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N. Erkip and dr. G. Sošić. I would like to thank them for their cooperation.
It was a pleasure for me to work with them.

In 2005, I visited to the Marshall School of Business in University of Southern
California, Los Angeles, for three months. The joint research performed dur-
ing this trip has led to chapter 7. I thank the Netherlands Organization for
Scientific Research (NWO) for funding my stay in Los Angeles. Moreover, I
would like to thank Murat Bayız, Erim Kardeş, Yaşar Levent Koçaǧa, Jason
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Chapter 1

Introduction

1.1 Motivation and system under study

In today’s global world, organizations can no longer compete solely as indi-
vidual entities but have to compete as part of a supply chain. Their success
increasingly depends on the effectiveness of the supply chains that they are
part of. During the past decades, supply chains have developed to more com-
plex entities because of the changes in business environments. As an effect of
globalization, companies have tended to expand their supply chains through
mergers, joint ventures and strategic partnerships into several markets. As a
result, supply chains have become large groups of semi-independent organiza-
tions, which have special capabilities, and work together for the success of the
chain and, eventually, for their own.

Despite the good future that was foreseen for inter-organizational supply chain
collaboration, there is some empirical evidence that actual collaboration be-
tween different companies has not really taken off, and exchange of true and
valuable information between parties in the supply chain is still very limited
(see Arthur (1999) and Wisner and Tan (2000)). Some of the general busi-
ness literature indicates problems with this collaboration due to lack of trust,
unbalanced power situations, insufficient knowledge about fair allocation of
benefits, etc. Up to now, very little quantitative insights and tools have been
developed for managers that can actually help them in reaching the promised
benefits such as an improved performance of the supply chain as a whole. In
this monograph, we mainly focus on the difficulties in supply chain collabo-
ration from an economic point of view using the techniques developed in the
domain of game theory.

1



2 Introduction

The supply chains that we focus on in this monograph are divergent distri-
bution networks that consist of a supplier and n retailers. Figure 1.1 depicts
such a supply chain.

� � � � � � � �

� � 	 
 � � � � 	 � 
 � � � � � 	

Figure 1.1: A divergent supply chain.

These type of divergent distribution networks can be seen on different scales.
On a small scale, the retailers might be the retail stores operating in different
districts of a city whereas on a large scale they might be the large distributors
serving separate markets in different countries or even on different continents.
In most situations, immediate supply of goods is not possible to the retailers
because of production and transportation lead time of the supplier. In these
situations, the retailers need to place their orders earlier without knowing ex-
act future demand, and consequently they face uncertainty of the demand that
has to be satisfied by those orders. Traditionally, retailers keep stock to reduce
the risk of mismatching demand and supply, and loosing potential customers.
However, this creates additional costs. In the last decade, it has become com-
mon practice for the suppliers to supply several markets at dispersed locations
with overseas production. While the suppliers benefit from lower production
costs and can offer their products at lower prices, the retailers observe longer
lead times. Hence, they face higher uncertainty of demand and higher risk.

One way of dealing with high demand uncertainty is the pooling of inventory.
Inventory pooling, also called inventory centralization, is known to reduce the
risk of mismatching demand and supply, and thus to increase profit (see Eppen
(1979), Eppen and Schrage (1981), Chen and Lin (1989), Chang and Lin
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(1991), and Cherikh (2000)). There are several ways to benefit from inventory
centralization.

• Through central warehouses: This is a traditional way of experiencing in-
ventory pooling. The retailers physically consolidate their inventories in the
warehouses and satisfy their customers’ demand from these stocks. This
type of inventory pooling is feasible if the retailers are close to warehouses
and the customers are willing to wait for the goods to be transferred from
the warehouses.

• Through cross-dock facilities: The notion of cross-dock is first introduced
by Eppen and Schrage (1981). Cross-docks are the facilities that are not
necessarily able to keep stock. The goods are physically shipped directly
from the supplier to these facilities, where the previous orders can be broken
into smaller lots and shipped to the retailers. The retailers might benefit
from inventory pooling by reallocating their previous orders at any cross-
dock facility after having better information about the future demand (e.g.
updating their demand forecast). Modern information and communication
technology provides the necessary infrastructure for accurate and necessary
information flow to apply such allocations. For example, container ships
typically visit several ports in one region following an ocean crossing. The
allocation can then be implemented by dispatching specific quantities at the
various ports that are visited. This is a scenario that is currently explored
in European short sea operations.

• Through lateral transshipment: Another way of experiencing inventory
pooling is through lateral transshipment. In this case, the retailers are
keeping stock in their local depots, but they might transship goods from
other retailers and satisfy a customer’s demand if it cannot be satisfied from
their local stock due to stock out. With an appropriate compensation, both
retailers might enjoy extra revenue and benefit from inventory pooling. As
in the central warehouse case, the willingness of the customers to wait for
the item to be transshipped from the other retailer is necessary to apply
such mechanisms as well.

In such a setting the retailers might improve the total profit of the chain if they
cooperate to benefit from inventory pooling. These benefits might be increased
by further coordination of their orders. For example, consider a situation in
which the retailers work individually and they determine their order quanti-
ties accordingly. If they decide to cooperate through lateral transshipments,
apparently, their previous order quantities would in general not be optimal
for the new situation and they can create more value by coordinating their
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order quantities knowing that the transshipments would take place. Another
improvement in the cooperation output can be achieved through information
sharing. Joint forecasting activities might allow the retailers to obtain bet-
ter forecasts about their future demand and, hence, they can allocate their
previous orders more effectively.

Although all these collaboration activities lead to higher supply chain profit,
the retailers are primarily interested in what they would get out of the co-
operation. A division of the total profit, which satisfies the expectations of
the retailers, is required to sustain their contribution to the cooperation as
well as for the stability of the cooperation, i.e., the retailers do not want to
split off from the cooperation. Another important issue for the continuation of
such collaborations is their ability of adaptation to the changes in the business
environment. For example, the market conditions and requirements of the re-
tailers might change through time or new retailers might get involved in the
cooperation. As the conditions are changing, the outcome of the collaboration
would change as well. Finding a new division of the total profit that does
not discriminate the retailers is a crucial issue. In this monograph, we study
conditions for stable profit division in dynamic networks.

The retailers are not alone in this supply chain. Their supply of goods are
highly dependent on their supplier and they are in a close relation with him.
Usually, formal and financial conditions of this relation are determined by
contracts or mechanisms that the supplier offers to the retailers. A popular
contract in practice is the wholesale price contract. In such a contract, the
supplier offers a price for his goods and guarantees a fixed delivery time for the
orders of the retailers. The retailers determine their orders accordingly. An-
other type of mechanism that the supplier might utilize is buy-back contracts.
In this case, the supplier promises to buy back leftover items at a certain price
to compensate the risk that the retailer carries by keeping high stock. In some
cases, the supplier might also prefer to offer more complex mechanisms or con-
tracts (e.g., he might allow the retailers to change their order quantities in a
certain range or he might offer a second ordering option with a shorter delivery
time but at higher price, etc.). Being in such a close relationship, it cannot be
expected that the collaboration of the retailers could take place independent
from the supplier. For sure, any cooperation between the retailers would have
an effect on the supplier and the supplier might react to this change if he is not
happy with his new conditions. For example, if the retailers cooperation leads
to low system stocking decision, the supplier’s profit might diminish. In order
to reach his old profit level, the supplier might choose to increase his wholesale
price, which definitely would affect the retailers’ cooperation. In such a case,
the retailers would not be able to achieve all the expected benefits from their



1.2. Literature review 5

collaboration. Therefore, it is important for the retailers to investigate how
the supplier might be affected by their cooperation and maybe, even, reach a
consensus with him before they start collaborating.

A wrong selection of mechanism or contract might also lead to poor perfor-
mance of a supply chain. Coordination of the actions in a supply chain might
be difficult since the margins or incentives of the firms, which they consider for
their decision making, might conflict with the supply chain’s margin under a
specific mechanism or contract. For example, under a wholesale price contract,
a high price set by the supplier in order to grab some benefit from the sales
of the retailer might cause low stocking decision by the retailers. This conflict
might create low stock availability in the system and low system profit. This
phenomenon is known as double marginalization. In order to overcome this
effect, companies are looking for suitable mechanisms or contracts that might
align the incentives of the supply chain members and help coordination of the
actions. Besides, these contracts need to have the flexibility to divide the total
system profit among the firms according to their expectations. A successful
application of such a contract appeared in the video-rental industry. Block-
buster Inc., a video retailer, agreed with his suppliers upon a revenue sharing
contracts, which reduced the initial price per tape. This allowed Blockbuster
to buy more tapes and, hence, overcome the poor availability problem of new
release videos. Apparently, with increased service level, Blockbuster raised
its market share from 24% in 1997 to 40% in 2002 (see Cachon and Lariviere
(2005) for a detailed study on revenue sharing contracts).

In this monograph, we focus on the collaboration of the retailers to benefit
from inventory pooling and coordinated ordering. We are especially interested
in stable division of benefits, which is important for the existence and stability
of the cooperation. We also study the impact of such a cooperation on the
supplier and supplier-retailer interactions.

1.2 Literature review

In this section, we review the literature on supply chain collaboration, supplier-
retailer interactions and coordination through contracts. We categorize the
literature according to their focus on different levels of the supply chain. Sub-
section 1.2.1 deals with the benefits from inventory pooling and coordinated
ordering by the retailers. The main focus of concern is how to allocate the
benefit among the retailers. In subsection 1.2.2, we review the literature focus-
ing on the effect of collaboration and competition among the retailers on the
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supplier. Finally, in subsection 1.2.3, we give a brief summary of the literature
on coordination (between a supplier and a retailer) through contracts.

1.2.1 Inventory pooling

Inventory pooling is known to reduce the risk of mismatching demand and
supply, an thus it increases profit. Among others, Eppen (1979), Eppen and
Schrage (1981), Chen and Lin (1989), Chang and Lin (1991), and Cherikh
(2000) show this effect in different inventory settings. All of the above-
mentioned studies assume single ownership of the system. Individual firms,
however, are especially interested in what they can get for themselves from
inventory centralization. Several papers have investigated how to share the
extra profit from inventory centralization among the individual firms from
the viewpoint of cooperative game theory. For instance, Gerchak and Gupta
(1991) consider inventory centralization in the context of a continuous review
policy inventory system with complete back-ordering. After showing that in-
ventory centralization always results in lower cost, they compared four simple
allocation mechanisms and showed that only one of them guarantees lower
cost for every store than its stand-alone cost. Robinson (1993) extends their
analysis to other allocation mechanisms, i.e., the Shapley value (cf. Shapley
(1953)) and the Lounderback allocation (Lounderback (1976)). Hartman and
Dror (1996) examine allocation mechanisms for this setting using three crite-
ria. These are core non-emptiness, computational ease and justifiability. Core
non-emptiness is especially important as the core is the set of all stable alloca-
tions of the total profit such that no group of retailers would like to separate
from the collaboration.

In a newsvendor setting, the retailers might benefit from cooperation through
coordinated ordering and inventory pooling. The basic cooperation appears
as follows: the retailers give coordinated orders and use these quantities to
satisfy the total demand they are faced with. In this way, they can benefit
from coordination of the orders and perfect allocation of the ordered quantity
to the demands realized. Hartman et al. (2000) study models with identical
newsvendors, focusing especially on the core of associated cooperative games.
They show the non-emptiness of the core of these games under some restric-
tive assumptions on demand distributions. Müller et al. (2002) and Slikker
et al. (2001) independently develop a stronger result, showing that newsven-
dor games have a non-empty core regardless of the demand distribution. In
several papers, Hartman and Dror analyze cooperation through inventory cen-
tralization in a newsvendor setting. Hartman and Dror (2003) study the cost
game among the retailers with normally distributed and correlated individual
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demands. After observing that the value of a coalition is a function of the co-
variance matrix, they introduce a greedy optimization procedure manipulating
the correlations to minimize costs. Hartman and Dror (2005) analyze a cost
game in which holding and penalty costs can be different between coalitions.
They show that the core of this cost game might be empty, and derive the
conditions under which such a game will be subadditive. They then focus on
the cost allocation game based on demand realization and show that the core
of such a game might be empty even for identical cost parameters for the re-
tailers. Slikker et al. (2005) consider several extensions of simple newsvendor
models. They introduce non-identical selling and purchasing prices and trans-
shipment costs and they show that newsvendor games with transshipments
have a non-empty core.

Another type of inventory centralization is considered by Anupindi et al.
(2001). In their model, the retailers may transship the excess inventory from
one location to satisfy the excess demand in another location. They assume
that the retailers place their orders competitively and then make cooperative
transshipment decisions. They derive a profit-allocation mechanism, based on
dual prices in the transshipment problem, that leads to core allocations and
induces equilibrium order quantities that are optimal for the entire system.
Granot and Sošić (2003) extend their model by considering an intermediate
stage in which the retailers decide how much of their excess inventory/demand
they want to share with others. After showing that the mechanisms based on
dual prices might not induce the retailers to share their entire excess inven-
tory/demand, they show that the Shapley value and the fractional rule have
this property. Sošić (2006) analyzes a similar cooperative game with transship-
ments and shows that the Shapley value allocations are stable in a farsighted
sense but not necessarily stable in a myopic sense.

Coordinated ordering offers another cooperation possibility for the retailers.
In this case, the retailers benefit from reduced ordering and inventory related
costs. Meca et al. (2004) consider cooperation between retailers in an EOQ
setting. In their model, the retailers might decrease their total cost by coor-
dinating their orders, which leads to reduced joint ordering and holding costs.
They propose a proportional allocation rule of the total profit and show that
this allocation rule leads to a core allocation. Van den Heuvel et al. (2005)
consider similar cooperation in a lot-sizing setting, where the retailers also cut
their ordering costs through coordination. They show that their economic lot-
sizing games have non-empty cores and they identify two cases, where these
games are concave.
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1.2.2 Retailer-manufacturer relationships

The papers mentioned in subsection 1.2.1 study the impact that cooperation
has on the retailers. However, the manufacturer is not isolated from the effects
of cooperation or competition at the retailers’ level. Dong and Rudi (2004)
study the effect of transshipment on the manufacturer and the retailers un-
der both exogenous and endogenous wholesale price contracts. They assume
identical-cost retailers and single ownership. After providing analytical results
for order quantities and the profits in the exogenous wholesale price case, they
focus on the model with a price-setting manufacturer. They show that risk
pooling through transshipment makes the retailers’ order quantities less sensi-
tive to the wholesale price, which, in general, results in higher manufacturer’s
profit and lower retailers’ profits. Zhang (2005) extends the results of Dong
and Rudi (2004) in the exogenous wholesale price case by allowing general de-
mand distributions, under the assumption that all retailers face identical de-
mand distributions. He utilizes stochastic comparison techniques to study the
impact of transshipment on retailers’ order quantities and the resulting prof-
its. Zhao et al. (2005) study a continuous-review infinite-horizon distribution
system with two retailers. In this case, using a base-stock and threshold-
rationing policy, the retailers share their inventories through transshipments,
but determine their policy parameters non-cooperatively. The authors investi-
gate the existence of equilibrium strategies for the retailers and then perform
an extensive numerical study that analyzes the effects of manufacturer’s in-
centives and subsidies on retailers’ inventory-sharing behavior. Anupindi and
Bassok (1999) study the effect of stock centralization in a one manufacturer-
two retailers distribution system with market search. The retailers can either
cooperate (to benefit from centralization of stocks) or compete (keeping their
individual stocks). The authors show that the manufacturer may not always
benefit from centralization. Whether it will happen or not depends upon the
demand distribution, service levels, and the level of market search. Following
this, they focus on the manufacturer’s optimal incentives under two schemes:
wholesale prices and holding cost subsidies. They show that the manufacturer
might prefer competing retailers when the market search is high. Bartholdi
and Kemahlioğlu-Ziya (1997) consider two retailers who share a common sup-
plier, in a system with certain service level requirements, in which the supplier
keeps separate stock for each retailer and bears all of the inventory risk. They
investigate the cooperative game, in which the players can form inventory-
pooling coalitions instead of keeping separate stocks and hence increase total
profit. They show that mechanisms based on the Shapley value coordinate the
supply chain, and they investigate the effects of demand variance and service
level requirements on profit allocation. Finally, they focus on the retailers’
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collusion against the supplier, which, contrary to intuition, turns out to be
not always profitable for the retailers.

1.2.3 Coordination through contracts

It is a known phenomenon (double marginalization) that conflicting margins
of the firms lead to lower performance of a supply chain. The issue of coordi-
nation of supply chains through contracts is well studied in the supply chain
contracting literature. We refer to Cachon (2003) for a detailed review. This
literature mainly focuses on systems with a single manufacturer and a single
retailer without forecast updates. Among others, it is shown that buy-back
contracts can coordinate this supply chain and any division of the total profit
between the retailer and the manufacturer is possible. Here, we would like to
mention two other papers that consider forecast updates. Tsay (1999) stud-
ies quantity flexibility contracts in a two-echelon manufacturer-retailer system
with forecast update. He shows, among other results, that quantity flexibility
contracts can only coordinate the system if the demand forecasts have zero
standard deviation. Donohue (2000) examines a buy-back type contracting
scheme between a manufacturer and a retailer in a model with two production
modes. Here, the retailer buys products in the first production period and the
manufacturer offers a second buying option to the retailer (albeit at a higher
price) after the retailer updates his demand forecast. Furthermore, the manu-
facturer compensates the retailer for unsold products at the end of the selling
period at a buy-back price. Donohue (2000) shows that such a contracting
scheme can coordinate the system.

1.3 Research questions

The research presented in this monograph deals with the collaboration of mul-
tiple retailers in a newsvendor setting to benefit from inventory pooling and
coordinated ordering. We also touch some other issues like interactions be-
tween the retailers and the supplier.

In the literature (Müller et al. (2002) and Slikker et al. (2005)), the issue
of stable division of benefits from cooperation between retailers have been
studied in specific newsvendor situations using cooperative theoretical analysis
techniques. They show that there exist stable divisions of joint profit for these
situations. In order to derive this result, they use the structural conditions
that their situations satisfy without identifying these conditions explicitly. As
a first issue, we focus on the following question.
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Q1) Can we identify a general set of structural conditions for the existence of
stable profit divisions among cooperating retailers?

This question is especially important for understanding the required structural
elements for stability of cooperation and for extending the results to situations,
where similar cooperation activities could take place.

Existence of a stable division of joint profit provides us a basis for cooperation
if binding agreements can be made between the retailers (a main assumption
in cooperative game theory). Knowing that they will do better and their
expectation will be met in monetary terms by collaborating, the retailers can
agree upon a binding agrement, which coordinate their actions. However, we
also wonder what can be said if those binding agreements cannot be made.
We are looking for an answer to the following question.

Q2) How can we interpret the existence of stable profit divisions from a non-
cooperative point of view?

For a specific cooperation situation, the joint benefits from cooperative actions
can have some properties, which might help us to identify the structure of
stable divisions of the profit. Another issue covered by this monograph is
related with these properties. We investigate the following question.

Q3) Can we identify additional structural properties in a setting with multiple
cooperating retailers?

In this monograph, we also deal with the collaboration between the retailers
in dynamic environments. As the conditions of cooperation are changing, the
output of the cooperation would be affected by these changes as well. The
continuation of the cooperation is very much dependent how it can adapt
itself to these changes without discriminating any of its members. We focus
on answering the following question.

Q4) What would be the properties required for the stability of a cooperation in a
dynamic setting and do these properties hold for the collaboration between
retailers?

The last issue, we are interested in, is the cooperation between the retailers
with imperfect demand information. The studies in the literature, which deals
with retailers’ cooperation in newsvendor setting, assume perfect information
on the demand at the moment that reallocation of the orders takes place. We
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are interested in how the retailers might cooperate having imperfect infor-
mation on the demand and how their interaction between the manufacturer
would be affected from this cooperation. We pose the following question.

Q5) What would be the impact of imperfect demand information on the coop-
eration between the retailers and how would the interactions between the
retailers and the manufacturer be affected in this setting?

1.4 Methodology

In this monograph, we use modeling and investigation techniques taken from
inventory theory and game theory. We model our systems in a newsvendor
setting. The newsvendor model is first introduced by Arrow et al. (1951) and
it originated by the story of a newsboy who faces stochastic demand and has to
decide every day how many newspapers to buy to maximize his expected profit.
This model utilizes the trade off of ordering too much (increased holding cost,
i.e, overage cost) and ordering too little (increased cost of missing demand, i.e.,
underage cost). The newsvendor models are often used to support decision
making in several situations with highly perishable products or products with
short life cycle. Initial applications appeared in modeling ordering decisions
in the fashion industry. The decreasing life cycles in the high tech industry,
such as personal computers and mobile phones, extended the application area
of these models. Although the newsvendor models are simple, they are rich
enough to analyze performance of the systems or mechanisms in a general
sense as well. Two other successful applications are to study supply chain
coordination through contracts and to study the effect of inventory pooling.
We refer to Khouja (1999) for a literature review on newsvendor models.

Game theory provides us with a technique to investigate supply chain collabo-
ration, coordination and competition. The game theory literature can roughly
be divided into cooperative and non-cooperative1. There are differences be-
tween analyses using non-cooperative game theory and those using cooperative
game theory. In the application of non-cooperative game theory, it is assumed
that each player acts individually according to its objective and preference,
and usually the mechanisms (contracts) are investigated. The main question is
whether the proposed mechanism provides a solution that maximizes the total
supply chain profit in a Stackelberg game setting or under Nash equilibrium.
We refer to Cachon (1999), Cachon (2003) and Lariviere (1999) for reviews on

1Aumann (1987) describes several reasons why cooperative game theory came to be
treated separately. Van Damme and Furth (2002) discuss and demonstrate the comple-
mentarity between the two types of game theory models.
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the analysis of contracts. Another track of interest is stock wars, where the
retailers are fighting for a limited supply of product. Cachon and Lariviere
(1999) study a system where the supplier has a limited capacity and the retailer
can affect the quantity that they will get by changing their order quantity. In
this setting they investigate the performance of an allocation mechanism under
different information scenarios like the retailers truthfully declaring their de-
mand realization or keeping this private information for themselves. Another
application of non-cooperative game theory is to investigate the performance
of some cooperation mechanisms where the players behave according to their
individual preferences. Güllü et al. (2005) consider a decentralized supply
chain under partial cooperation where two retailers can readjust their initial
orders (without changing the total order size) having more information of de-
mand after some lead time so that both retailers can improve their expected
costs. In this monograph, we do not consider any competition but we use non-
cooperative analysis in order to analyse coordination of the total supply chain
through contracts and to investigate the performance of a resale mechanism
offered to the retailers.

In contrast to non-cooperative game theory, cooperative game theory does not
investigate the individual behavior of the players explicitly and assumes that
once the players form a coalition, the coordination between them is attained
one way or another (i.e., either by binding agreements and commitments of
the players or by suitable coordinating mechanisms). Although cooperative
games abstract away the details of mechanisms that lead to cooperation, they
are very powerful to investigate the problem of profit division in detail. In this
monograph, we model the collaboration between the retailers from a cooper-
ative point of view and we analyze the stable division of total system profit
among the retailers using the core and monotonicity concepts from coopera-
tive game theory. For a general review of other cooperative game theoretical
applications on operations research problems, we refer to Borm et al. (2001).

1.5 Outline of the thesis

The remainder of the monograph is organized as follows. In chapter 2, we give
preliminaries on concave functions and probability spaces. We also introduce
some notation and concepts from cooperative and non-cooperative game the-
ory. We conclude this chapter by introducing simple newsvendor situations
and their associated games from the literature.

In chapter 3, we first focus on research question Q1. We introduce a general
framework for situations with decision making under uncertainty and coopera-
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tion possibilities, and we focus on a special class of situations called stochastic
cooperative decision situation. Stochastic cooperative decision situations sat-
isfy several structural conditions and we show that the cooperative games
associated with these situations are totally balanced. Hence, they have non-
empty cores. Afterwards, we consider research question Q2 and we examine
how the cores of the associated games can be interpreted in a non-cooperative
game theoretical setting by considering a game in strategic form. We show
that the set of payoff vectors resulting from strong Nash equilibria coincides
with the core of the corresponding cooperative game. Besides, we illustrate
how to construct a strong Nash equilibrium. Another use of this chapter is
that it provides us with a basis to extend the results presented here for the
cooperative situations based on advanced distribution systems in the following
chapters as they can be modeled in this general framework.

In chapter 4, we investigate research question Q4. Here, we study the con-
vexity of simple newvendor games. We focus our analysis on the class of
newsvendor games with independent symmetric unimodal demand distribu-
tions after providing several examples outside this class that are not convex.
Several interesting subclasses, containing convex games only, are identified.
Additionally, we illustrate that these results cannot be extended to all games
in this class.

In chapter 5, we deal with research question Q5 and we study the stability of
collaboration in dynamic environments. We focus on newsvendor situations
with delivery restrictions and the associated cooperative games. In these situ-
ations, the retailers pose some restrictions on the number of items that should
be delivered to them if they join a coalition to benefit from joint ordering
and inventory centralization. In this situation, we show that the associated
cooperative game has a non-empty core by proving that this situation fits in
the general framework in chapter 3. Afterwards, we concentrate on a dynamic
situation, where the retailers change their delivery restrictions. We investi-
gate how the profit division might be affected by these changes. We define
four new monotonicity properties, which we think are interesting in general,
and we derive necessary and sufficient conditions for pairs of totally balanced
cooperative games to satisfy these properties. We also show that pairs of
cooperative games associated with newsvendor situations do not necessarily
satisfy these properties in general. Finally, we consider a class of games with
retailers having a normally distributed demand where one of the monotonicity
properties holds.

In chapter 6, we consider another example of newsvendor situations, i.e.,
newsvendor situations with multiple warehouses, where the retailers can coop-
erate to benefit from inventory pooling. The warehouses offer alternative ways
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of supplying the goods to the retailers, which might become more important
when the retailers form coalitions. This setting covers a broad range of situ-
ations in which the reallocation of the ordered products could be made even
if the ordered products are somewhere between the supplier and the retailer
when the demands are realized at the retailers. We first study the associated
cooperative games, where the warehouses work as cross-dock points and can-
not hold stock. We show that the core of these games are non-empty using
the results in chapter 3. Afterwards, we derive the same result (following a
different approach) for a variant of these games, which consider a relaxation
of the assumption on warehouses, i.e., the warehouses can hold stock in these
games.

In chapter 7, we look for an answer to research question Q5. Here, we con-
sider newsvendor situations with updated demand information. We first focus
on cooperation among the retailers without information sharing. Here, the
retailers can reallocate their orders in the warehouse without knowing the
exact demand realization but using their updated forecasts after receiving a
demand signal, and they coordinate their initial orders accordingly. We inves-
tigate the associated cooperative game between the retailers and show that
these situations are in the framework of chapter 3 and, hence, the core of the
associated cooperative game is non-empty. As another case, we also consider
the cooperation among the retailers with information sharing where the re-
tailers share their demand signals with their collaborating retailers. We show
core non-emptiness for this case as well.

Next, we concentrate on the relationship between the manufacturer and the
retailers. We consider two contracting schemes: the wholesale-price contract
and the buy-back contract. We analyze three cases (non-cooperating retailers,
cooperating retailers, and manufacturer’s resale of returned items), and we
investigate the impact that each of these cases has on the manufacturer’s
profit.

Finally, we focus on coordination of the entire supply chain through buy-back
contracts, which are known to coordinate the systems with full information.
We show that, in our setting, buy-back contracts, in general, cannot coordinate
the distribution system. Further, we illustrate by means of an example that
the gap between the centralized solution and the decentralized output can
be arbitrarily large and that, in this example, the gap is increasing with the
demand uncertainty.

We conclude this monograph with a discussion of the results and further re-
search directions in chapter 8.



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we give some preliminaries on the subjects that we will be
using in this monograph. In section 2.2, we deal with concave functions.
Section 2.3 introduces some probability notions. Sections 2.4 and 2.5 deal
with cooperative and non-cooperative game theory, respectively. We end this
chapter with section 2.6, in which we introduce simple newsvendor situations
and their associated cooperative games.

2.2 Concave functions

Let f be a function from C to IR, where C is a convex set. Then f is called
concave on C if

f((1 − λ)x + λy) ≥ (1 − λ)f(x) + λf(y), (2.1)

for every x and y in C and every λ ∈ (0, 1).

A variant of this definition is given by Jensen’s Inequality. Function f is a
concave function if

f(λ1x1 + ... + λnxn) ≥ λ1f(x1) + ... + λnf(xn),

for every x1, ..., xn ∈ C and every λ1 ≥ 0, ..., λn ≥ 0 with
∑n

i=1 λi = 1.

A function is called convex if its negative is concave.

15
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In the multidimensional case, the following theorem is useful to check concav-
ity of a function.

Theorem 2.1 Let f be a twice continuously differentiable real-valued function
on an open convex set C in IRn. Then, f is concave on C if and only if its
Hessian matrix

Hf(x) = (hij(x))i,j∈{1,...,n}, where hij(x) = ∂2f
∂xi∂xj

(x)

is negative semi-definite for every x ∈ C.

Proof: The proof follows from Theorem 4.5 of Rockafellar (1970). �

The next theorem considers functions that appear in a natural way when con-
sidering optimization problems with linear constraints.

Theorem 2.2 Let A be a full rank m × n matrix with m ≤ n and let f be
a concave function on IRn with a finite upper bound. Then, the function g
defined by

g(y) = sup{f(x)|Ax = y}

is concave on IRm.

Proof: The proof follows from Theorem 5.7 of Rockafellar (1970). �

A function f on IRn is called positively homogeneous (of degree 1) if for every
x ∈ IRn and λ ∈ (0,∞)

f(λx) = λf(x).

Note that if a function f is positively homogeneous, then f(0) = 0. Moreover,
all linear functions are positively homogeneous.

Theorem 2.3 Let f be a function from IRn to IR. If f is a positively homoge-
neous concave function, then for every λ1 ≥ 0, ..., λm ≥ 0 and x1, ..., xm ∈ IRn

f(λ1x1 + ... + λmxm) ≥ λ1f(x1) + ... + λmf(xm). (2.2)
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Proof: Without loss of generality, we may assume that λi > 0 for every
i ∈ {1, .., m}.

f(λ1x1 + ... + λmxm) = f(
m∑

i=1

λixi)

=
m∑

j=1

λj

⎛
⎜⎜⎜⎝f

⎛
⎜⎜⎜⎝

m∑
i=1

λi
m∑

j=1
λj

xi

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠

≥
m∑

j=1

λj

⎛
⎜⎜⎝

m∑
i=1

λi
m∑

i=1
λi

f(xi)

⎞
⎟⎟⎠

=
m∑

i=1

λif(xi)

= λ1f(x1) + ... + λmf(xm).

The second equality follows since f is positively homogeneous. The inequality
follows from concavity of f . This completes the proof �

Theorem 2.4 Let f be function on IRn. f is a positively homogeneous con-
cave function if and only if (−f) is a positively homogeneous convex function.

We skip the obvious proof.

Throughout this monograph, superscript (k) of a function denotes the kth

derivative of the function.

2.3 Probability spaces and random variables

A probability space is a triple (Ω,F ,P), wherein Ω is the set of possible
states of the world (also called outcomes), F is a σ-algebra of Ω, and P is a
probability measure.

A random variable is a measurable function X : Ω → IR, which assigns a value
for each outcome. The distribution function F of X is defined by

F (t) = P({ω ∈ Ω|X(ω) ≤ t}) for all t ∈ IR.

In this monograph, we restrict ourselves to random variables with finite expec-
tations. The complementary cumulative distribution function of X is denoted
by F̄ , i.e., F̄ = 1 − F .
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A random signal is a map Y : Ω → Υ, which assigns an element of the set Υ
for each outcome.

We use the following definitions for unimodality and symmetry of random
variables.

Definition 2.1 A random variable X is unimodal if there exists an a ∈ IR
such that its distribution function FX is convex on (−∞, a] and concave on
[a,∞). The distribution function FX is called unimodal as well.

Let X be a unimodal continuous random variable with density function fX .
We call X strictly unimodal if fX has a unique maximum at a. The distribu-
tion function FX and the density function fX are called strictly unimodal as
well.

Definition 2.2 A random variable X is symmetric if there exists an a ∈ IR
such that for its distribution function FX , FX(a − x) + FX(a + x) = 1 for all
x ≥ 0. Note that a = µ with µ = E[X]. The distribution function FX is called
symmetric as well.

We remark that if X is a symmetric continuous random variable with density
function fX , then fX(µ − x) = fX(µ + x) for all x ≥ 0. We call the density
function symmetric as well.

Let X1 and X2 be two independent random variables with distribution func-
tions F1 and F2, respectively. Furthermore, let X1 be continuous and let f1

be its density function. The distribution function of Y = X1 + X2 is given by
the well-known convolution formula:

FY (x) =

∞∫
−∞

f1(u)F2(x − u)du. (2.3)

A slightly modified version of this convolution formula holds for discrete ran-
dom variables. Let X1 and X2 be two independent random variables. Let
X1 be a discrete random variable taking values in a countable set K. The
distribution function of Y = X1 + X2 is given by

FY (x) =
∑
u∈K

P({ω ∈ Ω|X1(ω) = u})F2(x − u). (2.4)

From Wintner (1938), it follows that the sum of continuous random variables
with independent symmetric unimodal distributions is unimodal. Moreover,
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by the convolution formula (2.3), it can be shown easily that this sum is
symmetric as well.

Finally, we introduce some notation. A normal distribution with mean µ and
variance σ2 is denoted by N(µ, σ2). Φ and ϕ denote the distribution function
and density function of the standard normal distribution N(0, 1), respectively.
A uniform distribution on range [a, b] is denoted by U(a, b).

2.4 Cooperative game theory

Cooperative game theory deals with situations, where a group of players co-
operate by coordinating their actions to obtain a joint profit. It is usually
assumed that binding agreements between the players are the mean of the
cooperation. A main question of concern is how this profit will be divided
among the cooperating players.

Let N be a finite set of players, N = {1, ..., n}. A subset of N is called a
coalition. A function v, assigning a value v(S) to every coalition S ⊆ N with
v(∅) = 0, is called a characteristic function. The value v(S) is interpreted as
the maximum total profit that coalition S can obtain through cooperation.
Assuming that the benefit of a coalition S can be transferred between the
players of S, a pair (N, v) is called a cooperative game with transferable utility
(TU-game) or a game in coalitional form. For a game (N, v), S ⊂ N and
S 	= ∅, the subgame (S, v|S) is defined by v|S(T ) = v(T ) for each coalition
T ⊆ S.

In reality, the players are not primarily interested in benefits of a coalition but
in their individual benefits that they make out of that coalition. A division is
a payoff vector y = (yi)i∈N ∈ IRN , specifying for each player i ∈ N the benefit
yi. A division y is called efficient if

∑
i∈N yi = v(N) and individually rational

if yi ≥ v({i}) for all i ∈ N . Individual rationality means that every player
gets at least as much as what he could obtain by staying alone. The set of all
individually rational and efficient divisions constitutes the imputation set:

I(v) = {y ∈ IRN |∑i∈N yi = v(N) and yi ≥ v({i}) for each i ∈ N}.

If these rationality requirements are extended to all coalitions, we obtain the
core:

Core(v) = {y ∈ IRN |∑i∈N yi = v(N) and
∑

i∈S yi ≥ v(S) for each S ⊆ N}.

Thus, the core consists of all imputations in which no group of players has an
incentive to split off from the grand coalition N and form a smaller coalition,
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because they collectively receive at least as much as what they can obtain by
cooperating on their own. Note that the core of a game can be empty.

Bondareva (1963) and Shapley (1967) independently made a general charac-
terization of games with a non-empty core by the notion of balancedness. Let
us define the vector eS for all S ⊆ N by eS

i = 1 for all i ∈ S and eS
i = 0

for all i ∈ N/S. A map κ : 2N/{∅} → [0, 1] is called a balanced map if∑
S∈2N/{∅} κ(S)eS = eN . Further, a game (N, v) is called balanced if for every

balanced map κ : 2N/{∅} → [0, 1] it holds that
∑

S∈2N/{∅} κ(S)v(S) ≤ v(N).
The following theorem is due to Bondareva (1963) and Shapley (1967).

Theorem 2.5 Let (N, v) be a TU-game. Then Core(v) 	= ∅ if and only if
(N, v) is balanced.

A TU-game (N, v) is called totally balanced if it is balanced and each of its
subgames is balanced as well.

The anticore of a TU-game (N, v) is defined by

Anticore(v) = {y ∈ IRN | ∑i∈N yi = v(N)
and
∑

i∈S yi ≤ v(S) for each S ⊆ N}.

Two interesting properties that a game might satisfy are superadditivity and
convexity. A game (or its characteristic function) is called superadditive if for
all T, S ⊆ N with T ∩ S = ∅ it holds that

v(T ∪ S) ≥ v(T ) + v(S).

Therefore, if a game is superadditive, two disjoint coalitions can increase their
total worth by joining and forming a big coalition. We remark that super-
additive games do not necessarily have non-empty cores and totally balanced
games are superadditive. A game (N, v) is called convex if for all i ∈ N and
all S, T ⊆ N\{i} with S ⊂ T ,

v(T ∪ {i}) − v(T ) ≥ v(S ∪ {i}) − v(S). (2.5)

Hence, for convex games, the marginal contribution of a player to any coalition
is greater or equal to his marginal contribution to a smaller coalition. A game
is strictly convex if all inequalities are strict. We remark that convex games
have non-empty cores.

Before introducing marginal vectors, we first introduce orders. For any T ⊂ N ,
an order σ of T is a bijection σ : {1, ..., |T |} −→ T , where |T | is the cardinality
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of T and σ(i) = j means that with respect to σ player j is in ith position. The
set of all orders is denoted by Π(T ).

Let (N, v) be a TU-game, then the marginal vector mσ(v) ∈ IRN , for any
σ ∈ Π(N), is defined by

mσ
σ(1)(v) := v({σ(1)});

mσ
σ(k)(v) := v({σ(1), ..., σ(k)})− v({σ(1), ..., σ(k − 1)}) for all k ∈ {2, ..., |N |}.

The following theorem is due to Shapley (1971) and Ichiishi (1981). Here,
Conv{A} denotes the convex hull of the set of points A.

Theorem 2.6 Let (N, v) be a TU-game. Then (N, v) is convex if and only if
Core(v) = Conv{mσ(v)|σ ∈ Π(N)}.

2.5 Non-cooperative game theory

Non-cooperative game theory mainly deals with how players interact with each
other in an effort to achieve their own goals. Different from cooperative game
theory, non-cooperative game theory does not assume any binding agreements
between the players. Instead, the interaction among them is modeled explic-
itly in the analysis. A main question is how the players behave in such an
interactive environment. Here, we shortly introduce games in strategic form.

Let N be a set of players. For each player i ∈ N , there exists a strategy space
Ti, and the players simultaneously and independently choose strategies from
their strategy spaces. This results in a payoff for each player that does not
only depend on the player’s own strategy but also on other players’ strategies.
Let Ki :

∏
i∈N Ti → IR denote the payoff function of player i that determines

his payoff. The tuple (N, (Ti)i∈N , (Ki)i∈N ) with entries as above is called a
game in strategic form.

For notational convenience, we define for S ∈ 2N/{∅} and t := (ti)i∈N ∈
Πi∈NTi,

TS := Πi∈STi, tS := (ti)i∈S ∈ Πi∈STi, KS(x) := (Ki(x))i∈S ∈ IRS ,

and t ∈ TN is identified with (tS , tN/S).

Let Λ = (N, (Ti)i∈N , (Ki)i∈N ) be a game in strategic form. A solution concept
to this game is given by the concept of Nash equilibrium introduced by Nash
(1950). A strategy profile t ∈ TN is a Nash equilibrium if there is no player
i ∈ N that can strictly increase his utility by a unilateral deviation in his
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strategy, i.e., Ki(t) ≥ Ki(yi, tN/{i}) for all i ∈ N and all yi ∈ Ti. The set of all
Nash equilibria of Λ is denoted by E(Λ).

The following theorem is due to Debreu (1952).

Theorem 2.7 If for each player the strategy space is compact and convex,
and the payoff function is continuous and (quasi-)concave with respect to each
player’s own strategy, then there exists at least one pure strategy Nash equilib-
rium in the game.

Another equilibrium concept that considers group deviations as well is the
concept of strong Nash equilibrium. A strategy profile t ∈ TN is called a
strong Nash equilibrium (see Aumann (1959)) if there is no coalition S ⊆ N
and no coalitional deviation of S such that no player in S is worse off while at
least one member of S strongly increases his payoff, i.e., there is no S ⊆ N and
yS ∈ TS such that KS(yS , tN/S) ≥ KS(t) with the inequality being strict for
at least one player i ∈ S. The set of all strong Nash equilibria of Λ is denoted
by SE(Λ). In the literature, there is weaker notion of strong Nash equilibrium
as well. In this definition, a strategy profile is a strong Nash equilibrium if for
all S ⊆ N it is impossible to strictly increase the utilities of all players in S by
changing their strategies. All results presented in this monograph would also
be true with this alternative definition.

2.6 Simple newsvendor situations

In this section, we introduce simple newsvendor situations and their associated
cooperative games, called simple newsvendor games. Afterwards we derive the
closed form formulation for the value of a coalition in the cases with continuous
demand distributions.

We first introduce simple newsvendor situations. A simple newsvendor situa-
tion is defined as a tuple Γ = (N, (Xi)i∈N , c, p), where

N : Set of retailers, N := {1, ..., n};
Xi : Stochastic demand at retailer i ∈ N (with E[Xi] < ∞);
c : Common transportation cost of goods from supplier to the retailers;
p : Common selling price of the goods at the retailers.

It is assumed that p and c are positive and p ≥ c. Let Fi be the distribution
function of Xi

2. Consider a retailer i ∈ N . Note that, being stand-alone,
2In most practical applications Xi cannot take negative values. However, we allow Xi to

take negative values with very low probabilities to cover well known distributions (e.g., nor-
mal distribution). Besides, negative demand can be interpreted as returns from customers.
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this retailer solves a standard newsvendor problem with demand Xi, selling
price p and purchasing cost c while determining its order quantity. Consider
a collection of retailers S ⊆ N , who form a coalition and jointly determine an
order quantity to satisfy their joint demand. This stochastic demand is given
by XS =

∑
i∈S Xi. Furthermore, FS denotes the distribution function of XS .

Suppose that coalition S gives a joint order q ∈ IR and the demand realization
appears to be xS . The profit of coalition S is given by

rS(q, xS) = −cq + p min{q, xS}. (2.6)

For joint order q ∈ IR, the expected profit function of coalition S is defined by

πS(q) = EXS
[rS(q, ·)].

We remark that the expected profit function πS is a newsvendor type profit
function, which is known to be concave, and coalition S solves a standard
newsvendor problem with demand XS , selling price p and purchasing cost c.
While determining an optimal order quantity, the coalition should consider
two costs defined in the standard newsvendor literature (see Khouja (1999)).
The first one is the underage cost cu associated with each demand that is not
satisfied and the second one is the overage cost co, associated with each unit
that is not sold. An optimal order quantity is the one that satisfies

qS = min{q ∈ IR|FS(q) ≥ cu

cu + co
}. (2.7)

Note that there might exist multiple optimal order quantities. When the
demand distribution is continuous, the optimal order quantity qS satisfies
FS(qS) = cu/(cu + co) (see Silver et al. (1998) for further discussion on deter-
mination of an optimal order quantity and see Khouja (1999) for a literature
review on newsvendor models). We call cu/(cu+co) the optimal fractile. In the
simple newsvendor situation, underage cost is the opportunity cost of losing a
customer demand, i.e., cu = p − c, and the overage cost is simply the cost of
ordering the units from the supplier, i.e., co = c. Hence, cu/(cu +co) = 1−c/p
and an optimal order quantity3 qS of coalition S, which maximizes his ex-
pected profit function, is the one satisfying

qS = min{q ∈ IR|FS(q) ≥ 1 − c/p}. (2.8)
3Since we assume that demand can take negative values, optimal order quantities can

take negative values too. In these situations, the profit function (2.6) is unrealistic, i.e., the
retailer sells the amount of negative order of imaginary goods to the supplier. We include
these situations in the analysis for technical reasons. But our primary interest is in the
situations, where optimal order quantities are positive.
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Note that the optimal fractile is equal to 1 − c/p in the simple newsvendor
situation.

The simple newsvendor game (N, vΓ) associated with newsvendor situation Γ
is defined as follows:

vΓ(S) = max
q

πS(q) (= πS(qS)) for all S ⊆ N. (2.9)

In other words, the characteristic function v assigns to a coalition the maxi-
mum expected profit this coalition can obtain. In the remainder of the chapter,
we drop the superscript Γ if there is no ambiguity on the newsvendor situation
with which the game is associated.

The following example considers a simple newsvendor game with identical re-
tailers having independent symmetric discrete demand distributions.

Example 2.1 Consider simple newsvendor situation (N, (Xi)i∈N , c, p), such
that N = {1, 2}, independent stochastic demands Xi with probability mass
function

pi(x) =

⎧⎨
⎩

0 if x /∈ {1, 2};
1
2 if x = 1;
1
2 if x = 2,

for all i ∈ N , c = 1 and p = 2. Hence, the distribution function of retailer i is
given by

Fi(x) =

⎧⎨
⎩

0 if x < 1 ;
1
2 if 1 ≤ x < 2;
1 if 2 ≤ x.

Using convolution formula (2.4), we can derive the distribution function of the
demand for the grand coalition N as follows:

FN (x) =

⎧⎪⎪⎨
⎪⎪⎩

0 if x < 2 ;
1
4 if 2 ≤ x < 3;
3
4 if 3 ≤ x < 4;
1 if 4 ≤ x.

From (2.8), we can find optimal order quantities of several coalitions as

qS =
{

1 if |S| = 1;
3 if S = N.

