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For a Hamiltonian system every non-Hamiltonian symmetry gives rise to a recursion operator for 
symmetries. Using this method two recursion operators for symmetries ofthe massive Thirring 
model are constructed. The structure of the Lie algebra of symmetries generated by these 
operators is given. 

I. INTRODUCTION 

The existence of infinite series of symmetries is a very 
special property of a dynamical or Hamiltonian system. 
These series are often constructed by using a recursion oper
ator for symmetries (also called Lenard operator, or strong 
symmetry or squared eigenfunctions operator). In Sec. II of 
this paper we make some general remarks on symmetries 
and tensor symmetries of a dynamical system. In particular, 
we show that for a Hamiltonian system every non-Hamilton
ian symmetry gives rise to a recursion operator for symme
tries. This method is applied to the massive Thirring model 
in Sec. III. Using two symmetries found by Kersten l and 
Kersten and Martini,2.3 we construct two recursion opera
tors for symmetries of the massive Thirring model. These 
operators turn out to be each others' inverses. With these 
recursion operators we generate two infinite series of sym
metries. One of these series corresponds to an infinite series 
of constants of the motion in involution. The other series 
consists of non-Hamiltonian symmetries. The correspond
ing Lie algebra of symmetries is also described. In Secs. II 
and III we use the framework of differential geometry. In 
Appendix A we show how the, at first instance finite-dimen
sional, differential geometry can be introduced on the topo
logical vector space in which the Thirring model is studied. 
Some long expressions are given in Appendix B. Similar re
sults as given in this paper for the massive Thirring model 
can be obtained for several other equations, see Ten Ei
kelder.4 

We now make some remarks on the notation and ter
minology. A tensor field with contravariant order p and co
variant order q will be called a ( p,q) tensor field. The set of 
vector fields [ = (1,0) tensor fields] and the set of one
forms [ = (0, 1) tensor fields] on a manifold JI will be de
noted by &!"(JI) [resp. &!"*(JI)]. The contraction 
between a one-form a and a vector field A will be written as 
(a,A ). The Lie derivative in the direction of a vector field A 
will be denoted as .5t' A' Applied to a vector field B this Lie 
derivative equals the Lie bracket [A,B], i.e., 
.5t' A B = [A,B ]. Further we use the operators a = a/ax and 
a-I, defined by 

fx I fOO 
(a-I!)(x)= _oo!(y)dY - 2 _oo!(y)dy . 

Then a and a -I are both skew symmetric with respect to the 
L2 inner product. These operators are assumed to act on 
everything that follows them, except when otherwise indi
cated. 

II. TENSOR SYMMETRIES OF A DYNAMICAL SYSTEM 

In this section we make some general remarks on sym
metries of dynamical and Hamiltonian systems. Let X be a 
vector field on a manifold JI. With X thefollowing dynami
cal system is associated: 

u(t) =X(u(t») (U(t) = :tU(t»). (2.1 ) 

A, possibly t-parametrized, tensor field Eon JI, which satis
fies 

tER) (2.2) 

on JI, will be called a tensor symmetry of (2.1). It follows 
from Leibniz' rule that the tensor product of two tensor sym
metries is again a tensor symmetry. Also every possible con
traction in a tensor symmetry (or contracted multiplication 
of two tensor symmetries) yields again a tensor symmetry. If 
E is a completely skew-symmetric (O,p) tensor field (i.e., a 
differential p-form), then a new tensor symmetry can be con
structed by exterior differentiation. 

A tensor symmetry of type (0,0) (i.e., a function) is 
called a constant of the motion or first integral. A tensor 
symmetry of type (1,0) (i.e., a vector field on JI) will be 
called asymmetry. Finally a tensor symmetry of type ( I, I ) 
will be called a recursion operator for symmetries. 

Let Z be a symmetry and E be an arbitrary tensor sym
metry. Then 

2" x2" zE +!...2" zE at 
= 2" z2" xE + 2"lx,z JE + 2" zE + 2" zE 

= 2" z(2" xE + E) + 2"lx,ZJ +zE = O. 

So the Lie derivative of a tensor symmetry in the direction of 
a symmetry yields again a tensor symmetry (of the same 
type as the original one). 

Suppose A is a (I, I) tensor field and <P and 'II are skew 
symmetric (0,2) [resp. (2,0) 1 tensor fields. With these ten
sor fields the following linear mappings are associated: 

A:&!" (JI )--+&!" (JI), 

$:&!" (JI )--+&!"* (JI), 

~:&!"*(JI )--+&!"(JI). 

