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Introduction

1.1 High-speed milling

1.2 Chatter

1.3 Modelling the milling process and prediction of chatter

1.4 Chatter detection and control

1.5 Goals and main contribution of the thesis

1.6 Outline of the thesis

1.1 High-speed milling

In the present day manufacturing industry, high-speed milling (hsm) plays an
important role [87]. Some examples include the fabrication of moulds [86, 109]
and the aeroplane building industry [53, 141]. The key benefit of high-speed
milling is that a large amount of material can be cut in a short time span
with relatively small tools due to the high rotational speed of the tool. This
results in relatively low forces, which allows one to mill large and complex thin
walled structures from a single block of material, instead of assembling the
same structure from several parts. Hence, often more than 90% of the original
workpiece material is being cut. In order to improve the production rates, this
demands a large material removal rate (mrr) while maintaining a high quality
level [27]. Given the machine-tool-workpiece combination, this mrr is defined
by the combination of spindle speed n, the axial and radial depth-of-cut (ap

and ae, respectively) and the chip load fz. Furthermore, a tendency exists
to increase the surface quality and the accuracy of the workpiece dimensions.
This is preferably done without compromising on the mrr.

Apart from increasing the mrr there is also a demand for increasing the au-
tomation of the production. This means that tools and workpieces are changed
automatically and that the process is being monitored constantly by various
sensors [110]. Such systems warn the machinist when the tool needs to be re-
placed in order to prevent tool breakage due to excessive wear. Using this kind
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(a) No chatter.

(b) Chatter.

Figure 1.1: Detail of a workpiece without and with chatter marks.

of systems should also result in reduction of the amount of scrap and rejected
workpieces.

1.2 Chatter

During the milling process, at specific combinations of spindle speed and depth
of cut, chatter may arise. This is an undesired phenomenon, since the surface
of the workpiece becomes non-smooth as a result of heavy vibrations of the
cutter, see Figure 1.1. Moreover, the machine and tool wear out rapidly and a
lot of noise is produced when chatter occurs.

Chatter does not only occur in milling, but also in other machining processes
such as turning, drilling, boring and grinding. Taylor stated in 1906 that
chatter is the “most obscure and delicate of all problems facing the machinist”
[138], and even nowadays in specific situations experts may disagree whether
or not a cut is exhibiting chatter. In the first attempts to describe the sources
for chatter, the existence of negative damping was considered to be a necessary
condition [8]. Later, the so-called regenerative effect was found to be the most
important cause of chatter [144–147].

Nowadays, chatter is classified in two categories, namely primary and sec-
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Figure 1.2: Stability lobes diagram.

ondary chatter. Primary chatter can be caused by the cutting process itself,
either by friction between tool and workpiece [9, 16, 17, 42, 65, 150] or by
thermo-mechanical effects on the chip formation [52, 149]. A third cause for
primary chatter is mode coupling [141, 145, 146]. Secondary chatter is caused
by the regeneration of waviness of the surface of the workpiece. This regen-
erative chatter can be explained as follows: due to vibrations of the cutter, a
wavy surface is left on the workpiece. The next tooth in cut encounters this
wavy surface and generates its own wavy surface. Due to the phase difference
between these two waves, the chip thickness, and hence the force on the cutter,
may vary rapidly. When ap exceeds a certain level, this regenerative effect be-
comes dominant and chatter builds up. Due to these heavy vibrations, the tool
jumps out of the cut. Since regenerative chatter is the most occurring type of
chatter in practice, in this work, the focus lies on this type of chatter.

The early studies by Tlusty [144, 145] and Tobias [146, 147] have shown that
the border between a stable cut (i.e. without chatter) and an unstable cut (i.e.
with chatter) can be visualised in terms of the axial depth-of-cut as a function
of the spindle speed. This results in a stability lobes diagram (sld), see Figure
1.2. Using these diagrams, it is possible to find the specific combinations of
machining parameters, that result in the maximum chatter-free mrr. In this
sld it can be seen that a depth-of-cut exists at which the cut is stable for
all spindle speeds. Furthermore it can be seen that the lobes get broader
and higher as the spindle speed increases. Therefore, when high-speed milling
became commercially available in the 1990s, it has become possible for the
machinist to choose a working point in the peak of such a lobe and hence to
increase the mrr by a factor two or more. For conventional milling, i.e. at
low spindle speeds, the lobes are too low and too narrow to make use of this
benefit. Hence, the introduction of high-speed milling has resulted in a renewed
scientific interest in chatter in machining in the 1990s.
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1.3 Modelling the milling process and prediction of

chatter

1.3.1 Modelling and analysis

Since the pioneering work of Tlusty and Tobias, numerous models for milling
have been suggested. Many authors focus on the chip formation in the cutting
process on a micro scale, see [81, 94, 99, 102]. However, for chatter prediction, it
is sufficient to regard the cutting process on macro scale [140]. When modelling
the milling process for chatter prediction, the regenerative effect is modelled by
a (set of) delay-differential equations. The chatter boundary can be predicted
using this kind of models by regarding the stability properties of these models.
This can be done by simulation in time domain [13, 77, 120, 142]. The benefit
of this kind of models is the fact that it is relatively easy to include several
features into the model, such as cutter geometry. The disadvantage is that the
simulations take a long time to perform and the border between the stable and
the unstable cut is not always clear from the simulation data.

Therefore, for a fast chatter prediction, it is more beneficial to analyse the
stability of the model using the Nyquist criterion [98]. In [5], the Altintas
and Budak method (abm) has been presented to efficiently detect the stability
boundary of autonomous delay differential equations using the Nyquist crite-
rion. Since the chip thickness varies continuously in milling, even for a stable
situation, the model describing milling is nonautonomous. However, when the
average chip thickness over one revolution is taken, an autonomous approxima-
tion is obtained. For cutters with a large number of teeth, the total force on
the cutter does not vary much and in this case this autonomous approximation
is valid. This method has been used by many authors such as [18, 100, 112]
and is implemented in the “CutPro” [89] and “MetalMAX” [90] packages. In
order to analyse the stability properties of non-autonomous delay differential
equations, the semi-discretisation method (sdm) was introduced [54, 55] and
later improved in [56].

Recently, interest into low immersion cuts has increased, see [95, 133]. In
practice, low immersion cutting is often used when cutting hard materials, e.g.
in the mould making industry or when cutting thin walls. The typical feature
of this kind of cut is the fact that the time the tooth is in cut, is very low
compared to the time that the tooth is out of cut. Therefore, in models of this
kind of cuts, the focus lies on the behaviour of the impacts between the tool
and workpiece [20, 57, 132, 133].

In most models regarding milling, the tooth path is modelled as a circular
arc, see e.g. [4, 60]. Using this model, the undeformed chip thickness is approxi-
mated by a sinusoid. However, the path of a milling cutter is trochoidal [91, 92],
which leads to different equations for the undeformed chip thickness. More ac-
curate models exist compared to the sinusoidal approximation [78, 123, 124],
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but they are not used widely, because of the complex equations involved. How-
ever, especially when sinφ(t) is small (with φ(t) the tooth angle at time t, i.e.
the angle between the tip of the tooth and the axis perpendicular on the feed
direction and axial axis), the errors using the traditional model are large. For
low immersion cuts, when the tooth is actually cutting, this will be in the re-
gion where sinφ(t) is small. For high immersion cuts, the part of the cut where
sinφ(t) is small, is small compared to the full cutting path. Therefore, for low
immersion cuts, the errors using the traditional model are large.

For the prediction of chatter in high-speed milling, not only the static chip
thickness is important, but also the dynamic chip thickness, which is due to
the regenerative effect. Most often, the dynamic chip thickness is calculated
by subtracting the vibrations v(t− τ̂) at the time t− τ̂ one tooth passing time
earlier from the vibrations v(t) at the current time t, see e.g. [4, 5, 56]. This
results in a delay differential equation (dde) modelling the milling process.
However, as was also shown in [33, 36, 85], the delay is not constant, but
periodic when the trochoidal tool path is taken into account.

1.3.2 Parameter identification

In order to compare the results from the models with experimental data, the
values for some model parameters need to be determined. The model param-
eters can be divided into two categories, namely parameters that describe the
cutting process and parameters that describe the machine dynamics.

The parameters that describe the cutting process are dependent on the spe-
cific tool-workpiece combination. These parameters can be determined exper-
imentally for each tool-workpiece combination, as is described in [4, 45]. Fur-
thermore, when experiments are performed for orthogonal cutting (i.e. milling
with a zero helix angle), and the corresponding parameters are computed, these
parameters can be used to compute the proper values for any tool geometry
cutting the same workpiece material [11].

The machine dynamics are dependent on the combination of the spindle,
toolholder and tool. These dynamics can be identified by experimental modal
analysis [31]. In that case, a force is applied to the tip of the tool, while this
force is measured. The response of the tool is also measured, using displace-
ment, velocity or acceleration sensors. A common approach is to excite the tool
by using an impact hammer while the response is measured using an accelerom-
eter or a displacement sensor [4, 18, 32, 118, 143]. A disadvantage of this type
of measurements is the fact that the experiments have to be conducted on each
spindle-toolholder tool combination. Furthermore, these experiments can only
be performed on a non-rotating tool.

In order to increase the efficiency of obtaining the machine dynamics, the
dynamics can be split into discrete parts, namely the spindle-toolholder dynam-
ics on one hand and the tool dynamics on the other hand [29, 103, 105, 112].
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In this case, the dynamics of the spindle and toolholder combination are deter-
mined experimentally. For each tool, the finite element method (fem) is used
in order to compute the dynamics of either the complete tool or the part of the
tool that is not inside the toolholder. By using a coupling method, the models
for the tool dynamics and the spindle-toolholder dynamics are combined into
one model of the assembled system.

Another approach to increase the efficiency of measuring the spindle-tool-
holder-tool (stt) dynamics is to make use of a non-contact excitation. In [19],
a device is described that excites a rotating steel rod with a flat end by a
permanent magnet, while its displacement is measured using a displacement
sensor. In [28, 30], this idea is improved such that an electromagnet is used, in
order to control the excitation force. A drawback of this method is the fact that
often, magnetic permeability of the tool material is too low to have a proper
excitation.

Therefore, in [1] the modal parameters are identified during milling. The
forces on the tool can be measured with a dynamometer, but the response of
the tool tip can not be measured. Hence, the authors measure the displacement
at the lower end of the spindle where the toolholder is clamped into the spindle.
However, this method can not be used to obtain the dynamics at the tool tip
without using additional sensors.

1.4 Chatter detection and control

Combining the demands for high productivity at a high quality level with the
demands for an automated process, calls for an automatic chatter detection
and control system [121]. Over the years, extensive research in this field has
been performed.

In order to detect chatter during machining processes, the use of several sen-
sors has been evaluated. The force of the cutting process can be measured using
a dynamometer [41, 44, 62, 75, 116, 136] or by force sensors integrated in the
spindle [104]. Accelerometers have been used in [15, 79], whereas the displace-
ment of the tool is measured in [69, 111]. Furthermore, the sound of the cutting
process can be measured and used for chatter detection [32, 113, 115, 148]. In
[22], a comparison is made between the use of a dynamometer, accelerometer
and a microphone, where it is said that the microphone is preferable. Unfor-
tunately, when using a microphone, chatter can only be detected when it is
already fully developed and hence the workpiece is already damaged.

Several detection techniques have been suggested in order to detect chatter
from these measurement signals. Properties of the frequency spectrum (of one
of the detection signals mentioned above) are used as a chatter indicator in
[73, 75, 80, 119]. When chatter does not occur, the main frequencies in the
spectrum are related to the spindle speed, whereas the power of a wide range of
frequencies not related to the spindle speed increases when chatter occurs. In
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[15, 74, 153] the use of wavelets is investigated where the qualitative difference
in the frequencies of a cut at the onset of chatter is detected. In [43] the entropy
rate is used for the case of turning, where the occurrence of chatter results in
a drastic decrease of the entropy of the measured forces. In [122], the spindle
drive current is measured, where the ratio between high frequencies and low
frequencies is used as a chatter indicator. These methods might work well
for low spindle speeds. However, they take too much computational time in
order to work online in high-speed milling. Namely, for high-speed milling, the
regenerative effect and therefore the onset of chatter is much faster. Therefore,
in order to prevent the rise of chatter, before it has been completely grown, the
detection methods should take very little computational time for high-speed
milling.

Furthermore, the existing methods can only detect chatter when it has
already developed towards the fully grown stage. The early onset of chatter,
when the workpiece is still free of chatter marks, can not be detected. Therefore,
to ensure a good surface quality of the workpiece in high-speed milling, the
detection method should detect chatter in an early stage (during its onset) and
furthermore, it should detect chatter using little computational time, in order
to allow to interfere in the process in time, to prevent the further onset of
chatter.

In order to avoid or overcome chatter, basically three types of strategies
exist.

• The first strategy is to disturb the regeneration process by constantly
changing the spindle speed, either sinusoidally (s3v, which stands for
Sinusoidal Spindle Speed Variation) or randomly [3, 7, 58, 59, 64, 126,
134]. This method can not be used in high-speed milling, due to the high
spindle speeds. In order to disturb the regenerative effect, the spindle
speed variation should be extremely fast, while the speed of variation is
limited by the inertia of the spindle.

• A second strategy is to passively or actively alter the machine dynamics
in order to change the shape of the sld. Passive chatter suppression tech-
niques exist in the form of dampers [68, 82, 117] or vibration absorbers
[76, 137]. Active dampers for milling are suggested in [154] for low speed
milling and also in [23] an active control strategy is developed for low
speed milling.

• The third method to avoid chatter is to adjust the process parameters
(i.e. spindle speed, chip load, depth of cut) such that a stable working
point is chosen [115, 119]. In the crac system (which stands for “Chatter
Recognition and Control System”), chatter is detected by examining the
audio spectrum of a cut [21, 90]. When chatter is detected, the feed is
interrupted and a new spindle speed is set. Then, the feed is resumed.
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This process is repeated until no chatter occurs. Since chatter is detected
using a microphone, it can only be detected when it is already is a highly
developed stage and the workpiece is already damaged. Furthermore,
stopping and restarting the feed leaves marks on the workpiece.