By (2.9), it is a straightforward calculation to determine the associated simple
newsvendor game, which is described by

v(S) =
{

1 if |S| = 1;
2.5 if S = N.
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We remark that the associated simple newsvendor game is superadditive and
convex and that it has a non-empty core. �

Suppose that Xi for all i ∈ N are continuous. For any i ∈ N and S ⊆ N ,
let fi and fS denote the density functions of Xi and XS , respectively. In this
case, we can write that

v(S) = −c ∗ qS + p ∗ EXS
[min{qS , XS}]

= −c ∗ qS + p

qS∫
−∞

xfS(x)dx + p

∞∫
qS

qSfS(x)dx

= −c ∗ qS + p

⎛
⎜⎝qSFS(qS) −

qS∫
−∞

FS(x)dx

⎞
⎟⎠+ p ∗ qS(1 − FS(qS))

= −c ∗ qS − p

qS∫
−∞

FS(x)dx + p ∗ qS (2.10)

= −c ∗ qS − p

⎛
⎜⎝qS(1 − c

p
) −

FS(qS)∫
0

F−1
S (y)dy

⎞
⎟⎠+ p ∗ qS

= p

1− c
p∫

0

F−1
S (y)dy for all S ⊆ N. (2.11)

The first equality follows since qS is an optimal order quantity. The third
equality holds by means of partial integration. The fifth equality follows from
interchanging the axes of integration4. The last equality holds by qS = F−1

S (1−
c/p). Note that v(S) is linearly dependent on the pair (c, p), i.e., if both c and
p change by a factor λ, the optimal fractile remains unchanged and v(S) is
multiplied by λ as well.

The following theorem is due to Müller et al. (2002) and Slikker et al. (2001).

Theorem 2.8 Let (N, (Xi)i∈N , c, p) be a simple newsvendor situation. The
associated simple newsvendor game has a non-empty core.

Moreover, simple newsvendor games are totally balanced and, hence, super-
additive.

4We remark that FS is a continuous and weakly increasing function. Hence, its inverse
might be multi-valued. Choosing any of these values as a principal value yields the same
result.





Chapter 3

Stochastic Cooperative
Decision Situations

3.1 Introduction

In this chapter, we consider situations with multiple players, who choose
strategies to influence their expected profits. We assume two decision epochs
for an individual player. First, he decides on a strategy to play under un-
certainty of the future state of the world, which affects the outcome of the
played strategy. After the uncertainty is resolved, the player can take a re-
course action that compensates for any adverse effects that might have been
experienced as a result of the chosen strategy. The optimal strategies and
recourse actions for the players are determined by the solution of a two stage
stochastic optimization problem. These players can also cooperate in a coali-
tion. In this case, the players in the coalition coordinate their strategies and
recourse actions to maximize their total expected profit.

Many real life situations with decision making under uncertainty can be mod-
eled using two stage stochastic programming. An example would be the sim-
ple newsvendor situation considered in section 2.6. At the start of a period, a
retailer decides how many products to buy from his supplier, and after the de-
mand is realized, he decides on how much of the realized demand to meet with
his available stocks. The optimal recourse action of the retailer, of course, is
to satisfy his demand as much as possible. If multiple retailers cooperate, they
can give a joint order to their supplier and after their demands are realized,
they determine how to satisfy these demands with available stocks. These
examples can be extended to more advanced distribution systems, which will
be considered in the following chapters.

27
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In this setting with cooperation possibilities, the value of a coalition is taken
as the maximum expected profit that can be made by the coalition. There are
two underlying assumptions. First, the players are in a relationship and there
are binding agreements between them, which are signed under uncertainty
(e.g., stochastic demand) and cannot be renegotiated after uncertainty is re-
solved (e.g., realization of the demand). Second, coordinated strategies and
optimal recourse actions are achieved. There are several possible explanations
for this second assumption. One is that coordinated strategies and optimal
recourse actions might be agreed by the players on the contract, explicitly. On
the other hand, the players may sign away their decision rights to a central
decision maker, who coordinates the system on behalf of the coalition. Fi-
nally, coordination can be achieved by a contract that matches the individual
incentives of the players with the incentive of the coalition, e.g., profit sharing
contracts in our situation. Under these assumptions, the players are especially
interested in what they will get out of a coalition in expectation while deciding
to join the coalition and signing a contract. A contract that guarantees an
expected payoff vector in the core of the cooperative game is a good candidate
for the players to agree upon.

We first introduce a framework for situations with decision making under un-
certainty and cooperation possibilities, and we focus on a special class of sit-
uations, called stochastic cooperative decision situations. This class captures
almost all cooperation situations based on advanced distribution systems to
be considered in the following chapters. We show that the cooperative games
associated with these situations are totally balanced and, hence, they have
non-empty cores.

Afterwards, we focus on the cases where the players form coalitions but they
do not give up all their decision rights (e.g., ordering decisions in a newsven-
dor situation) signing up a contract, i.e., they choose their strategies at the
start of the period independently. The contracts that we used in the analy-
sis are binding agreements between the players, which describe the means of
cooperation, regulate recourse actions after the uncertainty is resolved, and
obligate the way of monetary transactions that take place at the end of the
cooperation period. Except these, the players do not have any enforcement on
the strategies that they decide on at the start of the period. We formulate a
non-cooperative game representing this case. We analyze what the core of the
corresponding cooperative game means in such a non-cooperative environment
by showing that the set of payoff vectors resulting from strong Nash equilibria
coincides with the core of the corresponding cooperative game. Besides, we
illustrate how to construct a strong Nash equilibrium.

This chapter is organized as follows. In section 3.2, we introduce stochastic
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cooperative decision situations and the associated cooperative games, and we
present our first result. In section 3.3, we introduce a non-cooperative game,
which is associated with a stochastic cooperative decision situation. After-
wards, we show that the core of the associated expected profit game corre-
sponds to the set of payoff vectors resulting from strong Nash equilibria of the
non-cooperative game. We conclude the chapter with section 3.4.

3.2 The model and cooperative games

Let N be a set of players. Each player i ∈ N is subject to uncertainty, which
is represented by a random variable (or signal) Xi taking values in Υi. The
players can either work alone or they can cooperate in a coalition. Consider
a coalition S ∈ 2N\{∅}. Let xS = (xi)i∈S be a realization of random vector
XS = (Xi)i∈S taking values in ΥS =

∏
i∈S Υi. Before the realization of the

random vector XS , the players in the coalition jointly choose a strategy qS

from the strategy space QS ⊆ IRB with B ∈ IN. After observing realization
xS of XS , the players decide on a joint recourse action mS from the action
space MS(qS , xS) ⊆ IRB×N , which depends on qS and xS . We assume that
for all mS ∈ MS(qS , xS) mS

i = 0 if i /∈ S since the coordinates of the players
outside of coalition S are irrelevant for the coalition. We denote the map
(qS , xS) → MS(qS , xS) shortly by MS . There is a cost associated with each
strategy of the coalition. Suppose the coalition plays strategy qS , then it pays
a cost C(qS), where C : IRB → IR. If the coalition plays recourse action mS

for realization xS of the random vector, each player in the coalition makes a
revenue H i(mS

i , xi), where mS
i ∈ IRB is the i’th coordinate of mS and H i :

IRB × Υi → IR. Hence, the coalition’s total revenue is

ZS(mS , xS) =
∑
i∈S

H i(mS
i , xi). (3.1)

A tuple (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) with entities as above is
called a stochastic cooperative decision situation if the following conditions
hold:

(i) For all T ⊆ N , all qT ∈ QT and every vector of realizations xT of XT ,
maxm∈MT (qT ,xT ) ZT (m, xT ) exists.

(ii) For all T ⊆ N and all qT ∈ QT , EXT [maxm∈MT (qT ,·) ZT (m, ·)] exists.

(iii) For all T ⊆ N , maxq∈QT

(
−C(q) + EXT

[
maxm∈MT (q,·) ZT (m, ·)

])
ex-

ists.
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(iv) For all T ⊆ N , every balanced map κT : 2T \{∅} → [0, 1] and every
(qS)S⊆T ∈∏S⊆T QS , it holds that

∑
S∈2T \{∅}

κT (S)qS ∈ QT .

(v) For all T ⊆ N , every balanced map κT : 2T \{∅} → [0, 1], every real-
ization xT of XT , every (qS)S⊆T ∈ ∏S⊆T QS and every (mS)S⊆T ∈∏

S⊆T MS
(
qS , xS

)
, it holds that

∑
S∈2T \{∅}

κT (S)mS ∈ MT

⎛
⎝ ∑

S∈2T \{∅}
κT (S)qS , xT

⎞
⎠ .

(vi) For all i ∈ N and all xi of Xi, H i(·, xi) is a concave function.

(vii) C is a positively homogeneous convex function.

The first three conditions guarantee that optimal strategies and recourse ac-
tions that maximize the total expected profit exist for every coalition, and
that the expected profit of a coalition under optimal strategies and recourse
actions is well defined. Conditions (iv) and (v) define relationships between
the strategy spaces of coalitions and between the action spaces of the coali-
tions, respectively. Condition (vi) states that the revenue of a player is a
concave function of his recourse action. The last condition states that the cost
function is a positively homogenous convex function.

Suppose that coalition S plays strategy qS ∈ QS , and realization xS of random
vector XS occurs. Let mS∗(qS , xS) be an optimal recourse action, which exists
by condition (i). We refer to ZS(mS∗(qS , xS), xS) as zS(qS , xS), which is the
maximum total revenue that coalition S can achieve by playing its optimal
recourse action.

In a stochastic cooperative decision situation, individual players or coalitions
are assumed to be interested in their expected profits, while choosing their
strategies and recourse actions. If coalition S plays strategy qS and optimal
recourse actions, its expected profit is given by

τS(qS) = −C(qS) + EXS

[
zS(qS , ·)] .

From condition (ii), we know that the expectation is well defined, and hence
the expected profit function too. Moreover, condition (iii) assures that every
coalition has an optimal strategy that maximizes its expected profit.
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For a stochastic cooperative decision situation, the associated cooperative
game (N, v) is defined by

v(S) = max
qS

τS(qS).

In other words, the value of a coalition is the maximum expected profit that
the coalition can obtain playing its optimal strategy and recourse actions.
Therefore, we call the associated cooperative game an expected profit game.

The following theorem states that expected profit games associated with stochas-
tic cooperative decision situations are totally balanced.

Theorem 3.1 Let (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) be a stochas-
tic cooperative decision situation. Then the associated expected profit game is
totally balanced.

Proof: Consider a coalition T ⊆ N . Let κT : 2T \{∅} → [0, 1] be a bal-
anced map. Let (qS∗)S⊆T :S �=∅ and (mS∗(qS∗, xS))S⊆T :S �=∅,xS∈ΥS be the opti-
mal strategies and recourse actions of different coalitions, respectively. Let
tT =

∑
S∈2T \{∅} κT (S)qS∗ ∈ QT (condition (iv)). Then, for every realization

xT of XT ,

ZT
(
mT∗ (tT , xT

)
, xT
)

≥ ZT
( ∑

S∈2T \{∅}
κT (S)mS∗(qS∗, xS), xT

)

=
∑
i∈T

H i

⎛
⎝ ∑

S∈2T \{∅}:i∈S

κT (S)mS∗
i (qS∗, xS), xi

⎞
⎠

≥
∑
i∈T

∑
S∈2T \{∅}:i∈S

κT (S)H i
(
mS∗

i (qS∗, xS), xi

)

=
∑

S∈2T \{∅}
κT (S)

∑
i∈S

H i
(
mS∗

i (qS∗, xS), xi

)

=
∑

S∈2T \{∅}
κT (S)ZS

(
mS∗(qS∗, xS), xS

)
.

The first inequality follows since mT∗(tT , xT ) ∈ M(tT , xT ) is an optimal re-
course action and

∑
S∈2T \{∅} κT (S)mS∗(qS∗, xS) ∈ M(tT , xT ) from condition

(v). The first equality holds by definition of ZT and since mS∗
j = 0 for all

j /∈ S for all S ⊆ T . The second inequality holds since H i(·, xS) is concave
for all i ∈ N and realization xS of XS (condition (vi)), 0 ≤ κT (S) ≤ 1 for all
S ∈ 2T \{∅}, and

∑
S∈2T \{∅}:i∈S κT (S) = 1 for all i ∈ T . The second equality
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follows from interchanging the order of summation. The last equality holds
by definition of ZS .

Taking the expectation of both sides, we find that

EXT

[
ZT
(
mT∗(tT , ·), ·)] ≥ ∑

S∈2T \{∅}
κT (S)EXS

[
ZS
(
mS∗(qS∗, ·), ·)] . (3.2)

Then,

v(T ) = −C(qT∗) + EXT

[
ZT (mT∗(qT∗, ·), ·)]

≥ −C(tT ) + EXT

[
ZT (mT∗(tT , ·), ·)]

≥ −C(tT ) +
∑

S∈2T \{∅}
κT (S)EXS

[
ZS
(
mS∗(qS∗, ·), ·)]

≥ −
∑

S∈2T \{∅}
κT (S)C(qS∗) +

∑
S∈2T \{∅}

κT (S)EXS

[
ZS
(
mS∗(qS∗, ·), ·)]

=
∑

S∈2T \{∅}
κT (S)

(−CS(qS∗) + EXS

[
ZS
(
mS∗(qS∗, ·), ·)])

=
∑

S∈2T \{∅}
κT (S)v(S)

The first equality holds since qT∗ and mT∗(qT∗, ·) are an optimal strategy and
optimal recourse actions for coalition T . The first inequality follows from
tT ∈ QT (condition (iv)). The second inequality holds by (3.2). The third
inequality follows from Theorem 2.3 since −C is a positively homogeneous con-
cave function (from condition (vii) and Theorem 2.4) and κT (S) ≥ 0 for all
S ∈ T in balanced map κT . The last equality holds since qS∗ and mS∗(qS∗, ·)
are an optimal strategy and optimal recourse actions for coalition S, respec-
tively. �

From Theorems 3.1 and 2.5, the following corollary follows immediately.

Corollary 3.2 Let (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) be a stochas-
tic cooperative decision situation. Then the associated expected profit game
has a non-empty core.

3.3 A game in strategic form

Consider a stochastic cooperative decision situation, which is defined by the
tuple (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) such that C is a linear func-
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tion. Recall that Qi ⊆ IRB denotes the strategy space of player i. Let
Q̄S =

∏
i∈S Qi be the collection of possible strategies of players in coalition S.

Note that in this section, we do not consider joint strategies. Instead every
player chooses his own strategy even if he belongs to a coalition.

Consider coalition S ⊆ N . Let raS : Q̄S × ΥS → IRB×N be a recourse action
function, which determines a recourse action for any demand realization xS of
XS and any strategy profile q̄S ∈ Q̄S . We call a recourse action function raS

feasible5, if for all q̄S ∈ Q̄S and every realization xS of XS ,

raS(q̄S , xS) ∈ MS(
∑
i∈S

q̄S
i , xS).

For a strategy profile and a realization of the random vector, a feasible recourse
action function6 gives us a recourse action in the action space of coalition S.
The set of all feasible recourse action functions for coalition S is denoted by
FRAS .

Let π̄S : {(q̄, m, xS)|q̄ ∈ Q̄S , xS ∈ ΥS , and m ∈ MS(
∑

i∈S q̄i, x
S)} → IRS

be a monetary transaction function, which allocates the profit made by the
coalition S among its members. We call a monetary transaction function π̄S

efficient , if for all q̄S ∈ Q̄S , every realization xS of XS and every recourse
action mS ∈ MS(

∑
i∈S q̄S

i , xS)∑
i∈S

π̄S
i (q̄S , mS , xS) = −C(

∑
i∈S

q̄S
i ) + ZS(mS , xS),

where ZS is defined as in (3.1). The set of all efficient monetary transaction
functions of coalition S ⊆ N is denoted by EMTS .

Definition 3.1 An admissible contract for coalition S ⊆ N is a pair (raS , π̄S)
consisting of a feasible recourse action function raS ∈ FRAS and an efficient
monetary function π̄S ∈ EMTS.

The set of all admissible contracts for coalition S ⊆ N , is denoted by CONS ,
i.e., CONS := {(pa, π̄)|pa ∈ FRAS ; π̄ ∈ EMTS}.

Definition 3.2 A profit sharing contract for coalition S ⊆ N is a pair (raS , π̄S) ∈
CONS such that for all q̄S ∈ Q̄S and every realization xS of XS

raS(q̄S , xS) ∈ argmaxm∈MS(
∑
i∈S

q̄S
i ,xS)

{
ZS(m, xS)

}
,

5We silently restrict our attention to well-behaved recourse action functions, i.e., expected
payoffs of the retailers are well-defined.

6Condition (iv) implies that
∑

i∈S q̄S
i ∈ QS , and, hence, MS(

∑
i∈S q̄S

i , xS) is well defined.



34 Stochastic Cooperative Decision Situations

and there exist λi > 0 for all i ∈ S such that
∑

i∈S λi = 1, and for all q̄S ∈ Q̄S,
xS of XS and mS ∈ MS(

∑
i∈S q̄S

i , xS)

π̄S
i (q̄S , mS , xS) = λi

(
−C(
∑
i∈S

q̄S
i ) + ZS(mS , xS)

)
.

Briefly, profit sharing contracts are admissible contracts that choose the op-
timal recourse action for each demand realization and divide the total profit
proportionally according to preset rates among the coalition members. We
remark that under profit sharing contracts it is all players’ interest to increase
the total profit as they get a fixed percentage of it, and hence these contracts
induce strategies that maximize total expected profit by the players. The set
of all profit sharing contracts for coalition S ⊆ N is denoted by PSCONS .

Consider a coalition S ⊆ N and an admissible contract conS = (raS , π̄S) ∈
CONS . Then, the expected payoff of player i ∈ S in contract conS for strategy
profile q̄S ∈ Q̄S is denoted by

ΠconS

i (q̄S) = EXS [π̄S
i (q̄S , raS(q̄S , ·), ·)].

For the stochastic cooperative decision situation, the associated game in strate-
gic form is given by Λ = (N, (Ti)i∈N , (Ki)i∈N ), where Ti and Ki :

∏
i∈N Ti → IR

represent the extended strategy space and payoff function of player i ∈ N , re-
spectively. For each i ∈ N , the extended strategy space Ti is defined by

Ti := {(S, con, q)| S ⊆ N with i ∈ S, con ∈ CONS and q ∈ Qi}

and for every t = (Sj , conj , q
j)j∈N ∈ ∏j∈N Tj the payoff function Ki is given

by

Ki(t) =
{

Πconi
i (qSi) if Si = Sj and coni = conj for all j ∈ Si;

τ{i}(qi) otherwise,

where qSi = (qj)j∈Si .

Remark 3.1 Note that coalition decisions in strategies of the retailers are
superfluous, since choosing a contract fixes a coalition already. However, we
prefer to have it in the extended strategy space of the players for expositional
clarity.
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In the game in strategic form, a coalition can only be formed if all the players
in a contract agree upon the contract. If a coalition is formed, recourse actions
are taken and the profit is shared as described in the contract by its recourse
action function and its monetary transaction function. The players that do not
form a coalition are considered as if they work alone. Consider an extended
strategy profile tN = (Si, coni, q

i)i∈N . We denote the associated partition of
N by

L(tN ) = L1(tN ) ∪ L2(tN )

with

L1(tN ) = {S ⊆ N |S = Si for all i ∈ S and coni = conj for all i, j ∈ S}

and

L2(tN ) = {{i} ∈ N | there is a j ∈ Si such that coni 	= conj}.

This partition consists of coalitions that form and singleton player sets that
work alone under extended strategy profile tN .

The following lemma provides an upper bound of what a group of players can
get without interacting with other players.

Lemma 3.3 Let (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) be a stochastic
cooperative decision situation such that C is a linear function. Let (N, v) and
Λ be its associated expected profit game and its associated game in strategic
form, respectively. Consider an extended strategy profile tN = (Si, coni, q

i)i∈N .
Let S1, ..., Sa ∈ L(tN ) and S =

⋃a
k=1 Sk. Then,

∑
i∈S

Ki(tN ) ≤ v(S).

Proof: Let R ∈ {S1, ..., Sa}. We will first show that
∑

i∈R Ki(tN ) ≤ v(R).
Then, we will extend the result for S. Note that R ∈ L(tN ). Therefore R is
either in L1(tN ) or in L2(tN ). Suppose that R is an element of L1(tN ), then
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there is a con ∈ CONR such that coni = con for all i ∈ R. Then,∑
i∈R

Ki(tN ) =
∑
i∈R

Πcon
i (qR)

=
∑
i∈R

EXR [π̄R
i (qR, raR(qR, ·), ·)]

= −C(
∑
i∈R

qR
i ) + EXR [ZR(raR(qR, ·), ·)]

≤ τR(
∑
i∈R

qR
i )

≤ v(R)

The third equality holds since raR(qR, xR) ∈ MR(
∑

i∈R qR
i , xR) for all realiza-

tion xR of XR and π̄ is efficient. The first inequality holds since τR considers
optimal recourse actions after realization of the random variable. The last
inequality holds since v(R) considers optimal strategies.

Suppose that R is an element of L2(tN ). Therefore |R| = 1. Let j ∈ R. Then,

Kj(tN ) = τ{j}(qj) ≤ v({j}).
The equality holds since j is an element of L2(tN ). The inequality holds since
v({j}) considers optimal strategies.

Consider S. Then,

∑
i∈S

Ki(tN ) ≤
a∑

k=1

v(Sk) ≤ v(S).

The last inequality holds since expected profit games are totally balanced. �

The following two theorems show that the set of payoff vectors resulting from
strong Nash equilibria coincides with the core7. Besides, we demonstrate in
the proofs how to construct a strong Nash equilibrium that results in a specific
core element. We utilize profit sharing contracts in the construction.

Remark 3.2 In the literature, similar results have been found for different
games (see, Borm and Tijs (1992) and Koster et al. (2003)). Compared to
these games, we consider an extended strategy space for the players, which
covers the decisions that are taken in a stochastic cooperative decision situ-
ation. The main contribution of the following theorem is therefore not the

7These theorems would also be true with the alternative definition of strong Nash equi-
librium in section 2.5.
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existence of a relation between core and strong Nash equilibrium in general,
but the existence of this relation via a non-cooperative game that is tailored to
our situation. None of the games in Borm and Tijs (1992) and Koster et al.
(2003) would make much sense in our setting.

Theorem 3.4 Let (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) be a stochas-
tic cooperative decision situation such that C is linear function. Let (N, v)
and Λ be its associated expected profit game and its associated game in strate-
gic form, respectively. For all y ∈ Core(v) there exists a tN ∈ SE(Λ) such
that (Ki(tN ))i∈N = y.

Proof: Let y ∈ Core(v). Consider an extended strategy profile denoted by
tN = (N, psconN , qi)i∈N , such that psconN ∈ PSCONN with λi = yi/v(N)
for all i ∈ N and

∑
i∈N qi = qN∗, where qN∗ is an optimal strategy of the

grand coalition for the expected profit game. Then, Ki(tN ) = yi for all i ∈ N .
We will show that tN ∈ SE(Λ). Consider a deviation uS by S ⊆ N . There are
two possible cases. The first possibility is a deviation on the strategies only.
So suppose uS = (N, psconN , q̄i)i∈S ∈ TS is such that there is a j ∈ S : q̄j 	= qj .
Since tN considers optimal strategies and recourse actions, the total expected
profit of the system is v(N) under extended strategy profile tN . Moreover, the
total expected profit of the system after deviation cannot be greater than v(N).
Since in profit sharing contracts total profit is divided proportionally according
to λi’s, Ki(uS , tN/S) ≤ Ki(tN ) for all i ∈ S. The second possibility covers the
deviations on the coalition and contract. Suppose uS = (Si, coni, q̄i)i∈S ∈ TS is
such that there is a i ∈ S with coni 	= psconN . Let j ∈ S. Since coni 	= psconN

and tN/S = (N, psconN , qk)k∈N/S , we conclude that j cannot end up in a par-
tition element that contains some k ∈ N/S. Hence, there is a {S1, ..., Sa} such
that S =

⋃a
k=1 Sk and Sk ∈ L(tN ) for all k ∈ {1, ..., a}. From Lemma 3.3,∑

i∈S Ki(uS , tN/S) ≤ v(S). Considering that v(S) ≤ ∑i∈S yi, we conclude
that if there is a j ∈ S with Kj(uS , tN/S) > Kj(tN ) = yj then there is a i ∈ S
with Ki(uS , tN/S) < Ki(tN ) = yi. �

Theorem 3.5 Let (N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) be a stochastic
cooperative decision situation such that C is linear function. Let (N, v) and
Λ be its associated expected profit game and its associated game in strategic
form, respectively. For all tN ∈ SE(Λ) it holds that (Ki(tN ))i∈N ∈ Core(v).

Proof: Consider tN ∈ SE(Λ). Since N =
⋃

R∈L(tN ) R,
∑

i∈N Ki(tN ) ≤ v(N)
holds by Lemma 3.3. Suppose that there is a S ⊆ N such that

∑
i∈S Ki(tN ) <

v(S). Let ε = v(S) −∑i∈S Ki(tN ) > 0. Consider extended strategy pro-
file uS = (S, psconS , q̄i)i∈S such that psconS ∈ PSCONS , λi = (Ki(tN ) +
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ε/|S|)/v(S) for all i ∈ S, and
∑

i∈S q̄i = qS∗. Then, KS(uS , tN/S) > KS(tN ).
This contradicts tN ∈ SE(Λ) and completes the proof. �

3.4 Concluding comments

In this chapter, we provided a framework for cooperative situations under un-
certainty. We focused on two types of structural elements in the construction
of the framework: strategy and recourse action spaces, and cost and revenue
functions. We identified a set of sufficiency conditions on these elements for
the cooperative games associated with the situations in this framework to
have non-empty cores. We call the situations that satisfy these conditions and
their associated cooperative games stochastic cooperative decision situations
and expected profit games, respectively. Some of these conditions have already
been used implicitly to show core non-emptiness result for special newsvendor
situations in the literature (Müller et al. (2002) and Slikker et al. (2005)).
Our proof technique differs from theirs in the following way. Our technique
requires the revenue functions to be concave where as their technique requires
profit functions, which are defined on order quantity and demand realization,
to be positively homogeneous (a stronger condition). This allows us to cover
a larger class of situations, e.g., the information update situation in chapter
7, where the profit functions are concave. Moreover, with our technique, it is
also possible to handle convex cost structures (e.g., convex penalty costs) in
the newsvendor models.

One of the main purposes of this chapter is to provide a general core-nonempti-
ness result that can be used in the complex newsvendor situations in the
following chapters. As it is easy to check whether the sufficiency conditions
are satisfied or not, it safes us effort to extend the non-emptiness result to
these newsvendor situations. To the same end, this chapter might be useful
to derive the same results for the cooperative games associated with other
operations research problems that can be modeled using our framework.

After knowing that the cores of expected profit games are non-empty, the first
question one would ask is whether there is a simple algorithm to determine
a core division of total profit. Unfortunately, the way that we prove this
result does not imply an algorithm for this purpose. There are two recent
studies related with this issue. In a recent study, Montrucchio and Scarsini
(2006) show that the core of the simple newsvendor games are non-empty
by identifying a core element. Chen and Zhang (2006) consider cost games
associated with the newsvendor situation with multiple warehouses, which will
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be studied in chapter 6. They offer a way to find a core element by solving
the dual of a stochastic linear program. Afterwards, they extend their result
to cover concave ordering costs.

In section 3.3, we considered a non-cooperative game where the players form
coalitions signing up a contract but decide on their strategies at the start of
the period individually. We showed that the core of the associated expected
profit game corresponds to the set of payoff vectors resulting from strong
Nash equilibria of the non-cooperative game. This result is important for two
reasons. First, it shows what the core, which comes from cooperative game
theoretical analysis abstracting away any details how the cooperation takes
place, would mean in this non-cooperative setting. Second, by the construction
of the result, it shows that coordination of the strategies can be achieved by
profit sharing contracts (an assumption of the cooperative analysis). Moreover,
we illustrated how to construct a strong Nash equilibrium.

One potential direction for future research is to identify coordinating contracts
other than profit sharing contracts.





Chapter 4

On the Convexity of Simple
Newsvendor Games

4.1 Introduction

In section 2.6, we introduced simple newsvendor situations and their associ-
ated simple newsvendor games, which are known to have non-empty cores (see
Theorem 2.8). In this chapter, which is based on Özen et al. (2005), we study
convexity of simple newsvendor games. Convex games are well-known for hav-
ing several nice properties related to solution concepts. First of all, Shapley
(1971) and Ichiishi (1981) showed that the marginal vectors of a game are
the extreme points of the core if and only if the game is convex. Besides,
the bargaining set coincides with the core. With respect to one-point solu-
tion concepts, it holds that the Shapley value is the barycenter of the core.
Furthermore, the kernel coincides with the nucleolus (Maschler et al. (1972))
and the τ -value can easily be calculated (Tijs (1981)). In the literature of
operations research games (OR games), which are cooperative games arising
from operations research problems, convexity has been studied by several au-
thors. See Borm et al. (2001) for a survey on OR games. Hamers et al.
(2005) and Borm et al. (2002) studied convexity of games corresponding to
various sequencing situations and Granot et al. (2002) showed that extended
tree games are convex which helps them to derive algorithms to compute the
Shapley value and nucleolus of extended tree games.

For simple newsvendor games, convexity states that the marginal gains from
inventory centralization and order coordination will be higher if a retailer joins
a bigger coalition. It is known in the literature that the simple newsvendor
games are not convex in general (see Hartman and Dror (1997) and Slikker

41
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et al. (2001)). Dependency and non-unimodalarity of the demand distribu-
tions are identified as possible disturbances for convexity of simple newsvendor
games. Therefore, in this chapter, we focus on the class of simple newsven-
dor games with independent symmetric unimodal demand distributions. We
assume symmetry because of its easiness in the analysis. We identify several
subclasses that contain convex games only. However, these results cannot be
generalized to the whole class. We provide a counterexample. We start our
study with a convexity result for the whole class if the optimal fractile equals
1/2. Afterwards, we try to extend this result for the whole range of optimal
fractile under special distribution assumptions (e.g., normal or uniform de-
mand distributions). In the remainder of the chapter, we call simple newsven-
dor situations and associated simple newsvendor games simply newsvendor
situations and newsvendor games, respectively.

The organization of this chapter is as follows. In section 4.2, we focus on
newsvendor situations with independent symmetric unimodal demand distri-
butions and we show that their associated games are convex if the optimal
fractile equals 1/2. In section 4.3, we focus on newsvendor situations with
normal demand distributions and we prove that the associated games are con-
vex. In section 4.4, we investigate the marginal contribution of retailers with
uniform demand distributions to small and big coalitions. Then, in section 4.5,
we show by means of a counterexample that newsvendor games with indepen-
dent symmetric unimodal demand distributions are not necessarily convex.
We conclude this chapter with some remarks in section 4.6.

4.2 Symmetric unimodal demand distributions

In this section, we first present some examples that show that newsvendor
games are not convex in general. Afterwards, we focus on newsvendor sit-
uations with independent symmetric unimodal demand distributions and we
show that their associated games are convex if the optimal fractile equals 1/2.
Finally, we present a proposition stating that newsvendor games with the same
symmetric demand distributions and symmetric optimal fractiles around 1/2
are either both convex or both not convex, i.e., for two newsvendor situations
(N, (Xi)i∈N , c, p) and (N, (Xi)i∈N , c̄, p) with c̄ = p − c, the associated games
are either both convex or both not convex.

Though newsvendor games have non-empty cores, they do not need to be
convex even for very simple settings. The following example considers such a
setting with identical retailers having independent symmetric discrete demand
distributions.
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Example 4.1 Consider newsvendor situation (N, (Xi)i∈N , c, p), such that N =
{1, 2, 3}, independent stochastic demands Xi with probability mass function

pi(x) =

⎧⎨
⎩

0 if x /∈ {1, 2} ;
1
2 if x = 1;
1
2 if x = 2,

for all i ∈ N , c = 1 and p = 2. Similarly as in Example 2.1, we can determine
the associated newsvendor game as follows.

v(S) =

⎧⎨
⎩

1 if |S| = 1;
2.5 if |S| = 2;
3.75 if S = N.

Hence, with i = 3, S = {1} and T = {1, 2} we derive that

v(S ∪ {i}) − v(S) = 1.5 > v(T ∪ {i}) − v(T ) = 1.25.

Therefore, we conclude that (N, v) is not convex. �

The following example shows that newsvendor games with dependent sym-
metric unimodal demand distributions are not convex in general.

Example 4.2 Consider newsvendor situation (N, (Xi)i∈N , c, p), such that N =
{1, 2, 3}, c = 1, and p = 2. Let X1 be uniformly distributed on [0, 1], and let
X2 = X1 and X3 = 1 − X1. In other words, X1 and X2 are positively cor-
related, X1 and X3 are negatively correlated, and X2 and X3 are negatively
correlated. It is a straightforward exercise to determine the optimal order
quantities and the associated newsvendor game, which are given below:

qS =

⎧⎪⎪⎨
⎪⎪⎩

0.5 if |S| = 1;
1 if S = {1, 2};
1 if S = {1, 3} or S = {2, 3};
1.5 if S = N ;

v(S) =

⎧⎪⎪⎨
⎪⎪⎩

0.25 if |S| = 1;
0.5 if S = {1, 2};
1 if S = {1, 3} or S = {2, 3};
1.25 if S = N.

Hence, with i = 1, S = {3} and T = {2, 3} we derive that

v(S ∪ {i}) − v(S) = 0.75 > 0.25 = v(T ∪ {i}) − v(T ).

Therefore, we conclude that (N, v) is not convex. �
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This example can easily be adjusted to cover dependent normal demand dis-
tributions.

Examples 4.1 and 4.2 show that dependent or non-unimodal demand distri-
butions can cause newsvendor games to be non-convex. In the following part
of this chapter, we focus on the class of newsvendor games with independent
symmetric unimodal demands. Before showing our first result for this class,
we present a lemma that deals with the change in profit as a result of forming
a bigger coalition.

Consider newsvendor situation (N, (Xi)i∈N , c, p), and two coalitions S and T
such that S, T ⊂ N and S ∩ T = ∅. Let qS , qT and qS∪T denote the optimal
order quantities of coalitions S, T and S ∪T , respectively. Let G(S, T ) be the
expected extra benefit if coalitions S and T come together and form coalition
S ∪ T , i.e., G(S, T ) = v(S ∪ T ) − v(S) − v(T ). The following lemma shows
that the change in profit as a result of forming a bigger coalition consists of
the change in cost because of ordering optimally for coalition S ∪ T , the ex-
pected extra revenue coming from satisfying excess demand of coalition T by
leftover stocks of coalition S or vice versa, and the expected change in revenue
by ordering optimally instead of ordering the sum of optimal orders of the
contributing coalitions.

Lemma 4.1 Consider a newsvendor situation (N, (Xi)i∈N , c, p). Let S, T ⊆
N such that S ∩ T = ∅. Then

G(S, T ) = −c (qS∪T − qS − qT )
+p EXS∪T

[(XS∪T − (qS + qT ))+ − (XS∪T − qS∪T )+]
+p EXS∪T

[min{(qS − XS)+, (XT − qT )+}]
+p EXS∪T

[min{(qT − XT )+, (XS − qS)+}].

Proof: The proof is given in the appendix at the end of this chapter. �

Our first theorem states that newsvendor games with independent symmetric
unimodal demand distributions are convex if optimal fractile 1−c/p equals 1/2.

Theorem 4.2 Let (N, (Xi)i∈N , c, p) be a news-vendor situation. If the ran-
dom demands (Xi)i∈N have independent, symmetric and unimodal distribu-
tions, and additionally p = 2 ∗ c, then the associated newsvendor game is
convex.
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Proof: The proof is given in the appendix at the end of this chapter. �

This result is restrictive since it proves convexity only for our special case
with 1 − c/p = 1/2 (i.e., p = 2c). However, for most of the situations (e.g.,
newsvendor situations with independent symmetric strictly unimodal demand
distributions), G(T, i)−G(S, i) > 0, and hence the convexity is strict at opti-
mal fractile 1/2. Therefore, for the situations with 1−c/p ≈ 1/2 (i.e., p ≈ 2c),
the associated games are also convex.

The following proposition shows an additional property of games with inde-
pendent symmetric demand distributions.

Proposition 4.3 Consider two newsvendor situations Γ = (N, (Xi)i∈N , c, p)
with 1− c

p < 1
2 and Γ̄ = (N, (Xi)i∈N , c̄, p) with c̄ = p− c, where both situations

have independent and symmetric demands. Then (N, vΓ) is convex if and only
if (N, vΓ̄) is convex.

Proof: To prove the proposition we will show that the difference between
marginal contributions of a retailer to a bigger and a smaller coalition is the
same for both situations. Consider coalition T ⊆ N . Using the symmetry of
demand, we can write that

vΓ(T ) = p

1− c
p∫

0

F−1
T (z)dz

= p

c
p∫

0

F−1
T (z)dz − p

c
p∫

1− c
p

F−1
T (z)dz

= p

c
p∫

0

F−1
T (z)dz − (2c − p)µT

= p

1− c̄
p∫

0

F−1
T (z)dz − (p − 2c̄)µT

= vΓ̄(T ) − (p − 2c̄)µT . (4.1)

The first equality follows from (2.11). The third equality holds since symmetry

of demand distributions implies that
a∫
0

F−1
T (1/2 + x)dx +

a∫
0

F−1
T (1/2−x)dx =
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2a∗µT . The fourth equality follows from changing c = p− c̄. The last equality
follows from (2.11) again.

Let i ∈ N and S ⊂ T ⊆ N/{i}, then from (4.1), it follows that

vΓ(T ∪ {i}) − vΓ(T ) − vΓ(S ∪ {i}) + vΓ(S)

= vΓ̄(T ∪ {i}) − vΓ̄(T ) − vΓ̄(S ∪ {i}) + vΓ̄(S)
−(p − 2c̄)(µT∪{i} − µT − µS∪{i} + µS)

= vΓ̄(T ∪ {i}) − vΓ̄(T ) − vΓ̄(S ∪ {i}) + vΓ̄(S).

The last equality holds since µT∪{i} − µT = µi = µS∪{i} − µS . This completes
the proof. �

4.3 Normal demand distributions

In this section, we study newsvendor situations with independent normal de-
mand distributions and show that their associated games are convex regardless
of the optimal fractile.8

Since we would like to show convexity for all possible 1 − c/p, we transfer
our analysis to a higher dimension. Consider a group of retailers N facing
random demand (Xi)i∈N with selling price p. We define the following general
characteristic function, which assigns a value to each coalition S ⊂ N for each
optimal fractile y ∈ [0, 1], as follows:

vS(y) = p

y∫
0

F−1
S (z)dz. (4.2)

Note that for the newsvendor game (N, v) associated with newsvendor situa-
tion (N, (Xi)i∈N , c, p), it holds that vS(1 − c/p) = v(S) (from (2.11)). Using
the general characteristic function (4.2), convexity conditions in (2.5) can be
transferred to a higher dimension as follows: for all i ∈ N , all S, T ⊆ N\{i}
with S ⊂ T and all y ∈ [0, 1],

vT∪{i}(y) − vT (y) ≥ vS∪{i}(y) − vS(y). (4.3)

8This result is first shown by Slikker et al. (2001). Montrucchio and Scarsini (2006)
slightly extended this result to normal demand situations with specific correlation structures.
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Note that since newsvendor games are superadditive, convexity conditions
with S = ∅ are already satisfied.

Let i ∈ N and S, T ⊆ N\{i} such that S ⊂ T . The so-called convexity
function associated with the convexity condition for i, S, T is defined by

coni,S,T (y) = vT∪{i}(y) − vT (y) − vS∪{i}(y) + vS(y)

= p

y∫
0

F−1
T∪{i}(z)dz − p

y∫
0

F−1
T (z)dz

−p

y∫
0

F−1
S∪{i}(z)dz + p

y∫
0

F−1
S (z)dz

= p

⎛
⎝ y∫

0

F−1
T∪{i}(z)dz −

y∫
0

F−1
T (z)dz

−
y∫

0

F−1
S∪{i}(z)dz +

y∫
0

F−1
S (z)dz

⎞
⎠ . (4.4)

Assume that demands are independent with Xi ∼ N(µi, σ
2
i ) for all i ∈ N .

Then demand XS =
∑

i∈S Xi of a coalition S ⊆ N is also normally dis-
tributed with parameters µS =

∑
i∈S µi and σ2

S =
∑

i∈S σ2
i . The following

lemma derives a relation between standard deviations of demands of several
coalitions.

Lemma 4.4 Let N be a finite set and let Xi ∼ N(µi, σ
2
i ) for all i ∈ N be

independent stochastic demands. For all i ∈ N and S, T ⊆ N\{i} with S ⊂ T
it holds that

σS∪{i} − σS ≥ σT∪{i} − σT .

Proof: Let i ∈ N and S, T ⊆ N\{i} with S ⊂ T . Then

σS∪{i} − σS =
√ ∑

j∈S∪{i}
σ2

j −
√∑

j∈S

σ2
j

=
σ2

i√∑
j∈S∪{i} σ2

j +
√∑

j∈S σ2
j

≥ σ2
i√∑

j∈T∪{i} σ2
j +
√∑

j∈T σ2
j

= σT∪{i} − σT ,



48 On the Convexity of Simple Newsvendor Games

where the last equality follows similar to the first two. �

Let Dµ,σ be the distribution function of normal distribution N(µ, σ2). So, we
can rewrite the convexity function as follows:

coni,S,T (y) = p

⎛
⎝ y∫

0

D−1
µT∪{i},σT∪{i}(z)dz −

y∫
0

D−1
µT ,σT

(z)dz

−
y∫

0

D−1
µS∪{i},σS∪{i}(z)dz +

y∫
0

D−1
µS ,σS

(z)dz

⎞
⎠ .

The following theorem states that newsvendor games with independent nor-
mal demand distributions are convex.

Theorem 4.5 Let (N, (Xi)i∈N , c, p) be a newsvendor situation with indepen-
dent stochastic demands Xi ∼ N(µi, σ

2
i ) for all i ∈ N . The associated

newsvendor game (N, v) is convex.

Proof: In the proof, we show that convexity requirements (4.3) are satisfied.
In other words, we show that coni,S,T (y) ≥ 0 for all i ∈ N , all S, T ⊆ N\{i}
with S ⊂ T and all y ∈ [0, 1]. Let i ∈ N and S, T ⊆ N\{i} with S ⊂ T . Then,
by Proposition 4.3, it is sufficient to show coni,S,T (y) ≥ 0 for all y ∈ [0, 1/2]
only. Without loss of generality, we assume that p = 1.

Let con(1)
i,S,T (y) be the first derivative of coni,S,T (y), which is given by

con(1)
i,S,T (y) = D−1

µT∪{i},σT∪{i}(y) − D−1
µT ,σT

(y)

−D−1
µS∪{i},σS∪{i}(y) + D−1

µS ,σS
(y).

Consider a normal distribution with Dµ,σ, then D−1
µ,σ(y) = µ + kyσ, where kα

is the unique real number such that P (X < kα) = α with X having standard
normal distribution N(0, 1). Therefore, for all y ∈ [0, 1/2] we can rewrite
con(1)

i,S,T (y) as follows:

con(1)
i,S,T (y) = µT∪{i} + kyσT∪{i} − µT − kyσT

−µS∪{i} − kyσS∪{i} + µS + kyσS

= ky

(
σT∪{i} − σT − σS∪{i} + σS

)
≥ 0. (4.5)
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The second equality follows by µT∪{i}−µT = µ{i} = µS∪{i}−µS . The inequal-
ity holds by Lemma 4.4 and kα ≤ 0 for all α ∈ [0, 1/2]. Since coni,S,T (0) = 0
and from (4.5), it follows that coni,S,T (y) ≥ 0 for all y ∈ [0, 1/2]. This com-
pletes the proof. �

4.4 Uniform demand distributions

Convexity implies that the marginal contribution of a player increases as he
joins bigger coalitions. In this section, we investigate this property of convex
games in the class of newsvendor games with independent uniform demand
distributions. First, in section 4.4.1, we analyze the marginal contribution of
a retailer with uniform demand distribution to small coalitions by focusing on a
special class of three-player games with identical, independent uniform demand
distributions. Then, in section 4.4.2, we investigate the marginal contribution
of a retailer with uniform demand distribution to large coalitions.

4.4.1 Three-player games

In this subsection, we analyse three-player newsvendor situations with identi-
cal, independent uniform demand distributions and show that the associated
newsvendor games are convex regardless of the value of 1 − c/p.

Consider a group of 3 retailers with identical independent uniform demand
distributions U(a, b) with b > a ≥ 0. Without loss of generality, we fix a =
0. Since all retailers are identical, the demand distribution and the value
of coalition S depends on the cardinality of S only. Let Fk be the demand
distribution function of k-person coalitions. Furthermore, let us introduce the
general characteristic function of k-person coalitions vk(y), which is given by

vk(y) = p

y∫
0

F−1
k (z)dz. (4.6)

This is a slightly modified version of (4.2). For this 3-retailer situation, it is
sufficient to check the following conditions rather than all conditions in (4.3)
for showing convexity:

v3(y) − v2(y) ≥ v2(y) − v1(y) for all y ∈ [0, 1].

We remark that the other conditions are satisfied because newsvendor games
are superadditive (see section 2.6).
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Related with this convexity condition, we define the following convexity func-
tion on [0, 1]:

con(y) = v3(y) − 2 ∗ v2(y) + v1(y)

= p

y∫
0

F−1
3 (z)dz − 2p

y∫
0

F−1
2 (z)dz + p

y∫
0

F−1
1 (z)dz

= p

⎛
⎝ y∫

0

F−1
3 (z)dz − 2

y∫
0

F−1
2 (z)dz +

y∫
0

F−1
1 (z)dz

⎞
⎠ .

The second equality follows by (4.6).

We remark that for convexity, by Proposition 4.3, it is sufficient to show that
con(y) ≥ 0 for all possible y ∈ [0, 1/2].

