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CHAPTER I 

INTRODUCTION 

I-1 MOTIVATION OF THE SUBJECT 

When applying linear programrning to real life problems, one has 

to deal with the following facts. 

a) The mathematical model of this problem does nat give a 
complete description of the real life problem. For instance, 
model reduction and linearity assumptions cause the model to 
give only an approximate description of the actual problem. 

b) During the course of time between the formulation of the 
model and the use of the calculated linear programming 

salution in practice the parameters in the model may have 
been changed. 

c) The calculated linear programming salution must aften be 

adjusted to fulfil certain operational requirements which 
are difficult to formulate mathematically in a linear pro
gramrning model. Moreover, it is desirable that such an 

adjustment can be effected without performing exhaustive 
calculations. 

As linear programrning solutions lie on the boundary of the region 
of feasible solutions, the facts mentioned under points a and b 
can cause the calculated linear programrning salution to be nat 

optimal or, which is more serieus, nat feasible in the actual 
situation. If the latter appears to be the case, it can be quite 

cumhersome to find a salution which can be used in practice. 
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Even if the model gives an exact repres entation of the actual 

problem, however, and, if there are no changes in the parameters, 

adjustments to the calculated linear programming s alution as 
meant under point c can easily make such a salution infeasible . 

The above observations have motivated us to investigate operations 

research methods for finding solutions which are les s sens itive 

to changes in the mathematical model and are easier to adapt. In 
this thesis we report the results o f these investigations. Most 

of the material has not appeared in the operations research 

literature before. 

The operations research methods under consideration generate 

solutions in the interior of the feasible region of a linear 

programming problem with certain distance properties to the 

boundary of this region. 
Clearly, such solutions have an objective value deviating from 

the optimal objective value of the linear programming solution . 

However, the feasibility of s uch a s alution i s not affectéd, if 
the actual situation differs slightly from the one described 

mathematically. On the other hand, this salution can be adjusted 

in any direction within the feasible region without becoming 

immediately infeasible. In fact, wi t.h these solutiors one ex

changes optimality for the quality of the s alution c oncerning its 

feas ibility and the ability to adjus t suc h a salution in a simple 

manner. 

Following the economie literature we shall refer t o such an 

interior salution as a flexible salution in the feasible region. 
Flexible programming will be used as the collective noun for the 
operations r esearc h methods which are directe d to finding s uch 
solutions. 
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Most attention will be paid to the mathematical properties of 
flexible solutions. We shall also propose some methods for finding 
such solutions. The numerical behaviour of the algorithms in 

practice will not be considered. 
To obtain a clear exposition of the material we shall isolate the 

problem of flexibility from that of economical optimality. This 
implies that we shall consider linear programming roodels without 

an economical objective function (such as costor profit). However, 
a decision maker will in general be more interested in solutions 

to linear programming problems which have flexibility properties 
as well as an acceptable value for the economical objective 
function. In the last chapter we shall therefore pay some attention 

to the use of the proposed methods in combination with economical 
objective functions. 

We remark that the concept of flexibility has already been treated 
in the operations research literature . In [1] and [2] linear 

programming problems are considered in which the parameters of 
the mathematical model are assumed to be uniformly distributed 
over a prescribed interval. The optimal solution consists of 

values for the problem variables and the adjustments which should 
be made to these variables if the region of feasible solutions is 
restricted to the most pessimistic case concerning the values of 

the model parameters. In [3] linear programming problems are con
sidered where it is permitted, at a certain cost, to exceed the 
boundary of the feasible region. Finally, in [4], [5] and (6] 

flexibility is used as a measure in multistage decision problems. 
Flexibility has a slightly different meaning here. It is the 

range of decisions which remains open after the decision in the 
first stage of the decision process has been made. The greater 

this range, the more the decision maker is able to choose an 
acceptable decision in later stages when the actual model data 
become available. 
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I-2 SUMMARY 

Throughout we shall use non-empty polyhedral sets of the form 
G := {x E Rnl Ax ~ b }. 

In chapter II the conventions and notations to be used in this 
thesis will be summarized. Further, two algorithms will be deve
loped.for the determination of the implicit equalities in the 
system Ax ~ b. This is important for the subject to be dealt 
with, as such equalities restriet the directions along which one 
can move from a point in G without violating its boundary. 

Chapter III contains most of the material which forms the basis 
to express the flexibility of a point x E G in a quantitative 
way. Here we introduce the concept of the flexibility range and 
of the direction of flexibility. Both concepts are new. We shall 
further discuss which directions are meaningful to define the 
flexibility for a point x E G. Finally, a number of properties 
for this flexibility range will be derived such as concavity, the 

i Lipschitz property and piecewise linearity. 
I 

The concepts introduced in chapter III will be used to formulate 
two main problems in flexible programming. 
The first problem is a generalization of the well-known problem 
of finding a point in G for which the minimum dist;ance to the 
boundary of G is maximal. It is called the weighted distance 
problem. 
The second problem, although resembling the Nash equilibrium 
problem in game theory, is entirely new. It is called the equili
brium problem in flexible programming. 
Both problems have in common that they are directed to finding 
solutions in the interioir of G. These solutions have certain 
distance properties to the boundary of G with respect to a set of 
prescribed directions of flexibility. They differ in the choice 
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of the directions of flexibility and in the characteristics of 
the distances with respect to these directions. 

We shall study these problems in chapters IV, V and VI. 
We remark that these studies can be read independently of each 

other. Hence, the results obtained in chapter IV are not needed 

in chapters V and VI . 

The weighted distance problem will be studied in chapter IV . We 
shall demonstrate that this problem can be formulated as a linear 

program. We shall also give some of its properties. 

Chapter V deals with a discussion of the equilibrium problem. It 
will be shown that a salution to this problem always exists, if G 

is bounded and if the prescribed directions are linearly indepen
dent. We shall further show that the equilibrium problem can be 

formulated as the problem of finding a salution to a system of 
piecewise linear equations. 

An algorithm for the determination of solutions to the equilibrium 

problem will be developed in chapter VI. Since the equilibrium 
problem has a non-linear (piecewise linear) structure, a salution 
cannot be found with a single linear program. However, we demon
strate that a salution can be found by solving a finite sequence 
of linear programs . Using local information, we select the sub
sequent linear programs in such a way, that the optimal values of 

their objective functions decrease monotonically, until a local 
minimum is possibly found. In the latter case the algorithm pro
ceeds with the selection of another linear program for which the 
optimal objective value may be higher than the optimal objective 

value of the preceding linear program. In any case, a salution to 

the equilibrium problem is found in a finite number of steps, 
since the number of linear programs is finite. 
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In the last chapter we shall give some suggestions as to how the 

optimization and equilibrium problem can be used in cases in 

which economical optimality is of importance as well. 
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CHAPTER II 

PRELIMINARY MATHEMATICAL CONCEPTS 

II-1 NOTATIONS AND CONVENTIONS 

The n-dimensional real Eucledian space is denoted by Rn. Elements 
in Rn are considered to be column vectors, i.e. if x E Rn , then 

x:= (x1 , ... ,xj, ... ,xn)T. The superscript T denotes the transpose, 

the symbol := a definition and x1 , ... ,xj, ... ,xn are called the 
entries or components of x or sometimes, if x is an unknown 
vector, the variables . The veetors ei , i= 1, . . . ,nare the unit 
veetors in Rn, i.e. eji = 0 for jti and eii = 1 for i= 1 , ... ,n. 
The vector with all entries equal to 1 is denoted by e. The 
scalar product of two veetors x,y E Rn is expressed by 

T ~ Unless stated otherwise, we shall u se the norm 11 x 11 : = (x x) for 
for a vector x E Rn. The following convention for vector inequali
ties will be used: 

x $ y X· 
J 

$ Yj' j=l, ... ,n, 

x < y x ~ y and x * y, -

x < y xj < Yj' j=l, ... , n . 

The second inequality means that at least one component of the 
vector x is smaller than the corresponding component of the 
vector y. The set of real numbers is denoted by R and the set of 
non-negative real numbers by R+. 
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Let Ax ~ b be a system of linear inequalities, where A is an 

(mxn) matrix and bi an (mxl) vector. The solution set of this 
system is denoted by G. This system is said to be consistent, if 
G t 0. Otherwise, it is called inconsistent. We shall always 
denote the row index set of the matrix A in such a system by 

I := {1, ... ,m). The number of indices in I is expressed by lil. 
Let (iE I) mean: for all indices in the index set I. Then 

aix ~ bi,(i EI) denotes the equivalent row vector notation of 
Ax ;:; b. 

Throughout we assume that this system is consistent. In the 
algorithms, however, we have always included a consistency test. 

Let S and T be two non-empty subsets of Rn and Rm. A mapping f 
from s into T is denoted by f:s~T. Almost all mappings in the 
following are real-valued functions. We make a distinction between 

f(s), denoting the value of the function fin the points E S and 
f(.) or f by which we mean the function itself. The supremum of f 

overS is denoted by sup{ f(s) I sE S ). Similar expressions 
hold for the infinum, maximum and minimum, abbreviated by inf, 
max and min respectively. 

Statements as de fini ti ons, assumptions, theorems: etc. are con

secutively numbered in each chapter. For instanc~, the second 
statement in chapter III may be a definition and; is denoted by 
de fini tion 3-2. Remarks and comments, however, a're numbered in 
each sectionor subsection seperately. The end of a proof (a 

definition, a remark etc.) is denoted by the symbol o. 

The reader is also assumed to be familiar with the notations, the 
terminology and a number of properties in the following fields of 
mathematics: 
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a. the theory of convex sets and convex functions (e.g. [7] ), 

b. the duality-theory for systems of linear inequalities (e.g. 

[8])' 

c. the theory of linear programming and the simplex method as a 
tool for solving linear programming problems (e.g. [9] ). 

II-2 IMPLICIT EQUALITIES IN A CONSISTENT SYSTEM OF 

LINEAR INEQUALITIES 

II-2.1. Introduetion 

Let Ax ~ b a consistent system of linear inequalities. If 

int G t ~. it is possible to move over some positive distance 
from a point x E int G in any direction, without violating the 

boundary of G. 
However, in general it may happen that the linear system Ax ~ b 

contains inequalities which hold as an equality for all solutions 
of this system. This is the case, for instance, for the linear 
system: 

The point x1 = 0, x2 = 1 is the only solution of this system and 
all inequalities hold as an equality for this solution. In flexi
ble programming it is important to know the inequalities of this 

type (later to be defined as implicit equalities in the linear 
system Ax ~ b), since they restriet the directions in which one 

can move inside G. 
This section will deal with the identification of these implicit 
equalities. 
We shall also discuss the concept of null variables in linear 
systems, since it is closely related to the concept of implicit 

equalities. 
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The concepts of null variables and of implicit 
equalities 

Let be given the (mxn) matrix A, the (mxp) matrix B and the (mxl) 
vector b. It is assumed that the row veetors of A, denoted by 
a~,(i EI), are non-zero vectors. Let further 

1 T T x:= (x1 , ... ,xj, ... ,xn) and y := (y1 , ... ,yk, ... ,yp) · 
The concept of null variables, introduced by Luenberger [10], is 

given by the following definition. 

Definition 2-1. The variable yk, k E {1, ... ,p} is called a null 
variable with respect to the consistent linear system Ax + By = b; 

y ~ 0, if yk = 0 for all feasible solutions (x,y) of this system. 
It is called a non-null variable, if this linear system has a 

solution (x,y) with yk > 0. 0 

For systems of linear inequalities it is more appropriate to work 

with the concept of implicit equality, which is strongly related 

to the concept of null variable. It is given by the following 

definition. 

De fini tion 2-2. The inequali ty aîx ~ bi, iE I is called an impli
cit equality with respect to the consistent linear system Ax ~ b, 

if aîx = bi for all feasible solutions x of this system. o 

T Hence, aix ~ bi is an implicit equality with respect to the 
consistent system Ax ~ b, if, and only if, yi is a null variable 
with respect to the consistent system Ax + y = b; y ~ 0. 
For the null variables we have the following duality property. It 

will play a key role in one of the algorithms to be developed in 
the following subsection. 

Theorem 2-3. The variable yk, k E {1, ... ,p} is a null variable 
with respect to the consistent linear system Ax + By = b; y ~ 0, 
if, and only if, the dual linear system 
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(2-1) 

T where u := (u1 , ... ,ui, ... ,urn) and v 

has a solution with vk > 0. 

Proof. We first observe the following. The variable yk is a null 

variable of the consistent linear system AX + By = b; y ~ 0, if, 
and only if, the linear system 

AX + By = b, e~y > 0, y ~ 0 

is inconsistent or, equivalently, if, and only if, the system 

-Ax - By + bz = 0, e~y > 0, y ~ 0, z > 0 

is inconsistent. From the duality theorem of Motzkin then follows 
the consistency of the linear system 

0, 

(r,t) ~ 0, s ~ 0, (2-2) 

where u E Rm, s E Rp and r,t E R. The latter system cannot have a 
solution (Ü,r,s,t) with E > 0, for this would lead to the incon
sistency of the system Ax + By = b; y ~ 0, by the theorem of 

Motzkin. Hence, t = 0 for all feasible solutions of system (2-2), 
so that the system has a solution with r > 0 . 

The proof of the theorem becomes then obvious, if we substitute 

Let p be fixed and define K := {l, ... ,k, ... ,p}. We shall often 
use this index set in the following par titioned for m 

0 
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k E K yk is a null variable }, (2-3.a) 

Kin:= { kEK I yk is a non-null variable }. (2-3.b) 

Note that for a consistent linear system Ax + By = b; y ~ 0 this 

parti ti on always· exists and is unique. In the following subsectien 

two algorithms wil! be developed, which find this partition. 

Let B be the (mxm) unity matrix. Hence, p =mand K = I. 
Furthermore, let G := { x E Rnl Ax ~ b l. For this particular 

case we then find 

Ieq := i E I Y· l 
is a null variable 

= i E I I 'tjxEG 
T a .x 
l 

b . 
l 

(2-4.a) 

and 

i E I yi is a non-null variable l 

{ i E I I 3 x EG ai x < bi l. (2-4.b) 

Hence, Ieq designates the implici t equali ties in the linear 
system Ax ~ b. The following topological properties for the 
solution set G of this system are now obvious*: 

aff G x E Rnl T a.x 
l 

= bi' (i E Ieq> }, 

ri G = { x E G I 
T a .x 
l 

= b, (i E I ) . T < bi , (i E 1in) a .x eq ' l 
l . 

* The notations aff G en ri G mean t~e affine hul! and the relative in

terior of G respectively. See 171 for a definition of these concepts. 
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Note that the dimension of aff G is equal to the maximum number 

of linear independent veetors among the veetors ai,(i E Ieq>· 

Further, int G * ~. if, and onlyTif, Ieq = ~. Let Aeq be the 
submatrix of A with rowvectors ai,(i E Ieq> and beq the subvector 

of b with entries bi,(i E Ieq>· 

Theorem 2-4. Let the linear system of inequalities Ax ~ b be 

consistent and let Ieq* ~· Then the linear system 

AT u = 0 bTequ eq ' 0, u > 0 

is consistent. 

Proof. According to the duality theorem of Farkas, the consistency 

of Ax ~ b is equivalent to the inconsistency of the linear system 

(2-5) 

Let Ieq* ~· This means that the system Ax < b is inconsistent, 
which is equivalent to the inconsistency of the linear system 

Ax - b~ < 0, ~ > 0, 

where ~ E R1 . According to the duality theorem of Gordan wethen 
have the consistency of the linear system 

(2-6) 

where v E R1 . If (u,v) is a solution of the system (2-6), then 
v=O. For let there exist a solution (u,v) with v > o. Then u 
would be a solution of the linear system (2-5), which contradiets 
the inconsistency of this system. Hence, the linear system 
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(2-7) 

is consistent. 
Let ü be a solution of (2-7) and x a solution of Ax ~ b. Then 

-T -u (Ax - b) = 0 (2-8) 

Since u ~ 0 and Ax ~ b we have that (2-8) holds for each component. 
Hence, 

(i E I). 

Let aix ~ b
1 

be not an implicit equality in 

Then 1 1 Ieq and there exists an x E G with 

l 1 Ieq' then u1= 0 for any solution of the 
To complete the proof, let for iE I , u(i) 

the sys tem Ax ~ b . 
T-a1x < b1 . Hence, if 

linear ~ystem (2-7). 

be a solution of the 
T T . eq 

linear system A u= 0, b u= 0, with ui(i) > 0. 