1.5 Goals and main contribution of the thesis

In order to ensure a chatter free cut in practice, at first, the proper process
parameters should be included in the nc (Numerical Control) program. In
order to obtain the optimal process parameters, it is necessary to compute the
stability lobes diagram. Subsequently, the machinist can use this diagram to
choose a proper chatter-free working point which ensures a high mrr. When
this point is chosen, it might happen that the lobes shift due to e.g. a rise of the
temperature of the spindle or the wear of the tool. Therefore, it might happen
that a cut, which was originally chatter-free, becomes unstable. When the
chosen working point loses stability, this should be detected while the chatter
is still in a pre-mature phase. Next, the process parameters should be changed
online such that a stable working point is chosen. Therefore, the goals and
main contributions of this work are threefold:

• The state-of-the-art models that are currently used to efficiently compute
the sld assume a circular tooth path. Moreover, mostly, a linear relation
between the chip thickness and the force on the cutter is assumed. In
this work, an improved model of the milling system is presented that is
used for prediction of chatter. The effects of these improvements on the
stability limit are analysed. In this new model, a trochoidal tooth path
can be included. Including this tooth path model can result in different
stability lobes, especially for low immersion milling. Another feature that
can be included in the model is the eccentricity of the tool. In practice
the spindle-toolholder-tool combination always shows a certain level of
eccentricity. This does not only lead to errors in the part geometry, but
also may result in a modified stability lobe, compared to the concentric
case. Moreover, a nonlinear relation between the chip thickness and the
force on the cutter is included in the model, which results in a feed de-
pendent stability lobe. This feed dependency has also been detected to
occur in practice [32].

The necessary parameters of this model will be identified by performing
dedicated experiments on a state-of-the-art high-speed milling machine.
Next, the sld computed using the model will be validated in experiments.
In order to compute the sld, a technique based on the finite difference
method and the semi-discretisation method, of [55], is proposed.

• Current chatter detection methods are able to detect chatter when it is
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already in a highly developed stage and the workpiece is already dam-
aged. Furthermore, these methods can only be used at low spindle speeds,
due to the computational time involved. In this thesis, two methods for
online chatter detection are discussed. The work on experimental chat-
ter detection has been performed in co-operation with TNO Science and
Industry. Both methods can be used to detect the onset of chatter, i.e.
chatter is detected in such a pre-mature phase that no visible marks on
the workpiece are present. The methods are validated by visual inspec-
tion of the workpiece left behind by the tool and by judging the sound of
the process during the cut in experiments performed on a state-of-the-art
hsm machine.

• When chatter is detected, the process parameters should be changed such
that a stable cut is ensured. Therefore, a control strategy is proposed that
changes the spindle speed to a chatter free value. Current chatter control
methods stop the feed when chatter is detected before the spindle speed
in changed. This results in marks on the workpiece. In this work, the
chip load is kept constant during the cut, which results in a change of
the feed proportional to the spindle speed change. This control strategy
is also tested on a state-of-the-art high-speed milling machine.

1.6 Outline of the thesis

In Chapter 2, the proposed milling model is presented. First, in Section 2.1,
a theoretical background on the milling process and the general model struc-
ture is presented. In Section 2.2, the relation between chatter and the stability
properties of the model is explained. The model contains several sub-models.
Firstly, a trochoidal tooth path model is described in Section 2.3. Secondly,
a model describing the nonlinear relation between the chip thickness and the
cutting force is presented in Section 2.4. Finally, the stt dynamics are de-
scribed using a linear state-space model in Section 2.5. Then, the sub-models
are assembled into the general model structure in Section 2.6. Modelling of
the eccentricity of the tool is described in Section 2.7. Using this model, re-
sults from time-domain simulations are presented in Section 2.8. The chapter
is finished with a brief discussion in Section 2.9.

In Chapter 3, the (local) stability properties of the model are evaluated in
order to determine the chatter boundaries. Hereto, the nonlinear model is first
linearised about its periodic solution (representing the unperturbed, chatter-
free motion) in Section 3.1. For some classes of models, the periodic solution
should be computed explicitly. In Section 3.2 a numerical method suiting this
purpose is introduced. The resulting stability lobes are presented in Section
3.3 and the conclusions are drawn in Section 3.4.
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The methods to retrieve the necessary model parameters including dedi-
cated experiments, that are performed on a state-of-the-art high-speed milling
machine are described in Chapter 4. The methods and experiments necessary
for obtaining the cutting force parameters are described in Section 4.1. In
Section 4.2, the method and experiments to retrieve the stt dynamics are de-
scribed. Using these parameters, the stability lobe is computed and validated
experimentally in Section 4.3. A brief discussion is presented in Section 4.4.

Chapter 5 presents two methods to detect the onset and occurrence of
chatter. The methods are described in Sections 5.1 and 5.2, respectively. Fur-
thermore, the results are validated in experiments on a state-of-the-art hsm

machine. Related conclusions are drawn in Section 5.3.
In Chapter 6, the control strategy is presented that allows the machine to

automatically adjust the spindle speed and feed to ensure stable process condi-
tions. The theoretical background of the controller is described in Section 6.1.
Results of the controller on simulations are presented in Section 6.2 and exper-
imental results are presented in Section 6.3. Related conclusions are drawn in
Section 6.4.

Finally, conclusions and recommendations for future research are presented
in Chapter 7.
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Modelling the milling process

2.1 The milling process

2.2 Chatter

2.3 Tooth path model

2.4 Cutting force model

2.5 Spindle-toolholder-tool dynamics

2.6 Milling model

2.7 Eccentricity

2.8 Time domain simulations

2.9 Discussion

In this chapter, a model for the milling process is presented, in order to use
it for chatter prediction. In Section 2.1, the general structure of the model is
presented, which contains three submodels. In Section 2.2, the determination of
the occurrence of chatter in the model is described. In Sections 2.3, 2.4 and 2.5,
the different submodels are presented that model the tooth path, the cutting
force and the spindle-toolholder-tool (stt) dynamics, respectively. In Section
2.3, a new model for the tool path is presented in order to model the trochoid
that results from the combination of rotation of the cutter and its translation
in feed direction. In Section 2.4, the cutting force is modelled as a nonlinear
function of the chip thickness. In Section 2.6, these submodels are assembled
into one model. In Section 2.7, the influence of eccentricity of the stt system
on the model is investigated. Finally, in Section 2.8, time domain simulations
of the model are presented. These simulations give insight into the qualitative
behaviour of the model at different combinations of spindle speed and depth
of cut. They also can be used to find the limit of stability, although it takes
too much computational time to compute the full stability lobes diagram (sld)
using this kind of simulations.
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System boundary

Spindle

Bearing

Workpiece

Mill

Figure 2.1: Schematic representation of the system considered.

2.1 The milling process

In the milling process, material is removed from a workpiece by a rotating tool,
which has one or more cutting teeth. While the tool rotates, it translates in the
feed direction x. The system considered in this thesis, is shown schematically in
Figure 2.1. Across the system boundary, depicted in this picture, the system
is assumed to be connected to the fixed world. A schematic representation
of the milling process is shown in Figure 2.2. The parameters shown are the
spindle speed n, the chip load fz, the axial depth of cut ap and the radial
depth of cut ae. As a result of the feed rate and the rotating cutter, the chip
thickness is not constant, but periodic. In Figure 2.2b, the tool is depicted as a
2-D mass-spring-damper system with spring constants kx and ky and damping
constants bx and by, respectively. Clearly, higher-order dynamic models for
the stt dynamics will generally be needed for a more accurate description, see
Section 2.5. The tangential and radial forces on the tool are denoted by Ft and
Fr, respectively. The angle that tooth j makes with the normal direction y is
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Figure 2.2: Schematic representation of the milling process.

described by φj(t).
The milling process is an interaction between a milling machine and a work-

piece. This interaction is depicted in a block diagram in Figure 2.3. A certain
displacement of the cutter, related to the feed, is dictated to the spindle of
the machine. The static chip thickness hj,stat(t) at tooth j is a result of this
displacement. In order to achieve this displacement, the cutter encounters a
resistance by the workpiece, if the cutter is actually in cut. This resistance
induces a force F on the cutter, which interacts with the spindle system and
affects the displacement of the cutter [4]. The difference between the actual
displacement of the cutter and the dictated displacement of the cutter (due
to the flexibility of the tool, toolholder and spindle) causes a dynamic chip
thickness hj,dyn(t) to develop. The total undeformed chip thickness is the sum
of the static and dynamic chip thickness:

hj(t) = hj,stat(t) + hj,dyn(t). (2.1)

Since the milling machine is designed to control the position of the tool,
the force on the tool can be regarded as a consequence of this displacement.
This is the main difference between the milling process and e.g. the sawing
process. In the sawing process a certain force is dictated to the tool, which
results in a displacement of the saw. In case of sawing, this force is the cause
of a displacement to occur and the arrows in Figure 2.3 would point in the
opposite direction.

The mechanism, described above, results in vibrations of the tool relative to
the workpiece. This causes a wavy surface on the workpiece, left behind by the
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Figure 2.3: Block diagram of the milling process. The block Machine represents the
dynamics of spindle, suspension, toolholder and cutting tool.
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Figure 2.4: Waviness of the workpiece surface.

vibrating cutting tooth. The next cutting tooth encounters this wavy surface
and generates its own wavy surface [145, 146]. The actual chip thickness is
therefore the sum of the static and dynamic chip thickness, see (2.1). The
static chip thickness is a function of the feed rate fz and the rotation angle
φj(t) of tooth j. The dynamic chip thickness is a result of the vibration of the

tooth in cut v(t) =
[

vx(t) vy(t)
]T

at time t and the vibration of the previous
tooth in cut v0(t) = v(t − τ) at time t − τ . Here, vx(t) and vy(t) are the
displacements of the cutter in x and y direction as shown in Figure 2.2b and
τ is the time between the pass of the previous tooth and the current tooth. In
Figure 2.4, the waviness of two subsequent passes of the tool is depicted. For
the sake of simplicity, it is shown for the turning process. The main difference
between the turning and milling process is the fact that the static chip thickness
is constant in the turning process, while, in the milling process, it is a function
of the rotation angle. In the turning process, fz is the feed per rotation of the
workpiece. In Figure 2.4, Vc is the cutting speed, i.e. the speed of the cutter
in tangential direction, and ∆l(ε) is the difference between the peaks of two
subsequent waves caused by the relative phase difference ε between these waves.

The variation of the chip thickness strongly depends on this phase difference.
This fact is illustrated in Figure 2.5. If the relative phase difference is zero,
the dynamic chip thickness is also zero (see Figure 2.5a). If the relative phase
difference is π, the dynamic chip thickness variation reaches its maximum (see
Figure 2.5c) and highly varies in time.

Therefore, the force on the cutter is not only dependent on the current
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Figure 2.5: Effect of relative phase difference of subsequent tooth passings on chip
thickness.
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Figure 2.6: Block diagram of the milling process.

cutter displacement at time t, but also on the displacement of the previous
tooth at time t− τ . The dynamic chip thickness is defined in radial direction,
see Figure 2.2b, and can be described by

hj,dyn(t) =
[

sinφj(t) cosφj(t)
] (

v(t)− v(t− τ)
)

. (2.2)

The block diagram of Figure 2.3 can now be extended to the one shown in
Figure 2.6.

Hence, the waviness on the surface results in a varying force on the cutter.
This leads to vibrations of the cutter, which causes new waves on the cutting
surface. This process is called the regenerative effect and is the cause for
so-called regenerative chatter. Thus, when modelling the milling process for
chatter prediction, it is important to include this regenerative effect. Therefore,
the structure of the milling model leads to a delay-differential equation (dde).
Furthermore, due to the periodicity of the static chip thickness, the model is
described by a periodic first-order delay differential equation of the form:

ẋ(t) = f
(

t, x(t), x(t−τ)
)

, f
(

t+T, x(t), x(t−τ)
)

= f
(

t, x(t), x(t−τ)
)

, (2.3)

with period time T . When the spindle speed n is given in rpm, the tooth
passing period τ̂ is defined as

τ̂ =
60

zn
, (2.4)

with z the number of teeth on the cutting tool. Theoretically, the period
time T is equal to this tooth passing period τ̂ . However, due to the fact that
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in practice the stt system is not perfectly rotational symmetric, the milling
process is periodic with period time zT in practice. In most milling models,
the delay τ is set equal to τ̂ , which is set equal to T .

2.2 Chatter

2.2.1 Stability

In the milling process, the static chip thickness is a periodic function of time.
The movement of the cutter v(t) can therefore be described by a movement
vp(t), which is periodic with period time T when the dynamic chip thickness
is zero. A perturbation on that periodic movement is denoted by vu(t). If no
chatter occurs, the periodic movement vp(t) is an asymptotically stable solution
of the set of delay differential equations describing the milling process (2.3) and
the perturbation vu(t) asymptotically tends to zero as t → ∞. When chatter
occurs, the periodic solution vp(t) loses stability [5, 54]. However, even when
this periodic solution is (locally asymptotically) stable, chatter can occur as a
result of co-existing solutions that can be marked as chatter [130]. This effect
will not be analysed here, since this phenomenon is hard to analyse and more
important, the loss of the (local) stability of the periodic solution seems to be
dominant in the development of chatter. In most cases, the loss of stability of
the periodic solution leads to a new attractor (e.g. a quasi-periodic solution),
which in general represents large vibrations of the tool (implying chatter).

Solutions of (2.3) can be described by x(t, ϕ), where ϕ is an initial function
defined on the interval [−τ, 0], see [49, 88]. The segment of this solution on the
interval x(t+ ϑ, ϕ) with −τ ≤ ϑ ≤ 0 is denoted by xt.

Assume that the nonlinear dde (2.3) has a periodic solution with period
time T and denote it by x∗(t) with x∗(t+ T ) = x∗(t) ∀t. The (local) stability
properties of x∗(t) can be examined by linearising (2.3) about the periodic
solution. Using the decomposition x(t) = x∗(t)+ x̃(t), the linearisation of (2.3)
yields the following linearised dynamics:

˙̃x(t) = P
(

t, x∗(t)
)

x̃(t) + Q
(

t, x∗(t)
)

x̃(t− τ),
P
(

t, x∗(t)
)

= P
(

t+ T, x∗(t)
)

, Q
(

t, x∗(t)
)

= Q
(

t+ T, x∗(t)
)

,
(2.5)

with

P
(

t, x∗(t)
)

=
∂f(t, x1, x2)

∂x1

∣

∣

∣

∣ x
1

= x∗(t)
x
2

= x∗(t − τ)

,

Q
(

t, x∗(t)
)

=
∂f(t, x1, x2)

∂x2

∣

∣

∣

∣ x
1

= x∗(t)
x
2

= x∗(t − τ)

.