Since the demands are U(0, b), using convolution formula (2.3), we can derive
that

F1(x) =

⎧⎨
⎩

0 if x ≤ 0;
x
b if 0 < x ≤ b;
1 if b < x;

F2(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if x ≤ 0;
x2

2b2
if 0 < x ≤ b;

x2

2b2
− 2 (x−b)2

2b2
if b < x ≤ 2b;

1 if 2b < x;

F3(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 if x ≤ 0;
x3

6b3
if 0 < x ≤ b;

x3

6b3
− 3(x−b)3

6b3
if b < x ≤ 2b;

x3

6b3
− 3(x−b)3

6b3
+ 3(x−2b)3

6b3
if 2b < x ≤ 3b;

1 if 3b < x.

Furthermore,

F−1
1 (y) = by if 0 < y < 1;

F−1
2 (y) =

{ √
2b2y if 0 < y ≤ 1

2 ;
2b −√2b2(1 − y) if 1

2 < y < 1.

Note that F−1
1 (0) and F−1

2 (0) are set-valued. However, we assume for technical
reasons that F−1

1 (0) = F−1
2 (0) = 0.
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We can write the derivative of the convexity function con(y) as follows:

con(1)(y) = p
(
F−1

3 (y) − 2F−1
2 (y) + F−1

1 (y)
)
.

Without loss of generality, we fix p = 1 in the remainder of the chapter unless
stated explicitly. In the following part of this section, we deal with situations
such that 0 ≤ y ≤ 1/6 and situations such that 1/6 ≤ y ≤ 1/2, separately.
The following lemma shows that newsvendor games with 3 retailers having
identical independent uniform demand distributions are convex if 0 ≤ y ≤ 1/6.

Lemma 4.6 Let (N, (Xi)i∈N , c, p) be a newsvendor situation with |N | = 3,
Xi ∼ U(0, b) for all i ∈ N and c ≥ 5

6p. The associated newsvendor game is
convex.

Proof: To prove the theorem, we show that

con(y) ≥ 0 for 0 ≤ y ≤ 1
6 .

Recall the derivative of the convexity function

con(1)(y) = F−1
3 (y) − 2F−1

2 (y) + F−1
1 (y).

Let us define H(x) = con(1)(F3(x)). Note that since F3(x) = x3

6b3
is strictly

increasing on the interval (0, b), it has a strictly increasing inverse function.
Therefore, if H(x) is positive on the interval (0, b) then so is con(1)(y) on the
interval (0, 1/6). Moreover, H(0) = con(1)(0) and H(b) = con(1)(1/6).

Let x ∈ [0, b], then

H(x) = F−1
3 (

x3

6b3
) − 2F−1

2 (
x3

6b3
) + F−1

1 (
x3

6b3
)

= x − 2

√
2b2

x3

6b3
+ b

x3

6b3

= x − 2

√
x3

3b
+

x3

6b2
.

Taking further derivatives, we derive that

H(1)(x) = 1 −
√

3x

b
+

x2

2b2
for 0 ≤ x ≤ b;

H(2)(x) = −
√

3
b

1
2

1√
x

+
x

b2
for 0 < x ≤ b;

H(3)(x) =

√
3
b

1
4

1√
x3

+
1
b2

> 0 for 0 < x ≤ b. (4.7)
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Additionally, we calculate the following values:

H(0) = 0;

H(b) = b − 2

√
b3

3b
+

b3

6b2

= b − 2
b√
3

+
b

6

= (
7
6
− 2√

3
)b > 0;

H(1)(0) = 1;

H(1)(b) = 1 −
√

3 +
1
2

< 0;

H(2)(x) → −∞ as x ↓ 0;

H(2)(b) = −
√

3
2b

+
1
b

> 0.

A summary and conclusions can be found in Table 4.1.

Table 4.1: Derivatives of H(x)

x = 0 0 < x < b x = b

H(3)(x) + +
H(2)(x) − ⇒ + +
H(1)(x) + + ⇒ − −
H(x) 0 + +

y = 0 0 < y < 1/6 y = 1/6

con(1)(y) 0 + +

In Table 4.1, the first (x = 0) and last (x = b) column except the last row
(con(1)(y)) are known from the calculations above. We fill the remaining
column as follows. Cell (1, 2) is positive from equation (4.7). Cell (2, 2) is
first negative and then positive since limx→0 H(2)(x) < 0, H(2)(b) > 0 and
H(3)(x) > 0 for all x ∈ (0, b). For Cell (3, 2) we have the following explana-
tion: H(1)(0) > 0 and H(1)(b) < 0. Since H(2)(x) is negative first, H(1)(x)
is going down and becomes negative (starting positive) and remains negative
even after H(2)(x) becomes positive. For Cell (4, 2) we have a similar expla-
nation: H(0) = 0 and H(b) > 0. Since H(1)(x) is positive first, H(x) starts
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to increase (starting from zero) and stays positive even after H(1)(x) becomes
negative. From the fourth row (H(x)), the last row follows immediately.

Since con(0) = 0 and con(1)(y) ≥ 0 for all y ∈ [0, 1/6], con(y) ≥ 0 for all
y ∈ [0, 1/6]. This completes the proof. �

The following lemma shows that newsvendor games with 3 retailers, and iden-
tical independent uniform demand distributions are convex if 1/6 ≤ y ≤ 1/2.

Lemma 4.7 Let (N, (Xi)i∈N , c, p) be a newsvendor situation with |N | = 3,
Xi ∼ U(0, b) for all i ∈ N and 1

2p ≤ c ≤ 5
6p. The associated newsvendor game

is convex.

Proof: To prove the theorem, we show that

con(y) ≥ 0 for 1
6 ≤ y ≤ 1

2 .

Recall the first derivative of the convexity function

con(1)(y) = F−1
3 (y) − 2F−1

2 (y) + F−1
1 (y). (4.8)

As in the proof of Lemma 4.6, let H(x) = con(1)(F3(x)). Note that since
F3(x) = x3

6b3
− 3 (x−b)3

6b3
is strictly increasing on the interval (b, 3b/2), it has

a strictly increasing inverse function. Therefore if H(x) changes sign only
once (to negative) on the interval (b, 3b/2) so does con(1)(y) on the interval
(1/6, 1/2). Moreover, H(b) = con(1)(1/6) and H(3b/2) = con(1)(1/2).

Let x ∈ [b, 3b/2], then

H(x) = F−1
3 (F3(x)) − 2F−1

2 (F3(x)) + F−1
1 (F3(x))

= x − 2

√
2b2(

x3

6b3
− 3

(x − b)3

6b3
) + b

(
x3

6b3
− 3

(x − b)3

6b3

)
.

Taking further derivatives, we derive that for b ≤ x ≤ 3b/2

H(1)(x) = 1 + (x2 − 3(x − b)2)

[
1

2b2
− 3√

(x3 − 3(x − b)3)3b

]
;

H(2)(x) = [2x − 6(x − b)]

[
1

2b2
− 3√

(x3 − 3(x − b)3)3b

]

+
27b
[
x2 − 3(x − b)2

]2
2 [3b(x3 − 3(x − b)3)]

3
2

. (4.9)
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Considering the first term of H(2)(x), we note that

[2x − 6(x − b)]

[
1

2b2
− 3√

(x3 − 3(x − b)3)3b

]

≥ [2x − 6(x − b)]
[

1
2b2

− 3√
3b2

]

=
4
√

3 − 2
b2

(x − b) +
1 − 2

√
3

b
for b ≤ x ≤ 3b

2
, (4.10)

where the inequality holds since
√

(x3 − 3(x − b)3)3b ≥ √
3b2 and 2x − 6(x −

b) ≥ 0 for b ≤ x ≤ 3b/2.

Claim 1 Let b > 0, then for x ∈ [b, 3b/2],

27b
[
x2 − 3(x − b)2

]2
2 [3b(x3 − 3(x − b)3)]

3
2

≥ 3
√

3
2b

− 3
√

3
b2

(x − b). (4.11)

The proof of this claim is given in the appendix at the end of this chapter.

From expression (4.9), (4.10) and (4.11), we infer that

H(2)(x) ≥ 4
√

3 − 2
b2

(x − b) +
1 − 2

√
3

b
+

3
√

3
2b

− 3
√

3
b2

(x − b)

=
2 −√

3
2b

+
√

3 − 2
b2

(x − b) > 0 for b < x <
3b

2
. (4.12)

Furthermore, we calculate the following values:

H(b) = (
7
6
− 2

3

√
3)b > 0;

H(
3b

2
) = 0;

H(1)(b) =
3
2
−
√

3 < 0;

H(1)(
3b

2
) =

1
4
.

We summarize and conclude with Table 4.2.

In Table 4.2, the first (x = b) and last (x = 3b/2) column except the last
row (con(1)(y)) are known from the calculations above. We fill the remaining
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Table 4.2: Derivatives of H(x)

x = b b < x < 3b/2 x = 3b/2

H(2)(x) +
H(1)(x) − − ⇒ + +
H(x) + + ⇒ − 0

y = 1/6 1/6 < y < 1/2 y = 1/2

con(1)(y) + + ⇒ − 0

columns as follows. Cell (1, 2) is positive from equation (4.12). Cell (2, 2)
is first negative and then positive since H(1)(b) < 0, H(1)(3b/2) > 0 and
H(2)(x) > 0 for all x ∈ (b, 3b/2). For cell (3, 2) we have the following explana-
tion: H(b) > 0 and H(3b/2) = 0. Since H(1)(x) is negative first, H(x) is going
down and becomes negative (starting positive) and stays negative even after
H(1)(x) becomes positive. From the third row (H(x)), the last row follows
immediately.

From Theorem 4.2 and the proof of Lemma 4.6, we know that

con(
1
2
) ≥ 0; (4.13)

con(
1
6
) ≥ 0. (4.14)

From (4.13), (4.14) and since con(1) (starting from positive) changes sign only
once (to negative) in the interval (1/6, 1/2), we conclude that con(y) ≥ 0 for
1/6 ≤ y ≤ 1/2. This completes the proof. �

From Lemmas 4.6 and 4.7, and Proposition 4.3 the following theorem follows
immediately.

Theorem 4.8 Let (N, (Xi)i∈N , c, p) be a newsvendor situation, where N =
{1, 2, 3} and the retailers face identical independent uniformly distributed de-
mands. The associated game is convex.

Since the problem gets more complex, it is not possible to apply the technique
of analysis above to investigate situations with non-identical uniform demands.
However, we conjecture that newsvendor games with three retailers all having
independent uniform demand distributions are still convex.



56 On the Convexity of Simple Newsvendor Games

4.4.2 Marginal contributions to large coalitions

In this subsection, we focus on marginal contributions of a retailer to large
coalitions, where all retailers have independent uniform demand distributions.
The central limit theorem states that the distribution of the sum of n in-
dependent random variables approaches a normal distribution for sufficiently
large n. Hence, for large coalitions, normal distributions provide us with good
approximations for their demand distributions. We consider two large coali-
tions and assume that they have normal demand distributions. We show that
the contribution of the retailer with uniform demand to the larger coalition is
higher than his contribution to the smaller coalition. Since the bigger coalition
consists of the smaller one and several additional retailers, the bigger coalition
is assumed to have higher mean and standard deviation.

So, consider two coalitions T and S such that S ⊂ T . Suppose that XS ∼
N(µS , σ2

S) and XT ∼ N(µT , σ2
T ) with µT ≥ µS , σ2

T ≥ σ2
S . Furthermore,

consider a retailer i with uniform demand distribution U(0, b) with b > 0
joining these two coalitions. The difference in the contribution of retailer i to
coalition T and S for optimal fractile y ∈ [0, 1] is given by (4.4).

The following theorem shows that the marginal contribution of retailer i to
coalition T is bigger than its contribution to coalition S.

Theorem 4.9 Let (N, (Xj)j∈N , c, p) be a newsvendor situation and let (N, v)
be the associated newsvendor game. Let T , S and i be two coalitions and a
retailer such that i /∈ T ⊆ N and S ⊂ T . Assume that coalition T and S have
normal demand distributions N(µT , σ2

T ) and N(µS , σ2
S) such that µT ≥ µS,

σ2
T ≥ σ2

S, respectively. Let retailer i have uniform demand U(0, b). Then,

v(T ∪ {i}) − v(T ) ≥ v(S ∪ {i}) − v(S).

Proof: To prove the theorem, we need to show that coni,S,T (y) ≥ 0 for all
y ∈ [0, 1]. Proposition 4.3 and Theorem 4.2 imply that it is sufficient to show
that coni,S,T (y) ≥ 0 for y = [0, 1/2). Since coni,S,T (0) = 0, it is sufficient to
show that for all y ∈ [0, 1/2)

0 ≤ con(1)
i,S,T (y) = F−1

T∪{i}(y) − F−1
T (y) − F−1

S∪{i}(y) + F−1
S (y).

Since we could not derive the inverse functions explicitly, we transfer the
problem to the following one.
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Consider a y ∈ [0, 1/2). Let k < 0 be such that Φ(k) = y, where Φ is the
standard normal distribution function. Thus,

F−1
T (y) = D−1

µT ,σT
(y) = µT + kσT ;

F−1
S (y) = D−1

µS ,σS
(y) = µS + kσS .

Choose ∆ ∈ IR such that FT∪{i}(µT + (k + ∆)σT ) = y. Therefore,

F−1
T∪{i}(y) = µT + (k + ∆)σT .

Claim 2 ∆ is unique and satisfies 0 < ∆ < b
′
/2, where b

′
= b/σT .

The proof of this claim is given in the appendix at the end of this chapter.

Using Claim 2, we derive

con(1)
i,S,T (y) = F−1

T∪{i}(y) − F−1
T (y) − F−1

S∪{i}(y) + F−1
S (y)

= µT + (k + ∆)σT − µT − kσT − F−1
S∪{i}(y) + µS + kσS

= ∆σT − F−1
S∪{i}(y) + µS + kσS

= µS + (k + ∆
σT

σS
)σS − F−1

S∪{i}(y).

Therefore, showing that FS∪{i}(µS + (k + ∆σT
σS

)σS) ≥ y is sufficient to prove

that con(1)
i,S,T (y) ≥ 0.

FS∪{i}(µS + (k + ∆
σT

σS
)σS) =

∞∫
−∞

f{i}(z)FS(µS + (k + ∆
σT

σS
)σS − z)dz

=
1
b

b∫
0

DµS ,σS (µS + (k + ∆
σT

σS
)σS − z)dz

=
σS

b

b
σS∫
0

Φ(k + ∆
σT

σS
− u)du

=
1

āb′

āb
′∫

0

Φ(k + ā∆ − u)du
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where b
′

= b/σT and ā = σT /σS . The first equality follows from con-
volution formula (2.3). The second equality holds since Xi ∼ U(0, b) and
XS ∼ N(µS , σ2

S). The third equality follows from the change in coordinates
z = uσS and the fact that Dµ,σ(x) = Φ((x − µ)/σ). Since σS ≤ σT , we have
ā ≥ 1. Moreover, we have

y = FT∪{i}(µT + (k + ∆)σT ) =
1
b′

b
′∫

0

Φ(k + ∆ − u)du, (4.15)

where the first equality follows from the definition of ∆ and the second equality
holds by similar arguments as above.

In the following part, we show that FS∪{i}(µS + (k + ∆σT
σS

)σS) ≥ y.

We define the function m : [0,∞) → [0,∞) by

m(a) =
1
b′

ab
′∫

0

Φ(k + a∆ − u)du.

So we can write

FS∪{i}(µS + (k + ∆
σT

σS
)σS) =

1
āb′

āb
′∫

0

Φ(k + ā∆ − u)du

=
m(ā)

ā
,

where ā ≥ 1.

We derive the further derivatives of the function m as follows:

m(1)(a) =
1
b′

⎡
⎢⎣b

′
Φ(k − a(b

′ − ∆)) +

ab
′∫

0

∆ϕ(k + a∆ − u)du

⎤
⎥⎦

=
1
b′

[
b
′
Φ(k − a(b

′ − ∆)) − ∆(Φ(k − a(b
′ − ∆)) − Φ(k + a∆))

]
=

1
b′

[
∆Φ(k + a∆) + (b

′ − ∆)Φ(k − a(b
′ − ∆))

]
;

m(2)(a) =
1
b′

[
∆2ϕ(k + a∆) − (b

′ − ∆)2ϕ(k − a(b
′ − ∆))

]
;

m(3)(a) =
1
b′
[−∆3(k + a∆)ϕ(k + a∆)

−(b
′ − ∆)3(k − a(b

′ − ∆))ϕ(k − a(b
′ − ∆))

]
. (4.16)
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The last expression follows from ϕ(1)(x) = −xϕ(x).

The function m has the following properties:

m(0) = 0;

m(1) =
1
b′

b
′∫

0

Φ(k + ∆ − u)du = y (see (4.15));

m(1)(a) =
1
b′

[
∆Φ(k + a∆) + (b

′ − ∆)Φ(k − a(b
′ − ∆))

]
> 0

for every a ∈ (0,∞);

m(1)(0) =
1
b′

[
∆Φ(k) + (b

′ − ∆)Φ(k)
]

=
b
′

b′ Φ(k) = y.

Claim 3 There is exactly one a∗ ∈ (0,∞) such that m(2)(a∗) = 0. Further-
more m(2)(a) < 0 for all a ∈ [0, a∗) and m(2)(a) > 0 for all a ∈ (a∗,∞).

The proof of this claim is given in the appendix at the end of this chapter.

From Lemma 4.10, which can be found in the appendix as well, it follows that
m(a)

a ≥ m(1) = y for all a ∈ [1,∞).

Therefore

FS∪{i}(µS + (k + ∆
σT

σS
)σS) =

m(ā)
ā

≥ y

The last equality follows from ā ≥ 1. This completes the proof. �

In this section, we focused on a group of retailers with independent uniform
demand distributions. We investigated two cases, where a retailer joins small
coalitions and large coalitions. Since the normal distribution provides a good
approximation for the demand distribution of large coalitions by the central
limit theorem, we assumed normal demand distributions for these coalitions.
For both of these cases, we were able to show that the marginal contribution
of the retailer increases if he joins a bigger coalition as convexity suggests.
However, we still do not know whether this relation holds for medium-sized
coalitions. We conjecture anyhow that newsvendor games with independent
uniform demand distributions are convex.
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4.5 A counterexample

The results in the previous sections point towards a general result. One might
conjecture that any newsvendor situation with independent symmetric uni-
modal demand distributions results in a cooperative game that is convex. In
this section, however, we present an example that contradicts this conjecture.

Example 4.3 Consider newsvendor situation (N, (Xi)i∈N , c, p), such that N =
{1, 2, 3}, c = 49, p = 50, and independent stochastic demands X1, X2 ∼
U(0, 2) and X3 with density function

f{3}(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 if x < 0 ;
1/50 if 0 ≤ x < 2;
230/25 if 2 ≤ x < 2.1;
1/50 if 2.1 ≤ x < 4.1;
0 if 4.1 ≤ x.

Using (2.10), we write the value of any coalition S as follows:

v(S) = p(qSy −
qS∫
0

FS(u)du),

where y = 1− c/p is the optimal fractile and qS is the optimal order quantity.

In this example, we focus on the contribution of retailer 1 to coalitions {3}
and {2, 3}. Note that if 0 < x ≤ 2

F{3}(x) =

x∫
0

f{3}(z)dz =
x

50
,

F{1,3}(x) =

2∫
0

f{1}(z)F{3}(x − z)dz =
1
2

2∫
0

F{3}(x − z)dz =
x2

200
,

F{2,3}(x) =

2∫
0

f{2}(z)F{3}(x − z)dz =
1
2

2∫
0

F{3}(x − z)dz =
x2

200
,

F{1,2,3}(x) =

2∫
0

f{2}(z)F{1,3}(x − z)dz =
1
2

2∫
0

F{1,3}(x − z)dz =
x3

1200
.
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Moreover, F{1,2}(x) is given by the convolution of two identical uniform dis-
tributions, which can be found in subsection 4.4.1.

The optimal fractile is calculated as y = 1 − c/p = 1/50. Recall that the
optimal order quantity of coalition S is qS = F−1

S (y). So, the optimal order
quantities of coalitions {3}, {1, 3} and {2, 3} are calculated as q{3} = 1 and
q{1,3} = q{2,3} = 2. From F{1,2,3}(x) =

∫ 4.1
0 f{3}(z)F{1,2}(x − z)dz, it can

be calculated that F{1,2,3}(2.4) ≈ 0.02557 > 1/50. Moreover, F{1,2,3}(2) =
1/150 < 1/50. Hence, we conclude that 2 < q{1,2,3} < 2.4.

The contribution of retailer 1 to coalition {3} is given by

vΓ({1, 3}) − vΓ({3})

= p

⎛
⎜⎝q{1,3}y −

q{1,3}∫
0

F{1,3}(u)du − q{3}y +

q{3}∫
0

F{3}(u)du

⎞
⎟⎠

= p

⎛
⎝2y −

2∫
0

F{1,3}(u)du − y +

1∫
0

F{3}(u)du

⎞
⎠

= p

⎛
⎝ 2

50
−

2∫
0

u2

200
du − 1

50
+

1∫
0

u

50
du

⎞
⎠

= p
100
6000

= p × Area(A),

where Area(A) corresponds to the area of region A in Figure 4.1.

The contribution of retailer 1 to coalition {2, 3} is given by

vΓ({1, 2, 3}) − vΓ({2, 3})

= p

⎛
⎜⎝q{1,2,3}y −

q{1,2,3}∫
0

F{1,2,3}(u)du − q{2,3}y +

q{2,3}∫
0

F{2,3}(u)du

⎞
⎟⎠

= p

⎛
⎜⎝(q{1,2,3} − 2)y −

q{1,2,3}∫
2

F{1,2,3}(u)du

+

2∫
0

(
F{2,3}(u) − F{1,2,3}(u)

)
du

⎞
⎠

< p(Area(C) + Area(B)),
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where Area(B) and Area(C) correspond to the area of the regions B and C,
respectively, in Figure 4.1. The last inequality holds since (q{1,2,3} − 2)y −∫ q{1,2,3}
2 F{1,2,3}(u)du < Area(C) and Area(B) =

∫ 2
0 (F{2,3}(u)−F{1,2,3}(u))du.

Area(B) and Area(C) can be calculated as follows.

Area(B) =

2∫
0

(F{2,3}(u) − F{1,2,3}(u))du

=

2∫
0

(
u2

200
− u3

1200

)
du =

60
6000

;

Area(C) = (
1
50

− 1
150

)(q{1,2,3} − 2) < (
1
50

− 1
150

)(2.4 − 2) =
32

6000
.

The last inequality holds since q{1,2,3} < 2.4.

Hence, we derive that

vΓ({1, 3}) − vΓ({3}) = p
100
6000

> p
92

6000
> p(Area(C) + Area(B))

> vΓ({1, 2, 3}) − vΓ({2, 3}).

Therefore, we conclude that (N, vΓ) is not convex. �
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Figure 4.1: Marginal contributions of retailer 1
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4.6 Concluding comments

The demand distribution of the retailers and the optimal fractile, which is
determined by one minus the ratio of the purchasing cost to selling price, are
two important factors that affect the convexity of newsvendor games. In this
chapter, we concentrated on a class of newsvendor games with independent
symmetric unimodal demand distributions and we identified several subclasses
to be convex. However, we also provided a counterexample showing that con-
vexity does not hold for all games in this class. Despite this, we think that
there might still be interesting unidentified subclasses of convex games which
are not covered in this chapter. There are several reasons for us to think so.
First of all, in this chapter, we showed that all newsvendor games with p = 2c
in the class of newsvendor games with independent symmetric unimodal dis-
tributions are convex. The convexity is robust (i.e., convexity is strict) if
the distributions are strictly unimodal. Furthermore, we showed that, for
the newsvendor games with normal distributions, convexity is a quite natural
property regardless of the optimal fractile. Independent symmetric unimodal
distributions are known to be well shaped and their convolution tends to ap-
proach normal distribution quickly. Therefore, we expect the property of
increasing marginal contributions as convexity suggests to hold for big coali-
tions formed by retailers with independent symmetric unimodal distributions.
Secondly, uniform distributions are the distributions with the lowest kurto-
sis, namely 1.8 (a measure of normality, see de Carlo (1997) for a discussion
on kurtosis), among symmetric unimodal distributions, where the kurtosis for
normal distributions is 3. Hence, uniform distributions are on one side furthest
away from normal distributions within this class (we remark that in Example
4.3, the kurtosis of the demand distribution of retailer 3 is larger than 21).
Despite this, we were able to show the property of increasing marginal contri-
butions for retailers with uniform demand distributions, when they join small
and large coalitions. Furthermore, we conjecture that newsvendor games with
independent uniform demand distributions are convex.
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Appendix

This appendix contains the proofs of Lemma 4.1, Theorem 4.2, and Claims 1,
2 and 3. Furthermore, we present Lemma 4.10 here.

Proof of Lemma 4.1: Consider the value of S ∪ T :

v(S ∪ T ) = −c ∗ qS∪T + p ∗ EXS∪T
[min{qS∪T , XS∪T }]

= −c ∗ qS∪T + p ∗ EXS∪T
[min{qS∪T , XS∪T }]

+p ∗ EXS∪T
[min{qS + qT , XS∪T }]

−p ∗ EXS∪T
[min{qS + qT , XS∪T }]

= −c ∗ qS∪T + p ∗ EXS∪T
[min{qS + qT , XS∪T }]

+p ∗ EXS∪T
[(XS∪T − (qS + qT ))+ − (XS∪T − qS∪T )+]. (4.17)

The first equality follows from (2.9). The second equality follows by adding and
subtracting the same term. The last equality follows from min{qS∪T , XS∪T } =
XS∪T−(XS∪T−qS∪T )+ and min{qS+qT , XS∪T } = XS∪T−(XS∪T−(qS+qT ))+.
In the final expression, the first term is the purchasing cost of ordering qS∪T

units, the second term is the expected revenue if the coalition orders qS + qT

units and the final term is the difference in expected revenue due to ordering
qS∪T instead of qS + qT .

The sales of coalition S ∪ T with order quantity qS + qT can be written as
follows:

min{qS + qT , XS∪T } = min{qS , XS) + min{qT , XT }
+ min

{
qS + qT − min(qS , XS) − min(qT , XT ),

XS + XT − min(qS , XS) − min(qT , XT )
}

= min{qS , XS} + min{qT , XT }
+ min

{
(qS − XS)+, (XT − qT )+

}
+ min

{
(qT − XT )+, (XS − qS)+

}
.

After the first equality, the first term is the sales in the local markets using
local orders and the second term is the sales if there is excess demand in one
local market and excess stock in the other. The last equality follows from
the fact that if XS ≥ qS and XT ≥ qT (XS ≤ qS and XT ≤ qT ), qS + qT −
min{qS , XS}−min{qT , XT } = 0 (XS +XT −min{qS , XS}−min{qT , XT } = 0),
and if XS ≤ qS and XT ≥ qT (XS ≥ qS and XT ≤ qT ), qS+qT−min{qS , XS}−
min{qT , XT } = qS−XS and XS+XT −min{qS , XS}−min{qT , XT } = XT −qT
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(qS+qT−min{qS , XS}−min{qT , XT } = qT−XT and XS+XT−min{qS , XS}−
min{qT , XT } = XS − qS).

Consequently, the expected sales of coalition S∪T with order quantity qS +qT

is given by

EXS∪T
[min{qS + qT , XS∪T }] = EXS

[min{qS , XS}] + EXT
[min{qT , XT }]

+EXS∪T
[min{(qS − XS)+, (XT − qT )+}]

+EXS∪T
[min{(qT − XT )+, (XS − qS)+}]. (4.18)

Hence the expected sales of coalition S ∪ T with order quantity qS + qT is the
expected sales of coalition S with order quantity qS and coalition T with order
quantity qT , and the expected sales coming from exchange of excess goods to
satisfy excess demand.

Using this, we derive

G(S, T )
= v(S ∪ T ) − v(S) − v(T )
= −c ∗ qS∪T + p ∗ EXS∪T

[min{qS + qT , XS∪T }]
+p ∗ EXS∪T

[(XS∪T − (qS + qT ))+ − (XS∪T − qS∪T )+]
+c ∗ qS − p ∗ EXS

[min{qS , XS}] + c ∗ qT − p ∗ EXT
[min{qT , XT }]

= −c ∗ (qS∪T − qS − qT )
+p ∗ EXS∪T

[(XS∪T − (qS + qT ))+ − (XS∪T − qS∪T )+]

+p
(
EXS∪T

[min{qS + qT , XS∪T }]
−EXS

[min{qS , XS}] − EXT
[min{qT , XT }]

)
= −c ∗ (qS∪T − qS − qT )

+p ∗ EXS∪T
[(XS∪T − (qS + qT ))+ − (XS∪T − qS∪T )+]

+p ∗ EXS∪T
[min{(qS − XS)+, (XT − qT )+}]

+p ∗ EXS∪T
[min{(qT − XT )+, (XS − qS)+}].

The first equality holds by definition. The second equality holds by (4.17) and
(2.9). The third equality follows from rewriting. The last equality holds by
(4.18). �

Proof of Theorem 4.2: To prove this theorem, we will show that for all
S,T ⊂ N, i ∈ N such that S ⊂ T ⊆ N/{i},

v(S ∪ {i}) − v(S) ≤ v(T ∪ {i}) − v(T ).
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Consider a coalition S ⊆ N . Since the demand distributions of the retailers in
coalition S are independent symmetric and unimodal, the demand distribution
of coalition S is symmetric and unimodal as well (see section 2.3). Thus, the
unique x that satisfies FS(x) = 1/2 is E[XS ] = µS . Using p = 2 ∗ c, we find
that the optimal order quantity satisfies qS = F−1

S (1/2) = µS = E[XS ] =∑
j∈S E[Xj ] =

∑
j∈S µj . Without loss of generality, we assume that p = 1 in

the remaining part of the proof.

Let i ∈ N and S ⊆ N/{i}. Then

G(S, i) = −1
2
(µS∪{i} − µS − µi)

+EXS∪{i} [(XS∪{i} − (µS + µi))
+ − (XS∪{i} − µS∪{i})

+]

+EXS∪{i} [min{(µi − Xi)+, (XS − µS)+}]
+EXS∪{i} [min{(µS − XS)+, (Xi − µi)

+}]
= EXS∪{i} [min{(µi − Xi)+, (XS − µS)+}]

+EXS∪{i} [min{(µS − XS)+, (Xi − µi)
+}]

=

µi∫
−∞

µS+µi−x∫
µS

(z − µS)fS(z)dzfi(x)dx

+

µi∫
−∞

(µi − x)(1 − FS(µS − x + µi))fi(x)dx

+

∞∫
µi

µS∫
µS+µi−x

(µS − z)fS(z)dzfi(x)dx

+

∞∫
µi

(x − µi)FS(µS − (x − µi))fi(x)dx

= 2

µi∫
−∞

µS+µi−x∫
µS

(z − µS)fS(z)dzfi(x)dx

+2

µi∫
−∞

(µi − x)(1 − FS(µS − x + µi))fi(x)dx

= 2

µi∫
−∞

⎛
⎜⎝

µS+µi−x∫
µS

(z − µS)fS(z)dz + (µi − x)

∞∫
µS+µi−x

fS(z)dz

⎞
⎟⎠ fi(x)dx
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= 2

∞∫
0

⎛
⎜⎝

Q∫
0

yfS(y + µS)dy +

∞∫
Q

QfS(y + µS)dy

⎞
⎟⎠ fi(µi − Q)dQ

= 2

∞∫
0

⎛
⎜⎝

Q∫
0

y∫
0

fS(y + µS)dxdy +

∞∫
Q

Q∫
0

fS(y + µS)dxdy

⎞
⎟⎠ fi(µi − Q)dQ

= 2

∞∫
0

⎛
⎜⎝

Q∫
0

Q∫
x

fS(y + µS)dydx +

Q∫
0

∞∫
Q

fS(y + µS)dydx

⎞
⎟⎠ fi(µi − Q)dQ

= 2

∞∫
0

⎛
⎝ Q∫

0

∞∫
x

fS(y + µS)dydx

⎞
⎠ fi(µi − Q)dQ

=

∞∫
0

⎛
⎝ Q∫

0

(2 − 2FS(x + µS))dx

⎞
⎠ fi(µi − Q)dQ

=

∞∫
0

⎛
⎝2Q − 2

Q∫
0

(FS(x + µS))dx

⎞
⎠ fi(µi − Q)dQ.

The first equality holds by Lemma 4.1 and qT = µT for all T ⊆ N . The
second equality holds since µS∪{i} = µS + µi. The fourth equality holds since
((µS +δ)−µS)fS(µS +δ) is equal to (µS − (µS −δ))fS(µS −δ), and (µi− (µi−
δ))∗(1−FS(µS−(µi−δ)+µi)) is equal to ((µi+δ)−µi)∗FS(µS−((µi+δ)−µi))
for all δ ∈ IR+, and fS and fi are symmetric functions. The sixth equality
follows from changing variables Q = µi − x and y = z − µS .

Let i ∈ N and S ⊂ T ⊆ N/{i}. Then

v(T ∪ {i}) − v(T ) − (v(S ∪ {i}) − v(S)) = G(T, i) − G(S, i)

=

∞∫
0

⎛
⎝2Q − 2

Q∫
0

(FT (y + µT ))dy

⎞
⎠ fi(µi − Q)dQ

−
∞∫
0

⎛
⎝2Q − 2

Q∫
0

(FS(y + µS))dy

⎞
⎠ fi(µi − Q)dQ

= 2

∞∫
0

⎛
⎝ Q∫

0

(FS(y + µS) − FT (y + µT ))dy

⎞
⎠ fi(µi − Q)dQ.



68 On the Convexity of Simple Newsvendor Games

So, to prove convexity, it suffices to show that FS(x) − FT (x + µT/S) ≥ 0 for
all x ≥ µS .

FS(x) − FT (x + µT/S)

=

∞∫
−∞

fT/S(y)dyFS(x) −
∞∫

−∞
fT/S(y)FS(x + µT/S − y)dy

= 2

∞∫
µT/S

fT/S(y)FS(x)dy −
∞∫

µT/S

fT/S(y)FS(x + µT/S − y)dy

−
µT/S∫
−∞

fT/S(z)FS(x + µT/S − z)dz

= 2

∞∫
µT/S

fT/S(y)FS(x)dy −
∞∫

µT/S

fT/S(y)FS(x + µT/S − y)dy

−
∞∫

µT/S

fT/S(2µT/S − y)FS(x − µT/S + y)dy

= 2

∞∫
µT/S

fT/S(y)FS(x)dy −
∞∫

µT/S

fT/S(y)FS(x + µT/S − y)dy

−
∞∫

µT/S

fT/S(y)FS(x − µT/S + y)dy

=

∞∫
µT/S

fT/S(y)
(
2FS(x)

−FS(x + µT/S − y) − FS(x − µT/S + y)
)
dy (4.19)

The first equality holds by
∫∞
−∞ fT\S(y)dy = 1 and FT being the convolution of

FT\S and FS . The third equality follows from changing variable z = 2µT/S−y.
The fourth equality follows by symmetry of fT/S around µT/S . Let D(x, y) be
the term between parentheses in the last equality. So,

D(x, y) = 2FS(x) − FS(x + µT/S − y) − FS(x − µT/S + y).

Then for all x

D(x, µT/S) = 0,
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and for all x ≥ µS and y ≥ µT/S ,

∂D(x, y)
∂y

= fS(x + µT/S − y) − fS(x − µT/S + y) ≥ 0

The last inequality holds since fS is unimodal and symmetric around the mean,
and x + µT/S − y is closer to µS than x − µT/S + y if x ≥ µS and y ≥ µT/S .

So, we conclude that 2FS(x) − FS(x + µT/S − y) − FS(x − µT/S + y) is non-
negative for all x ≥ µS and y ≥ µT/S . Since fT/S is nonnegative, (4.19) is
nonnegative for all x ≥ µS , which completes the proof. �

Proof of Claim 1: Let 1 ≤ z ≤ 3
2 . We first show that

27
2

(z2−3(z−1)2)2

3
√

3( 1
2
−(z−1))

≥ (3(z3 − 3(z − 1)3))
3
2

by proving that (z2 − 3(z − 1)2)4 − (3 − 2z)2(z3 − 3(z − 1)3)3 ≥ 0, since

27
2

(z2−3(z−1)2)2

3
√

3( 1
2
−(z−1))

≥ (3(z3 − 3(z − 1)3))
3
2

⇐⇒
(

27
2

(z2−3(z−1)2)2

3
√

3( 1
2
−(z−1))

)2

≥ (3(z3 − 3(z − 1)3))3

⇐⇒ (z2−3(z−1)2)4

(3−2z)2
≥ (z3 − 3(z − 1)3)3

⇐⇒ (z2 − 3(z − 1)2)4 − (3 − 2z)2(z3 − 3(z − 1)3)3 ≥ 0.

The second expression follows from taking the square of both sides and since
z3 − 3(z − 1)3 ≥ 0 for 1 ≤ z ≤ 3

2 .

Then,

(z2 − 3(z − 1)2)4 − (3 − 2z)2(z3 − 3(z − 1)3)3

= 32z11 − 528z10 + 3744z9 − 15032z8 + 37986z7

−63597z6 + 72225z5 − 55836z4 + 28917z3 − 9612z2 + 1863z − 162
= 3(z − 1) + 12(z − 1)2 + 17(z − 1)3 + 28(z − 1)4 + 29(z − 1)5

−191(z − 1)6 − 286(z − 1)7 + 184(z − 1)8 + 224(z − 1)9

−176(z − 1)10 + 32(z − 1)11
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= (z − 1)7
[

3
(z − 1)6

+
12

(z − 1)5
− 286

]

+(z − 1)6
[

17
(z − 1)3

+
28

(z − 1)2
+

29
(z − 1)

− 191
]

+184(z − 1)8 + (z − 1)10
[

224
(z − 1)

− 176
]

+ 32(z − 1)11

≥ 290(z − 1)7 + 115(z − 1)6 + 184(z − 1)8 + 272(z − 1)10 + 32(z − 1)11

≥ 0.

The first equality follows from expanding the expression. The second equality
follows from rewriting using the Taylor expansion of a polynomial, e.g., d(a +
h) = d(a) + d(1)(a)h + 1/2!d(2)(a)h2 + .... The first inequality follows from
replacing (z − 1)’s in the denominators with maxz∈(1,3/2)(z − 1) = 1/2. So we
conclude that

27
2

(z2−3(z−1)2)2

3
√

3( 1
2
−(z−1))

≥ (3(z3 − 3(z − 1)3))
3
2 for 1 ≤ z ≤ 3

2 .

Applying the variable change z = x/b, we obtain that for b ≤ x ≤ 3b
2 ,

27
2

((x
b
)2−3(x

b
−1)2)2

3
√

3( 1
2
−(x

b
−1))

≥ (3((
x

b
)3 − 3(

x

b
− 1)3))

3
2

⇐⇒ 27b2

2b6
((x)2−3(x−b)2)2

3
√

3( 1
2
−(x−b

b
))

≥ (3b((x)3 − 3(x − b)3))
3
2

b6

⇐⇒ 27b2

2
((x)2−3(x−b)2)2

3
√

3( 1
2
−(x−b

b
))

≥ (3b((x)3 − 3(x − b)3))
3
2

⇐⇒ 27b[x2−3(x−b)2]2

2[3b(x3−3(x−b)3)]
3
2
≥ 3

√
3

2b
− 3

√
3

b2
(x − b).

This completes the proof. �

Proof of Claim 2: Since FT∪{i} is a strictly increasing function, it is sufficient
to show that FT∪{i}(µT +kσT ) < y and FT∪{i}(µT +(k+ 1

2b
′
)σT ) > y to prove

the claim. Since FT∪{i}(x) < FT (x) for all x ∈ IR, FT∪{i}(µT + kσT ) < y. So
it remains to show FT∪{i}(µT + (k + 1

2b
′
)σT ) > y, where

FT∪{i}(µT + (k +
1
2
b
′
)σT ) =

1
b

b∫
0

DµT ,σT (µT + (k +
1
2
b
′
)σT − z)dz

=
1
b

1
2
b∫

0

(
DµT ,σT (µT + kσT + u) + DµT ,σT (µT + kσT − u)

)
du
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The first equality follows from the convolution of N(µT , σ2
T ) and U(0, b). The

second equality follows from b
′
= b/σT and rewriting the expression.

Furthermore, for all a ≥ 0

dµT ,σT (µT + kσT + a) > dµT ,σT (µT + kσT − a)
=⇒ DµT ,σT (µT + kσT + a) − y > y − DµT ,σT (µT + kσT − a)
=⇒ DµT ,σT (µT + kσT + a) + DµT ,σT (µT + kσT − a) > 2y

=⇒
1
2
b∫

0

(
DµT ,σT (µT + kσT + u) + DµT ,σT (µT + kσT − u)

)
du > yb

=⇒ FT∪{i}(µT + (k + 1
2b

′
)σT ) > y .

The first expression holds by k < 0 and a ≥ 0. The second expression holds
by DµT ,σT (µT + kσT ) = y. This completes the proof. �

Proof of Claim 3: In the proof, we show that m(2) has exactly one positive
root a∗, m(2)(0) < 0, and m(3)(a∗) > 0.

m(2)(a) =
1
b′

[
∆2ϕ(k + a∆) − (b

′ − ∆)2ϕ(k − a(b
′ − ∆))

]
= 0

⇐⇒ ∆2ϕ(k + a∆) − (b
′ − ∆)2ϕ(k − a(b

′ − ∆)) = 0
⇐⇒ ∆2ϕ(k + a∆) = (b

′ − ∆)2ϕ(k − a(b
′ − ∆)) (4.20)

⇐⇒ ∆2 e−(k+a∆)2/2

√
2π

= (b
′ − ∆)2

e−(k−a(b
′−∆))2/2

√
2π

⇐⇒ e(k−a(b
′−∆))2/2−(k+a∆)2/2 =

(b
′ − ∆)2

∆2

⇐⇒ (k − a(b
′ − ∆))2 − (k + a∆)2 = 2 ln

(
(b

′ − ∆)2

∆2

)

⇐⇒ ((b
′ − ∆)2 − ∆2)a2 − 2kb

′
a − 2 ln

(
(b

′ − ∆)2

∆2

)
= 0.

so the two roots of m(2) are

a∗ =
2kb

′
+
√

(−2kb′)2 + 8((b′ − ∆)2 − ∆2) ln
(

(b
′−∆)2

∆2

)
2((b′ − ∆)2 − ∆2)

> 0;

a
′

=
2kb

′ −
√

(−2kb′)2 + 8((b′ − ∆)2 − ∆2) ln
(

(b
′−∆)2

∆2

)
2((b′ − ∆)2 − ∆2)

< 0.
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The inequalities hold since k < 0 and ∆ < b
′
/2 from Claim 2, which results in

8((b
′ − ∆)2 − ∆2)ln

(
(b

′ − ∆)2

∆2

)
> 0.

Furthermore,

m(2)(0) =
1
b′

[
∆2ϕ(k) − (b

′ − ∆)2ϕ(k)
]

< 0

since b
′ − ∆ > ∆.

Since b
′ − ∆ > ∆ > 0, k < 0 and a∗ > 0,

|k + a∗∆| < |k − a∗(b
′ − ∆)|

and

k − a∗(b
′ − ∆) < 0.

Hence,

∆(k + a∗∆) < −(b
′ − ∆)(k − a∗(b

′ − ∆)). (4.21)

Since a∗ is a root of m(2), from (4.20),

∆2ϕ(k + a∗∆) = (b
′ − ∆)2ϕ(k − a∗(b

′ − ∆)) > 0. (4.22)

The inequality follows since b
′ − ∆ > 0 and ϕ(x) > 0 for all x ∈ IR.

From (4.21) and (4.22), it follows that

∆3(k + a∗∆)ϕ(k + a∗∆) < −(b
′ − ∆)3(k − a∗(b

′ − ∆))ϕ(k − a∗(b
′ − ∆))

=⇒ −∆3(k + a∗∆)ϕ(k + a∗∆) − (b
′ − ∆)3(k − a∗(b

′ − ∆))ϕ(k − a∗(b
′ − ∆))

> 0.

Therefore, from (4.16), we have

m(3)(a∗) =
1
b′

[−∆3(k + a∗∆)ϕ(k + a∗∆)

−(b
′ − ∆)3(k − a∗(b

′ − ∆))ϕ(k − a∗(b
′ − ∆))

]
> 0.

This completes the proof. �

The following lemma is used in the proof of Theorem 4.9.
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Lemma 4.10 Let C : [0,∞) → [0,∞) be a 2 times differentiable function,
such that

• C(0) = 0,

• There is a t∗ ∈ [0,∞) such that C(2)(t∗) = 0, C(2)(t) < 0 for all t ∈ [0, t∗),
and C(2)(t) > 0 for all t ∈ (t∗,∞),

• C(1) = C(1)(0).

Then C(t)
t ≥ C(1) for all t ∈ [1,∞).

Proof: To prove the theorem, we will first show that there is a t
′ ∈ (0, 1) such

that C(1)(t
′
) = C(1)(0) and t∗ ∈ (0, t

′
).

We know that C is continuous on [0, 1], differentiable on (0, 1). So from the
mean value theorem, there exist a t

′ ∈ (0, 1) such that

C(1)(t
′
) =

C(1) − C(0)
1 − 0

= C(1).

Similarly, C(1) is continuous on [0, t
′
] and differentiable on (0, t

′
). Furthermore,

C(1)(t
′
) = C(1) = C(1)(0). From Rolle’s theorem, there exist a t̂ ∈ (0, t

′
) such

that C(2)(t̂) = 0. By assumption it follows that t̂ = t∗.

Knowing that C(2) starts negative, becomes 0 at t∗ and continues positive, it
is obvious that C(2)(t) > 0 for all t ∈ (t

′
,∞). Hence, C(1)(t) > C(1)(t

′
) = C(1)

for all t ∈ [1,∞).

