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Abstract

The theory of intervals of measures (DeRobertis and Hartigan, 1981) enables

the use of a set of possible probability density functies for a random va

riable. In this paper the concept of highest density regions is generalized

for situations where lack of perfect knowledge about the distribution of a

random variable is represented by intervals of measures. A definition is

given for an imprecise highest density region, together with a theorem that

implies that such a region is equal to a highest density region for one par

ticular probability density function.

This result can as well be used within the theory of imprecise probabilities

(Walley, 1991) as for sensitivity analysis with regard to the distribution

of a random variable. Also in the Bayesian theory of statistics highest

density regions play an important role.
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1. J:ntroduction

Suppose that a random variable XEX, with X~Rk for some kE~, has continuous

probability density function (pdf) e (analogous results as presented in

this paper hold for more general situations, but these assumptions are made

for ease of notation). An interesting tool for statistical inferences is a

Density Region(1-0:)-Highest

Je(x) dx = 1-0:

1?e (0:)

and

(HDR) 1?e (0:) ~X, which is such that

O~0:~1. The second condition explains the name for the region, and is analo

gous to the condition that J dx is a minimum, so in simple cases the HDR

1?e (0:)

is the shortest interval [a,b] such that ~(b)-~(a)=1-0:, with ~ the cumulati-

ve distribution function of X.

In this paper we generalize HDR's to fit within the theory of intervals of

measures (DeRobertis and Hartigan, 1981). In this case the pdf of X is sup-

posed not to be known exactly, but only to belong to a class TI(t,u) that is

determined by functions t and u (both X~[O,oo), called the lower and upper

densities, respectively) such that O~(x)~(x)<oo for all XEX. This class of

possible pdf's is defined as

TI (i, u) = { q q(x) = h(x)jC
h

with t(x)~(x)~(x) for all xeX

and Ch= Jh (x) dx }.

X

The functions t and U are assumed continuous and such that

o < Jl(x)dx ~ Ju(x)dx < 00.

:r :r
Since TI(l,u) =TI (ljA, UjA) for each A>O, we restrict our attention to land u

such that Jt(x) dx = 1 and u(x) = l(x) + ca(x),

X

1

with Ja(x)dx = 1 and

X



c~O. It is obvious that c and a are uniquely deter.mined, unless u(x)=l(x)

for all xeX, and that a is continuous.

The theory of intervals of measures fits in the concept of imprecise proba-

bilities, extensively discussed by Walley (1991), in which the probability

that an event of interest happens, denoted by A, is known only to be in an

interval [P (A) , P (A) ], where O:SP (A):SP (A) :S1 . P (A) and P (A) are called the

lower and upper probability of event A. An important axiom for imprecise

probabilities - cis P (A) +P (A ) =1, where A
C

denotes that A does not happen

(Smith (1961); Wolfenson and Fine (1982». Within this theory imprecision

about A is defined by ~(A)=P(A)-P(A).

If the pdf of X is known to belong to II (i, u), the smallest interval con-

taining P (Xe:R) for some :Rs=X is [P (xe:R) , P (xe:R) ] , with (Walley, 1991; section

4.6) :

implies

JU(X)dX

:R

JU(X)dX + Jl(X)dX

:R :R
c

since Jl(x)dx 0

X

is acceptable

and p(xe:R)

Jl(x) dx

:Rp(xe:R)
Jl(X)dX + JU(X)dX

:R :R
c

Our restriction Jl(x) dx > 0

X

that P(Xe:R)=O and p(xe:R)=1 for all :ReX (or not defined).

In section 2 of this paper a generalization of HDR's is defined and dis-

cussed for the situation where it is only known that the pdf of X belongs to

II(l,u), with land U as above. It is shown that calculation of such a gene-

ralized HDR can be reduced to calculation of a HDR for one pdf that belongs

to II (i, u) •

As HDR's are frequently used in the Bayesian framework the results of this

paper are important there, as discussed in section 3. The results can also
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be used within robust Bayesian analysis, which is a type of sensitivity ana-

lysis (Berger, 1985).

2. ~recise highest density regions

The following definition generalizes HDR's to the case of imprecise probabi-

lities described by intervals of measures:

Definition

~t (a.) s;;X is called a (1-a.) -Imprecise Highest Density Region (IHDR) if,u

p(Xe~D (a.) = 1-a. and J dx is a minimum.
- <-,u

~D (a.)
<-, u

This definition implies that J q(x)dx ~ 1-a. for all qeTI(l,u),

~D (a.)
<-, u

so if

one knows that qeTI (t, u) then ~t (a.),u is the smallest region such that

over all

xe~D (a.) with probability at least 1-a.. Therefore, this region can be used
<-, u

for testing hypotheses, analogously to the role of HDR's if the pdf is

exactly known.

Remark that ~D (a.) is not equal to the union r;~ (a.) = U ~ (a.)
<-,u q

qeTI(l,u). In many situations r;~(a.) equals X (e.g. if X=[O,1], l(x)=1 and

u (x) =2 for all xeX, if a.:S1/3), or J q (x) dx > 1-a.

r;~ (a.)

thus it is more useful to consider ~D (a.) than r;~(a.) .
<-, U

for all qeTI (i, u) ,

It is important to analyze how IHDR's can be calculated. Theorem 1 is im-

portant in that it shows that ~D (a.) is equal to a single HDR for a pdf
~,u
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belonging to IT(i,U). Remember that, without loss of generality, we can re

strict to t and u such that Jlex) dx = 1 and u(x) = i(x) + ca(x), with

:r
Ja(x) dx

:r
1 and c~O.