(2.6)
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Segments of the solution of (2.5) are denoted by x̃t. For readability, the tilde
will be dropped in the remainder of this section.

For a linear periodic dde (2.5), the stability properties can be examined
by regarding the Floquet theory for ddes [37, 47, 48, 54], see Appendix A.
This theory states that the transition between the solution segment xt0

and
the solution segment xt1 can be described by

xt1
= Φ(t1, t0)xt0

, (2.7)

with Φ(t1, t0) the state-transition (or fundamental solution) matrix. When
t1 = t0 + T , this operator describes the transition of the solution segment on
the initial interval [t0 − τ, t0] to the solution segment on the interval shifted
exactly one period T later, i.e. in the interval [t0+T −τ, t0+T ] = [t1−τ, t1]. In
that case, ΦT = Φ(t+T, t) is called the monodromy (or principal) matrix. The
eigenvalues of this monodromy matrix are called Floquet multipliers µ, with
µ = eλT and λ the characteristic exponents. The number of Floquet multipliers
is infinite as a result of the delay, see Appendix A. The stability of the periodic
solution x∗(t) can be examined by regarding these Floquet multipliers. If all
Floquet multipliers are in modulus less than one, then the equilibrium point
x = 0 of (2.5) is stable and, consequently, the solution x∗(t) of (2.3) is locally
asymptotically stable. If at least one Floquet multiplier lies outside the unit
circle, the equilibrium point x = 0 of (2.5) is unstable and, consequently, the
solution x∗(t) of (2.3) is unstable.

2.2.2 Bifurcations

Assume that (2.5) is a function of a system parameter p, e.g.

˙̃x(t) = P
(

t, x∗(t), p
)

x̃(t) + Q
(

t, x∗(t), p
)

x̃(t− τ), (2.8)

For certain values of p, the Floquet multipliers can lay inside the unit circle,
whereas for other values of p, the Floquet multipliers can lay outside the unit
circle. This means that the periodic solution x∗(t) can loose stability when the
parameter p changes from one value to another value. Three different cases
can occur when the stability of x∗(t) is lost. The Floquet multipliers can cross
the unit circle at respectively µ = 1, µ = −1 and |µ| = 1 ∧ Im(µ) 6= 0 (in the
latter case, a complex pair of Floquet multipliers leaves the unit circle). Each
type of crossing results in a different qualitative behaviour, which is called a
bifurcation. When the periodic solution loses its stability (e.g. in the case of
milling when the axial depth-of-cut exceeds a critical value), a secondary Hopf
(also called Neimark-Sacker) bifurcation occurs if a complex conjugate pair of
Floquet multipliers crosses the unit circle and Im(µ) 6= 0. For the case where
µ = −1, a period-doubling (also called flip) bifurcation occurs and if µ = 1,
a transcritical or a cyclic-fold (also called saddle-node) bifurcation can occur
[46, 101].
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In milling, in most cases a secondary Hopf bifurcation occurs. This means
that before the bifurcation, the periodic solution x∗(t) is (at least locally)
asymptotically stable. After the secondary Hopf bifurcation, it has become
unstable and a new periodic motion with frequency fc is superimposed on the
original periodic solution. In the remainder of this work, we will call fc the
basic chatter frequency. For a secondary Hopf bifurcation, the frequency of
the new motion, fh with fh = fc, is incommensurable to the frequency of the
original solution ftpe = 1/τ̂ , with τ̂ defined in (2.4). Hence, this results in a
quasi-periodic motion of the tool. If a period-doubling bifurcation occurs (i.e. if
µ = −1), again, the periodic solution loses stability and a new periodic motion
with frequency fc is superimposed on the original periodic solution. However,
now the frequency of the new motion fc = fpd is exactly half the frequency of
the original motion. When µ = 1, i.e. in case of a transcritical bifurcation, two
periodic motions exist with the same frequency. Before the bifurcation, one of
these motions is stable and the other one is unstable. After this bifurcation, the
first one becomes unstable, whereas the second becomes stable. When µ = 1
also a cyclic-fold bifurcation can occur. In that case, before the bifurcation two
periodic solutions exist. One of these is stable and the other one is unstable.
After the bifurcation, none of these periodic solutions exist.

In many milling models, the delay τ is equal to the period time T , i.e.
τ = T = τ̂ . In that case, the Floquet multipliers can not cross the unit circle
at µ = 1 [54]. This fact can be motivated as follows. If it is assumed that the
tool-toolholder-spindle dynamics are modelled as a linear mass-spring-damper
system, the linearised model for milling is of the following second-order form

Mv̈(t) + Bv̇(t) + Kv(t) = A
(

v(t)− v(t− τ̂)
)

, (2.9)

with M, B and K the mass, damper and stiffness matrices modelling the stt

dynamics, respectively. On the left-hand side of (2.9), the dynamics of the stt

system are described, whereas on the right-hand side, the regenerative process
is modelled. Using Floquet theory, the transition of a solution segment of (2.9)
to the solution segment one period later, can be described by

vt+T = ΦT vt = µvt. (2.10)

For µ = 1, (2.10) yields v(t+ T ) = v(t), so v(t+ τ̂) = v(t). Hence, v(t)− v(t−
τ̂) = 0. Substitution hereof into (2.9) yields

Mv̈(t) + Bv̇(t) + Kv(t) = 0, (2.11)

which generally (i.e. for realistic machine dynamics) represents an asymptoti-
cally stable linear system. Hence, the equilibrium point (v, v̇) = (0, 0) of (2.9)
can not become unstable due to a Floquet multiplier that crosses the unit circle
at µ = 1.
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2.2.3 Chatter frequencies

In all cases (except for the cyclic-fold bifurcation), the initial periodic solution
loses its stability through this bifurcation and a new periodic motion with
frequency fc is added to the initial periodic solution. This frequency is related
to the Floquet multipliers via

fc =
Im(lnµ)

2πT
. (2.12)

Due to the periodicity of (2.3), multiple chatter frequencies can exist [60].
This means that the following chatter frequencies arise

fC =

{

f |fC = ± Im(lnµ)

2πT
+
k

T
= ±fc +

k

T

}

, with k ∈ Z. (2.13)

As mentioned earlier, theoretically the milling process is periodic with T = τ̂ ,
but in practice the period time is T = zτ̂ , with z the number of teeth.

Consequently, in practice, the following frequencies occur in milling:

• the spindle revolution frequency and its higher harmonics:

fSP =
{

f |fSP = kfsp = k
n

60

}

, with k ∈ Z
+; (2.14)

• the tooth pass excitation frequency:

fTPE =
{

f |fTPE = kftpe = k
zn

60

}

, with k ∈ Z
+. (2.15)

These frequencies coincide with the kz-th harmonics of fSP ;

• the damped natural frequency (or frequencies) of the stt system:

fd =
ω0

2π

√

1− ζ2, (2.16)

with ω0 the undamped natural frequency and ζ the dimensionless damping (of
a proportionally damped dynamic mode of the machine dynamics).

In case of chatter the following additional frequencies occur:

• In case of a secondary Hopf bifurcation:

fH =
{

f |fH = ±fh + k
n

60

}

, with k ∈ Z; (2.17)

• in case of a period-doubling bifurcation:

fPD =
{

f |fPD = ±fpd + k
n

60

}

, with k ∈ Z. (2.18)
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Figure 2.7: Power spectral density of the acceleration in y-direction at 40000 rpm and
ap = 2.5 mm.

When chatter occurs, the energy of the vibration at the frequencies related
to fH (or in special cases fPD) dramatically increases to above the noise level
(which is inevitably present in practice). The combination of the fact that
these frequencies are not equal to the tooth pass excitation frequency and
the fact that the energy level of these frequencies is high, results in the non-
smooth workpiece quality. Since (2.17) and (2.18) represent a large set of
discrete frequencies, one of these frequencies will generally lie close to a natural
frequency of the machine-tool system and will consequently be dominant in the
vibration signals. This frequency will be called the dominant chatter frequency
fchat in the remainder of this work. In Figure 2.7, an example of the power
spectral density (psd) of the acceleration measured at the lower bearing housing
during an unstable cut is depicted (at n = 40000 rpm). In this figure, the
spindle speed and its higher harmonics fSP are marked with a cross. The tooth
pass excitation frequencies fTPE coincide with every second higher harmonic
of fSP , which is a result of the fact that a tool with two equally spaced teeth
is used in this experiment. The frequencies fH resulting from chatter are
marked with a star. Clearly, on the left and on the right side of each peak
at fSP , a peak at fH = ±fh + fSP exists. In this case, the basic chatter
frequency fh is about 150 Hz and the dominant chatter frequency is about
fchat = 3fsp − fh = 1850 Hz.

In order to predict chatter, it is necessary to determine the stability of
certain periodic solutions (related to a chatter-free motion) of the model de-
picted in Figure 2.6. In order to deduce the model, in the following sections
the model blocks of Figure 2.6 are described in more detail. In Section 2.3, the
tooth path will be examined, which has consequences for the blocks Tooth path
and Delay. Next, in Section 2.4, the relation between the chip thickness and the
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cutting force is described, which is depicted in the block Cutting of Figure 2.6.
In Section 2.5, the modelling of the dynamics of the machine-toolholder-tool
combination is described, which is depicted as the block Machine in Figure 2.6.
Finally, in Section 2.6, the different sub-models are gathered into one complete
model.

2.3 Tooth path model

For the 2-dimensional case (i.e. the mill is modelled in the plane of the machine-
bed), the static chip thickness is often modelled by

hj,stat(t) = fz sinφj(t), (2.19)

(see e.g. [4, 38, 125, 142]) and the delay as τ = τ̂ . This model assumes a
circular tooth path. However, the real tool path is trochoidal [78, 85, 91],
see Figure 2.8. In this figure, the chip load is chosen rather unrealistically
large to increase readability of the figure. The tool moves in the feed direction
x. The meaning of the points defined in the figure are clarified in Table 2.1.
Here, p

c
(t) and p

j
(t) represent the position of the centre of the cutter and the

position of tooth j = 0, 1, . . . , z − 1 at time t, respectively. For comparison, in
Figure 2.9, the circular tool path approximation is shown. Modelling a trochoid
has consequences for the expression of the static chip thickness, the delay and
the entry and exit angles. In [78, 91] expressions for the static chip thickness
are derived and in [85] and expression for the delay is presented. However,
the approaches of these authors do not allow to derive expressions for both the
static chip thickness and the delay. Therefore in this work, a different approach
is used [33, 36].

The delay τj(t) is defined as the delay that is involved when calculating
the chip thickness that tooth j removes at time t. In Figure 2.8, τ2(t) is the
difference between the time when tooth 2 is at point M and the time when
tooth 1 is at point N . Here, the index 2 refers to tooth 2, since this delay is in
effect when calculating the dynamic chip thickness experienced by tooth 2 at
time t. The centre of the cutter at time t is at position C2. At time t− τ2(t),
the centre is at position C1. Note that when applying (2.2) with a constant
delay τ̂ , the vibrations at point O are subtracted from the vibrations at point
M to obtain the chip thickness experienced by tooth 2 at time t. However,
the dynamic chip thickness is described by the subtraction of the vibrations at
point N from the vibrations of point M .

In the sequel, an equation for the static chip thickness is derived for the
case of a trochoidal tool path. By doing so, an expression for the delay is
also obtained, which can be used to calculate the dynamic chip thickness as in
(2.2). It should be noted that the vibrations of the cutter are assumed zero for
deriving the delay. When vibrations of the tool are taken into account, points
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Figure 2.8: The tooth path of a
mill with three teeth.

Table 2.1: Positions of points of
Figure 2.8.

Point Position
Tooth 0
Tooth 1
Tooth 2

C0 p
c
(t = 0)

C1 p
c
(t− τ2(t))

C2 p
c
(t)

M p
2
(t)

N p
1
(t− τ2(t))

O p
1
(t− τ̂)

M and N move as a result of these vibrations. Hence, the delay also changes
and becomes state-dependent, see [61]. As mentioned by those authors, the
influence of the state dependent delay on the stability lobes of the system is
small. Therefore, and for the sake of simplicity, this state-dependency is not
taken into account here.

The position of a point p
j
(t) on the tip of tooth j at time t can be described

as the sum of the position of the centre of the cutter p
c
(t) =

[

fzz
2π φ0(t) 0

]T

at time t and the position of the tip relative to this centre at time t. With

p
j

=
[

pxj
pyj

]T
, this gives

p
j
(t) = p

c
(t) +

[

r sinφj(t)
r cosφj(t)

]

=

[

fzz
2π φ0(t) + r sinφj(t)

r cosφj(t)

]

, (2.20)

with r the radius of the tool. Here a constant spindle speed Ω and feed per
tooth fz are assumed.

Point N in Figure 2.8 can be described as the position of tooth 1 at time
t− τ2(t). This position is described by

p
1

(

t− τ2(t)
)

=

[

fzz
2π φ0

(

t− τ2(t)
)

+ r sinφ1

(

t− τ2(t)
)

r cosφ1

(

t− τ2(t)
)

]

. (2.21)

However, it can also be defined as the position of tooth 2 at time t for a tool
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Figure 2.9: The circular tooth path approximation of a mill with three teeth.

radius of r − h2,stat(t). This yields:

p
2
(t) =

[

fzz
2π φ0(t) +

(

r − h2,stat(t)
)

sinφ2(t)
(

r − h2,stat(t)
)

cosφ2(t)

]

. (2.22)

For an arbitrary tooth j, (2.21) and (2.22) are respectively generalised by:

p
j−1

(

t− τj(t)
)

=

[

fzz
2π φ0

(

t− τj(t)
)

+ r sinφj−1

(

t− τj(t)
)

r cosφj−1

(

t− τj(t)
)

]

, (2.23)

and

p
j
(t) =

[

fzz
2π φ0(t) +

(

r − hj,stat(t)
)

sinφj(t)
(

r − hj,stat(t)
)

cosφj(t)

]

. (2.24)

Equating (2.23) and (2.24) in y-direction gives

r cosφj−1

(

t− τj(t)
)

=
(

r − hj,stat(t)
)

cosφj(t), (2.25)

where tooth 0 equals tooth z and tooth j − 1 equals tooth z − 1. After substi-
tution of

φj(t) = φ0(t)− jθ = Ωt− j 2π

z
, (2.26)

with Ω the spindle speed in rad/s and θ the angle between two subsequent
teeth given by

θ =
2π

z
= τ̂Ω, (2.27)
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the static chip thickness can be expressed as

hj,stat(t)cosφj(t) = r cosφj(t)− r cos
(

φj

(

t− τj(t)
)

+ θ
)

:= hycosφj(t) := A.