Therefore,

C(t)
t

=
C(1) +

t∫
1

C(1)(x)dx

t
≥ C(1) + (t − 1)C(1)

t
= C(1) for all t ∈ [1,∞).

This completes the proof. �





Chapter 5

Dynamic Delivery
Restrictions

5.1 Introduction

In this chapter, which is mainly an adaptation from Özen et al. (2006), we an-
alyze the stability of cooperation among several outlets who come together to
benefit from inventory centralization and coordination. In simple newsvendor
situations (see chapter 2.6) and in the literature, there are usually no limi-
tations to the extent of cooperation. However, the cooperation we consider
in this chapter is subject to some limitations. Several motivating scenarios
can be given for such limitations. Companies could have market or industry
related constraints to survive in the market (e.g., service level constraints),
which might contradict with profit maximization objectives. Companies have
to satisfy these constraints not only when they are working alone but when
they are a member of a cooperating coalition as well. Furthermore, the com-
panies may pose some conditions, which might be trust related, in order to
join the cooperation.

It is usually hard to obtain and sustain a stable cooperation. There are several
ways of modeling stability of cooperation. A natural way is provided by the
core concept. The retailers can prevent deviations from the grand coalition if
they utilize a core division. In this chapter, we work with the core concept.

Another issue in such coalitions for the retailers would be of importance when
a change in the environment or a situation that affects the outcome of the
cooperation occurs. The retailer should feel that they are not discriminated
against or deceived under such a situation. One example of such a case might

75
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occur when a new retailer joins the coalition. Each retailer would expect to
be at least as profitable as they were before expanding. In other words, a new
distribution of the expected total profit that does not discriminate any of the
retailers should be determined. Another example might be that profit of the
coalition may change as a consequence of changing conditions of the retailers
to be in the coalition. For example, intense market competition might force
the retailers to increase their service levels to which they would also want to
reach being in the coalition. In general, monotonicity notions from cooperative
game theory can be used to address this issue. In this chapter, we focus on
the changes in the latter example and we use monotonicity properties that are
instrumental in determining ”long term” stability of the coalition under such
changes.

Monotonicity notions in game theory deal, in general, with the problem of fair
profit division when the underlying situation of a game changes. Sprumont
(1990) considers a dynamic number of players and investigates benefit shar-
ing mechanisms which assign increasing payoffs to each player as the coalition
to which he belongs grows larger. These mechanisms are called population
monotonic allocation schemes. In this study, however, we focus on situations
with a fixed number of players. On the other hand, we concentrate on cases in
which the output of the associated game changes because of changing condi-
tions of the retailers. Megiddo (1974) studies aggregate monotonicity, which
states that if the value of the grand coalition increases, while the value of other
coalitions remains fixed, then none of the players should get less than before.
Afterwards, Young (1985) studies coalitional monotonicity. Coalitional mono-
tonicity considers a value increase of a particular coalition, while the values
of other coalitions remain constant and states that none of the members of
the changing coalition should get less than before. Successive application of
the above argument also leads to an alternative interpretation of coalitional
monotonicity, that is if the value of the alternative coalitions of a particular
player increases, while the value of other coalitions remains fixed, then this
player should not get less than before. Megiddo (1974) and Young (1985) in-
vestigate several single valued sharing mechanisms and checked whether they
have these properties or not. Sasaki (1995) and Nunez and Rafels (2002) an-
alyze assignment games, where an increase in the worth of a pair of players
may increase the value of several coalitions containing the pair. Nunez and
Rafels (2002) show that the τ -value satisfies pairwise monotonicity, i.e., if the
worth of a couple increases then each member of the couple should receive
more. Sasaki (1995) considers a weaker version of pairwise monotonicity for
a set valued mechanism (Core) and used it for axiomatic characterizations of
the core of assignment games.
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In this chapter, we consider a newsvendor situation similar to the one con-
sidered in section 2.6. Instead of working alone and solving a newsvendor
problem, the retailers can cooperate too. By cooperating, the retailers give
a coordinated order and allocate the received units after demand realizations
to maximize the total expected profit. However, we consider limitations (con-
straints) on how this allocation can be performed. Specifically, we assume that
each retailer poses a minimum quantity (related to the demand realization)
that should be delivered. In this way, they guarantee to satisfy at least some
amount of their realized demand. There could be several possible reasons for
the retailers to pose such constraints. These are:

• Ensure income from operations: To survive in the market and preserve
strategic strength, a retailer may want to stay active in the industry. A
constraint on the delivered quantity guarantees the retailer to receive an
income from the business and continue to be in the market.

• Ensure some customer service level: Another important factor in surviving
in the market is customer satisfaction. By this constraint, the retailer can
ensure a reasonable customer service level.

• Ensure deliveries to specific customers: For some retailers, there might be
a special class of customers with high importance that the retailers do not
want to loose because of low service rate.

In non-technical terms, constraints allow us to incorporate long term targets
of a retailer in a single period modeling framework. Of course, we expect that
the limitations imposed by the constraint to change from one such season to
another, simply representing an updated long term target.

We analyze cooperative games arising from the newsvendor situations above.
We first prove that these games have non-empty cores. Afterwards, we in-
vestigate the cases, where the retailers change their conditions of cooperation,
i.e., the retailers increase or decrease their minimum delivery quantities, which
affect the outcome of the coalition. We identify two types of changes. In the
first one, a group of retailers either decrease or increase the delivery amounts,
and in the latter a single retailer changes his minimum amount. We focus
on the issue of whether we can find a core distribution of total profit for the
new situation, which does not discriminate any of the retailers. This issue is
not captured by the standard, known monotonicity properties in game theory.
Hence, we formulate four new monotonicity properties associated with these
two types of changes. We conceive that these properties are off interest in
general settings, as well. We derive several necessary and sufficient conditions
for the monotonicity properties to be satisfied by a general class of games. We
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also show that cooperative games associated with these newsvendor situations
do not necessarily satisfy these properties in general. We give an example of
a newsvendor setting where such a property is satisfied.

The outline of this chapter is as follows: in section 5.2, we introduce the
newsvendor situations with delivery constraints and the associated cooperative
games. Moreover, we show that these games have non-empty cores. In section
5.3, we consider changes in the minimum delivery amounts of the retailers,
which change the maximum profit of the coalitions. We then define four
monotonicity properties associated with changes in minimum amounts. In
section 5.4, we analyze necessary and sufficient conditions for arbitrary pairs of
balanced cooperative games to satisfy the defined monotonicity properties. We
specify conditions for two-player games, three-player games and games with an
arbitrary number of players, separately. We conclude section 5.4 by analyzing
the monotonicity properties for pairs of games associated with newsvendor
situations with delivery constraints. After providing examples that none of
the properties are guaranteed to hold for cooperative games associated with
newsvendor situations, we focus on a special class of these games and show
that one of the monotonicity properties holds. We conclude our chapter in
section 5.5 with final remarks.

5.2 Model

In this section, we introduce newsvendor situations with delivery restrictions
and define the associated restricted delivery games. Then, we show that these
games have non-empty cores.

Consider a set N = {1, ..., n} of retailers selling the same product. Each re-
tailer i ∈ N experiences a stochastic demand Xi taking values in Υi. Moreover,
each retailer i ∈ N has a unit cost ci, which includes purchasing and trans-
portation costs, and a selling price pi. Throughout the chapter, we assume
that pi and ci are positive and pi ≥ ci for all i ∈ N . Besides, different from the
simple newsvendor situation in section 2.6, each retailer would like to satisfy
his own demand up to a certain amount for sure. This amount is denoted by εi

for retailer i ∈ N . If realized demand is less than this amount, then the whole
demand is critical and the retailer would like to satisfy it all. We call εi the
critical demand level of retailer i. In a setting with a single retailer, a critical
demand level can be seen as the minimum order quantity for the retailer to
meet a certain service level. A tuple (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (εi)i∈N ) with
N, Xi, ci, pi and εi as above is called a newsvendor situation with delivery
restrictions (NDR).
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Consider an NDR Γ and a collection of retailers S. If these retailers come
together and form coalition S, they might increase their total profit by giving
a joint order and splitting it after demand realization. Such a joint order qS

should not create any infeasibility for coalition S with respect to the critical
demand levels of the retailers in S, i.e., qS ≥ ∑i∈S εi. The collection of
possible orders of coalition S is given by

QS := {q ∈ IR| q ≥ ∑
i∈S

εi}.

Let xS = (xi)i∈S denote a realization of demand vector XS = (Xi)i∈S . Sup-
pose that coalition S has an order qS ∈ QS and the demand is realized as
xS . Then the retailers in S can allocate the joint order among themselves to
satisfy the demands. An allocation of qS is a vector aS ∈ IRN

+ with

aS
i = 0 if i ∈ N/S;∑

i∈S

aS
i = qS ;

aS
i ≥ min {xi, εi} for all i ∈ S.

Here, aS
i denotes the amount of product that will be sent from the supplier

to retailer i. The set of all possible allocations for coalition S of an order
vector qS ∈ QS is denoted by AS(qS , xS). Note that it is not allowed to
ship goods to retailers that are not in coalition S. Moreover, an allocation
should satisfy aS

i ≥ min {xi, εi} for each retailer i ∈ S, which is the delivery
restriction associated with εi. Finally, we assume that at the end of the period
all ordered units should be transferred to the retailers9. This assumption can
be interpreted in several ways. First, the only opportunity to salvage the
leftover products is at the retailers. Second, there is no opportunity to keep
stock at the location where the allocation of the joint order takes place.

For a fixed order quantity qS ∈ QS , demand realization xS of XS , and al-
location vector aS ∈ AS(qS , xS) the profit of coalition S can be expressed
as

PS(aS , xS) = −
∑
i∈S

aS
i ci +

∑
i∈S

pi min
{
aS

i , xS
i

}
.

Note that in the profit function, we do not consider any extra cost for the
allocation of the joint order. This is natural for the cases, where the individual
orders of the retailers follow the same route up to a point. So, if the demand

9We remark that the main result presented in this section can be extended for a relaxation
of this assumption. In section 6.3, we show how it can be done for a similar system.
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realization occurs before the orders reach this point, the allocation of the joint
order of a coalition can take place without any additional cost.

The following lemma shows that an optimal allocation exists for a given coali-
tion, order quantity and demand realization.

Lemma 5.1 Let (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (εi)i∈N ) be an NDR, let S ⊆ N ,
let qS ∈ QS, and let xS be a demand realization vector. There exists an allo-
cation aS∗ ∈ AS(qS , xS) that maximizes the profit PS(·, xS) of coalition S.

Proof: The proof is given in the appendix at the end of this chapter. �

From now on, we refer to PS(aS∗, xS) as rS(qS , xS).

The expected profit function of coalition S is defined by

πS(qS) = EXS [rS(qS , ·)].

In the following lemma, we show that for all order quantities qS ∈ QS the
expected profit exists.

Lemma 5.2 Let (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (εi)i∈N ) be an NDR, let S ⊆ N
and let qS ∈ QS. Then, the expected profit πS(qS) exists.

Proof: The proof is given in the appendix at the end of this chapter. �

The following theorem shows that for any coalition an optimal order quantity,
which maximizes expected total profit of this coalition, exists.

Theorem 5.3 Let (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (εi)i∈N ) be an NDR and let
S ⊆ N . There exists an order quantity qS∗ that maximizes the expected profit
function πS(·) of coalition S.

Proof: The proof is given in the appendix at the end of this chapter. �

The associated restricted delivery game (N, vΓ) is defined by

vΓ(S) = max
qS∈QS

πS(qS) for all S ⊆ N.

The value of a coalition is given by the optimal value of the profit maximization
problem of the coalition. In remainder of the chapter, we drop the superscript
Γ if there is no ambiguity on the situation with which the game is associated.
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The following theorem states that restricted delivery games associated with
NDRs are totally balanced.

Theorem 5.4 Let Γ = (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (εi)i∈N ) be an NDR. The
associated restricted delivery game (N, vΓ) is totally balanced.

Proof: We show that the restricted delivery game associated with NDR
Γ is an expected profit game. Consider a situation defined by tuple Γ

′
=

(N, (Xi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) with N , Xi and QS as in NDR
Γ. Moreover, MS(qS , xS) = AS(qS , xS) for all qS ∈ QS and xS of XS ,
C : IR → IR defined by C(q) = 0, and H i : IR × Υi → IR defined by
H i(ai, xi) = −ciai +pi min {ai, xi}. We will check the conditions in section 3.2
for Γ

′
to be a stochastic cooperative decision situation. Consider a coalition

S ⊆ N and a qS ∈ QS . It is easy to check that ZS(aS , xS) = PS(aS , xS) for
every realization xS of XS , and aS ∈ AS(qS , xS) = MS(qS , xS). Moreover,
τS(qS) = πS(qS). Hence, Lemma 5.1, Lemma 5.2 and Theorem 5.3 imply
that conditions (i) − (iii) hold. It is easy to check that conditions (iv) and
(v) hold as well. Condition (vi) holds since H i(·, xi) is a concave piecewise
linear function that first increases and then decreases. Condition (vii) holds
since C(q) = 0 for all q ∈ IR and hence it is a positively homogeneous convex
function. Therefore, we conclude that the game (N, wΓ

′
) associated with Γ

′

is an expected profit game. Moreover, τS(qS) = πS(qS) for all S ⊆ N and
qS ∈ QS implies that (N, vΓ) and (N, wΓ

′
) coincide. Hence, from Theorem

3.1, (N, vΓ) is totally balanced. �

We remark that NDR Γ could as well be represented by stochastic cooperative
decision situation Γ

′
described in the proof of Theorem 5.4. Since C(q) = 0

for all q ∈ IR, all the results we presented in section 3.3 related with non-
cooperative selection of strategies (e.g., order quantities in NDRs) are valid
for the NDRs as well.

From Theorems 5.4 and 2.5, the following corollary follows immediately.

Corollary 5.5 Let (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (εi)i∈N ) be an NDR. The as-
sociated restricted delivery game has a non-empty core.

This concludes the proof that every restricted delivery game associated with an
NDR has a nonempty core. This result is important as it extends the previous
core non-emptiness results for simple newsvendor situations in section 2.6 and
shows that there still exists a stable division of total profit even if we have
restrictions on the quantities delivered.
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5.3 Monotonicity properties

In the previous section, we showed that every restricted delivery game associ-
ated with an NDR has a nonempty core, which provides a stable profit division
for the grand coalition under fixed critical demand levels of the retailers. An-
other important issue to consider is how the payoffs of the retailers are affected
by a change in the critical demand levels of the retailers.

To investigate this situation, we focus on the cases, in which the critical de-
mand levels of the retailers change in the same direction. The following propo-
sition shows how the value of a coalition is affected by a change in the critical
demand levels of its retailers. We skip the obvious proof.

Proposition 5.6 Let Γ1 = (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (ε1
i )i∈N ) and Γ2 =

(N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (ε2
i )i∈N ) be two NDRs such that there is a T ⊆ N

with ε1
i < ε2

i for all i ∈ T and ε1
i = ε2

i for all i ∈ N/T . Then the following
relation holds for their associated games (N, vΓ1

) and (N, vΓ2
):

vΓ1
(S) ≥ vΓ2

(S) for all S with S
⋂

T 	= ∅;
vΓ1

(S) = vΓ2
(S) for all S with S

⋂
T = ∅.

In other words, the value of a coalition increases if a group of retailers in the
coalition decreases their critical demand levels. This result is quite intuitive,
since the possibilities of what a coalition can do are enlarged with lower critical
demand levels of the retailers, i.e., the solution space of the profit maximization
problem is enlarged.

We focus on two types of changes in critical demand levels. In the first one,
all retailers weakly change their critical demand levels simultaneously in the
same direction, i.e., they all weakly increase or they all weakly decrease these
levels. This might lead to a change in the value of the grand coalition as well
as in the values of some other coalitions as stated in Proposition 5.6. Since it
is hard to distinguish the effect of retailers on the change of these values, the
simplest fair argument states that none of the retailers should get less (more)
than before if the values of the coalitions increase (decrease). In other words,
the payoffs of the retailers should be affected in the same direction as the game
changes due to the change in the critical demand levels. Note that we want
all profit divisions (before and after a change in critical demand levels) to be
stable since we consider it as the first necessity for a possible cooperation.

In the latter type of change, only a single retailer changes its critical demand
level, which might lead to a change in the value of the grand coalition as well
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as in the values of some other coalitions all involving this player. Since it is
known that the changes are caused by this specific retailer, other retailers do
not want to be harmed by this change. A fair argument to follow would be
that none of these non-changing retailers should get less than what they got
before.

The previous specifications lead us to issues of monotonicity with respect to
the division of profit in case a change in the delivery restrictions occurs. In
the literature, several forms of monotonicity have been investigated. However,
none of them covers our situation. Aggregate monotonicity (Megiddo (1974))
considers the cases, where the value of the grand coalition is changed only. In
our case, however, the value of several coalitions can change because of chang-
ing critical demand levels. Successive application coalitional monotonicity
(Young (1985)) considers changes in the value of several coalitions. However,
it only focuses on the payoffs of the players, which are common members of
the changing coalitions, whereas we are interested in how a change could affect
not only the players causing the change but all players. Similar behavior as
in our case can be seen in assignment games. An increase in the worth of a
pair of players may increase the value of several coalitions containing the pair.
Sasaki (1995) and Nunez and Rafels (2002) use pairwise monotonicity to ana-
lyze solution concepts for assignment games. However, pairwise monotonicity
is hard to apply to our situations since it is defined specifically for assignment
games. Moreover, it also does not consider how the payoffs of the players other
than the pair would change.

To analyze the two types of changes above, we define four monotonicity prop-
erties where the first two consider the first type in which all retailers weakly
change their critical demand levels and the last two properties are related
with the second type in which a single retailer changes its critical demand
level. The fairness arguments stated above can also be made for a general
class of games, in which any change in the underlying data or conditions has
a similar effect as in Proposition 5.6. Therefore, in the following part of this
section, we introduce the monotonicity properties for a general class of games.

Consider two games (N, v) and (N, w). The triple (N, v, w) is called a pair of
games if both games are totally balanced and

v(S) ≥ w(S) for all S ⊆ N.

We call game (N, v), which has larger values, the larger game and game (N, w),
which has smaller values, the smaller game.

The first fair argument states that if the values of the coalitions in a game
increase (decrease), it is possible that no player gets less (more) than before.
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• MP1: The pair of games (N, v, w) has monotonicity property 1 (MP1) if

for all y ∈ Core(w) there exist an x ∈ Core(v) such that x ≥ y.

• MP2: The pair of games (N, v, w) has monotonicity property 2 (MP2) if

for all x ∈ Core(v) there exist a y ∈ Core(w) such that y ≤ x.

If a pair of games has MP1 (MP2), then for all core solutions of the smaller
(larger) game, there is a core solution of the larger (smaller) game such that no
player gets less (more) than before. We remark that we want the new payoff
vectors to be in the core, since those are stable. Moreover, we check the entire
core of game (N, w) ((N, v)) for MP1 (MP2), since the grand coalition can
have any division in the core of this game.

Consider two games (N, v) and (N, w). The tuple (N, v, w, i) is called a single
deviation pair of games if both games are totally balanced and i is a player in
N such that v(S) ≥ w(S) for all S containing i and v(S) = w(S) for all S not
containing i. We call player i the deviating player. Regarding restricted deliv-
ery games associated with NDRs, the deviating player represents the retailer,
who changes his critical demand level. The second fair argument states that
if the value change of the coalitions is caused by one player, the other players
should not get less than before. Besides, the deviating player should not get
less either if its deviation improves these values.

• MP3: The single deviation pair of games (N, v, w, i) has monotonicity
property 3 (MP3) if

for all y ∈ Core(w) there exist an x ∈ Core(v)
such that xi ≥ yi and xj ≥ yj for all j ∈ N/{i}.

• MP4: The single deviation pair of games (N, v, w, i) has monotonicity
property 4 (MP4) if

for all x ∈ Core(v) there exist a y ∈ Core(w)
such that yi ≤ xi and yj ≥ xj for all j ∈ N/{i}.

Similar to MP1 and MP2, the cores of the games play a significant role for
MP3 and MP4 as well.

Note that monotonicity properties MP1 and MP3 differ from each other only
because MP3 is defined for a special class of pairs of games, i.e., single deviation
pair of games.
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5.4 Necessary and sufficient conditions

In this section, we focus on necessary and sufficient conditions for pairs of
TU-games to satisfy the monotonicity properties. In separate subsections,
we investigate situations with two, three and an arbitrary number of players.
In the final subsection, we discuss the monotonicity properties for restricted
delivery games.

5.4.1 Two-player games

In this subsection, we focus on two-player games and derive necessary and
sufficient conditions for pairs of these games to satisfy monotonicity properties.

Let (N, v) be a balanced game with N = {1, 2}. Then, the extreme points of
Core(v) can be denoted by

m12(v) = (v({1}), v({1, 2}) − v({1}),
m21(v) = (v({1, 2}) − v({2}), v({2})).

Since all balanced two-player games are convex, by Theorem 2.6, the core of
(N, v) can be described by

Core(v) = Conv{m12(v), m21(v)}

The following theorem considers MP1.

Theorem 5.7 Let (N, v, w) be a pair of games such that N = {1, 2}. Then
(N, v, w) has MP1 if and only if v(N) − w(N) ≥ v(S) − w(S) for all S ⊆ N .

Proof: First, we prove the if-part. Suppose that v(N) − w(N) ≥ v(S) −
w(S) for all S ⊆ N . In other words, v(N) − v(S) ≥ w(N) − w(S) for all
S ⊆ N . Since (N, v) and (N, w) are two-player games with non-empty cores,
their cores are given by Core(v) = Conv(m12(v)), m21(v)) and Core(w) =
Conv(m12(w), m21(w)), respectively.

Let y be in the core of the game (N, w). We can express y as a convex
combination of the extreme points of the core of the game (N, w), i.e., y =
λ1m

12(w) + λ2m
21(w) for some λ1 ∈ [0, 1] and λ2 = 1 − λ1. Consider the

division x = λ1m
12(v)+λ2m

21(v). Since x is given by a convex combination of
the extreme points of Core(v), x ∈ Core(v). Since v(N)−w(N) ≥ v(S)−w(S)
and v(S) ≥ w(S) for all S ⊆ N , m12(v) ≥ m12(w) and m21(v) ≥ m21(w).
Hence, x ≥ y. This completes the proof of the if-part.

Now, we prove the only-if-part. Suppose that the pair of games (N, v, w) has
MP1. Consider one of the extreme points of the core of (N, w), ȳ = m12(w).
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MP1 implies that there is an x ∈ Core(v) such that x ≥ ȳ. If x ∈ Core(v),
then x2 ≤ v({1, 2}) − v({1}). Furthermore, x2 ≥ w({1, 2}) − w({1}) since
x ≥ ȳ. Hence, v({1, 2}) − v({1}) ≥ w({1, 2}) − w({1}). In other words,
v({1, 2}) − w({1, 2}) ≥ v({1}) − w({1}). From the same line of reasoning
for the other extreme point of Core(w), that is ŷ = m21(w), we derive that
v({1, 2}) − w({1, 2}) ≥ v({2}) − w({2}). This completes the proof. �

This theorem states that if there is an increase in the values of the coalitions, a
necessary and sufficient condition for both players to benefit from this change
is that the value of the grand coalition should increase more than any other
coalition. In the following sections, we will investigate to what extent this
result can be generalized to situations with more players.

The following theorem considers MP2 for two-player games.

Theorem 5.8 Let (N, v, w) be a pair of games such that N = {1, 2}. Then
the pair of games (N, v, w) has MP2.

Proof: Consider another game (N, v
′
) such that

v
′
({1, 2}) = v({1, 2})
v
′
({1}) = w({1})

v
′
({2}) = w({2})

Since v
′
(S) = w(S) ≤ v(S) for all S ⊂ N and v

′
(N) = v(N), Core(v) ⊆

Core(v
′
). Let x ∈ Core(v). Then, x ∈ Core(v

′
). Therefore, we can express

x as a convex combination of the extreme points of Core(v
′
). Let (λ1, λ2) be

such that x = λ1m
12(v

′
) + λ2m

21(v
′
) with λ1 ∈ [0, 1] and λ2 = 1 − λ1. So

x = λ1m
12(v

′
) + λ2m

21(v
′
) = λ1(w({1}), v({1, 2}) − w({1})) + λ2(v({1, 2}) −

w({2}), w({2})). Consider the division y = λ1m
12(w) + λ2m

21(w). Since
y is given by a convex combination of the extreme points of Core(w), y ∈
Core(w). Furthermore, since m12(w) ≤ (w({1}), v({1, 2}) − w({1})) and
m21(w) ≤ (v({1, 2}) − w({2}), w({2})), we derive that y ≤ x. This com-
pletes the proof. �

This theorem states that if there is a decrease in the values of the coalitions,
the players can find a division of joint profit such that none of them benefits
by this change. Hence, none of them feels discriminated. Later, Example 5.6
will show that this argument does not hold for games with more than two
players.

The following theorem considers MP3 for two-player games.
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Theorem 5.9 Let (N, v, w, i) be a single deviation pair of games such that
N = {1, 2} and i ∈ N . Then (N, v, w, i) has MP3 if and only if v(N)−w(N) ≥
v({i}) − w({i}).

Proof: The proof follows similar to the proof of Theorem 5.7. �

Finally, the following theorem considers MP4 for two-player games.

Theorem 5.10 Let (N, v, w, i) be a single deviation pair of games such that
N = {1, 2} and i ∈ N . Then (N, v, w, i) has MP4 if and only if v(N)−w(N) ≤
v({i}) − w({i}).

Proof: Without loss of generality, assume i = 1. First we prove the if-part.
So, suppose v(N) − w(N) ≤ v({1}) − w({1}). Let x ∈ Core(v), and let
K = v(N) − w(N). Consider payoff vector y with y2 = x2 and y1 = x1 − K.
Then y2 = x2 ≥ v({2}) = w({2}) and y1 = x1 − K ≥ v({1}) − K ≥ w({1}).
Hence, y ∈ Core(w). Furthermore, y1 ≤ x1 and y2 ≥ x2. Hence, (N, v, w, i)
has MP4.

Now, we prove the only-if-part. Suppose (N, v, w, i) has MP4. Consider one of
the extreme points of the core of (N, v), namely x = (v({1}), v(N) − v({1})).
MP4 implies that there is an y ∈ Core(w) such that y2 ≥ x2. Hence,
y1 = w(N)−y2 ≤ w(N)−x2 = w(N)−v(N)+v({1}). Moreover, y1 ≥ w({1}).
We conclude that v(N)−w(N) ≤ v({1})−w({1}). This completes the proof. �

5.4.2 Three-player games

In this subsection, we focus on three-player games and try to extend the results
found for two-player games. The following example shows that the condition
for MP1 and MP3 that states that the increase of the value of the grand coali-
tion should be bigger than the increase in the value of other coalitions is not a
necessary condition for pairs of three-player games and single deviation pairs
of three-player games, respectively.

Example 5.1 Consider pair of games (N, v, w) and single deviation pair of
games (N, v, w, 1) described in Table 5.1. It is easy to check that these games
are totally balanced. Note that the value of coalition {1} increased more than
the value of the grand coalition. If y ∈ Core(w), then

∑
j∈S yj ≥ w(S) for

all |S| = 2. Adding these relations we find that 2
∑

j∈N yj ≥ 6. However,∑
j∈N yj = 3 = w(N), so all inequalities

∑
j∈S yj ≥ w(S) with |S| = 2 must
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Table 5.1: The (single deviation) pair of games (Example 5.1)

S v(S) w(S)
{1,2,3} 3.9 3
{1,2} 2 2
{1,3} 2 2
{2,3} 2 2
{1} 1 0
{2} 1 1
{3} 1 1

be equalities. These have a unique solution y = (1, 1, 1), which constitutes the
unique element of Core(w). Consider the division x = (1.3, 1.3, 1.3), it is easy
to check that x ∈ Core(v). Moreover, xj ≥ yj for all j ∈ N , which implies
that (N, v, w) satisfies MP1 and (N, v, w, i) satisfies MP3. �

Although the condition in Theorem 5.7 is not necessary for three-player games,
it is still a sufficient condition for the pairs of three-player games. The follow-
ing theorem captures this.

Theorem 5.11 Let (N, v, w) be a pair of games with N = {1, 2, 3}. If v(N)−
w(N) ≥ v(S) − w(S) for all S ⊆ N , then (N, v, w) has MP1 .

Proof: The proof is given in the appendix at the end of this chapter. �

The results for MP2 derived for pairs of two-player games cannot be extended
to pairs of games with three or more players. The following example illustrates
a pair of three-player games, which does not satisfy MP2.

Example 5.2 Consider pair of games (N, v, w) described in Table 5.2. Let
y ∈ Core(w). Then

y1 + y2 ≥ 0.3; (5.1)
y1 + y3 ≥ 0.44; (5.2)∑

i∈N

yi = 0.62. (5.3)

Adding (5.1) and (5.2), we find that 2y1 + y2 + y3 ≥ 0.74. Therefore, using
(5.3), y1 ≥ 0.12. Moreover, from (5.1) and (5.3), y3 ≤ 0.32.
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Table 5.2: The pair of games (Example 5.2)

S v(S) w(S)
{1,2,3} 0.72 0.62
{1,2} 0.3 0.3
{1,3} 0.44 0.44
{2,3} 0.6 0.2
{1} 0 0
{2} 0 0
{3} 0.2 0.2

Consider payoff vector x = (0.02, 0.28, 0.42). It is easy to check that x ∈
Core(v). Since x1 = 0.02 and y1 ≥ 0.12 for all y ∈ Core(w), there is no
y ∈ Core(w) such that y ≤ x. Hence, the pair of games (N, v, w) does not
satisfy MP2. �

In the following example, we show that the condition, which states that the
decrease of the value of the grand coalition should be less than the decrease of
other coalitions having the deviating player, is not a necessary condition for
pairs of three-player games satisfying MP4. However, in the next section, we
will show that it is a sufficient condition (see Theorem 5.17).

Example 5.3 Consider single deviation pair of games (N, v, w, 1) described
in Table 5.3.

Table 5.3: The single deviation pair of games (Example 5.3)

S v(S) w(S)
{1,2,3} 7 6
{1,2} 4 3
{1,3} 6 3
{2,3} 4 4
{1} 2 2
{2} 1 1
{3} 1 1
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It is easy to check that these games are totally balanced. Note that the value
of coalition {1} decreased less than the value of grand coalition. Similar to
Example 5.1, we derive that Core(v) = {(3, 1, 3)}. Consider the division
y = (2, 1, 3), it is easy to check that y ∈ Core(w). Moreover, y1 ≤ x1, y2 ≥ x2

and y3 ≥ x3, which implies that (N, v, w, i) satisfies MP4. �

This example can be adjusted easily to cover pairs of games with more than
three players.

5.4.3 Games with an arbitrary number of players

In this subsection, we consider games with an arbitrary number of players and
present sufficient conditions for the monotonicity properties.

In Theorems 5.7 and 5.11, we showed a sufficient condition, which states that
the increase of the value of the grand coalition should be bigger than the in-
crease in the value of other coalitions, for pairs of two and three-player games
to have MP1. The following example shows that this condition is not sufficient
for pairs of games with an arbitrary number of players.

Example 5.4 Consider pair of games (N, v, w) described in Table 5.4. It
is easy to check that these games are totally balanced. Note that since
v(S) = w(S)+0.5 for all S ⊆ N , v(N)−w(N) ≥ v(S)−w(S). If x ∈ Core(v),
then

∑
i∈S xi ≥ v(S) for all S ⊂ N . Adding the relations associated with coali-

tions {1, 2}, {2, 3}, {1, 3, 4} and {4}, we find that 2
∑

i∈N xi ≥ 9. However,∑
i∈N xi = v(N) = 4.5, so all inequalities associated with these coalitions must

be equalities. These have a unique solution x = (1.5, 1, 1.5, 0.5), which consti-
tutes the unique element of Core(v). Consider the division y = (1, 1, 1, 1), it
is easy to check that y ∈ Core(w). Moreover, there is no x ∈ Core(v) such
that xi ≥ yi for all i ∈ N , since Core(v) = {(1.5, 1, 1.5, 0.5)}. Hence, pair of
games (N, v, w) does not have MP1. �

The following two theorems consider sufficient conditions for MP1.

Theorem 5.12 Let (N, v, w) be a pair of games. If (N, v) is a convex game
and v(N) − w(N) ≥ v(S) − w(S) for all S ⊆ N , then (N, v, w) has MP1.

Proof: Suppose that (N, v) is a convex game and v(N)−w(N) ≥ v(S)−w(S)
for all S ⊆ N .

Let K = v(N) − w(N) and define game (N, w
′
) as follows

w
′
(S) = v(S) − K for all S ⊆ N.
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Table 5.4: The pair of games (Example 5.4)

S v(S) w(S)
{1,2,3,4} 4.5 4
{1,2,3} 3 2.5
{1,2,4} 3 2.5
{1,3,4} 3.5 3
{2,3,4} 3 2.5
{1,2} 2.5 2
{1,3} 1 0.5
{1,4} 1 0.5
{2,3} 2.5 2
{2,4} 1 0.5
{3,4} 1 0.5
{1} 0.5 0
{2} 0.5 0
{3} 0.5 0
{4} 0.5 0

Since K = v(N) − w(N) ≥ v(S) − w(S) for all S ⊆ N ,

w
′
(N) = w(N);

w
′
(S) ≤ w(S) for all S ⊂ N.

Therefore Core(w) ⊆ Core(w
′
).

Consider (N, w
′
). Since we have diminished all values of coalitions of (N, v)

by K to create (N, w
′
), we can describe the marginal vectors of game (N, w

′
),

using the marginal vectors of (N, v) as follows. For all orders σ ∈ Π(N),

mσ
σ(i)(w

′
) = mσ

σ(i)(v) for all i ∈ {2, ..., |N |},
mσ

σ(1)(w
′
) = mσ

σ(1)(v) − K.

Note that for all σ ∈ Π(N), mσ(v) ≥ mσ(w
′
).

Consider σ ∈ Π(N). Since (N, v) is convex, from Theorem 2.6, mσ(v) ∈
Core(v). Then∑

i∈S

mσ
i (v) ≥ v(S) for all S ⊆ N,

∑
i∈S

mσ
i (w

′
) ≥

∑
i∈S

mσ
i (v) − K ≥ v(S) − K = w

′
(S) for all S ⊆ N.
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Therefore, mσ(w
′
) is in the core of (N, w

′
). Moreover, this is true for every

possible order σ ∈ Π(N). Hence, from Theorem 2.6, we conclude that (N, w
′
)

is a convex game as well.

In the following part of the proof, we show that for all y ∈ Core(w), we can
find an x ∈ Core(v) such that x ≥ y.

Let y ∈ Core(w). Then y ∈ Core(w
′
), since Core(w) ⊆ Core(w

′
). Since

(N, w
′
) is convex, we can express y as a convex combination of the extreme

points of the core of the game (N, w
′
), which are the marginal vectors of

(N, w
′
). Let λ ∈ IRk

+ be such that y =
∑k

i=1 λim
σi(w

′
) with σi ∈ Π(N) for

all i = {1, ..., k} and
∑k

i=1 λi = 1. Consider x =
∑k

i=1 λim
σi(v). Recall that

(N, v) is convex. Therefore, from Theorem 2.6, x ∈ Core(v). Furthermore,
x ≥ y, since mσ(v) ≥ mσ(w

′
) for all σ ∈ Π(N). This completes the proof. �

Another sufficient condition for MP1, which does not require convexity, is
given in the following theorem.

Theorem 5.13 Let (N, v, w) be a pair of games. If the game (N, γ) with
γ(S) = v(S) − w(S) for all S ⊆ N has a non-empty core, then (N, v, w) has
MP1.

Proof: Suppose that (N, w) has a non-empty core. Let y ∈ Core(w). Choose
an arbitrary z ∈ Core(γ). Then zi ≥ γ({i}) = v({i}) − w({i}) ≥ 0 for
all i ∈ N since v(S) ≥ w(S) for all S ⊆ N . Furthermore,

∑
i∈S yi ≥

w(S) for all S ⊂ N ,
∑

i∈N yi = w(N),
∑

i∈S zi ≥ γ(S) for all S ⊂ N and∑
i∈N zi = γ(N). Consider the payoff vector x such that xi = yi + zi. Then∑
i∈S xi =

∑
i∈S yi +

∑
i∈S zi ≥ w(S) + γ(S) = v(S) for all S ⊂ N and∑

i∈N xi =
∑

i∈N yi +
∑

i∈N zi = w(N) + γ(N) = v(N). Hence, x ∈ Core(v).
Furthermore, xi ≥ yi for all i ∈ N , since zi ≥ 0 for all i ∈ N . This completes
the proof. �

Note that the sufficient conditions in Theorem 5.12 and Theorem 5.13 do not
imply each other for pairs of games with three or more players. The proof
of Theorem 5.13 implies that by choosing one payoff vector in the core of
the difference game (N, γ), we can create a new division, which satisfies the
requirements of MP1 (i.e., every player weakly increases his payoff and the
new payoff vector is in the core of the game (N, v)), for every starting payoff
vector.

The following theorem gives a sufficient condition for MP2.
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Theorem 5.14 Let (N, v, w) be a pair of games. If (N, w) is a convex game,
then (N, v, w) has MP2.

Proof: Suppose that (N, w) is a convex game. Let us define the game (N, v
′
)

as follows

v
′
(N) = v(N);

v
′
(S) = w(S) for all S ⊂ N.

Since w(S) ≤ v(S) for all S ⊂ N , Core(v) ⊆ Core(v
′
).

Consider (N, v
′
). Since v

′
(N) ≥ w(N) and the subcoalition values of (N, v

′
)

and (N, w) are the same, we can derive the marginal vectors of (N, v
′
), using

the marginal vectors of (N, w). For any order σ ∈ Π(N),

mσ
σ(i)(v

′
) = mσ

σ(i)(w) for all i = {1, ..., |N | − 1};
mσ

σ(|N |)(v
′
) = mσ

σ(|N |)(w) + K,

where K = v(N) − w(N). Note that mσ(v
′
) ≥ mσ(w).

Consider order σ ∈ Π(N). Since (N, w) is convex, from Theorem 2.6, mσ(w) ∈
Core(w). Then ∑

i∈S

mσ
i (w) ≥ w(S) for all S ⊆ N ;

∑
i∈S

mσ
i (v

′
) =
∑
i∈S

mσ
i (w) ≥ w(S) = v

′
(S) for all S ⊆ N with σ(|N |) /∈ S;

∑
i∈S

mσ
i (v

′
) =
∑
i∈S

mσ
i (w) + K ≥ w(S) ≥ v

′
(S) for all S ⊆ N with σ(|N |) ∈ S.

Therefore mσ(v
′
) is also in the core of (N, v

′
). Hence, from Theorem 2.6, we

conclude that (N, v
′
) is a convex game as well.

In the following part of the proof, we show that for all x ∈ Core(v), we can
find a y ∈ Core(w) such that y ≤ x.

Let x ∈ Core(v). Then x ∈ Core(v
′
), since Core(v) ⊆ Core(v

′
). Since (N, v

′
)

is convex, we can express x as a convex combination of the extreme points of
the core of the game (N, v

′
), which are the marginal vectors of (N, v

′
). Let

λ ∈ IRk
+ be such that x =

∑k
i=1 λim

σi(v
′
) with σi ∈ Π(N) for all i = {1, ..., k}

and
∑k

i=1 λi = 1. Consider y =
∑k

i=1 λim
σi(w). Recall that (N, w) is con-

vex. Therefore from Theorem 2.6, y ∈ Core(w). Furthermore, y ≤ x, since
mσ(w) ≤ mσ(v

′
) for all σ ∈ Π(N). This completes the proof. �
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Another sufficient condition for MP2, which does not require convexity, is
given in the following theorem.

Theorem 5.15 Let (N, v, w) be a pair of games. If the anticore of the game
(N, γ) with γ(S) = v(S) − w(S) for all S ⊆ N has an element z with zi ≥ 0
for all i ∈ N , then (N, v, w) has MP2.

Proof: Let x be in the core of game (N, v). Choose an arbitrary z̄ ∈
Anticore(γ) such that z̄i ≥ 0 for all i ∈ N . Then

∑
i∈S xi ≥ v(S) for all

S ⊂ N ,
∑

i∈N xi = v(N),
∑

i∈S z̄i ≤ γ(S) for all S ⊂ N and
∑

i∈N z̄i =
γ(N). Consider the payoff vector y such that yi = xi − z̄i. Then

∑
i∈S yi =∑

i∈S xi −
∑

i∈S z̄i ≥ v(S) − γ(S) = w(S) for all S ⊂ N and
∑

i∈N yi =∑
i∈N xi −

∑
i∈N z̄i = v(N) − γ(N) = w(N). Hence, y ∈ Core(v). Further-

more, yi ≤ xi for all i ∈ N , since z̄i ≥ 0 for all i ∈ N . This completes the
proof. �

Note that the sufficient conditions in Theorem 5.14 and Theorem 5.15 do not
imply each other for pairs of games with three or more players. The proof of
Theorem 5.15 implies that by choosing one proper payoff vector in the anticore
of the difference game (N, γ), we can create a new division, which satisfies the
requirements of MP2 (i.e., every player weakly decreases his payoff and the
new payoff vector is in the core of the game (N, w)), for every starting payoff
vector.

The following theorem gives a sufficient condition for MP3.

Theorem 5.16 Let (N, v, w, i) be a single deviation pair of games. If v(N)−
w(N) ≥ v(S) − w(S) for all S such that i ∈ S and S ⊂ N , then (N, v, w, i)
has MP3.

Proof: Suppose that v(N) − w(N) ≥ v(S) − w(S) for all S such that i ∈ S
and S ⊂ N . Recall that v(S) = w(S) for all S ⊆ N\{i} since (N, v, w, i)
is a singleton deviating pair of games. Let y ∈ Core(w), and let K =
v(N) − w(N). Consider the payoff vector x with xj = yj for all j ∈ N\{i}
and xi = yi +K. Then

∑
j∈S xj =

∑
j∈S yj ≥ w(S) = v(S) for all S ⊆ N\{i},∑

j∈S xj =
∑

j∈S yj + K ≥ w(S) + K ≥ v(S) for all S ⊂ N with i ∈ S, and∑
j∈N xj =

∑
j∈N yj +K = w(N)+K = v(N). Hence, x ∈ Core(v). Further-

more, xi ≥ yi and xj ≥ yj for all j ∈ N\{i}. This completes the proof. �

The following theorem gives a sufficient condition for MP4.
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Theorem 5.17 Let (N, v, w, i) be a single deviation pair of games. If v(N)−
w(N) ≤ v(S) − w(S) for all S such that i ∈ S and S ⊂ N , then (N, v, w, i)
has MP4.

Proof: Suppose that v(N) − w(N) ≤ v(S) − w(S) for all S such that i ∈ S
and S ⊂ N . Recall that v(S) = w(S) for all S ⊆ N\{i} since (N, v, w, i)
is a singleton deviating pair of games. Let x ∈ Core(v), and let K =
v(N) − w(N). Consider the payoff vector y with yj = xj for all j ∈ N\{i}
and yi = xi −K. Then

∑
j∈S yj =

∑
j∈S xj ≥ v(S) = w(S) for all S ⊆ N\{i},∑

j∈S yj =
∑

j∈S xj − K ≥ v(S) − K ≥ w(S) for all S ⊂ N with i ∈ S,
and

∑
j∈N yj =

∑
j∈N xj − K = v(N) − K = w(N). Hence, y ∈ Core(w).

Furthermore, yi ≤ xi and yj ≥ xj for all j ∈ N\{i}. This completes the proof
of this theorem. �

Table 5.5 summarizes our findings in the first three subsections. Note that
the conditions are valid for the class of totaly balanced games including the
restricted delivery games. We remark that the conditions for MP3 and MP4
are easier to check.

5.4.4 Restricted delivery games

From Proposition 5.6, we know how the value of a coalition changes with a
shift in the minimum delivery quantities of the retailers. However, knowing
the direction (sign) of the change is not sufficient to ensure the games to sat-
isfy the monotonicity properties. From the necessary and sufficient conditions
presented in previous subsections, we have seen that magnitudes of changes in
the values of coalitions play a critical role. In a newsvendor environment, the
magnitude of the change in the profit of a coalition depends on the parameters
of each retailer (e.g., critical demand levels, selling prices, demand distribu-
tions) in the coalition and, hence, can differ significantly from one coalition to
another. Therefore, it is very much parameter dependent whether a pair or
a single deviation pair of restricted delivery games satisfies the monotonicity
properties or not. In this subsection , we first give examples of a pair and a
single deviation pair of restricted delivery games that do not satisfy the mono-
tonicity properties. Then, we focus on a class of NDRs with normal demand
distributions and show that pairs of restricted delivery games associated with
this class satisfy MP1.

The following examples show that, in general, the games associated with NDRs
are not guaranteed to have any of the monotonicity properties.
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Table 5.5: Summary of the results for MP1, MP2, MP3 and MP4

MP1
two-player games v(N) − w(N) ≥ v(S) − w(S)

Necessary for all S ⊆ N
& Sufficient conditions

three-player games v(N) − w(N) ≥ v(S) − w(S)
Sufficient conditions for all S ⊆ N

n-player games v(N) − w(N) ≥ v(S) − w(S)
Sufficient conditions for all S ⊆ N and v is convex

or the core of γ(S) = v(S) − w(S)
is nonempty

MP2
two-player games no condition required

Necessary
& Sufficient conditions

n-player games w is convex
Sufficient conditions or the anticore of γ(S) = v(S) − w(S)

has a nonnegative element

MP3 (i is the deviating player)
two-player games

Necessary v(N) − w(N) ≥ v({i}) − w({i})
& Sufficient conditions

n-player games v(N) − w(N) ≥ v(S) − w(S)
Sufficient conditions for all S ⊆ N with i ∈ S

MP4 (i is the deviating player)
two-player games

Necessary v(N) − w(N) ≤ v({i}) − w({i})
& Sufficient conditions

n-player games v(N) − w(N) ≤ v(S) − w(S)
Sufficient conditions for all S ⊆ N with i ∈ S
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Example 5.5 Consider two NDRs Γ1 = (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (ε1
i )i∈N )

and Γ2 = (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (ε2
i )i∈N ) such that N = {1, 2, 3}, ci = 1

for all i ∈ N , pi = 2 for all i ∈ N , ε1 = (1, 0, 0) and ε2 = (1, 1, 0). The demand
of the players are discrete, and independent and identically distributed. The
distribution function is given in Table 5.6.

