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SHORTEST EXPECTED DELAY ROUTING FOR ERLANG SERVERS

Iva ADAN AND JAAP WESSELS·

Abstract. The queueing problem with Poisson arrivals and two identical parallel Erlang servers
is analyzed for the case of shortest expected delay routing. This problem may be represented as a
random walk on the integer grid in the first quadrant of the plane. An important aspect of the random
walk is that it is possible to make large jumps in the direction of the boundaries. This feature gives rise
to complicated boundary behavior. Generating function approaches to analyze this type of random
walk seem to be extremely complicated and have not been successful yet. The approach presented in
this paper directly solves the equilibrium equations. It is shown that the equilibrium distribution of
the random walk can be written as an infinite linear combination of products. This linear combination
is constructed in a compensation procedure. The starting solutions for this procedure are found by
solving the shortest expected delay problem with instantaneous jockeying. The results can be used
for an efficient computation of performance criteria, such as the waiting time distribution and the
moments of the waiting time and the queue lengths.
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1. Introduction. The shortest queue problem with Poisson arrivals and two
identical parallel exponential servers has been intensively studied. Haight [13] intro
duced the problem. The first major step towards its analysis was made by Kingman
[15] and Flatto and McKean [11]. Using a uniformization approach they proved that
the generating function of the equilibrium distribution is meromorphic. As a conse
quence, partial fraction decomposition of the generating function would in principle
lead to a representation of the equilibrium distribution as an infinite linear combi
nation of products. Also other analytic approaches took the generating function as
a starting point, leading to interesting analytic results, but not to explicit solutions
for the equilibrium distribution (cf. Cohen and Boxma [9]). An approach which is
not based on generating functions, is used in [2]. This approach directly solves the
equilibrium equations and leads to an explicit solution. The essence of the approach is
to first characterize the products satisfying the equilibrium equations for states in the
inner area and then to use the products in this set to construct a linear combination
of products which also satisfies the boundary conditions. The construction is based on
a compensation argument: after introducing the starting term, new terms are added
so as to alternately compensate for the error on the two boundaries.

The aim of the present paper is to extend the compensation method to the case
of two identical Erlang-r servers and shortest expected delay routing. This means that
the jobs are considered as consisting of r exponential subjobs and a new job joins
the queue with the lowest number of subjobs to be executed (in case the numbers of
subjobs are equal, either queue is joined with probability ~). Hordijk and Koole [14]
and Weber [17] have shown that, within certain constraints, this routing is optimal.

This model can be represented by a two-dimensional random walk in the first
quadrant of the plane: Define i and j as the numbers of subjobs in both queues and
define the state (m,n) by m = min(i,j),n = Ii - jl. Then the process on (m,n) is
a random walk on the grid points with m ~ 0, n ~ O. The analysis of the model is
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of practical value as an extension of the classical shortest queue problem. However,
its primary significance is theoretical. Namely, an important aspect of the model is
that the transitions starting in inner points are not restricted to neighboring points,
but it is possible to make large jumps in the direction of the boundaries. This feature
gives rise to very complicated boundary behavior. Generating function approaches
to analyze this type of random walk seem to be extremely complicated and have not
been successful yet. In the paper it is shown that the present model, and possibly a
wider class of models, can be analyzed exactly by adapting the compensation method
to the complex boundary conditions.

The type of model considered in this paper essentially differs from other models
for which the compensation method has been developed so far. In [5] it has been
investigated for which random walks on the first quadrant a compensation approach
could be developed. A restriction was made to random walks with transitions to
neighboring states only. For this class of random walks it was proven, that the essential
condition for the compensation approach is that no transitions are possible from inner
states to the North, North-East and East. The model in this paper satisfies the latter
condition for n ~ r (d. fig.1), but it does not belong to the class considered in [5], since
for inner states the transitions are not restricted to neighboring states. It will appear
that the difference will make the compensation procedure essentially more complex.

The compensation procedure is developed in section 3 after a formulation of the
equilibrium equations in section 2. As expected, the compensation steps become more
complicated because of the "thick" boundaries. A new feature, however, is provided
by the fact that the compensation steps on the horizontal and the vertical boundaries
need to be essentially different, which is due to differences in transition behavior on the
two boundaries. This indicates that a general version of the compensation approach for
two-dimensional random walks with larger steps will strongly depend on the specific
transition structure near the boundaries. Section 4 treats the question of convergence
and section 5 is devoted to finding starting solutions for the compensation process.
It becomes more and more apparent that finding starting solutions is the essential
difficulty of the compensation approach. In the first exploration of the approach for
the shortest queue problem (cf.[2]), the aspect of finding a starting solution still looked
like a simple question, since there was a natural candidate, but later explorations
placed this aspect more and more in the center (d. [4, 5, 7, 8]). So, section 5 may
well be called the key part of this paper. In fact, the problem is solved by the solution
of the instantaneous jockeying model. Section 6 gives the finishing touch by first
investigating the risk of degeneration of the compensation procedure and then, using
the results of the previous sections to prove that, indeed, the equilibrium probabilities
can be represented by an infinite linear combination of products. Section 7 shows, as
an example, that the mean waiting time can also be expressed as an infinite sum of
products. Sections 8 and 9 are devoted to numerical aspects and results and, finally,
conclusions and comments can be found in section 10. Proofs which proceed along
the same lines as in other cases are omitted. However, the interested reader may find
them in the internal report [1], which also contains some of the intermediate results
in a slightly more general form.

2. The model. We consider a system with two identical parallel servers. The
service times are Erlang-r distributed with scale parameter 1. Jobs arrive in a Poisson
stream with rate A. To guarantee stability, we require Ar < 2. An arriving job

2



can be thought of as consisting of r identical subjobs, where each subjob requires an
exponentially distributed service time with mean 1. Arriving jobs join the queue with
the smallest number of subjobs, and in case the number of subjobs in the two queues
is equal, they join either queue with probability !. This queueing system can be
represented by a continuous-time Markov process, whose natural state space consists
of the pairs (i,j) where i and j are the numbers of subjobs in each queue. In order to
obtain a homogeneous random walk in the first quadrant, we will use the variables m
and n instead of i and j, where m = min(i,j) and n = Ij - il (see fig.I). Let {Pm,n}
be the equilibrium distribution.

n 1

1

1, ~ :
:~• • A.

2

--+---------- ~ ____.:~_m

FIG. 1. Transition diagram for the Erlang-3 model. The horizontal boundary consists of 3 layers.

The equilibrium probabilities Pm,n satisfy the following relations:

m> r·- ,

Pm-r,n+rA +Pm,n+l +Pm+t,n-l , m ~ r, n > r j

Pm,n+t +Pm+l,n-l, 0 < m < r,n > rj

PO,n+t +Pl,n-l , n > r j

Pm-r,n+r A +Pm,n+l +Pm+l,n-l +Pm-r+n,r-n A ,
m ~ r,l < n:::; r j

Pm-r,l+r A +Pm,2 +Pm+t,02 +Pm-r+l,r-1 A ,

= Pm-r,rA + Pm,l, m ~ T.