(2.28)

Similarly, by equating (2.23) to (2.24) in x-direction, another expression for
the chip thickness is found

hj,stat(t)sinφj(t) =
fzz

2π
Ωτj(t) + r sinφj(t)− r sin

(

φj

(

t− τj(t)
)

+ θ
)

:= hxsinφj(t) := B.
(2.29)

Now, (2.28) and (2.29) can be used to express the static chip thickness.
Both equations can be combined to obtain a single equation for the chip thick-
ness. Before this expression for the chip thickness can be formulated, first an
expression for the time-varying delay should be derived, since it appears in
both (2.28) and (2.29).

2.3.1 Time delay

Setting hj,stat(t) = hy = hx and using (2.28) and (2.29) gives:

B cosφj(t) = A sinφj(t). (2.30)

Substitution of (2.28), (2.29), (2.4) and (2.26) in (2.30) and applying trigono-
metric relations yields

fzτj(t)

τ̂
cosφj(t) + r sin

(

Ω
(

τj(t)− τ̂
)

)

= 0. (2.31)

Since the contribution of the trochoidal tool path to the delay is small compared
to the nominal delay τ̂ , the time-varying delay can be regarded as the sum of the
constant tooth passing time delay τ̂ and a small time-varying function δτj(t).
The trochoidal tooth path as depicted in Figure 2.8, is repeated for each tooth
with period time τ̂ , with a shift of fz in feed direction. Hence, following the
definition of the delay for the trochoidal tooth path, this delay is also periodic
with the period time τ̂ . This leads to:

τj(t) = τ̂ + δτj(t), (2.32)

with δτj(t+ τ̂) = δτj−1(t). Substitution of (2.32) in (2.31) gives

fz cosφj(t) +
fz cosφj(t)

τ̂
δτj(t) + r sin

(

Ωδτj(t)
)

= 0. (2.33)
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Since |Ωδτj(t)| ≪ 1, truncation of the Taylor’s series expansion of sin
(

Ωδτj(t)
)

after the first-order term, i.e. sin
(

Ωδτj(t)
)

≈ Ωδτj(t), yields a good approxima-
tion. Using this approximation in (2.33) gives an expression for δτj(t):

δτj(t) = − τ̂ fz cosφj(t)

fz cosφj(t) + rΩτ̂
. (2.34)

The time-varying delay can now be expressed by substituting (2.27) and (2.34)
in (2.32) and rearranging terms to obtain

τj(t) =
τ̂ θr

fz cosφj(t) + θr
. (2.35)

A similar result was recently found by Long and Balachandran [85], although
they used a different approach where no equation for the static chip thickness
was derived.

2.3.2 Chip thickness

Since the time-varying delay is now known, an expression for the chip thickness
can be derived. The chip thickness can be expressed either by (2.28) or (2.29).
Since hx = hy, the chip thickness can be described by

hj,stat(t) = hx sin2 φj(t) + hy cos2 φj(t), (2.36)

which holds, since sin2 φj(t) + cos2 φj(t) = 1. Substitution of (2.28) and (2.29)
in (2.36) and applying trigonometric relations and subsequently using (2.26)
and (2.4) yields

hj,stat(t) = r − r cos
(

Ωτj(t)− θ
)

+
fz

τ̂
τj(t) sinφj(t). (2.37)

Substitution of (2.35) in (2.37) and rearranging terms gives an expression for
the static chip thickness

hj,stat(t) = r−r cos

(

θfz cosφj(t)

fz cosφj(t) + θr

)

+

(

fzθr

fz cosφj(t) + θr

)

sinφj(t). (2.38)

If the time-varying delay is not considered, i.e. τj(t) := τ̂ , expression (2.38)
conforms with equation (2.19). Substitution of (2.38) and (2.2) into (2.1) yields
for the total chip thickness:

hj(t) = hj,stat(t) + hj,dyn(t)

= r − r cos

(

θfz cosφj(t)

fz cosφj(t) + θr

)

+

(

fzθr

fz cosφj(t) + θr

)

sinφj(t)

+
[

sinφj(t) cosφj(t)
]

(

v(t)− v
(

t− τj(t)
)

)

.

(2.39)
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2.3.3 Entry and exit angles

For a full immersion cut, the entry angle is usually defined as φs = 0 rad and
the exit angle as φe = π rad. However, the tool enters the cut somewhat earlier
(i.e. φs < 0) and leaves the cut somewhat later (i.e. φe > π). This can be shown
using the definition of the chip thickness in (2.28). At the entry and exit angles
the chip thickness is zero, which gives

hy =
r cosφj(t)− r cos

(

φj

(

t− τj(t)
)

+ θ
)

cosφj(t)
= 0. (2.40)

Using (2.26) this can also be expressed as

r cosφj(t)− r cos
(

φj(t)− Ωτj(t) + θ
)

cosφj(t)
= 0. (2.41)

This is true if the numerator is zero and the denominator is non-zero. Under
that condition, this gives two possible solutions of (2.41):

− Ωτj(t) + θ = 2kπ, (2.42)

φj(t)− Ωτj(t) + θ = −φj(t) + 2kπ, (2.43)

with k = 0, 1, 2, . . .. Substituting (2.35) in (2.42) and rearranging terms gives

θfz cosφj(t)

fz cosφj(t) + θr
= 2kπ, k = 0, 1, 2, . . . . (2.44)

This does not lead to angles close to 0 or π radians. Substituting (2.35) in
(2.43) and rearranging terms gives

θfz cosφj(t)

fz cosφj(t) + θr
= −2φj(t) + 2kπ. (2.45)

This equation can not be solved analytically. Therefore, equation (2.45) is
approximated using Taylor’s series.

For a full immersion cut or an up-milling cut, the entry angle can be de-
scribed by φs = 0 + δφs = δφs, with |δφs| ≪ 1. Applying a Taylor’s series
expansion, (cos δφs ≈ 1) to equation (2.45), for k = 0, the entry angle φs can
be approximated by

φs = δφs ≈ −
θfz

2(fz + θr)
. (2.46)

For a full immersion cut or a down-milling cut, the exit angle can be described
by φe = φj(t) = π + δφe, with |δφe| ≪ 1. Applying Taylor’s series, (cos(π +
δφe) ≈ −1) to equation (2.45), for k = 1, the exit angle φe can be approximated
by

φe = π + δφe ≈ π −
θfz

2(fz − θr)
. (2.47)
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2.3.4 Results of the tool path model

In the new tooth path model, in contrast with the traditional model (2.19), the
static chip thickness is described by (2.38). The delay which is traditionally
assumed constant, as in (2.4), is updated using the periodic function (2.35).
Finally, the entry and exit angles are described by (2.46) and (2.47), respec-
tively.

For verification purposes, the approximate model for the chip thickness
(2.38) is compared to the chip thickness computed numerically using the fol-
lowing optimisation scheme. First, the delay is computed numerically by min-
imising the absolute value of the left hand side of (2.31) via a constrained
optimisation method with the boundary condition 0.75τ̂ ≤ τj(t) ≤ 1.25τ̂ . This
boundary condition is necessary to compute solutions where only the latest
tool passing is used. This delay is substituted in (2.37) to calculate the chip
thickness. The resulting chip thickness is compared to the chip thickness using
the circular tooth path of equation (2.19), the new approximate model (2.38),
and the models of [91] and [78]. In [91], the chip thickness is approximated by

hj,stat(t) = r + fz sin(φj(t))−
√

r2 − f2
z cos2 φj(t). (2.48)

In [78], the chip thickness is found by regarding the tip of the tool as a point
on a circle with the radius r of the cutter. This first circle is rigidly connected
(co-axially) with a second circle with radius r2. This second circle rolls along a
straight line without slip. A point of the first circle follows a trochoidal shape.
Using this approach, the static chip thickness is approximated by

hj,stat(t) =r

(

1−
(

1− 2fz sinφj(t)

r + zfz

2π cosφj(t)
− f2

z cos 2φj(t)
(

r + zfz

2π cosφj(t)
)2 +

f3
z sinφj(t) cos2 φj(t)
(

r + zfz

2π cosφj(t)
)3







1/2








.

(2.49)

In Figure 2.10, the chip thickness is shown for r = 5 mm and z = 2 and a
rather unrealistic chip load fz = 2 mm/tooth. This value for fz is chosen to
magnify the differences between the various models for visualisation purposes.
The new model and the model of [78] fit the numerical results very well. It
can be seen that the chip thickness function does not have a symmetry axis at
φ = 0.5π. However, the model of [91] and the traditional model do have this
symmetry axis. Furthermore, the maximum chip thickness is larger than the
chip load fz according to the numerical results. This is also predicted by the
model of [78] and the proposed new model, whereas the traditional and the
model in [91] do not predict this fact.
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Figure 2.10: Chip thickness as a function of rotation angle for various models; r =
5 mm, z = 2, fz = 2 mm/tooth.
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Figure 2.11: Relative error in chip thickness as a function of rotation angle for various
models; r = 5 mm, z = 2, fz = 0.2 mm/tooth.

The errors of the chip thickness of the various models relative to the numer-
ically computed chip thickness are shown in Figure 2.11. Here a more realistic
case of fz = 0.2 mm/tooth is taken. Herein, the differences between the mod-
els are clearly visible. Especially when the chip thickness is small, the relative
error becomes very large for both the traditional model and the model of [91].
For the new model and the model of [78], the errors are rather small. The
drawback of the model in [78] is that is does not give an expression for the
delay.

The entry and exit angles according to (2.46) and (2.47) are shown in Figure
2.12 for the case where fz = 0.2 mm/tooth. The results of the various models,
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Figure 2.12: Entry (left) and exit (right) angles. The values from (2.46) and (2.47)
are plotted as circles; r = 5 mm, z = 2, fz = 0.2 mm/tooth. For legend,
see Figure 2.10.
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Figure 2.13: Normalised delay as a function of rotation angle; r = 5 mm, z = 2,
fz = 0.2 mm/tooth.

shown in Figure 2.10, are also presented in this figure. The expressions that
are found for the entry and exit angles match very well with the angles where
the chip thickness of the new model is zero.

The delay expressed by equation (2.35) is compared to the delay calculated
numerically using the optimisation method. The results can be seen in Figure
2.13. In this figure, only half of the period is shown, since during the other half,
the cutter is not in cut. The results of the proposed model fit the numerical
results very well. For small angles, the delay is smaller than the constant delay
τ̂ . This corresponds to the situation shown in Figure 2.8 where point O is the
position of tooth 1 at time t − τ̂ and point N the position of tooth 1 at time
t − τ2(t). When cutting, the tooth reaches point O sooner than point N and
hence τj(t) < τ̂ . If 0.5π < φj(t) < φe, the delay becomes larger than τ̂ . Then
point O′ is reached later than point N ′, where the prime symbolises the new
position of points O and N .
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The relative error of both the time delay and chip thickness of the traditional
model increases as the chip thickness becomes smaller. Since the chip thickness
is very small in low immersion cutting, it is likely that the use of the traditional
model leads to significant errors for this type of cut. Therefore, in Section 3.3,
the stability of milling models using both tooth path models is investigated.

2.4 Cutting force model

The block Cutting in Figure 2.6, represents the relation between the chip thick-

ness hj(t) and the force that acts on the cutter F j =
[

Fxj
Fyj

]T
. Since a 2-D

model is used (i.e. the milling process is modelled in the plane of the machine
bed), no axial direction is included in the model. A common approach to ob-
tain this relation, is to use an empirical model, which in cutting literature is
often called a mechanistic model. This means that a certain model structure
is used, of which the necessary parameters are obtained experimentally [4, 11].
In most cases, the total force on the tool force is divided into a cutting force
and a ploughing (or edge) force and is modelled by a linear relation between
the cutting force and the chip thickness [5, 11, 45], i.e.

Ftj
= ap

(

Ktchj(t) +Kte

)

gj

(

φj(t)
)

,

Frj
= ap

(

Krchj(t) +Kre

)

gj

(

φj(t)
)

.
(2.50)

Here the cutting force is the part which is a function of the chip thickness and
the ploughing force is modelled by the factors Kte and Kre.

Herein, the parameters Ktc, Krc, Kte and Kre are parameters that can be
determined experimentally. These parameters are dependent on each material-
tool combination. However, it is possible to estimate these parameters from
orthogonal cutting data (i.e. data obtained with a cutter with zero helix angle),
as described in [4, 11]. A force is only applied on the cutter if the tool is in
contact with the workpiece. The function gj

(

φj(t)
)

describes whether a tooth
is in or out of cut:

gj

(

φj(t)) =

{

1, φs ≤ φj(t) ≤ φe ∧ hj(t) > 0,

0, elsewhere.
(2.51)

In [67, 129, 141], an exponential model is used according to

Ftj
= gj

(

φj(t)
)

apKtchj(t)
xF ,

Frj
= gj

(

φj(t)
)

apKrchj(t)
xF ,

(2.52)

with 0 < xF ≤ 1. A typical value for xF is 0.8. Again, Ktc, Krc and xF

are constants that depend on the combination of tool and material and can be
determined experimentally.
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Using this exponential model of the milling process for chatter prediction
has the benefit that the limit of stability (i.e. the chatter boundary) is depen-
dent on the chip load fz [151, 155]. Since the static chip thickness is dependent
on the chip load (see (2.19) and (2.38)), for very low chip loads, chatter can
occur due to the small chip thickness. If the chip thickness is very small, vibra-
tions of the tool have a relatively large influence on the chip thickness. Hence,
even if small vibrations occur, the tool can easily jump out of the cut, which can
result in chatter. Therefore, up to a certain level, increasing the chip load has
a stabilising effect. For very high chip loads, the static chip thickness is large,
which results in large forces on the cutter. This results in large vibrations of
the cutter, that in turn can also result in chatter. This effect can be modelled
by using a nonlinear cutting force model, such as an exponential model.