To simplify the notation we shall drop the hat and identify 
the tensor fields with the corresponding mappings (see also 
Appendix A). This also enables us to speak of the Lie deriva-
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tive of such a mapping. In particular a two-form [ = skew
symmetric (0,2) tensor field] 0 is identified with a skew
symmetric mapping 0: 9l'" (..4')-+9l"'* (..4'). If the two-form 
is nondegenerate this mapping has an inverse 
O+-: 9l"'* (..4' )-+9l'" (..4'). 

Now suppose that X is a Hamiltonian vector field, i.e., 
there exist a Hamiltonian B and a symplectic form n on ..4' 
such that 

X=O+- dB. (2.3) 

The closedness of 0 implies that !f x 0 
= deUX) = d dB = O. Since n = 0 this means that 0 is a 
tensor symmetry of type (0,2). From O+- 0 = I we obtain 
that n+- is a tensor symmetry of type (2,0). Suppose that Fis 
a constant of the motion. Then the one-form dF is a tensor 
symmetry of type (0,1) and Y = O+- dF is a tensor symme
try of type (1,0), i.e., a symmetry. So every constant of the 
motion gives rise to a symmetry. Note that all symmetries 
obtained in this way are (possibly t-parametrized) Hamil
tonian vector fields on ..4' . 

Let Z be a symmetry. Then !f z n is a tensor symmetry 
of type (0,2). The contracted multiplication of the tensor 
symmetries O+- and!f zO [in terms of mappings: the com
position of !f zn: 2"(JI)-+2"*(JI) and O+-: 
2"* (JI)-+ff"(JI) ] is a tensor symmetry of type (1,1). So 
for every symmetry Z, 

(2.4) 

is a recursion operator for symmetries. Since 0 is closed we 
have!f zO = d(OZ). So if Z is a Hamiltonian vector field 
we obtain by (2.4) the trivial recursion operator A = O. 
Only in the case where Z is a non-Hamiltonian symmetry 
(i.e., a symmetry with OZ not closed), we obtain by (2.4) a 
nonvanishing recursion operator for symmetries. So every 
non-Hamiltonian symmetry of a Hamiltonian system gives 
rise to a recursion operator for symmetries. 

If a system has a recursion operator for symmetries A, 
an infinite series of symmetries can be constructed by repeat
ed application of this recusion operator to some symmetry. 
An important concept for understanding the algebra of sym
metries generated in this way is the Nijenhuis tensor of A 
(see Nijenhuis5 and Schouten6

). With every (1,1) tensor 
field A is associated a ( 1,2) tensor field N A' called the Nijen
huis tensor field of A, such that for all vector fields A, 

!f AAA - A!fAA =NAA. (2.5) 

The right-hand side of this expression is the contracted mul
tiplication of the (1,2) tensor field N A and the vector field A. 
This results again in a ( 1,1) tensor field. The importance of 
recursion operators for symmetries with a vanishing Nij
enhuis tensor field has already been noticed by Magri, 7 

Fuchssteiner,8 Fuchssteiner and Fokas,9 and Gel'fand and 
Dorfman. 10 It is easily seen how this property can be used. 
Let A and B be vector fields such that !fAA = aA and 
!f BA = bA fora,bER. DefineA k = AkA andBk = AkB for 
k = 0,1,2, .... Then 

[Ak,BI ] = !f Ak (NB) = (!f AkN)B + N!f AkB 

= (!fA N)B-N!fB(AkA) 
k 
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= (!f AkA/)B - A/(!f BAk)A 

+ Ak+/[A,B] 

= (!fAkA/)B-kAk+lbA +Ak+/[A,B]. 

If the Nijenhuis tensor field of A vanishes we have 

(2.6) 

!f AkA = Ak!f AA = aAk+ I. (2.7) 

Substitution in (2.6) finally results in 

[Ak,Bd = laBk+1 - kbAk+1 + Ak+/[A,B]. (2.8) 

If A is invertible we can also define Ak and Bk , for 
k = - 1, - 2, - 3, .... Using 

!f cA -I = - A -I(!f cA)A- I 

for every vector field C it is easily shown that in this case 
(2.7) and (2.8) also hold for negative integers k and I. 