Th en 

Ü := L ui(i) 
i E I eq 

is a solution of this system, from which the theorem follows. o 

Remark 1. Let the consistent linear system Ax ~ b contain implicit 

equalities. The theorem then shows that the normal~ to these 

inequalities can be linearly combined with positive coefficients 

to the zero vector. This result implies that the number of implicit 

equalities is at leasttwo. Hence, lleql ~ 2, if leg* ![J. o 
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II-2.3 Two algorithms for the identification of null variables 

We shall now develop two finite multistep algorithms for the 
identification of the null variables in the linear system 
Ax + By = b; y ~ 0. Let p be fixed and K := (1, ... ,k, ... ,p}. In 

each step the index set K is parti tioned into three mutually 

exclusive subsets Ko, K1 and K2' where 

Ko:= k E K yk al ready identified as null variable }, 

/ 

K1:= k E K yk al ready identified as non-null variable }, 

The first algorithm can be Characterized by the fact that it 
identifies at least one non-null variable in each step. It proceeds 

as follows. 

Algorithm 2-5. Identification of non-null variables in the linear 
system Ax + By = b; y ~ 0. 

1 begin K0 := ~; K1 := ~; K2 := (1, . .. , k, ... ,p}; 
Check the consistency of the linear system 

5 

10 

Ax + By = b; y ~ 0 by solving the linear program 

minimize ( eTz I Ax + By + z = b; y ~ 0; z ~ 0 }; 

(x,y,z) := optima! solution; 
(Ü,v) := optima! solution of dual problem; 
if eTz > 0 then terminate else 

begin Ko := k E K2 vk > 0 l ; 

K1 := k E K2 yk > 0 l ; 

K2 := K2 - (K0 U K1 ); 

end 



while K2 f- ~ 

begin 

15 

20 
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end 

end 
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do 

for k := 1 to p do 

begin if k E K2 then ck:= 1 else ck:= 0; 

end 
T c := (c1 , ... ,ck, ... ,cp) ; 

solve the linear program 

maximize I cTy I Ax + By 

(x,y) := optimal solution; 
if cTy = 0 

then begin Ko . - KoU 

K2 := ~; 

end 

el se beg i_!! Kl .- K1 U 

K2 .- K2 -
end 

b; y ~ 0 l; 

K2; 

I k E K2 1 yk> 

Kl; 

Comments on a lgorithm 2-5. 

0 l; 

Comment 1. The statements in the lines 2-11 concern the consistency 

test of the linear system Ax + By = b; y ~ 0 and some exclusions 

from the index set K2 resulting from this consistency test. Since 

this part of the algorithm will return in the following a lgorithm 

2-6 in exactly the same way, we have written these ~tatements in 
. . I . 

such a form, that they can be used 1n both algor1thms w1thout 

disturbing their structure. 

If eTz > 0 in line 7 of the algorithm, then the linear system 

Ax + By = b; y ? 0 is inconsistent in which case the identification 
. T-of the null variables is mean1ngless. If, however, e z = 0, then 

the system is consistent and we can draw the following conclusions. 
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a. From the dua1 linear program follows the consistency of the 

1 . T T 0 bT 0 1near system A u = 0; B u - v = ; u = ; v ~ 0. Hence, 
by theorem 2-3, yk is identified as a null variable, if 

vk> 0 (line 8). 
b. If yk> 0, then yk is a non-null variable (line 9). 

We reeall that the dual optimal solution (u,v) can he read from 

the reduced cost row in the optimal simplex tableau of the linear 
program concerned. 

Comment 2. It follows from the construction of the vector c in 

line 14 that 
a. 

0 

all variables yk, (k E K2 ) are identified as null 
variables (line 21), if cTy = 0 (line 20). The partition of 

the variables {y1 , ... ,yk, ... ,yp} into nulland non-null 
variables has been completed. The algorithm terminates, due 

to the setting K2 := 0 (line 22). 
. - . T-b. there exists at least one k E K2 w1th yk> 0, 1f c y > 0. 

Hence, yk is a non-null variable and k can he added to K1 
and removed from K2 (lines 24 and 25 respectively). 

No te that the above conclusions also show that the algorithm will 

always terminate within p steps. 0 

Comment 3. The initial simplex tableau for the linear program in 

line 18 is obtained from the optimal simplex tableau of the 
preceding linear program by changing the reduced cost row in the 
latter tableau. o 

Comment 4. The positivity of the optimal objective function cTy 

is revealed, as soon as a basic feasible solution is found for 
which there exists at least one k E K2 with yk> 0. In this case 
one can alternatively remove this index from K2 and start a new 
linear program. 0 
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The second algorithm identifies at least one null variable in 
each step. In this algorithm b.k denotes the kth .column of the 
matrix B. The algorithm proceeds as follows. 

Algorithm 2-6. Identification of null variables in the linear 
system Ax + By = b; y ~ 0. 

1 begin K0 := ~; K1 := ~; K2 := {l, ... ,k, ... ,p}; 
execute steps described in lines 2-11 in algorithm 2-5; 

while K2 "/: ~ do 

begin a := L b .k; 
kEK2 

5 solve the linear program 

maximize { y0 1 Ax + By + ay0 b; y ~ o; y0 ~ o }; 

(x,y,y0 ) := optimal solution; 

(u,v) := optimal solution of dual problem; 

if y
0 

> 0 then begin K1 := K1 U K2 ; 

10 K2:= ~; 
end 

el se begin Ko:= K0 u { k E K2 1 vk> 0 } ; 

Kl:= K1 U { k E K2 1 yk> 0 } ; 

K2:= K2- (K0 u Kl); 
15 end 

end 
end 

Comments on algorithm 2-6. 

Comment 1. See comment 1 of algorithm 2-5. 0 

Comment 2. If y0> 0 in line 9 of the algorithm, then it follows 
from the construction of the vector a that we have for the optimal 
solution (x,y,y0 ) 
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with y ~ 0 and y0 > 0. Thus the linear system Ax + By = b; y ~ 0 

has a solution (x,y) with yk> 0 for all k E K2 . Hence, all va

riables yk,(k E K2 ) have been identified as non-null variables, 
in which case the algorithm terminates (by the setting K2 := ~ in 

line 10). If y0 = 0, it follows from the dual linear program that 
(Ü,v) satisfies the linear system 

Thus it follows from the construction of the vector a that there 
. T -exists at least one k E K2 w1th b.iu > 0. It canthen be concluded 

from BTÜ - V = 0 that vk> 0. Hence, by theorem 2-3, yk is a null 

variable (line 12). If the optima! solution (x,y,y0 ) contains a 

variable yk, k E K2 with yk> 0, then a non-null variable is 
simultaneously identified (line 13). Note that the algorithm will 
always terminate within p steps. o 

Comment 3. The initia! simplex tableau for a linear program is 

obtained from the optima! simplex tableau of the preceding linear 

program by replacing the column vector corresponding to the 
variable y0 in the latter tableau by the newly constructed 
a-vector. 

Comment 4. The algorithm can also be terminated, as soon as a 
basic feasible solution has been found, for which y0>o or, as 

soon as an infinite solution has been found. 

0 

0 
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For both algorithms we can make the following additional remarks. 

a. Apart from the null variables identified in line 8 of algo

rithm 2-5, no null variables are known before the terminatien 
of this algorithm. Algorithm 2-6, however, identifies at 
least one null variable and possibly a numbe,r of non-null 
variables in each step with y0 = 0 (lines 12 and 13). 

b. A less attractive property of algorithm 2-6 is that the 
addition of the a-vector can disturb the structure in the 
simplex tableaus. In algorithm 2-5 no elements are introduced 
which can disturb this structure. 

c. Let the algorithms be used for the determination of the 

implicit equalities in the linear system aix ~ bi,(i EI) 
(i.e. if y E Rm and if Bis the (mxm) unity matrix). If y1 
has been identified as non-null variable, then there exists 

- n T . } . T-an x EG, where G := {x ER I aix ~ bi,(1 E I) w1th a1x < b1 
All implicit equalities must then be present in the linear 

subsystem aix ~ bi,(i E I-{1} ). The algorithms canthen be 
made more efficient by removing this inequality from the 

original system aîx ~ bi,(i EI). In the simplex procedure 
this can be effected by preventing pivot operations to be 

executed in the row associated with this index l. Note that 
the removal of an implicit equality from the linear system 

aix ~ bi,(i EI) is prohibited, as this may increase the 
dimension of aff G. It may then happen that the algorithms 
detect an inequality as being not an implicit equality 

(identification of non-null variable), whereas it is in fact 
an implicit equality. It is perhaps worthwhile to reeall 

that IIeql ~ 2, if Ieqt ~ (remark 1). 
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II-3 REDUNDANT INEQUALITIES IN A CONSISTENT SYSTEM OF 
LINEAR INEQUALITIES 

In the following chapters we sometimes need the concept of 

(strictly) redundant inequalities in the consistent linear system 

Ax ~ b . 
This concept is defined as follows. 

Definition 2-7 . The inequalities aix ~ b1 , (l EL), with La 

non-empty subset of I, are said to be simultaneously redundant 
with respect to the consistent linear system Ax ~ b, if aix ~ b1 , 
(l E L) for all feasible solutions of the reduced linear system 

afx ~ bi,(i E I-L). They are called simultaneously strictly 

redundant, if aix < b1 ,(l EL) for all feasible solutions of this 
reduced system. o 

We refer to reference (11] for algorithms which can remove this 

redundancy in linear systems. 

The following property will be used in the next chapter. 

Theorem 2-8. Given the consistent linear system Ax ~ b and the 
vector dERn, d :t 0 for which the index set Id := {i E I I afd > 0} 
is not empty. Then the inequali ties a~x ~· b . , (i E Id) are not 

l l 

simultaneously redundant with respect to Ax ~ b . 

Proof. Assume that the inequalities afx ~ bi,(i E Id) are simulta
neously redundant . Then the system 

b . 
l 

is inconsistent. 
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This is equivalent to the inconsistency of the linear system 

-a~x + biy < 0 (i E Id)' 1 

T a.x 
1 

- biy ~ 0 (i E l-Id), 

-y < 0, 

where y E R. By the duality theerem of ~otzkin, we then have the 

consistency of the linear system 

with at least v or one of the components ui, (i E Id) strictly 

positive. 

If we take the inner product of (2-9.a) with the veçtor d and 

reeall that aid > O,(i E Id) and aid ~ 0, (i E l-Id)' then it 
fellows that the system (2-9) cannot have a salution with one of 

the components ui,(i E Id) strictly positive. 

On the other hand the system cannot have a salution with ui= 0, 

(i E Id) and v > 0, for this would lead to tne inconsistency of 

the linear system aîx ~ bi,(i E l-Id), by the duality theerem of 
Farkas. 

Hence , we may conclude that the system (2-9) is inconsistent, 
which is a contradiction. Cl 



23 

II-4 PIECEWISE LINEAR FUNCTIONS ON POLYHEDRAL SETS 

In the chapters III and V we shall deal with real-valued functions 
which are piecewise linear on a non-empty polyhedral subset G of 
Rn. This piecewise linearity is of the following form: 

a) G is partitioned into a finite family of polyhedral subsets, 

b) the real-valued function is linear on each element of this 

partition . 

The objective of this section is to give an exact description of 

this kind of piecewise linearity. 

The concept of a finite polyhedral partition is given by the 

following definition. 

De fini ti on 2-9. The family (; : = { Gs, ( s E S)} is called a fini te 
polyhedral partition of the non-empty polyhedral set G c Rn, if 

it satisfies all conditions below: 

a. Is I < <», 

b. Gs is a polyhedral subset of G for all s E S, 

c. G =u Gs, 
sES 

d. Gs () Gt is a common face of Gs and Gt for all s and t in S. * o 

The interpretation of the conditions a, b and c in this definition 
is clear. 

Condition d restricts the kind of overlap between the elements of 

the partition. Let s and t be two different indices of the set S. 

Condition d then states that the elements Gs and Gt are either 

* For a definition of the concept face of a polyhedral set G C Rn 

we refer to [7]. Among other things the empty set and G itself 

are faces of G. 
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disjoint or meet in a common non-empty face. In the latter case 

we can distinguish the following exclusive cases. 

1) The common face is of lower dimension than Gs and Gt (see 

common face of the elements G1 and G2 in figure 2-1). 

2) The common face concides with Gs or Gt (see elements G3 and 

G4 in figure 2-1). For instance, let the common face coincide 

with Gs. This implies that Gs is a face of Gt. Hence, the 

face of an element of the partition is itself an element of 

the partition. 

3) The common face coincides with Gs and Gt. This means that Gs 

and Gt may coincide, although s * t. 

Such situations as mentioned in points 2 and 3 are allowed in 

definition 2-9, because they can actually occur in the partitions 

we shall use in the chapters III and V. Consequently, our defini

tion 2-9 allows a finite polyhedral partition to contain elements 

which can b~ omitted without changing the partition of G*. In 

general, it is not possible to identify this kind of redundancy. 

Fortunately, it is not an obstacle to the developments in these 

chapters. 

Note that the empty set is always an element of a polyhedral 

partition and that C := { ~.G l is also a partition of G. 

* An examp1e is given in remark 4 of section IV-4. 



25 

FIG.2-I. EXAMPLE OF A. FJNJTE POLYHEDRAL PARTITION 
OF A POLYHEDRAL SET IN R2. 

The concept of a piecewise linear functional is given by the 

following definition. 

Definition 2-10. Let G be a non-empty polyhedral subset of Rn 

with polyhedral partition C := { Gs,(s ES)} The real-valued 

function f : ~R is called piecewise linear with respect to G, if 

f is linear on each element of this partition. o 



26 

CHAPTER III 

THE MATHEMATICAL CONCEPT OF FLEXIBILITY IN POLYHEDRAL SETS 

IU-1 INTRODUCTION TO THE CONCEPTS OF FLEXIBILITY RANGE 
AND DIRECTION OF FLEXIBILITY 

The basic quantity which will be used in the following to express 

the flexibility of a point x in the polyhedral set 
G := { x E Rnl Ax ~ b } mathematically, is the Eucledian distance 
from x to the boundary of G in a certain direction. We therefore 
introduce the concepts of flexibility range and direction of 

flexibili ty. 

Definition 3-1. The flexibility range of a point x E G with 
respect to a vector dE Rn, wi th 11 d 11 = 1, is the maximum di stance 
one can move from that point x in the direction d without viola-

ting the boundary of G. 0 

Hence, for arbitrary x E G, 

s(xid) := sup{ a E R (x + ad) E G } 

sup{ a E R Td < b T (. )} aai = i- ai x, ~ E I . (3-1) 

Let the index set Id be defined by 

aT.d>O} 
~ . 
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We note that s(xld) = ~, if the inequalities aix ~ bi,(i E Id) 
would be simultaneously redundant for non-empty Id. This, however, 

is not possible by theorem 2-8. 
It therefore follows from expression (3-l) that s(xld) = ~, if, 

and only if, the index set Id:= { i E I aid > 0 } is empty. 
Clearly, this happens, if, and only if, d is an element of the 

polyhedral cone 

{ dE Rnl Ad~ 0; d t 0 }. 

Also, if s(xld) 
x E G. 

~ for some x E G, then this holds for all 

Note that it is easy to verify, whether a given vector d E Rn is 
an element of this cone. 

Definition 3-2. Let d be a vector in Rn with lldll = l. If Idt ft', 
then d is called a direction of finite flexibility with respect 
to G := { x E Rnl Ax ~ b }. It is called a direction of infinite 

flexibility, if Id= ft'. 0 

Hence, s(. ld) is a well-defined function from G into R+, if dis 

of finite flexibility. The flexibility range s(xld) in a point 
x E G with respect to the direction d of finite flexibility is 
expressed by 

s(xld) := sup{o E R I (x+od) E c} 

= max{o E R I a 

b.-a~x 
. { 1 1 ( . m1n T , 1 

a.d 
1 

(3-2) 
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Let d be a direction of finite flexibility. Then it may happen 

that s(xld) > 0 for some point x in G and s(xld) = 0 for certain 
points on the (relative) boundary of G. However, it may also 

happen that s(xld) = 0 for all points x E G. This is the case, if 
the interior of G is empty and if the direction d is pointing 

outside the affine hull of G. 

In the following we shall make a distinction between the direction! 

of finite flexibility which allow a positive displacement inside 
G and the directions for which such a displacement is not possible 

Definition 3-3. A directiondof finite flexibility with respect 
to the polyhedral set G := { x E Rnl Ax ~ b } is called proper, 

if there exists an x E G with s(xld) > 0. Otherwise, it is called 
improper . 0 

Clearly, it is of interest to know whether a direction of finite 

flexibility is proper or not. However, although it is easy to 

verify that a direction d is of finite flexibility, it is more 
difficult to verify whether it is proper or improper. The latter 
involves the identification of the implicit equalities in the 
linear system Ax ~ b, as will be shown is sectien 2 of this 
chapter. 