In [32], the linear and exponential models (2.50) and (2.52) are combined.
This model has the benefit that it combines the splitting of the cutting and
edge forces with the chip load dependency of the stability limit. This yields
the following cutting force model:

Ftj
(t) = ap

(

Ktchj(t)
xF +Kte

)

gj

(

φj(t)
)

,

Frj
(t) = ap

(

Krchj(t)
xF +Kre

)

gj

(

φj(t)
)

,
(2.53)

where 0 < xF ≤ 1, and Ktc,Krc > 0 and Kte,Kre ≥ 0 are cutting parameters.
However, a drawback of this model is the fact that it is non-smooth or even

discontinuous in h at h = 0. If Kte = Kre = 0, (2.53) is not differentiable in
h at h = 0, as is depicted in Figure 2.14a. If Kte 6= 0 or Kre 6= 0, (2.53) is
discontinuous in h at h = 0, as depicted in Figure 2.14b. This gives problems
in the calculation of the stability limit when the exponential model is used. In

that case, it is necessary to calculate
∂Ftj ,rj

∂hj
(see Section 3.1), which is singular

for hj ↓ 0. Therefore in that case, we multiply both equations in (2.53) by a
window function, given by

wj

(

hj(t)
)

= exp

( −ν
hj(t)

)

. (2.54)

Note that for hj(t) < 0, the forces are still zero due to the fact that in that case
gj

(

φj(t)
)

= 0, see (2.51). Using this window function, overcomes the problem

of the singularity of
∂Ftj ,rj

∂hj
. Moreover, if (2.53) is multiplied by (2.54), the

cutting force is a continuously differentiable function of the chip thickness. In
Figure 2.14, the result when applying the window function (2.54) is included.
The factor 0 < ν ≪ 1 in this smooth function is to be determined empirically.
The difference between the non-smooth and the smooth function decreases as
ν decreases. However, when ν is chosen too small, the slope of the cutting
force model for small h can become very high and this can negatively affect the
efficiency of the calculation of the stability. More details on the calculation of
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Figure 2.14: Non-smooth and discontinuous cutting force models without (black solid)
and with the window function (2.54) for various values of ν (gray solid
and black dashed).

the stability boundary can be found in Chapter 3. For readability, the notation
of gj

(

φj(t)) and wj

(

hj(t)
)

, will be abbreviated to gj and wj , respectively, in
the remainder of this work.

Other types of cutting models also exist, such as polynomial models [51].
However, a drawback of using polynomial models is the fact that for a large
chip thickness, the force increases or decreases drastically, depending on the
coefficients of the polynomial. Since for the exponential model xF ≤ 1, this
effect does not occur in the exponential model.

After summing for all teeth, equation (2.53) can be described in feed x- and
normal y-direction as

F (t) = ap

z−1
∑

j=0

wjgj

(

hj(t)
xF S(t)

[

Ktc

Krc

]

+ S(t)

[

Kte

Kre

])

, (2.55)

with F (t) =
[

Fx(t) Fy(t)
]T
, and Fx(t) and Fy(t) the cutting forces in x- and

y-direction, respectively. Furthermore, in (2.55)

S(t) =

[

− cosφj(t) − sinφj(t)
sinφj(t) − cosφj(t)

]

.

If xF = 1, (2.55) represents the linear force model and if Kte = Kre = 0,
the model of (2.52) is represented.
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2.5 Spindle-toolholder-tool dynamics

The dynamics of the machine (due to flexibilities of the tool, toolholder and
spindle system) are represented as a 2dof mass-spring-damper system in Figure
2.2. For representing general linear dynamics, a state-space formulation is used:

ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t).
(2.56)

These equations describe the relation between the input u of a system (in our
case the force that acts on the mill, i.e. u(t) = F (t)) and the output y of this
system (in our case the displacement of the tip of the mill, i.e. y(t) = v(t)).

Since in the milling equations both the x- and y-directions are necessary
(assuming these dynamics are uncoupled), the state vectors of these two direc-

tions, xx and xy, are assembled in a single state vector x(t) =
[

xT
x (t) xT

y (t)
]T

,
which yields the following set of differential equations describing the machine
dynamics:

ẋ(t) =

[

ẋx(t)
ẋy(t)

]

=

[

Ax 0

0 Ay

] [

xx(t)
xy(t)

]

+

[

Bx 0

0 By

] [

ux(t)
uy(t)

]

= Ax(t) + Bu(t),

y(t) =

[

yx(t)
yy(t)

]

=

[

Cx 0

0 Cy

] [

xx(t)
xy(t)

]

+

[

Dx 0

0 Dy

] [

ux(t)
uy(t)

]

= Cx(t) + Du(t).

(2.57)

When the dynamics are modelled as a 2DOF linear mass-spring-damper sys-

tem, as depicted in Figure 2.2, the state xi can be defined by xi =
[

vi v̇i

]T
.

This yields Ai =

[

0 1

− ki

mi
− bi

mi

]

, Bi =
[

0 1
mi

]T
, Ci =

[

1000 0
]

and Di = 0,

where i = x, y and mi, bi and ki represent the mass, damping and stiffness coef-
ficients, respectively. However, more complex linear dynamics can be modelled
using the state-space representation of (2.57).

The bearing stiffness of the spindle may change with the spindle speed
[1, 6, 14, 32, 152]. This can be included in the model by making A, B, C and
D dependent on the spindle speed.

The workpiece is considered rigid. However, the dynamics of the workpiece
can also be included in the state-space description of (2.57).

2.6 Milling model

In the previous sections, different models have been derived for the chip thick-
ness, the cutting force and the machine dynamics, respectively. The tool-
toolholder-machine dynamics are represented in (2.57). Defining the force on
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the tool as the input and the vibrations of the tool as the output and assuming
that D = 0 yields

ẋ(t) = Ax(t) + BF (t), (2.58)

v(t) = Cx(t). (2.59)

Substitution of (2.59) in (2.39) yields

hj(t) = hj,stat(t) +
[

sinφj(t) cosφj(t)
]

(

Cx(t)−Cx
(

t− τj(t)
)

)

. (2.60)

Substituting (2.60) in (2.55) gives

F (t) = ap

z−1
∑

j=0

wjgj

(

S(t)

[

Kte

Kre

]

+

(

hj,stat(t)

+
[

sinφj(t) cosφj(t)
]

(

Cx(t)−Cx
(

t− τj(t)
)

)

)xF

S(t)

[

Ktc

Krc

]

)

.

(2.61)

Substitution of (2.61) into (2.58) gives the final milling model:

ẋ(t) = Ax(t) + Bap

z−1
∑

j=0

wjgj

(

S(t)

[

Kte

Kre

]

+

(

hj,stat(t)

+
[

sinφj(t) cosφj(t)
]

(

Cx(t)−Cx
(

t− τj(t)
)

)

)xF

S(t)

[

Ktc

Krc

]

)

,

v(t) = Cx(t).

(2.62)

This is the general delay-differential equation (dde) describing the milling
process. Depending on the choices for the various sub-models, different cases
are defined, as shown in Table 2.2. In case 1 and case 3, the dde is linear and
in case 2 and 4, the model is formulated as a nonlinear dde. In case 1 and 2,
the delay is constant, while in case 3 and 4, the delay is periodic with period
time τ̂ .

2.7 Eccentricity

In practice, a milling machine, toolholder and tool are not perfectly concentric
[114]. Therefore, each of the cases in Table 2.2 can be extended to include
eccentricity of the tool/toolholder/spindle. The displacement of the tooth due
to the eccentricity is modelled as a sine-function:

ex(t) = e0 sin
(

φ0(t) + γ
)

,

ey(t) = e0 cos
(

φ0(t) + γ
)

,
(2.63)
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Table 2.2: Choices for the milling model.

Cutting model
Linear Exponential
xF = 1 0 < xF < 1

T
o
ot

h
p
at

h

Circular
Case 1 Case 2delay: (2.4)

chip: (2.19)
Trochoidal

Case 3 Case 4delay: (2.35)
chip: (2.38)

γe0

Figure 2.15: Tool eccentricity. The concentric tool is displayed with the dotted lines,
whereas the eccentric tool is depicted with the solid lines.

with e0 the amplitude of the eccentricity and γ the angle of the eccentricity
relative to the tooth angle, see Figure 2.15. This results in the chip thickness
to satisfy

hj(t) = hj,stat(t) +
[

sinφj(t) cosφj(t)
]

[

vx(t)− vx(t− τ)
vy(t)− vy(t− τ)

]

+
[

sin
(

φj(t) + γ
)

cos
(

φj(t) + γ
)]

[

ex(t)− ex(t− τ)
ey(t)− ey(t− τ)

]

.

(2.64)

Including eccentricity in the model results in the fact that the ddes describ-
ing the milling process are periodic with period time zτ̂ instead of τ̂ .

2.8 Time domain simulations

The milling model presented in this chapter, has been implemented in Mat-

lab/Simulink [93] and time domain simulations (tds) have been performed.
These simulations can be used to find the limit of stability under various con-
ditions, but it will take a lot of computational time to generate the full sld.
Therefore, a more efficient method to generate the sld will be presented in
Chapter 3. However, these simulations give insight into the behaviour of the
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Table 2.3: Parameters used in the simulations.

Parameter Value Unit
Case 2
ae 5 mm
downmilling
n 20000 rpm
r 5 mm
z 2 -
fz 0.2 mm/tooth
mx,y 0.02 kg
ω0x,y

13,810 (2198) rad (Hz)
ζx,y 0.05 -
fz 0.2 mm/tooth
Ktc 462 N/mm1+xF

Kte 0 N/mm
Krc 38.6 N/mm1+xF

Kre 0 N/mm
xF 0.744 -
γ 30 ◦

e0 0 mm

model during chatter and when chatter does not occur at the different situa-
tions mentioned in Section 2.2.

For the circular tooth path model (case 2 in Table 2.2), both stable and
unstable cuts have been simulated. Eccentricity of the stt system is not taken
into account, so the period time is equal to the delay τ̂ . The parameters
used for this simulation can be found in Table 2.3. The machining parameters
(spindle speed, chip load, etc.) are values that are used in practice when cutting
aluminium. In this case, half immersion downmilling is chosen, since this causes
the fact that the time the tool is in cut is equal to the time that the tool is not
in cut. The values for the cutting model parameters can also be found in [32].
The stt system is modelled as a 2dof linear mass-spring-damper with mass
mx = my, natural frequency ω0x

= ω0y
and dimensionless damping ζx = ζy.

Its values are realistic for a state-of-the-art hsm machine. In Chapter 4, we will
address the identification of these parameters in greater detail. For the stable
cut, the axial depth of cut is 2.0 mm and for the unstable cut, the axial depth
of cut is 2.2 mm in case of a secondary Hopf bifurcation, and 1.5 mm in case
of a period-doubling bifurcation.

The results of the simulations are shown in Figure 2.16. In Figures 2.16a,
2.16c and 2.16e, the displacement in feed direction as a function of time is
depicted. Furthermore the τ̂ -sampled displacement is shown with the dots
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(giving a stroboscopic view on the response). In Figures 2.16b, 2.16d and
2.16f, the displacement in the x, y-plane is shown for the second half of the
simulation (i.e. t > 0.35 s). Again, the τ̂ -sampled displacement is shown with
the dots. Moreover, the periodic solution vp is included. This periodic solution
is computed using the finite difference method that will be presented in greater
detail in Section 3.2 and Appendix B. It can clearly be seen that when no
chatter occurs, the displacement results in a stable periodic motion, since the
results of the tds coincide with the periodic solution, see Figure 2.16b. If
chatter occurs due to a secondary Hopf bifurcation, this periodic motion loses
its stability and the displacement results in a quasi-periodic motion. This can
be seen in Figure 2.16d. As a result of the secondary Hopf bifurcation, the dots
form a closed shape. If chatter occurs due to a period-doubling bifurcation, the
initial periodic motion loses stability and a new periodic motion arises with a
period time 2τ̂ . In the τ̂ -sampled displacement, it can be seen that indeed only
two points are visited, see Figure 2.16f. Note that, the periodic solution has a
different shape for Figure 2.16f, compared to Figures 2.16b and 2.16d, due to
the fact that they are computed at two different spindle speeds.

The results of the simulations are shown in the frequency domain in Figure
2.17. Here, the power spectral density Sxx(f) of the displacement in x-direction
during the second half of the simulation is shown, where f is the frequency in
Hz. The tooth pass excitation frequency and its higher harmonics fTPE are
marked by a circle and the spindle speed and its higher harmonics are marked
by a cross. Since eccentricity is not taken into account, the power of the
displacement at the spindle speed (333 Hz in Figures 2.17a and 2.17b) and its
odd higher harmonic is low. The tool has two teeth, so all even harmonics of the
spindle speed coincide with the tooth pass excitation frequency and its higher
harmonics. This can clearly be seen in Figure 2.17. In case of a secondary
Hopf bifurcation, at a number of frequencies, the power spectral density of the
displacement increases drastically. In the case depicted in Figure 2.17b, the
basic chatter frequency fh is about 270 Hz. The dominant chatter frequency
fchat is the frequency in the set fH , as in (2.17), with the maximum energy.
This frequency generally is close to the natural frequency of the system

ω0x,y

2π ,
namely at about 2265 Hz. In Figure 2.17c, the basic chatter frequency is equal
to ftpe/2. Since the number of teeth is two, the chatter frequency coincides
with the spindle speed. At the frequency in the set fPD, as in (2.18), in the
neighbourhood of the natural frequency, the power reaches its maximum, where
fchat = 2217 Hz.

It can be concluded that the bifurcation that leads to chatter leaves a clear
“fingerprint” in the frequency domain. It is exactly this fact that we will exploit
for the detection methods that will be presented in Chapter 5.

When eccentricity is included in the model, the power spectrum shows an
increase of the power at the spindle speed and its higher harmonics. This
can be seen in Figure 2.18. In this figure, the eccentricity is modelled with
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Figure 2.16: Displacement of the cutter. Simulation of 50% immersion downmilling.
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(a) Stable cut: ap = 2.0 mm at 20000 rpm.

0 1000 2000 3000 4000 5000
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

 

 

S
x
x

[m
m

2
/H

z]

f [Hz]

psd

fTPE

fSP
fH

fchat →

(b) Hopf bifurcation: ap = 2.2 mm at
20000 rpm.