III. RECURSION OPERATORS FOR SYMMETRIES OF 
THE MASSIVE THIRRING MODEL 

The massive Thirring model is the following system of 
partial differential equations for the functions U I (x,t), 
u2(x,t), VI (x,t), and v2(x,t): 

Ult = U lx + mV2 - R 2v l , 

U2t = - Ulx + mVI - R l v 2, 

VIt = Vlx - mU2 + R 2U l> 

V2t = - vlx - mU I + R l u 2, 

- 00 < x < 00, t> 0, 

(3.1 ) 

where RI = ui + vi and R2 = u~ + v~. We assume that U I, 

U2' VI' and V2 are smooth and, together with their x-deriva
tives, decay sufficiently fast for Ixl-+oo. We shall study 
(3.1) in some reflexive topological vector space 71"', which is 
the Cartesian product of function spaces for U l' U2, VI' and V2• 

71'" and 71"'* are constructed in such a way that their duality 
map (.,.) is just the L2 inner product. In terms of 
U = (U 1,U2,V1,v2 )e7rwecan write (3.1) as 

(3.2) 

The nonlinear mapping X can be considered as a vector field 
on 71"'. In this section we shall continue to use the differential 
geometrical language of Sec. II. For a definition of the var
ious differential geometrical objects in this infinite-dimen
sional case see Appendix A. 

Define the function (functional) Bon 71'" by 

B = Joo (V1U IX - V2Ulx + mR - "!"R 1R2)dx, 
-00 2 

whereR = U 1U 2 + V 1V2• Moreoverlet the symplectic form 0 
be (represented by the linear mapping 0:71"'-+71"'*) 

o -1 
o 
o 

o 
o 
o 

~l) o . 
o 

Then it is easily verified that 
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x=n- dH, (3.3 ) 

i.e., the massive Thirring model is a Hamiltonian system 
with Hamiltonian H and symplectic form n. 

Symmetries for the massive Thirring model have recent
ly been studied by Kersten l and Kersten and Martini.2

,3 

Amongst others they give the following symmetries: 

xo=( ~:), 
-U t 

- U2 

ZI = (1/m)pzXo - !mx(X2 + Xo) 

+ !mt(X2 - Xo) 

( 

!mu2 ) 
+ l. ~mul + 3v2x - ~RIU2 - !R2u2 , 

m ~mv2 

~mvI - 3u2x - ~RIV2 - ~R2V2 

2_1 = (1/m)PIXo + !mx(X_ 2 +Xo) 

+ ~mt(X -2 - Xo) 

(3.4 ) 

(3.5) 

(3.6) 

with P2 = (a -1(U2V2x - U2x V2 - ~IR2 + mR») and 
PI = (a I(UIVlx - ulxv, + ~IR2 - mR»). The expres
sions for X2 and X_2 equal4m-2ys (resp. - 4m-2y6) in 
Refs. 1 - 3. These four symmetries have been found by Ker
sten as symmetries of a prolonged exterior differential sys
tem that describes the massive Thirring model. However, a 

A 

straightforward computation shows that Xo,Zo,Z I' and Z_I 
are also symmetries of the type considered in this paper. 

A simple computation shows that Xo = !l~ dFo and 
Zo = n- dG, where the constants of the motion Fo and G 
are given by 

(3.7) 

(3.8 ) 

A 

More interesting results are obtained from Z 1 and Z _ I' 
These symmetries are non-Hamiltonian vector fields, so we 
can construct recursion operators for symmetries A 1 and 
A_I by 
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(3.9) 

The rather lengthy expressions for AI and A_I found in this 
way are given in Appendix B. A tedious computation shows 
that 

AIA_l =1, (3.10) 

where I is the identity (1,1) tensor field on 'lr (Le., the 
identity mapping 'lr _'lr). So the two recursion operators 
for symmetries Al and A_ I are each others' inverses. Appli
cation of AI and A_ I to Zo results in 

(3.11 ) 

We now define two infinite series of symmetries X k and Zk 
by 

X k = A~Xo, Zk = A~Zo, 
k = 0, ± I, ± 2, ± 3, .... (3.12) 

By considering the highest derivatives with respect to x in X k 

and Zk and the structure of AI and A_I it is easily seen that 
none of these symmetries vanishes. It follows from (3.11) 
and (3.12) that 2_1 = -Z_I' The expressions for the 
symmetries XI and X _I are given in Appendix B. From these 
expressions we see that the vector field X, which is trivially a 
symmetry, is given by 

(3.13 ) 

BecauseXo and Al do not depend explicitly on t (Le., Xo = 0 
and it.. I = 0), the same holds for all symmetries X k' Similarly 
we see that all symmetries X k do not depend explicitly on x. 
The time derivative of Zo is given by 

So the time derivatives of the symmetries Zk are given by 

Zk =!m(Xk +[ -Xk_ I ). 