Table 5.6: The demand distributions (Example 5.5)

Player x P (X = x)
1 0 0.3

1 0.7
2 0 0.3

1 0.7
3 0 0.1

1 0.9

The optimal order quantities of the coalitions for both situations are given in
Table 5.7.

Table 5.7: The optimal order quantities (Example 5.5)

qS∗ {1,2,3} {1,2} {1,3} {2,3} {1} {2} {3}
Γ1 2 1 2 2 1 1 1
Γ2 2 2 2 2 1 1 1

Note that order quantity 1 for coalition {1, 2} in situation Γ2 is not feasible
because of the critical demand levels of players 1 and 2. Consider Γ1 and
coalition {1, 2}. Then the value of this coalition can be calculated as follows:

vΓ1
({1, 2}) = −1 ∗ 1 + 2 ∗ 0.91 = 0.82,

where 0.91 is the probability of having a positive total demand. Using similar
calculations, we find the values of coalitions presented in Table 5.8.

Hence, (N, vΓ1
) and (N, vΓ2

) only differ in the value of coalition {1, 2}. Let
x ∈ Core(vΓ1

). Since x1 + x2 + x3 = 1.718 and x1 + x2 ≥ 0.82, we derive
that x3 ≤ 0.898. Consider the payoff vector y = (0.4, 0.4, 0.918) ∈ Core(vΓ2

).
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Table 5.8: The (single deviation) pair of the restricted delivery games (Exam-
ple 5.5)

S vΓ1
(S) vΓ2

(S)
{1,2,3} 1.718 1.718
{1,2} 0.82 0.8
{1,3} 1.2 1.2
{2,3} 1.2 1.2
{1} 0.4 0.4
{2} 0.4 0.4
{3} 0.8 0.8

Then there is no x ∈ Core(vΓ1
) such that x3 ≥ y3, since x3 ≤ 0.898 for all

x ∈ Core(vΓ1
). So pair of games (N, vΓ1

, vΓ2
) (and single deviation pair of

games (N, vΓ1
, vΓ2

, 1)) does not have MP1 (and MP3). �

Example 5.6 Consider two NDRs Γ1 = (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (ε1
i )i∈N )

and Γ2 = (N, (Xi)i∈N , (ci)i∈N , (pi)i∈N , (ε2
i )i∈N ) such that N = {1, 2, 3}, ci = 1

for all i ∈ N , pi = 2 for all i ∈ N , ε1 = (0, 0, 1) and ε2 = (0, 1, 1). Note that
player 2 is the deviating player. The demand of the players are discrete and
independently distributed. The distribution function is given in Table 5.9.

Table 5.9: The demand distribution (Example 5.6)

Player x P (X = x)
1 0 0.7

1 0.3
2 0 0.5

1 0.5
3 0 0.4

1 0.6

The optimal order quantities of the coalitions for both situations are given in
Table 5.10. Note that order quantity 1 for coalitions {1, 2, 3} and {2, 3} in
situation Γ2 is not feasible because of the critical demand levels of players 1,
2 and 3. Using similar calculations as in Example 5.5, we derive that (N, vΓ1

)
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Table 5.10: The optimal order quantities (Example 5.6)

qS,∗ {1,2,3} {1,2} {1,3} {2,3} {1} {2} {3}
Γ1 1 1 1 1 0 1 1
Γ2 2 1 1 2 0 1 1

and (N, vΓ2
) are equal to (N, v) and (N, w) in Table 5.2, respectively.

From Example 5.2, we know that the pair of games (N, vΓ1
, vΓ2

) does not
satisfy MP2. Moreover, we know that for any payoff vector y ∈ Core(vΓ2

),
y3 ≤ 0.32. Consider payoff vector x = (0.02, 0.28, 0.42) ∈ Core(vΓ1

). Since
x3 ≥ 0.32 and y3 ≤ 0.32 for all y ∈ Core(vΓ2

), we conclude that x /∈ Core(vΓ2
)

and there is no y ∈ Core(vΓ2
) such that y3 ≥ x3. Note that player 3 is not the

deviating player. Therefore, the single deviation pair of games (N, vΓ1
, vΓ2

, 2)
does not satisfy MP4 either. �

In the remainder of this subsection, we focus on a class of NDRs such that
MP1 is satisfied by the associated games. Consider an NDR Γ = (N, (Xi)i∈N ,
(ci)i∈N , (pi)i∈N , (εi)i∈N ) such that demands Xi are independent normal ran-
dom variables with distribution N(µi, σ

2) for all i ∈ N , ci = c for all i ∈ N ,
pi = p for all i ∈ N and εi = µi + kσ with k ∈ IR for all i ∈ N . Note that
with this description, we consider retailers all having identical c and p, non-
identical mean demands, and identical variances. Moreover, we remark that
for all k ∈ IR, εi = µi + kσ guarantees the same P1 type service level (proba-
bility of stockout) for each retailer i ∈ N . We call this special NDR a normal
NDR, and we denote it by Π = (N, (µi)i∈N , σ, c, p, k). In a normal NDR,
there is no difference in satisfying demands for different retailers in terms of
total profit of a coalition because of common purchasing cost and selling price.
Therefore, the expected profit function of coalition S can be written as follows

πS(qS) = EXS
[−c ∗ qS + p min{qS , ·}], (5.4)

where XS =
∑

i∈S Xi. Since Xi’s are independent and normally distributed,
XS is normally distributed with parameters µS =

∑
i∈S µi and σ2

S = |S|σ2.
We remark that EXS

[−c ∗ q + p min{q, ·}] is an expected profit function of a
simple newsvendor situation where there are no delivery constraints. From
section 2.6, we know that the optimum order quantity q̄ of a simple newsven-
dor situation satisfies FS(q̄) = 1−c/p, where FS is the cumulative distribution
function of XS . Since XS is normally distributed, q̄ = µS + k1−c/pσS , where
k1−c/p is the unique number such that the standard normal distribution func-
tion Θ satisfies Θ(k1−c/p) = 1− c/p. Since EXS

[−c∗ q +p min{q, ·}] is concave
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in q, it follows immediately that the optimal order quantity of coalition S
is the maximum of the optimal order quantity of the newsvendor problem
without any delivery restrictions and the sum of the critical demand levels of
the retailers in S, i.e., qS∗ = max{µS + k1−c/pσS , µS + k|S|σ}. The following
proposition provides some properties of restricted delivery games associated
with normal NDRs.

Proposition 5.18 Let (N, (µi)i∈N , σ, c, p, k) be a normal NDR and let (N, v)
be the associated newsvedor game. Then,

(a) the profit of coalition S is given by

v(S) = (p − c)qS∗ − pσS

qS∗−µS
σS∫

−∞
Θ(x)dx,

where qS∗ = max{µS + k1−c/pσS , µS + k|S|σ}, µS =
∑
i∈S

µi , and σS =

σ
√|S|;

(b) (N, v) is convex if k ≤ k1−c/p/
√|N |.

Proof: The proof is given in the appendix at the end of this chapter. �

The following lemma shows a relation for pairs of restricted delivery games
associated with normal NDRs.

Lemma 5.19 Consider two normal NDRs Π1 = (N, (µi)i∈N , σ, c, p, k1) and
Π2 = (N, (µi)i∈N , σ, c, p, k2) with c/p ≤ 1/2 and k1 ≤ k2. Let (N, vΠ1

) and
(N, vΠ2

) be the restricted delivery games associated with Π1 and Π2, respec-
tively. Then,

vΠ1
(T ) − vΠ2

(T ) ≥ vΠ1
(S) − vΠ2

(S) for all S ⊂ T ⊆ N.

Proof: Consider coalitions T and S such that S ⊂ T ⊆ N . Let d(k) be the
difference function

d(k) = (p − c)(q̌T − q̌S) − p

⎛
⎜⎜⎜⎝σT

q̌T −µT
σT∫

−∞
Θ(z)dz − σS

q̌S−µS
σS∫

−∞
Θ(z)dz

⎞
⎟⎟⎟⎠ , (5.5)



5.4. Necessary and sufficient conditions 101

where q̌T = max{µT +k1−c/pσT , µT +k
∑

i∈T σi} and q̌S = max{µS+k1−c/pσS ,

µS + k
∑

i∈S σi}. We remark that d(k1) = vΠ1
(T ) − vΠ1

(S) and d(k2) =
vΠ2

(T ) − vΠ2
(S). Using (5.5), we can write that

vΠ1
(T ) − vΠ2

(T ) − vΠ1
(S) + vΠ2

(S) = vΠ1
(T ) − vΠ1

(S) − vΠ2
(T ) + vΠ2

(S)
= d(k1) − d(k2)

= −
k2∫

k1

d
′
(k)dk.

The second equality follows from Proposition 5.18(a), and (5.5). The last
equality holds since d(k) is continuous and differentiable in k.

In the remaining part, we will show that d
′
(k) ≤ 0 for all k ∈ IR. Since σi = σ

for all i ∈ N , it holds that σT = σ
√|T |, ∑i∈T σi = |T |σ, σS = σ

√|S| and∑
i∈S σi = |S|σ. Hence,

q̌T =

⎧⎨
⎩

µT + k|T |σ if k ≥ k1−c/p√
|T | ;

µT + k1−c/pσ
√|T | if k ≤ k1−c/p√

|T | ,

and

q̌S =

⎧⎨
⎩

µS + k|S|σ if k ≥ k1−c/p√
|S| ;

µS + k1−c/pσ
√|S| if k ≤ k1−c/p√

|S| .

Moreover, 0 ≤ k1−c/p/
√|T | ≤ k1−c/p/

√|S|, since k1−c/p ≥ 0. Taking the
derivative of d(k), we obtain

d
′
(k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

|T |σ
[
(p − c) − pΘ( q̌T−µT

σT
)
]

if k ≥ k1−c/p√
|S| ;

−|S|σ
[
(p − c) − pΘ( q̌S−µS

σS
)
]

|T |σ
[
(p − c) − pΘ( q̌T−µT

σT
)
]

if k1−c/p√
|S| ≥ k ≥ k1−c/p√

|T | ;

0 if k1−c/p√
|T | ≥ k.

We conclude that d
′
(k) ≤ 0 for all k ∈ IR since [(p− c)− pΘ((q̌T −µT )/σT )] ≤

[(p − c) − pΘ((q̌S − µS)/σS)] ≤ 0 for all k ∈ IR. The inequalities hold since
0 ≤ k1−c/p/

√|T | ≤ k1−c/p/
√|S|, and Θ((q̌S − µS)/σS) ≥ 1 − c/p. This com-

pletes the proof. �
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In other words, if the retailers in a normal NDR decrease their critical demand
levels such that they keep guaranteeing identical P1 type service levels, the
contribution of these changes to a coalition is increasing in the size of the
coalition.

The following theorem follows directly from Theorems 5.7 and 5.11, and
Lemma 5.19.

Theorem 5.20 Let Π1 = (N, (µi)i∈N , σ, c, p, k1) and Π2 = (N, (µi)i∈N , σ, c, p,
k2) be two normal NDRs with |N | ∈ {2, 3}, c/p ≤ 1/2 and k1 ≤ k2. Let
(N, vΠ1

) and (N, vΠ2
) be the restricted delivery games associated with Π1 and

Π2, respectively. Then, pair of games (N, vΠ1
, vΠ2

) has MP1.

Moreover, we have the following theorem, which follows from Lemma 5.19,
Theorem 5.12 and Proposition 5.18(b).

Theorem 5.21 Let Π1 = (N, (µi)i∈N , σ, c, p, k1) and Π2 = (N, (µi)i∈N , σ, c, p,
k2) be two normal NDRs with c/p ≤ 1/2, k1 ≤ k1−c/p/

√|N | and k1 ≤ k2.
Let (N, vΠ1

) and (N, vΠ2
) be the restricted delivery games associated with Π1

and Π2, respectively. Then, pair of restricted delivery games (N, vΠ1
, vΠ2

) has
MP1.

Hence, we showed that MP1, one of the monotonicity properties specified in
Section 5, holds for a fairly general class of restricted delivery games.

5.5 Concluding comments

In this chapter, we considered profit division problems arising from situations,
where multiple retailers can order jointly and allocate their order after demand
realization to benefit from inventory centralization. However, this cooperation
is subject to some limitations. The retailers may pose restrictions on the
allocation of the available quantity after demand realization in the cooperation.
These constraints can be motivated by minimum delivery constraints or service
level constraints.

We first investigated existence of stable distributions of the joint profits for the
restricted delivery games described above. We showed that restricted delivery
games associated with NDRs have non-empty cores. This result is important
as it shows that delivery restrictions, as specified in this study, do not affect the
existence of a stable solution. We then concentrated on situations, where the
retailers change their conditions to be a part of the coalition. We focused on
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criteria for a new division of joint profit to be fair and we analyzed the existence
of such divisions. These fairness criteria are captured by four monotonicity
properties. This is what we consider as one possible approach to identify
”stability” in the long-run. This issue is important as it ensures the retailers
that cooperation is not only beneficial in the short-run, but also in a dynamic
environment where restrictions are expected to change.

The properties defined apply to a more general class than the class of re-
stricted delivery games. Hence, we investigated conditions under which the
monotonicity properties will hold for the general class of games. Specifically,
we derived sufficient conditions for two-player, three-player, and games with
an arbitrary number of players. For the NDR described, we first showed by
counterexamples that pairs of restricted delivery games do not necessarily sat-
isfy these monotonicity properties in general. For the NDR, we defined a class
of games with retailers having a normally distributed demand where one of
the monotonicity properties holds.

We believe that results regarding the monotonicity properties are important
for two different directions of future research. One direction is further refine-
ment of the sufficient and necessary conditions required for monotonicity for
the NDR described here, as well as situations within a more general class. A
second direction is to use monotonicity properties to specify meaningful sub-
sets of the core of the restricted delivery games, and hence restrict the feasible
set for the profit division problem. Additionally, to the same end, one can
investigate whether a specific (given) profit division rule (such as the Shapley
value) satisfies monotonicity conditions.

Appendix

This appendix contains the proofs of Lemmas 5.1 and 5.2, Theorems 5.3 and
5.11, and Proposition 5.18.

Proof of Lemma 5.1: Since PS(aS , xS) = −∑i∈S aS
i ci+

∑
i∈S pi min{aS

i , xS
i }

is a continuous function of aS for given qS and xS , and we are searching the
maximum in the compact set AS(qS , xS), we conclude that there exists an
optimal allocation. �

Proof of Lemma 5.2: Let cS = maxi∈S ci. For all xS of XS ,

|PS(aS∗(qS , xS), xS)| = |
∑
i∈S

(−cia
S∗
i (qS , xS) + pi min

{
aS∗

i (qS , xS), xi

}) |



104 Dynamic Delivery Restrictions

≤
∑
i∈S

(| − cia
S∗
i (qS , xS)| + |pi min

{
aS∗

i (qS , xS), xi

} |)
≤ cSqS +

∑
i∈S

(|pi min
{
aS∗

i (qS , xS), xi

} |)
≤ cSqS +

∑
i∈S

pi|xi|.

The first inequality follows from the triangular inequality. The second inequal-
ity follows since aS∗

i (qS , xS) ∈ IR+ for all i ∈ S and cSqS ≥∑i∈S cia
S∗
i (qS , xS).

The third inequality holds since aS∗
i (qS , xS) ∈ IR+ for all i ∈ S. Since xS →

cSqS +
∑

i∈S pi|xi| is Lebesgue integrable on Ω and xS → PS(aS∗(qS , xS), xS)
is measurable, PS(aS∗(qS , xS), xS) is Lebesgue integrable from Theorem 3 in
section 29 of Kolmogorov (1970). Therefore, π(qS) = EXS [PS(aS∗(qS , ·), ·)]
exists. �

Proof of Theorem 5.3: To prove this theorem, we will show that πS(·) is a
continuous function of the order and that any order outside a specific compact
set results in lower expected profits than the minimum possible order.

First, define cS = maxi∈S ci, and pS = maxi∈S pi. Let q ∈ QS be an order
quantity, and let ρ > 0. Define δ = ρ

(pS+cS) . Let q′ ∈ QS be such that
|q − q′| < δ. Then

|πS(q) − πS(q′)| =
∣∣EXS

[
rS(q, ·) − rS(q′, ·)]∣∣

≤ EXS

[∣∣rS(q, ·) − rS(q′, ·)∣∣]
≤ EXS

[
(pS + cS)|q − q′|]

= (pS + cS)|q − q′|
< (pS + cS) ∗ δ

= ρ.

The first inequality holds because of the triangle inequality. The second in-
equality holds since for each demand realization xS ∈ XS , the difference in or-
der quantities |q−q′| cannot cause an extra cost (revenue) more than cS∗|q−q′|
(pS ∗ |q − q′|). The last two lines follow by definition of δ and ρ.

Now we will show that any order quantity outside a specific compact set results
in lower expected profit than the expected profit of order quantity

∑
i∈S εi.

Let

aS =
pS

mini∈S ci

[∑
i∈S

E[Xi] +
∑
i∈S

E[Y −
i ]

]
, (5.6)
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where Y −
i = εi+max{0,−Xi}. Since for all i ∈ N we have ci > 0 by definition,

aS is well-defined. Then, for all q ∈ QS with q > aS we have

πS(q) ≤ −q ∗ min
i∈S

ci + pS ∗
∑
i∈S

E[Xi]

< −pS ∗
∑
i∈S

E[Y −
i ]

= −pS ∗
∑
i∈S

εi − pS

∑
i∈S

E[max{0,−Xi}]

≤ −cS ∗
∑
i∈S

εi − pS

∑
i∈S

E[max{0,−Xi}]

≤ πS(
∑
i∈S

εi).

The first inequality follows by taking the minimum possible cost and the max-
imum possible revenue into consideration. The second inequality follows by
definition of aS . The third inequality holds since pS ≥ cS . The last inequality
holds since if the coalition orders

∑
i∈S εi, the purchasing and transportation

cost will be lower and there is extra revenue from sales for positive demand
realizations. �

Proof of Theorem 5.11: Suppose that v(N) − w(N) ≥ v(S) − w(S) for all
S ⊂ N . Let K = v(N) − w(N). Note that K ≥ 0. Let us define the game
(N, v̄) as follows:

v̄(N) = v(N) − K = w(N);
v̄(S) = v(S) − K for all S ⊂ N.

Since v̄(S) = v(S) − K ≤ w(S) for all S ⊂ N , we know that Core(v̄) ⊇
Core(w).

First, we show that for each possible extreme point of Core(v̄) there is an
elementwise larger element in Core(v). Then, we extend this result to all
elements of Core(w).

Since the game (N, v) is totally balanced, we know that

v({i, j}) ≥ v({i}) + v({j}) for all i, j ∈ {1, 2, 3} with i 	= j;
v({1, 2, 3}) ≥ v({i, j}) + v({k}) for all i, j, k ∈ {1, 2, 3} with i 	= j 	= k 	= i ;

v({1, 2, 3}) ≥ 1
2
v({1, 2}) +

1
2
v({1, 3}) +

1
2
v({2, 3}).
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Since v̄(S) = v(S) − K for all S ⊆ N , we derive that

v̄({i, j}) ≥ v̄({i}) + v̄({j}) + K for all i, j ∈ {1, 2, 3} (5.7)
with i 	= j;

v̄({1, 2, 3}) ≥ v̄({i, j}) + v̄({k}) + K for all i, j, k ∈ {1, 2, 3} (5.8)
with i 	= j 	= k 	= i ;

v̄({1, 2, 3}) ≥ 1
2
v̄({1, 2}) +

1
2
v̄({1, 3}) +

1
2
v̄({2, 3}) + 1/2K. (5.9)

Hence, (N, v̄) is totally balanced too.

The core of (N, v̄) is given by the convex set of points (x̄1, x̄2, x̄3) satisfying
the following constraints:

x̄i ≥ v̄({i}) for all i ∈ N ; (5.10)
x̄i + x̄j ≥ v̄({i, j}) for all i, j ∈ N with i 	= j; (5.11)

x̄1 + x̄2 + x̄3 = v̄(N).

An extreme point of this convex set is given by three linearly independent
binding constraints and we already know one of them, which is x̄1 + x̄2 + x̄3 =
v̄(N). Note that the binding constraints x̄i = v̄({i}), x̄j + x̄k = v̄({j, k})
and x̄1 + x̄2 + x̄3 = v̄(N) with i 	= j 	= k 	= i cannot define an extreme
point since they are not linearly independent. Totally balancedness of (N, v̄)
implies that if x̄i = v̄({i}), x̄j = v̄({j}) with i 	= j and x̄ ∈ Core(v̄), then
x̄i + x̄j = v̄(i, j). Moreover, balancedness of (N, v̄) implies that if x̄1 + x̄2 =
v̄({1, 2}), x̄2 + x̄3 = v̄({2, 3}), x̄1 + x̄3 = v̄({1, 3}) and x̄ ∈ Core(v̄), then
x̄1 + x̄2 + x̄3 = v̄({1, 2, 3}). Hence, the possible coalitions associated with
binding constraints (tight coalitions) and their associated extreme points of
Core(v̄) are given in Table 5.11.

Table 5.11: Possible Binding Constraints and Extreme Points

Type Tight coalitions Extreme point (x̄i, x̄j , x̄k)
1 {i} and {i, j} x̄i = v̄({i})

x̄j = v̄({i, j}) − v̄({i})
x̄k = v̄({1, 2, 3}) − v̄({i, j})

2 {i, j} and {i, k} x̄i = v̄({i, j}) + v̄({i, k}) − v̄({1, 2, 3})
x̄j = v̄({1, 2, 3}) − v̄({i, k})
x̄k = v̄({1, 2, 3}) − v̄({i, j})
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Suppose that x̄ is an extreme point of type 1. So, x̄ ∈ Core(v̄). Let x =
(x̄i + K, x̄j , x̄k) be its so-called corresponding point. Then x ∈ Core(v), since

xi = x̄i + K = v̄({i}) + K = v({i});
xj = x̄j = v̄({i, j}) − v̄({i}) ≥ v̄({j}) + K = v({j});
xk = x̄k = v̄({1, 2, 3}) − v̄({i, j}) ≥ v̄({k}) + K = v({k});

xi + xj = x̄i + x̄j + K ≥ v̄({i, j}) + K = v({i, j});
xi + xk = x̄i + x̄k + K ≥ v̄({i, k}) + K = v({i, k});
xj + xk = x̄j + x̄k = v̄({1, 2, 3}) − v̄({i}) ≥ v̄({j, k}) + K = v({j, k});

xi + xj + xk = x̄i + x̄j + x̄k + K = v̄({1, 2, 3}) + K = v({1, 2, 3}).
The inequality in the second line follows from (5.7). The inequality in the
third line follows from (5.8). The inequalities in the fourth and fifth line, and
the second equality in the last line hold since x̄ ∈ Core(v̄). The inequality in
the sixth line follows from (5.8).

Suppose that x̄ is an extreme point of type 2. So, x̄ ∈ Core(v̄). Let x =
(x̄i + K, x̄j , x̄k) be its so-called corresponding point. Then x ∈ Core(v), since

xi = x̄i + K ≥ v̄({i}) + K = v({i})
xj = x̄j = v̄({1, 2, 3}) − v̄({i, k}) ≥ v̄({j}) + K = v({j})
xk = x̄k = v̄({1, 2, 3}) − v̄({i, j}) ≥ v̄({k}) + K = v({k})

xi + xj = x̄i + x̄j + K ≥ v̄({i, j}) + K = v({i, j})
xi + xk = x̄i + x̄k + K ≥ v̄({i, k}) + K = v({i, k})
xj + xk = x̄j + x̄k = 2v̄({1, 2, 3}) − v̄({i, j}) − v̄({i, k})

≥ v̄({j, k}) + K = v({j, k})
xi + xj + xk = x̄i + x̄j + x̄k + K = v̄({1, 2, 3}) + K = v({1, 2, 3}).

The inequalities in the second and third line follow from (5.8). The inequalities
in the first, fourth and fifth line, and the second equality in the last line hold
since x̄ ∈ Core(v̄). The inequality in the seventh line follows from (5.9).

Let (x̄1, ..., x̄k) be all extreme points that are in the core of (N, v̄) and (x1, ..., xk)
be their corresponding points. Note that all these corresponding points are
in Core(v). Consider y ∈ Core(w). Since Core(v̄) ⊇ Core(w), y ∈ Core(v̄).
Hence, we can express y as a convex combination of the extreme points of
the core of the game (N, v̄). Let λ ∈ IRk

+ be such that y =
∑k

i=1 λix̄
i with∑k

i=1 λi = 1. Consider the division x =
∑k

i=1 λix
i. Since every corresponding

point is in the core of (N, v), x ∈ Core(v). Furthermore, x ≥ y. This com-
pletes the proof. �
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Proof of Proposition 5.18:

(a)

v(S) = EXS
[−c ∗ qS∗ + p min{qS∗, ·}]

= (p − c) ∗ qS∗ − p

qS∗∫
−∞

FS(x)dx

= (p − c) ∗ qS∗ − pσS

qS∗−µS
σS∫

−∞
Θ(z)dz,

The first equality follows from (5.4), and since qS∗ is the optimal order quan-
tity. The second equality follows from similar steps used to derive (2.10).
The last equality follows from FS being normal distributions and changing
variables z = (x − µS)/σS .

(b) Since k ≤ k1−c/p/
√|N |, it is easy to check that the optimal order quantity

of coalition S is qS = µS +k1−c/p

√|S|σ. Hence, every coalition orders the op-
timal order quantity and reaches the optimal profit as if there are no delivery
restrictions. From Theorem 4.5, (N, v) is convex. �



Chapter 6

A Distribution Network with
Multiple Warehouses

6.1 Introduction

In this chapter, which is mainly an adaptation from Özen et al. (2003), we
analyze cooperation situations arising from general distribution systems where
there are warehouses in addition to the retailers. The warehouses represent
the physical areas (like harbors, regional distribution centers of the supplier,
private warehouses where the retailers hire space to store their goods because
of physical constraints in the stores) where the ordered products are sent
and become available at the time that the demand is realized. The retailers
might increase their total profit by reallocating the available goods in the
warehouses. Alternatively, the warehouses can also be considered as cross-
docks, which do not hold any inventory. In the facilities, the orders, which
are shipped from the supplier, can be broken into small batches and send to
the retailers. Using modern information and communication technology, the
reallocation after demand realization can be done at any random point in the
supply chain, whether this is a physical warehouse, a physical cross-dock, or
a virtual allocation point.

In a newsvendor environment, retailers can increase their total profit if they
cooperate. The basic cooperation appears as follows: The retailers give co-
ordinated orders at the start of the period, and after these orders arrive to
the warehouses and the demands are realized, they allocate these orders ac-
cordingly. In this way, they can benefit from perfect allocation of the ordered
quantity to the demands realized and coordination of the orders. We analyze
two TU-games associated with this situation, the forced allocation game and

109
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the relaxed allocation game. They slightly differ from each other in terms of
assumptions on the possible allocations that can happen. In the forced alloca-
tion games, we assume that the warehouses cannot keep stock and hence, all
the units have to be sent to the retailers. However, in the relaxed allocation
games, we let the system leave the leftovers in the warehouses. Another in-
terpretation of the difference in these games might be that each of the games
considers a different salvage situation. In the former game, it is only possible
to salvage the unsold units at the retailer level. In the latter game, salvaging
is also possible and more beneficial at the warehouses. Note that in the anal-
ysis, we assume that the salvage values are zero in both cases. However, it is
simple to introduce positive salvage values into the models. In section 6.2, we
show that forced allocation games have non-empty cores by proving that these
games are expected profit games, which are introduced in section 3.2. In sec-
tion 6.3, we show the same result for relaxed allocation games, but we utilize
another proof technique. This technique also implies that any algorithm that
determines a core division for forced allocation games can be used for relaxed
allocation games as well.

This chapter extends the simple newsvendor games in section 2.6 and the
distribution system in Slikker et al. (2005) to situations with multiple ware-
houses. Our system differs in two ways from the literature. First, we consider
additional ways of supplying the goods to the retailers. Although the retailer
might use only one of the warehouses while working alone, these alternatives
(i.e., warehouses) might become important if several retailers form a coalition.
Second, our setting covers a broad range of situations in which the reallocation
of the ordered products could be made even if the ordered products are some-
where between the supplier and the retailer when the demands are realized at
the retailers. An implication of considering multiple warehouses is that the
core of the associated game might be affected by the increasing number of
alternative ways of providing the goods. One of the necessary conditions for
core non-emptiness is that the sum of players’ marginal contributions to the
grand coalition equals at least the value of the grand coalition. In our setting,
the marginal contributions of the retailers might decrease especially when we
consider additional warehouses that do not create extra value for the grand
coalition but do for the other coalitions. Moreover, the availability of these
additional warehouses to a larger set of retailers contributes to the decrease in
marginal contributions as well. These possible effects of increasing the number
of warehouses cause the core to shrink. One may think that these effects might
cause core emptiness too. However, we show that the cores of the associated
games are always non-empty.

The remainder of the chapter is organized as follows. In section 6.2, we intro-
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duce the general model and we define forced allocation games. Additionally,
we state our first core non-emptiness result. We discuss relaxed allocation
games and show that these games have non-empty cores in section 6.3. We
conclude this chapter with section 6.4.

6.2 Forced allocation games

In this section, we introduce our model and define the associated forced allo-
cation game. Then, we show that the associated forced allocation game has a
non-empty core by proving that forced allocation games are within the class
of expected profit games.

Consider a distribution system that consists of m warehouses and n retailers
each experiencing a stochastic customer demand. Every retailer may decide
on order quantities for one or more warehouses and transship goods from these
warehouses. Assume that every retailer has to determine his order quantities,
which maximizes his expected profit, before the stochastic demand is realized,
as in the standard newsvendor setting. After some lead time, the ordered
amounts will be sent to the warehouses and after the realization of demand
becomes known they will be sent to the retailers in order to satisfy the demand.

The following example illustrates the newsvendor problem in a 1 warehouse-1
retailer system.

Example 6.1 Consider a distribution system consisting of one warehouse and
one retailer. The retailer experiences a stochastic demand X of single item
with probability mass function

p(x) =

⎧⎨
⎩

0 if x /∈ {1, 2} ;
1
2 if x = 1;
1
2 if x = 2.

The retailer sells the goods at a price p = 6. The transportation cost k = 1
from the supplier to the warehouse and the transportation cost f = 1 from the
warehouse to the retailer are charged to the retailer. In this simple setting, the
retailer solves a simple newsvendor problem (see section 2.6), while determin-
ing its order quantity. In this situation, the underage cost is the opportunity
cost of losing a customer demand defined by cu = p − (f + k) = 4 and the
overage cost is simply the total cost of sending the units from the supplier to
the retailer co = k + f = 2. The optimal order quantity (q∗) of the retailer is
the one that satisfies (2.7). This results in an optimal order quantity q∗ = 2
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and expected profit

π(2) = −2 ∗ 1 +
1
2
(6 − 2) +

1
2
(12 − 2) = 5.

�

In a situation with multiple warehouses and retailers, the retailers could in-
crease their total expected profit just by reallocating the available quantities
in the warehouses according to demand realizations. Furthermore, they could
benefit more if they could coordinate their orders. In order to analyze this
situation, we define a general newsvendor situation with warehouses (GNW) as
a tuple Γ = (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ), where

N : Set of retailers, N := {1, ..., n};
W : Set of warehouses, W := {1, ..., m};
Xi : Stochastic demand at retailer i taking values in Υi;
kw : Unit cost of ordering goods to warehouse w;
fwi : Transportation cost of goods from warehouse w to retailer i;
Zi ⊆ W : Non-empty set of warehouses related to retailer i;
pi : Selling price of the goods at retailer i.

Throughout the chapter, we assume that pi and fwi are nonnegative, and
kw > 0 for all i ∈ N and all w ∈ W .

The set of warehouses Zi, via which retailer i is supplied, is a subset of all avail-
able warehouses W in the system. Therefore, our model covers two extreme
situations. In the first one, every retailer has only one warehouse to provide
goods from, i.e., |Zi| = 1 for all i ∈ N . In the second extreme, every retailer
can use all warehouses, i.e., Zi = W for all i ∈ N . Consider a collection of
retailers S ⊆ N . Coalition S is allowed to use any warehouse that could be
used by at least one of its members, i.e., any warehouse in ZS :=

⋃
i∈S Zi. We

remark that two retailers may prefer not to use a specific warehouse if they
act alone. However, this warehouse may be used if they cooperate, for exam-
ple because of a strategic position of this warehouse somewhere between the
retailers. For example, consider two retailers located in Paris and Amsterdam.
Acting alone, these retailers prefer to use their local warehouses. However, if
they form a coalition, they can utilize another warehouse in Brussels as well
to reduce the cost of possible allocation of the ordered units besides their local
warehouses.

Let xS = (xi)i∈S denote a realization of demand vector XS = (Xi)i∈S . Con-
sider coalition S. At the start of the period, this coalition decides on a joint
order quantity in QS that is defined by

QS := {q ∈ IRW
+ | qw = 0 for all w ∈ W/ZS and qw ≥ 0 for all w ∈ ZS}.
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In other words, QS is the collection of possible order vectors.

Suppose that coalition S has order vector qS ∈ QS . The cost associated with
that order is

∑
w∈W kwqS

w. After demand realization xS and the units become
available at the warehouses, coalition S decides on an allocation of the joint
order represented by an allocation matrix aS ∈ IRW×N with

aS
wi = 0 if i ∈ N/S or w ∈ W/ZS ;∑

i∈S

aS
wi = qS

w for all w ∈ ZS .

Here, aS
wi denotes the amount of product that will be sent from warehouse w

to retailer i. Note that we do not allow transshipment from the warehouses
that are not in ZS or to retailers that are not in coalition S. Moreover, we
assume that at the end of the period all units should be transferred to the
retailers. Note that possible allocations do not depend on demand realization.
However, the retailers might prefer different allocations for different demand
realizations. The set of all possible allocations of an order vector qS is denoted
by AS(qS) for coalition S. Suppose that the coalition allocates its initial orders
as in aS ∈ AS(qS) after demand realization xS , then the coalition gains a total
revenue given by

RS(aS , xS) =
∑
i∈S

⎛
⎝− ∑

w∈ZS

fwia
S
wi + min

⎧⎨
⎩
∑

w∈ZS

aS
wi, xi

⎫⎬
⎭
⎞
⎠ .

To be able to define forced allocation games, we first have to show existence of
an optimal allocation of the order vector for any demand realization and any
order vector. Subsequently, we show existence of optimal order vectors for all
coalitions. This will be done in Lemma 6.1 and Theorem 6.3.

Lemma 6.1 Let (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be
a GNW, let S ⊆ N , let qS ∈ QS, and let xS be a demand realization. Then,
there exists an optimal allocation aS∗ ∈ AS(qS) that maximizes the total rev-
enue RS(·, xS) of coalition S.

Proof: The proof is given in the appendix at the end of this chapter. �

From now on, we refer to RS(aS∗, xS) as rS(qS , xS). In the following lemma,
we show that for all qS ∈ QS , the expected total revenue EXS [rS(qS , ·)] exists.
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Lemma 6.2 Let (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be
a GNW, let S ⊆ N , let qS ∈ QS. Then the expected total revenue EXS [rS(qS , ·)]
exists.

Proof: The proof is given in the appendix at the end of this chapter. �

The expected profit function of coalition S is defined by

πS(qS) = −
∑
i∈W

kwqS
w + EXS [rS(qS , ·)].

Theorem 6.3 Let (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be
a GNW and let S ⊆ N . Then, there exists an order vector qS,∗ ∈ QS that
maximizes the expected profit function πS(·) of coalition S.

Proof: The proof is given in the appendix at the end of this chapter. �

Consider a GNW Γ. The associated forced allocation game (N, vΓ) is defined
by

vΓ(S) = max
qS∈QS

πS(qS) for all S ⊆ N.

This definition implies that v(S) is the maximum expected profit that coalition
S can obtain by coordinating orders and allocations. Since we are forcing the
orders to be transferred to the retailers by restricting the feasible set of possible
allocations AS(qS) with constraint

∑
i∈S awi = qS

w for all w ∈ ZS and demand
realization xS of XS , we refer to this game as forced allocation game. In
remainder of the chapter, we drop the superscript Γ if there is no ambiguity
on the situation with which the game is associated.

The following example illustrates the forced allocation game associated with
a simple GNW.

Example 6.2 Consider the 2-person GNW (N, W, (Xi)i∈N , (kw)w∈W ,
(fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ), with N = {1, 2}, W = {w1, w2}, kw1 = kw2 =
1, fw1,1 = fw1,2 = fw2,1 = fw2,2 = 1, Z1 = {w1}, Z2 = {w2}, p1 = p2 = 6, and
independent stochastic demands X1 and X2 defined by the same probability
mass function

p1(x) = p2(x) =

⎧⎨
⎩

0 if x /∈ {1, 2} ;
1
2 if x = 1;
1
2 if x = 2.
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The optimization problem for one person coalitions S = {1} and S = {2} is
the same as in Example 6.1. So

v({1}) = π{1}(2, X1) = 5;
v({2}) = π{2}(2, X2) = 5.

The symmetry in costs and selling prices result in optimal order vectors q ∈
IRW

+ with qw1 + qw2 = 3 for coalition {1, 2}. Let q∗ be such an order vector.
The expected optimal profit of coalition {1, 2} can be calculated as

v({1, 2}) = π{1,2}(q∗, X{1,2})

= −3 ∗ 1 +
1
4
(12 − 3) +

1
2
(18 − 3) +

1
4
(18 − 3) = 10

1
2
.

Note that since we are considering a forced allocation game, for every demand
realization we should send all ordered units to the retailer. Therefore, the
transportation cost from warehouse to the retailer appears as 3 in the last tree
terms of the expected profit function for coalition {1, 2}.
The associated forced allocation newsvendor game (N, v) is described by

v(S) =

⎧⎨
⎩

0 if S = ∅;
5 if |S| = 1;
101

2 if S = N.

Note that this newsvendor game is balanced, i.e., it has a non-empty core,
since any y ∈ IR2 with y1 ≥ 5, y2 ≥ 5 and y1 + y2 = 101

2 belongs to core, for
example y = (21

4 , 21
4 ). �

Hartman et al. (2000), Müller et al. (2002) and Slikker et al. (2001) consider
simple newsvendor situations with one warehouse, which are considered in sec-
tion 2.6, and they show that the cores of the associated games are non-empty.
In the following example, we illustrate that the core of the game can shrink
when we introduce more warehouses into the system. This possible effect of
increasing availability of the warehouses makes it interesting to analyze core
non-emptiness in GNW.

Example 6.3 Consider a 2-person system with N = {1, 2}, W = {w1, w2},
kw1 = kw2 = 2, fw1,1 = fw2,2 = 1, fw2,1 = fw1,2 = 1.2, p1 = p2 = 6, and
independent stochastic demands X1 and X2 defined by the same probability
mass function

p1(x) = p2(x) =

⎧⎨
⎩

0 if x /∈ {0, 1} ;
0.3 if x = 0;
0.7 if x = 1.
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In this example, we will consider three GNWs, which differ in the availability of
the warehouses considered. The first situation is denoted by Γ{w1}, where only
warehouse w1 is available. The second situation only considers the availability
of warehouse w2, and is denoted by Γ{w2}. Finally, in the third situation, both
warehouses are available. We denote this situation by ΓW . The associated
forced allocation games are given in Table 6.1.

Table 6.1: Games associated with different warehouse situations

Γ{w1} Γ{w2} ΓW

v({1}): 1.2 1 1.2
v({2}): 1 1.2 1.2
v({1, 2}): 2.418 2.418 2.418

As you can see from Table 6.1, the values of the grand coalition are the
same in all three games. Furthermore, the values of the singleton coali-
tions in vΓW

are not smaller than their values in vΓ{w1} and vΓ{w2} . So
Core(vΓW

) ⊆ Core(vΓ{w1}) and Core(vΓW
) ⊆ Core(vΓ{w2}). Note that,

for payoff vector y = (1.418, 1) (ȳ = (1, 1.418)) we have y ∈ Core(vΓ{w1})
(ȳ ∈ Core(vΓ{w2})), but y /∈ Core(vΓW

) (ȳ /∈ Core(vΓW
)). So, in this exam-

ple, the core is shrinking when more warehouses are considered. �

The following theorem states that forced allocation games associated with
GNWs are totally balanced.

Theorem 6.4 Let Γ = (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N ,
(pi)i∈N ) be a GNW. The associated forced allocation game (N, vΓ) is totally
balanced.

Proof: We show that the forced allocation game associated with GNW Γ is an
expected profit game. Consider a situation defined by tuple Γ

′
= (N, (Xi)i∈N ,

(QS , MS)S∈2N\{∅}, C, (H i)i∈N ) with N , Xi and QS as in GNW Γ. More-
over, MS(qS , xS) = AS(qS) for all qS ∈ QS and every realization xS of XS ,
C : IRW → IR defined by C(q) =

∑
w∈W kwqw and H i : IRW × Υi → IR

defined by H i(a, xi) = −∑w∈W fwiaw + pi min
{∑

w∈W aw, xi

}
. We will

check the conditions in section 3.2 for Γ
′

to be a stochastic cooperative de-
cision situation. Consider a coalition S ⊆ N and a qS ∈ QS . It is easy
to check that ZS(aS , xS) = RS(aS , xS) for every realization xS of XS , and
aS ∈ AS(qS) = MS(qS , xS). Moreover, τS(qS) = πS(qS). Hence, Lemma 6.1,
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Lemma 6.2, and Theorem 6.3 imply that conditions (i)− (iii) hold. It is easy
to check that conditions (iv) and (v) hold as well. It is easy to show that
H i(·, xi) is a concave function. Hence, condition (vi) holds. Condition (vii)
holds since C is a linear function and hence a positively homogeneous convex
function. Therefore, we conclude that the game (N, wΓ

′
) associated with Γ

′

is an expected profit game. Moreover, τS(qS) = πS(qS) for all S ⊆ N and
qS ∈ QS implies that (N, vΓ) and (N, wΓ

′
) coincide. Hence, from Theorem

3.1, (N, vΓ) is totally balanced. �

We remark that GNW Γ with forced allocation could as well be represented by
stochastic cooperative decision situation Γ

′
. Since C is a linear function, all

the results we presented in section 3.3 related with non-cooperative selection
of strategies (e.g., order quantities in GNWs) are valid for the GNWs as well.

From Theorems 6.4 and 2.5, the following corollary follows immediately.

Corollary 6.5 Let (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N )
be a GNW. The associated forced allocation game has a non-empty core.

6.3 Relaxed allocation games

In this section, we drop the assumption of sending all units to the retailers. In
other words, we allow the warehouses to have stock at the end of the selling pe-
riod. By dropping this assumption, we actually change the allocation problem
that cooperating retailers solve following demand realization. Consequently,
we are considering a new game, which we call the relaxed allocation game.

In this section, we show that the core of the associated relaxed allocation
game is non-empty as well. Although we could have proved this argument
by showing that relaxed allocation games are expected profit games as in the
previous section, we follow a different route. We will first introduce the relaxed
allocation game formally. Then, we will define a new related newsvendor
situation. After creating a relation between the relaxed allocation game and
the forced allocation game associated with a general newsvendor situation and
its related newsvendor situation, respectively, we can easily prove that the core
of the relaxed allocation game is non-empty as well.

Let Γ = (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be a GNW.
By dropping the assumption of the previous section to send all units of goods
to the retailers at the end of the period, we actually enlarge the set of possible
allocations. Consider a coalition S. The new set of possible allocations of
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coalition S is given by

ÂS(qS) := {a ∈ IRW×N
+ | awi = 0 if i ∈ N/S or w ∈ W/ZS

and
∑
i∈S

awi ≤ qS
w for all w ∈ ZS}.

In line with notation in the previous section, if the coalition orders qS ∈ QS

units and they allocate the order as in âS ∈ ÂS(qS) after demand realization
xS , then the coalition gains a total revenue RS(âS , xS). Let âS∗ ∈ ÂS(qS)
be an optimal allocation. We refer to RS(âS∗, xS) as r̂(qS , xS). The expected
profit function of coalition S is defined by

π̂S(qS) = −
∑

w∈W

kwqS
w + EXS [r̂S(qS , ·)].

Then, the associated relaxed allocation game (N, v̂Γ) is defined as follows:

v̂Γ(S) = max
qS∈QS

π̂S(qS) for all S ⊆ N.

The relaxed allocation game (N, v̂Γ) is well defined, since the existence of an
optimal allocation, expected total revenue and optimal order vector can be
shown similarly as in the previous section. The following example illustrates
the relaxed allocation game associated with GNW in Example 6.2.

Example 6.4 Let (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N )
be the 2-person GNW introduced in Example 6.2. Under the assumption
that we do not need to send all ordered units to the retailers, the optimization
problem for coalition S = {1} is similar to a newsvendor problem with overage
cost co = 1, underage cost cu = 4 and stochastic demand X1. Since in the re-
laxed allocation game it is allowed to keep the excess units at the warehouses,
the overage cost of excess units appears as 1, which is only the transportation
cost from the supplier to the warehouses. Then, the optimal order quantity
for coalition S = {1} can be found easily as 2, which results in expected profit

v̂({1}) = π̂{1}(2) = −2 ∗ 1 +
1
2
(6 − 1) +

1
2
(12 − 2) = 5.5 .