0 1000 2000 3000 4000 5000
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

 

 

S
x
x

[m
m

2
/H

z]

f [Hz]

psd

fTPE

fSP
fPD

← fchat

(c) Period doubling bifurcation:
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Figure 2.17: Power spectral density of the simulated displacement in feed direction.

e0 = 20 ·10−3 mm and γ = 30◦. This magnitude of the eccentricity can also be
found in practice. Including this eccentricity results in the fact that the period
time changes from τ̂ in the concentric case to zτ̂ . Thus, when applying (2.13) it
means that a peak in the psd exists on the left and right side of each harmonic
of the spindle speed at a distance of the basic chatter frequency. For the
concentric case, this peak exists on the left and right side of each harmonic of
the tooth passing frequency. This can clearly be seen when comparing Figures
2.17b and 2.18b for the case of a secondary Hopf bifurcation. In the case of an
eccentric tool also a period-doubling bifurcation can occur. Since the period
time of the stable cut is equal to zτ̂ , after the period-doubling bifurcation, the
period time is 2zτ̂ , see Figure 2.18c. Furthermore, since for the eccentric tool
the delay is not equal to the period time, µ = 1 is a possible Floquet multiplier
and hence also a cyclic-fold bifurcation [101, 139] can occur (the existence of
this type of bifurcations was theoretically demonstrated in [59]). The psd is
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(a) Stable cut: ap = 2.2 mm at 20000 rpm.
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(b) Secondary Hopf: ap = 2.4 mm at
20000 rpm.
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(c) Period-doubling: ap = 2.4 mm at
23250 rpm.
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(d) Cyclic-fold: ap = 2.4 mm at
26400 rpm.

Figure 2.18: Power spectral density of the simulated displacement in feed direction.
Eccentricity: e0 = 20 · 10−3 mm and γ = 30◦.

shown in Figure 2.18d. There is only a little difference between the psd of the
stable cut (Figure 2.18a) and the psd of the cut after a cyclic-fold bifurcation.
The peak near the natural frequency of the tool, which is in this case the 5th
harmonic of the spindle speed is the largest peak in case of the cyclic-fold
bifurcation, whereas for the stable cut, the tooth pass excitation frequency has
the highest power, resulting in the highest peak of the psd plot.

In order to prove the existence of a cyclic-fold bifurcation, the existence and
stability of the periodic solution should be investigated. This will be done in
Section 3.3.3.
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2.9 Discussion

In this chapter, a model has been derived that can be used to analyse the
milling process. The milling process is described with a set of nonlinear non-
autonomous delay differential equations. A part of this model is used to de-
scribe the tooth path. Traditionally, this tooth path is modelled as a circular
arc. However, the true tooth path is a trochoid. A new tooth path model is
introduced, which describes this trochoid. This has consequences for the ex-
pression of the static chip thickness, the delay, which becomes time-periodic,
and the entry and exit angles. This model is used in time-domain simulations,
to examine the qualitative differences between a stable and an unstable cut.
When the cut is stable, no chatter occurs, whereas an unstable cut exhibits
chatter. For a concentric tool, stability can be lost due to a secondary Hopf
or a period-doubling bifurcation. When eccentricity of the tool is included in
the model, apart from these two bifurcations, also a cyclic-fold bifurcation can
occur. The qualitative differences between a stable cut and a cut exhibiting
chatter induced by these bifurcations will be used in the detection methods,
presented in Chapter 5. First, the model will be used in Chapter 3, where an
efficient method is presented to find the stability lobes diagram.
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3
Stability analysis for chatter

prediction

3.1 A linearised milling model

3.2 Periodic solution

3.3 Results

3.4 Discussion

In the previous chapter, a model for the milling process has been presented.
This model will be used to determine the occurrence of chatter. As has been
evaluated by several authors, chatter is indicated by regarding the (local) sta-
bility properties of a periodic solution reflecting the no-chatter situation.

Since the model is non-linear, first it is linearised about its periodic solution
in Section 3.1. For a nonlinear model with a trochoidal tooth path model (i.e.
case 4 of Table 2.2), this periodic solution needs to be computed explicitly.
This can be done using the finite difference method (fdm), which is explained
in Section 3.2 and Appendix B. Finally, in Section 3.3 the results from the
stability analysis are presented using the methods described in Appendix C.
Using these methods, the effect of different choices for the model (i.e. tooth path
model, cutting force model and eccentricity) on the sld will be investigated.

3.1 A linearised milling model

In Chapter 2, the delay differential equations (ddes) describing the milling
process are derived. In order to predict chatter, the stability properties of
this model are investigated. Different methods exist to determine the stability
of ddes, [48, 49, 72, 128]. Altintas and Budak have presented a method to
determine the stability of linear autonomous delay differential equations with
constant delay [5], i.e. ddes of the type

ẋ(t) = Px(t) + Qx(t− τ). (3.1)

This method will be demonstrated in Appendix C.1. The stability of this type
of systems can also be determined using the method of D-partitioning [32, 108].
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Butcher et al. have presented a method that can be used for periodic ddes with
constant delays [12], i.e.

ẋ(t) = P(t)x(t)+Q(t)x(t−τ), P(t+T ) = P(t), Q(t+T ) = Q(t), (3.2)

with T the period time. This method can be used for systems where pT = qτ
with integers p and q. The stability of this type of dde can also be determined
using the semi-discretisation method of Insperger et al. [56]. In [58], the method
was demonstrated for an autonomous system with a periodic delay, i.e.

ẋ(t) = Px(t) + Qx(t− τ(t)), τ(t+ T ) = τ(t). (3.3)

For the sake of clarity we repeat the milling model in (2.62) here once more:

ẋ(t) = Ax(t) + Bap

z−1
∑

j=0

wjgj

(

S(t)

[

Kte

Kre

]

+

(

hj,stat(t)

+
[

sinφj(t) cosφj(t)
]

(

Cx(t)−Cx
(

t− τj(t)
)

)

)xF

S(t)

[

Ktc

Krc

]

)

,

v(t) = Cx(t).

(3.4)

which is a non-autonomous system with multiple periodic delays. Using the
semi-discretisation method for this model is straightforward by combining the
two cases discussed in [56] and [58]. This adapted semi-discretisation method
is demonstrated in Appendix C.2.

However, all the methods presented above can only be used for linear mod-
els. Therefore, it is necessary to linearise (3.4) around the no-chatter solution
(which is generally a periodic solution). As a consequence, only the local stabil-
ity properties of this periodic solution can be investigated. In order to predict
chatter, only the loss of stability of the periodic solution is relevant (given the
remarks in Section 2.2). This can be predicted by analysing the local stability
properties. Therefore, a linearisation-based stability analysis is sufficient for
chatter prediction.

It is assumed that (3.4) has a periodic solution with period time T = τ̂ . In
Appendix B, a method is presented to numerically find this periodic solution
using the finite difference method. The existence of this periodic solution is
not proven here, but for the considered parameters in this work, the periodic
solution has always been found. Let us now assume that the periodic solution
is known and denote it by x∗(t). When chatter occurs, this periodic solution
is unstable, and when chatter does not occur, the periodic solution is (at least
locally) asymptotically stable. In order to determine the (local) stability prop-
erties of x∗(t), (3.4) is linearised about the periodic solution x∗(t). First a
linear model (cases 1 and 3 of Table 3.1) is considered1, where Table 3.1 is an

1 Since the model is already linear, the “linearisation” in this context means the fact that
the “linearisation” model describes the behaviour of the perturbation around the periodic
solution, which is defined as the state x̃(t) of the “linearisation” model.
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Table 3.1: Choices for the milling model.

Cutting model
Linear Exponential
xF = 1 0 < xF < 1

T
o
ot

h
p
at

h

Circular
Case 1 Case 2delay: (2.4)

chip: (2.19)
Trochoidal

Case 3 Case 4delay: (2.35)
chip: (2.38)

exact copy of Table 2.2. The window function (2.54) can be chosen as wj = 1
in this case. Due to the linear relation between the force and chip thickness,
the singularity in ∂F

∂h at h = 0 does not occur. Furthermore, when wj = 1, the
perturbed model is continuous in h at h = 0. It remains non-differentiable at
h = 0, but this does not lead to problems when the linearisation at h = 0 is
taken as limh↓0

∂F
∂h . Using the decomposition x(t) = x∗(t) + x̃(t), the pertur-

bation model of (3.4) yields the following dynamics:

˙̃x(t) = Ax̃+Bap

z−1
∑

j=0

gjS(t)

[

Ktc

Krc

]

[

sinφj(t) cosφj(t)
]

C
(

x̃(t)−x̃(t−τ)
)

. (3.5)

ṽ(t) = Cx̃(t). (3.6)

As can be seen, for a linear model, the static chip thickness, and hence the
chip load, drops from the equation. Moreover, the periodic solution x∗(t) is
not included (3.6), so it is not necessary to explicitly determine the periodic
solution in case of a linear model.

For a nonlinear model, i.e. when xF 6= 1 (case 2 and 4 of Table 3.1), it
is necessary to define wj according to (2.54). Then, equation (3.4) can be
linearised around x∗(t) yielding the following linearised dynamics in terms of
x̃:

˙̃x(t) =Ax̃+ Bap

z−1
∑

j=0

gj

(

xFh
∗
j (t)

xF −1 exp

(

−ν
h∗j (t)

)

S(t)

[

Ktc

Krc

]

+ exp

(

−ν
h∗j (t)

)

ν

h∗j (t)
2

(

h∗j (t)
xF S(t)

[

Ktc

Krc

]

+ S(t)

[

Kte

Kre

])

)

[

sinφj(t) cosφj(t)
]

C
(

x̃(t)− x̃(t− τ)
)

,

(3.7)

with

h∗j (t) = hj,stat(t) +
[

sinφj(t) cosφj(t)
]

C
(

x∗(t)− x∗(t− τ)
)

. (3.8)
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Due to the fact that hj,stat(t) remains present in the linearised equation, the
stability boundary is a function of the feed rate when the exponential force
model is used. For a circular tooth path (case 2 of Table 3.1), τ = τ̂ . Then,
since x∗(t) = x∗(t− τ̂), (3.8) is simplified to

h∗j (t) = hj,stat(t) = fz sinφj(t). (3.9)

For a trochoidal tool path model, τ = τj(t) and x∗(t) needs to be found explic-
itly to be able to determine h∗j (t), that is needed in (3.7).

In all cases, the linearised equations (3.5) and (3.7) can be written in the
following form

˙̃x(t) =Ax̃+ Bap

z−1
∑

j=0

Hj(t)C
(

x̃(t)− x̃
(

t− τj(t)
)

)

, (3.10)

with for cases 1 and 3 (i.e. a linear cutting model)

Hj(t) =gjS(t)

[

Ktc

Krc

]

[

sinφj(t) cosφj(t)
]

, (3.11)

and for cases 2 and 4 (i.e. an exponential cutting model)

Hj(t) =gj

(

xFh
∗
j (t)

xF −1 exp

(

−ν
h∗j (t)

)

S(t)

[

Ktc

Krc

]

+ exp

(

−ν
h∗j (t)

)

ν

h∗j (t)
2

(

h∗j (t)
xF S(t)

[

Ktc

Krc

]

+ S(t)

[

Kte

Kre

])

)

[

sinφj(t) cosφj(t)
]

.

(3.12)

The semi-discretisation method of [56, 58] can be used to determine the
stability properties of delayed linear periodic time-varying systems of the form

ẋ(t) = P(t)x(t) +

z−1
∑

j=0

Q∗
j (t)x

(

t− τj(t)
)

,

P(t+ T ) = P(t), Q∗
j (t+ T ) = Q∗

j (t), j = 0, . . . , z − 1,

(3.13)

with T the period-time of the matrices P(t) and Q∗
j (t). Since the dimension

of the state x may be rather large for high-order machine dynamics, it is more
convenient to slightly adjust this equation to

ẋ(t) = P(t)x(t) +

z−1
∑

j=0

Qj(t)v
(

t− τj(t)
)

,

P(t+ T ) = P(t), Qj(t+ T ) = Qj(t),

(3.14)
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with v(t) = Cx(t). Now, (3.10) is written in the form of (3.14) with

P(t) = A + ap

z−1
∑

j=0

BHj(t)C, (3.15)

Qj(t) = −apBHj(t). (3.16)

Since

Hj(t+ τ̂)Cx
(

t+ τ̂ − τj(t+ τ̂)
)

= Hj−1(t)Cx
(

t− τj−1(t)
)

, (3.17)

(3.10) is periodic with period time τ̂ .
The choice whether the tool path is modelled as a circular arc or as a

trochoid influences the delay, which is constant for the circular tool path and
periodic for the trochoid tool path. Furthermore, the matrix Hj(t) changes as
a result of the different entry and/or exit angles (see (2.46) and (2.47)) and
the new formulation for the static chip thickness. However, the structure of
the model as presented in equation (3.14) does not change. Furthermore, if
a linear cutting force model is used, the parameter xF = 1, but this has no
consequences for the structure of the model. Therefore, the semi-discretisation
method can be used for all cases described in Table 3.1. This is shown in
Appendix C.

3.2 Periodic solution

In case of a nonlinear cutting model with trochoidal tooth path (i.e. case 4 of
Table 3.1) and in case of eccentricity it is necessary to find the periodic solution
in order to determine its stability. This can be done using the finite difference
method (fdm), as presented in Appendix B.

Using this numerical scheme for the milling model (3.4), the periodic solu-
tion x∗(t) is found. Here, a non-equidistant grid is chosen such that just before
and just after the tool enters the cut, a grid point exists. Since a trapezoidal
scheme is used in this method, see Appendix B, this gives the best approxi-
mation of the way the tool enters the cut. The parameters from Table 2.3 are
used, except that a full immersion cut is simulated (i.e. ae = 10 mm) and a
trochoidal tooth path is modelled (case 4 of Table 3.1). The number of dis-
cretisation points N is N = 600. The results are shown in Figure 3.1. In
this figure, the results for the finite difference method are combined with the
results from time simulation over 20 revolutions where x(t < 0) = 0. In Figure
3.1a, the depth of cut is chosen such that no chatter occurs, whereas in Figure
3.1b, the depth of cut is increased such that chatter occurs. As can be seen,
even if chatter occurs, the (unstable) periodic solution still can be found by
the finite difference method. Also for lower values of N , the periodic solution
is found, but of course the shape is coarser than the one displayed in Figure
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Figure 3.1: Displacement of the tool. Periodic solution using the finite difference
method and numerical simulation of 20 revolutions with x(t < 0) = 0.

3.1. For the simulations in time domain, model (3.4) is used, which is nonlinear
in v. Therefore, when chatter occurs, the tool leaves the cut due to the large
vibrations and the tool displacement remains bounded.

The stability of the periodic solution can be evaluated using the method by
Altintas and Budak (abm, see Appendix C.1) or the semi-discretisation method
(sdm, see Appendix C.2).