The symmetries Xo, XI' X -1,x2' X -2' X 3, X -3' Zo, ZI' and 
Z _ I have already been given by Kersten. 1-3 In his notation 
they are called Y4 , - 2m- t y t , 2m- I y2, 4m- 2 ys, 
-4m- 2 y6 , 8m- 3 y7 , 8m- 3 yg, - Y

3
, m-IZ[, and 

- m- IZ 2 • 

After these elementary properties of the symmetries X k 

and Zk we now turn to the structure of the corresponding 
Lie algebra. Straightforward but long computations show 
that 

[Zo,Z.] = ZI' [XO,ZI] = 0, [Xo,Zo] = O. 
Hence 

2" z"A. = 2" z" (n- 2" z, n) = n~ 2" zo2" z, n 

=!l~ (2"rz".z, J!l + 2" z, 2" zon) (3.14) 

n~ 2" z,n = At, 

where we used that Zo is a Hamiltonian vector field (i.e., 
2" z !l = 0 and 2" z n~ = 0) and the formula 
2" r~.B ] = 2" A 2" B - 2"~ 2" A for all vector fields A and B. 
Similarly 
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!f x.AI = !f XO (O+- !f z, 0) = O+-!f xo!f z, 0 

= O+- (!f [Xo,Z, IO +!f z,!f XoO) = 0. (3.15 ) 

The structure of the Lie algebra of symmetries generated by 
theXk and Zk can be found now from (2.8) if the Nijenhuis 
tensor field of Al vanishes. A gigantic computation shows 
that this is indeed the case. From (2.8) we now obtain that 

[Xk,xd = 0, 

[Zk,Zd = (l-k)Zk+I' 

[Zk,xd = IXk+ I' 

k,l = 0, ± 1, ± 2, ± 3, .... 

Also (2.7) yields 

!f XkAI = 0, !f Zk AI = A~+ I, 
k = 0, ± 1, ± 2, ± 3, .... 

( 3.16) 

( 3.17) 

The recursion operators for symmetries A I and A_I 
have been found by substitution of Z I and Z _I ( = - Z - I) 
in (2.4). There are several other ways to construct recursion 
operators for symmetries. For instance, as explained in Sec. 
II, the Lie derivative of a recursion operator for symmetries 
in the direction of a symmetry yields again a recursion opera
tor for symmetries. From (3.17) we see that in this way we 
only obtain powers of AI' Another possible method is to use 
higher derivatives of 0, i.e., to construct recursion operators 
of the form 

O+- 2'~, 0, O+- 2'~_, n, p= 1,2,3,... . (3.18) 

It is easily shown that this method also yields only powers of 
AI' From (3.9) andZ_ 1 = -Z_I we obtain 

2'z,n=OAI , 2'z_, 0 = -OA_ I · 

Using Leibniz' rule and (3.17) for k = 1 it is now easily 
shown by induction that 

!f~,n =p!nA), 

!f~_, n = ( - 1 )pp!nAP_ I = ( - 1 )pp!nAI-p. (3.19) 

So the recursion operators for symmetries constructed by 
(3.18) are also powers of AI' 

The Lie derivative commutes with exterior differenti
ation. So we obtain from (3.19) the nontrivial conclusion 
that the two-forms OA) (p = 0, ± 1, ± 2, ... ) are all closed. 
This result is in fact a special property of recursion operators 
with a vanishing Nijenhuis tensor field, see, for instance, 
Fuchssteiner and Fokas.9 Using the closedness of OA1 it is 
easily shown that the symmetriesXk are Hamiltonian vector 
fields while the symmetriesZk (k #0) are non-Hamiltonian 
vector fields. This follows because the closedness of OA1 
implies that 

d(!lXk ) = d(!lA~Xo) = 2' XO (!lA~) = 0, 

d(nZk ) =d(nA~Zo) =2'z.<0M) 

= kOA~ #0, for k #0, 

(3.20) 

where we used (3.14) and (3.15) and that Xo and Zo are 
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Hamiltonian vector fields. The non-Hamiltonian symme
tries Z k (k # 0) again give rise to recursion operators for 
symmetries. From (3.20) and the closedness of 0 we obtain 

O+- !fzkO=n-d(nZk) =kA}. 