Pm,1(2 + A)

Pm,o(2 +A)

Pm,n(2 +A)

Pm,n(2 + A) =
Po,n(1 +A)

Pm,n(2 + A) =

(1)

(2)
(3)

(4)

(5)

(6)

The equations in states (m, n) with 0 :::; m < rand 0 :::; n :::; r are not listed
because of their minor importance to the analysis. The eqs. (1) form the inner
conditions, the eqs. (2)-(3) form the vertical boundary conditions and, finally, the
eqs. (4)-(6) form the horizontal boundary conditions. In the following sections we
shall try to prove that Pm,n can be expressed as an infinite sum of products, Le., there
are aj, {3j and Cj such that,

3. The compensation approach. In this section we will construct a formal
solution of the eqs. (1)-(6) by combining products a m{3n satisfying eq. (1) for the
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interior points of the grid. Inserting am f3n into eq. (1) and then dividing both sides
of that equation by am - r f3n - l leads to the following characterization:

LEM MA 3.1. The product am f3n is a solution of eq. (1) if a and f3 satisfy

(7)

Any linear combination of products am f3n with a, f3 satisfying eq. (7) is a solution
of eq. (1). The next step is to construct linear combinations also satisfying (2)-(6).
Let us start by considering an arbitrary product am f3n with a, f3 satisfying eq. (7).
Most likely, this form will not satisfy the vertical boundary conditions (2)-(3). The
straightforward compensation idea implies the addition of a term cam jjn such that
amf3n + cam jjn satisfies (1)-(3). Insertion of this linear combination into (2)-(3)
yields r equations of the form

f3n- l A + cjjn-l B = 0, for n > r.

This condition requires that jj = f3. Since a and jj have to satisfy (7), it follows that a
and a must be two of the r +1 roots of (7) for the given f3, only leaving c for fulfilling
r requirements. Hence, this choice does not provide sufficient freedom to adapt the
compensating term to the requirements. However, we may also use the other r - 1
roots of (7) for given f3, resulting in the following compensation procedure, which is
slightly more complicated:

Try to find coefficients Cll ... , Cr such that the linear combination

satisfies (2)-(3), where a, all ... , a r are the r + 1 roots of eq. (7) for given f3.

If we note that (2)-(3) are versions of(1) with one and two terms missing, respec
tively, we can insert the linear combination into (2)-(3) and simplify by exploiting (1)
and then dividing by 13n - m .x, which leads to:

(
13) r-m r (13 ) r-m- +LCi -
a i=l ai

( f3)r r (f3)r- + LCi - =
a i=l ai

0, O<m<rj

These equations for Cl, .•• , Cr are of a Vandermonde-type, and therefore, may be solved
explicitly. The solution can be simplified by using that the product aal .. ·ar is equal
to (-1Yf3 r .x. This procedure is summarized in the following lemma.

LEMMA 3.2. Let ao, all ... , a r be the roots of eq. (7) for given f3. Then the sum

satisfies (1)-(3) if Cll ... , Cr are given by

(ailf3 - 1) I1j;fi(f3lao- f3laj)
c· - - -;----;-~----,--;--==='-'----;-::--;-----::-..,.......:....,..

~ - (aolf3 - 1)I1j;fi(f3lai - f3laj) ,
4

for i = 1, ... , r ,



where the index j in the two products runs through 1, ... , r.
To satisfy the horizontal boundary conditions (4)-(6) we follow a similar approach

starting with the addition of dam [3n instead of cam fin to the original term am{3n. This
requires that a has to be equal to a and that [3 and (3 have to be roots of eq. (7) for
given a, leaving d to satisfy r + 1 requirements, which, clearly, is not sufficient. To
create sufficient freedom we introduce extra coefficients en for the solution in states
(m, n) with n = 0,1, ... , r - 1 instead of using the other r - 1 roots of eq. (7) for
given a, by considering

(8)
am(3n +dam [3n ,

enam ,

for m ~ 0, n ~ rand
for m ~ 0, n = 0, ... , r - 1 .

The same procedure does not work for the vertical boundary, since we are then forced
by the inner conditions (1) for the states on the lines m = r, r +1, ... , m +r - 1 to set
the coefficients of (3n equal to am + cam, yielding insufficient freedom to satisfy the
eqs. (2)-(3). In case of the horizontal boundary, however, the lines n = 0,1, ... , r - 1
do not allow transitions to any state with n > r. Because of this feature, the eqs.
(2.1) for inner states do not restrict the freedom of choice for the en' Note that the
way of compensating in (8) is also used in [5], the vertical compensation, however, is
of a new type. Later it will become clear why we don't use the approach of lemma 3.2
also for the horizontal boundary. It has to do with convergence of the solutions.

Insertion of the terms (8) into (4)-(6) and then dividing by a m
- r yields r + 1

linear equations for eo, . .. , er-l, d, which may readily be solved. This procedure is
summarized in the following lemma.

LEMMA 3.3. Let (30 and (31 be roots of eq. (7) for given a. Then the terms

am (3[) + dam (31 ,
enam ,

for m ~ 0, n ~ rand
for m ~ 0, n = 0, ... , r - 1.

satisfy (1), (4)-(6) ifeo, ... ,er_I,d are the solution of the following r+1linear eqs.:

A(a) ( e~~, ) +C{a,,B.)d,B[ +C(a,,Bo),Bo = 0,

where the (r+l)xr-matrix A(a) and the (r+l)-column vector C(a,{3) are given by

xar a r 0 0 0 0 A
2ar xar - 1 a r - 1 0 0 A A{Jla
0 a- r - 1 xar - 2 0 A 0 A(f3I 01)2

A(a) = ; C(a, (3) =
0 0 A 013 xa2 012 A({JI a r-2

0 A 0 0 012 xa A({Jlar-t + a
A 0 0 0 0 a -Oil f3

with K = -(2 + A).
Lemma 3.2 and 3.3 show that an arbitrary solution of eq. (1) can be compensated

in such a way that it either becomes a solution of (1)-(3) (lemma 3.2) or a solution of
(1), (4)-(6) (lemma 3.3). One might hope that alternate use of these two procedures
would, in the long run, turn some solution of eq. (1) into a solution of (1)-(6), at least
if the compensating terms converge to °sufficiently fast. For the time being, we do
not attend to the convergence problem, but only define the formal solution.
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Starting with an arbitrary solution ao13o of eq. (1), we add cla'113o + ... +
cra~ 130 to compensate for the error of aD130 on the vertical boundary and, by doing
so, we introduce r new errors on the horizontal boundary, since each of the terms
Cl a'1 130 , ... , cra~130 violates these boundary conditions. We now compensate each of
these errors individually. To compensate for the error of Cl a'1130 we consider

cla'113o +cldl a'113i,
clel,na'1,

for m ~ 0, n ~ rand
for m ~ 0, n = 0, ... , r - 1

where 131 is one of the r other roots of (7) with a = aI, and choose el,O, ... , el,r-l, d1
such that these terms satisfy the eqs. (4)-(6). The same procedure is used to com
pensate for C2a2130, . .. , cra~130. However, the new terms Cl d1a'113i, ... ,crdra~13~

violate the vertical boundary conditions, so we have to add again terms, and so on.
Thus the compensation of aD130 on the vertical boundary generates an infinite se
quence of compensation terms. An analogous sequence is generated by starting the
compensation of aD130 on the horizontal boundary. The resulting sum has, due to the
compensation on the vertical boundary, the structure of an r-fold tree (see fig.2) .

""lr•••••• --- •••y

'" .. ,
'"

'" ..-..-
d-lcOaO~~l }

[
t

docoao~o

V

dOclai~o doc~a~P3 ]

t : H

v[
VI

dlclai~i'

dlCr+la~+l~i' dlC2ra~M
I I
I I

~ ~

FIG. 2. Resulting infinite sum of compensation terms. Sums of r +1 terms with the same p-factor
satisfy the vertical boundary conditions (V) and sums of two terms with the same a-factor satisfy the
horizontal boundary conditions (H).