3.3 Results

All cutting force models presented in Section 2.4 are empirical models. The
benefit of the exponential model over the linear model is the fact that the
stability limit is a function of the static chip thickness and hence of the feed
rate. The addition ofKte andKre in the model can be used to improve the fit of
the modelled force to measured forces. However, addition of these terms causes
a discontinuous cutting force model at h = 0. Using the window function (2.54),
this can be converted to a smooth model. When applying a small value for ν,
this results in a steep gradient

∂Ft,r

∂h for a small chip thickness. Consequently,
the step size used in the finite difference method (see Appendix B) and the
semi-discretisation method (see Appendix C.2) needs to be chosen rather small,
which results in a large computational time. Therefore, for the stability lobes
calculation, the cutting force model of (2.52) is used, i.e. Kte = Kre = 0 N/mm.
All other parameters are presented in Table 2.3, which is repeated in Table 3.2
for convenience. The step size for the finite difference method is k , whereas
the step size for the semi-discretisation method is h .
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Table 3.2: Parameters used in the simulations.

Parameter Value Unit
Case 2
ae 5 mm
downmilling
n 20000 rpm
r 5 mm
z 2 -
fz 0.2 mm/tooth
mx,y 0.02 kg
ω0x,y

13,810 (2198) rad (Hz)
ζx,y 0.05 -
fz 0.2 mm/tooth
Ktc 462 N/mm1+xF

Kte 0 N/mm
Krc 38.6 N/mm1+xF

Kre 0 N/mm
xF 0.744 -
γ 30 ◦

e0 0 mm
k τ̂ /600 s
h τ̂ /60 s

3.3.1 Autonomous model vs. nonautonomous model

In Figure 3.2 the stability lobes are presented for several immersion ratios.
For the autonomous model, the average chip thickness and forces over the
tooth path are used. This means that for any of the nonautonomous models
displayed in Table 3.1, a corresponding autonomous version exists. Here, a ‘case
2’ nonautonomous model of Table 3.1 is used (i.e. a nonlinear cutting model
in combination with a circular tooth path) and compared to the corresponding
autonomous version. Furthermore, at some points, the results of time domain
simulations are depicted, where a circle represents a stable cut, i.e. without
chatter, and a cross represents an unstable cut, i.e. a cut exhibiting chatter.
It can be seen from these figures that stability lobes computed using the abm

with the autonomous model differ from the lobes computed using the sdm with
the nonautonomous model. The results of the simulations performed are in
close agreement with the lobes for the nonautonomous model, computed using
the sdm. The benefit of the abm is the fact that it is much faster, since for
the sdm a point-by-point investigation in the n, ap-space is necessary, whereas
the abm computes the stability limit directly from a grid of ωc. The peak of
the lobe of the autonomous model is shifted a little to the right compared to
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Figure 3.2: Stability lobes for downmilling using the autonomous model (evaluated
using abm) and the nonautonomous model (evaluated using sdm) for sev-
eral immersion levels (case 2).

the nonautonomous model. Furthermore, especially for low immersion milling,
the height of the peaks of the two models differ significantly. The differences
between the two models increase as the immersion ratio decreases. This is due
to the fact that, in the low immersion case, the waveforms of the milling force
have strong harmonic components in addition to the average value [4]. Then,
taking the average value (i.e. the zero-th order Fourier component) as is done
in the abm, see (C.5), is not sufficient.

The sld of the nonautonomous model (‘case 2’) displayed in Figure 3.2d
and generated with the sdm is copied in Figure 3.3. In this figure, the Floquet
multipliers are shown for some points on the sld. Here, a pair of crosses
represents an unstable pair of Floquet multipliers (i.e. in modulus greater than
unity) whereas a dot represents a stable Floquet multiplier (i.e. in modulus less
than unity). It can be seen that near the top of the peak, 2 pairs of Floquet
multipliers are close to the unit circle. In the exact top of the peak, both pairs
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Figure 3.3: Stability lobe diagram for 5% downmilling including the Floquet multi-
pliers (nonautonomous ‘case 2’ model).

are in modulus equal to one. When the lobe is followed further to the right,
this left pair of Floquet multipliers returns towards the centre of the unit circle,
whereas the right pair of Floquet multipliers move along the unit circle towards
the negative real axis. When the real axis is reached, the critical depth of cut
decreases rapidly, and a period-doubling bifurcation occurs, creating a pd lobe.
One Floquet multiplier lies at -1 whereas the other lies on the real axis within
the unit circle. On this lobe one Floquet multiplier stays at -1. When the
pd lobe is followed further towards higher spindle speeds, it crosses the initial
(secondary Hopf) lobe and the Floquet multipliers form a complex pair again.
The critical pair follows the unit circle towards the imaginary axis. From the
centre of the unit circle a new pair moves towards the edge of the unit circle,
which is reached at the next peak of the sld. The presence of the pd lobe can
not be predicted using the autonomous model evaluated with the abm.

As mentioned in Appendix C.1 the phase shift between two subsequent
lobes ε is computed using the abm method according to (C.21). Furthermore,
using the sdm, this phase shift is computed according to (C.24). In Figure 3.4,
this phase shift is depicted using the two methods for the full immersion cut.
The corresponding sld is shown in Figure 3.2a. It can be seen that a jump in
the phase shift occurs at the peak of the sld. Furthermore, when the period-
doubling bifurcation occurs in the nonautonomous model, the phase shift is
equal to π (for a small range of spindle speeds). For a mill with two teeth,
when a pd bifurcation occurs, one tooth jumps over the material while the
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Figure 3.4: Phase shift between two subsequent waves for a full immersion cut using
an autonomous (abm) and a nonautonomous (sdm) model.

other tooth cuts all the material.
It can be concluded that the autonomous model in combination with the

abm, gives a fast estimation of the sld in case of high immersion milling. This
is sufficient for use in practice in a machine shop if high immersion cuts are
made. However, for low immersion cuts and when a thorough analysis of the
stability is desired, the autonomous model is insufficiently accurate.

3.3.2 Circular tooth path vs. trochoidal tooth path

As mentioned in Section 2.3, usually a circular tooth path is assumed, while in
fact it is a trochoid. In order to investigate the difference between these two
tooth path models on the sld, the stability of both models is evaluated using
the sdm. The stability lobes for down- and upmilling are shown in Figures 3.5
and 3.6, respectively. In Figure 3.5d, also the results from tds are depicted,
which confirm the shape of the sld. From these figures, it can be concluded
that the differences between the stability lobes of both models increase if the
radial immersion decreases. The differences in the static chip thickness, entry
and exit angles and delay, as shown in Figures 2.11, 2.12 and 2.13, respectively,
are the largest when the angle is close to 0 or π radians. Therefore, for a low
immersion cut these differences have a relatively large effect on the stability.

The differences between the stability lobes using the circular toothpath
model and the trochoidal toothpath model are mainly due to the periodic
motion of the cutter. For downmilling, on the right side of the peak an increase
in the stability limit can be seen, which results even in an extra peak for 5%
downmilling. For upmilling, the same effect can be seen on the left side of
the peak. Here, an extra peak occurs for 10% immersion and for 50% and 5%
immersion, the stability limit increases drastically near the peak of the lobe.
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Figure 3.5: Stability lobes for downmilling using the circular (‘case 2’) and the tro-
choidal (‘case 4’) toothpath model for several immersion levels.

Due to the periodic motion of the cutter, it may happen that the cutter loses
contact with the workpiece when φs < φj(t) < φe even if no chatter occurs.
This is depicted in Figure 3.7, where the chip thickness including the periodic
vibrations is shown for a cut at 23650 rpm and ap = 33 mm for 5% downmilling,
which is just below the top of the second peak in Figure 3.5d. This kind of tool
loss-of-contact has an effect similar to an effective decrease of radial immersion
(i.e. a decrease of φe), which results in an increase of the stability limit. When
a circular tooth path is assumed or when xF = 1, the periodic vibrations are
not included in the equations that are used to calculate the stability. Therefore,
this type of tool loss-of-contact is not included in these models.

Apart from this effect, the peak of the lobe shifts to the right for downmilling
and to the left for upmilling. This effect is due to the periodic delay. This can
be explained as follows. Chatter is caused by vibrations of the cutter on the
tooth path. The location of the peaks of the sld is defined by the ratio between
the (dominant) natural frequency (causing the vibrations) of the machine-tool
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Figure 3.6: Stability lobes for upmilling using the circular (‘case 2’) and the trochoidal
(‘case 4’) toothpath model for several immersion levels.

system and the tooth passing frequency (defining the tooth passing period). In
one tooth passing period, k + ǫ waves exist on the workpiece where k is the
number of full waves and ǫ = ε

2π < 1 the fraction of incomplete waves, see the
upper part of Figure 3.8.

If the lobe of an sld is followed from left to right for a system with a single
natural frequency, the fraction ǫ of these waves decreases as is shown in Figure
3.9. At the peak of a lobe, a jump is present to a wave where k is decreased
by one, i.e. the number of waves goes e.g. from 3.2 to 2.8. If the natural
frequency of the system increases, more waves are generated in the tooth path
for the same spindle speed, see the middle part of Figure 3.8. This will cause
the stability lobes to move to the right, since for the same spindle speed the
fraction ǫ is increased (ǫ2 > ǫ1). For downmilling at 5%, the angles at which
the cutter is engaged, lie close to π. As can be seen in Figure 2.13, this gives a
delay of about 1-1.5% higher than the constant delay τ̂ . Therefore, the interval
t − τj(t) is 1-1.5% larger than the interval t − τ̂ , which allows 1-1.5% more
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waves to exist within this interval. This is depicted schematically in the lower
part of Figure 3.8 (ǫ3 > ǫ1). Hence, with increasing the delay, the same effect
is achieved as with an increased natural frequency and the lobes move to the
right in the case of low immersion downmilling. Similarly, the delay is lower
than τ̂ for low immersion upmilling, which causes the peaks to move to the
left.

Hence, for accurate prediction of the stability lobes for low immersion
milling, the trochoidal tooth path model should be taken into account.
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Figure 3.10: Stability lobes for downmilling using a concentric and eccentric tool.

3.3.3 Concentric vs. eccentric tool

When an eccentric tool is modelled, the stability lobes move upward as is
depicted in Figure 3.10. The eccentricity is modelled as described in Section
2.7 with γ = 30◦ and e0 = 20 · 10−3 mm. The reason that the eccentricity
has a slightly stabilising effect is the fact that the regenerative effect is slightly
suppressed. For an eccentric tool, each tooth follows a different path compared
to the past tooth when the cut is stable. This is the same effect as can be
achieved by varying the angles between the teeth on the cutter. Moreover, the
period-doubling lobe moves to the left (see pd in Figure 3.10) and can be seen
halfway the descending part of the lobe. Furthermore, at the points where in
the case of a concentric tool a period-doubling bifurcation occurs, in case of an
eccentric tool, a cyclic-fold bifurcation can occur. This means that before the
bifurcation point, two periodic solutions with the same period time exist. One
of these solutions is stable and the other one is unstable. After the bifurcation
(for larger ap), none of these two periodic solutions exist. In Figure 3.10, the
stability boundary related to this cyclic-fold bifurcation is not depicted, since in
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Figure 3.11: Bifurcation diagram for a 50% downmilling cut at 26400 rpm including
an eccentricity. For certain points, the Floquet multipliers are displayed.

this area an accumulation of several bifurcations occurs, which will be discussed
in more detail now.

In Figure 3.11, the bifurcation diagram (with ap as a bifurcation parameter)
at 26400 rpm is presented for a 50% downmilling case. On the horizontal axis,
the depth of cut is shown and on the vertical axis the ‘amplitude’ a of the
periodic motion is depicted, according to

a =
√

(vx,max − vx,min)2 + (vy,max − vy,min)2. (3.18)

At several points in the diagram, the corresponding Floquet multipliers are
shown. This bifurcation diagram is constructed using pdde-cont [131]. This
software can be used for continuation of bifurcations in periodic ddes. The
periodic solution computed with this software is equal to the periodic solution
computed with fdm. One of the benefits of this software is that arclength con-
tinuation is possible, such that at the turning point of a cyclic-fold bifurcation,
the branch of periodic solutions can be followed. Up to the axial depth of cut
ap,b1 = 2.668 mm, a stable periodic solution exist. Then, at ap = 2.668 mm
one Floquet multiplier crosses the unit circle at µ = 1 (a cyclic-fold bifurcation
occurs) and the periodic solution no longer exists. Just before the bifurcation
point, a second periodic solution exists, which is unstable and has the same pe-
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riod time as the stable periodic solution. Furthermore, for ap,b2 = 2.352 mm,
a second Floquet multiplier crosses the unit circle which leads to a second
cyclic-fold bifurcation. In this case, for ap > ap,b2, a third periodic motion
exists which is unstable and has the same period time as the second periodic
solution. For ap < ap,p2, both the second and third unstable periodic solutions
do not exist. The two real eigenvalues change into a complex pair of Floquet
multipliers just outside the unit circle at ap = 2.357 mm.

When a tds is performed where the axial depth of cut is slowly increased
(such that a quasistatic situation is achieved according to ap = 0.28t + 0.2),
up to ap = 2.5, the stable branch of periodic solutions is followed. Then,
the stable periodic solution no longer exists, due to the cyclic-fold bifurcation
at ap,b1. When ap is increased further, a quasi-periodic motion occurs, due
to the complex conjugate pair of Floquet multipliers, see Figure 3.12b. In
Figure 3.12, the results of these kind of simulations are presented for several
spindle speeds. The corresponding bifurcation diagrams are displayed in Figure
3.13. For 26000 rpm (Figure 3.12a), a secondary Hopf bifurcation occurs at
ap = 1.6 mm, which leads to a quasi-periodic solution for ap > 1.6 mm. In
Figure 3.13a, this bifurcation can also be seen, since the periodic solution is
unstable for ap > 1.6 mm. For 26500 rpm (Figure 3.12c), the periodic solution
remains stable, which can also be seen in Figure 3.13c. However, the amplitude
of the periodic solution increases drastically. For 26700 rpm, in the tds, a jump
from one periodic solution to another periodic solution (with the same period
time) occurs at about ap = 1.88 mm. In Figure 3.13d, at this ap, a cyclic-fold
bifurcation occurs, such that the initial stable periodic solution does no longer
exists for ap > 1.88 mm and a jump to a new stable periodic motion with a
larger amplitude is made when ap increases.

In Figure 3.10, the stability limit depicted is the point where the first branch
of periodic solutions (starting from ap = 0 mm with increasing ap) loses stabil-
ity. In Figure 3.14, the stability properties are depicted for the 50% downmilling
case. This figure shows that very complex bifurcation behaviour occurs, which
may hamper a very clear definition of the chatter boundary.