~heorem 1

~s (a)='R(a(e»,
~,u q

a
a(c) = 1 + (l-a)e

with q(x)
lex) + (l-a)ea(x)

1 + (l-a)c
(so qeIT (t, u» and

J i(x)dx

'R s (a)
~,u

1+ C(l - J a(X)dx)'

'R s (a)
~,u

J u(x)dx

'R~ (a)
~,u

i (x) dx +J
'R s (a)
~,u

J i (x) dx

'R s (a)
~,u

Proof

so p(xe'R s (a» = I-a ~ J [i(x) + (l-a)ea(x»)dx = (I-a) (l+e).- ~,u

'R s (a)
~,U

Dividing both sides by 1+(1-a)c leads to

and a(e) as given. 'R s (a) is an IHDR if
~,u

J q(x)dx = 1 - a(e), with q

'R s (a)
~,u

J dx is a minimum, which is

'R s (a)
~,u

the condition for 'R s (a) to be a HDR for q.
~,U

c

As a consequence of theorem 1 calculation of an IHDR can be replaced by cal-

culation of a HDR for a particular qeIT (i, u), which is a remarkably strong

and general result.

Corol.l.az:y 1

with ale)
1 + (1-a)c·
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Corollary 1 is an obvious consequence of theorem 1 for the special case that

a(x)=t(x) for all xeX. It is followed by an example in which t is a normal

pdf.

Example 1

Let t(x) be the pdf of the N(fl,cr2) distribution and u(x)=(1+c)t(x). The

(1-a)-IHDR is equal to the (1-a(c»-HDR for pdf i,

-1 I -1
[fl-CT~ (1-a(c) 2) , fl+CT~ (1-a(c)/2)J,

where ~ is the standard normal cumulative distribution function.

An analogous result can be derived for QD (a) S;;X
c-, u such that

p (xeQi (a» = 1-a and J dx is minimal. Then the result that cor-,u
Qi, u (a)

responds is Qi,u (a) = ~h(a(e» with h(x)
i (x) + aea (x)

to theorem 1
1 + ac

(also herr (i, u) ) and a (c) =
a (1+e)

However, Qi, u (a) is not likely to be of
1+ae

interest. In terms of upper probabilities it seems to be more logical to

look for QD (a) such that
c-, u

P (XeQD (a» = 1-a and
c-, u _J dx is maximal,

Qi,u (a)

but P (A) +P (A
c

) =1 leads to

above theory of IHDR's.

Q
t

(a) =~tC (1-a) ,,u ,u so this adds nothing to the

If ~t (a) is known, the imprecision,u t:.(Xe~D (a» = p(Xe~D (a» - (1-a)
c-, u c-, U

can be of interest, where p(Xe~D (a» is calculated as described above, and
c-, u

the special case a(x)=i(x) for all xeX (see corollary 1) leads to

p(xe~i, (1+c)i(a» = 1 - a 2 and
(1-a) (1+e) +a

a(1-a) c(2+c)

(1-a) (1+c) 2+a
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3. Xmprecise Bayesian analysis

During the last decade there has been an increasing interest in generaliza-

tions of the standard Bayesian theory of statistical inference, in the sense

that a precisely known prior distribution for some parameter of interest has

been replaced by a class of possible prior distributions.

main reasons for such a generalization.

There are two

Firstly, it is useful to perform sensitivity analyses with regard to the

prior distribution as elicitation of subjective opinion almost never leads

to exactly one prior. This generalization is called robust Bayesian analy-

sis; Berger (1985,1990) calls an HDR a highest posterior density credible

set and an intervals of measures class II (i, u) a density ratio class. He

calculates lower and upper probabilities for the event that the random va-

riable (parameter) belongs to a credible set derived from the standard

Bayesian theory, but does not generalize the concept of HDR's. Pericchi and

Walley (1991) do the same and conclude, after comparing several classes for

robust Bayesian analysis, that the intervals of measures classes are attrac-

tive. Moreno and Pericchi (1992) calculate imprecise probabilities for ar-

bitrary sets related to a subclass of IT(t,U), consisting only of pdf's that

belong to the class with Jt(x)dx ~ 1 ~ Ju(x)dx, but do not discuss high-

X X

est density regions. Wasserman (1992) discusses advances in robust Bayesian

inference, and claims that robust methods cannot be a routine part of Bayes-

ian data analysis because Bayesian inference is computationally demanding,

and robust Bayesian inference is even more demanding. From this point of

view our result is clearly of interest. Wasserman (1992) also discusses the

class II (i, u), and remarks that the special case where U (x) =kt (x) for k~l
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(see corollary 1) is useful, since it may be thought of as a neighborhood of

prior l.

Secondly, the theory of imprecise probabilities, as discussed by Walley

(1991), can be seen as a generalization to standard probability theory, whe

re imprecision relates to the value assigned to the information on which the

probability statements are based, and thus becomes a part of the theory of

statistics. Coolen (1992,1993) proposes and discusses models for Bayesian

inference, based on the intervals of measures theory which is especially

useful in case of updating (DeRobertis and Hartigan, 1981). These models

without loss of generality use lower densities l(x) and upper densities

l(x)+ca(x). No generalization of HDR's appears to have been studied before,

which is remarkable since HDR's play an important role in the Bayesian theo

ry of statistical inference.

Within the Bayesian framework the above result can be used in relation to

prior or posterior distributions for parameters in a statistical model, and

for predictive distributions for the random variable of interest.
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