We set Co = 1. The coefficient do will be defined later on. Each term in the
sum satisfies (1), each sum of r + 1 terms with the same 13-factor satisfies the eqs.
(2)-(3) and each sum of two terms with the same a-factor satisfies the eqs. (4)-(6).
Since the equilibrium equations are linear, we may conclude that the infinite sum
formally satisfies the eqs. (1)-(6). Let us define xm,n(ao,13o) as the infinite sum of
compensation terms. For all m ~ 0, n ~ r set

00 r

(9) xm,n(ao, 130) = L die Ciai +L cri+jari+J13i
i=O j=1

-00 r

+L di-l(Ciai +LCri-jari-j)13i-l
i=O j=1
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(10)

(terms with same ,8-factor) ,
00 r

= co(do,83 + d-l,8~I)QO +L:L:cri+j(di,8f + dri+j,8ri+j)Q;;+j
i=O j=1

-00 r

+L: L: cri-j(di- 1,8f-l +dri-j-l,8~i-i-l)Q;;-i
i=O i=1

(terms with same Q-factor) .

The forms (9) and (10) reflect the compensation on the vertical and horizontal bound
aries, respectively. The compensation on the horizontal boundary requires the intro
duction of new coefficients for the terms in xm,n(Qo, ,80) with n < r. So, for all m ~ 0,
n = 0,1, ... , r - 1 set

(11)
00

xm,n(Qo, ,80) = L: Ciei,nQi·
i=-oo

We now formulate recurrence relations for Qi, ,8i, Ci, di, ei,O,' .. , ei,r-l' The numbers
Qi, ,8i can be represented in an r-fold tree (see fig.3).

""l;"- - •• ---y

ar
I

~

I

~
I

~

FIG. 3. The r-fold tree structure of the sequence of ai, (3i.

For given initial roots Qo,,8o of eq. (7), the numbers Qi and ,8i with i ~ 0 are gen
erated such that for i ~ 0 the r descendants Qri+!, ... ,Qri+r of ,8i and its predecessor
Qi are the r + 1 roots of (7) with fixed ,8 = ,8i, and the descendant ,8ri+i of Qri+j,
j = 1, ... , r and its predecessor ,8i are two roots of (7) with fixed Q = Qri+i' Note
that ,8ri+j is not uniquely determined, since we can choose among r candidates. In the
next section we will argue that the convergence question determines the selection of
the appropriate root for ,8. The numbers Qi,,8; with i ~ 0 are generated analogously,
starting with ,8-1 being one of the r roots other than ,80 of eq. (7) with Q = Qo.

Set Co = 1. The coefficients Ci with i > 0 are generated such that for i ~ 0,

r

(ciQi +L: cri+iQ;;+i ),8f
j=1
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for j = 1, ... , r .(12)

satisfies the eqs. (2)-(3). Hence, by lemma 3.2, the coefficients Cri+t, ••• , Cri+r for
i ~ 0 can be obtained from Ci by

(ari+j / f3i - 1) fhf=j(f3i/ ai - f3i/ ari+k)
Cri+ j = - (ad f3i - 1) I1kf=j (f3i/ ari+ j - f3i/ ari+k) Ci

Similar recurrence relations can be formulated for the coefficients Ci with i < O.
Next, do, d_ b eo,o, ... , eO,r-1 are chosen such that the sequence Pm,n given by

(dof3[) + d-If3~l)a(f ,
eO,na(f ,

for m ~ 0, n ~ rand
for m ~ 0, n = 0, ... , r - 1

satisfies the eqs. (4)-(6). So do, d_ 1 , eo,o, ... , eO,r-1 have to be a nonnull solution of

(13)

The coefficients di, ei,O,"" ei,r-l with i > 0 are generated such that for i ~ 0 and
j = 1, ... , r the sequence Pm,n given by

for m ~ 0, n ~ rand
for m ~ 0, n = 0, ... , r - 1

satisfies the eqs. (4)-(6). Hence, from lemma 3.3 it follows that the coefficients dri+j,
eri+j,O, ... , eri+j,r-l for i ~ 0 and j = 1, ... , r are the solution of

(

eri+j,O )
(14) A(ari+j) :

eri+j,r-l

Similar recurrence relations can be formulated for di-b ei,O, ... , ei,r-l with i < O.
This concludes the definition of xm,n(ao, f30). For any pair of roots ao, f30 of eq.

(7) the series xm,n(ao,f3o) formally satisfies the eqs. (1)-(6). It is easily verified that
xm,n(ao, f30) also satisfies the equations in the points (m, n) with 0 ~ m < r, 0 < n ~ r
and m +n ~ r (the equations are just versions of (4)-(6) with one term less or extra).
Hence, xm,n(ao, f30) formally satisfies all equilibrium equations, except for the ones in
the points (m, n) with m +n < r. So there are r(r +1)/2 boundary equations left. If
we can find r(r+ 1)/2 pairs ao,f3o for which xm,n(ao,f3o) converges, then, by linearly
combining these solutions, we are able to construct a solution that also satisfies the
remaining boundary conditions. In the next section it will first be investigated for
what ao, f30 the series xm,n(ao, f30) converges.

4. Convergence results. For convergence of xm,n (ao, f30) for fixed m, n we need
that the terms converge sufficiently fast to 0 as i -+ ±oo. So it helps if we can show
that ai and f3i converge to 0 as i -+ ±oo. For convergence of the sum of xm,n(ao, f30)
over all m, n (necessary for normalization) we need that lail < 1, lf3il < 1 for all i.
Below we investigate whether ai and f3i indeed converge to 0 and remain inside the
open unit disk. The numbers ai and f3i are defined as roots of eq. (7). The next
lemma formulates some properties of the roots of eq. (7). The lemma can be proved
by using Rouche's theorem (cr. lemma 2 in [6]).
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LEMMA 4.1. For each fixed a with 0 < lal < 1, eq. (7) has r roots 13 with 1131 > lal
and one root 13 with 0 < 1,81 < Rial, where R is the positive root, less than 1, of

AXr+1 + x 2
- (2 + A)X + 1 = O.

For each fixed ,8 with 0 < 1131 < 1, eq. (7) has r simple roots a with 0 < lal < 1131 and
one root a with lal > 1131.

Note that we have some freedom in generating the sequence ai, 13i, since the 13
predecessor and ,8-descendant of each ai are only two of r + 1 candidates. Starting
with some ao with 0 < laol < 1 we decide to choose 13i for i ~ 0 as small as possible,
Le., as the root of (7) with a =ai satisfying 0 < l13il < Rlail. Then lail, l13il < 1 for
all i ~ 0 and lail, l,8il 1 0 as i - 00. However, among the ai's and ,8i's with i < 0
there is now a path starting in ao, along which lakl and I13kI are increasing (at least
with rate 1/R) and ending in some 13i or aj with i < 0, which is, in absolute value,
greater than or equal to 1. This difficulty vanishes by requiring that d_1 = 0, since
then Ci = di = 0 for all i < O. Hence, we have to find ao's with 0 < laol < 1 for
which eq. (13) with d_1 = 0 and where 130 is the root of eq. (7) with 11301 < laol,
has a nonnull solution. Such ao's will be called feasible. But, do there exist feasible
ao's, and if so, how can they be found? These questions will be answered in the next
section.

5. The quest for feasible ao's. It is hard to find the feasible ao's directly
from eq. (13). In some other cases it was indeed possible to exploit the analogous
equation directly (d. [5, 6]). However, it also happened that there was a natural
candidate for acting as main term in a solution. This was particularly the case for
the classical shortest queue problem (cf. [2]). So the question arises if this natural
candidate may be extended to a natural candidate for the present problem. In [3], it
appeared that the one-and-only feasible ao for the classical shortest queue problem is
also an important constituent of the solution for its version with jockeying. We will
try to exploit this relationship for finding the feasible ao's for the present problem.