Repeating the same argument, we come up with the optimal order quantity
2 and expected profit π̂{2}(2, X2) = 5.5 for coalition S = {2}. The symmetry
in costs and selling prices results in the optimal order vectors q ∈ IRW

+ with
qw1 +qw2 = 4 for coalition {1, 2}. Let q∗ be such an order vector. The expected
optimal profit of coalition {1, 2} can be calculated as

v̂({1, 2}) = π̂{1,2}(q∗) = −4 ∗ 1 +
1
4
(12 − 2) +

1
2
(18 − 3) +

1
4
(24 − 4) = 11 .
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The associated relaxed allocation game (N, v) is described by

v̂(S) =

⎧⎨
⎩

0 if S = ∅;
5.5 if |S| = 1;
11 if S = N.

Note that this newsvendor game is balanced, i.e., it has a non-empty core,
since y = (5.5, 5.5) belongs to the core. �

In the following part of the section, we define a related newsvendor situation
and consider the forced allocation game associated with this newsvendor situ-
ation. We will use this forced allocation game and Corollary 6.5 to prove that
the cores of the relaxed allocation games associated with general newsvendor
situations are non-empty.

Let Γ be a GNW. The related situation of Γ is defined as Γ
′
:= (N ∪ N̄ , W,

(Xi)i∈N∪N̄ , (kw)w∈W , (fwi)w∈W,i∈N∪N̄ , (Zi)i∈N∪N̄ , (pi)i∈N∪N̄ ). Here, the set
N̄ := {1̄, ..., n̄} represents a set of phantom retailers. In this situation, each re-
tailer i has a phantom retailer ı̄ with the same set of warehouses that it works
with, zero transportation cost (fwi = 0, ∀w ∈ W, i ∈ N̄), zero selling price
(pi = 0 ∀i ∈ N̄) and zero demand (Xi = 0 ∀i ∈ N̄). These phantom retailers
work as trash cans with zero cost for the unsold product in the system. The
other parameters are the same as in Γ. In the following part of the section,
S̄ denotes the set of phantom retailers corresponding to a coalition S. Now
consider the forced allocation game associated with Γ

′
. Recall that in this

forced allocation game, an allocation of a coalition R ⊆ N ∪ N̄ is in the set

AR(qR) := {A ∈ IRW×N∪N̄
+ |Awi = 0 if i ∈ N/R

or w ∈ W/ZR ;
∑
i∈R

Awi = qR
w for all w ∈ ZR}.

Furthermore, the forced allocation game associated with Γ
′
, (N ∪ N̄ , vΓ

′
), is

defined as follows:

vΓ
′
(R) = max

qR∈QR
πR(qR) for all R ⊆ N ∪ N̄ .

The following lemma shows a relation between forced allocation games and
relaxed allocation games.
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Lemma 6.6 Let Γ be a GNW and let Γ
′
be the related newsvendor situation.

Then,

v̂Γ(S) = vΓ
′
(S ∪ S̄) for all S ⊆ N.

Proof: Consider a coalition S ⊆ N and its corresponding coalition S∪S̄. Note
that the set of possible orders is the same for coalition S in Γ and for coalition
S∪ S̄ in Γ

′
, since ZS = ZS̄ = ZS∪S̄ . In other words, QS = QS∪S̄ . Additionally,

any possible demand realization xS = (xi)i∈S in Γ can be identified with
xS∪S̄ = (xi)i∈S∪S̄ in Γ′ with xi = 0 if i ∈ S̄. Note that this defines a one-to-
one correspondence between possible demand realization vectors in Γ and Γ

′

for coalitions S and S ∪ S̄, respectively, since the demands for all phantom
retailers are defined as zero in Γ

′
.

Consider an order vector q ∈ QS = QS∪S̄ , a demand realization xS of XS

and its corresponding realization xS∪S̄ of XS∪S̄ . Furthermore, consider an
allocation âS ∈ ÂS(q) for coalition S. Then, recall that

RS(âS , xS) = −
∑
i∈S

∑
w∈W

fwiâ
S
wi +

∑
i∈S

pi min

{∑
w∈W

âS
wi, xi

}
.

Similarly, consider an allocation aS∪S̄ ∈ AS∪S̄(q) for coalition S ∪ S̄. Then,

RS∪S̄(aS∪S̄ , xS∪S̄) = −
∑
i∈S

∑
w∈W

fwia
S∪S̄
wi −

∑
i∈S̄

∑
w∈W

0 ∗ aS∪S̄
wi

+
∑
i∈S

pi ∗ min

{∑
w∈W

aS∪S̄
wi , xS∪S̄

i

}

+
∑
i∈S̄

0 ∗ min

{∑
w∈W

aS∪S̄
wi , xS∪S̄

i

}
.

It is easy to show that:

• For all âS ∈ ÂS(q) there exists an aS∪S̄ ∈ AS∪S̄(q) such that RS(âS , xS) =
RS∪S̄(aS∪S̄ , xS∪S̄). (*)

• For all aS∪S̄ ∈ AS∪S̄(q) there exists an âS ∈ ÂS(q) such that RS(âS , xS) =
RS∪S̄(aS∪S̄ , xS∪S̄). (**)
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Let âS∗ and aS∪S̄∗ be optimal allocation matrices for the forced allocation
game and relaxed allocation game, respectively. Then,

RS(âS∗, xS) = max
âS∈ÂS(q)

RS(âS , xS)

= max
aS∪S̄∈AS∪S̄(q)

RS(aS∪S̄ , xS∪S̄)

= RS∪S̄(aS∪S̄∗, xS∪S̄),

where the second equality holds by (*) and (**). Hence, it holds that
r̂S(q, xS) = rS∪S̄(q, xS∪S̄). Moreover,

π̂S(q) = −
∑

w∈W

kwqw + EXS

[
r̂S(q, ·)]

= −
∑

w∈W

kwqw + EXS∪S̄

[
rS∪S̄(q, ·)

]

= πS∪S̄(q),

where the second equality holds since Xi = 0 for all i ∈ N̄ . Since π̂S(q) =
πS∪S̄(q) holds for all q ∈ QS = QS∪S̄ , we have

v̂Γ(S) = max
q∈QS

π̂S(q)

= max
q∈QS∪S̄

πS∪S̄(q)

= vΓ
′
(S ∪ S̄).

�

In the following theorem, we show that the relaxed allocation game has a non-
empty core.

Theorem 6.7 Let Γ be a GNW. The associated relaxed allocation game has
a non-empty core.

Proof: Let Γ
′

be the related situation and let (N ∪ N̄ , vΓ
′
) be the forced

allocation game associated with Γ
′
. From Corollary 6.5, we know that the

core of the forced allocation game is non-empty. Consider a payoff vector
z ∈ Core(vΓ

′
). Define payoff vector y for the relaxed allocation game (N, v̂Γ)

by yi = zi+ z̄ı for all i ∈ N , where ı̄ ∈ N̄ is the corresponding phantom retailer
of retailer i ∈ N .
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Then, ∑
i∈N

yi =
∑
i∈N

zi +
∑
i∈N̄

zi = vΓ
′
(N ∪ N̄) = v̂Γ(N).

The second equality holds since z ∈ Core(vΓ
′
), and the last equality follows

from Lemma 6.6. So the payoff vector y is efficient.

Furthermore,∑
i∈S

yi =
∑
i∈S

zi +
∑
i∈S̄

zi ≥ vΓ
′
(S ∪ S̄) = v̂Γ(S), for all S ⊂ N.

The inequality holds since z ∈ Core(vΓ
′
), and the last equality holds by

Lemma 6.6. �

We remark that this proof implies that any algorithm that determines core
elements for forced allocation games can be used to find core elements for
relaxed allocation games as well.

From Theorems 6.7 and 2.5, the following corollary follows immediately.

Corollary 6.8 Let (N, W, (Xi)i∈N , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be a GNW.
The associated relaxed allocation game is balanced.

Furthermore, since every subgame of a relaxed allocation game associated with
a GNW is a relaxed allocation game itself, the following corollary follows im-
mediately from Theorem 6.8.

Corollary 6.9 Let (N, W, (Xi)i∈N , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be a GNW.
The associated forced allocation game is totaly balanced.

6.4 Concluding comments

In this chapter, we extended the core-nonemptiness results in the literature
(see Müller et al. (2002) and Slikker et al. (2005)) to distribution systems with
warehouses. Our distribution system is more general than the ones in the lit-
erature as we consider more alternative ways of providing goods, which might
be important especially when the retailers form coalitions. We investigated
cooperation among the retailers trough coordinated ordering and optimal allo-
cation of these order after demand realization. We considered two associated
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cooperative games, which are slightly different from each other. Although in-
creased availability of alternative ways of supply might cause the cores of the
associated cooperative games to shrink, we showed that these cores are always
non-empty.

Appendix

This appendix contains the proofs of Lemmas 6.1 and 6.2, and Theorem 6.3.
Furthermore, we present Lemma 6.10 here.

Proof of Lemma 6.1: Since

RS(aS , xS) = −
∑
i∈S

∑
w∈ZS

aS
wifwi +

∑
i∈S

pi min(
∑

w∈ZS

aS , xi)

is a continuous function of aS for given qS and xS , and we are searching the
maximum in the compact set AS(qS), we conclude that there exists an optimal
allocation. �

Proof of Lemma 6.2: Let fS = maxw∈ZS ,i∈S fwi. For all xS of XS ,

|r(qS , xS)| =
∣∣∣RS(aS∗(qS , xS), xS)

∣∣∣
=
∣∣∣∑

i∈S

⎛
⎝−

∑
w∈ZS

fwia
S∗
wi(q

S , xS)

+pi min

⎧⎨
⎩
∑

w∈ZS

aS∗
wi(q

S , xS), xi

⎫⎬
⎭
⎞
⎠∣∣∣

≤
∑
i∈S

⎛
⎝∣∣∣− ∑

w∈ZS

fwia
S∗
wi(q

S , xS)
∣∣∣

+
∣∣∣pi min

⎧⎨
⎩
∑

w∈ZS

aS∗
wi(q

S , xS), xi

⎫⎬
⎭
∣∣∣
⎞
⎠

≤ fS

∑
w∈ZS

qS
w +
∑
i∈S

⎛
⎝∣∣∣pi min

⎧⎨
⎩
∑

w∈ZS

aS∗
wi(q

S , xS), xi

⎫⎬
⎭
∣∣∣
⎞
⎠

≤ fS

∑
w∈ZS

qS
w +
∑
i∈S

pi|xi|
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The first inequality follows from the triangular inequality. The second in-
equality follows since aS∗

wi(q
S , xS) ∈ IR+ for all i ∈ S and w ∈ ZS , and cSqS ≥∑

i∈S

∑
w∈ZS

cia
S∗
iw (qS , xS). The third inequality holds since aS∗

wi(q
S , xS) ∈ IR+

for all i ∈ S and w ∈ ZS . Since xS → fS
∑

w∈ZS
qS
w +
∑

i∈S pi|xi| is Lebesgue
integrable on Ω and xS → rS(qS , xS) is measurable, rS(qS , xS) is Lebesgue
integrable from Theorem 3 in section 29 of Kolmogorov (1970). Therefore,
EXS [rS(qS , ·)] exists. �

The following lemma provides us with an upper bound on the absolute dif-
ference of the values of RS with optimal allocations for different order quan-
tities, which will be used to show that there exists an optimal order quan-
tity for each coalition S in Theorem 6.3. First, define kS = maxw∈ZS

kw,
fS = maxw∈ZS ,i∈S fwi, and pS = maxi∈S pi.

Lemma 6.10 Let (N, W, (Xi)i∈N , (kw)w∈W , (fwi)w∈W,i∈N , (Zi)i∈N , (pi)i∈N ) be
a GNW, let S ⊆ N , let xS be a demand realization, let q and qmin be two order
vectors in QS such that qw ≥ qmin

w for all w ∈ ZS, and let aS∗ ∈ AS(q) and
bS∗ ∈ AS(qmin) be optimal allocations for q and qmin, respectively. Then,

|RS(aS∗, xS) − RS(bS∗, xS)| ≤ (pS + fS)
∑

w∈ZS

(qw − qmin
w ).

Proof: Let bS ∈ AS(qmin) be an allocation of qmin such that aS∗
wi ≥ bS

wi for all
w ∈ ZS and i ∈ S. Then,

RS(aS∗, xS) = RS(bS , xS) +
∑
i∈S

pi

⎛
⎝min

⎧⎨
⎩
∑

w∈ZS

aS∗
wi , xi

⎫⎬
⎭

−min

⎧⎨
⎩
∑

w∈ZS

bS
wi, xi

⎫⎬
⎭
⎞
⎠

−
∑
i∈S

∑
w∈ZS

fwi(aS∗
wi − bS

wi)

≤ RS(bS , xS) + pS

∑
w∈ZS

(qw − qmin
w ).

The equality follows from the definition of RS . The inequality holds by pS =
maxi∈S pi, min{x, y} − min{z, y} ≤ |x − z| for all x, y, z ∈ IR, and aS∗

wi ≥ bS
wi

for all w ∈ ZS and i ∈ S. Since bS∗ is an optimal allocation,

RS(bS∗, xS) + pS

∑
w∈ZS

(qw − qmin
w ) ≥ RS(aS∗, xS). (6.1)
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We repeat a similar argument for bS∗. Let aS ∈ AS(q) be an allocation of q
such that aS

wi ≥ bS∗
wi for all w ∈ ZS and i ∈ S. Then,

RS(bS∗, xS) = RS(aS , xS) −
∑
i∈S

pi

⎛
⎝min

⎧⎨
⎩
∑

w∈ZS

aS
wi, xi

⎫⎬
⎭

−min

⎧⎨
⎩
∑

w∈ZS

bS∗
wi , xi

⎫⎬
⎭
⎞
⎠

+
∑
i∈S

∑
w∈ZS

fwi(aS
wi − bS∗

wi)

≤ RS(aS , xS) + fS

∑
w∈ZS

(qw − qmin
w ).

The equality follows from the definition of RS . The inequality holds since
fS = maxw∈ZS ,i∈S fwi and min{∑w∈ZS

aS
wi, xi} ≥ min{∑w∈ZS

bS∗
wi , xi} for all

i ∈ S. Since aS∗ is an optimal allocation,

RS(aS∗, xS) + fS

∑
w∈ZS

(qw − qmin
w ) ≥ RS(bS∗, xS). (6.2)

By (6.1) and (6.2), we have

pS

∑
w∈ZS

(qw − qmin
w ) ≥ RS(aS∗, xS) − RS(bS∗, xS)

≥ −fS

∑
w∈ZS

(qw − qmin
w ).

Consequently,

|RS(aS∗, xS) − RS(bS∗, xS)| ≤ max {pS , fS}
∑

w∈ZS

(qw − qmin
w )

≤ (pS + fS)
∑

w∈ZS

(qw − qmin
w ).

�

Proof of Theorem 6.3: To prove this theorem, we will show that πS(·) is a
continuous function of the order vectors and any order vector outside a specific
compact set results in lower expected profits than the order vector with all
orders equal to zero.
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Let xS and q ∈ QS be a realization of the state of the world and an order
vector respectively, and let ε > 0. Define δ = ε

|W |(kS+fS+pS) . Let q′ ∈ QS be
such that |q − q′| < δ, where | · | denotes the Euclidean norm. Let qmin ∈ QS

be defined by

qmin
w = min{qw, q′w}, for all w ∈ ZS .

Then,

|rS(q, xS) − rS(q′, xS)|
= |rS(q, xS) − rS(qmin, xS) + rS(qmin, xS) − rS(q′, xS)|
≤ |rS(q, xS) − rS(qmin, xS)| + |rS(qmin, xS) − rS(q′, xS)|
≤ (pS + fS)

∑
w∈ZS

|qw − qmin
w | + (pS + fS)

∑
w∈ZS

|qmin
w − q′w|

= (pS + fS)
∑

w∈ZS

|qw − q′w|. (6.3)

The first equality follows by adding and subtracting the term rS(qmin, xS).
The first inequality holds because of the triangle inequality. The second in-
equality holds by Lemma 6.10. The second equality holds because |qw−qmin

w |+
|qmin

w − q′w| = |qw − q′w| (which follows by the definition of qmin
w and the fact

that at least one of |qw−qmin
w | and |qmin

w −q′w| is zero for every w ∈ ZS). Then,

|πS(q) − πS(q′)| =

∣∣∣∣∣∣EXS

⎡
⎣ ∑

w∈ZS

kw(qw − q′w) + rS(q, ·) − rS(q′, ·)
⎤
⎦
∣∣∣∣∣∣

≤ EXS

⎡
⎣
∣∣∣∣∣∣
∑

w∈ZS

kw(qw − q′w) + rS(q, ·) − rS(q′, ·)
∣∣∣∣∣∣
⎤
⎦

≤ EXS

⎡
⎣ ∑

w∈ZS

kw|qw − q′w| + |rS(q, ·) − rS(q′, ·)|
⎤
⎦

≤ EXS

⎡
⎣kS

∑
w∈ZS

|qw − q′w| + |rS(q, ·) − rS(q′, ·)|
⎤
⎦

≤ EXS

⎡
⎣kS

∑
w∈ZS

|qw − q′w| + (pS + fS)
∑

w∈ZS

|qw − q′w|
⎤
⎦

= (kS + pS + fS)
∑

w∈ZS

|qw − q′w|

≤ (kS + pS + fS)|q − q′||W |
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< (kS + pS + fS) ∗ δ ∗ |W |
= ε.

The first two inequalities follow by the triangle inequality. The third inequality
follows by the definition of kS . The fourth inequality follows by (6.3). The
fifth inequality holds since |q − q′| ≥ |qw − q′w| for all w ∈ ZS and |W | ≥ |ZS |.
We conclude that πS(·) is a continuous function of the order vector.

Now we will show that any order vector outside a specific compact set results
in lower expected profit than the expected profit of order vector 0, i.e., the
order vector with all orders equal to zero. Let

eS =
pS

mini∈S,w∈ZS
(kw + fwi)

[∑
i∈S

E[Xi] +
∑
i∈S

E[X−
i ]

]
,

where X−
i = max{−xi, 0}. We remark that the introduction of X−

i is super-
fluous if only nonnegative demands are possible. Since for all w ∈ W we have
kw > 0 by definition, eS is well defined. Then, for all q ∈ QS with qw > eS for
some w ∈ ZS , say y, we have

πS(q) ≤ −qy ∗ min
i∈S,w∈ZS

(kw + fwi) + pS ∗
∑
i∈S

E[Xi]

< −pS ∗
∑
i∈S

E[X−
i ]

≤ πS(0).

The first inequality follows by taking a lowerbound of transportation costs of
ordered goods in the network and an upperbound of expected revenues into
consideration. The second inequality follows by definition of eS . The last
inequality follows by πS(0) = −∑i∈S piE[X−

i ]. Hence, the optimal order vec-
tor exists and is an element of the compact set {q ∈ QS |0 ≤ qw ≤ eS for all
w ∈ ZS}. �





Chapter 7

Cooperation and
Coordination in a
Decentralized Distribution
System

7.1 Introduction

In the previous chapters, we considered the cooperation among retailers
through coordination of their orders and allocation of these orders after de-
mand realization. Sometimes, however, it may not be possible to allocate the
orders after exact realization of demand because of the dispersed locations of
the retailers and customers’ unwillingness to wait until the products could be
delivered from central warehouses or other retailers. In such situations, the
retailers can only satisfy their customers from the stock at their local facilities.
However, if the retailers can obtain better information about future demand
while their orders are on the way, they can still benefit from inventory pooling
by reallocating their orders when they arrive at the facility where the reallo-
cation can take place after demand information update (e.g., port, warehouse,
crossdocking station, etc.). For simplicity, we hereafter refer to such a location
as a warehouse.

In this chapter, which is mainly an adaptation from Özen and Sošić (2006), we
consider a distribution system that consists of a manufacturer, a warehouse,
and n retailers. Each retailer sells an identical product, made by the manu-
facturer. Due to long production and transportation lead times, they have to

129



130 Cooperation and Coordination in a Distribution System

place their orders without knowing the exact value of the demand, but they
have information about its distribution. The orders arrive at a warehouse af-
ter some production and transportation lead time elapses, during which time
the retailers update their demand forecasts by receiving separate demand sig-
nals. In our information update process, the retailers can further update their
demand forecast if they know the demand signals of the other retailers. We
primarily focus on cooperation among the retailers without information shar-
ing10, i.e., they can reallocate the amount that they ordered by taking into
consideration the updated forecasts according to their own signals (they do
not reveal their demand signals to each other), and they can coordinate their
initial orders accordingly. We investigate a cooperative game between the re-
tailers. We prove that there exists a stable allocation of joint profit among
the retailers, i.e., the core of the associated cooperative game is non-empty.
As another case, we also consider the cooperation among the retailers with
information sharing where the retailers share their demand signals with their
collaborating retailers. We show core non-emptiness for this case as well. An-
other information sharing situation is considered by Slikker et al. (2003). In
their cooperative games, the players can only cooperate through information
sharing to increase their individual expected revenues, whereas in our games
the retailers benefit from inventory pooling and coordinated ordering as well
by cooperating. They show that their class of information games coincides
with the class of cooperative games with a population monotonic allocation
scheme.

Following this, we concentrate on the relationship between the manufacturer
and the retailers. We study two contracting schemes between the retailers
and the manufacturer, namely, the wholesale-price contract and the buy-back
contract. Under a wholesale price contract, the manufacturer’s profit is deter-
mined by the total retailers’ order quantity and the wholesale price. Since the
retailers’ stocking quantities depend on their membership in different coali-
tions, the manufacturer’s profit is affected by the structure of the retailers’
alliances, and this impact might be either positive or negative. When the
expected demand is high and centralization leads to a decrease in total inven-
tory, the manufacturer’s profit decreases as a result of the retailers’ coopera-
tion. However, the manufacturer may benefit from their cooperation when the
expected demand is low and centralization reduces the risk associated with a
large order size, which consequently may result in a higher service level.

Unlike the wholesale price contract, a buy-back contract allows the manufac-
turer to offer a buy-back opportunity to the retailers after the demand update,

10Unless indicated otherwise, we assume no information sharing when the retailers coop-
erate.
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when the orders arrive at the warehouse. We remark that our buy-back con-
tract differs from the ones in the literature in that we consider buy-backs after
demand update and not after demand realization. By offering a buy-back
price, the manufacturer bears a part of the retailers’ risk, and thus encourages
them to order higher quantities. Although the manufacturer enjoys higher
revenues due to higher order quantities, returns may raise the manufacturer’s
expenses. We assume that the manufacturer can salvage items left at the
warehouse. For a manufacturer who serves several markets, it might be pos-
sible to direct some inventory left over in one market to other markets that
have non-overlapping selling periods. We incorporate this possibility into our
model by defining a positive salvage value at the warehouse, which can only be
realized by the manufacturer. Thus, when the manufacturer has a possibility
of salvaging unsold items, the firm can always increase its profit by offering a
buy-back price that is equal to the salvage value. Similarly to the wholesale
price case, the retailers’ cooperation may have either a positive or negative
impact on the manufacturer’s profit under buy-back contracts.

Cooperation among the retailers may not always be possible (e.g., the retailers
may not have access to an adequate infrastructure for information exchange
and physical reallocation of the orders). In this case, the manufacturer himself
may try to coordinate the system (and thus increase his profit) by offering
the items returned by a retailer with low expected demand to another one
with high demand expectation.11 One might think that the manufacturer
always prefers such mechanisms to non-cooperating retailers or cooperating
retailers, since the firm gains extra revenue from the intermediate transactions.
However, we show through an example that this intuition is not always true,
as there are instances in which the manufacturer may not improve his profit
by using such a mechanism.

It is known in the literature that centralization increases the profits in distri-
bution systems and that buy-back contracts are capable of coordinating the
system with a single manufacturer and a single retailer. In addition, any al-
location of joint profit can be achieved by an appropriate buy-back contract.
These results can be extended to our model with multiple retailers if the retail-
ers all face the same difference between the selling price and the transportation
cost, and if the demand signal reveals perfect demand information. However,
if the demand signal is not perfect, the buy-back contract fails to reach the
profit level of the centralized system even if it induces optimal order quantities.
In an example, we show that this gap can be arbitrarily large.

The rest of the chapter is organized as follows. In section 7.2, we present our

11This case may also happen when the manufacturer and the retailer belong to the same
company and the items returned by one retailer are redirected to another retailer.
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newsvendor situation with updated demand information. In section 7.3, we
consider the centralized system, which is subsequently used as a benchmark.
We analyze the decentralized systems with wholesale-price contract and with
buy-back contract in section 7.4 and 7.5, respectively. In these sections, we
first focus on the retailers’ cooperation, and then investigate its effect on the
manufacturer’s profit. Afterwards, we compare the two contracts. In section
7.6, we deal with cooperation among the retailers with information sharing.
In section 7.7, we study the manufacturer’s resale of the returned items and
show, by means of an example, that it is not always profitable for the manu-
facturer to use such a mechanism. In section 7.8, we analyze coordination of
our distribution system with updated demand information through buy-back
contracts. We conclude in section 7.9 with a summary and discussion on the
results.

7.2 Model

Consider a distribution system that consists of a manufacturer, a warehouse,
and n retailers of an identical product. Each of the retailers faces a stochastic
customer demand and has to determine his stocking quantity, which he orders
from the manufacturer, at the beginning of a selling period. When placing
their orders, the retailers do not know exact demand realization, but they
know the distribution of the demand. After a certain period of time, the goods
are produced and shipped to the warehouse. During that period, the retailers
may receive separate demand signals, which update their information about
demand. After the retailers receive their orders, the demands are realized
and satisfied as much as possible from inventory on hand. The retailers can
salvage the leftover inventory at their locations. As an extension, we consider
another salvage opportunity, in the warehouse, which is available only to the
manufacturer. This can be interpreted, e.g., as a secondary market served by
the manufacturer, with a non-overlapping selling period. The manufacturer
might redirect the unsold or not-needed units to this market and gain a positive
revenue. This opportunity becomes significant if he offers buy-back options to
the retailers.

To describe the newsvendor situation with updated demand information (NUD),
we use a tuple

Π = (N, (Xi)i∈N , (Yi)i∈N , tw, (ti)i∈N , (pi)i∈N , (vi)i∈N , vw, cm), (7.1)
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where the symbols are interpreted as follows:

N : Set of retailers, N := {1, ..., n};
Xi : Stochastic demand of retailer i;
Yi : Stochastic demand signal of retailer i;
tw : Transportation cost from the manufacturer to the warehouse,

not including purchasing cost;
ti : Transportation cost from the warehouse to retailer i;
pi : Selling price at retailer i;
vi : Salvage value at retailer i;
vw : Salvage value at the warehouse;
cm : Production cost.

Throughout the chapter, we assume that pi, tw, ti, vi, vw and cm are non-
negative. Moreover, we make the following reasonable assumptions. First, we
assume that the market is profitable enough, i.e., pi > cm + tw + ti for all
i ∈ N . Second, we assume that the salvage opportunities are not a source of
profit, and that salvaging at the warehouse is more beneficial than salvaging
at the retailers, i.e., cm + tw > vw and vw > vi − ti for all i ∈ N .

7.2.1 Demand signaling process

In this section, we explain how the signaling process works. Consider a proba-
bility space (Ω,F ,P) with |Ω| < ∞12. A state of the world ω ∈ Ω is considered
as the markets’ conditions of the retailers. For each state ω, the markets’ con-
ditions are given by a vector of random variables (Xi

ω)i∈N where Xi
ω is the

random demand of retailer i in state ω with distribution function F i
ω. Let

P (ω) denote the probability of having state ω. Hence, P(E) =
∑

ω∈E P (ω)
for all E ∈ F . We assume that every retailer i knows P and Xi

ω for all ω ∈ Ω.
Suppose that retailer i receives updated information and believes that the real
state of the world is in a subset Ji of Ω. He can update his expectation about
the demand as follows: first he deduces posterior probabilities about the states
of the world by Bayesian updating, i.e., P (ω|Ji) = P (ω)/

∑
j∈Ji

P (j) for every
ω ∈ Ji. Then, he updates his expectation about the demand to Xi

Ji
, which

distribution is denoted by F i
Ji

and given by F i
Ji

(x) =
∑

ω∈Ω P (ω|Ji)F i
ω(x) for

all x ∈ IR. Prior to receiving any updated information about the real state of
the world, retailer i expects a random demand Xi with distribution function
Fi, which is given by F i(x) =

∑
ω∈Ω P (ω)F i

ω(x) for all x ∈ IR.

12We remark that our assumption about finiteness of Ω is only for clarity of exposition.
All results in this chapter would be true for Ω being infinite under some mild assumptions
on measurability of the functions depending on the random signals.
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To model the knowledge of the retailers after receiving demand signals, we
utilize the information partitions by Aumann (1999). The information par-
tition of retailer i is a partition of Ω and it is denoted by Ii. A partition
element is the set of states of the world that the retailer cannot distinguish
from each other. For each retailer i ∈ N , his random signal is a stochastic map
Yi : Ω → Ii. We denote the vectors of random signals by Y S = (Yi)i∈S and
a realization of Y S by yS = (yi)i∈S for each S ⊆ N . We remark that in this
information update setting, every random signal of a retailer is consistent, i.e.,
ω ∈ Yi(ω) for all ω ∈ Ω and all i ∈ N . If retailer i receives a demand signal
yi ∈ Ii, he learns that the state of the world is in yi and expects a random de-
mand Xi

yi
, which is derived as above. A special case occurs when the demand

signals of the retailers reveal exact demand realizations, i.e., for all ω ∈ Ω and
i ∈ N , Xi

ω is deterministic (i.e., Xi
ω ∈ IR) and Yi(ω) = {ω̄ ∈ Ω|Xi

ω̄ = Xi
ω}.

We call such signals perfect random signals. In the remainder of the chapter,
we will treat perfect random signals as real numbers but not partitions, i.e.,
Yi(ω) = Xi

ω ∈ IR.

In such a situation, the retailers might improve their knowledge about their
future demand if they reveal their signals to each other. Consider a group of
retailers S ⊆ N . Suppose that the retailers in S receive a vector of demand
signals yS = (yi)i∈S . If they reveal their signals to each other, every retailer
i ∈ S can update his knowledge yi to yS = ∩i∈Syi, which further updates
their expectation about demand to Xi

yS
. The joint information partition of

coalition S is given by

IS = {∩i∈Syi|yi ∈ Ii for all i ∈ S and ∩i∈S yi 	= ∅}.

However, sometimes the retailers cannot further update their knowledge by
sharing their demand signals. This happens if the demand signal of a retailer
does not reveal any extra information about the demand of the other retailers,
i.e., if for all yS = (yj)j∈S ∈ ∏j∈S Ij and all i ∈ S, Xi

yi
= Xi

yS
. One example

is that the retailers receive a public signal Y , i.e, Yi = Y for all i ∈ S or
Ii = Ij for all i, j ∈ S. Another example would be that the retailers serve
in complete separate markets and they cannot distinguish between the status
of the other retailers’ markets, i.e., Ω =

∏
i∈N Ωi, and for all i ∈ N , for any

demand signal yi and for all ωi ∈ Ωi, all ω with ith coordinate being ωi are
either all of them in yi or none of them are in yi. In the remainder of the
chapter, if not indicated otherwise, we assume that the retailers either do not
share their demand signals forming a coalition or their signals do not reveal
extra information about others’ demands.
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7.3 Centralized system

In this section we consider, as a benchmark, a centralized system, where we
assume that there is a central decision maker (CDM) who coordinates the
whole supply chain including the manufacturer and determines optimal actions
that maximize the total system expected profit.

Under supervision of a CDM, the total system might benefit if the ordered
units are reallocated at the warehouse according to the updated demand in-
formation13. We assume that a CDM makes joint stocking decisions with this
assumption in mind.

Let q ∈ IR+ be a joint order quantity for all the retailers. The total expected
profit function14 is

πC(q) = −(cm + tw)q + EY N [GC(q, ·)].
GC(q, yN ) denotes the total revenue if the joint order, q, is allocated opti-
mally according to vector of demand signals yN of Y N . Let AN (q) = {a ∈
IRN

+ |∑i∈N ai ≤ q} be the set of possible allocations of q, where ai indicates
the amount that retailer i receives. GC(q, yN ) can be expressed as

GC(q, yN ) = max
a∈AN (q)

HC(q, yN , a)

where

HC(q, yN , a) = −
∑
i∈N

ai(ti − vi) + vw(q −
∑
i∈N

ai) +
∑
i∈N

(pi − vi)

ai∫
0

F̄ i
yi

(x)dx.

We remind the reader that F̄ i
yi

= 1 − F i
yi

. Note that we assume that some
items may be left in the warehouse when expected demand is low, so that
the system might benefit from a high salvage value vw at the warehouse and
from saving extra transportation cost. We remark that an optimal allocation
of q, which maximizes HC(q, yN , ·), exists since HC(q, yN , ·) is a continuous
function and AN (q) is a non-empty compact set15. Our main result for the

13We assume that the retailers do not reveal their demand signals to the CDM but their
demand forecasts F i

yi
. CDM only uses the information that is provided to him to make the

optimal decision for the system.
14The main difference of the expected profit functions in this chapter from the ones in the

previous chapters is that here they consider the optimal allocations, which are maximizing
the expected revenues before exact demand realizations but not the exact revenues after the
demand realizations.

15We remark that F i
yS

reflects the future demand of retailer i better than F i
yi

, which is
considered in HC . Hence, HC might differ from what the retailers would get as total revenue.
This conflict does not occur if the retailers’ signals do not reveal extra information about
others’ demands.
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centralized system is given in the following theorem.

Theorem 7.1 πC is a concave function, and there exists a finite optimal or-
der quantity, qC , that maximizes πC .

Proof: The proof is given in the appendix at the end of this chapter. �

We refer to this outcome as a first-best solution.

7.4 Decentralized system with wholesale price con-
tracts

In this section, we consider a decentralized system in which the manufacturer
charges a wholesale price w for each product ordered by the retailers. To
prevent unrealistic cases, we assume that w ≥ cm. We focus on two cases.
In the first case, the retailers do not cooperate, and thus they cannot benefit
from the updated demand forecast. In the second case, the retailers cooperate
by reallocating their orders optimally after observing the demand signals, and
they coordinate their orders from the manufacturer accordingly.

7.4.1 Individual retailers

We start by assuming that the retailers are working individually. Because
they cannot change their order quantities or take any recourse action after ac-
quiring additional information, they cannot benefit from the updated demand
forecast. Therefore, if retailer i orders qi units, his profit function is a simple
newsvendor-type profit function given by

πI
i (qi) = −(w + tw + ti − vi)qi + (pi − vi)

qi∫
0

F̄i(x)dx. (7.2)

It follows from the form of the retailer’s profit function (a newsvendor’s profit
function) that the following theorem can be proven easily, so we state it with-
out the proof.

Theorem 7.2 For any i ∈ N , πI
i is a concave function, and there exists a

finite optimal order quantity, qI
i (w), that maximizes πI

i .
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The associated manufacturer’s profit function is then

πI
m(w) = (w − cm)

∑
i∈N

qI
i (w).

7.4.2 Cooperating retailers

After observing demand signals, the retailers may increase their total profit if
they are able to reallocate the ordered quantities and coordinate their orders
from the manufacturer16. In this subsection, we assume that the retailers may
form coalitions to benefit from this feature. First, we analyze the resulting
cooperative game and show that it has a non-empty core. Hence, there exists
a stable allocation of the joint profit among the members of the grand coali-
tion. After this, we analyze how the manufacturer might be affected by this
cooperation.

Let S ⊆ N be a coalition of retailers and let q ∈ IR+ be a joint order placed
by that coalition. Then, the expected profit of coalition S is given by

πII
S (q) = −(w + tw)q + EY S [GII

S (q, ·)].
GII

S (q, yS) is the total revenue if the joint order is allocated among the retailers
optimally, according to demand signal vector yS of Y S . Let ĀS(q) = {a ∈
IRN

+ |∑i∈S ai = q} be the set of possible allocations of q. Then GII
S (q, y) can

be expressed as

GII
S (q, yS) = max

a∈ĀS(q)
HII

S (q, yS , a),

where

HII
S (q, yS , a) = −

∑
i∈S

ai(ti − vi) +
∑
i∈S

(pi − vi)

ai∫
0

F̄ i
yi

(x)dx.

Note that in this case we assume that the manufacturer does not offer any
buy-backs and that the retailers have already paid for their orders; therefore
the entire quantity ordered, q, is distributed among the retailers in S, i.e, for
every allocation a ∈ ĀN ,

∑
i∈N ai = q. We remark that an optimal alloca-

tion of q, which maximizes HII
S (q, y, ·), exists since HII(q, y, ·) is a continuous

16We remark that if the retailers cooperate, they communicate only their demand forecasts
F i

yi
and not their demand signals. Since the retailers do not know the forecast update

processes of each other (i.e., they do not know the information partitions and Xi
ω’s of each

other), we do not expect that they can further update their demand information knowing
the demand forecasts of the others.
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function and ĀS(q) is a non-empty compact set17. As the following theorem
can be proven easily by following an approach similar to that used in the proof
of Theorem 7.1, we state it without the proof.

Theorem 7.3 πII
S is a concave function, and there exists a finite optimal or-

der quantity, qII
S (w), that maximizes πII

S .

The associated game in coalitional form is a pair (N, vII) in which the charac-
teristic function vII assigns to a coalition the maximum total profit that this
coalition can obtain, i.e.,

vII(S) = max
q∈IR+

πII
S (q) for all S ⊆ N.

The following theorem states that there exists a stable allocation of the joint
profit among the members of the grand coalition.

Theorem 7.4 The game (N, vII) has a non-empty core.

Proof: The proof is given in the appendix at the end of this chapter. �

As mentioned earlier, non-emptiness of the core implies that the joint profit
generated by all of the retailers may be allocated among them so that no subset
of players is better off on their own. Note that we do not select a specific
allocation rule at this point. Thus, obtaining a core allocation, the retailers
always prefer cooperation in the grand coalition to forming any other coalition
or working individually. It is not obvious how their cooperation impacts the
manufacturer. Suppose that the retailers form the grand coalition and order
the optimal order quantity, qII

N (w), from the manufacturer. The associated
manufacturer’s profit is given by

πII
m (w) = (w − cm)qII

N (w).

In both of the cases mentioned so far, the manufacturer’s profit is a function of
the total retailers’ order quantity. In the inventory literature, it is known that
inventory centralization leads to a decrease in total inventory (order quantity
in a newsvendor setting) for several realistic situations. Hence, one would
expect that the manufacturer’s profit decreases if the retailers cooperate and
order less due to inventory centralization. The following examples show that
the effect of inventory centralization can actually be the reverse18 and that

17Our remark for HC in footnote 15 applies for HII
S as well.

18Yang and Schrage (2002) derived sufficiency conditions on demand distributions and
cost parameters under which inventory centralization results in higher inventories (higher
order quantities in our case).
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the manufacturer might actually benefit from it.

Example 7.1 Consider an NUD Π described by (7.1), wherein ti = t, pi = p,
and vi = v for all i ∈ N . Let w be the wholesale price charged by the
manufacturer in the wholesale price contract. Assume that the demand signals
reveal the exact demand realizations, i.e., random signal Yi is perfect for all
i ∈ N . Let Yi ∼ N(µi, σ

2
i ). Furthermore, we assume that demand signals, Yi,

are independent19.

When retailer i works alone, he orders the quantity that maximizes his profit
function, πI

i (q), described by (7.2). This is a simple newsvendor problem with
underage cost cu = p − w − tw − t and overage cost co = w + tw + t − v (see
section 2.6). Let R = cu/(cu + co) = (p − w − tw − t)/(p − v) be the critical
fractile. Then from (2.7), the optimal order quantity is given by qI

i = µi+kRσi

with kR ∈ IR and Θ(kR) = R. Note that kR < 0 for R < 1/2 and kR ≥ 0 for
R ≥ 1/2. The total retailers’ order is

∑
i∈N qI

i =
∑

i∈N (µi + kRσi).

Suppose that the retailers form the grand coalition, N . Since ti = t, pi = p,
and vi = v for all i ∈ N , the optimal order quantity and the optimal expected
profit depend upon the total demand observed by all of the retailers. Because
the demands are independent, the sum of the demands is normally distributed,
with mean

∑
i∈N µi and standard deviation

√∑
i∈N σ2

i . Similar to the above,

the optimal order quantity is given by qII
N =

∑
i∈N µi+kR

√∑
i∈N σ2

i . Because√∑
i∈N σ2

i ≤ ∑i∈N σi, we conclude that qII
N ≤ ∑i∈N qI

i (hence πII
m (w) ≤

πI
m(w)) for R ≥ 1/2, while the opposite holds for R ≤ 1/2. ♦

The following example illustrates a similar behavior for discrete demand dis-
tributions.

Example 7.2 Consider an NUD similar to the one described in Example 7.1
but in which Yi are identical independent discrete random signals for all i ∈ N
and it is defined by the probability mass function

p(y) =

⎧⎨
⎩

0 if y /∈ {l, h} ;
α if y = l;
1 − α if y = h,

19We remark that in this example the set of states of the world Ω is infinite. However, this
does not create any ambiguity. The existence of expected profits can be shown similarly as
in section 6.2 since with perfect demand signals the system under consideration is a special
case of GNW with one warehouse. This argument is valid for all examples with infinite state
space Ω in this chapter.
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where l denotes low demand and h denotes high demand, l < h.

Following a similar approach to the one used in Example 7.1, we find that the
optimal order quantity for retailer i is given by qI

i = l if R ≤ α, and qI
i = h

otherwise. Hence, the total retailers’ order is

∑
i∈N

qI
i =

{
nl, if R ≤ α;
nh, if R > α.

Suppose that the retailers form the grand coalition, N . Because all retailers
face the same costs and generate the same revenues, the optimal order quan-
tity and the optimal expected profit depend upon the sum of the retailers’
demands. Since the demands are independent, the probability mass function
of the total demand faced by the retailers is pN (kl+(n−k)h) =

(
n
k

)
αk(1−α)n−k

with k = 0, ..., n. From (2.7), it is easy to check that the optimal order quantity
qII
N is qII

N = nl for 0 < R ≤ αn, nh > qII
N > nl for αn < R ≤ 1− (1− α)n, and

qII
N = nh for R < 1 − (1 − α)n. We conclude that qII

N =
∑

i∈N qI
i (and, hence,

πII
m (w) = πI

m(w)) for 0 < R ≤ αn or 1 − (1 − α)n < R ≤ 1, qII
N >

∑
i∈N qI

i

(and, hence, πII
m (w) > πI

m(w)) for αn < R ≤ α and the opposite holds for
α < R ≤ 1 − (1 − α)n. ♦

As can be seen in examples 7.1 and 7.2, the manufacturer’s profit may either
increase or decrease if the retailers form the grand coalition. Note that the
manufacturer’s profit increases after forming the grand coalition when the indi-
vidual retailers face low demand with high probability and coalition formation
mitigates the risk observed by each of them. Similarly, when individual retail-
ers face high demand with higher probability their individual orders are high,
and joint stocking quantity is more likely to decrease because unexpectedly
high demand may be fulfilled by using inventory initially ordered by another
retailer. Thus, a powerful manufacturer may encourage cooperation among
the retailers when the expected demand is low but may try to prevent their
collaboration when the opposite is true.

7.5 Decentralized system with buy-back contracts

In the previous section, we assumed that the retailers have to reallocate the
entire quantity that they ordered from the manufacturer. In this section, we
assume that some of the inventory may be left at the warehouse. Namely, we
consider a decentralized system in which the manufacturer offers a buy-back
contract to the retailers. He charges a wholesale price w for each product
ordered by the retailers and promises to buy back extra units at a price b
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after the demand information is updated with the demand signals. To prevent
unrealistic cases, we assume that w > b. Note that this model differs from the
traditional buy-back contract, in which the return of inventories occurs only
after all uncertainty about demand has been resolved. In this model, some in-
ventory may be returned although the true demand has not yet been revealed.
As in the previous section, we first analyze the case with non-cooperating re-
tailers, and then we consider the cooperation among the retailers. Finally, we
compare buy-back contracts with wholesale price contracts from the retailers’
and the manufacturer’s points of view.

7.5.1 Individual retailers

With a buy-back contract, each retailer has the opportunity to return extra
items (albeit at a lower price) if, by the time the order arrives to the ware-
house, the demand signal reveals a demand expectation lower than originally
predicted. Hence, the expected profit function of retailer i is

πIII
i (q) = −(w + tw)q + EYi [G

III
i (q, ·)].

GIII
i (q, yi) is the expected revenue if retailer i determines an optimal quantity

to return to the manufacturer, given demand signal yi of Yi. Let Ai(q) = {a ∈
IRN

+ |ai ≤ q} be the set of possible allocations of q. Then GIII
S (q, y) can be

expressed as

GIII
i (q, yi) = max

a∈Ai(q)
HIII

i (q, yi, a)

where

HIII
i (q, yi, a) = −a(ti − vi) + b(q − a) + (pi − vi)

a∫
0

F̄ i
yi

(x)dx.

We remark that an optimal allocation of q, which maximizes HIII(q, y, ·), ex-
ists since HIII(q, y, ·) is continuous and Ai(q) is a non-empty compact set.
Following an approach similar to that used in the proof of Theorem 7.1, the
following theorem can be proven easily, so we state it without the proof.

Theorem 7.5 πIII
S is a concave function, and there exists a finite optimal

order quantity, qIII
i (w, b), that maximizes πIII

S .

Note that since the profit functions of the retailers are concave and their
marginal revenues are increasing with b, qIII

i (w, b) ≥ qI
i (w) for all i ∈ N . Thus,
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a retailer with a buy-back opportunity always increases his order size. Further,
let aIII

i (yi) be an optimal allocation that maximizes HIII
i (qIII

i (w, b), yi, ·) for
demand signal yi. The associated manufacturer’s profit function is then given
by

πIII
m (w, b) = (w − cm)

∑
i∈N

qIII
i (w, b) − (b − vw)

∑
i∈N

EYi

[
qIII
i (w, b) − aIII

i (·)] .
Note that, for b = vw,

πIII
m (w, vw) = (w − cm)

∑
i∈N

qIII
i (w, vw) ≥ (w − cm)

∑
i∈N

qI
i (w) = πI

m(w).