In chapters IV and V it will become clear that neither an identi

fied direction of infinite flexibility, nor an identified impraper 
direction of finite flexibility is interesting for the main 
problems in flexible programming. In the following we shall 
therefore pay most attention to proper directions of finite 

flexibility. 
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I II-2 PROPERTIES OF THE DIRECTION OF "FLEXIBILITY 

We reeall the definition of the index sets Ieq and Iin given by 
(2-4). The following theorem gives a necessary and sufficient 
condition for a direction of finite flexibility to be proper. 

Theorem 3-4. Let d E Rn be a direction of finite flexibility in 

the non-empty polyhedral set G := { x E Rnl Ax ~ b } . Then d is 

proper, if, and only if, Idc Iin' 

Proof. If we partition the index set I into the disjoint subsets 

Ieq and Iin' it follows from expression (3-1) that for an arbitrary 

x E G 

s(xld) = 
sup{ oER I oa~d = O,(i EI ); oa~d ~ b.- a~x,(iE I. )}. 

1 eq 1 1 1 1n 

From this expression it is to be concluded that there exists an 

x E G with s(xld) > 0, if, and only if, Idc Iin· 0 

Note that it is necessary to partition the index set I into the 

disjoint subsets Ieq and Iin to verify whether or not a direction 
of finite flexibility is proper. For this partitioning one of the 
algorithms developed in subsection II-2.3 can be used. 

Let VG be the set of proper directions of finite flexibility 

with respect to the non-empty polyhedral set G. Then it follows 
from theorem 3~4 that this set is defined by 

Note that 

3-4 gives 
submatrix 

(3-3) 

VG = 0, if Iin = 0. The following corollary of theorem 
an alternative expression for VG. Here A is the 

T eq 
of A with row veetors a.,(i EI ), with the agreement 

. 1 eq 
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that Aeq 1s the empty matrix and that every expression containing 

Aeq vanishes, if Ieq ~. 

Corollary 3-5. Let G t ~' then 

1 · T 
J i EI . ai d > 0 l . 

1n 
(3-4) 

Proef. The statement is obvious, if either Ieq 
We therefore assume that this is not the case. 

a. Let d E u 
q 

I d c I in, we have 

Then there exis ts an i E Iin wi~h 

Id n I = ~' which implies A d ~ 0 , 

~ -

Since Aeqd < 0 1s 
eq . · · eq 

impossible, which fellows from t he application 

of the duality theerem of Stiemke to theerem 2-4, we have Aeqd 

b. Conversely, let there exist ani EI. with a~d > 0 and let 1n 1 
Aeqd = 0. Then Idt ~ and Id n Ieq = ~- Hence, Id C Iin" 

The following corollary gives expressions for UG' if G has 

eertaio special topological properties . 

Corollary 3-6. Let G t ~ and Ii
0

t ~. 

a. I f int G t ~, then UG = { d E R0 I 11 d 11 = 1; I dt ~ } . 

b. If G is bounded , then UG 

0 

0. 

c. If G is bounded and int G t ~' then UG = { d E R0
1 lldll = 1 }. 

Proef. The proef becomes obvious from the definiti on of uG in 

(3-3) and the expression for UG in (3-4) by observing that 
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1. Ieq = ~' if int G~~ (see definition of Ieq and Iin in (2-4)), 

2. there a1ways exists an iE I with a~d > 0 if G is bounded. o 
~ 

Remark 1. Note that a direction of finite flexibility is always 

proper, if int G ~ ~. 

Remark 2. In the cases a and c in the above corollary we always 

have v G~ ~. For instanee, V G contains at least the normalized 

veetors ai, (i E I). In case b, however, V G is empty, if rank 
A = n. The fo:ilowing system of linear inequalities gives such 

eq 2 
an example in R : 

The solution set of this system consists of the single point 

x := (0,1). All inequalities are implicit equalities of this 
system . 

0 

0 

We have already noted earlier that Iin~ ~ is a necessary condition 
for VG to be non-empty. It is, however, not a sufficient conditon, 
as is shown by the linear system 

A necessary and sufficient condition for VG to be non-empty is 
given in the following theorem. 

Theorem 3-7. Let G := { x E Rnl Ax;:!; b } be non-empty. Then 

VG~ ~ if, and only if, rank A > rank Aeq 

Proof. 

a. Let vG~ ~, then I in~ ~. Furthermore, let d E v G' then 
Aeqd = 0 and there exists an 1 E Iin with aîd > 0. Hence, ai is 
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linearly independent of tne veetors af,(i E Ieq)' which means 

that rank A > rank Aeq· 

b. Conversely, let ran~ A > rank Aeq' tpen 0 ~ dim N(A) < dim 

N(Aeq)' where N(A) and N(Aeq) aie the nul! ~paces of A and Aeq 
respectively. From this inequality it fellows that there exists a 

dE Rn; lldll = l- with A d = 0 and Ad i- 0. Hence, there ~xists an 
T eq T 

l- EI. with a1d i- 0. Consequently, dE DG' if a1d > 0 and 
1n . T 

-dE DG' lf a1d < 0. Hence, DG"I- l3. 

In one of the problems to be formulated in the next chapter we 

need the reversed direction -d in actdition to a direction dof 

flexibility. We shall finally derive two properties for such 

pairs of directions of flexibility. 

0 

If dE Rn is a proper direction of flexibility, then -d does not 

not necessarily have the same property. For instance, let 

G :=I x E R2 1 x1s 1 !. then d := (1,0) is a proper direction of 

flexibility while -d is a direction of infinite flexibility. 

We have the following property though. 

Theerem 3-8. Let d and Td be two directions of finite flexibility. 

Then d is proper if, and only if, -d is proper. 

Proof. We reeall the partition of the set I into Ieq and Iin· 
Since d and -d are of finite flexibility, we have 

> 0 for eertpin iE I, 

T a 1 (-d) > 0 for certain l E I. 

This property shows the equivalence of the following statements: 
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a. Aeqd 0 and there exists an i E I. with a~d > 0' ln l 

b. Aeq(-d) 0 and there exists an l E 1in with ai(-d) > 0. 

The theorem then follows from corollary 3-5. 0 

The following theorem gives a necessary and sufficient condition 

for the existence of a pair {d,-d} of proper directions of finite 
flexibility. Here Ain is the submatrix of A with row veetors 

ai,(i E Iin) and with the same conventions made earlier for Aeq 

Theorem 3-9. Let G := { x E Rnl Ax ~ b l and . VG be non-empty. 
Then there exists a pair {d,-d} of proper directions of finite 
flexibility, if, and only if, the linear system 

0, V > 0 (3-5) 

is consistent. 

Proof. Note that VGt 0 implies lint 0. The expression for VG in 
(3-4) and the fact that VGt 0 lead to the conclusion that there 
exists a pair {d, -dl of proper directions of finite flexibility, 
if, and only if, the linear system 

is inconsistent. By the duality theorem of Tucker, this is equi-
valent to the consistency of the linear system (3-5). o 
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III-3 PROPERTIES OF THE FLEXIBILITY RANGE 

III-3.1 General properties 

The following lemma will often be referred to 1n this subsection. 

Lemma 3-11. Let d E Rn be q direction of finite flexibility in 

the non-empty polyhedral set G := . { x E Rnl Ax ~ b j. Then the 

inequality afx ~ b
1

, 1 E Id is strictly redundant with respect to 

Ax ~ b, if, and only if, 

s(xld) < for all x E G. ( 3-6) 

T Proof. Let for some 1 E Id, a
1

x ~ b 1 be strictly redundant with 

respect to Ax ~. b. We then have for all x E G 

s(xld) sup{ a E R 

< sup{ a E R I af(x+ad) ~ b 1 ). 

T Since a 1d > 0, it follows that 

s(xld) < for all x E G. 

The reverse statement is also true . If the ineguality (3-6) holds 

true, then afx ~ b 1 is strictly redundant . For ass ume that this 

is not the case. Th en there exists an x E G wi th af x. = b1 . Hence, 

according to (3-6), s(xld) < 0, which is a contradidtion. o 

Let d E Rn be a direction of finite flexibility and let 1 E Id. 

We then define 
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:= { x E G I s(xld) (3-7) 

From lemma 3-11 it follows that Gf = ~, if, and only if, the in
equality aîx ~ b1 is strictly redundant with respect to Ax ~ b. 

d . d . The set G1 can be interpreted as follows. If x E G1 , then 1t 

follows from (3-7) that 

aî[x + s(xld)d] 

If x E G, but x ~ Gf, then 

s(xld) < 

Hence, aî[x+s(xld)d] < b1 . The set Gf is thus precisely the set 
of those points x E G with the property that, if we move from x 

in the direction d, then the relative boundary* of G will be met 
n T in the hyperplane { x ER I a1x = b1 }. 

For clarification, we have given a geometrical representation of 
this set in figure 3-1 below (see shaded area). 

* The relative boundary of G is the set of points 

{ x E G I x ~ ri G } 
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FIG. 3-1. A GEOMETRICAL REPRESENTATION 

IN R2 OF THE SET G~ , Ldd· 

The following theorem gives a pol yhedral repr esentation of cf, 
l E Id. 

Theorem 3-12 . Let d E Rn be a direction of finite flexibility and 

let l E Id be such, that cf ~ ~ . Then cf coincides with the 
solution set of the linear system 

(3-8 . a) 
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T 
ai x ~ bi (3-8.b) 

T a1x ~ bl. (3-8.c) 

Proof. Let d E Rn and 1 E Id such that G~ t ~-
a. If x E G~, it can easily be derived from the expression for 

s(xld) in (3-2) and the definition of G~ in (3-7), that x satis
fies the linear system (3-8). 
b. In the converse we first show the consistency of this system. 

Since G~ t ~, a'fx ~ b1 cannot be strictly redundant (according to .· 
(3-7) and lemma 3-11). This means that there exists an x EG with 
T- T- . a1x = b1 ; aix ~ bi,(1 E 1-{1}). Hence, also 

r b. bl (a al -

aÎd 
~ 

1 (i E I d- { 1} ) , 
a'fd x a~d - ~ 

1 a1d 

T-a.x 1 
::; b. 1 (iE (l-Id) U {1} ), 

which shows the consistency of (3-8). Let x be an arbitrary point 

satisfying this system, then it satisfies in particular (3-8.a) 

and (3-8.c). Since aid > O,(i E Id)' we have 

These inequalities, together with (3-8.b), lead to x E G and 

s(xld) 



d Hence, x E G1 . 

38 

0 

The following corollary from the above theorem shows that G~ has 
special topological proporties, if d E Rn is an improper direction 

of finite flexibility. 

Corollary 3-13. Let d E Rn be an improper direction of finite 

flexibility. Then G~ is a face of G. 

Proof. If d is an improper direction of finite flexibility, then 

s(xld) = 0 for all x E G. Hence, from the definition of G~ in 
(3-7) it follows that 

0 

Let G~ * 0 for l E Id. We can then make the following remarks on 
additional properties of this set. 

Remark l. From the linear system (3-8) it follows that, if 

Id-{1} = 0, then G~ = G. Such a situation occurs, for instance, 
if we choose d := (1,0) as direction of finite flexibility with 

respect to the consistent linear system 

If Id-{1} * 0, we then have for all i E rd- {l} 

Hence, for arbitrary i E Id- {1}, the hyperplane 
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has a normal perpendicular to d and passes through the inter

section of the pair of hyperplanes 

and 

This property is represented in figure 3-2 below. 

FI.G. 3-2. THE EXPRESSlONS FOR THE BOUNDARY HYPERPLAN ES 
OF THE SET G~ . 

0 
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Note that the linear system (3-8) may contain strictly redundant 

inequalities among the inequalities (3-8.a). 

Remark 2. Let the linear inequality aix ~ bi, i E Id- {l} be 
strictly redundant with respect to the linear system Ax ~ b. It 

then fellows from lemma 3-ll that 

s(xld) < 

d for all x EG. Hence, also for all x E G1 . 
From the definition of Gd in (3-7) it then fellows that 

l 

d for all x E G1 , which means that the inequality 

r b. bl (" al 

aid -
1 'r x~ 'r- aTd a1d a.d 
1 l 

is strictly redundant with respect to the linear system 

a. 

( 3-8). 0 

Remark 3. Let ~ 
a.d 

1 

al 
--- for iE Id-{1} in the linear system (3-8). 
aTd 

l 

This means the following. The hyperplanes { x E Rn I ai x = bi} and 
{ x E Rn I a'fx = b1} are parallel. Since cf :f. $i1, the inequali ty 
a'fx ~ b1 cannot be strictly redundant with respect to Ax ~ b. It 

can then easily be shown that, either the inequalities a~x ~ b. 
. 1 1 

and a'fx ~ b1 coincide, or aix ~ bi is strictly redundant with 
respect to Ax ~ b. o 
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III-3.2 Concavity and Lipschitz properties 

In this subsection we give two theorems showing that the function 
s(. ld): ~R+ is concave and satisfies the Lipschitz condition for 
each direction of finite flexibility. 

We reeall that the non-empty set s c Rn is said to be convex, if 

x,y E s implies that ÀX + (1-À)y E s for all À E [0,1]. Further
more, the function f: s~R is said to be concave on s, if 

f(Àx+(l - À)y) ~ Àf(x) + (1-À)f(y) 

for all À E [0,1]. The following theorem shows the concavity of 
the function s (. I d). 

Theorem 3-15. The function s(. ld): G~R+; G ~ 0 is concave for 
each direction d of finite flexibility . 

Proof: Let the direction of finite flexibility d be fixed and let 
x,y EG. Then ÀX + (1-À)y EG for all À E [0,1], since Gis 
convex. It follows that 

S(ÀX + (1-À)yid) 

T 
min j À -b=i=-_a.::.i_x + ( 1-À) 

1 a~d 
l. 

ÀS(Xid) + (1-À)s(yid). 

+ (1-À )min l T b . - a.y 
l. l. ( ' T , l. 
aid 

0 
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In order to prove the Lipschitz property of s(. ld) weneed the 

following lemma. 

Lemma 3-16. Let {uj , (j E J)) and {vj,(j E J)) be two finite 
sequences of real numbers. Then the following inequality holds. 

Pro of. We have-

min{uj, (j E J)) min{u .-v .+v.,(j E J)) ~ 
J J J -

Hence, 

min{vj,(j E J)) - min{uj,(j E J)) ~ 

Similarly, it can be shown that 

0 

We reeall that a function f: s~R; S C Rn; S * 0 is said to have 
the Lipschitz property on S, if there exists a real number M ~ 0, 
such that 

I f(x)-f(y) I ~ Mllx-yll 

for all x,y E S. This condition implies in particular that f is 
uniformly continuous on s. 
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Theorem 3-17. The function s(. ld): G~R+, G ~ ~ has the Lipschitz 
property on G for each direction d of finite flexibility. 

Proof. Let the direction d of finite flexibility be fixed and let 
x and y be arbitrary points in G. Then it follows from lemma 3-16 

that 

ls(xld) - s(yld)l 

b.-a~x 
I . ~ ~ ~ ( . = m~n T , ~ 

a.d 
~ 

T 

~ 
b. -a. y . ~ ~ . 

- m~n T ,(~ 
aid 

If we now apply the Schwarz inequality to the inner product 

laÎ(x-y)l, we find that 

ls(xld) - s(yld) I ~Md llx-yll , 

where Md the non-negative real number 

III-3 .3 Piecewise linearity property 

0 

We finally show that the function s(.ld): G~R+ is piecewise 

linear on G for each direction d of finite flexibility. We refer 

to the definition of the sets Gf,(l E Id) introduced in (3-7). 
The following lemma is an introduetion to theorem 3-19. 
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Lemma 3-18. Let G t 0, then G = U Gf for each direction d 

1 E Id 

of finite flexibility. 

Proof. Let the direction d of fini te flexibili ty be ~fixed and let 

x EG. Then s(xld) is well-defined by (3-2). There exists an 

1 E Id wi th 

s(xld) 

which, according to the definition of Gf in (3-7), means that 

x E Gf. The remaining part of the proof is obvious. o 

In section 3 of chapter I I we introduced .the concept of a fini te 

polyhedral partition of a polyhedral subset of Rn (definition 2-9). 

The following theorem gives such a partition for G. 

Theorem 3-19. Let G t 0 and d E Rn be a direction of finite 

flexibility. Then the family Cd .- Gf,(i E Id)J is a finite 

polyhedral partition of G. 

Proof. Let dE Rn be fixed. To prove the theorem, the conditions 

in definition 2-9 must be verified. Obviously lidi ~ lil < oo. 