For general r, the jockeying problem is characterized by the property that as soon
as the difference between the number of subjobs in the two queues exceeds r, then one
job, or equivalently a batch of r subjobs jumps from the longer to the shorter queue.
The state space of this problem is much simpler than the original one, since n can
now only vary between 0 and r (see figA).

n

1 A.
2

--t-----~-~A.----------Jl------~- m

FIG. 4. Transition-rate diagram for the jockeying model with Erlang-3 servers.

We show that the probabilities Pm,n of the jockeying problem can be expressed as

ZJm,n = Lfn(a)am

C<
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for m + n > 0, where a runs through a. set of r(r + 1)/2 possible values, a.nd then we
show that these a's are indeed the feasible ao's.

5.1. The jockeying problem. For the points (m, n) with m > 0, 0 ~ n ~ r
and m + n ~ r the equilibrium probabilities Pm,n satisfy the following relations:

(15) Pm,0(2 +A)

(16) Pm,I(2 + A)
(17) Pm,n(2 +A)

(18) Pm,r-I(2 + A)
(19) Pm,r(2 + A) =

Pm,l +Pm-r,r A;

Pm,2 +Pm+I,02 +Pm-r+I,r-I A ;

Pm,n+l +Pm+l,n-l +Pm-r+n,r-n A ,

Pm,r2 +Pm+l,r-2 +Pm-I,IA;

Pm+I,r-1 +Pm,OA.

l<n<r-l;

These relations are valid for r ~ 3. For r = 1 and r = 2 it is easily seen how these
relations should be adapted. In this subsection we will construct a solution of the
jockeying problem by combining terms of the form

(20) Pm,n = fn am ,

which all fit the eqs. (15)-(19). Insertion of the form (20) into (15)-(19) leads to the
following set of r+ 1 equations for a, fo, .. ·, fro

(21)

A(a) =

where the (r+l)x(r+l)-matrix A(a) is composed of A(a) and an extra column:

K.OI r
OI

r 0 0 0 0 0 0 A
201 r K.OI r - 1 OIr - 1 0 0 0 0 A 0
o ",r-l K.OI r - 2 ",r-2 0 0 A 0 0
o 0 OI r - 2 K.OI r - 3 ",r-3 A 0 0 0

o
o
A

o
A
o

A
o
o

o
o
o

o
o
o

013 K.0I2 012 0
o ",2 K.OI 201

o 0 01 K.

with K = -(2 + A). Now we want to find the a's for which the set of eqs. (21) has a
nonnull solution fo, ... , fro However, it is more convenient to consider the symmetric
equations obtained by insertion of the form

(22) P- _ 9 'V 2m+n
m,n - n/

into the eqs. (15)-(19). This leads to the following set of equations.

(23) G(7) G) = 0,

where the (r+l)x(r+l)-matrix GCJ) is given by
K.-yr -yr+l 0 0 0 0 0 0 A

2-yr+l K.-yr -yr+l 0 0 0 0 A 0
0 ,,\,r+l K.-yr -yr+l 0 0 A 0 0
0 0 -yr+l K.-yr -yr+l A 0 0 0

G('Y) =

0 0 A 0 0 -yr+l K."\'r -yr+l 0
0 A 0 0 0 0 -yr+l K."\'r 2-yr +l

A 0 0 0 0 0 0 -yr+l K.-yr

10



Of course, the forms (20) and (22) are equivalent; the substitution a =,2, fn =9n,n
transforms (22) to (20). We now try to find the ,'s with hi < 1 for which eq. (23)
has a nonnull solution 90, ... , 9n or in other words, for which the columns of G(,) are
dependent. Instead, we consider the equivalent problem of finding the ,'s for which
the rows of G(,) are dependent, Le., there is a nonnull solution ao, . .. , aT of

(24)

Such ,'s will be called feasible. In the next subsection we consider the case r is odd.
For r is even, the analysis is similar (see sec.5 in [1]) and therefore, not included. In
both cases r(r + 1) feasible ,'s are found, with the property that for each feasible
, also -, is feasible. Hence, by squaring the feasible ,'s we get a set of r(r + 1)/2
possible values for a. Let :F be this set and for each a in :F let foe a), ... , fTC a) be a
nonnull solution of (21). Then the sequence Pm,n given by

Pm,n = L k(a)fn(a)am

aE:F

for m + n > 0, satisfies the eqs. (15)-(19) for each choice of the coefficients k(a). The
remaining equilibrium equations to be satisfied are the ones in (0, r) and (m, n) with
m + n < r. These equations form a linear, homogeneous system for the unknowns
k(a) and the unknown PO,o. The number of equations is equal to the number of
unknowns. Hence, since this system of equations is dependent, there is a nonnull
solution, implying that also Pm,n is nonnull. Finally, normalization of Pm,n yields the
equilibrium distribution. These findings are summarized in the theorem below. The
proof is completed in the next subsection by finding sufficiently many feasible ,'so

THEOREM 5.1. There are coefficients k(a) such that, for all (m,n) with m ~ 0,°~ n ~ rand m +n > 0, the equilibrium probabilities Pm,n can be expressed as

Pm,n = L k(a)fn(a)am .
aE:F

5.2. The feasible 1"S in case r = 2k + 1. For each sequence ao, . .. , aT satis
fying the eqs. (24) it follows from the symmetry of these equations that the reversed
sequence aT'" ., ao also satisfies (24). Hence, the sum of these two sequences, denoted
by ao, ... , aT say, and the difference, denoted by ao, . .. , aT say, are also solutions of
(24). The sum satisfies aj = aT_j, the difference satisfies aj = -aT-j and the sum
or difference is nonnull if the original sequence ao, . .. , aT is nonnull. Hence, we may
conclude that for each feasible, there is a nonnull solution ao, ... , aT of (24) with
aj =aT-j or aj = -aT-j. In the first case (24) simplifies to

(25)

and in the second case it simplifies to

(26) (aO, ... ,ak)G-(,) = 0,

where the (k+1)x(k+1)-matrices G+(,) and G-C/) are given by

K.'yr + >. ..,.r+l 0 0 0 0 0
2..,.r+l K...,.r + >. ..,.r+l 0 0 0 0

G+(1') =
0 ..,.r+l K...,.r + >. ..,.r+l 0 0 0

0 0 0 0 ..,.r+l "..,.r + >. -yr+l

0 0 0 0 0 ..,.r+l K...,.r + ..,.r+l + >.

11



K-yr _ >. -yr+l 0 0 0 0 0
2-yr+l K-yr _ >. -yr+l 0 0 0 0

0 -yr+l K-yr _ >. -yr+l 0 0 °G-(-y) =

° 0 0 0 -yr+l K-yr _ >. -yr+l

0 0 0 0 0 -yr+l K-yr _ -yr+l _ >.

Since r is odd, it follows that if ao, . .. , ak is a solution of (25) with I = .:y, then
ao,-alla2, ... ,(-I)kak satisfies (26) with I = -i. Hence, it suffices to find the I's
with III < 1 for which (25) has a nonnull solution. This problem can be translated to
an eigenvalue problem as follows. By dividing G+ (I) by Ir+I and introducing

(27)

the matrix G+(/) is transformed to the (k+l)x(k+l)-matrixH+ -zl, where I is the
(k+l)x(k+l) identity matrix and H+ is given by

0 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
0 1 0 1 0 0 0 °(28) H+=

0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1

for k > 0 and H+ = (2) for k = O. We now have to find the z's for which H+ - zl is
singular, Le., the eigenvalues of H+. The feasible, 's can then be found from relation
(27). The following lemma formulates properties of the eigenvalues of H+.

