does not know the exact value of the ratio of the 

error variances. In these cases one has to ascertain that the parameter 

estimates do not depend significantly on the value of the ratio over the 

range of its possible values. 

For example, suppose that in our example we only know that the ratio 

c = JE{f~}/E{~} is between 0.5 and 2. An obvious way to quantify the 

sensitivity of the estimation results is to carry out the estimation thrice 

taking c = 0.5, 1 and 2 using the algorithm based on c "" 1. The parameter 

estimates will be called B (0.5), S (1) and ~ (2) for the measurements 
n n n 

errors having c = 0.5, 1 and 2 respectively. The estimated covariance ma-

trix for S (1) is denoted by V. If the distance between S (2) and S (1) 
n n n 

is small compared to the sampling variability of Sn(I), we may say that 

S (2) does not differ significantly from ~ (1). This implies that the dis-n n 

tance should be measured using the metric in parameter space induced by V. 

In Table 3 the values of 

d (c) c = 0.5, 2 

are displayed for observation numbers I through 6 of our simulation example 

using cases cr = 0.1 and cr = 0.3. 
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Table 3 

sensi tivi ty resul ts 

(J == o. ] (J == 0.3 
I 

nr c :: 0.5 c = 2 c '" 0.5 c = 2 

1 0.25 0.07 0.04 0.01 

2 0.17 0.04 0.03 0.0] 

3 0.23 0.06 0.04 0.01 

4 0.29 0.06 14.5 0.01 

5 0.87 0.02 0.04 0.01 

6 0.27 0.07 0.02 0.00 

As all but one of these values are smaller than one we may conclude that 

the estimation results do not depend significantly on the value of c at 

least in the range (0.5, 2). The deviating value for case 4 may be explained 

because the asymptotic estimate V of the covariance matrix (the metric we 

use is based on V) is not applicable for this sample size. This can be in

ferred from the low value of the probability of exceedance in Table 1. 

In order to investigate the sensibility of the estimator with respect to 

the value of c a bit further, we also simulated the case where cr = 0.1 

and c == 0.25 for the observation numbers] through 6. Again we used the 

algorithm for c == I. The results for d(0.25) are given in Table 4. 
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Table 4 

resul ts for d (0.25) 

cr = O. I , c = 0.25 

nr d (0.25) 

J 2.6 

2 2.0 

3 2.4 

4 2.8 

5 11.0 

6 2.8 
! 

Apparently, the estimates resulting from the algorithm using c = 1, when 

in fact c is equal to 0.25, are significantly biased, for all d-values in 

Tab le 4 are larger than 1. 

The recent paper [8J by Soderstrom, pointed out to us by a ~eferee, describes 

three methods to identify system parameters in the presence of input noise. 

The most promising of the three in terms of the statistical properties of 

the resulting estimates, th,e so-called Joint-Output method (JO) needs the 

assumption that the input itself is filtered white noise while our method ~s 

not based on assumptions concerning the input process. In fact, our method 

only deals with the central object to be estimated: "the system which gene

rates outputs driven by inputs". Furthermore, our method does and JO does 

not give an estimate of the covariance matrix of the estimates. 

If the order of the input process is low, the accuracy of the JO method 

(as reported by Soderstrom) is quite promising. However, if the input process 

can not be modeled by a relatively low order filter the JO method will pre-
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sent serious problems because many parameters will have to be estimated 

in such a case while the number of parameters to be estimated by our 

method remains the same. 

Therefore it seems worthwhile to compare the two methods for such cases. 

We intend to undertake this comparison in the near future. 

Conclusion. 

A drawback of the method is that the (to be minimized) object function 

1S a rather compex function of the parameters. The reason for this is 

that we eliminate inputs and outputs in (3) which gives (7) as the basi~ 

problem description. In order to circumvent the inversion in (7) approxi

mations for the inverse have been made. Also (approximate) recursive 

methods (recursion with respect to the number of measurements) have been 

used. Detailed information concerning these aspects may be found in [6J. 

A disadvantage of our method as well as the JO method is that both methods 

are rather time consuming. This is possibly inherent to modeling where in

put errors are taken into account. At the moment a direct approach (star

ting from (3», without any elimination, is taken. This gives a very big, 

but not very complex, minimization problem contrary to a modestly big, but 

very complex, problem as described here. In the latter case minimization of 

(7) is equivalent to solving (3) where in each step of the iterative proce

dure to solve (3) "best" estimated true inputs correspondin'g to the current 

parameter values are determined according to (6). In the former case esti

mates of parameters and inputs are improved simultaneously and inversion 

of I + AAT is not necessary. We may hope that with this approach we win in 

processing time what we loose in memory space. Details concerning this 

approach as well as results for the multivariable case will be reported 

later on. 
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