Thus, when the retailers do not cooperate, the manufacturer can always pick
a buy-back price that assures that the buy-back contract will make him better
off than the wholesale price contract.

7.5.2 Cooperating retailers

In this section, we assume that the retailers can form coalitions in order to
benefit from reallocation of the ordered quantities (after the demand signal
is observed) and from coordinated ordering from the manufacturer. We first
analyze the associated cooperative game and show that there is a stable allo-
cation of the total profit for the grand coalition. Then we consider the impact
of this cooperation on the manufacturer’s profit.

Let S ⊆ N be an arbitrary coalition, and let q ∈ IR+ be an order placed jointly
by all coalition members. Then, the expected profit of coalition S is given by

πIV
S (q) = −(w + tw)q + EY S [GIV

S (q, ·)].

GIV
S (q, yS) is the total revenue if the retailers optimally decide on the amount

to return to the manufacturer and reallocate the remaining items in an optimal
fashion, given demand signal vector yS . Let AS(q) = {a ∈ IRN

+ |∑i∈S ai ≤ q}
be the set of possible allocations of q. Then GIV

S (q, yS) can be expressed as

GIV
S (q, yS) = max

a∈AS(q)
HIV

S (q, yS , a)

where

HIV
S (q, yS , a) = −

∑
i∈S

ai(ti − vi) + b(q −
∑
i∈S

ai) +
∑
i∈S

(pi − vi)

ai∫
0

F̄ i
yi

(x)dx.
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Note that, unlike in the wholesale price contract case, the total reallocated
quantity does not need to correspond to the ordered amount, as the manufac-
turer will buy back the leftover items. We remark that an optimal allocation
of q, which maximizes HIV (q, y, ·), exists since HIV (q, y, ·) is continuous and
AS(q) is a non-empty compact set20. For our explanatory convenience, we
sometimes denote the expected profit of coalition S as a function of w and
b as well, i.e., as πIV

S (q, w, b). Similarly, we sometimes denote the functions
GIV

S and HIV
S as GIV

S (b, q, yS) and HIV
S (b, q, yS , a), respectively. Following an

approach similar to the one used in the proof of Theorem 7.1, the following
theorem can be proven easily, so we state it without the proof.

Theorem 7.6 πIV
S is a concave function, and there exists a finite optimal

order quantity, qIV
S (w, b), that maximizes πIV

S .

Note that similar as in the individual retailers’ cases, qIV
S (w, b) ≥ qII

S (w), and
thus a coalition with a buy-back opportunity always increases its order size.
Let (N, vIV ) be the associated game in coalitional form, where the value of
coalition S is given by

vIV (S) = max
q∈IR+

πIV
S (q).

Following an approach similar to the one used in the proof of Theorem 7.4,
the following theorem can be proven easily, so we state it without the proof.

Theorem 7.7 The game (N, vIV ) has a non-empty core.

Thus, similarly to the case without buy-backs, we can allocate the total profit
generated by all retailers in a manner that discourages defections because
no coalition can generate higher profits on its own. Thus, with or without
buy-backs, the retailers benefit from cooperation. Suppose that the retail-
ers form the grand coalition and order the optimal quantity qIV

N (w, b) from
the manufacturer. Let aIV (yN ) be an optimal allocation that maximizes
HIV

N (qIV
N (w, b), yN , ·) for demand signal vector yN . The associated manu-

facturer’s profit is given by

πIV
m (w, b) = (w − cm)qIV

N (w, b) − (b − vw)EY [qIV
N (w, b) −

∑
i∈N

AIV
i (·)].

Note that, for b = vw,

πIV
m (w, vw) = (w − cm)qIV

N (w, vw) ≥ (w − cm)qII
N (w) = πII

m (w).
20Our remark for HC in footnote 15 applies for HIV

S as well.
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Thus, when the retailers cooperate, the manufacturer can always pick a buy-
back price that assures that the buy-back contract will make him better off
than the wholesale price contract.

Similar to the cases with wholesale price contracts, the retailers prefer to
cooperate and form the grand coalition if they can allocate the total profit
using a core solution. However, the manufacturer might be either better off
or worse off as a result of this cooperation, depending upon the demands’
distributions. Examples 7.1 and 7.2 can be easily extended to cover the cases
with buy-back contracts.

7.5.3 Comparison of buy-back and wholesale price contracts

Compared with the wholesale price contracts, buy-back contracts provide cer-
tain advantages for both the retailers and the manufacturer. Although the
retailers’ profit may decrease if the manufacturer charges a higher wholesale
price with the implementation of buy-backs, note that for a given wholesale
price w, both the retailers’ optimal order quantities and their expected profits
are increasing with the buy-back price b. Therefore, for a given wholesale
price, the retailers always prefer a buy-back contract with a high buy-back
price to a wholesale price contract.

With a buy-back contract, the manufacturer enjoys higher order quantities.
However, his profit is reduced by the amount that he has to pay for the returns
at the warehouse, which is an increasing function of order quantities. By
offering a buy-back price equal to the salvage value at the warehouse, b =
vw, the manufacturer’s expected profit in the buy-back setting exceeds the
expected profit in the wholesale price setting. Therefore, if we assume that the
manufacturer can determine the buy-back price optimally, he always prefers a
buy-back contract to the wholesale price contract.

7.6 Cooperation between the retailers with infor-
mation sharing

In this section, we analyze cooperation between the retailers with information
sharing. Different from the cooperation analyzed in the previous sections, here
we assume that the demand signals of the retailers might reveal extra informa-
tion about the other retailers’ demands and they are sharing this information
if they form a coalition. We show that there exists a stable allocation of total
profit for the grand coalition. In this section, we assume buy-back contracts
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between the retailers and manufacturer.

First we consider the effect of information sharing. Let S ⊆ N be an arbitrary
coalition. Suppose that the retailers observe a demand signal vector yS =
(yi)i∈S of Y S and they are sharing their information. Then every retailer
updates his knowledge about the state of the world to yS = ∩i∈Syi. Hence
retailer i expects a random demand Xi

yS
with distribution function F i

yS
. We

remark that for the case without information sharing, retailer i knows only
that the state of the world is in yi and he expects a random demand Xi

yi
with

distribution function F i
yi

.

Let q ∈ IR+ be an order placed jointly by all coalition members. Then, the
expected profit of coalition S is given by

πV
S (q) = −(w + tw)q + EY S [GV

S (q, ·)].
GV

S (q, yS) is the total revenue if the retailers optimally decide on the amount
to return to the manufacturer and reallocate the remaining items in an optimal
fashion, given demand signal vector yS . Let AS(q) = {a ∈ IRN

+ |∑i∈S ai ≤ q}
be the set of possible allocations of q. Then GV

S (q, yS) can be expressed as

GV
S (q, yS) = max

a∈AS(q)
HV

S (q, yS , a)

where

HV
S (q, yS , a) = −

∑
i∈S

ai(ti − vi) + b(q −
∑
i∈S

ai) +
∑
i∈S

(pi − vi)

ai∫
0

F̄ i
yS

(x)dx.

We remark that an optimal allocation of q, which maximizes HV (q, y, ·), exists
since HV (q, y, ·) is continuous and AS(q) is a non-empty compact set. Note
that with information sharing the retailers further update their demand fore-
cast to F̄ i

yS
, which is F̄ i

yi
without information sharing, and they share these

forecasts with their coalition members to determine an optimal allocation of
the joint order quantity.

Following an approach similar to the one used in the proof of Theorem 7.1,
the following theorem can be proven easily, so we state it without the proof.

Theorem 7.8 πV
S is a concave function, and there exists a finite optimal or-

der quantity, qV
S (w, b), that maximizes πV

S .

Let (N, vV ) be the associated game in coalitional form, where the value of
coalition S is given by

vV (S) = max
q∈IR+

πV
S (q).
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The following theorem states that there is a stable allocation of the total profit
among the members of the grand coalition.

Theorem 7.9 The game (N, vV ) has a non-empty core.

Proof: The proof is given in the appendix at the end of this chapter. �

7.7 Decentralized system with resale

In the previous subsections, we assumed that a coalition of retailers may re-
distribute the ordered quantity among themselves after observing a demand
signal and then return the surplus (if any) to the manufacturer at a price lower
than the original wholesale price. In this section, we consider a similar dis-
tribution system, but we assume that the retailers cannot cooperate (because
of, for example, inadequate infrastructure), or that they are a part of a larger
organization owned by the manufacturer. In this setting, the manufacturer
may try to increase his profit by offering the units returned by one retailer
to another retailer who is expecting high demand. At the start of the period,
the retailers place their orders. After the demand signal is realized, the man-
ufacturer buys back the extra units from the retailers who are expecting low
demand, at a buy-back price b, and offers these units to those retailers who
are expecting high demand at a price w̄. We assume that w̄ ≥ b. We call
such a mechanism a buy-back contract with resale and we denote it by a triple
(w, b, w̄). We want to explore whether this type of arrangement is beneficial to
the manufacturer by comparing it to the case in which he does not resell the
returned items. To simplify our analysis, we concentrate on an NUD with two
retailers, say i and j. Because retailer i, after observing the demand signal,
can only buy items that are returned by retailer j, his profit function depends
on the order quantity of retailer j as well. Suppose that the retailers order qi

and qj units, respectively. After the orders arrive at the warehouse and the
demand signal is realized, retailer i decides how many units to return to the
manufacturer or how many units to buy from retailer j’s returns. For demand
signal vector y{i,j} of Y {i,j} and some artificial cost c, let us denote

ai(yi, c) = arg max
a≥0

⎧⎨
⎩−ca − (ti − vi)a + (pi − vi)

a∫
0

F̄ i
yi

(u)du

⎫⎬
⎭ .

When analyzing the returns, we may assume that the retailer pays only w− b
for the q units that he initially ordered, and then pays the additional unit
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price, b, for the a units that he actually transfers to his stores. Then, it is easy
to evaluate that retailer i would like to send up to ai(yi, b) to his local store
and return the other items to the manufacturer, since their expected marginal
revenues are less than b. Hence, retailer i returns q−i (yi) = [qi − ai(yi, b)]+

units to the manufacturer. In addition, retailer i decides how many items
to buy from retailer j’s returns. As retailer i is paying w̄ for each extra
unit that he transfers to his stores, he would like to increase his inventory
level to ai(yi, w̄). Consequently, he is willing to buy up to [ai(yi, w̄) − qi]+

of the items returned by retailer j. Since w̄ ≥ b, it is easy to verify that
ai(yi, b) ≥ ai(yi, w̄) for all yi ∈ Yi. Therefore, qi > ai(yi, b) ⇒ qi > ai(yi, w̄),
and ai(yi, w̄) > qi ⇒ ai(yi, b) > qi. Hence, retailer i either returns some
units or buys extra units from other retailer’s returns, or he neither returns
some units nor buys extra units. Note that, since retailer j returns q−j (yj)
units, retailer i can only buy q+

i (y{i,j}) = min{[ai(yi, w̄) − qi]+, q−j (yj)} units.
Furthermore, note that q+

i (y{i,j}) · q−i (yi) = 0.

The expected profit function of retailer i is

πV I
i (qi, qj) = −(w + tw)qi + EY {i,j} [GV I

i (qi, qj , ·)].

GV I
i (qi, qj , y

{i,j}) is the expected revenue when the retailer can sell the extra
units back to or buy extra units from the manufacturer, given demand signal
vector y{i,j}. In other words,

GV I
i (qi, qj , y

{i,j}) = bq−i (y) − w̄q+
i (yi) − (ti − vi)[qi − q−i (yi) + q+

i (y{i,j})]

+(pi − vi)

qi−q−i (yi)+q+
i (y{i,j})∫

0

F̄ i
yi

(x)dx.

The following theorem states that there exists a Nash equilibrium (NE) in
order quantities.

Theorem 7.10 In a two-retailer NDU with a buy-back contract with resale
(w, b, w̄), there exists a pair of order quantities, (qV I

i , qV I
j ) that is a Nash equi-

librium.

Proof: The proof is given in the appendix at the end of this chapter. �

We remark that there might be multiple Nash equilibria. If the retailers play
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one of them, the associated manufacturer’s expected profit is given by

πV I
m (w, b, w̄, qV I

i , qV I
j ) = (w − cm)(qV I

i + qV I
j )

−(b − vw)(EYi [q
−
i (·)] + EYj [q

−
j (·)])

+(w̄ − vw)EY {i,j} [q+
i (·) + q+

j (·)].

7.7.1 Comparison with buy-back contracts

Because the contracting scheme in the resale model covers the buy-back con-
tracts between the manufacturer and individual retailers, the manufacturer
can always obtain, by optimizing w̄, at least as much as from the buy-back
contracts without resale. In addition, one may expect that this model would
be preferable to the one in which the retailers cooperate and reallocate the
items among themselves, thus eliminating the opportunity for the manufac-
turer to earn an additional margin from reselling the items returned by one
retailer to another retailer. This intuition is true when inventory centraliza-
tion leads to a decrease in the total stock. However, if centralization increases
the total retailers’ order quantity, the manufacturer might prefer cooperating
retailers. In the following example, we illustrate how the manufacturer may
benefit from the resale mechanism.

Example 7.3 Consider an NUD Π, described by (7.1), with N = {1, 2},
cm = tw = vw = 0, ti = 0, pi = p, and vi = 0 for all i ∈ N . Let w, b, and w̄ be
the wholesale price, the buy-back price, and the resale price, respectively, for
the resale model. As in the previous examples, we assume that the demand
signals reveal the exact demand realizations, i.e., random signal Yi is perfect
for all i ∈ N . Furthermore, Yi is identical independent symmetric random
demand signal for all i ∈ N and it is defined by the probability mass function
F (x). Let µ be the mean of the demand signal. Suppose that p−w

p−b = 1
2 and

w̄ = p.

First, consider individual retailers without resale. Since the demand signal
reveals exact demand realization, every retailer solves a simple newsvendor
problem with underage cost cu = p − w and overage cost co = w − b, hence
the optimal fractile is cu

cu+co
= p−w

p−b = 1
2 (see section 2.6). Since the demand

is symmetric, and the retailers are identical, from (2.7), the optimal order
quantity of a retailer is qIII = µ. Let EIII [R] be the expected returns from a
retailer. Then, the manufacturer’s profit is given by

πIII
m = 2wµ − 2bEIII [R].

If the retailers form a coalition, they can place a joint order to satisfy their



7.7. Decentralized system with resale 149

total demand. From the convolution of two independent and symmetric dis-
tributions, we know that the demand of the coalition is symmetric as well.
Similarly as before, the optimal order quantity of coalition N will be qIV

N = 2µ.
Let EIV [R] be the expected returns from the coalition. Note that EIV [R] ≤
2EIII [R], because the total order quantity is the same in both cases, while the
retailers satisfy their demands more effectively if they cooperate. Thus, the
manufacturer’s profit is given by

πIV
m = 2wµ − bEIV [R].

Finally, consider the case in which the retailers work individually and the
manufacturer offers the items returned by one retailer to another retailer at
a price w̄. Because we assume that w̄ = p, the resale option does not provide
extra revenue to the retailers, although it increases the manufacturer’s revenue.
Hence, the profit functions of the retailers are the same as in the case with
non-cooperative retailers without resale, and the order vector (µ, µ) is Nash
equilibrium. The manufacturer’s profit is given by

πV I
m = 2wµ − 2bEIII [R] + w̄

(
2EIII [R] − EIV [R]

)
= 2wµ − w̄EIV [R] + 2(w − b)EIII [R].

Because πV I
m ≥ πIV

m ≥ πIII
m , we conclude that the manufacturer prefers the

resale mechanism to both the case in which the retailers cooperate and the
case in which they do not cooperate. ♦

The following example demonstrates that the manufacturer may not always
improve his profit by using the resale mechanism.

Example 7.4 Consider an NUD Π, described by (7.1), with N = {1, 2},
cm = tw = vw = 0, and ti = 0, pi = p, and vi = 0 for all i ∈ N . Let
w, b, and w̄ be the wholesale price, the buy-back price, and the resale price,
respectively, for the resale model. As in the previous examples, we assume
that the demand signals reveal the exact demand realizations, i.e., random
signal Yi is perfect for all i ∈ N . Furthermore, Yi are independent discrete
random demand signals defined by the same probability mass function

p(x) =

⎧⎨
⎩

0, if x /∈ {l, h} ;
α, if x = l;
1 − α, if x = h,

where l and h denote the low and high demand, respectively, and l < h.
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In the following part, we will derive the retailers’ optimal order quantities in
NUD with individual retailers and cooperating retailers under a buy-back con-
tract, and we will derive the partial derivatives of the retailers profit functions
given the order quantities of the other retailers in NUD with resale, which
will be used to derive the best replies of the retailers and, hence, to determine
Nash equilibria. Afterwards, we will compare the manufacturer’s profits in
those cases.

I) First, consider individual retailers without resale. Because the minimum
demand is l and maximum demand is h, it cannot be optimal to order less
than l or more than h for either retailer. Hence, if retailer i works alone,
his expected profit function is

πIII
i (qi) = −qiw + α(lp + b(qi − l)) + (1 − α)qip.

It is not hard to derive that the optimal order quantity is

qIII
i (w, b) ∈

⎧⎨
⎩

{l}, if p − w < α(p − b) ;
[l, h], if p − w = α(p − b) ;
{h}, if p − w > α(p − b) .

II) If the retailers form a coalition, they can order jointly to satisfy their total
demand. Similar to the individual retailer case, it is not optimal for the
coalition to order less than 2l or more than 2h. Hence, the expected profit
function of the coalition N is

πIV
N (qN ) =⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−qNw + α2(2lp + b(qN − 2l))
+(1 − α2)qNp, if 2l ≤ qN ≤ l + h ;

−qNw + α2(2lp + b(qN − 2l))
+2α(1 − α)(l + h)p + 2α(1 − α)b(qN − h − l)
+(1 − α)2qNp, if l + h ≤ qN ≤ 2h.

It is not hard to derive that the optimal order quantity is

qIV
N (w, b) ∈

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{2l}, if p − w < α2(p − b) ;
[2l, l + h], if p − w = α2(p − b) ;
{l + h}, if α2(p − b) < p − w < (2α − α2)(p − b) ;
[l + h, 2h], if p − w = (2α − α2)(p − b) ;
{2h}, if p − w ≥ (2α − α2)(p − b) .
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III) Finally, consider the case in which the retailers work non-cooperatively and
the manufacturer offers the items returned by one retailer to another retailer
at a price w̄. Then, for l ≤ qj ≤ h, retailer i’s profit function is given by

πV I
i (qi, qj) =⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−qiw + α[b(qi − l) + pl] + (1 − α)pqi

+α(1 − α)(qj − l)(p − w̄), if (h − qi) > (qj − l);

−qiw + α[b(qi − l) + pl] + (1 − α)pqi

+α(1 − α)(h − qi)(p − w̄), if (h − qi) ≤ (qj − l),

and its derivative, for l < qj < h, is given by

∂πV I
i (qi, qj)

∂qi
={ −w + αb + (1 − α)p if h − qi > qj − l;

−w + αb + α(1 − α)w̄ + (1 − α)2p if h − qi < qj − l.
(7.3)

Now, we will first focus on the manufacturer’s profit in NUD without resale
in which the retailers act individually and in NUD with resale. We will show
that it is the same in both situations even if the manufacturer determines w̄
optimally. We will consider three cases with p−w < α(p−b), p−w = α(p−b)
and p − w > α(p − b). We stress that in this example we assume that if the
retailers are indifferent between several (NE) order quantities, they choose the
one that maximizes the manufacturer’s profit.

A) Suppose that p − w < α(p − b). As described in item I, the optimal order
quantities of the retailers in NUD without resale in which the retailers act
individually are qIII

i (w, b) = qIII
j (w, b) = l, and thus the manufacturer’s

profit is given by

πIII
m (w, b) = 2lw.

Now suppose that the manufacturer resells the returned units to the retail-
ers at a price w̄ ∈ [0, p]. We will analyze his corresponding profit conditioned
on NE quantities ordered by the retailers. For all w̄ ∈ [0, p], it follows from
(7.3) that

∂πV I
i (qi, qj)

∂qi

{
< 0, if l < qj < h and (h − qi) > (qj − l);
< 0, if l < qj < h and (h − qi) < (qj − l).

The retailers’ best reply functions are graphically represented in Figure 7.1.
NE points are the ones where the best reply functions of the retailers inter-
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Figure 7.1: Best reply functions of the retailers when p−w
p−b < α

sect. As can be seen in Figure 7.1, the only NE is (l, l). The manufacturer’s
profit is given by

πV I
m (w, b, w̄, l, l) = 2lw.

Thus, his profit is the same as in the cases with the individual retailers,
and the manufacturer cannot improve it by reselling the returned items.

B) Suppose that p − w = α(p − b). As described in item I, the optimal order
quantities of the retailers in NUD without resale in which the retailers
act individually are qIII

i (w, b) ∈ [l, h] and qIII
j (w, b) ∈ [l, h], and thus the

manufacturer’s profit is given by

πIII
m (w, b) = wqIII

i (w, b) + wqIII
j (w, b)

−bα
(
h − qIII

i (w, b) + h − qIII
j (w, b)

)
.

Since w ≥ b, the manufacturers profit reaches its maximum if both retailers
order h. We will take this case as our benchmark to make the comparison
with the resale case. So, πIII

m (w, b) = 2wh − 2bα(h − l)

Now suppose first that the manufacturer resells the returned units to the
retailers at a price w̄ = p. It follows from (7.3) that

∂πV I
i (qi, qj)

∂qi

{
= 0, if l < qj < h and (h − qi) > (qj − l);
= 0, if l < qj < h and (h − qi) < (qj − l).

The retailers’ best reply functions are graphically represented in Figure 7.2.
As can be seen in Figure 7.2, every point in conv{(l, l), (l, h), (h, l), (h, h)} is
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Figure 7.2: Best reply functions of the retailers when p−w
p−b < α

a NE. Suppose that the retailers play a NE (q̄1, q̄2) such that q̄1 + q̄2 ≤ h+ l,
q̄1 ≥ l and q̄2 ≥ l, then the manufacturer’s profit is given by

πV I
m (w, b, w̄, q̄1, q̄2) = (q̄1 + q̄2)w − bα2(q̄1 + q̄2 − 2l)

+α(1 − α)[q̄1 − l + q̄2 − l](w̄ − b).

In the profit function, the first row is the revenue from sales and cost from
buy-backs, and the second row is the revenue from resale. Then

∂πV I
m (w, b, w̄, q̄1, q̄2)

∂(q̄1 + q̄2)
= w − bα2 + α(1 − α)(w̄ − b)

= (w − αb) + α(1 − α)w̄
> 0

The inequality holds by w − αb = p− αp > 0 since p−w = α(p− b), p > 0
and α ∈ [0, 1], and by α(1 − α)w̄ > 0 since w̄ = p > 0 and α ∈ [0, 1].

Suppose that the retailers play a NE (q̄1, q̄2) such that q̄1 + q̄2 ≥ h+ l, then
the manufacturer’s profit is given by

πV I
m (w, b, w̄, q̄1, q̄2) = (q̄1 + q̄2)w − bα2(q̄1 + q̄2 − 2l)

+α(1 − α)[h − q̄1 + h − q̄2](w̄ − b)
−2α(1 − α)[q̄1 + q̄2 − (h + l)]b

= (q̄1 + q̄2)w − bα2(q̄1 + q̄2 − 2l)
+α(1 − α)[2(hw̄ + lb) − (q̄1 + q̄2)(w̄ + b)].
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The first row after the first equality is the revenue from sales and cost from
buy-backs. The second row is the revenue from resale and the third row is
the cost from buy-backs after resale. Then

∂πV I
m (w, b, w̄, q̄1, q̄2)

∂(q̄1 + q̄2)
= w − bα2 − α(1 − α)(w̄ + b)

= w − bα − α(1 − α)w̄
= w − bα − α(1 − α)p
= p − α(p − b) − bα − α(1 − α)p
= (1 − α)p − α(1 − α)p
> 0

The third equality holds by w̄ = p. The fourth equality follows from p−w =
α(p−b), and hence w = p−α(p−b). The inequality holds since α ∈ [0, 1] and
p, b > 0. We conclude that the profit of the manufacturer increases with the
sum of the order quantities of the retailers and it reaches its maximum at
(h, h). Furthermore, the manufacturer cannot increase its profit by setting
another w̄ < p, since setting w̄ = p maximizes its profit for any given order
vector of the retailers. Hence, the maximum profit of the manufacturer is

πIV
m (w, b) = 2hw − 2bα(h − l) = πIII

m (w, b).

Thus, the manufacturer makes the same profit as in the situation with
individual retailers.

C) Suppose that p−w > α(p−b). From item I, we know that the optimal order
quantities of the retailers in NUD without resale in which the retailers act
individually are qIII

i (w, b) = qIII
j (w, b) = h, and thus the manufacturer’s

profit is given by

πIII
m (w, b) = 2hw − 2bα(h − l).

Suppose that the manufacturer resells the returned units to the retailers at
a price w̄. We will consider the manufacturer’s possible choices of w̄ and
analyze his corresponding profit conditioned on NE quantities ordered by
the retailers.

c1) Suppose that the manufacturer sets w̄ > w−αb−(1−α)2p
α(1−α) . Then, it fol-

lows from (7.3) that

∂πV I
i (qi, qj)

∂qi

{
> 0, if l < qj < h and (h − qi) > (qj − l);
> 0, if l < qj < h and (h − qi) < (qj − l).
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Figure 7.3: Best reply functions of the retailers when w̄ > w−αb−(1−α)2p
α(1−α)

The retailers’ best reply functions are graphically represented in Figure
7.3. NE points are the ones where the best replies of the retailers
intersect. As can be seen in Figure 7.3, the only NE is (h, h). The
manufacturer’s profit is given by

πV I
m (w, b, w̄, h, h) = 2hw − 2bα(h − l).

Thus, his profit is the same as in the cases with the individual retail-
ers and the manufacturer cannot improve it by reselling the returned
items.

c2) Next, suppose that w̄ < w−αb−(1−α)2p
α(1−α) . Then, it follows from (7.3) that

∂πV I
i (qi, qj)

∂qi

{
> 0 if l < qj < h and (h − qi) > (qj − l);
< 0 if l < qj < h and (h − qi) < (qj − l).

Figure 7.4 depicts the best reply functions of the retailers. As can
be seen in Figure 7.4, any q̄1, q̄2 ∈ [l, h] such that q̄1, q̄2 ∈ [l, h] and
q̄1+q̄2 = h+l is a NE. Under any of these equilibria, the manufacturer’s
profit is

πV I
m (w, b, w̄, q̄1, q̄2) = (h + l)w − α(h − l)[(1 − α)w̄ − b].

To benefit from coordination, the manufacturer should set a w̄ such
that

πV I
m (w, b, w̄, q̄1, q̄2) ≥ πIII

m (w, b),
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Figure 7.4: Best reply functions of the retailers when w̄ < w−αb−(1−α)2p
α(1−α)

which is equivalent to

(h + l)w − α(h − l)[(1 − α)w̄ − b] ≥ 2hw − 2bα(h − l).

Thus, w̄ should satisfy

w̄ ≥ w − αb

α(1 − α)
.

This contradicts with our assumption w̄ < w−αb−(1−α)2p
α(1−α) , because p >

0. Hence, the manufacturer cannot increase his profit by setting w̄ <
w−αb−(1−α)2p

α(1−α) .

c3) Finally, suppose that w̄ = w−αb−(1−α)2p
α(1−α) . Then, it follows from (7.3)

that

∂πV I
i (qi, qj)

∂qi

{
> 0 if l < qj < h and (h − qi) > (qj − l);
= 0 if l < qj < h and (h − qi) < (qj − l).

Figure 7.5 depicts the best reply functions of the retailers.
As can be seen in Figure 7.5, any (q̄1, q̄2) such that q̄1, q̄2 ∈ [l, h] and
q̄1 + q̄2 ≥ h + l is a NE. If the retailers choose any of these equilibria,
the manufacturer’s profit is

πV I
m (w, b, w̄, q̄1, q̄2) = (q̄1 + q̄2)w − bα2(q̄1 + q̄2 − 2l)

+α(1 − α)[h − q̄1 + h − q̄2](w̄ − b)
−2α(1 − α)[q̄1 + q̄2 − (h + l)]b

= (q̄1 + q̄2)w − bα2(q̄1 + q̄2 − 2l)
+α(1 − α)[2(hw̄ + lb) − (q̄1 + q̄2)(w̄ + b)],
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Figure 7.5: Best reply functions of the retailers when w̄ = w−αb−(1−α)2p
α(1−α)

and

∂πV I
m (w, b, w̄, q̄1, q̄2)

∂(q̄1 + q̄2)
= w − bα2 − α(1 − α)(w̄ + b)

= w − bα − α(1 − α)w̄

= w − bα − α(1 − α)
w − αb − (1 − α)2p

α(1 − α)
= (1 − α)2p > 0

Thus, the manufacturer’s profit is highest if the retailers choose (h, h)
as their order quantities, in which case πV I

m (w, b, w̄, h, h) = πIII
m (w, b).

For any q̄i < h, the manufacturer’s profit decreases in the NUD with
resales.

From cases c1, c2 and c3, we conclude that for p−w > α(p− b) the manu-
facturer profit is πV I

m (w, b, w̄, h, h) = πIII
m (w, b) if he chooses w̄ optimally.

In cases A, B and C, we showed that the manufacturers profit in NDU with
resale is equal to his profit in the situation with individual retailers. Hence,
the manufacturer cannot be better using a resale mechanism.

In the following part, we compare the manufacturer’s profit in the situations
with individual retailers and with cooperating retailers. From items I and II,
we can derive total order quantities of the retailers as given in Table 7.1.

It is not hard to see that in both situations with individual and cooperat-
ing retailers the manufacturer always increases his profit with higher total
orders of the retailers since w > b and the number of returns increases with
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Table 7.1: Total order quantities of the retailers (Example 7.4)

Individual Cooperating
If retailers retailers

p − w < α2(p − b) 2l 2l

α2(p − b) ≤ p − w < α(p − b) 2l l + h

α(p − b) ≤ p − w < (2α − α2)(p − b) 2h l + h

(2α − α2)(p − b) ≥ p − w 2h 2h

a smaller rate if the total orders increase. Moreover, if the retailers order
(l, l) (or (h, h)) individually or they order 2l (or 2h) while cooperating, the
manufacturer’s profit with individual retailers is the same as his profit with
cooperating retailers, since the retailers return the same quantity in both of
the cases. Therefore, we conclude that

πIV
m (w, b) = πIII

m (w, b) if p − w < α2(p − b)
πIV

m (w, b) > πIII
m (w, b) if α2(p − b) ≤ p − w < α(p − b)

πIV
m (w, b) < πIII

m (w, b) if α(p − b) ≤ p − w < (2α − α2)(p − b)
πIV

m (w, b) = πIII
m (w, b) if (2α − α2)(p − b) ≥ p − w

♦

In the previous example we have seen that the manufacturer who offers to resell
items returned by one retailer to another retailer can at best generate the same
profit as when the retailers act individually. Therefore, under this scenario,
the manufacturer does not benefit from reselling returned items. Moreover,
we showed that the profit of the manufacturer can either increase or decrease
if the retailers cooperate instead of working individually.

7.8 Achieving a first-best solution

In our analysis so far, we have assumed that the wholesale price, w, and
the buy-back price, b, were given exogenously. In this section, we consider
the manufacturer’s coordination effort with cooperating retailers through the
use of buy-back contracts. Clearly, when the retailers cooperate and act as
a single retailer, selection of the coordinating contract parameters should be
easier than in the case in which the retailers act independently. For our NUD
with cooperating retailers (see subsection 7.5.2), a system-optimal solution
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can only be achieved if the following two conditions are satisfied: (i) quantity-
optimality, i.e., an optimal order quantity of the centralized system is ordered,
and (ii) allocation-optimality, i.e., the allocation of the ordered units in the
decentralized system matches an allocation in the centralized system.

Note that this problem differs from traditional coordination via buy-back con-
tracts with a single retailer, in which only the quantity-optimality condition
has to be satisfied. In addition, note that the returns in this model may hap-
pen before the true demand realization is known, which makes the allocation-
optimality condition more difficult to satisfy. The following theorem describes
our results regarding the quantity-optimality condition.

Theorem 7.11 In an NUD with multiple retailers, for any buy-back price b
with vw ≤ b < mini∈N (pi − ti), there exists a w such that qIV

N (w, b) = qC , and
w is increasing with b.

Proof: The proof is given in the appendix at the end of this chapter. �

We call contracts (w, b) described in Theorem 7.11 order-preserving contracts.
As shown in Theorem 7.11, the quantity-optimality condition can be satisfied
by a broad range of buy-back contracts. However, it is not always possible to
satisfy the allocation-optimality condition. We separately analyze two cases:
perfect information and imperfect information revelation after the demand
signal is observed.

7.8.1 Perfect information case

In the perfect information case, the demand signal reveals the exact demand
realization. Hence, after the orders arrive at the warehouse, the retailers
know the exact demand, and they can reallocate the ordered units accordingly.
Because the exact demand is known by the time of reallocation, salvage values
at the retailers do not play a role, and an optimal order allocation in the
centralized system is optimal in the decentralized system with a buy-back
price vw ≤ b ≤ mini∈N (pi − ti) as well. For the cases with b > mini∈N (pi − ti),
the allocation of the orders might not match because the retailer whose revenue
is lower than the buy-back price prefers returning the items to satisfying his
known demand, which decreases the total profit in the decentralized system.
We summarize this analysis in the following proposition.

Proposition 7.12 If the demand signal is perfect, the decentralized system
with order-preserving contracts achieves a first-best solution. For the situa-
tions with b > mini∈N (pi − ti), the decentralized system generates less profit
than the centralized one.



160 Cooperation and Coordination in a Distribution System

When the retailers are symmetric, that is, pi − ti = pj − tj for all i, j ∈ N ,
demands at different retailers have equal importance because they bring equal
revenue. Therefore, the system can easily be reduced to a one-retailer setting,
in which this single retailer is facing the total demand of all the retailers. For
such a case, it has been shown that a system-optimal solution can be achieved
by any order-preserving buy-back contract (w, b). In addition, any division of
total profits among the manufacturer and the retailers can be achieved by an
appropriate selection of b (see Cachon (2003)).

7.8.2 Imperfect information case

In the imperfect information case, the demand signal does not reveal the exact
demand. Instead, it provides the retailers with an updated demand distribu-
tion. In this case, reallocation of the orders in a decentralized system with
an order-preserving buy-back contract (w, b) may not match the allocation in
the centralized system. Hence, the total profit of the decentralized system is
always lower than that of the centralized system.

The following example illustrates how this difference in profits is affected by
the quality of the demand signal and by the buy-back price.

Example 7.5 We consider a single retailer, who may represent multiple co-
operating retailers when all retailers charge the same prices and face the same
costs. Recall that cm, tw, vw, p, v, t denote the manufacturing cost, the
transportation cost to the warehouse, the salvage value at the warehouse, the
selling price, the salvage value at the retailer, and the transportation cost
from the warehouse to the retailer, respectively. After the orders arrive at the
warehouse, the retailer receives one of the two possible demand signals. With
probability α, the signal reveals that the demand has a uniform distribution
U(l, l + δ). With probability 1 − α, the signal reveals that the exact demand
realization will be h, l+δ < h. Suppose that 1−α > (cm+tw−vw)/(p−t−vw).

First, we consider the centralized system, in which the optimal order quantity
is h. If the signal implies that the demand will be h, the CDM sends h units to
the retailer. If the signal indicates low demand, then it is uniformly distributed
on [l, l + δ]. If we denote by F the distribution function of U(l, l + δ), then the
optimal quantity, aC , to send to the retailer maximizes

HC(a) = (−vw − t + v)a + (p − v)

a∫
0

F̄ (x)dx.

Because this is a simple newsvendor problem with underage cost cu = p−vw−t
and overage cost co = vw + t − v, the optimal allocation satisfies F (aC) =
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p−vw−t
p−v (see section 2.6). Thus, aC = δ p−vw−t

p−v + l. The total profit of the
centralized system is

πC = −(cm + tw)h + α

⎛
⎜⎝(h − aC)vw − aC(t − v) + (p − v)

aC∫
0

F̄ (x)dx

⎞
⎟⎠

+(1 − α)h(p − t).

Now, consider an order-preserving buy-back contract. Since the contract is
order-preserving, the retailer orders h units in the decentralized system as
well. If the signal indicates that the demand will be h, the retailer keeps all
units and sends them to his local store. If the retailer receives a low demand
signal, he solves the following problem to decide how many units, aR, to keep:

HR(a) = (−b − t + v)a + (p − v)

a∫
0

F̄ (x)dx.

Similarly as above, we can derive that aR = δ p−b−t
p−v + l. The total profit of the

decentralized system is, therefore,

πD = −(cm + tw)h + α

⎛
⎜⎝(h − aR)vw − aR(t − v) + (p − v)

aR∫
0

F̄ (x)dx

⎞
⎟⎠

+(1 − α)h(p − t).

The difference between total system profits in the centralized and the decen-
tralized system is

πC − πD = α

⎛
⎜⎝(h − aC)vw − aC(t − v) + (p − v)

aC∫
0

F̄ (x)dx

⎞
⎟⎠

−α

⎛
⎜⎝(h − aR)vw − aR(t − v) + (p − v)

aR∫
0

F̄ (x)dx

⎞
⎟⎠

= α
(
− δ

[
p − vw − t

p − v
− p − b − t

p − v

]
(vw + t − v)

+(p − v)

δ p−vw−t
p−v

+l∫
δ p−b−t

p−v
+l

δ + l − x

δ
dx
)
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=
αδ

p − v

(b − vw)2

2
.

Thus, the profits in the two models coincide only when b = vw; for other
choices of the buy-back value, the centralized system performs strictly better
than the decentralized one. Note that the gap between the two profits can be
arbitrarily large, depending upon the values of α, δ, b−vw, and p−v. This also
shows the value of information for the model with imperfect demand updat-
es. ♦
As can be seen from the example, factors such as high uncertainty in the
demand signal or high buy-back price are likely to lead to a worse performance
of the decentralized model. Therefore, the manufacturer in a decentralized
system may prefer to offer a lower wholesale price (and consequently a lower
buy-back price) or to reduce demand uncertainty and thus increase the total
system profit.

We summarize these findings in the following proposition.

Proposition 7.13 If the demand signal is not perfect, returns in the decen-
tralized system do not, in general, match the returns in the centralized system,
even when the order quantities in both systems coincide. The gap between the
profits in the two systems can be arbitrarily large.

7.9 Concluding comments

In this chapter, we have studied a multi-retailer distribution system with up-
dated demand information. We have first focused on the opportunity for
cooperation among the retailers without information sharing. In this case,
cooperating retailers can reallocate ordered quantities after receiving separate
demand update signals, and they can coordinate initial orders accordingly. We
were able to show the non-emptiness of the core in this setting, thus extending
the results that hold for a simple newsvendor setting with exact demand in-
formation. Consequently, the retailers are always able to select an allocation
of profits under which they prefer the grand coalition to any other alliance
structure. Besides, we showed the same result for the cooperation with infor-
mation sharing, where the retailers share their information among the other
retailers in their coalitions.

We have next analyzed the relationship between the manufacturer and the
retailers. Here, we have considered two possibilities: wholesale price con-
tracts and buy-back contracts between the manufacturer and the retailers.
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Inevitably, the manufacturer is affected by the retailers’ cooperation in both
cases. However, this impact might be in either a positive or negative direc-
tion because centralization might lead to an increase or to a decrease in the
total ordering quantity (depending upon the parameters such as, for example,
demand distributions and the optimal fractile). Thus, a strong manufacturer
may encourage retailers’ cooperation for low-demand products, while he may
try to prevent this for products that are in high demand. When we compare
the two contracts, it is obvious that the buy-back contract provides more flex-
ibility for the manufacturer to manipulate the retailers’ ordering decisions to
his own advantage. With an opportunity to redirect the returned items to a
secondary market, the importance of such a contracting scheme increases for
the manufacturer as well as for the total distribution system.

In addition, we have considered an option in which the manufacturer pur-
chases the unsold items from one retailer and sells them to another retailer.
This situation may arise when the retailers cannot cooperate (because of, for
example, lack of adequate infrastructure), or when the manufacturer and the
retailers belong to the same company and the low-demand items are moved
from one store to another, where they are selling at a higher rate. In contrast
to the basic intuition, the manufacturer cannot always benefit from interme-
diate transactions by applying such a mechanism. For instance, when demand
is low and centralization increases the total order quantity, the manufacturer
may prefer to let the retailers reallocate the inventories on their own.

Finally, we have analyzed a possibility of achieving a system-optimal solution
through the use of buy-back contracts when the retailers cooperate with one
another. Unlike the traditional case, in which buy-backs occur after demand
realization and a system-optimal solution can be achieved with an appropri-
ate selection of the buy-back price, we show that a system-optimal solution
with the updated demand information can be achieved in some special cases
(i.e., when the signal reveals the exact demand realization and the retailers
are symmetric). If the signal does not reveal the exact demand, the decentral-
ized system cannot reach the profit level of the centralized system, even if the
optimal order quantities are induced by an appropriate buy-back value. Fur-
thermore, the gap between the profits in the centralized and the decentralized
model can be arbitrarily large and is increasing with factors such as the uncer-
tainty of the demand and the buy-back price. Consequently, the manufacturer
may benefit by offering a lower wholesale price and a lower buy-back price or
by reducing the uncertainty in the system, which results in an increase in the
total system profit.
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Appendix

Proof of Theorem 7.1: We will first show the concavity. Let H̄C : IRN∪{n+1}×∏
i∈N Ii → IR be the function defined by

H̄C(a, yN ) = −
∑
i∈N

ai(ti − vi) + vwan+1 +
∑
i∈N

(pi − vi)

ai∫
0

F̄ i
yi

(x)dx.

By checking condition (2.1), it is easy to see that H̄C is jointly concave in a.
Moreover, we easily verify that

GC(q, yN ) = max
a∈AN (q)

HC(q, yN , a)

= max
ā∈
{

ā
′∈IR

N∪{n+1}
+ |∑i∈N∪{n+1} ā

′
i=q
} H̄C(ā, yN ).

Then, from Theorem 2.2, GC is a concave function of q. Taking expectation
over Y , EY [GC(q, ·)] is concave, too. Since −(cm + tw)q is also concave, πC is
concave as a sum of two concave functions.

To prove the existence of a finite optimal order quantity, it is enough to show
that any order quantities outside a compact range result in non-positive ex-
pected profit. Let

oC =

∑
i∈N

(pi − ti)E[Xi]

cm + tw − vw
.

Then, for all q > oC , we have

πC(q) ≤ −q · (cm + tw − vw) +
∑
i∈N

(pi − vw)E[Xi] ≤ 0.

The first inequality can be verified by taking into consideration a lower bound
of the difference between transportation costs and the maximum salvage value
in the network, and an upper bound of expected revenues. The second in-
equality follows from definition of oC . Hence, the optimal order vector exists
and belongs to the compact set [0, oC ]. �

Proof of Theorem 7.4: In the proof, we will show that the game is totally
balanced by showing it is an expected profit game. Consider a situation de-
fined by tuple Γ = (N, (Yi)i∈N , (QS , MS)S∈2N\{∅}, C, (H i)i∈N ) with N and Yi

as in Π. Moreover, QS = IR+, MS(qS , yS) = ĀS(qS) for all qS ∈ QS and
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each realization yS of Y S , C : IR → IR defined by C(q) = (w + tw)q and
H i : IR × Ii → IR defined by H i(a, yi) = −(ti − vi)a + (pi − vi)

∫ a
0 F̄ i

yi
(x)dx.

We will check the conditions in section 3.2 for Γ to be a stochastic cooperative
decision situation. Consider a coalition S ⊆ N and a qS ∈ QS . Condition
(i) holds since ZS(aS , yS) =

∑
i∈S H i(aS

i , yi) is a continuous function of aS

and MS(qS , yS) is compact. Let aS∗(qS , yS) be an optimal allocation of qS

for demand signal vector yS . Since ZS(aS∗(qS , yS), yS) < ∞ and Ω is finite,
EY S [ZS(aS∗(qS , ·), ·)] exists. Therefore, condition (ii) holds as well. It is easy
to check that ZS(aS , yS) = HII

S (qS , yS , aS) for each realization yS of Y S , and
all aS ∈ AS(qS) = MS(qS , yS). Moreover, τS(qS) = πII

S (qS). Hence, Theorem
7.3 implies that condition (iii) holds. It is easy to check that conditions (iv)
and (v) hold as well. It is easy to check that H i(·, xi) is a concave function.
Hence, condition (vi) holds. Condition (vii) holds since C is a linear function
and hence a positively homogeneous convex function. Therefore, we conclude
that the game (N, wΓ) associated with Γ is an expected profit game. More-
over, τS(qS) = πII

S (qS) for all S ⊆ N and qS ∈ QS implies that (N, vII) and
(N, wΓ) are equal to each other. This completes the proof. �

Proof of Theorem 7.9: Consider an NUD Π = (N, (Xi)i∈N , (Yi)i∈N , tw,
(ti)i∈N , (pi)i∈N , (vi)i∈N , vw, cm). In the proof, we will show that the associ-
ated game (N, vV ) has a non-empty core by using its relation with another
game (N, wIV ) associated with a situation Γ where the signals of retailers are
rich enough to update their knowledge to a level as if they are sharing their
information in NUD Π even if they do not form coalitions. We first show that
the coalitions in NUD Γ perform better and (N, wIV ) has a non-empty core.
Then, we show that Core(wIV ) ⊆ Core(vV ).