Further, Gf is a polyhedral subset of G for all i E Id, according 

to theorem 3-12 and the fact that the empty set is polyhedral. 

Condition c follows from lemma 3-18. To show condition d, let 

l,j E Id. The proof of the theorem is apparent, if either l=j or 

Gf n Gd]. = 0, ltj. So we assume that Gf n Gd t 0, 1 t j. It must 
d d J d d . 

then be shown that G1 n Gj is a common face of G1 and Gj. 

It follows from theorem 3-12 that Gd n Gd is the solution set of 
1 J 

the linear system 
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r b. bl (• al 

* 
_l_ 

a'fd x a~d 
-~, 

J 
a1d 

(3-9.a) 

r b. bl (" al 

aid 
~ 

1 (i E I d- { l, j} ) I 
a'fd x ~- ~ aid a1d 

(3-9.b) 

(" ·r b. b . 

aid -
_l_ x ~ 

1 _l_ (iE Id-{l,j} ), 
aid 

~- a~d a.d 1 J 

(3-9.c) 

T a.x 1 ~ b. 1 (iE (I-Id)U{l,j}). (3-9.d) 

If 
a. al _l_ 0, 
a~d -~ 

J 
a1d 

(3-10) 

we have (see remark 4 in subsection III-3.1) either 

a. aj= a1 and bj= b
1 , in which case it follows frorn (3-9) and 

the polyhedral representations for G~ and G~ in theorern 3-12 

h d Gd.. d ~ d d d . Jh. h d' t at G1 = J Hence, G1 1 1 Gj = G1 Gj' 1n w lC case con 1-
tion dis satisfied for the index pair (l,j). 

or 
a~x ~ b . is strictly redundant with respect to the linear 

J J d 
systern Ax ~ b. Then, G. = ~ by lemma 3-11 and the expression 

d J d d 
for Gj in (3-7). Hence, Gj n G1 = ~' in which case condition 

b. 

d is satisfied as well. 

Hence, we assurne that the equality (3-10) does not hold. 

Let the affine space, represented by (3-9.a), be denoted by H. 

Since the systern (3-9) is consistent, it follows frorn theorern 

3-12 and the expressions (3-9.a), (3-9.b) and (3-9.d) that G~n H 
. f d . 'l l d . f 1s a non-ernpty face o G1 . S1rn1 ar y, G. n H 1s a non-ernpty ace 

d J 
of Gj. We shall now show that 
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Obviously, 

Let x E G~ n H, then x EG~ and, by theorem 3-12, x satisfies in 
particular (3-9.b). Since x EH, we can draw the following con

clusions. 
a. From the property that x satisfies (3-9.a) and (3-9.b) it 

can be derived that x also satisfies (3-9.c). 
b. From (3-9.a) it follows that 

These observations lead to the conclusion that x E G~ . 
d d d d d Hence, x E G1 n Gj and Gl n Gj = Gl n H. 

A similar reasoning can be used to show that G~ n G~ = 
which completes the proof of the theorem . 

G~n H J I 

0 

The concept of a piecewise linear function, defined on a non-empty 
polyhedral set, was introduced in section 3 of chapter II (defi

nition 2-10). We are now able to show that s(. ld) is piecewise 
linear on G. 

Theorem 3-20. Let G ~ ~. Then s(.jd) : G~R+ is piecewise linear 
on G for each direction d of finite flexibility. 

Proof. Let d be a direction of finite flexibility. We then have 
that the family cd := { G1, (i E Id) } is a finite polyhedral 



partition of G and 

s(xid) 
b. (a. )T 

= aid - aid x 
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for all i E Id with G~ t ~ and for all x E G~ (by (3-7)) . o 
1 1 
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CHAPTER IV 

THE WEIGHTED DISTANCE PROBLEM IN FLEXIBLE PROGRAMMING 

IV-1 INTRODUCTION 

The problem of finding a point in the non-empty polyhedral set G, 

for which the minimum Eucledian distance to the boundary hyper
planes of G is maxima!, is a well-known problem in linear program
ming*. 
In terros of our concepts of direction of flexibility and flexibi
lity range, this problem can be formulated as follows. Let the 

directions of finite flexibility be 

(kEI). 

Then find the point x E G for which 

min { s (x I dk) , ( k E I) } 

is maxima!. 

The weighted distance problem in flexible programming is a genera

lization of the above problem. We shall use directions which do 
not necessarily coincide with the normals of the constraints of 

the linear system Ax ~ b. Moreover, factors will be used to 
weight the flexibility ranges. 

* This problem is sametimes called the inscribed sphere p'roblem. 

This designation is, however, not consistent with the one 

normally used for figures inscribed in polyhedral sets. See, 

for instance, reference [12]. 
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Let K := { 1, ... ,p} be a finite index set. The problem to be 
considered in this chapter then reads as follows. 

Problem 4-1. (weighted distance problem in flexible programming) 

maximize p(x) (4-l.a) 

subject to Ax ~ b, (4-l.b) 

where (4-l.c) 

and ~k E (0,1) a weighting factor and dk a direction of finite 
flexibility for all k E K. o 

Let x E G be a solution of this problem. One can then move from x 
with respect to the directions d1 , ... ,dk, ... ,dp at least over the 
distance p(x) without violating the boundary of G. 

We shall use the following notations in this chapter: 

Ik:= i E I T 
aidk> 0 (k E K) I (4-2) 

K .- k E K T 0 (i E I) I ( 4-3) i.- aidk> 

I := u Ik. (4-4) 
O k E K 

Let D be the (nxp) matrix with column veetors d1 , ... ,dk, ... ,~. 

The interpretation of the above index sets is then as follows. Ik 
is the set of row indices of the matrix AD, for which the entries 

in column k are positive; Ki is the set of column indices of AD, 
for which the entries in row i are positive; I 0 is the set of 
indices, for which the rows of AD contain at least one positive 
entry. Note that, by the definition of the direction of finite 
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flexibility (definition 3-2), Ik* 0 for all k E K. Hence, each 
column in AD contains at least one positive entry. Note also that 
I 0 can equivalently be represented by 

I 0 = { i E I I T 3 a .dk > 0 } 
k E' K 1 

(4-S . a) 

{ i E I I Ki* 0 } . (4-S . b) 

We always have Io* 0- This would otherwise lead to 
aidk ~ O,(i E I;k EK), which contradiets the condition that 

Ik* 0, (k E K). 

IV-2 A LINEAR PROGRAMMING FORMULATION OF THE WEIGHTED 
DISTANCE PROBLEM 

In the proof that problem 4-1 can be formulated as a linear 

program we need the replacement of index pairs of the set 

by index pairs of the set 

The following lemma shows that these sets coincide . 

Proof. From the definitions of Ik,(k E K); Ki,(i E I) and I 0 in 
(4-2); (4-3) and (4-4) respectively, it follows t hat the following 
statements are equivalent: 
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a. k E K and i E Ik, 

b. i E Ia; 
T 

aidk > a and k E K, 

c. i E Ia and k E Ki. 0 

A linear programming formulation of the weighted distance problem 

will be given in the following theorem. 

Theorem 4-3. Consider problem 4-1 and the following linear program. 

Problem 4-4. (linear program). 

maximize 

subject to 

where 

w. := 
1 

for all i E Ia· 

T a.x 
1 

T a.x 
1 

p 

+ ~ b. wip 1 

~ b. 
1 

The following two statements are then equivalent: 

a . x is a salution to problem 4-1 with p:= p(x), 
b. (p,x) is a salution to problem 4-4. 

(4-6.a) 

(4-6.b) 

(4-6.c) 

(4-6.d) 

Proof. From (4-1.c) and the expression for the f1exibility range 
in (3-2) it follows that 
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min ~ cpk min { 

Hence, by lemma 4-2: 

If we now substitute the variable wi' defined in (4-6.d), into 
the latter expression, we find that 

p(x) 

T 

{ 
b.-a.x 

min 1 1 ,(iE 
wi 

The theorem then follows from the equivalence of the following 

problems: 

1. maximize ~ p (x) I Ax ;;; b ~ , 

b.- a~x 
2. maximize ~min { 

1 
w i 

1 
, (i E I 0 )} I Ax ;;; b f , 
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b.- T 

~PI 
a.x 

~ b ~ 3. maximize ~ 
l l , (i E r 0 ); Ax p w. 

l 

4. maximize ~ PI 
T a.x 
l 

+ wip ~ bi, (i E Io); Ax ~ b ~ 
T 

+ wip ~ bi, (i E Iol 
~PI 

a.x 

~ . 5. maximize l 
T a.x ~ bi,(i E I-! 0 ) 
l 

This completes the proof of this theorem. 0 

The following remarks deal with some properties of the weighted 
distance problem. 

Remark 1. Since the directions d1 , ... ,dk, ... ,~are of finite 
flexibility, we have p(x) < ~ for all x E G. Of course, this does 
not necessarily imply that problem 4-1 (and therefore also linear 

program 4-4) has a finite salution (see also remark 2). 

If the direction dk of finite flexibility is improper, s(xldk) = 0 
for all x EG, which implies that p(x) = 0 for all x E G and 
p = 0 for the optimal salution of linear program 4-4. Hence, the 

weighted distance problem in flexible programming is not interes
ting, if at least one of the directions of finite flexibility is 

improper. 

I f all directions are proper, there exists an x EG wi th s (x I dk) > 0 
for all k E K. Since also ~k> 0 for all k E K, we may conclude 
that p(x) > 0, if x is a salution to the weighted distance problem. 

Note that this does not necessarily imply that such a salution 
lies in the interior of G := {x E Rnl Ax ~ b }. For instance, it 
can be shown that the weighted distance problem has the salution 

x = 0 with p(O) = ~ ~ 2, when applied to the consistent linear 

system 
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with proper di~ection d := (1,1). 
0 

Remark 2. The dual problem of the linear programming problem 4-4 
reads: 

minimize L: uibi + L: vibi (4-7.a) 

iEr0 iEI-! 0 

subject to 

L: ui ai + L: v.a. 
~ ~ 

0, (4-7.b) 

iEr 0 iEI-! 0 

L: u.w. 
~ ~ 

1, (4-7.c) 

iEr 0 

(4-7.d) 

If the primal problem 4-4 has a solution, so does the dual problem . 

Since the weighting factors wi,(i E r 0 ) are strictl y positive, we 
have the consistency of the linear system 

L: ui ai + L: viai 0, 

iEI 0 iEI-! 0 

u . 
~ 

~ 0 (i E ro), (4-8) 

v. 
~ 

~ 0 (i E I-! 0 ) 
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with at least one of the variables ui,(i E I 0 ) strictly positive. 

Conversely, the consistency of the linear system (4-7.b), (4-7.c) 
and (4-7.d) in the dual problem follows from the consistency of 
the linear system (4-8). Moreover, the consistency of the linear 
system (4-6.b) and (4-6.c) in the primal problem 4-4 follows from 

the consistency of the linear system Ax ~ b. 
The primal problem cannot have an unbounded solution, since this 
would lead to the inconsistency of the linear system (4-7.b), 

(4-7.c) and (4-7.d) in the dual problem. Hence, we may conclude 
that the weighted distance problem 4-1 has a (bounded) solution, 
if, and only if, the linear system (4-8) is consistent. 0 

Remark 3. Let the directions d1 , ... ,dk, ... ,dp be proper and let 

Ki* 0 for all iE I. Then I 0= I (see (4-5.b)). For this particu
lar case we have the following property. Let (x,p) be a solution 
of the linear programming problem 4-4. Then, p > 0 by theorem 4-3 

and remark 1. Since also wi> 0 for all iE I, we have that 

(iE I). 

Hence, a solution to the weighted distance problem lies in the 

interior of G := { x E Rnl Ax ~ b }, if Ki* 0 for all iE I and 
if the directions of finite flexibility are proper. o 

Remark 4. Let int G * 0. If we choose 

and 

for all k E K, the linear program 4-4 is transformed into 
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maxi mi ze p 

subject to (iE I) . 

This linear program solves the well-known problem of finding a 
point in G, for which the minimum Eucledian distance to the 
boundary of G is maximal. It can be shown that a solution of this 
linear program is the centre of an n-dimensional sphere which 
lies entirely in G and has maximum radius. 0 
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CHAPTER V 

THE EQUILIBRIUM PROBLEM IN FLEXIBLE PROGRAMMING 

V-1 INTRODUCTION 

Let d1 , ... ,~, .. . ,dp be directionsof finite flexibility. In the 
equilibrium problem we always consicter the reversed directions 

-d1 , ... ,-dk, ... ,-dp as welland assume that these arealso finite*. 
Contrary to the weighted distance problem, however, we shall 

impose requirements on the distance properties for each pair of 

directions {dk'-dk} seperately . This is achieved as follows. Let 
the line segment Lk(x) with x EG and k E {1, ... ,p} be given by 

n Lk(x) := G n { y ER I y := x + Àdk, ( À E R)}. 

Note that the length of this line segment is equal to 

s(xldk) + s(xl-dk) . 

we then choose a point x E Lk(x) for which 

where ~k E (0,1) is a weighting factor , is maximal . 

(5-1) 

For instance, if we choose ~k= ~ , the point x will lie halfway 
the line segment Lk(x) . Other choices of the weighting factor 

will lead to a balance between the distances over which the point 
x can be moved along Lk(x). 

* Note that this is also possible in the weighted distance problem. 
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The equilibrium problem in flexible programming is directed to 

finding a point in G which has the above properties for all 
k = l, ... ,p.' For instance, the point x in figure 5-l below is a 
solution to the equilibrium problem with directions e 1 := (1,0), 

e2 := (0,1), -e1 , -e2 and weighting factors ~ 1= ~ 2 = ~· 

G 

-...4'-----.---N--
XI 

c} 

~--------~------------~----x I 

FIG.5-I. EXAMPLE IN R2 OF A SOLUTION 

TO THE EQUILIBRIUM PROBLEM. 

The equilibrium problem reads as follows. 

Problem 5-l. (equilibrium problem in flexible programming) 

Find a point x in the non-empty polyhedral set G : = {x E Rn I Ax ~ b} , 
such that for all k l, ... ,p 

(5-2.a) 
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where 

(5-2.b) 

~k E (0,1) a weighting factorand {dk'-dk} a pair of directions 
of finite flexibility for k = 1, ... ,p. o 

Later in this section we shall demonstrate that the above equili

brium problem resembles the Nash equilibrium problem in game 
theory. 

Let x E G be a solution to problem 5-1. In section 2 of this 
chapter we show that 

k l, ... ,p. 

Hence, a solution to the equilibrium problem is a point in G, 

from which one can move in the directions dk and -dk over the 
di stances 

respectively, without violating the boundary of G. 

Moreover, the flexibility ranges are in the proportion of ~k to 

(1-~k). These properties hold for each k E {1, ... ,p} seperately. 

There is a resemblance between the above equilibrium problem and 

the Nash equilibrium point problem in game theory. To see this 
resemblance compare the equilibrium problem in flexible program

ming having the directions {e1 ,-e1 , ... ,ek'-ek' ... ,ep,-ep} and the 
weighting factors ~k = ~. k 1, ... ,p, with the following non
cooperative game. There are p players labelled 1, ... ,k, ... ,p. The 

decision variable of player k is xk. The decision variables of 
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all players are restricted to the common non-empty set 
n G := { x ER I Ax S b l. Let {x1 , ... ,xk' .. . ,xp) be a set of 

feasible decisions of the players in G and let 
x := (x

1
, ... ,xk' ... ,xp)T. Then Lk(x) is the range of decisions 

which remains open to player k, if the oth~r players keep their 

decisions fixed. The objective function for this player is* 

1.e. the possible deviation from his decision within the range of 

admissible decisions. Lk (x). 

The point x E G is then a Nash equilibrium point for this game, 

if no player finds it to his advantage to change to a different 

decis ion, so long as he believes that the other players will not 
change their decisions. 
Hence, 

for all k = 1, ... ,p and for all yk E Lk(x). This solution coin

cides with a solution of the considered equilibrium problem in 

flexible programming. 

The objective of this chapter is to derive a number of mathematica! 

properties for the equilibrium problem. The following points 

summarize the main topics of this chapter. 

a. Sufficient conditions will be given for the existence of a 
· solution to the equilibrium problem (section 3). 

* Note that we can omit ~k from the objective function pk' since 

~k= \ f or k = 1 , . .. ,p. 
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b. It will be shown that the equilibrium problem can also be 

formulated as one of finding a solution to a system of 
piecewise linear equations (section 4). 

In the next chapter we shall develop a finite multistep algorithm 
for finding a solution to the equilibrium problem . 