LEMMA 5.2. All eigenvalues of the matrix H+ defined by (28) are real and simple.
The largest eigenvalue is 2 and the other ones are, in absolute value, less than 2.

Proof. The case k = 0 is trivial. Suppose that k > O. Dividing the first column of
the determinant IH+ -zll by v'2 and multiplying the first row by v'2 yields /H+ -zll =
IT - zll where T is the (k+l)x(k+l) symmetric matrix given by

0 V2 0 0 0 0 0 0
.,f2 0 1 0 0 0 0 0
0 1 0 1 0 0 0 °T=

° 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1

So the spectrum of H+ is identical to the one ofT. Since T is symmetric, all eigenvalues
of T are real and T can be reduced to diagonal form. Further, since all elements on
the lower subdiagonal of T are nonzero and all elements below that subdiagonal are
zero, the dimension of each eigenspace is exactly one. Hence, all eigenvalues of T,
and thus also the ones of H+, are real and simple, which proves the first part of the
lemma. To prove the second part, note that the spectral radius of H+ is bounded by
II H+ III = 2. Hence, all eigenvalues of H+ are, in absolute value, bounded by 2. The
sum of the rows of H+ - 21 vanishes, so 2 is an eigenvalue of H+, and it is easily
verified that -2 is not an eigenvalue of H+. 0

For each eigenvalue (Y of H+ the roots inside the unit circle of eq. (27) with z = (Y

are feasible ,'so The following lemma states that there are r simple roots inside the
unit circle. The lemma can be proved by using Rouche's theorem (cf. lemma 4.1).

12



LEMMA 5.3. For given r ~ 1 and 10"1 ::; 2 the equation

(29)

has exactly r simple roots '"'I with 1'"'11 < l.
This concludes the determination of the set of '"'I'S with 1'"'11 < 1 for which (25) has

a nonnull solution. As already mentioned, the set of '"'I'S for which (26) has a nonnull
solution can be found from the first set by multiplying each '"'I in that set by -1. The
set :F is obtained by squaring the '"'I'S in, say, the first set. For each '"'I in the first set,
Le., '"'I is a root inside the unit circle of (29) for some eigenvalue 0", it holds that -'"'I is
not in this set, since for each eigenvalue u of H+ we get (recall that r is odd)

where the equality follows from the substitution A = _K,'"'Ir -O"'"'Ir+l. Hence, by squaring
the '"'I'S in the first set, we get r( k + 1) = r( r + 1)/2 possible values for a. This is
summarized in the following lemma.

LEMMA 5.4. The set :F can be obtained by squaring the roots '"'I with 1'"'11 < 1 of
the eqs. (29) where 0" runs through the set of eigenvalues of H+ defined by (28).

As mentioned before, a similar result holds in case r is even (see sec.5 in [1]).

5.3. Characterizing feasible ao's. We now return to the problem of finding
the feasible ao's for the original problem with no jockeying. The following theorem
formulates that the set :F yields the feasible ao's.

THEOREM 5.5. :F is the set of feasible ao's for the problem with no jockeying.
Proof. We first show that each ao in :F is feasible, and then that :F yields all

feasible values for ao. To prove the first part we have to show for each ao in :F that
there are nonnull coefficients do, eo,o, ... , eO,r-1 such that the sequence Pm,n given by

(30)
doao (33,
eO,nao,

for m ~ 0, n ~ rand
for m ~ 0, 0 ::; n < r

satisfies the eqs. (4)-(6), where (30 is the root of eq. (7) with a = ao which satisfies
1,801 < laol· Since aD E :F it holds that aD = '"'1 2 for some feasible '"'I' Hence, the
sequence Pm,n can be rewritten in the form (cf. (22»

(31)

for all m ~ 0 and n ~ 0, where

2m+nPm,n = gn'"'l ,

(32)

and

gn = { do ((30/::Y,
eo,nh ,

n~r

n = rj
O::;n<r.

The problem of finding nonnull coefficients do, eo,o, ... , eO,r-1 such that Pm,n given by
(30) satisfies the eqs. (4)-(6) can now be translated to finding a nonnull sequence gn
satisfying (32) such that Pm,n given by (31) satisfies the eqs. (4)-(6). Insertion of the

13



form (31) into the eqs. (1) and (4)-(6) and then dividing by common powers of I
leads to the following infinite set of equations for the sequence 9n.

(33) Gb) (~;) ~ 0,

where the countably infinite matrix GCi) is given by (d. G(I))

K.-yr -yr+l 0 0 0 0 0 0 A 0 0
2-yr+l K.-yr -yr+l 0 0 0 0 A 0 A 0

0 -yr+l K.-yr -yr+l 0 0 A 0 0 0 A
0 0 -yr+l K.-yr -yr+l A 0 0 0 0 0

GCi) = 0 0 A 0 0 -yr+l K.-yr -yr+l 0
0 A 0 0 0 0 -yrH K.-yr -yr+l

A 0 0' 0 0 0 0 -yr+l K.-yr

0 0 0 0 0 0 ° 0 -yr

0 0 0 ° ° 0 ° 0 0

where the upper left block is of dimensions (r+l)x(r+l). Since the sequence 9n for
n ~ r is given by (32), all equations in (33), except for the first r + 1 equations, are
satisfied for each choice of 9r. Substitution of (32) into the first r +1 equations of (33)
yields a system of r +1 homogeneous linear equations for 90, ... ,9r' It now has to be
shown that this system of equations has a nonnull solution. First, we show that the
rows of G(I) are dependent, i.e., there is a nonnull bounded solution ao, at, ... of

(34)

Since I is feasible, it follows that the equations (24) have a nonnull solution ao, .. . , ar •

The trick is to extend this sequence periodically (with period 2r) to all nonnegative
integers, such that it satisfies (34). Namely, by defining for all k = 1,2, ...

j=O,I, ... ,r,

it is easily seen that the sequence ao, al,'" is a nonnull bounded solution of (34). We
can now prove that there indeed exist nonnull numbers 90, ... ,9r such that the first
r + 1 equations in (33) are satisfied. At least one of ao, ... , ar is nonzero, say ak. By
substituting (32) into the first r +1 equations of (33) and omitting the k-th equation
we get a system of r homogeneous linear equations for 90, ... , 9r. This system has a
nonnull solution. Now it remains to prove that for this solution the k-th equation in
(33) is also satisfied. Since ao, ab . .. satisfies (34) we have for all j = 0,1, ... that

00

L aifiij = 0,
i=O

where the 9i/S are the elements of the matrix G(I)' Multiplying the j-th equation by
9j and then summing over all j yields

(35)
00 00

L L aifJij9j = O.
j=Oi=O

14



Since 1,801 < laol = 1,12 < III, so l,8ohl < 1, it follows from (32) that
00

LI9jl < 00.

j=O

Hence, since the sequence ao, at, ... is bounded, we get
00 00 00 00 00

L L lai9ij9jl ~ s~p lail L L 19ijl19jl ~ 21KI s~p lail L 19j1 < 00.