Consider the NUD defined by tuple Γ = (N, (Xi)i∈N , (Ȳi)i∈N , tw, (ti)i∈N ,
(pi)i∈N , (vi)i∈N , vw, cm) with Ȳi(ω) = ∩j∈NYj(ω) for all ω ∈ Ω and i ∈ N .
In other words, every retailer receives the same signal which gives information
that retailers can obtain if they share their signals in NUD Π. Let (N, wIV )
denote the associated game in coalitional form. From Theorem 7.7, we know
that Core(wIV ) is non-empty.

Consider a coalition S and an order quantity q. We remark that in NUD
Π with information sharing, the joint information partition of each retailer
i ∈ S is IS . Hence, for each ω ∈ Ω, each retailer i ∈ S updates his demand
information to yS ∈ IS with ω ∈ yS and expects a demand distribution F i

yS
.

Moreover, for each ω ∈ yS , the retailers maximize the same revenue function

H̄Π
S (q, yS , a) = −

∑
i∈S

ai(ti − vi) + b(q −
∑
i∈S

ai) +
∑
i∈S

(pi − vi)

ai∫
0

F̄ i
yS

(x)dx.
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Therefore, we conclude that the retailers decide on an optimal allocation for
each yS ∈ IS . Let a∗(q, yS) be the optimal allocation and let ḠΠ

S (q, yS) =
H̄Π

S (q, yS , a∗(q, yS)) be the maximal revenue of the coalition. Then, it is easy
to check that the expected profit function of coalition S for order quantity q
is given by

πΠ
S (q) = −(w + tw)q + EyS∈IS

[ḠΠ
S (q, ·)].

We will repeat the same reasoning for NUD Γ without information update.
Consider a coalition S and an order quantity q. Since Ȳi(ω) = ∩j∈NYj(ω)
for all ω ∈ Ω, there is a joint information partition for each retailer i ∈ S,
which is IN . Hence, for each ω ∈ Ω, each retailer i ∈ S updates his demand
information to yN ∈ IN with ω ∈ yN (whereas in NUD Π with information
sharing it is yS), and retailer i expects a demand distribution F i

yN
. Moreover,

for each ω ∈ yN , the retailers maximize the same revenue function

H̄Γ
S (q, yN , a) = −

∑
i∈S

ai(ti − vi) + b(q −
∑
i∈S

ai) +
∑
i∈S

(pi − vi)

ai∫
0

F̄ i
yN

(x)dx.

Therefore, we conclude that the retailers decide on an optimal allocation for
each yN ∈ IN . Let ā∗(q, yN ) be the optimal allocation and let ḠΓ

S(q, yN ) =
H̄Π

S (q, yN , ā∗(q, yN )) be the maximal revenue of the coalition. Then, it is easy
to check that the expected profit function of coalition S for order quantity q
is given by

πΓ
S(q) = −(w + tw)q + EyN∈IN

[ḠΓ
S(q, ·)].

We will first show that coalition S in Π cannot perform better than coalition
S in Γ. Note that IN is a refinement of IS , i.e., for all yN ∈ IN there exists
a yS ∈ IS such that yN ⊆ yS . Consider a yS ∈ IS and an optimal allocation
a∗(q, yS) for coalition S and joint order q. Define, for all yN ∈ IN with
yN ⊆ yS , ā(yN ) = a∗(q, yS). Let us shortly denote P (ω ∈ yN |ω ∈ yS) by
P (yN |yS). Then

ḠΠ
S (q, yS) = H̄Π

S (q, yS , a∗(q, yS))

= −
∑
i∈S

a∗i (q, yS)(ti − vi) + b(q −
∑
i∈S

a∗i (q, yS))

+
∑
i∈S

(pi − vi)

a∗
i (q,yS)∫
0

F̄ i
yS

(x)dx
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=
∑

yN∈IN :yN⊆yS

P (yN |yS)

(
−
∑
i∈S

āi(yN )(ti − vi) + b

(
q −
∑
i∈S

āi(yN )

))

+
∑
i∈S

(pi − vi)

a∗
i (q,yS)∫
0

∑
yN∈IN :yN⊆yS

P (yN |yS)F̄ i
yN

(x)dx

=
∑

yN∈IN :yN⊆yS

P (yN |yS)
[
−
∑
i∈S

āi(yN )(ti − vi) + b

(
q −
∑
i∈S

āi(yN )

)

+
∑
i∈S

(pi − vi)

āi(yN )∫
0

F̄ i
yN

(x)dx
]

=
∑

yN∈IN :yN⊆yS

P (yN |yS)H̄Γ
S (q, yN , ā(yN ))

≤
∑

yN∈IN :yN⊆yS

P (yN |yS)H̄Γ
S (q, yN , ā∗(q, yN ))

=
∑

yN∈IN :yN⊆yS

P (yN |yS)ḠΓ
S(q, yN ) (7.4)

The second equality holds since IN is a refinement of IS and, hence,∑
yN∈IN :yN⊆yS

P (yN |yS) = 1, ā(yN ) = a∗(q, yS) for all yN ⊆ yS , and F̄ i
yS

=∑
yN∈IN :yN⊆yS

P (yN |yS)F̄ i
yN

. The third equality holds again since IN is a re-
finement of IS and ā(yN ) = a∗(q, yS) for all yN ⊆ yS , and hence, we can
take

∑
yN∈IN :yN⊆yS

P (yN |yS) outside the integral. The inequality holds since
ā∗(q, yN ) is an optimal allocation.

Let q∗ be the optimal order quantity of coalition S in NUD Π. Then

vV (S) = πΠ
S (q∗)

= −(w + tw)q + EY S [ḠΠ
S (q∗, ·)]

≤ −(w + tw)q + EY N [ḠΓ
S(q∗, ·)]

= πΓ
S(q∗)

≤ wIV (S). (7.5)

The first inequality follows from (7.4) and since IN is a refinement of IS . The
last inequality holds since wV (S) considers an optimal order quantity in Γ.
Moreover, it is easy to check that vV (N) = wIV (N) since the retailers in the
grand coalition have the same joint information partition IN in both NUD’s.
Therefore, we conclude that Core(wIV ) ⊆ Core(vV ). As Core(wIV ) 	= ∅, this
completes the proof. �
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Proof of Theorem 7.10: From Theorem 2.7, it is enough to show that πV I
i

is continuous and concave with respect to qi. Because −(w + tw + ti − vi)qi

is continuous and concave and the expectation operator preserves continuity
and concavity, it remains to be shown that GV I

i (qi, qj , y
{i,j}) is continuous for

each realization y{i,j} of Y {i,j} and concave with respect to qi.

GV I
i (qi, qj , y) is a continuous function for each realization y{i,j} of Y {i,j} be-

cause q−i , q+
i and qi − q−i + q+

i are all continuous with respect to qi and qj ,
and 0 ≤ F̄ i

yi
≤ 1. Since we allocate available order quantities and buy extra

inventory from another retailer according to decreasing marginal contributions
for each demand realization, an increase in the order quantity results in an
increase in GV I

i , with a decreasing rate. Hence, GV I
i is concave with respect

to qi. �

Proof of Theorem 7.11: In the proof, we will treat qIV
N (w, b) as

qIV
N (w, b) = arg max

q∈IR+

{
πIV

N (q, w, b)
}

,

whereas, in the main text, qIV
N (w, b) denotes an optimal order quantity. We

remark that qIV
N (w, b) can be a multi-valued function. Under this new defi-

nition of qIV
N (w, b), we can restate the theorem as follows: in an NUD with

multiple retailers, for any buy-back price b with vw ≤ b < mini∈N (pi − ti),
there exists a w such that qC ∈ qIV

N (w, b), and w is increasing with b. We first
show several properties of optimal allocations and of qIV

N (w, b). Afterwards we
use those properties to prove our arguments in the theorem.

For a given q, w, b and signal vector yN , the optimal allocation of the grand
coalition is given by

aN (b, q, yN ) = arg max
a∈AN (q)

{
−
∑
i∈N

ai(ti − vi) + b(q −
∑
i∈N

ai)

+
∑
i∈N

(pi − vi)

ai∫
0

F̄ i
yi

(x)dx

⎫⎬
⎭

= arg max
a∈AN (q)

{
−
∑
i∈N

ai(ti − vi) − b
∑
i∈N

ai

+
∑
i∈N

(pi − vi)

ai∫
0

F̄ i
yi

(x)dx

⎫⎬
⎭ .
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Since the optimal allocations are determined myopically (according to decreas-
ing marginal contributions), the following properties can be checked easily.

(a) The optimal allocation is independent of w;

(b) For b < b∗, aN (b, q, yN ) ≥ aN (b∗, q, yN );

(c) For q < q∗, aN (b, q∗, yN ) ≥ aN (b, q, yN );

(d) For q < q∗, q∗ − q ≥∑i∈N aN
i (b, q∗, yN ) −∑i∈N aN

i (b, q, yN ) ≥ 0.

In the following part, we will show four properties of qIV
N (w, b).

(i) For any b, qIV
N (w, b) is monotone decreasing21 in w.

As πIV
N is concave in q (from Theorem 7.6), to prove this property it is enough

to check that πIV
N (q, w, b) − πIV

N (q̄, w, b) is decreasing in w for all q ≥ q̄ ≥ 0.
Let w < w∗, then

πIV
N (q, w, b) − πIV

N (q̄, w, b)
= −(w + tw)(q − q̄) + EY S [GIV (b, q, ·)] − EY S [GIV (b, q̄, ·)]
≥ −(w∗ + tw)(q − q̄) + EY S [GIV (b, q, ·)] − EY S [GIV (b, q̄, ·)]
= πIV

N (q, w∗, b) − πIV
N (q̄, w∗, b).

The inequality holds since q−q̄ ≥ 0 and w∗ > w. This proves the first property
of qIV

N (w, b).

(ii) For any w, qIV
N (w, b) is monotone increasing in b.

Similarly as in property (i), showing that πIV
N (q, w, b)−πIV

N (q̄, w, b) is increas-
ing in b for all q ≥ q̄ ≥ 0 is enough to prove this property. As πIV

N is only
depended on b because of GIV

N , it is equivalent to show that GIV
N (b, q, yN ) −

GIV
N (b, q̄, yN ) is increasing in b for all q ≥ q̄ ≥ 0. Let yN be a realization of

21If qIV
N (w, b) is an interval valued function, we use the following definition. We call interval

valued function f : IR � IR monotone increasing if for all x < y sup f(x) ≤ sup f(y) and
inf f(x) ≤ inf f(y). f is called monotone decreasing if −f is monotone increasing
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Y N and let � = aN (b̄, q̄, yN ) − aN (b, q̄, yN ) ≤ 0 with b̄ ≥ b. Then,

GIV
N (b, q, yN ) − GIV

N (b, q̄, yN )
= HIV

N (b, q, yN , aN (b, q, yN )) − HIV
N (b, q̄, yN , aN (b, q̄, yN ))

= HIV
N (b̄, q, yN , aN (b, q, yN ) + �) − (b̄ − b)

(
q −
∑
i∈N

aN
i (b, q, yN )

)

+b̄
∑
i∈N

�i +
∑
i∈N

(pi − vi)

aN
i (b,q,yN )∫

aN
i (b,q,yN )+�i

F̄ i
yi

(x)dx

−HIV
N (b̄, q̄, yN , aN (b, q̄, yN ) + �) + (b̄ − b)

(
q̄ −
∑
i∈N

aN
i (b, q̄, yN )

)

−b̄
∑
i∈N

�i −
∑
i∈N

(pi − vi)

aN
i (b,q̄,yN )∫

aN
i (b,q̄,yN )+�i

F̄ i
yi

(x)dx

= HIV
N (b̄, q, yN , aN (b, q, yN ) + �) − HIV

N (b̄, q̄, yN , aN (b, q̄, yN ) + �)

−(b̄ − b)

((
q −
∑
i∈N

aN
i (b, q, yN )

)
−
(

q̄ −
∑
i∈N

aN
i (b, q̄, yN )

))

+
∑
i∈N

(pi − vi)

⎛
⎜⎝

aN
i (b,q,yN )∫

aN
i (b,q,yN )+�i

F̄ i
yi

(x)dx −
aN

i (b,q̄,yN )∫
aN

i (b,q̄,yN )+�i

F̄ i
yi

(x)dx

⎞
⎟⎠

≤ HIV
N (b̄, q, yN , aN (b, q, yN ) + �)

−HIV
N (b̄, q̄, yN , aN (b, q̄, yN ) + �) (7.6a)

≤ HIV
N (b̄, q, yN , aN (b̄, q, yN )) − HIV

N (b̄, q̄, yN , aN (b̄, q̄, yN )) (7.6b)
= GIV

N (b̄, q, yN ) − GIV
N (b̄, q̄, yN ),

where (7.6a) holds from

− (b̄ − b)

((
q −
∑
i∈N

aN
i (b, q, yN )

)
−
(

q̄ −
∑
i∈N

aN
i (b, q̄, yN )

))

+
∑
i∈N

(pi − vi)

⎛
⎜⎝

aN
i (b,q,yN )∫

aN
i (b,q,yN )+�i

F̄ i
yi

(x)dx −
aN

i (b,q̄,yN )∫
aN

i (b,q̄,yN )+�i

F̄ i
yi

(x)dx

⎞
⎟⎠

being non-positive, since q −∑i∈N aN
i (b, q, yN ) ≥ q̄ −∑i∈N aN

i (b, q̄, yN ) and
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aN (b, q, yN ) ≥ aN (b, q̄, yN ) from properties (d) and (c), and F̄ i
yi

(x) is decreas-
ing for all i ∈ N . (7.6b) holds from the definition of � and because aN (b̄, q, yN )
maximizes HIV

N (b̄, q, yN , a) with a ∈ IRN and 0 ≤ ∑i∈N ai ≤ q. This proves
the second property.

(iii) Let b ∈ [vw, mini∈N (pi − ti)]. Then there exist a q ∈ qIV
N (cm, b) such that

q ≥ qC . Moreover, with w
′
= maxi∈N (pi−ti)+b, 0 ∈ qIV

N (w
′
, b) and 0 ≤ qC .

Suppose that w = cm. We know that qC ∈ qIV
N (cm, vw) since πIV

N (q, cm, vw) =
πC(q). From property (ii), we conclude that there exist a q ∈ qIV

N (cm, b) such
that q ≥ qC . The second argument is easy to check. This proves the third
property.

(iv) For any b, qIV
N (w, b) is an upper-semicontinuous22(USC) function in w and

it is interval valued.

From Theorem 7.6, we know that πIV
N (q, w, b) is a continuous function of q

and w. Then it follows from the maximum theorem of Berge (1966) (the proof
of this theorem can be found in Hildenbrand (1974)) that qIV

N (w, b) is USC
with respect to w. Moreover, since πIV

N (q, w, b) is a concave function of q, if
there is a jump in qIV

N (w, b) all interval should be in qIV
N (w, b) as well. Hence,

qIV
N (w, b) is interval valued. This proves the last property.

Now, we will prove our first argument, which states that for all vw ≤ b <
mini∈N (pi − ti) there exists a w such that qC ∈ qIV

N (w, b). From property
(iii), we know that there are w1 and w2 such that w1 ≤ w2, there exists a
q ∈ qIV

N (w1, b) with q ≥ qC and there exists a q ∈ qIV
N (w1, b) with q ≤ qC .

Then, from property (iv), it is a straightforward extension of the intermediate
value theorem that there exist a w1 ≤ w ≤ w2 such that qC ∈ qIV

N (w, b). This
proves our first argument.

By properties (i) and (ii), w that satisfies qC ∈ qIV
N (w, b) is increasing with b.

This proves our second argument and completes the proof. �

22Let X ⊆ IRk and Y ⊆ IRl be two non-empty sets. Let F : X � Y be a multi-valued
function, i.e., a function from X to 2Y \{∅}. F is called upper-semicontinuous in x ∈ X
if for every open neighborhood V of F (x) there exists an open neighborhood U of x with
F (x̄) ⊂ V for every x̄ ∈ U . F is called upper-semicontinuous if it is upper-semicontinuous
in every x ∈ X.





Chapter 8

Conclusions and Further
Research

In this monograph, we investigated collaboration in divergent distribution sys-
tems, where the retailers can benefit from inventory centralization and coor-
dinated ordering. This type of collaboration activities has gained importance
because of longer lead times and increasing uncertainty as a result of global-
ization and overseas manufacturing. There are several difficulties before suc-
cessful supply chain cooperation can be reached. Examples of these difficulties
are insufficient information sharing due to mistrust between companies or un-
balanced power structures which prevent powerful firms to cooperate because
of fear of losing their power or insufficient knowledge of fair profit division.
We approached the issue from an economical point of view and especially
analyzed the problem of fair division of benefits with the help of cooperative
game theory. We think that this problem is especially important since improv-
ing the understanding of what collaboration may bring is an essential driving
force for companies to overcome the difficulties that may appear in the actual
implementation and that stay before successful supply chain collaboration.

The earlier research on this issue has been done by Hartman et al. (2000),
Müller et al. (2002), Slikker et al. (2001) and Slikker et al. (2005). In this
monograph, we extended these studies into several directions. We especially
tried to find answers to the research questions that we posed in section 1.3. The
remainder of this chapter is organized as follows. In section 8.1, we summarize
how we dealt with the research questions and the results we found. Next, in
section 8.2, we comment on the implications of the results presented in this
monograph. Finally, in section 8.3, we discuss further research opportunities.

173
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8.1 Results

In this monograph, we first focused on the following question:

Q1) Can we identify a general set of structural conditions for the existence of
stable profit divisions among cooperating retailers?

We investigated this question in chapter 3. In this chapter, we introduced
a general framework for a class of situations with cooperation opportunities
under uncertainty. Every cooperation situation resulted in an associated co-
operative game and we used these games to investigate the issue of stable
profit division. We especially focused on the cores of these games as the core
of a cooperative game is the set of all stable profit divisions. We identified
two types of construction elements, i.e., strategy and recourse action spaces,
and cost and revenue functions. We derived sufficient conditions on them for
these cooperative games to have non-empty cores. These conditions are easy
to check. In the subsequent chapters, we used these conditions to show core
non-emptiness for cooperative games associated with the newsvendor situa-
tions with multiple warehouses, with delivery restrictions and with updated
demand information. Another important characteristic of this result is that
it is based on a two-stage stochastic modeling technique. This technique is
widely used to model many operations research problems as well. We think
that this result would help to study collaboration in other situations in the
operations research field.

Next, we considered the following question:

Q2) How can we interpret the existence of stable profit divisions from a non-
cooperative point of view?

To answer this question, we introduced a game in strategic form, where the
retailers can choose their order quantities independently even if they sign
a contract with other retailers to form coalitions. We showed that the set
of payoff vectors resulting from strong Nash equilibrium coincides with the
core of the corresponding cooperative game. Moreover, we illustrated how to
construct such a strong Nash equilibrium using profit sharing contracts.

In chapter 4, we investigated the following question:

Q3) Can we identify additional structural properties in a setting with multiple
cooperating retailers?
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Here, we focused on the convexity of simple newsvendor games. For simple
newsvendor games, convexity states that the marginal gains from inventory
centralization and order coordination will be higher if a retailer joins a big-
ger coalition. Convex games are well-known for having several nice properties
related to solution concepts, e.g., the core or the Shapley value. In simple
newsvendor situations, the demand distributions play an important role for
convexity of the associated cooperative games and these games are known as
being not necessarily convex. After providing several examples of non-convex
games, we focused on the simple newsvendor games with independent sym-
metric unimodal demand distributions. We first showed that all newsvendor
games with p = 2c in this class of newsvendor games are convex. Furthermore,
for the newsvendor games with normal distributions, convexity is shown to be
a quite natural property regardless of the optimal fractile. Afterwards, we
investigated convexity for the situations with uniform demand distributions,
which are, with the lowest kurtosis, on one side furthest away from normal
distributions within this class. We showed that three-player simple newsven-
dor games with independent identical uniform demand distributions are con-
vex and that the marginal contribution of a retailer with uniform demand is
increasing as he joins bigger coalitions. On the other hand, we provided an
example showing that the simple newsvendor games in our class with indepen-
dent symmetric unimodal demands are not convex in general. Although the
technique we used in this chapter appears not to be extendable, all the positive
results we derived indicate the existence of a class of simple newsvendor games
that contain convex games only. We conjecture that simple newsvendor games
with independent symmetric unimodal demand distributions having kurtosis
less than 3 are convex.

In chapter 5, we considered stability of cooperation in dynamic environments,
which might cause a change in the values of the coalitions. In such cases,
determination of new profit divisions, which do not discriminate any of the
retailers, is crucial for continuation of the cooperation. We dealt with the
following question:

Q4) What would be the properties required for the stability of a cooperation in
a dynamic setting and do these properties hold for collaboration between
retailers?

In this chapter, we concentrated on newsvendor situations with delivery re-
strictions. In these situations, the retailers pose some restrictions on the de-
livery quantities of the product depending on the demand realization if they
join a coalition. For example, these restrictions can be seen as the require-
ments that the retailers need to satisfy to survive in the market and they are
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subject to change depending on the market conditions. We first investigated
whether there exists a stable division of total profit among the retailers and
we showed that the cores of the associated cooperative games are non-empty.
Afterwards, we focused on what would happen if the retailers change their
delivery restrictions to be in the coalition. For the continuation of the cooper-
ation, the retailers should agree upon a new stable division of the total profit
that does not discriminate any of them. We defined four new monotonicity
properties, which consider several scenarios regarding these changes and the
requirements that the new division of profit should satisfy. We derived several
necessary and sufficient conditions for two-player games, three-player games
and games with an arbitrary number of players to have the monotonicity prop-
erties. Then, we investigated whether the newsvendor games associated with
delivery restrictions satisfy these monotonicity properties. We provided sev-
eral examples, where the monotonicity properties do not hold. Finally, we
identified a class of these newsvendor games with normal distributions that
satisfies one of the monotonicity properties.

Finally, in chapter 7, we investigated cooperation between retailers and the
interaction of them with their manufacturer in a supply chain with imperfect
demand information. We looked for an answer to the following question:

Q5) What would be the impact of imperfect demand information on the coop-
eration between the retailers and how would the interactions between the
retailers and the manufacturer be affected in this setting?

In this chapter, we introduced newsvendor situations with updated demand
information, where the retailers can update their demand forecast and benefit
from inventory pooling by reallocating their previous orders according to the
updated forecasts. The effect of cooperation can be bigger if they share their
information with each other. We first investigated the collaboration between
the retailers with and without information sharing, and we showed that the
associated cooperative games have non-empty cores.

Next, we considered the relationship between the retailers and the manufac-
turer. We analyzed three cases with individual retailers, with cooperating
retailers and with manufacturer’s resale and we investigated the impact that
each of these cases has on the manufacturer’s profit. Through several ex-
amples, we found out that the manufacturer’s profit might either increase or
decrease (depending upon the parameters such as, for example, demand dis-
tributions and the optimal fractile) if the retailers cooperate. The direction of
the change is highly dependent on whether cooperation leads to a higher or
lower total ordering quantity. The manufacturer obviously prefers higher total
orders. In the third case, we considered a resale option in which the manufac-
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turer purchases the unsold items from one retailer and sells them to another
retailer to gain extra revenue from additional transactions. We found out that
this case always outperforms the individual retailers case for the manufacturer.
However, the manufacturer might prefer cooperating retailers if cooperation
leads to higher total orders.

Then, we focused on the coordination of the whole supply chain trough buy-
back contracts, which are known to coordinate the systems with perfect de-
mand information. We investigated whether it is possible to align cooperating
retailers’ incentives with the manufacturer’s incentive for better performance
of the supply chain using buy-back contracts. Our buy-back contracts differ
from the traditional ones as we allow buy backs after the demand forecast
update but not after demand realization. We showed that with imperfect de-
mand information the decentralized system cannot reach the profit level of
the centralized system, even if the optimal order quantities are induced by an
appropriate buy-back value. Afterwards, we illustrated in an example that the
gap between the system profits in the centralized and the decentralized model
can be arbitrarily large and this gap is increasing with demand uncertainty.

8.2 Managerial implications

From a general point of view, there are several implications of the results that
we derived in this monograph. First, in this monograph, we investigated a
number of newsvendor situations (i.e., with multiple warehouses, with delivery
restrictions and with demand information update) in which the retailers can
cooperate through inventory pooling and order coordination to increase their
total profit. We considered the associated cooperative games to investigate the
profit division problem. Although the cooperative analysis abstracts away the
details of how the cooperation would take place, it allowed us to analyze what
the retailers can expect to get out of the cooperation. The positive results on
the existence of stable profit divisions for these newsvendor settings indicate
that collaboration through coordinated ordering and inventory pooling is a
nice possibility for the retailers which may well lead to stable cooperations. It
also indicates that the early negotiations and discussions to start a coopera-
tion might end up with a consensus of the retailers as their alternatives do not
make a better option. Besides, the convexity results, in chapter 4, imply that
in the situations, where the retailers serve in independent markets with fairly
uncertain demand (e.g., independent normally distributed demand), the bene-
fit from inventory centralization could have a snowball effect as it is increasing
with the participation of more retailers to the cooperation. This stimulates
the retailers to form bigger coalitions in these situations.
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Second, the results in chapter 5 indicate possible difficulties in the adapta-
tion of cooperations to changes in the environment. We conclude that it is
usually not easy, sometimes not possible, to determine a new stable division
of the profit, which does not discriminate any retailer. It seems that even
simple fairness arguments by the retailers might be hard to be satisfied in dy-
namic environments and this can cause conflicts between the retailers. Even
so, we think that understanding the reasons might help to build up healthy
communications within the cooperation and to overcome misunderstandings.

Finally, in chapter 7, we investigated the effect of cooperation between the
retailers on the manufacturer. Our results showed that the manufacturer pref-
erence might be in both directions, i.e., in high risk markets the manufacturer
prefers the retailers to cooperate as cooperation might lead to higher stock-
ing decisions. On the other hand, in low risk markets, he might be worse off
and hence discourage the retailers from collaborating since cooperation might
diminish the total order size. In this case, the manufacturer might want to
be involved and to utilize a mechanism, which allows the retailers to bene-
fit from inventory centralization and the manufacturer to earn extra revenues
due to transactions in which he is involved. Besides, our results indicate that
increased uncertainty makes it harder to manage and coordinate the whole
supply chain. More sophisticated mechanisms than the buy-back contracts
are required.

8.3 Further research

There are several directions for future research. The first one is related with
the convexity of the simple newsvendor games. In chapter 4, we derived several
positive convexity results within the class of simple newsvendor games with
independent symmetric unimodal demand distributions. Although we cannot
further extend these results using our technique, our research points out a
potential class of simple newsvendor games, i.e., the class of simple newsvendor
games with independent symmetric unimodal demand distributions having
kurtosis less than 3, which might contain convex games only. Related with
structural properties, existence of population monotonic allocation schemes in
newsvendor situations is another barely touched upon question in the literature
and an investigation in this direction would be worthwhile.

In this monograph, we showed the existence of stable profit divisions among
the retailers for several newsvendor situations, but we did not propose an al-
gorithm to determine one. There are a few recent studies considering this
issue and it makes an ambitious area of future research as it is still imma-
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ture. Another promising direction of future research would be investigation
of other profit division mechanisms in newsvendor games, as they might point
out other stability or fairness issues for successful cooperation. For example,
among them, the Shapley value has already taken some attention in the op-
erations management literature and Shapley value allocations are shown to
satisfy farsighted stability for several systems.

It is an assumption in cooperative game theory that binding agreements are
possible between players. In a newsvendor setting, existence of such con-
tracts (binding agreements) is especially important since coordination of the
order quantities is required to achieve the maximum benefit from collabora-
tion. Knowing or trusting that their expectation would be met by the coop-
eration, the retailers would agree upon such contracts. However, if it is not
possible, one way or another, to make binding agreements, coordination of
the actions might be difficult because of double marginalization similar as in
the case between retailer and manufacturer. Although double marginalization
has been well studied in the contracting literature, attention is limited to the
retailer-manufacturer relationship and the similar effect on retailers’ collab-
oration has not been studied. In chapter 3, we showed that profit sharing
contracts are capable of coordinating the actions of the retailers. Further in-
vestigation of coordinating contracts other than profit sharing contracts would
make an ambitious direction of future research.
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Özen, U., and Sošić, G. 2006. A multi-retailer decentralized distribution
system with updated demand information. BETA Working Paper 193, Tech-
nische Universiteit Eindhoven, Eindhoven, The Netherlands.
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Summary

Collaboration between multiple newsvendors

Despite the good future that was foreseen for interorganizational supply chain
collaboration during the last decade, actual collaboration between different
companies has not really taken off, and exchange of true and valuable infor-
mation between parties in the supply chain is still very limited. Some of the
general business literature indicates problems with this collaboration due to
lack of trust, unbalanced power situations, insufficient knowledge about fair al-
location of benefits, etc. Up to now, very little quantitative insights have been
developed for managers that can actually help them in reaching the promised
benefits such as an improved performance of the supply chain as a whole. In
this thesis, we mainly focus on the difficulties in supply chain collaboration
from an economic point of view using the techniques developed in the domain
of game theory.

We utilize models based on the so-called multiple newsvendor situation, which
is an abstraction from a situation in which multiple retailers sell a single item
in their local markets, and whereby, from a system’s point of view, it would be
beneficial for each of the parties to collaborate in order to improve the supply
chain’s performance. It is known in the inventory literature that inventory cen-
tralization leads to cost savings and profit increase. From a cooperative game
theoretical perspective, the core concept is an appealing answer to the question
of how to share the extra profit from inventory centralization among the indi-
vidual firms. The core is the set of all allocations of total profit such that no
group of players would like to split from the grand coalition and form a smaller
coalition. In the literature, it is known that cores of the games associated with
several newsvendor situations are non-empty. One contribution of this thesis
is that it extends these results to newsvendor situations that are more com-
plex in several directions. We show the non-emptiness result for newsvendor
situations with multiple warehouses, with delivery constraints and with de-
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mand forecast update. For this purpose, we introduce a general framework for
the situations with cooperation opportunities under uncertainty. All of these
three types of newsvendor situations can be modeled in this framework. We
identify two types of construction elements, i.e., strategy and recourse action
spaces, and cost and revenue functions. We derived the sufficient conditions
on these elements for the associated cooperative games to have non-empty
cores. These conditions are easy to check and we use them to show core non-
emptiness for cooperative games associated with these newsvendor situations.
Another important characteristic of this framework is that it is based on a
two-stage stochastic modeling technique. This technique is widely used to
model many operations research problems as well. We think that this result
would help to study collaboration in other situations in the operations research
field. Besides, we also show that there exists a stable division of total profit
for the situation in which the retailers collaborate and share their information
to better update their demand forecasts.

It is an assumption in cooperative game theory that binding agreements are
possible between players. In a newsvendor setting, existence of such con-
tracts (binding agreements) is especially important since coordination of the
order quantities is required to achieve the maximum benefit from collabora-
tion. Knowing or trusting that their expectation would be met by the coop-
eration, the retailers would agree upon such contracts. However, if it is not
possible, one way or another, to make binding agreements, coordination of
the actions might be difficult because of double marginalization similar as in
the case between retailer and manufacturer. Although double marginalization
has been well studied in the contracting literature, attention is limited to the
retailer-manufacturer relationship and the similar effect on retailers’ collabo-
ration has not been studied. In this thesis, we formulate a non-cooperative
game, where the retailers form coalitions but they do not give up all their de-
cision rights (i.e., ordering decisions) signing up a contract. We analyze how
the core of the corresponding cooperative game could be interpreted in such
a non-cooperative environment, and we show that the set of payoff vectors
resulting from strong Nash equilibria coincides with the core of the corre-
sponding cooperative game. Besides, we illustrate how to construct a strong
Nash equilibrium using profit sharing contracts and show that profit sharing
contracts are capable of coordinating the actions of the retailers.

As a part of the thesis, we investigate the convexity of simple newsvendor
games. Convex games are well-known for having several nice properties related
to solution concepts (e.g, the Shapley value is in the core of a convex game).
Being not convex in general, the newsvendor games were shown to be convex
for retailers with independent normal demand distributions. In this part, we
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focus on the class of newsvendor games with independent symmetric unimodal
demand distributions. Several subclasses are shown to contain convex games
only. However, these results cannot be generalized to the whole class. A
counterexample is provided.

The output of a cooperative game depends on the underlying parameter set-
ting of the associated situation. The players may find it hard to sustain a
stable cooperation if there is a change in the environment or situation which
affects the output of the cooperation. As a part of this thesis, we consider a
newsvendor situation with delivery constraints. The delivery constraints allow
us to incorporate long term targets of a retailer in a single period framework,
and the changes in delivery restrictions simply represent updates in long term
targets. We investigate the stability of cooperation in a dynamic environ-
ment, where the restrictions are expected to change. We identify the effect
of possible changes in the delivery constraints on the associated cooperative
games. We focus on certain criteria for a new division of joint profit to be
fair and we analyze the existence of such divisions. These fairness criteria are
captured by four monotonicity properties. We derive necessary and sufficient
conditions for a general class of cooperative games, which contains cooperative
games associated with newsvendor situations with delivery constraints, to sat-
isfy these properties. Afterwards, we comment on what these conditions mean
in a newsvendor situation with delivery constraints and we show that coop-
erative games associated with these newsvendor situations do not necessarily
satisfy the four monotonicity properties.

The manufacturer is not isolated from the cooperation or competition at the
retailers’ level. In the last part of the thesis, we concentrate on the relationship
between the manufacturer and the retailers in a newsvendor situation with
demand updates. We analyze three cases:

• Individual retailers: Every retailer works individually;

• Cooperating retailers: The retailers can form coalitions to benefit from
inventory centralization;

• Manufacturer’s resale of returned items: The retailers cannot cooperate but
the manufacturer offers the items returned by a retailer with low expected
demand to another one with high demand expectation.

We investigate the impact that each of these three models has on the manu-
facturer’s profit. Finally, we focus on coordination of the entire supply chain
through buy back contracts, which are known to coordinate the systems with
full information. In our situation with multiple retailers, these results hold as
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well for some special cases. However, if the demand signal is not perfect, the
buy back contract fails to reach the profit level of the centralized system even
if it induces optimal order quantities. We show that this gap can be arbitrarily
large.

Our results have several managerial implications. We list them as follows:

• Collaboration through coordinated ordering and inventory pooling is a nice
possibility for the retailers which may lead to stable coalitions.

• In the situations, where the retailers serve in independent markets with
fairly uncertain demand (e.g., independent normally distributed demand),
the benefit from inventory centralization could have a snowball effect as
it is increasing with the participation of more retailers to the cooperation.
This might stimulate the retailers to form bigger coalitions.

• It might be difficult for a cooperation to adapt to the changes in the envi-
ronment. Even simple fairness arguments by the retailers might be hard to
be satisfied, which can also cause conflicts between the retailers.

• The manufacturer prefers collaboration between the retailers in high risk
markets whereas in low risk markets he might get worse off by the retailers’
cooperation. In the second case, he might want to utilize other mechanisms
(e.g., resale option) to earn extra revenues due to transactions in which he
is involved.

• Increased uncertainty makes it harder to manage and coordinate the whole
supply chain. More sophisticated mechanisms than the buy-back contracts
are required.



Samenvatting

Ondanks de goede toekomst die voorspeld was voor inter-organisatorische
samenwerking in toeleverketens gedurende het laatste decennium, is daad-
werkelijke samenwerking tussen verschillende bedrijven niet echt van de grond
gekomen, en is de uitwisseling van betrouwbare en waardevolle informatie
tussen partijen in de toeleverketen nog steeds erg beperkt. Een deel van
de algemene bedrijfskundeliteratuur geeft aan dat de problemen met deze
samenwerking voortkomen uit een gebrek aan vertrouwen, ongelijke machtsver-
houdingen, onvoldoende kennis wat betreft eerlijke verdeling van opbrengsten,
etc. Tot nu toe zijn er vrij weinig kwantitatieve inzichten ontwikkeld voor
managers die kunnen ondersteunen in het bereiken van de beloofde winsten,
zoals een verbeterde prestatie van de toeleverketen als geheel. In dit proef-
schrift richten we ons hoofdzakelijk op de moeilijkheden in de samenwerking
in de toeleverketen vanuit een economisch oogpunt door gebruik te maken van
technieken ontwikkeld in het vakgebied speltheorie.

We gebruiken modellen gebaseerd op de zogenaamde meervoudige kranten-
verkoperssituatie, wat een abstractie is van de situatie waarin meerdere re-
tailers een enkel product verkopen in hun lokale markten en waarbij, vanuit
het oogpunt van een systeem als geheel, het voordelig is voor iedere partij om
samen te werken om de prestatie van de gehele toeleverketen te verbeteren.
Het is bekend in de literatuur over voorraadbeheersing dat de centralisering
leidt tot kostenbesparingen en winstverhoging. Vanuit de coöperatieve spel-
theorie, is het core-concept een aantrekkelijk antwoord op de vraag hoe de
extra winst die verkregen wordt door voorraadcentralisatie tussen de verschil-
lende individuele bedrijven moet worden verdeeld. De core is de verzameling
van alle toewijzingen van de totale winst zodanig dat geen enkele groep spelers
zich af wil splitsen van de gehele coalitie en een kleinere coalitie wil vormen.
In de literatuur is bekend dat de core van spelen geassocieerd met verschil-
lende krantenverkoperssituaties niet-leeg is. Een bijdrage van dit proefschrift
is dat deze de resultaten uitbreidt naar krantenverkoperssituaties die meer
complex zijn in verschillende richtingen. We laten de niet-leeg eigenschap
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zien voor krantenverkoperssituaties met meerdere opslagpunten, met aflever-
beperkingen en met updates van de vraagvoorspelling. Hiervoor introduceren
we een algemeen raamwerk voor situaties met samenwerkingsmogelijkheden
onder onzekerheid. De drie typen krantenverkoperssituaties kunnen alledrie
gemodelleerd worden in dit raamwerk. We identificeren twee typen construc-
tie elementen, namelijk strategie en recourse ruimtes, en functies voor kosten
en opbrengsten. We hebben condities afgeleid voor deze elementen die vol-
doende zijn om te verzekeren dat de verbonden coöperatieve spellen geen lege
core hebben. Deze condities zijn eenvoudig na te gaan en we gebruiken ze om
aan te tonen dat de core van de genoemde krantenverkoperssituaties niet leeg
is. Een andere belangrijke eigenschap van dit raamwerk is dat het gebaseerd
is op een tweefase stochastische modelleringstechniek. Deze techniek wordt
algemeen gebruikt voor het modelleren van veel problemen in de operations
research. We menen dat dit resultaat kan bijdragen bij het bestuderen van
samenwerking in andere situaties in het vakgebeid operations research. Daar-
naast laten we ook zien dat er een stabiele verdeling bestaat van de totale
winst voor de situatie waarbij retailers samenwerken en informatie delen voor
een betere update van de vraagvoorspelling.

Het is een aanname in de coöperatieve speltheorie dat bindende overeenkom-
sten tussen verschillende spelers mogelijk zijn. In een situatie met meerdere
krantenverkopers is het bestaan van zulke contracten (bindende overeenkom-
sten) in het bijzonder belangrijk, omdat de coördinatie van de ordergroottes
nodig is om maximale winst uit de samenwerking te halen. Wetende of
vertrouwende dat de verwachting wordt behaald door de coöperatie, gaan de
retailers akkoord met zulke contracten. Echter, als het niet mogelijk is, op één
of andere manier, om bindende overeenkomsten te sluiten, kan de coördinatie
van de acties moeilijk zijn vanwege dubbele marginalisatie, vergelijkbaar met
het geval tussen de retailer en de fabrikant. Hoewel dubbele marginalisatie
goed bestudeerd is in de literatuur over contracteren, is deze beperkt tot
de relatie tussen retailer en fabrikant, terwijl het soortgelijke effect op de
samenwerking van retailers niet wordt bestudeerd. In dit proefschrift for-
muleren we een niet-coöperatief spel, waar de retailers coalities vormen, maar
zij geven hun beslissingsrecht (d.w.z. de beslissing over de order) niet op
bij het tekenen van het contract. Wij analyseren hoe de core van het cor-
responderende coöperatieve spel kan worden gëınterpreteerd in een dergelijke
niet-coöperatieve omgeving, en we laten zien dat de verzameling van winstvec-
toren die volgen uit een sterk Nash evenwicht overeenkomen met de core van
het corresponderende coöperatieve spel. Verder illustreren we hoe een sterk
Nash evenwicht geconstrueerd kan worden door gebruik te maken van speci-
fieke profit sharing contracts en we laten zien dat deze contracten de acties
van retailers kunnen coördineren.
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In dit proefschrift onderzoeken we ook de convexiteit van standaard kranten-
verkopersspelen. Convexe spelen staan erom bekend dat ze enkele aansprek-
ende eigenschappen hebben gerelateerd aan oplossingsconcepten (bijv. de
Shapley waarde zit altijd in de core van een convex spel). Hoewel kranten-
verkopersspelen in het algemeen niet convex zijn, is het aangetoond dat ze
voor retailers met onafhankelijke vraagverdelingen wel convex zijn. In dit deel
richten we ons op de klasse van krantenverkopersspelen met onafhankelijke
symmetrische unimodale vraagverdelingen. Van een aantal subklasses wordt
aangetoond dat deze alleen convexe spellen bevatten. Echter, deze resultaten
kunnen niet gegeneraliseerd worden naar de hele klasse. Een tegenvoorbeeld
wordt hiervoor gegeven.

De te behalen resultaten in een coöperatief spel hangen af van de onderliggende
parameters van de eraan verbonden situatie. De spelers kunnen moeilijkhe-
den ondervinden om een samenwerkingsverband stabiel te houden als er een
verandering is in de omgeving of situatie die effect heeft op de (financiële)
gevolgen van samenwerking. Als onderdeel van dit proefschrift beschouwen
we een krantenverkoperssituatie met afleverbeperkingen. De afleverbeperking-
en staan toe om de lange termijn doelen van de retailer in een raamwerk
voor één periode in te bouwen. De veranderingen in de afleverbeperking-
en representeren eenvoudigweg de updates in lange termijn doelen. We onder-
zoeken de stabiliteit van samenwerking in een dynamische omgeving, waar de
beperkingen verwacht worden te veranderen. We identificeren het effect van
mogelijke veranderingen op de gezamenlijke winst. We richten ons op crite-
ria voor nieuwe winstverdelingen zodanig dat deze fair zijn en we analyseren
de aanwezigheid van zulke verdelingen. Deze eerlijkheidscriteria zijn gevan-
gen in vier monotoniciteitseigenschappen. We leiden noodzakelijke en vol-
doende condities af voor een algemene klasse van coöperatieve spelen, welke de
coöperatieve spelen bevatten die verbonden zijn aan krantenverkoperssituaties
met afleverbeperkingen, om aan deze eigenschappen te voldoen. Naderhand
bespreken we wat deze condities betekenen en we laten zien dat coöperatieve
spelen verbonden met deze krantenverkoperssituaties niet noodzakelijkerwijs
aan de vier monoticiteitseigenschappen voldoen.

De fabrikant is niet gëısoleerd van de coöperatie of de competitie op het niveau
van de retailers. In het laatste deel van dit proefschrift concentreren we ons op
de relatie tussen de fabrikant en de retailers in een krantenverkoperssituatie
met vraagupdates. We analyseren drie gevallen:

• Individuele retailers: Iedere retailer werkt voor zichzelf;

• Samenwerkende retailers: De retailers kunnen een coalitie vormen om vo-
ordeel te halen uit voorraadcentralisatie;



196 SAMENVATTING

• Terugkoop van geretourneerde producten door de fabrikant: De retailers
kunnen niet samenwerken, maar de fabrikant biedt de producten die gere-
tourneerd zijn door een retailer met lage verwachte vraag aan aan een re-
tailer met hoge verwachte vraag.

We onderzoeken de impact die ieder van deze drie modellen heeft op de winst
van de fabrikant. Uiteindelijk richten we ons op de coördinatie van deze drie
modellen van de gehele toeleverketen door terugkoopcontracten, waarvan bek-
end is dat deze het systeem coördineren bij volledige informatie. In onze sit-
uatie met meerdere retailers, gelden deze resultaten evenzo voor enkele bij-
zondere gevallen. Echter, als de vraagupdate niet perfect is, dan faalt het
terugkoopcontract in het halen van het winstniveau van het gecentraliseerde
systeem, zelfs als het aanzet tot economisch optimale orderhoeveelheden. We
tonen aan dat de kloof willekeurig groot kan worden.

Onze resultaten hebben verschillende bedrijfskundige implicaties:

• Samenwerking door gecoördineerde orders en samenvoeging van voorraad
is een mooie kans voor de retailers die kan leiden tot stabiele coalities.

• In de situaties waar de retailers verkopen in verschillende markten met
tamelijk onzekere vraag (bijv. onafhankelijk normaal verdeelde vraag), kan
het voordeel uit voorraadcentralisatie een sneeuwbaleffect hebben aangezien
het marginale voordeel toeneemt met de deelname van meer retailers aan
de coöperatie.

• Het kan moeilijk zijn om een samenwerkingsverband van retailers aan te
passen aan de veranderingen van de omgeving. Zelfs eenvoudige billijkheids-
argumenten door de retailers kunnen moeilijk zijn om aan te voldoen, wat
ook kan leiden tot conflicten tussen de retailers.

• De fabrikant heeft een voorkeur voor samenwerking tussen de retailers in
hoge risico markten terwijl hij in lage risico markten slechter af kan zijn door
de samenwerking tussen retailers. In het tweede geval zou hij de andere
mechanismen (bijvoorbeeld de herverkoop optie) kunnen willen benutten
om extra inkomsten te verdienen door transacties waar hij bij betrokken is.

• Verhoogde onzekerheid maakt het moeilijker om de hele toeleverketen te
besturen en te coördineren. Meer verfijnde mechanismen dan de terugkoop-
contracten zijn vereist.
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