The following index notations will be used in this chapter and 
the next: 

I+ 
k := i E I T 

aidk> 0 }, (5-3.a) 

Ik i E I T 
(-dk) > 0 } := a . 

1 

= { i E I I T 
aidk< 0 } (5-3.b) 

for k = l 1 ••• 1 p. 

+ -Note that Ik*~ and Ik*~~ k = 11 ••• 1 p 1 since the directionsin 
problem 5-1 are assumed to be of finite flexibility. 

Finally 1 let x be an arbitrary point in Gl then 1 according to 
(3-2) I we also have the following expressions for the flexibility 

ranges in x E G: 

= min (5-4.a) 

= min (5-4.b) 
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V-2 A REFORMULATION OF THE EQUILIBRIUM PROBLEM 

It will be shown first that the equilibrium problem 5-1, can be 

reformulated as one of finding a solution to the system of equa

tions 

k = 1 , 0 0 0 ,po 

For the derivation of this result we need the following obser

vationo Let x be an arbitrary point in G, d E Rn an arbitrary 

direction of finite flexibility and t a real number, such that 

(x+td) E Go It then follows from the expression for the flexibi

lity range in (3-2) that 

s(x+tdJd) 

Hence, 

s(x+tdjd) 

min 

min 

bo
l 

s(xjd) - to 

This result will be used in the following key theoremo 

(5-5) 

Theorem 5-20 The point~ EG is a solution of the equilibrium 

problem, if, and only if, ~ is a solution to the system of equa

tions* 

* We reeall that the domains of the functions s(oldk) and 

s(o 1-dk), k = 1, 0 oo,p are restricted to Go Hence, if the 

system (5-6} has a salution ~. then ~ E Go 
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k ::: 1, .. . , p. ( 5-6) 

Proof. Let the point ~ E G be fixed and let the real numbers 

fk' k = 1, . .. ,p be given by : 

k ::: 1, . . . ,p. (5-7) 

We further consider the points ~ + fkdk,k 
can write, after the substitution of fk' 

1, . . . , p, for which we 

~ + fkdk= ~ + ~ks( ~ ldk)dk- (1-~k)s(~l-dk)dk 

= ~k [~ + s( ~ ldk)dk] + (1-~k) [ ~ + sal-dk)(-dk)J. 

Since we have, 

for all k = 1, ... ,p, the fact that Gis c1osed and convex leads 

to the conclusion that ~ + fkdk E G, k::: 1, .. . ,p. It further 
fellows that 

k = 1 , ... ,p, 

where Lk(~) the line segment given by (5-1). 
Note that the flexi bility ranges in the points ~ and ~ + fkdk, 
k = 1 , ... ,pare well-defined, since these points lie inG. Hence, 

p k( ~ ) and pk( ~ + fkdk)' k = 1, ... ,pare well-defined . We shall 
now der ive some expressi ons for them. For k = 1 , . . . ,p we have 



• 

64 

a-1: by (5-7), 

(5-8) 

a-2: by (5-5), 

(5-9.a) 

(5-9.b) 

Hence, 

By using (5-7) this results in 

(5-10) 

I. If ~ is a solution to the equilibrium problem, we have 

k = 1, ... ,p ( 5-11) 

Assume that ~ is nota solution to the system of equations (5-6). 
Then, by (5-7), there exists at least one k E {1, ... ,p} with 

fk* 0. There are two possibilities. 
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b-1. fk> 0. Then, by (5-8) , 

Since ~k E (0,1), it follows that 

Hence, by (5-10), pk(~) < pk(~+fkdk)' which contradiets 
(5-ll). 

b-2. fk< 0. It then follows from (5-8) that 

This, together with ~k > 0, results in 

which is also a contradiction . 

Hence, ~ is a solution to the system (5-6). 

II. Conversely, let~ E G be a salution to this system. Wethen 
have for k = 1, ... ,p : 

(5-12) 

Let 1:k E R, such that ~ + tkdk E G for all k = 1, ... ,p. Hence, 
also ~ + 1:kdk E Lk(~). Then, by using the relati ons (5-9 ), (5- 12) 
and the assumption that ~k E (0,1) respectively, it follows that 
for k = 1 , .. . ,p: 
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Hence, ~ is a solution to the equilibrium problem, which completes 
the proof of the theorem. 0 

Remark 1. Let ~ E G be a solution to the equilibrium problem. 

Since ~k E (0,1), k = 1, ... ,p, we have by (5-6), that s(~ldk) > 0, 
if, and only if, s(~l-dk) > 0. o 

Remark 2. Let the directions dk and -dk be of finite flexibility. 
We then have that s(xldk) = s(xl-dk) = 0 for all x E G. 
Hence, the kth equation in (5-6) is satisfied for all x E G. 

Improper directions of flexibility are therefore not interesting 
in the equilibrium problem. 
However, even if dk and -dk are proper, the system (5-6) may have 

a solution ~EG with s(~ldk) = s(~l-dk) = 0 for certain 
k E {l, ... ,p}. For instance, if we choose in R2 

a-1. the polyhedral set 

which has a non-empty interior. 
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a-2. the proper directionsof finite flexibility d1 := (1,0), -d1 , 

d2 := (0,1) and -d2 , 

it can be shown that s(~ldk) = s(~l-dk) = 0 for k = 1 , 2 in the 
point~:= (0,0). Although in this case~ = (0,0) is a solution to 
the equilibrium problem, it is not possible to move from this 
point in the coordinate directions or the reversed directi ons 
without violating the boundary of G. It is therefore appropriate 
to call a solution ~ to the equilibrium problem (5-1) degenerated, 

if there exists a k E {1, ... ,p} with s(~ l dk) = s(~l-dk ) = 0 . For 
such degenerated solutions to the equilibrium problem we can make 
a distinction between 

b-1. completely degenerated solution, if s(~ldk) = s(~l-dk) 0 
for all k = 1, . . . ,p, 

b-2. partially degenerated solutions, if they are degenerated but 
not completely degenerated. 0 

Remark 3 . Let~ be a solution to the equilibrium problem. We then 
have that 

for all k = 1, ... ,p with s(~ldk) > 0 and s(~l-dk) > 0 . We r eeall 
that the lengthof the line segment Lk(~) is equal to 
s(~ldk) + s(~l-dk). Hence, the solution ~ divides the lengthof 
this line segment according to the weighting factor $k. o 
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V-3 THE EXISTENCE OF SOLUTIONS TO THE EQUILIBRIUM PROBLEM 

In this section it will be shown that boundedness of 
G := { x E Rnl Ax ~ b } and linear independenee of the directions 

d
1

, ... , dk, ... , ~ of fini te flexibili ty are sufficient con di ti ons 
for the existence of a solution to the equilibrium problem 5-1 

or, which is implied by theorem 5-2, to the system (5-6). 

At this stage it is appropriate to introduce the following func

tions: 

( 5-13) 

Note that fk is a real-valued function defined on G and has the 
Lipschitz property for each fixed value of (j>k' since s(. ldk) and 
s(. 1-dk) have these properties (see theorem 3-17). 

We further introduce for k = 1, ... ,p the function gk: ~Rn given 
by 

(5-14) 

The following lemma gives a property of these functions. 

Lemma 5-3. For all k = l, ... ,p, gk is a function from G into G 
and has the Lipschitz property . 

Proof. Let x E G and let k E { 1, ... ,p} be fixed. We define 

(5-15) 

It then follows from the definition of the flexibility range 

(de fini ti on 3-1) that y~ E bd G and yk E bd G. Since G is closed 
and convex and (j>k E (0,1), it föllows that 
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After substitution of (5-15) we find for yk 

x + [ ~ks(xldk) - (1-~k)s(xl-dk)J dk 

Hence, by (5-14), yk= gk(x) and gk(x) E G. The Lipschitz property 

of gk can be derived by using (5-13) and theorem 3-17. o 

We also introduce the composed functions gk:= gko gk-1 for 

k = 1, ... ,p given by 

k ( k-1 ) g (x ) : = gk g (x ) ' (5-16) 

where x E G and, by convention, g0 (x) := x. The following lemma 

shows that these functions are well defined. We also give a 

recurrent expression for them. 

4 ll k k . f . . Lemma 5- . Fora = 1, ... ,p, g 1s a unct1on from G 1nto G 

and has the Lipschitz property. Moreover, let x E G, then 

~(x) = x + t fj ( gj-
1

(x)) dj 
]=1 

k=1, ... ,p. (5-17) 

Proof. Let k E {1, ... ,p}. From the definition of gk in (5-16) and 

the preceding lemma it follows that 

k . k-1 a. g (x) E G, 1f g (x) E G, 

k . k-1 b. g satisfies the Lipschitz property, 1f g does. 

We can prove the first part by induction. Since x E G implies 
that gk(x) EG for all k = 1, ... ,p, it follows from the definition 

of gk in (5-14) that 
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k ( k-1 .) g (x) : = gk g (x) 

= gk-l(x) + fk(gk-l(x))dk. (5-18) 

Then the expressions (5-17) also easily follow by induction. o 

Sufficient conditions for the existence of solutions to the 
equilibrium problem 5-1 are given in the following theorem. 

Theorem 5-5. There exists a solution to the equilibrium problem 

5-1, if 
a. G is bounded, 

b. the directions d1 , ... ,dk, ... ,dp of finite flexibility are 
linearly independent. 

Proof . According to theorem 5-2 and (5-13), it is sufficient to 

show that the system of equations fk(x) = 0, k = 1,~ .. ,p has a 
solution under the conditions in the theorem. From lemma 5-4 it 
follows that gP is a continuous function from G into G, where G 
is a closed, bounded and convex subset of Rn. 

Hence, by Brouwer's fixed point theorem, there exists a ~ E G 

with gP(~) = ~- According to (5-17) this implies that 

(5-19) 

si nee the veetors d1 , ... ,dj•····~ are linearly independent, it 
follows from (5-19) that 

fj ( gj-1(0) = 0 j 1, ... ,p . (5-20) 
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Wethen have, by (5-18), 

j = 1, ... ,p. 

Since, by convention, g0 (~) = ~, it fellows that gj(~) = ~ for 

all j = 1, ... ,p. Hence, by (5-20), fj(O = 0, j = 1, . . . ,p. 

So ~ is a solution to the equilibrium problem, which had to be 
shown. 0 

The following remarks show that boundedness of G and linear 

independenee of the directions d1 , . . . ,dk, ... ,~ are not necessary 
for the existence of a solution to the equilibrium problem. 

Remark 1. Let be given 

a-1. the unbounded polyhedral set 

G : = 

with a non-empty interior, 

a-2. T T the proper directions d1 := (1,0) ,-d1 ,d2 := (0,1) , -d2 of 

finite flexibility, 

a-3. the weighting factors ~ 1= ~2= \. 

For this problem it can be derived that the point ~ : = (0,0) 
is a solution to the equilibrium problem with 

k=1 , 2. 

Hence, also non-degenerated solutions to the equilibrium 
problem can exist in unbounded polyhedral sets (see f igure 5-2 
below for clarification). Note that all points of the set 

{ x E R2
1 x1+ x2= 0 } are solutions to the equilibrium problem in 

this example. 
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FIG.5-2. EXAMPLE OF A NON- DEGENERATED SOLUTION. TO THE EQUILIBRIUM 

PROBLEM IN AN UNBOUNDED POL YHEDRAL SET. 0 

For the following remark we need the concept of radially symmetrie 
sets. The non-empty set S c Rn is called radially' symmetrie with 
respect to the point yEs, if y + d E s implies and is implied by 
y - d E s for all veetors dE Rn. 

Remark 2. Let the polyhedral set G := { x E Rnl Ax ~ b } have a 
non-empty interior and be radially symmetrie with respect to the 
point t E G. Let furthermore d E Rn be an arbitrary direction of 
finite flexibility. Then 
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s ( ~ I d) : = s up { a E R I ( ~ + ad) E G } 

and, since G is radially symmetrie, 

sup { a E R I (~ + ad) E G } = sup { a E R I (~ - ad) E G 

Hence, s(~ld) = s(~l-d). So ~is a salution to the equilibrium 
problem with ~k= ~, k = l, ... ,p, whatever the value of the integer 
p may be and whatever is chosen for the directions d1 , ... ,dk, ... ,dp 
Hence, for the existence of a salution to the equilibrium problem 
it is not necessary that the directions d1 , ... ,dk, ... ,~ of finite 
flexibility are linearly independent. o 

V-4 A PIECEWISE LINEAR REPRESENTATION OF THE EQUILIBRIUM 

PROBLEM 

In subsectien 3.3 of chapter III we demonstrated that the function 
s(. ld) : ~R+ is piecewise linearonG for each direction of 
finite flexibility (theorem 3-20). It has also been shown (theorem 

5-2) that the equilibrium problem 5-1 is equivalent to the problem 
of finding a solution to the system of equations 

k = 1, ... ,p. 

These two results enable us to show that the solutions to the 
equilibrium problem are the solutions to a system of piecewise 

linear equations. The derivation of this property will be the 
subject of this section. The material to be developed is partly a 
generalization of the properties derived in subsectien 3.3 of 

chapter II I. 
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We define Q as the set of index multiples 

Q :=I~ x Iî x . . . x I~ x Ik x ... x I; x I~. 

Let (.+ . - .+ .- .+ . -) Q with i+k E I+k and i-k EIk-q := 11 ,11 , ... ,1k,1k' ... ,1p,1p E 
for k = 1, ... ,p. Then q will be referred to as a selection from 

. + . - . the 1ndex sets Ik and Ik' k = 1, ... ,p . In the follow1ng we shall 
reserve the symbol q to denote the selection 

.+ .- .+ .- .+ .- . . (11 ,11 , ... ,1k,1k' ... ,1p,1p). Other select1ons, when used, w1ll be 
written out completely. Note that 0 < IQI < ~ . Let x be an arbi
trary point in G, then S(x) is a subset of Q defiried by 

= 

S(x) := {q E Q I for k 1, ... ,p }-

b - aT x 
ik ik 

-aT d 
ik k 

(5-21) 

. + -From the assumpt1on Ik*~ and Ik*~ for k = 1, . .. ,pand the 
expressions (5-4) it follows that S(x) * ~ for all x E G. 

Let q E Q, then Gq is a subset of G defined by 
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= 

for k = 1, ... ,p }· 

b - aT x 
ik ik 
-aT d 

ik k 
(5-22) 

The sets G and S(x) can be interpreted as follows. Let x E Gq, 
the boundary of G will then be reached in the boundary hyperplanes 

.+ . -with index numbers 1k and 1k' if we move from x in the directions 
dk and -dk respectively for k = 1, ... ,p. Thesetof selections 
S(x) has a similar interpretation. 

For instance, let G be the polyhedral set in R2 as drawn in 
figure 5-3 below (the numbers denote the index numbers of the 

boundary hyperplanes of G). 

q ::(3,1,5,2) 

r ::(4,1,5,2) 
S(i) = {q, r} 

FIG.5-3. GEOMETRLCAL CLARIFICATION 
OF THE SETS GCl AND S( x). 
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Let the directions of flexibility be e 1 ,-e1 ,e2 ,-e2 . For the index 

sets we find ! 

I+ 
1 3,4 l ; Iî = 1 , 2 ), 

I+ 
2 = { 4,5 l ; I; = { 2 ). 

Let us choose q := (3,1,5,2). The boundary of G will then be 
reached in the hyperplanes with index numbers 3,1,5 and 2 respec

tively, if we move from an arbitrary point in the shaded area in 
the directions of flexibility. For the point x on the boundary of 

Gq we find that S(x) contains the selections q and r. 
Note that Gt is empty for the selection t := (4,2,5,2) . 

Definition 5-6. A selection q E Q is called prope~ , if Gqt ~

Otherwise, it is called improper. 0 

Later it will become clear how it can be verified whether a 
selection q E Q is proper or not. The set of proper selections in 
Q will be denoted by 0 . The following theorem gives some proper
ties of the quantities introduced above. 

Theorem 5-7. The following statements hold true. 

a. 0 t ~I if, and only if, G t ~-

b . 0 = u S(x) and G u Gq 
xEG qEO 

c. x E Gq, if, and only i f , q E S(x). 

Proof. The proof of the above statements becomes apparent if we 
use the expressions (5-21 ), (5-22) and the property that for 

arbitrary x EGthere exist, by (5-4), indices i~ E I~ and 
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ik EIk for k = 1, ... ,p, such that x satisfies the formu1as 
between brackets in (5-21) and (5-22). 0 

Remark 1. From property c in the above theorem it fo11ows that 
the se1ections in the set S(x) are a1ways proper. o 

The fo11owing theorem gives a polyhedra1 representation of Gq. 