So also in this way we obtain only powers of AI' 
On the linear space 'Jr the closed one-forms !lXk are 

exact, so there exist constants of the motion Fk such that 

X k = o+- dFk , k = 0, ± 1, ± 2, .... 

The explicit form of FI, F _ I' F2 and F _ 2 is given in Appendix 
B. From (3.13) we obtain H = !m (FI + F -I)' The proof 
that the constants of the motion Fk are in involution is stan
dard. Using the skew symmetry of 0- and of 2' z, 0 we 
obtain for the Poisson bracket 

{Fk,FJ=(dFk,n- dF1) 

= (O(n- .2" z, n)kXo,(n- .2" z, O)IXo) = 0. 

Thus we have constructed an infinite series of constants of 
the motion in involution for the massive Thirring model. 

An infinite set of Hamiltonian forms of the massive 
Thirring model is now easily obtained. Some elementary 
manipulations lead to 

X= (OA~)-ld(!m(Fk+ I +Fk_ I », 
k = 0, ± 1, ± 2, .... 

So we can consider X as the Hamiltonian vector field with 
Hamiltonian !m (Fk + I + Fk _ I ) and symplectic form OA~, 
for k = 0, ± 1, ± 2, .... Note that the original Hamiltonian 
form of the Thirring model (3.3) is obtained for k = 0. 

Finally we give a very simple recursion formula for the 
constants of the motion Fk • The Hamiltonian vector field 
corresponding to .2" z, Fk is given by 

O+-d.2" Z, Fk = n+- 2' z, dFk = n+- .2" z, (!lXk ) 

= AIXk + [ZI,xd = (1 + k)Xk+ I 

= (1 + k)n+- dFk + I . 

This yields the recursion formula 

1 1 
Fk+l =--2'z Fk=--(dFk,ZI)' k#-1. 

k+l ' k+l 
In a·similar way we obtain 

1 1 
Fk I =--.2"z Fk=--(dFk,Z_I)' k #1. - k - 1 -. k - 1 

In terms of the operator implementation of the differential 
geometry (see Appendix A) these two expressions read 

1 f"" (8Fk I 8Fk 2 Fk + 1 =-- --ZI +--Zl 
k + 1 - "" 8u I 8u2 

+ __ k Z~ +_k_Z~ dx, 8F 8F) 
8vI 8V2 

F 1 foc (8Fk I 8Fk 2 

k-I = k _ 1 _ "" 8U
I 

Z -I + oU
2 

Z -I 

8F 8F ) +~Z3_1 +~Z~I dx, 
uV I uV2 

where Z:, Zi, zL Z~ and ZI_1> Z2_ 1, Z3_1> Z~ I are 
the four components of the symmetries Z 1 (resp. Z _ 1 ). 
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APPENDIX A: DIFFERENTIAL GEOMETRY ON A 
TOPOLOGICAL VECTOR SPACE 

In the preceding section we worked completely in the 
setting of differential geometry. The used differential ge
ometrical methods have a sound foundation on finite-dimen
sional manifolds. However, the massive Thirring model is 
considered on an infinite-dimensional topological vector 
space JI = Y. In this Appendix we shortly describe how 
the necessary differential geometry can be introduced on the 
topological vector space Y. A more comprehensive treat
ment is given in Ten Eikelder.4 We assume that Y is reflex
ive. The duality map between Yand y* will be denoted by 
(.,.). Since Y is a linear space, we can make the following 
identifications for its tangent bundle and cotangent bundle: 

y Y = Y X Y, y* Y = Y X Y*. 

Using these identifications it is easy to introduce (objects 
similar to) vector fields, differential forms, and tensor fields 
on Y. A vector field A on Y is a mapping 

A: Y -YX Y: uI---+(u,A (u»), 

where A : Y - Y is a possible nonlinear mapping. So we can 
identify the vector field A with the mapping A. Therefore A 
also will be called a vector field. To simplify the notation we 
shall drop the tilde and write A instead of A. In a similar way 
we can introduce one-forms and tensor fields of higher or
der. This results in the following "conversion table": 

AE2"( Y), vector field A:Y_Y 

aE2"*(Y), one-form 

<I> (0,2) tensor field 

\II (2,0) tensor field 

A (I, I) tensor field 

a: Y _ y* 

<I>:Y _L(Y,Y*), (AI) 