j=O i=O 'j=O i=O 'j=O

So we may change summations in the double sum (35) yielding

(36)
00 00

L ai L 9ij9j = O.
i=O j=O

The sequence 9j satisfies all equations in (33), except maybe for the k-th equation, so
the equality (36) reduces to

ak L 9kj9j =0 .
j=O

Hence, since ak is nonzero, we can conclude that the k-th equation is also satisfied.
This completes the proof that each aD in :F is feasible. So there are at least r(r +1)/2
feasible aD's. To prove that there are no other feasible ao's we can use an approach
similar to the one used in sec.5 of [5]. The idea is to introduce a Markov process on a
slightly different grid, namely

{(m,n)lm ~ O,n ~ O} U {(m,n)/m < O,n ~ r - m},

and to show that for this Markov process the equilibrium probabilities can be expressed
as a linear combination of products of the form (30) where aD runs through a set of
r( r + 1)/2 feasible values (for details, see sec.5 in [5] or sec.5.2 in [1D. Since the
equilibrium distribution is unique and products of the form (30) with different aD's
are linearly independent, we can then conclude that there are no more than r(r +1)/2
feasible aD's. This completes the proof of the theorem. 0

6. The finishing touch. In this section we first investigate whether the con
struction of formal solutions can possibly fail, because of degeneration of the coeffi
cients of the compensating terms involved. Then we will prove that the formal solu
tions constitute absolutely convergent series, except perhaps in a neighborhood around
the origin. Finally, the results are summarized in the main result of this paper.

Each formal solution xm,n(aD, ,80) has its own sequence {ai, ,8i} depending on the
initial value ao, and its own associated sequence of coefficients {Ci, di, ei,O, ... , ei,r-t}.
In the previous section we have found the feasible values for aD. Since the correspond
ing ,80 is uniquely determined as the root of eq. (7) with a = ao satisfying 1,801 < laol,
we will henceforth abbreviate the notation xm,n(aD, ,80) to Xm,n(aD). For each feasible
aD it holds that d_1 = 0 and thus di-l = ei,O = ... = ei,r-l = 0 for all i < O. Hence,
xm,n(aD) simplifies for m ~ 0, n ~ r to (d. (9)-(10))

00 r

(37) xm,n(ao) = L di(Ciai +L cri+ja ri+j),8f
i=O j=l

(38)
00 r

codo,8ga:f +LLcri+j(difJf + dri+j,8~i+j)ari+j
i=O j=l
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and for m ~ 0, n = 0, ... , r - 1 to (cf. (11))

(39)
00

xm,n(ao) =LCiei,nai.
i=O

We now investigate whether the construction of xm,n(ao) with feasible ao can
possibly fail. From lemma 4.1 we can conclude that the generation of the coefficients
Ci with i > 0 never breaks down because of a vanishing denominator in (12). So
compensation on the vertical boundary always works. It follows from (14) that the
generation of the coefficients dri+i, eri+i,o, ... , eri+i,r-l with i ~ 0 and j = 1, ... , r
possibly fails when the homogeneous equations

(

eri+i,o )
A(ari+i) :

eri+i,r-l.
are linearly dependent, i.e., have a nonnull solution. This means that the compensating
terms dri+i,8~i+ia~+i for m ~ 0, n ~ r and eri+j,na~+i for m ~ 0, n = 0, ... , r - 1
can be fitted to the horizontal boundary conditions, so that ari+i is feasible. Simple
examples show that this really may occur. Of course, this complication vanishes if the
term di,8ia~+i itself can be fitted to the horizontal boundary conditions (so that no
compensation is needed), i.e., if there exist coefficients eri+i,o, .. . , eri+i,r-l such that

Indeed, it can be shown that this is always possible when it occurs that ari+i is feasible.
The proof is rather involving and disturbs the main line of presentation. Therefore, it
is not included here, but it can be found in sec.6 of [1]. Hence, we may conclude that
the construction of xm,n(ao) with feasible ao never degenerates.

Now we turn to the question of absolute convergence of the series (37). We need
absolute convergence to guarantee that rearranging of terms is feasible (see (38)). The
series (37) however, might possibly diverge in states near the origin, but we will prove:

TH EO REM 6.1. There exists an integer N ~ r such that for all feasible ao's:
(i) The series '2:~odiciai,8i and '2:~odiCri+ia~+i,8i with j = 1, ... ,r, which

add up to xm,n(ao) by definition for m ~ 0, n ~ r, converge absolutely for all
m ~ 0, n ~ r with m +n ~ N;

(ii) The series '2:~o ciei,nai defining xm,n(ao) for m~ 0, 0:::; n < r, converges
absolutely for all m ~ N - r, 0 :::; n < r;

(iii) '2:(m,n)EA(N) IXm,n(ao)1 < 00, where A(N) is the set of states on which the
series in (i) and (ii) converge absolutely, i.e.,

A(N) = {(m,n)lm ~ 0, n ~ r, m+n ~ N}U{(m,n)lm ~ N -r, 0:::; n < r}.

In the following lemma we first formulate the limiting behavior of the sequences
{ai, ,8i}~o and {Ci, di, ei,O, ... , ei,r-d~o' With these results the proof of theorem 6.1
appears to be simple. Part (i) of lemma 6.2 can be proved by rewriting eq. (7) as an
equation in z = a/,8 and than letting ,8 -l- O. Parts (ii) and (iii) follow straightforward
from part (i).
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LEMMA 6.2. Let ao satisfy 0 < laol < 1 and for all i ~ 0 let f3i be the root of eq.
(7) with a = ai satisfying lf3d < laJ Suppose that the eqs. (14) for the coefficients
dri+i' eri+i,o"", eri+i,r-I have a solution for all i ~ 0 and j = 1, ... , r, so that the
generation of these coefficients never breaks down, and suppose that di never vanishes.
Then we have:

(i) If i - 00, then

f3dai - 1/Ao ,

ari+i/f3i - Ai, j=I, ... ,r

where AI, ... , Ar are the r simple roots inside the unit circle and Ao is the
root outside the unit circle of the equation zr(2 + A) = A+ zr+I;

(ii) If i - 00, then

j = 1, ... ,r

k = 1, ... , r - 1,

(40)

where the index k in the two products runs through 1, ... , r;
(iii) If i - 00, then

dri+i / di - -(Ao/Air,

eri+i,r-k/dif3i - -(1/Aj - 1/A~),
eri+i,o/dif3i - -(Ao-Ai)/A.

We will now prove theorem 6.1. Note that if di = 0 for some i ~ 0, then the
coefficients of all terms in the subtree starting with diciai f3i vanish. So it suffices to
consider the case that di never vanishes. To prove theorem 6.1 in this case, consider
a fixed m ~ 0 and n ~ r. Then by lemma 6.2, as i - 00 and j = 1, ... , r,

IdiCri+ja~+if3il = Icri+ja~+jl _ IGil (IAil)m
Idicia if3il Icia il IAol

and

(41)
Idri+icri+ia:.i+if3~i+iI

IdiCri+ia~+if3il

To formulate the condition for absolute convergence of xm,n(ao) we introduce the
notion of a positive geometric r-fold tree.

DEFINITION 6.3. The sequence {ni}~o is a positive geometric r-fold tree if:
(i) The sequence {ni}~o has an r-fold tree structure as depicted in fig. 5;
(ii) no > 0;
(iii) There are positive numbers RI, ... , R r such that nri+i = Rini for all i ~ 0

andj=I, ... ,r.
It is easy to prove the following condition for convergence of L~o ni.
LEMMA 6.4. For a positive geometric r-fold tree {nd~o with rates RI, ... , R r it

holds that L~o ni < 00 if and only if R I +... +R r < 1.
The terms in the lower part of the tree in fig.2 add up to xm,n(ao) (the upper part

vanishes for feasible ao's). This tree may be split up into two subtrees, one consisting
of the terms diciai f3i with i ~ 0 and the other of the terms diCri+ia~+if3iwith i ~ 0
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FIG. 5. The r-fold tree structure of the sequence {n;}~o'

and j = 1, ... , r. From the limits (40)-(41) it readily follows that the tree of terms
Idiciai.8il asymptotically behaves as a positive geometric r-fold tree with rates

j = 1, ... , r.