Theorem 5-8. Gq' q E Q is a po1yhedra1 set described by the 
fo11owing system of 1inear inequa1ities. 

( :!d 
i k 

i 

( 

a 

aTd -
i k 

for k = 1, ... ,p, where 

b 
i 

aTd -
i k 

(i E I~-{ i~}), 

(i E Ik-{ ik}), 

(iE Î) 

i := { i E I I i f. I;; i ft Ik' k = 1, ... ,p } . 

(5-23.a) 

(5-23.b) 

(5-23.c) 

(5-23.d) 

(5-23.e) 

(5-24) 

Proof. The proof of the theorem can easi1y be obtained by using 
the expression for the f1exibi1ity range and the defining expres-

sion for Gq (see (5-4) and (5-22)). o 
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Remark 2. Similar comments as have been made in the remarks 1, 2 
and 3 in subsection III-3.1, hold for this theorem. o 

Remark 3. This theorem enables us to determine, whether a selec
tion q E Q is proper or not, by testing the consistency of the 
linear system (5-23) with the simplex method in linear programming. 

We reeall that all directions in the equilibrium problem are 
assumed to be of finite flexibility. 

Remark 4. Let the directions d1 , ... ,dk, ... ,dp be proper. This 
implies that -d1 , ... ,-dj, ... ,-dp are proper (theorem 3-8). 
Hence, by theorem 3-4, 

+ I . Ik c 
~n k 1, ... ,p 

Ik C I. 
~n 

Wethen have the following two properties for the index set î. 

a. Î i I i 4c 
+ 

:= E I Ik; 

p 

I u I+ 
k 

k = 1 

=>I-I. =I 
~n eq 

U Ik 

i f Ik, k = 1, ... p } 

Hence, all implicit equalities are contained in the system 

of linear equalities (5-23.e). 
b. In the particular case that int G t ~, p = n and 

0 

d1 , ... ,dk, ... ,dp is a basis of Rn, we have î =~. For let 
Î t ~ and let 1 E Î, then, by (5-24), 1 i I~ and 1 f Ik for 

T k = 1, ... ,n. Hence, a1dk 0 for all k = 1, ... ,n. However, 
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since {d1 , ... ,dk, ... ,dn} is a basis of Rn, this would imply 
that a11 Rn, which is a contradiction. o 

In chapter II we introduced the concept of a finite polyhedral 
partition of a non-empty polyhedral subset of Rn (see definition 
2-9). The following theorem gives such a partition for G. It is a 

generalization of theorem 3-19. 

Theorem 5-9. The family ~ := { Gq,(q E Q)} is a finite polyhedral 
partition of G. 

Proof. We have to verify the conditions in definition 2-9. 

Obviously IQI < oo. According to theorem 5-8, Gq is polyhedral for 

all proper selections q E Q and the empty set is polyhedral by 
definition. Condition c follows from theorem 5-7. In order to 

+ - + - + -show condition d, let q,r E Q; r := ( 11 ,11 , ... ,lk,lk, ... ,lp,lp 

such that Gq n Gr:t 
face of Gq and Gr 
assume that q t r. 

can be derived that 

and 

0. We have to show that Gq n Gr is a common 
This is obviously the case, if q = r. So we 

From the inequalities (5-23) in theorem 5-8 it 

G n G is a subset of the af fine space: q r 

'f .+ ... 1+ 
, 1 lk .,. k 

for k = 1, ... ,p. Let H denote the solution set of this space. 
From the same inequalities (5-23) it follows that Gqn Hand 

Grn Hare non-empty facesof Gq and Gr respectively. It canthen 
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be derived that G n G == G n H == G n H, if we follow the same q r q r · 
line of reasoning as we did in the verification of condition d in 
theorem 3-19. This completes the proof of the theorem. o 

Remark 5. The partition ~ may contain coinciding elements. Art 

.element may also be the face of another element. Both aspects 
will be demonstrated in the following example. We consider the 
consistent system of linear inequalities: 

l. xl+ x2 ~ 1, 

2. xl- x2 ::;; 1, 

3. -xl- x2 ::;; 1, 
4. -xl+ x2 ::;; l. 

The figures on the left hand side are the inequality indices. The 
directionsof finite flexibility are e1 :== (l,O)T and -e1 . Using 
the expressions (5-3) and (5-4), we find for this particular case 

I+ 
1 == 1,2 } ; s(xle1 ) == min l-x1-x2 ; l-x1+x2}, 

I;: :: { 3,4 } ; s(xl-e1 ) :: min { l+x1+x2 ; l+x1-x2}. 

The selections are denoted as follows: 

For the elements of the parti ti on ~ : = { Gq' q == q1 ,q2 , q3 , q4 
we can now derive the following expressions (see also figure 5-4 
below) 
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FIG. 5-4 . EX.AMPLE OF A PARTITION OF A POLYHEDRAL SET. 

l 
s(xie1 ) 1 -x1 -x2 f a. Gq = 1 x E G 1 s(xi-e1 ) = 1 +x1 -x2 

1x EG I 
1 -x1 -x2 min 1 -x1 -x2; 1 -x1 +x2 

~ f = 
1 +x1 -x2 = min 1 +x1 +x2 ; 1 +x1 -x2 

= ~x E G I x2 ~ 0 } 

and1 · similarly I 

b. G = 
q2 

{ x E G I x2~ 0 } 1 
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c. 

d. 

The example shows that both G and G are 
q3 q4 

faces of G and G 
q1 q2 

and that G and G coincide for q3# q4 . 
q3 q4 

In chapter II we introduced the concept of a piecewise linear 

function defined on G (see definition 2-10). By theorem 3-20, 

s(. ldk) and s(. 1-dk) are piecewise linearonG for k = 1, ... ,p. 

We further refer to the functions fk: G~R given by (5-13). The 
following theorem shows that they are piecewise linear on G. 

Theorem 5-10. The functions fk: G~R, k = 1, . . . ,pare piecewise 
linear on G. 

Proof. According theorem 5-9, 

polyhedral partition of G. Let 
follows from (5-22) and (5-13) 

fk(x) = 

~ := { Gq,(q E Q)} is a finite 

q E o . Hence, Gq# 0 . It then 
that 

+ 
b.+ 

bik ) (Ik 
a.+ 

\k ) ].k ].k 
-T-- + (l-ep ) -- - -T-- + (l-ep ) -- x 
a +d k aT d a +d k aT d 
ik k ik k ik k ik k 

0 

for all k = 1, ... ,pand for all x E Gq. This proves the theorem . 
0 

We introduce the following notations for arbitrary q E Q: 
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a . 1\q is the (pxn) matrix with row veetors 

(·k 
a.+ 

a J 1k ik 
for k 1, ... ,p, 

aT d 
+ (1-«P ) --

k aT d 
. + k ik k 1k 

(5-25.a) 

b. l:>q is the (pxl) vector with entries 

b.+ b 

«Pk 
1k 

+ (1-«Pk) 
ik 

for k 1, ... ,p. -T--
aT d a +d 

ik k ik k 

(5-25.b) 

It is now obvious that we can write for all proper selections 

f 1 ~x) cp 1s(~ld1 ) - (l-cp 1 ):s(xl-d1 ) 

fk~x) := cpks(xldk) ( 1-«Pk).s(x 1-dk) = I\ x -- l:>q (5-26) q 
: 

fp (x) q,Ps(xldP) - (1-«PP)s(xl-dP) 

for all x E Gq. 

The piecewise linear representation of the equilibrium problem is 
now given by the following theorem. 

Theorem 5-11. The point ~ E G is a solution to the equilibrium 
problem 5-1, if, and only if, there exists a proper selection 

q E V , such that ~J.qt = a:,q and ~ E Gq. 

Proof. Let ~ E G. There exists a proper selection q with ~ E Gq 
(see property b in theorem 5-7). Then, by theorem 5-2 and the 

definition of fk in (5-13), ~ is a solution to the equilibrium 
problem, if, and only if, fk(~) O, k = l, ... ,pand by (5-26), 

if, and only if, ~~q~ = l:>q and ~ E Gq. o 
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The above theorem shows that a solution to the equilibrium problem 
can be found by testing the consistency of the linear system 

for the selections q E Q. For instance, the simplex metbod in 

linear programming can be used for this purpose. I f a selection 

has been found for which this system has a solution t, then t is 
a solution to the equilibrium problem. If this system is incon
sistent for all selections q E Q, then there does not exist a 
solution to the equilibrium problem. 

In the next chapter we shall give more details of methods of 
finding a solution to the equilibrium problem. 
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CHAPTER VI 

A FINITE MULTISTEP ALGORITHM FOR FINDING A SOLUTION TO 
THE EQUILIBRIUM PROBLEM 

VI-l INTRODUCTION 

In the last section of the previous chapter we showed that a 
solution to the equilibrium problem van be found by testing the 

consistency of the linear system Aqx = ~q; x E Gq for the selec
tions q E Q. For this consistency test the first phase of the 
simplex method in linear programming can be used. However, the 

coefficients in these linear systems can mutually differ consi
derably. Hence, a complete new initial simplex tableau has to be 
constructed in passing from one linear program to the other . 
Another thing is that this consistency test must be performed for 
proper selections only. These selections, however, are difficult 

to identify. 

In this chapter we shall develop a finite multistep algorithm for 
finding a solution to the equilibrium problem. This algorithm 
also consists of solving a sequence of linear programs. However, 

it has the advantage that the initial simplex tableau of a linear 
program can be obtained from the final simplex tableau of the 

preceding linear program by changing only the reduced cost row. 
Moreover, an attempt is made to choose only proper selections and 
to maintain monotony in the values of the objective functions of 
two subsequent linear programs. 

This finite multistep algorithm will be developed in the sections 
VI-2 and VI-3. In section VI-4 we illustrate it with an example. 
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We first refer to two other methods which seem to be competitive 

with our multistep algorithm. 

A. We reeall theerem 5-2 to note that ~ is a solution to the 
equilibrium problem, if, and only if, it is a solution to the 

system of equations 

k = l, ... ,p. 

In [13] the iterative non-linear Gauss-Seidel method has been 

proposed for solving this system. It concerns the following case: 

a. the polyhedral set G is bounded, 

b. the set of directions of flexibility is 

{el,-el, ... ,ek, ... ,en,-en]. 

Note that, under these conditions, a solution to the equilibrium 

problem exists (theorem 5-5). We further remark that the choice 
of the standard coordinate system {e1 , ... ,ek, ... ,en] in Rn is not 

a restriction. Let {d1 , ... ,dk, ... ,dn] be another set of mutually 
independent veetors in Rn and let D be the (nxn) matrix with 

column veetors dk, k = l, ... ,n. The linear transformation x= Dy 
then transferros the linear system Ax ~ b into the linear system 
ADy ~ b. Let y satisfy the latter system and let x· = Dy. It can 

then easily be verified that s(ylek) = s(xldk) and 

s(yl-ek) = s(xl-dk) for k = l, ... ,n. Hence, there is a one to one 
correspondence between the solutions of the systems 

~ks(ylek) - (1-~k)s(yl-ek) = 0 and ~ks(xldk) - (1-~k)s(xl-dk) = 0 
for k = 1, ... ,n. 

The major advantage of the application of the non-linear Gauss
Seidel metbod to the problem under consideration is that it is 
numerically very simple and that it does not require a trans
formation of the eenstraint matrix A during the execution of the 
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algorithm. In fact, it is only necessary to store the non-zero 
elements of this matrix. A drawback, however, is that convergence 
of the algorithm is not always ensured, which can be shown as 

follows. Let x E G be a solution to the equilibrium problem, such 

that x E int Gq for certain proper sele:t~on q E Q, _where Gq is 
given by (5-23). Then, by theorem 5-ll, x 1s a solut1on to the 

linear system Aqx = bq. If N(x) is an neighbourhood of x, then 
the non-linear Gauss-Seidel procedure will behave in N(x) n int Gq 
like the Gauss-Seidel procedure for the solution of the linear 

system AqX = bq. Hence, local convergence of the algorithm will 
only occur, if the value of the speetral radius of the (nxn) 

matrix (Dq-Lq)-1uq is less than one, where Dq, Lq and Uq are the 
diagonal-, lower triangular- and upper triangular part of the 
matrix Aq, respectively.* 

B. In the literature attention has also been paid to algorithms 

for finding a solution to a system of n piecewise linear equations 
in n unknown variables (see, for instance, the references 14-17). 

These algorithms have in common that they generate a piecewise 
linear path through the elements of the partition. 

Let us consider the equilibrium problem with respect to a set of 

n directions of finite flexibility and the reversed directions. 

Hence, Aq is an (n x n) matrix, bq an (n x l) vector and the 
equilibrium problem a solution to the system of n piecewice 

linear equations fk(x) = 0, k = l, . .. ,n. A basic step of these 
algorithms is then as follows (see figure 6-1 below for clarifi

cation) 

* Local convergence to a flexible point is, however, always 

ensured in any non-empty convex set in R2 . See statement 

VI appended to this thesis. 
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FIG .6-1. A BASIC STEP OF THE ALGORITHM. 

Let xr be a point on the boundary of the element Gr and let ~r be 

a solution of the linear system ~rx + ~r = 0. The algorithm then 
proceeds along the line segment 

Let xs be the point where this line segment 

section of Gr with its neighbouring element 
~r is a solution of the equilibrium problem 

meets the inter-
, r 

G . tf ~ E G , then s , r 
and the algorithm 

terminates. Otherwise, the procedure is repeated in Gs starting 
from the point xs. 

Difficulties arise with these algorithms, when the path meets the 
intersection of three or more elements and when it meets an 

element Gq, where the rank of the matrix ~q is less than n. In 
both cases there is no unique direction in which the path can be 
continued. These difficulties are, however, overcome by perturbing 
the starting point of the algorithm in such a way that the path 
avoids such situations. 
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The basic problem for these algorithms is to find an appropriate 
starting point from which a path can be constructed which leads 
to a salution of the equilibrium problem. In any case, the algo
rithms require the starting point to be situated in the interior 

of one of the elements of the partition (allowing pertubations of 
the starting point in any direction within the element) and the 

associated matrix to be regular (which uniquely determines the 
initial direction of the path). 
Although it may be easy to find such a starting point for certain 
special applications, this is not the case for the equilibrium 
problem in flexible programming. Because this means finding a 

selection q E Q with int Gqt ~ and rank Aq= n. Moreover, a point 
in the interior of Gq must be constructed. 
But even when such a starting point has been found, the algorithm 
will find a salution to the system of piecewise linear equations 
for certain specific problems only. 
We therefore find these algorithms not appropriate for finding a 

salution to the equilibrium problem. 

VI-2 PRELIMINARY PROPERTIES 

We first derive a linear system in which the equalities and 
inequalities are independent of the selections q. This system 
written down in (6-1) below, farms the basis of our multistep 

algorithm (in remark 3 below we give a geometrical interpretation). 
Let ~EG be a salution of the equilibrium problem. Then, by 
theerem 5-12, there exists a proper selection q E Q with 

We reeall that the system of equalities A ~ - ~ = 0 can be re-q q 
placed by (see (5-26)) 
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k = 1, ... ,p. 

The expression of the flexibility range in (5-4) and the expres

sion for Gq in (5-22) lead to the conclusion that ~ E Gq implies 
the following. 

a. For k = l, . . . ,p 

with Yi,k~ O,(i EI~) and in particular y .+ k = 0, 
~k' 

with zi,k~ O,(i E Ik) and in particular zik,k = 0. 

b. 

where again (see (5-24) 

(i E I~) 

(i E Ik) 

(i E Î), 

Î := { i E I I i fÎ I~ ; i f Ik , k = 1, ... ,p } . 

We introduce the new variables sk, k = 1, ... ,,p given by 

and define the veetors 

T 
s := (s1 , ... ,sk, ... ,sp) , 

k = 1, ... ,p 
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Y := (Yi, 1 (i E I~), ... ,yi,k(i E I;), ... ,yi,p(i E I;))T, 

z := (zi, 1 (i E r;:), ... ,zi,k(i E Ik_), ... ,zi,p(i E I~)r. 

It then fo1lows from points a and b above that ~ is a solution of 
the following linear system. 

a. for k = 1, ... ,p 

b. 

(iE Î), (6-l.c) 

(s,y,z) ~ 0 (6-l.d) 
with 

0 k 1, ... ,p. ( 6-2) 

Conversely, it can also be shown that Aq~ - bq= 0 and ~ E Gq, if 
(~,s,y,z) is a solution to the linear system (6-1) with property 
( 6-2). 

We shall summarize the above results in a theorem. 

Theorem 6-1. The following three statements are equivalent. 
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1. ~ E G is a salution to the equilibrium problem. 