I{I: Y _L ( Y*, Y) 

A: Y _L ( Y, Y) 

where L ( Y I, Y 2) denotes the linear continuous mappings 
from Y I to Y 2• For instance, the contracted multiplication 
between a (0,2) tensor field <I> and a (1, I) tensor field A 
yields a (0,2) tensor field represented by the mapping <l>A: 
Y _L (Y,Y*): UI---+<I>(u )A(u). In a similar way we can 
introduce higher-order tensor fields on Y. For instance, a 
(0,3) tensor field a on Y can be represented by a mapping 
a: Y _L ( Y ,L (Y,L ( Y,R) ) . 

Next we introduce Lie derivatives and (for differential 
forms) exterior derivatives. First some remarks on differen
tial calculus in a topological vector space. Suppose 71'"1 is 
some topological vector space and / is a (nonlinear) map
pingf Y -71'"1' Then/is called Gateaux differentiable in 
uEYifthere exists a mapping/, (U)E L( Y,7I'"1) such that 
for all VE7I'" 

lim(lI€)(f(u + €V) - feu) + €/'(u)v) = 0. 
E->O 

If/is Gateaux differentiable at all points uEY we can con
sider the Gateaux derivative as a mapping /': 
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Y -L ( Y, Y I)' Suppose /' is again Gateaux differentia
ble in uEY. The second derivative of/in uEY is then a 
mapping/"(u)EL(Y,L(Y,YI »). This mapping can be 
considered as a bilinear mapping /" ( U ): Y X 71'" - Y I' 
Under certain conditions (see, for instance, Yamamuro ll ) 

this mapping is symmetric: /" (u) (v,w) = /" (u) (w,v), for 
all v,wEY. 

Suppose B: Y -Y is (represents) a vector field. The 
Gateaux derivative in UEY is a linear mapping 
B ' (U)E L ( Y, Y). The dual of this mapping is denoted by 
B ,* (u) E L ( Y*, Y*). The Lie derivatives in the direction 
of a vector field B of a function F: Y -R and of the various 
tensor fields (vector fields, one-forms) considered in (A I ) 
are defined by 

X' BF(u) = F'(u)B =(F'(u),B), 

X' BA(U)=[B,A ](u) =A '(u)B(u) 
- B '(u)A(u), 

X' Ba(u) = a'(u)B(u) + B '*(u)a(u), 

X' B<I>(U) = (<I>'(u)B(u») + <I>(u)B '(u) 

+ B '*(u)<I>(u), 

X' BA(u) = (A'(u)B(u» + A(u)B '(u) 

-B'(u)A(u), 

X' B l{I(u) = (1{I'(u)B(u» - \II(u)B '*(u) 

- B '(u)l{I(u). 

(A2) 

First some remarks on the notation in these expressions. 
Consider the formula for X' B <1>. Since <1>: Y -L ( Y, Y*) 
we have <I>'(u)EL (Y,L( Y,Y*»). So (<I>'(u)B) 
E L( Y, Y*) and (<I>' (u)B )CEY* for B,CEY. By defini
tion, 

(<I>'(u)B)C = limO/€)(<I>(u + €B)C - <I>(u)C). 
E->O 

Of course, in general this expression is not symmetric in B 
and C. Therefore we shall always insert brackets in expres
sions of this type. It is easily seen that the Lie derivative of an 
object yields again an object of the same type. Note that the 
expressions given in (A2) strongly resemble the formulas 
for Lie derivatives in terms of local coordinates on a finite
dimensional manifold. 

Now we tum to exterior derivatives of differential 
forms. Two-forms will be identified with skew-symmetric 
(0,2) tensor fields, i.e., <1>: Y _L ( Y, Y*) represents a 
two-formif<l>(u) = -<I>*(u) foralluEY. LetF: Y_R 
be a function ( = zero-form), a: Y _y* be a one-form, 
and <1>: Y -L( Y,Y*) be a two-form. Then the exterior 
derivatives of F, a, and ct> are the one-, two-, and three-forms 
defined by 

dF: 71'"-71'"*, ul---+F'(u) [so dF(u) =F'(u)], 

da: 71'" -L( Y,7I'"*), ut---+a'(u) - a'*(u), 

dct>: 7I'"_L(7I'",L(7I'",L(7I'",R»)), (A3) 

given by 

dct>(u)(A,B,C) 
= «<I>'(u)A)B,C) 
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+ «(<t>'(u)B)C,A) + «(<t>'(u)C)A,B). 