The same holds for the tree of terms Idicri+ja:1+j.8il. So, by lemma 6.4, the sum of
the terms in the two trees converges if R1(m +n) +... +Rr ( m +n) < 1.

Similarly, by lemma 6.2, we obtain for fixed values of m ~ 0 and n = 0, ... , r - 1
that as i -+ 00 and j = 1, ... , r,

Hence, the tree of compensating terms Icieiail with i ~ 0 asymptotically behaves as
a positive geometrical r-fold tree with rates Rj(m), j = 1, . .. ,r. So the sum of the
terms converges if R1(m) +... + Rr ( m) < 1.

We can now define the integer N mentioned in theorem 6.1 as follows.
DEFINITION 6.5. N is the smallest integer ~ r for which Lj=l Rj(N) < 1.
Part (iii) of theorem 6.1 can easily be proved by using parts (i) and (ii). This

completes the proof of theorem 6.1.
Before formulating our main result, we state one other property.
LEMMA 6.6. The sequences xm,n( 0'0) for different feasible 0'0 's are linearly inde

pendent on A(N).
The proof exploits Cauchy's theorem (see sec.6 in [1]). We can now prove our

main result stating that for all states (m, n) E A(N) the probabilities Pm,n can be
expressed as a linear combination of the series xm,n( 0'0) with 0'0 running through :F.

THEOREM 6.7. There are coefficients k(a) such that for all (m,n) E A(N) the
equilibrium probabilities Pm,n can be expressed as

(42) Pm,n = L k(ao)xm,n(0'0) •

OloE:F

Proof For (m,n) E A(N) we assume the form (42) for Pm,n' The k(ao)'s and
Pm,n's with (m, n) ¢ A(N) have to be selected yet. This sequence of Pm,n 's satisfies the
equilibrium equations in all states (m, n) with m+ n ~ N. The remaining equations to
be satisfied are the ones in states (m, n) with m+n < N. These equations form a linear,
homogeneous system for the unknowns k(ao) and the unknowns Pm,n with (m,n) ¢
A(N). The number of equations is equal to the number of unknowns, viz. !N(N +1).
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L x m,n(0I.0) ==
(m,n)E.A(N)

(43)

Hence, by first omitting one equation, the one in (0,0) say, the reduced system has a
nonnull solution. The equation in (0,0) is automatically satisfied, since inserting the
solution Pm,n into the equations in states (m, n) 1= (0,0) and then summing over these
equations and changing summations exactly yields the desired equation. Changing
summations is allowed by the absolute convergence stated in theorem 6.1(iii). So Pm,n

is an absolutely convergent solution of all equilibrium equations. It remains to show
that Pm,n is a nonnull solution. This readily follows if at least one of the Pm,n with
(m, n) ¢ A(N) is nonnull. If all these Pm,n's are null, then at least one of the k(OI.o)'s
must be nonnull. In this case the property that the sequences xm,n(01.0) for different
feasible OI.o'S are linearly independent on A(N) implies that Pm,n is a nonnull solution.
Now we can conclude from a result of Foster ([12], theorem 1) that the Markov process
is ergodic and normalization of the Pm,n produces the equilibrium probabilities. 0

7. Normalization equation and performance measures. In this section we
will pay some attention to the normalization equation and we will show that the series
for the probabilities Pm,n developed in the previous sections lead to similar series for
performance measures, such as, e.g., the moments of the waiting time.

In sec.6 we have seen that the k(ao)'s and Pm,n's with (m,n) ¢ A(N) are the
unique solution of the system of linear equations, which is obtained from the normal
ization equation and the equilibrium equations in states (m,n) with (m,n) E A(N)
by substituting expression (42) for the Pm,n's with (m, n) E A(N) occurring in these
equations. The normalization equation needs some special attention, since after sub
stitution of (42) and changing summations we get

L Pm,n + L k(ao) L xm,n(ao) = 1,
(m,n)e.A(N) CLoE:F (m,n)E.A(N)

in which an infinite sum of xm,n(ao)'s occurs. This sum reduces to a finite sum of
series with the same structure as xm,n(ao) by inserting (38)-(39). This leads to

N-r-l d (3N-m d (3r N-r
"" 0 0 mOO coaoLJ ---"--coao +-------'''---
m=O 1 - (30 1 - (30 1 - ao

N-r-l 00 r (d (3N-m d 0 O(3N-m)+ "" "" "" i i + rt+J ri+i ° _ "! °

LJ LJ LJ 1 - (3- 1 - (3 _ _ crt+JOI.rt+J
m=O i=O i=l t rt+J

00 r (d (3r d ° _(3r ) C - oaN - r
00 r-l N-r+ L L _i_i_ + rt+J ri+i rt+J ri+i +L L ei,n CiOl.i

i=O i=l 1 - (3i 1 - (3ri+i 1 - OI.ri+i i=O n=O 1 - OI.i

We will now derive an expression for the mean waiting time. Similar expressions
may be derived for higher moments and the distribution of the waiting time. The
waiting time W of an arbitrary job is given by

W = Sl +... +SM,

where M is the number of subjobs in the queue with the smallest number of subjobs
on arrival and Sll S2, ... are independent exponentially distributed random variables
with mean 1 and independent of M. By conditioning on M and using PASTA (see
Wolff [18]) we find

E[W] = L mpm,n'
(m,n)
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Inserting expression (42) for Pm,n with (m, n) E A(N) and changing summations yields

E[W] = L mpm,n + L k(0'0) L mXm,n(0'0) .
(m,n)¢A(N) OIoE:F (m,n)EA(N)

Just like I: xm,n(0'0) in the normalization equation, the sum I: mXm,n(0'0) in the
equation above can be reduced to a finite sum of series with the same structure as
xm,n(ao) by inserting (38)-(39). The resulting sum is the same as (43) where the
terms 1/(1- a) should be replaced by (a + (N - r)(l- 0'))/(1 - 0')2.

8. Numerical aspects. This section is devoted to numerical aspects ofthe com
putation of the series xm,n(ao). The terms cri+j(dif3f + dri+j.8~i+j)ari+j which add
up to xm,n(ao) for m ~ 0, n ~ r (see (38)) can be represented by the tree in fig.6.

codo~3ao

--- .....
.................

'. -,lb,

--- ....
-'- ••..lb,

FIG. 6. The T-fold tree structure of the terms in the infinite sum Xm,n(ao) given by (38).

To compute the infinite sum of terms in fig.6 we must be able to efficiently generate
these terms and the order in which the terms are generated must be specified. Let
us first concentrate on the first issue. The problem there is the generation of the ai's
and .8i'S. Starting with 0'0 these numbers are generated such that for all i ~ °the .8i
is the unique root with 1.81 < 100ii of

(44)

and ari+l, ... , ari+r are the r roots with 10'1 < 1.8i! of

(45)

Eqs. (44)-(45) can be transformed to contraction equations, which can be solved
efficiently. This will be demonstrated for (45). The treatment of (44) is similar. By
dividing eq. (45) by .8[+1 and introducing z = a/.8i, eq. (45) can be rewritten as

(46) z = c/>G(Z,.8i) ,

where c/> satisfies c/>r 1 and G(z, .8) = V>./ (2 + >. - z - .8). The following lemma
states that G is a contraction in z. The proof is straightforward and therefore omitted.