I 
' 2. ~q~ - ~q and ~ E Gq for some proper selection q E Q, where 

~q' ~q and Gq given by (5-25 . a), (5-25.b) and (5-23) respec
tively. 

3. There exist veetors s,y and z, such that (~ , s , y,z) is a 
salution to the linear system (6-l) with property (6-2) for 
some proper selection q E Q. o 

In the following we shall denote the salution set of the linear 

system (6-1) by H. 

Remark l. Since , for k 1, ... ,p, 

cpk E ( 0, l), 

T 
aidk> 0 for all i E + 

Ik' 

T 
aidk< 0 for all i E Ik , 

it follows from the linear system (6-1) that H t ~ . if, and only 

if, G t ~. In particular, if x EG then there exis:t veetors s,y 
and z , such that (x,s,y,z) E H. Conversely , i f (x,s,y,z) E H, 
then x E G. 0 

Remark 2. Note that the coeffici ent matrix of this l inear system 

has a special structure owing to the value of the .coefficients of 
the variables s 1 , ... , sk, .. . , sp ( see example in sub1section 4. 2 of 
this chapter. o 

Remark 3. The following geometrical interpretation can be gi ven 

to the system (6-l) for an arbitrary k E (l, .. . ,p} and for cpk= \ 

(see figure 6-2 below for clarification in R2 ) . 
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FIG. 6-2. GEOMETRICAL INTERPRETATION IN R2 

OF THE LINEAR SYSTEM {6-1}. 

Let x E G. Then x + crkdk and x - ekdk are boundary points of G 

for certain non-negative values of a k and ek. Let the point 

x+ crkdk be in the boundary hyperplane a~x = b., iE I~ of G and 
X
- . T ~ ~ -

ekdk in the boundary hyperplane ajx = bj, j E Ik . 

We write the variables crk and ek as 

and 
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We then obtain 

T- T T - b. i E + a.x + skaidk+ Y· ka.dk- Ik' 1 1, 1 1 

T- T T - b. j E Ik' a.x - skajdk- z. ka.dk-
J J, J J 

which are two equations of the system (6-1) for ~k= ~. If we can 
find a point x EG, such that y. k= z. k= 0, the distances from 

1, ], 
this point to the boundary of G with respect to the directions dk 

and -dk are both equal to sk. This is precisely what is required 
for a solution of the equilibrium problem with ~k= ~. o 

For the calculation of a solution to the equilibrium problem we 
introduce the linear program Pq' q E Q given by 

Problem 6-2. (linear program Pq' q E Q) 

minimize 

subject to 

p 

2: 
k=1 

(y 
.+ k 
1k' 

+ z 

(x,s,y,z) E H, 

where H the solution set of the linear system (6-1) . 0 

Remark 4. Let (x,s,y,z) E H be an optimal solution of the linear 
program p , q E Q. I t then follows from the condi ti ons y ~ 0 and 

. q -
z ~ 0, that x is a solution to the equilibrium problem if, and 
only if, 

p 

~ 
k=1 

+ z 
ik,k 

0. 
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Moreover, x is a point in the element Gq of the partition ~ of G. 

We can also conclude that 

p 

L: <Y 
k=l .+ k 

~k' 

+ z > 0, 

if, and only if, Gq does not contain a solution of the equilibrium 
problem. This does not necessarily mean that x is not a solution 
of the equilibrium problem, since the value of this objective 

function may be zero for another selection. 0 

Remark 5. The constraints in the linear programs are independent 

of the selections q E Q. The selection q only affects the objective 
function. Hence, the initia! simplex tableau for a linear program 
is obtained from the optima! simplex tableau of the preceding 
linear program by replacing the reduced cost row in the latter 

tableau by the reduced cost row of the objective function of the 
new linear program. 

We reeall the defining expression for the set S(x) in (5-21) for 

an arbitrary point x E G. The next theerem shows that the set 
S(x) can also be determined in terms of the associated point 
(x,s,y,z) EH (see remark 1 of this section). 

Theerem 6-3. Let (x,s,y,z) be an arbitrary feasible point inH. 

Th en 

y + min y ,(i E I+) } 
ik,k i,k k 

0 

s<x> { q E Q I for k=l, ... ,p }· 
z min z ' (i E Ik) 
ik,k i,k 

(6-3) 
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Proof. Note that if (x~s~y~z> E Hl then x E G (see remark 1 of 
this section). Thus S(x) is well-defined by expression (5-21). 
The proof of the theorem then easily follows sincel by (6-1)1 we 
have for arbitrary k E {1 1 ••• 1 p} 

a. 

b. min ~ yil k I i E I~ ~ 

s 
k 

b . - T-a.x 
~ ~ ( . 

cpk min T I ~ 
aidk 

= cpk s(xldk) - sk. 

E I~)~ 

Similar relations hold for z and min z ~(iEik)}. 
iklk 11k 

0 

Remark 6. We reeall that the selections in the set S(x) are 

always proper (see remark 1 insection 4 of chapter V). This 

property and the fact that this set can easily be determined for 
each feasible solution of the linear system ( 6-1 )' is of great 
importance in our algorithm. 0 

We finally give a lemma which will be used for the explanation of 
the algorithm to be developed in the next section . 

Lemma 6-4. Let q E Q and let (X 1 S1 Y1 Z) be an optimal solution of 

the linear program Pq. Then for each k = 1 1 ••• 1 p 

min { y + I z } = 0 
ik,k ik,k 
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Proof. Assume that there exists a jE {l, ... ,p) with 

min { y . + . , z ) > 0 . 
lj,J ij,j 

Without loss of generality we may assume that 0 < Y .+ . ~ z 
lj,J ij,j 

We now construct the point (x , s,y,z) as fellows: 

(6-4) 

The rema1n1ng variables are kept the same as in (x,s,y,z). It can 

then be derived from the linear system (6-1) that (x,§,y,z) E H. 
However, for this point we have, by (6-4), that 

t 
k=l 

This contradiets the property that (x,s,y,z) is an optimal solu-

tion of the linear program Pq. o 

VI-3 DESCRIPTION OF THE ALGORITHM 

The multistep algorithm to be developed in this sectien is based 

on successively solving the linear programs Pq,(q E Q) formulated 
in problem 6-2. However, by choosing the selections in a special 
order, an attempt is made to fulfill the following conditions: 

a. only proper selections are chosen, 

b. the optimal objective values of two subsequent linear programs 
are monotonically decreasing. 
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Whether or not these conditions can be fulfilled becomes clear by 
considering a basic step of the algorithm. Let for ,arbitrary 

.+ .- .+ .- .+ .- _, - - -
rE Q, where r := ( J 1 ,J 1 , ... ,Jk,Jk, ... ,Jp,Jp ), (x,s,y,z) EH be 
an optimal solution of the linear program Pr. Let furthermore 
S(x) be calculated by (6-3) (or alternatively by (5-21)). We 

reeall that all selections in S(x) are proper (see remark 6 in 
the preceding section). Finally, let the reduced cost row of the 
linear program p in the basic feasible solution (x,s,y,z) of 

q T 
the linear system (6-1) be denoted by cq(x,s,y,z). 

If 

p 

L 0, 

k=1 

then x is a solution to the equilibrium problem which lies in the 

elementGrof the partition. Furthermore, let q E S(x). Then, by 
( 6-3), 

;;; (i + y 
.+ k 

y E Ik), 
lk' i,k 

(6-S.a) 

z ;;; z (i E Ik) 
ik,k i,k 

(6-S.b) 

for k = 1, ... ,p. Hence, y + z = 0 for k = 1, ... ,p. This 
ik,k ik,k 

rneans that all linear programs Pq, (q E S(x)) will lead to a 
solution of the equilibrium problem. 

If, however, 
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then the element Gr of the partition will not contain a salution 
to the equilibrium problem (see remark 4 in the preceding section). 
In this case we distinguish the following two cases c and d. 

c. r d S(x), which implies that x 1 G (property c in theorem - ~ r 
5-7). Let q be an arbitrary selection in S(x). Hence, x E Gq. 
Since (x,s,y,z) E H is an optimal salution of the linear program 
Pr, we have, by lemma 6-4, that 

k = 1, ... ,p. 

Without loss of generality we may assume that 

k = 1, ... ,p. 

Since q E S(x) and r i S(x), it can be derived from the expression 
(6-3) that 

y = y 0 (6-6.a) 
.+ k .+ k 
lk' Jk' 

k = 1, ... ,p 
z ~ z (6-6.b) 
ik,k jk,k 

with a strict inequality for at least one index k E { 1, ... ,p} 
in (6-6.b). 
Therefore, 

p p 

0 ~ I: I: 
k=1 k=1 

Hence, in the optimal salution (x,s,y,z) of the linear program Pr, 
the objective value of the linear program Pq is strictly smaller 
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than the optimal objective value of Pr. The objective value of Pq 
in this point may even turn out to be equal to zero. This means 
that x is a solution to the equilibrium problem, although this 
has not been noticed by the linear program Pr. Of course, this 
will be noticed immediately, when the selections in the set S(x) 
are analyzed. Anyhow, it is appropriate to proceed with the 

linear program Pq for q E S(x), in order to obtain monotony in 
the values of the objective functions of two successive linear 

programs. 

Remark 1. Geometrically, the case x i Gr can be clarified as 
follows. In figure 6-3 below we have drawn a part of a partition 
of a polyhedral setGin R2 . 

I 
I 

I 
/ 

/ 
/ 

I 
I 

/ 
/ 

/ 

FIG.6-3. GEOMETRICAL CLARIFICATION OF THE CASE x t Gr. 
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The point (x,s,y,z) is an optima! solution of the linear program 

Pr, while x does not belong to the element Gr of the partition. 
The objective value of pq in (x,s,y,z) is then strictly smaller 

than the optima! objective value of Pr. o 

d. rE S(x), which implies that x E Gr. Since Gr does not 
contain a solution to the equilibrium problem, x will not be such · 

a solution. Let q be another selection in S(x). It then follows 

from the relations (6-5) that 

p p 

2: 2: 
k=l k=l 

This means that, if we choose Pq with q E S(x) as the next linear 
program to be solved, the optima! value of the objective function 

of Pq will not be greater than that of Pr. We can now distin
guish the following two cases. 

d-1. There exists a selection q E S(x) for which the reduced cost 
- T----
row cq(x,s,y,z) of Pq contains a positive element. Then Pq will 
be the next linear program to be solved. The optima! objective 
value of Pq will then be smaller (lexicographically anyhow) then 

that of Pr . 

d-2. For all sele:t~o~s-q ~ S(x) we.have that.c~(x,s,y,z) ~ o. 
This means that (x,s,y,z) 1s an opt1mal solut1on for all l1near 

programs Pq,(q E S(x)). The selectionsin S(x) will thus not 

lead to a solution of the equilibrium problem and therefore need 
not be considered anymore. In the next subsection we shall give 

an example which shows that such a situation can actually occur. 
In the present case we are then forced to choose a selection in 
the set Q- S(x). This selection is chosen according to an enume
ration of Q. 
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Remark 2. The case x E Gr can be clarified geometr i cally as 
follows (see figure 6-4 below). 

/ 
// 

I 
I 

I 

FIG. 6-4. GEOMETRICAL CLARIFICATION OF THE CASE x € Gr· 

Let S(x) contain the elements q,r and t. This means that the 

point x lies in the intersection of the elements Gq' Gr and Gt. 
The element Gr does not contain a salution of the equilibrium 

problem. It is then further investigated whether thè elements Gr 
or Gt contain such a solution. If c (x,s,y,z) > 0 , we proceed 

0 q ----solve llnear program Pq. If, however, cq(x,s,y,z) ~ 0 and 
ct(x,s,y,z) ~ o, then (x,s , y,z) is a!so an optima! so!ution of 
the linear programs Pq and Pt. This implies that none of the 

elements Gq, Gr and Gt surrounding x contain a so!ution of the 
equilibrium problem. a 

to 
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It may be clear from cases c and d that, in the attempt to fulfill 

the conditions a and b, it is logical to choose the selections 
for subsequent linear programs from the set S(x). 

The algorithm we propose for finding a solution to the equilibrium 

problem now proceeds as fellows: 

Algorithm 6-5. Finding a solution to the equilibrium problem 5-1 

Cernment 1. The following new quantities are used in the algorithm . 

a. U is the set in which the selections are stored, which do not 
lead to a solution of the equilibrium problem. 

b. The objective function of the linear program Pq in the 
point (x,s,y,z) E H will be denoted by 

p 

gq(y,z) := L: y + + z ) . 
k=l ik,k ik,k 

c. The boolean variable "success 1" indicates whether a subse

quent linear program will be solved and "success2" indi
cates whether a solution to the equilibrium problem has been 
found. Hence, 

successl : = true, if cq(x,s,y,z) $ 0 and 

success2 := true, if gq(y,z) = 0. 

1 begin 
test the consistency of the linear system (6-1); 
if this system is consistent then 

begin 
5 (x,s,y,z) := basic feasible solution found in the 

consistency test of (6-1); 
U := ~; success1 := true; success2 := false; 

0 
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while succes! and not success2 do 

end 

begin 
calculate S(x); 
success1 := false; 
repeat select next q E S(x); 

if q i u then 
begin 

u := u u {q}; 

if gq(y,z) = 0 then success2 := true else; 
if c (x,s,y ; z) t 0 then successl := true; - q 

end 
until successl or success2 or last q E S(x); 

if not success1 and not success2 then 
repeat select next q E Q; 

end 

if q i U then 
begin 

u := u u { q}; 

end 

if cq(x,s,y,z) t 0 then 
success1 := true; 

until success1 or last q E Q; 
if success1 then 

begin 

end 

solve linear program Pq; 
(x,s,y,z) := optima! so1ution; 

if gq(y,z) = 0 then success2 := true; 

if success2 then print (x) 
else print (no so1ution); 

else print (inconsistent); 
40 end. 
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Comment 2. (order in which selections are chosen). The algorithm 

requires an order in which the selections are chosen, either from 
Q or from S(x). A general way of doing this is as follows. Let J 

be an arbitrary non-empty subset of Q defined by 

J := J+ 
1 x Jl x ... x J+ 

k x Jk x ... x J+ 
p x J;, 

where for k = 1, ... ,p 

J+ 
k c + 

Ik' Jk c Ik' J+ 
k * 9J, Jk * 9J. 

Hence, J may either coincide with Q or it may be the set S(x) in 

which case J is constructed by using expression (6-3) . Let further

more q := (i~,il' ... ,i~,ik' ... ,i+,i-) be an arbitrary selection 
·, J h f 11 . 1 . . pthp ( . + . - . + 1-) h 1n . Te o ow1ng se ect1on 1s en 11 ,11 , . . . ,lp' p, w ere 
the index 1; comes after i- in the index set J;. If, on the other 
hand, i; is the last indexpin J;, the fol1owing selection is 
(i+1 ,i;:, ... ,1p+,j-), where j- is the first index in J- and lp+ 

+ p + p p 
comes after ip in Jp and so on. 0 

Comment 3. Obviously the algorithm can be used for finding more 

than one solutiön to the equilibrium problem by restarting the 
algorithm after a solution has been found. This may, for instance, 
be desirable, when the algorithm has found a degenerated solution 

to the equilibrium problem . Alternatively, one can proceed as 
follows in the latter case. Let (x,s,y,z) EH be an optimal 

solution of the linear program Pq' where x is a degenerated 
solution to the equilibrium problem. Then proceed by solving the 

linear program. 

maximize 0 

subject to (x,s,y,z) E H, 
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y = 0 (6-7.a) .+ 
1k 

z = 0 
ik 

k 1, ... ,p. (6-7.b) 

a - sk ~ 0 (6-7.c) 

Let (x,s,y,z,o) be an optimal solution of this linear program. 

Then (x,s,y,z) is also an optimal solution of the linear program 
Pq (by the constraints (6-7.a) and (6-7.b)) and x is a solution 

to the equilibrium problem. Moreover, if Ü > 0 then sk > 0 for 
all k = l, ... ,p (by 6-7.c)). It canthen be shown that x is a 
non-degenerated solution to the equilibrium problem. 0 

VI-4 AN ILLUSTRATIVE EXAMPLE 

VI-4.1 Introduetion 

We consider the system of linear inequalities 

xl - 2x2 ~ 1, 

xl + x2 ~ 7, 

-2x1 + x2 ~ 1, (6-8) 

- xl ~ 0, 

-x2 ~ 0. 