Also these definitions strongly resemble the expressions in 
local coordinates of exterior derivatives of differential forms 
on a finite-dimensional manifold. 

Definitions as above can, of course, always be given. The 
important observation, however, is that all formulas from 
classical differential geometry on a finite-dimensional mani
fold also hold in this case. The proofs of all used formulas are 
identical to the proofs in terms of local coordinates of the 
corresponding formulas on a finite-dimensional manifold. 
In particular we often used that for a closed two-form <t> and 
an arbitrary vector field A, the identity 2' A <t> = d( <t>A) 
holds. 

In the case of the massive Thirring model the duality 
map (.,.) between 'Jr and 'Jr. is the L2 inner product. In 
that case the derivative F' (u) of a function (functional) F on 
'Jr is usually denoted as 8F /8u, the variational derivative of 
F. In terms of partial derivatives this means 

8F 

8u 1 

8F 

8U2 
dF(u) = 8F 

8v 1 

8F 

8v2 

APPENDIX B: SOME EXPLICIT FORMULAS 

The symmetries X I and X_I are given by 

( 

mV2 - vIR2 ) 
_ 1 - 2u2x + mVI - V2R I 

X I -- , 
m -mu2 +u 1R2 

1 
A,=-

m 

1 A_,=-
m 

1409 

- 2V2x - mU I + u2R I 

- (3122) + {324I} - (3212) + {3142} 
+ {34} + m - 2v,v2 

- (4121) + {3142} - (4211) + {324I} 
- (21) + m - 2u,u2 + {44}- (22) -R,-R2 

(1122) - {122I} (1212) - {I122} 
- {14} + 2u,v2 

(2211) - {122I} 
- (41) - 2U,V2 - {24} - (42) - 2a 

(3122) - {324I} (3212) - {3142} 
+ {33} - (11) -R, -R2 - (12) + m - 2u,u2 

(4121) - {3142} (4211) - {3241} 
+ {43} + m - 2v,v2 

- (1122) + {1221} - (1212) + {I122} 
- {13} - (31) + 2a - (32) - 2U2V, 

- (2121) + {1122} - (2211) + {122I} 
- {23} + 2U2V, 
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The constants ofthe motion Fit F -I' F2, and F -2 are given 
by 

+ ..!...m2(RI + R2) - 2m (U2xVI + Ulx V2) 
2 

+ 2ut, + 2vt, + 2R1(U2xV2 - V2xU2) 

+ 4U2V2(U2xU2 - V2x V2) )dX, 
1 Joo (1 F_2=-2 -RIR2(R I +R2) -mR(RI +R2) 

m -00 2 

+ 2ut. + 2vix + 2R2(v1x u1 - U1xV1) 

+ 4ulvl(vlxvl - utxu1) )dX. 
To reduce the expressions for the recursion operators we 
introduce the following abbreviations: 

(ij kl) = Uj a -Iu jR k + ujR/ a -Iu j' 

i,j = 1,2,3,4, k,l = 1,2, 

{ij kl} = mUj a -Iu j + mUk a -IU/, 

i,j ,k,! = 1,2,3,4, 

(ij) = 2u jx a -Iu j' i,j = 1,2,3,4, 

{ij}=2u j a- lu jX ' i,j= 1,2,3,4, 

where U3 = VI and U4 = V2. The recursion operators for sym
metries of the massive Thirring model AI and A_I are now 
given by 

- (3322) + {3443} - (3412) + {3344} 
- {32} + 2u2v, 

- (4321) + {3344} - (4411) + {3443} 
- {23} - 2U2V, - {42} - (24) + 2a 

(1322) - {1423} (1412) - {1324} 
+ {12} + m - 2u,u2 

(2321) - {1324} (2411) - {1423} 
- (43) + m - 2V,V2 + {22} - (44) - R, - R2 . 
(3322) - {3443} (3412) - {3344} 

- {3I} - (13) - 2a - (14) - 2U,V2 

(4321) - {3344} (4411) - {3443} 
- {4I} + 2u,v2 

- (1322) + {1423} - (1412) + {1324} 
+{11}- (33) -R,-R2 - (34) + m - 2v,v2 

- (2321) + {1324} - (2411) + {1423} 
+ {2I} + m - 2u,u2 
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