LEMMA 8.1. For.8 with 1.81 < 1 the function c/>G(z, a) is a contraction on Izl ~ Z,
where c/> satisfies c/>r = 1 and Z is the root in (0,1) of z =G(z, 1.81).

Denoting the roots of c/>r = 1 by c/>1,"" c/>r, it follows from lemma 8.1 that for
each j = 1, ... , r eq. (46) with c/> = c/>j has exactly one root Zj satisfying IZjl ~ Z and
this root may be found by using the iteration scheme

zn+l = c/>jG(Zn, .8i) ,
20
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starting with Zo = O. The desired ari+j is then given by ari+j = Zjf3i.
Since the sequence in fig.6 has a tree structure we have some freedom in selecting

the order in which the terms are generated. The straightforward way is to first compute
the terms at level 0 (Le. the root), then at level 1 (Le. the descendants of the root)
and so on. Alternatively one may exploit the relative importance of the terms in the
tree by computing the largest terms first (d. sec.20 in [4]). In this paper we will use
the first approach. To compute xm,n(ao) for given m ~ 0, n ~ r the following steps
may then be distinguished:

(i) Set L = 1.
(ii) Compute x~ n(ao) which is the sum of terms of the first L levels, Le.,,

r L - 1 _r
~r

xm,n(ao) = codof3oao+ L LCri+j(dif3i + dri+jf3~i+j)ari+j'
i=O j=l

(iii) Set L = L + 1 and do the same computations as in (ii).
(vi) Stop if Ix~,n(ao) - x~~;(ao)1 < f and approximate xm,n(ao) by x~,n(ao).

Otherwise repeat step (iii).
In the same way we can compute approximations for the series (39) and the series
appearing in the normalization equation (d. 43) and the expressions for performance
measures.

Note that the number of terms in x~,n(ao) increases very fast as L increases.
Luckely, in sec.6 we have seen that the terms in xm,n(ao) converge exponentially fast
to O. So x~,n (ao) usually approximates xm,n(ao) accurately for already small L.
Another property is that the convergence to 0 of the terms in xm,n(ao) is faster for
states further away from the origin. It is therefore numerically sensible to only use
the series xm,n(ao) for the calculation of Pm,n if m +n is sufficiently large and to solve
the remaining Pm,n's from the equilibrium equations.

9. Numerical results. This section is devoted to numerical results. We list
in table 1 the probability Po,O, the delay probability ITw = 1 - I:~=o PO,n and the
normalized mean E[WIW > O]/T and the squared coefficient of variation c~lw>o of
the conditional waiting time H'IW > 0 for increasing values of p and r. We also
computed P[W > r], Le., the probability that the waiting time is larger than the
mean service time.

In the computations we only used the series xm,n(ao) for the calculation of the
Pm,n's with (m, n) E A(N), where N is somewhat larger than N, and solved the
remaining Pm,n's from the equilibrium equations. The same (Le., N replaced by N)
has been done in the normalization equation and in the equations for performance
characteristics, such as, e.g., E[W]. For nearly each example in table 1 it holds that
N = r. The only exception is the case r = 10 and p = .1, for which N = r + 1. All
quantities are computed with a relative accuracy of 0.1 %. The value of 1 indicates the
number of levels of the trees required to reach the desired accuracy.

The examples in table 1 show that the performance characteristics can be com
puted efficiently. Already a small number of terms is sufficient to reach high accuracy.
Note from the results in table 1 that Po,o and ITw are rather insensitive to the service
time distribution. Further, E[WIW > OJlr is nearly linear in l/r, Le., the squared
coefficient of variation of the service time. This is well-known for the MIGII queue,
but, apparently, it is also approximately valid for the shortest delay problem.

21



TABLE 1
Performance characteristics. All quantities have been computed with a relative accuracy of 0.1 %.

TIw E[WIW > o]/T 2 P[W > r] I N-rr p po,O cWlw>o
1 .1 .8175 .01753 1.010 1.000 .006516 3 1

.5 .3160 .3160 1.349 .9947 .1508 4 1

.9 .04225 .8422 5.313 .9855 .7005 4 1

.95 .01996 .9200 10.31 .9905 .8371 4 1

.99 .003808 .9838 50.31 .9977 .9651 4 1
2 .1 .8177 .01768 .6475 .9061 .003803 3 1

.5 .3193 .3193 .9375 .8946 .1126 3 1

.9 .04398 .8440 3.923 .9608 .6645 4 1

.95 .02089 .9209 7.672 .9785 .8157 4 1

.99 .004005 .9840 37.67 .9953 .9602 4 1
3 .1 .8177 .01774 .5409 .8222 .002722 3 1

.5 .3208 .3208 .8051 .8329 .09473 3 1

.9 .04486 .8449 3.460 .9479 .6468 4 1

.95 .02137 .9214 6.793 .9723 .8052 4 1

.99 .004108 .9841 33.46 .9942 .9578 4 1
4 .1 .8178 .01776 .4903 .7639 .002133 3 1

.5 .3216 .3216 .7399 .7929 .08419 3 1

.9 .04539 .8454 3.229 .9401 .6361 4 1

.95 .02166 .9217 6.354 .9685 .7988 4 1

.99 .004171 .9842 31.35 .9934 .9563 4 1
5 .1 .8178 .01778 .4609 .7224 .001761 3 2

.5 .3221 .3221 .7011 .7653 .07715 3 2

.9 .04574 .8457 3.091 .9349 .6288 4 2

.95 .02186 .9219 6.090 .9660 .7946 4 2

.99 .004214 .9842 30.09 .9930 .9553 4 2
10 .1 .8178 .01779 .4040 .6215 .000963 3 3

.5 .3231 .3231 .6242 .7003 .06083 3 3

.9 .04653 .8465 2.814 .9230 .6118 3 3

.95 .02230 .9223 5.563 .9660 .7845 3 3

.99 .004311 .9843 27.56 .9919 .9531 3 3

10. Conclusions and comments. The primary conclusion of the present paper
may be that the compensation method, which was originally developed for the shortest
queue problem with exponentially distributed service times and Poisson arrivals (cf.
[2]), can indeed be extended to the case of Erlang distributed service times with
shortest expected delay routing. The compensation steps themselves become more
complicated and also the finding of starting values ao requires more skill. Nevertheless,
the final result has the same pleasant analytic and algorithmic features as the result
for the simpler case.

It seems natural to replace the pure Erlang service times by mixtures of Erlang
distributions with the same scale parameter. With this class of distributions we have
the ability to approximate any distribution sufficiently close. This model can be
described by a two-dimensional random walk with the same nice features as the model
with pure Erlang servers. However, the finding of starting values ao is then essentially
more complicated and this problem cannot be solved anymore by the solution of the
jockeying model.

The compensation approach clearly has its limitations. The most important one
being that transitions to North, North-East and East are already forbidden in the
case with transitions to neighbors only (ef. [5]). The strong feature, however, of the
compensation approach is that it helps in finding such conditions for getting elegant
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solutions and that it provides constructive methods for obtaining the elegant solutions
in case the conditions are satisfied. In fact, the two-dimensional random walks with
transitions to neighbors only have been studied very intensively over the years with the
help of generating functions, but the results mentioned above could only be produced
in that way with the results of the compensation approach as guidelines (cf. Cohen
[10]). Possibly, also the results of the present paper can be recognized in properties of
the generating functions.
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