The solution set of this system is denoted by G and the row index 
set is denoted by I := {1,2,3,4,5}. Note that x := (1,1) E 
int G. Thus int G t ~. As directions of finite flexibility we 
choose e1 := (l,O)T; e 2 := (O,l)T; -e1 ; -e2 and the weighting 

factors are ljl 1= ljl 2= ~. For these directions of finite flexibility 
we have 
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Ik = { i E I I aik< 0 
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i E I I aik> 0 } and 

for k = 1,2. Hence, according to (6-8), 

I~ = {1,2}, Il {3,4}, I; = {2,3}, I2 = {1,5}. 

The set of selections Q is given by Q = I~ x Il x I; x I;. The 
selections in Q are enumerated as given in table 6-5 below . 

n(q) 

1 

2 

3 

4 

5 

6 

7 

8 

q n(q) q 

(1, 3, 2, 1) 9 (2, 3, 2, 1) 

(1 , 3, 2, 5) 10 (2, 3, 2, 5) 

(1, 3, 3, 1) 11 (2, 3, 3, 1) 

(1, 3, 3, 5) 12 (2, 3, 3, 5) 

(1 , 4, 2, 1) 13 (2, 4, 2, 1) 

(1, 4, 2, 5) 14 (2, 4, 2, 5) 

(1 , 4, 3, 1) 15 (2, 4, 3, 1) 

(1 , 4, 3, 5) 16 (2, 4, 3, 5) 

TABLE 6-5. SELECTIONS IN THE SET Q 

WITH THEIR ENUMERATED VALUES. 

The set G with its partition ~ (indicated with dotted lines) has 

been drawn in figure 6-6. This figure shows that the selections 
with enumerated values 2,6,10,13,14,15,16 are improper . 
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FIG. 6-6 . GEOMETRICAL REPRESENTATION OFTHE SOLUTION SET G 

OF THE LINEAR SYSTEM (6-8) WITH lTS PARTITION. 

The associated linear system (6-1) 

Since {e1 ,e2} is a basis in R2 , we have that Î = 0 (remark 4 

section V-4) Since ~k= ~' k = 1,2 in the pr esent case , we shall 
make the following modification in the system (6-1) . The equa
lities (6-l.a) and (6-1.b) are multiplied by 2 for k=1,2 and the 

resulting variables 2sk, 2yi,k and 2zi,k are replaced by the new 
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variables sk, y. k and z, k" This modification simplifies the 
1, 1, 

coefficients in the system (6-1}, which then becomes: 

xl- 2x2+ sl + Y1,1 1, 

xl+ x2+ sl + Y2,1 7, 

-xl+ ~2+ sl + z3,1 == ~. 

-xl + sl + z4,1 a, (6-9) 

xl+ x2 + s2 + Y2,2 7, 
-2x1+ x2 + s2 + Y3,2 1, 

~1- x2 + s2 + zl,2 ~' 
x2 + s2 + z5,2 a. 

VI-4.3 Application of the algorithm 6-5 

a a a a We start with U :== ~ and with the point (x ,s ,y ,z ) given by 

a a 
(xl,x2) := (a, a}, a a 

(sl,s2) := (a, a) 

and for k =1 
a a (1,7}, a a (7,1) (6-la} (Yl,l'Y2,l) := (z3,l'z4,l) := 

and for k == 2 
a a 

(Y2,2'Y3,2) := (~,a), 
a a 

(zl,2'z5,2) := (~,a). 

The initial simplex tableau Ta is given in table 6-7.a (see 

page 112). It follows from this tableau that the point given by 

(6-la} is a basic feasible solution to the linear system (6-9}. 
Hence, it is not necessary to execute the consistency test in the 
algorithm. From the tableau Ta and the expression for S(x) in 
(6-3} it follows that S(xa) :== {(1,4,3,5)}. The enumerated value 
of this selection is n(q) == 8. 

Step 1. The value of the objective function of the linear program 
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0 0 0 0 0 Pa* in the po1nt (x ,s ,y ,z ) is 

2 t. 0 

The reduced cost row for the linear program Pa in the point 

(x0 ,s0 ,y0 ,z0 ) can be constructed from the tableau T0 o It becomes 

T 0 0 0 0 ca(x ,s ,y ,z ) := (-2,-2,2,2,0, ... ,0) t 0 

Hence, successl : = true; U := {a} and linear program Pa is 

solved. The optima! simplex tableau T1 is given in table 6-7.b. 

Note that the optimal solutiort of Pa is the same point as given 

by (6-10) and that the optimal value of the objective function is 
0 1 1 1 1 0 0 0 0 greater than zero. We def1ne (x ,s ,y ,z ) := (x ,s ,y ,z )o 

Step 2. From the preceding step it follows that S(x1 ) = S(x0 ) := 

{(1,4,3,5)}. Since this selection has already been excluded, we 

will not find "success1" or "success2" in that part of the algo
rithm which analyzes the selectionsin S(x) (1ines 9- 19). We 

reeall case d-2 in section VI-3, where such a situation has been 

announcedo The a1gorithm now proceeds to ana1yze the selections 

in Q (lines 20 - 2a). The first selection in Q is, by table 

6-5, q := (1,3,2,1) with n(q) = 1o This selection has notbeen 

excluded yet. For this selection we have the followingo 

a. The value of the objective function of the linear program 

p1 in the point 1 1 1 1 (x ,s ,y ,z ) : 

1 
Y1,1 

1 
+ z3,1 

1 
+ Y2,2 

1 
+ z1,2 9 

* For convenience we shall use the enumerated va1ues of the 

se1ections in the subscripts for the linear program pq 

and the reduced cost row cT (o)o 
q 
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Note that this value is greater than the optimal value of 
the objective function of the preceding linear program P8 . 

b. The reduced cast row is 

T 1 1 1 1 c 1 (x ,s ,y ,z ) := (3/2,-3/2,2,2,0, .. . ,0) t 0. 

Hence, successl := true (line 26); U := {1,8} and linear program 
P1 is solved. The optimal simplex tableau T2 is given in table 

2 2 2 2 6-7.c. The optimal salution is denoted by (x ,s ,y ,z ). 

Step 3. From the tableau T2 it can be derived that S(x2 ) := 

{(1,3,2,1);(2,3,2,1)} with enumerated values 1 and 9 respectively. 
Since the selection (1,3,2,1) has already been excluded in the 
preceding step, we concentrate on the selection (2,3,2,1). For 
this selection we have the reduced cast row 

T 2 2 2 2 c 9 (x , S ,y ,z ) :=(0,0,0,0,5/8,-15/8,3/ 4,0,0,0,-2,0) t 0 

Hence P9 is the next linear program to be solved. The optimal 

simplex tableau T3 is given in table 6-7.d . It shows that 
x := (13/5,13/5) is a salution to the equilibrium problem. 

We finally note that if we omit the eenstraint with index number 
2 from the linear system (6-8), then G becomes unbounded (see 

also figure 6-6). It fellows from table 6-5 that Q consistsof 
the selections with enumerated values 3,4,7 and 8. It canthen be 

shown that none of the linear programs pq, q = 3,4 , 7,8 provide a 
salution to the equilibrium problem. Hence , a saluti on to the 
changed problem does not exist. 
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x, x, I 
l 

., ., 
Y1,1 Y2.1 "'·' 24,1 Y2.2 YJ,2 Z,1,2 z5,2 b 

1 -2 1 1 1 

1 1 1 1 7 _, 
,,2 1 1 'n _, 

1 1 0 

1 1 1 1 7 
-2 1 1 1 1 

'n _, 1 1 'n _, 1 1 0 

TABLE 6-7.a. INITIAL SIMPLEX TABLEAU T'J OF THE LINEAR SYSTEM (6-9). 

x, x, ., ., Yl,l Y2,1 z3,1 z4,1 Y2.2 Y3,2 zl,2 z6,2 

-2 
_, 

1 
_, 

'12 
_, 

'12 _, 0 

1 
_, 

-2 
_, 

1 

1/2 
_, 

1/2 

~· 0 

-2 -2 

TABLE 6-7.b. OPTIMAL SIMPLEX TABLEAU T1 OF THE LINEAR PROGRAM PS. 

x, x, ., ., Yl,l Y2,1 "'·' z4,_1 Y2.2 YJ,2 z,,2 z5,2 b 

1 1/12 6112 _,12 11 /4 
- 116 11e -1 1 '12 

1/24 6124 - 1/4 
_, 

1 7/B 
1 1/4 1/4 '12 9/4 

6/8 - 7/8 1/4 1 
_, 

9/8 
718 3/8 - 6/4 1 

_, 
27/8 

1 -1/3 ,IJ 2 
1 -3/8 3/8 ,,4 1 9/8 

- 3/8 -718 - 3/4 -2 9/8 

TABLE 6-7.c. OPTIMAL SIMPLEX TABLEAI,.I T2 OF THE LINEA A PAOGRAM F'1. 

x, x, ., ., 
Yl,l y2.1 z3,1 z4,1 Y2,2 YJ,2 z1,2 z6,2 b 

1 8/16 - 7/15 - 2/16 2/15 1315 - ,,,5 - 14/15 1 4/15 - 4/15 4/5 
4115 - 4115 - 1115 - 14/15 1 4/5 

1 3/5 2/5 - 2/5 2/5 9/6 
1 - 7/5 2/5 8/5 - 8/5 9/5 

8/6 - 8/6 - 7/5 1 2/5 9/5 
1 - 2/15 2/15 8/15 - 8/15 13/5 

1 - 2/5 2/5 3/5 2/5 9/5 

_, 
- 1 - 1 - 1 0 

TABLE 6-J.d. OPTIMAL SIMPLEX TABLEAU T3 OF THE LINEAR PROGRAM F'g. 



113 

CHAPTER VII 

CONCLUDING REMARKS 

In this thesis we have studied a navel approach to finding 
so-called flexible solutions to linear programming problems. In 
this approach the flexibility of a point in the salution set G of 
the consistent linear system Ax ~ b is defined as the Eucledian 
distance from this point to the boundary of G with respect to a 
prescribed direction. Two problems, a weighted distance - and an 
equilibrium problem, have been defined for finding solutions in G 
which have these flexibility properties with respect to a set of 
these directions. Bath problems can be solved by finite algorithms. 

The weighted distance problem is a rnax-min problem. A salution is 
found by solving a single linear program. This linear program has 
one more variable and the same number of constraints as the 
linear system Ax ~ b. 

The equilibrium problem, resembling the Nash equilibrium problem 
in game theory, requires the salution of a finite sequence of 
linear programs and is therefore more difficult to solve. The 
number of variables and constraints of these linear programs is 
greater than the number in the original linear system Ax ~ b. 
Apart from this exact algorithm there exists a heuristic iterative 
algorithm. The major advantage of this algorithm is that it is 
numerically very simple and does not require a transformation of 
the eenstraint matrix A. 

For the application of bath methods to practical problems it is 
necessary to identify the implicit equalities in the linear 
system Ax ~ b. Two finite algorithms have been developed to 
perfarm this identification. 
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In order to isolate the problem of flexibility from that of 
economical optimality we have left an economical objective func
tion out of consideration. However, a decision maker will in 

general be more interested in solutions to linear programming 
problems which have both flexibility properties and an acceptable 
value for the original objective function of the linear program 

(such as costor profit). For example, the following multi-objec
tive programming problem gives such a solution (see also the 

linear program 4-4). 

momaximize (p, CTX) 

subject to T 
ai x + wip :;:; b · 

~ 
(i E Ia), 

T 
ai x :;:; bi (i E I-! 0 ), 

where p reflects the flexibility of a solution to the linear 
system Ax :;:; b and where cTx is an economical objective function. 

The interactive multi-objective programming method of Zionts and 
Walhenius [18] seems to be the most appropriate for this approach, 

since it enables the decision maker to find his own balance 

between economical optimality and flexibility. It should be 
noted, however, that the objective functions p and cTx in the 
above problem need not be conflicting. For instance, this is 

obviously the case if we consider the consistent linear system 

and choose d := (-l,O)T as direction of flexibility and 
c := (l,O)T for the cost vector in the economical objective 
function. 

Another possible approach för finding a balance between economical 
optimality and flexibility is the following. Let x be the optimal 
solution to the linear program 
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subject to Ax ~ b 

and let z := cTx. The methods described can then be applied to 

find a flexible point with respect to the consistent l inear 
system 

where ö is a positive real number to be specified by the decision 
maker. For instance, if we take ö as a fraction of z, say 

ö = 0.1 z, then a flexible point is generated which belongs to G 
and for which the economical objective value is at least 90% of 
the optimal objective value z. We note, however, that this opti

mal value ought to be found first. 
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STELLINGEN 

I 

Zij gegeven het veelvlak G : = f x E Rnl Ax ~ b } met niet-leeg 
inwendige . De volgende uitspraken zijn equivalent. 

a. De grootste bol die in G beschreven kan worden heeft een 

eindige straal. 
b. Het systeem ATu= 0; u ~ 0 heeft een oplossing met tenminste 

één van de componenten van de vektor u groter dan nul. 

II 

Zij gegeven het veelvlak G : = f x E Rnl Ax ~ b } met niet-leeg 
inwendige. Het punt x E int G voldoet aan het stelsel ver gelij

kingen 

k l, . .. ,n. 

Zij verder Ax = b het in stelling 5-11 van dit pr oefschrift 
bedoelde stelsel lineaire vergelijkingen waarvan x een oplossing 
is. 
De elementen a . . ; i,j = 1, ... ,n van de (nxn) matrix A voldoen 

1 , ] 
dan aan de ongelijkheid 

I a · . I ~ 
1,) 

$· s <xle · > 1 1 

$ ·s<xle . ) 
J J 



Hieruit volgt dat voor deze elementen in het bijzonder geldt 

voor ieder eindig stelsel indices { i 1 ,i2 , ... ,ik}. 

M.F. ter Horst en R.P. van der Vet; 

"On the existence and convergence aspects 

of the flexib1e programming method"; 

Proc. of the second European Congress on 

Operatiens Research (Stockholm, Sweden, 

Nov 29 - Dec 1, 1976) . 

III 

Zij C een gesloten convexe deelverzameling van R2 . Het punt 

X0 := 0 behoort tot het inwendige van C en voldoet aan het stelsel 
vergelijkingen 

k = 1,2, 

met s(x 0 lek) = s(x 0 l-ek) = 1 voor k = 1,2. De Gauss-Seidel methode 
toegepast op bovengenoemd stelsel convergeert naar een oplossing 
van dit stelsel voor ieder startpunt in de verzameling 

Deze eigenschap is niet te generaliseren tot convexe deelverzame
lingen in Rn met n ~ 3. 



M.F. ter Horst en R.P . van der Vet; 

"Flexible programming I. A study of 

the convergence behaviour of the 

flexibility algorithm when applied 

to problems with two unknown varia

bles", Rapport Koninklijke Shell 

Laboratorium (Shell Research B.V.) 

AMER 79.010 (1979). 

IV 

Zij gegeven de reëelwaardige (mxn) matrix A met tenminste één 
kolomvektor met een positief en negatief element. Dan is in n 
stappen een reguliere (nxn) matrix B te construeren met de eigen

schap dat iedere kolomvektor van AB een positief en negatief 
element bevat. 

V 

De bewering van Chien en Kuh, dat het door hen ontwikkelde algo
rithm voor het oplossen van stuksgewijs lineaire vergelijkingen 

convergent is, is onvoldoende gefundeerd. 

M. J . Chien en E. S. Kuh ; "Solving piece

wise linear equations for resistive net

works" ; International Journal on Circuit 

Theory and Applications 4 (1976) 3-24 . 

VI 

Bij het oplossen van lineaire programmeringsproblemen met de 

Simplex methode, is het weinig zinvol vooraf de redundante onge
lijkheden te verwijderen. 



VII 

Het is in het belang van de geloofwaardigheid in het gebruik van 
simulatie voor het oplossen van praktijkproblemen, dat bij de 
rapportage van simulatietoepassingen meer aandacht wordt besteed 
aan de kwalitatieve en kwantitatieve gebruikswaarde van het 

simulatiemodel. 

VIII 

De in de operations research literatuur beschreven wiskundige 
modellen van het vehicle scheduling probleem dragen nauwelijks 
bij tot het analyseren en oplossen van dit probleem in de prak
tijk. 

IX 

De naamgeving voor de in gebruik zijnde muziekinstrumenten in de 

klarinetfamilie is onvolledig, niet eenduidig en onsystematisch. 

Het is daarom gewenst voor deze klarinetten eenzelfde naamgeving 
in te voeren, zoals die bij de saxofoons wordt gehanteerd . 

x 

Om de investeringen in gebieden met hoge werkloosheid te stimule
ren, zou de overheid de mogelijkheid moeten openen deze investe

ringen te laten financieren met obligaties waarvan de interest is 
vrijgesteld van inkomstenbelasting. 

24 juni 1980 R.P. van der Vet 