The question rises, when the cut is marked as exhibiting chatter. For the
stable periodic motion with the large amplitude (as e.g. occurs for increasing
ap at 26500 rpm, see Figure 3.12c), the same effect occurs as is the case for the
period-doubling bifurcation when a concentric tool is modelled, i.e. one tooth
is cutting and the other tooth is flying over the material. Theoretically, when
chatter is defined as the result of the loss of stability of a periodic solution, the
cut is stable and not exhibiting chatter. However, from a practical point of view,
chatter occurs, because the cutting tooth wears out rapidly and the workpiece
surface is damaged. Therefore, we conjecture that linking the chatter boundary
solely to the local stability properties of the periodic “no-chatter” solution is not
always sensible. Namely, this solution may itself represent violent vibrations
and other solutions may co-exist.
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Figure 3.12: Time domain simulations for 50% downmilling with an eccentric tool.
The dark solid is the displacement in x direction and light dots are sam-
pled at each revolution.

3.3.4 Feed dependency

In Section 2.4, it was stated that the limit of stability is a function of the chip
load fz when using an exponential model. In Figure 3.15, the sld is presented
for different chip loads. In this figure, the results for the 50% downmilling
case is presented. As can be seen, the stability limit increases as the chip load
increases. Of course, in practice, the chip load is limited by machinability of
the material, the feed motion of the machine and the surface quality of the
workpiece. At other immersion rates, the results are similar.

3.4 Discussion

The milling model presented in Chapter 2 is used to compute the stability lobes
diagram for the different cases mentioned in Table 3.1. When a trochoidal tooth
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Figure 3.13: Bifurcation diagrams for 50% downmilling with an eccentric tool.

path is modelled in combination with a nonlinear cutting force model, the pe-
riodic solution (associated with a no-chatter situation) needs to be computed
explicitly. This is done by using the finite difference method (fdm) for ddes.
This method can be used to compute both stable and unstable periodic solu-
tions of linear ddes with a known period time.

The stability limit (associated with loss of stability of the no-chatter solution
mentioned above) is computed using two methods: the method presented by
Altintas and Budak (abm), see [5], and the semi-discretisation method (sdm),
presented by Insperger and Stépán [56]. The first method can only be used
for autonomous models with a constant delay, whereas the second method
can also be used for nonautonomous models and models with periodic delay.
Therefore, in this case, for the abm an autonomous model is used, whereas for
the sdm a nonautonomous model is used. The autonomous model is obtained
by averaging the chip thickness and forces of the nonautonomous model over
the tooth path. It was found that the lobes computed with the autonomous
model are inaccurate for low immersion cuts (i.e. ae/(2r) ≤ 0.1). Furthermore,
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Figure 3.15: Stability lobes for 50% downmilling for several chip loads (in mm/tooth);
(‘case 2’ model).

the existence of a period-doubling lobe is not predicted for the autonomous
model. However, the great benefit of the abm is the fact that it is much faster
than the sdm. The abm is sufficient for practical application in a machine shop
if high immersion cuts are made.

The difference in the sld for a model featuring a circular tooth path and a
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model featuring a trochoidal tooth path is studied using the sdm. It was found
that the differences between the slds of two models increase with decreasing
immersion level. For the trochoidal tooth path model, an extra peak can occur.
Due to the periodic motion, the tool may loose contact with the workpiece
even when not in chatter. This results in an extra peak on the sld. From the
simulation results, it can be concluded that for an accurate prediction of the
stability lobes for low-immersion cutting it is necessary to drop the assumption
that the tooth path is a circular arc. The tooth path should then be modelled
as a trochoid.

Furthermore, the sld is computed for a model including eccentricity. From
the simulations, it can be concluded that including eccentricity in the model
has a stabilising effect, since the lobes shift upwards. Furthermore, a cyclic-
fold bifurcation can occur. Before this bifurcation, two periodic motions exist
which have the same period time. The initial periodic solution is stable and
the other periodic motion is unstable. However, the fdm is not able to always
compute the initial periodic solution, and hence the stability limit can not
always be computed. Also from time domain simulations, the bifurcation point
can not always be clearly found. Therefore, the branch of periodic solutions
is computed using pdde-cont[131]. With this tool, the stability properties of
the model can be analysed. It is found that when an eccentricity is modelled,
at certain spindle speeds, the periodic solution remains stable. If chatter is
defined as the lost of stability of the periodic solution, chatter does not occur
here. However, from a practical point of view, chatter would occur, since the
workpiece surface is damaged due to the large vibrations of the cutter, and
also the cutter will damage rapidly. Therefore, linking the chatter boundary
solely to the loss of stability of the periodic motion is not always sensible when
eccentricity is modelled.

Finally, the dependency of the sld on the chip load is evaluated. When
using a nonlinear cutting force model, the stability limit is a function of the
chip load. It was found that the stability limit increases with an increasing chip
load. This is due to the fact that for a small chip load, even a small vibration
may result in the tool jumping out of the cut, which may result in chatter.
This effect does also occur in practice. Therefore, for accurate prediction of
the stability lobes, a nonlinear cutting force model, such as an exponential
model, should be used.

Based on these conclusions, the model that we will use for the experimental
verification will be the nonlinear cutting force model. The experiments that
are performed are high immersion cuts, so the circular tooth path model gives
a sufficient estimate of the stability limit (case 2 of Table 3.1). The identifica-
tion of the necessary parameters and experimental validation of the model are
presented in Chapter 4.



4
Experimental identification and

validation of the model

4.1 Identification of the cutting force parameters

4.2 Identification of the spindle-toolholder-tool dynamics

4.3 Validation of the predicted stability lobe

4.4 Discussion

In Chapter 2, a generic model is presented to describe the (high-speed)
milling process. In the block diagram depicted in Figure 2.6, the blocks Cutting
and Machine contain parameters that need to be determined. These parameters
depend on the machine, toolholder, tool and workpiece material that is used.
In this chapter, experiments are described that have been performed to identify
the parameters of the model presented in Chapter 2 and to validate this model
for a specific experimental set-up.

First, in Section 4.1, the experimental identification of the parameters of
the cutting force model, i.e. the block Cutting in Figure 2.6, is described. Next,
in Section 4.2, the identification of the spindle-toolholder-tool (stt) dynamics,
i.e. the block Machine in Figure 2.6, is discussed. Finally, stability lobes have
been generated using the experimentally determined parameters by application
of the sdm.

In literature, experimental validation of stability lobes has been described
in [60] for spindle speeds up to 18000 rpm on a milling machine that is modi-
fied such that a flexibility exist in one direction on the machine bed. In [39],
experiments have been performed for spindle speeds up to 15000 rpm. In the
current work, experiments have been performed to validate the model-based
stability lobes for spindle speeds up to 42000 rpm on a state-of-the-art high-
speed milling machine. This will be discussed in Section 4.3. Section 4.4 gives
some concluding remarks.

The experiments are performed at TNO Science and Industry Eindhoven
on a state-of-the-art Mikron HSM 700 high-speed milling machine [97], see Fig-
ure 4.1. This machine contains a Step-Tec HVC140-SB-10-15/42-2F-HSK-E40
spindle [127] which has a spindle speed range of 100-42000 rpm. The workpiece
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Figure 4.1: The Mikron HSM 700 milling machine at TNO.

is a block of aluminium 7075. The tool that is used for these experiments is a
Jabro Tools JH421L100 cutter of 10 mm diameter and a length of 57 mm [63].
This cutter contains two teeth and is mounted in a Kelch shrink-fit toolholder
[66].

4.1 Identification of the cutting force parameters

When the cutting parameters need to be identified, it is necessary to experi-
mentally measure the cutting forces. The parameters Ktc, Krc and xF of the
model in (2.52) need to be determined for every combination of spindle-tool-
holder-tool and workpiece material.

The cutting forces can be measured by mounting the workpiece on a dy-
namometer that measures forces in x, y and z direction. Full immersion cuts
have been made while a Kistler 9255 dynamometer has been used to measure
the forces [70]. Since the z direction is not included in the model, only the
forces in x and y direction have been measured. In Figure 4.2, a schematic
representation and a photo of the set-up are shown.

When measuring cutting forces, the tooth pass frequency should be signifi-
cantly less than the natural frequency and the bandwidth of the dynamometer,
which is 2 kHz. Hence, the spindle speed for the cutting force measurements is
chosen to be 15000 rpm, which gives a tooth passing frequency of 500 Hz. For
a cut at ap = 1 mm and fz = 0.2 mm/tooth, the measured forces are depicted
in Figure 4.3. From this figure, it can be seen that the amplitude of the forces
alternates between a high and a low value, which indicates that a larger force
is working on one tooth, compared to the other tooth. This is due to the fact
that, in practice, the stt system is not perfectly rotationally symmetric, due
to eccentricity or a not perfectly identical shape of the teeth as a result of e.g.
wear or built-up edge.
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Figure 4.2: The set-up for measuring cutting forces.
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Figure 4.3: Forces measured during a full immersion cut at 15000 rpm, ap = 1 mm
and fz=0.2 mm/tooth.
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The parameters Ktc, Krc and xF are fit by least squares optimisation.
Since the rotation angle of the cutter and the chip thickness are not measured,
a fit in time domain is not desirable and therefore, an indirect approach is
suggested. When the normal forces Fy are displayed as a function of the forces
in feed direction Fx, this yields an elliptical shape for each tooth. Using a least
squares optimisation, an ellipse can be fitted through this data [50]. With the
centre of this ellipse as origin, the data can be represented as a function of the
angle ϑ, where ϑ is defined as shown in Figure 4.4. Next, the interval [0, 2π]
is split into an equidistant grid with grid size dϑ. Every interval between two
gridpoints represents an arcsection in Figure 4.4. By computing the mean value
of all the datapoints (Fx, Fy) within this arcsection, the averaged forces as a
function of ϑ can be computed. These averaged values are represented by the
dashed line in Figure 4.4, where the coordinates of a certain point on this line
are called (x1, y1).

When an initial guess for the cutting parameters Ktc, Krc and xF is given,
the estimated forces F̂x and F̂y for a single rotation can be computed using
(2.55). Using the same procedure as done with the measurements, the esti-
mated forces as a function of ϑ can be computed. The coordinates of a certain
point on this line are called (x2, y2). By minimising

2π
∑

ϑ=0

(

√

x1(ϑ)2 + y1(ϑ)2 −
√

x2(ϑ)2 + y2(ϑ)2
)2

, (4.1)
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Figure 4.5: Fit on the forces measured during a full immersion cut at 15000 rpm,
ap = 1 mm and fz=0.2 mm/tooth.

the model is fit on the measurements using a least squares optimisation. This
gives the fit of the model on the measured data as depicted in Figure 4.4. In
Figure 4.5, the fit on the measurements is shown in time-domain. The estimated
values of the parameters are Ktc = 271 N/mm1+xF , Krc = 33.7 N/mm1+xF

and xF = 0.234.
The differences between the measurements and the fit are caused by various

factors. First, as mentioned before, the force at the tooltip differs for each
tooth. Second, the tool is modelled as being rigid, while this is not the case
in practice. The tool used for the experiments has a diameter to length ratio
of 1:6, which makes the tool rather flexible. This causes a high-frequency
spectral content in the measurements, which is visualised e.g. in the peaks
of Fy in Figure 4.3b and the sharp corners of the measurements in Figure
4.4. However, this high-frequency spectral content can not be captured in the
model. The reason, that this rather slender tool is used, is the fact that the
combination of spindle-toolholder-tool has one dominant eigenfrequency, as will
be shown in Section 4.2. This is beneficial for comparing the modelled sld with
experiments. The sensitivity of the sld with respect to the stt dynamics is
much larger than the sensitivity with respect to the cutting force parameters.
Therefore, we state that the fit of the cutting parameters is sufficiently well.
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Figure 4.6: Schematic representation of the set-up for measuring the stt dynamics.

4.2 Identification of the spindle-toolholder-tool dy-

namics

4.2.1 Impulse hammer tests

For the identification of the stt dynamics, the frequency response function
(frf) between the force on the tooltip and the displacement of the tooltip
is determined by performing experiments. Hereto, the tip of the tool needs
to be excited by a force with a broad frequency range, while this force is
measured. At the same time, the response of the tooltip (displacement, velocity
or acceleration) should also be measured [31]. One way to excite the tool is by
hitting it with an impulse hammer, which leads to a short force pulse that has
a broad frequency range.

Therefore, impulse hammer tests have been performed. An accelerometer
(type Kistler 8614a1000m1 [70]) is mounted on the tip of one tooth using wax,
measuring the acceleration a of the tooltip. The tooth opposite to this tooth is
hit with an impulse hammer (type PCB 086C04 [107]) that measures the force
F applied on the tool, see Figure 4.6. The tool that is used is the Jabro Tools
JH421L100 tool that has also been used for the experiments in Section 4.1. The
diameter to length ratio is about 1:6, which results in a relatively flexible tool
compared to the stiffness of the toolholder and spindle. Hence, the stt system
has a single dominant eigenfrequency, due to the first bending mode of the tool.
The measurements are repeated 10 times and are executed in both x- and y-
direction. The measurement data (force and acceleration) are converted from
time-domain to frequency-domain using a fast Fourier transformation (fft). In
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order to compute the frf between force and displacement, the acceleration data
should be integrated twice. In the frequency domain this is done by dividing
it by (i2πf)2, with i =

√
−1. Next, a frequency response function H(iω),

with ω = 2πf , is fit on this data, using the maximum likelihood estimation of
frfs in the frequency domain. Hereto, the fdident toolbox [71] for Matlab

is used. As a boundary condition, the frequency response function to be fit
should be stable and minimum phase. By using the definition

H(iω) =
B(iω)

A(iω)
= C(iωI−A)−1B + D, (4.2)

the frequency response function H(iω) is converted to state-space representa-
tion (2.56) in controller canonical form. Next, using (2.57) the sub-systems
in feed and normal direction are combined. Finally the combined system is

balanced using diagonal similarity. This means that balanced system

[

A B

C D

]

has approximately equal row and column norms.
The results are displayed in Figure 4.7 for the experiments in feed direc-

tion. The results for the experiments in normal direction are comparable to
the results in feed direction. In this figure, the experimental results are shown
with the dots. The 95% confidence range on these measurements is plotted
with the dashed lines. The fitted frequency response function (the solid line)
accurately fits the experimental data, since it lies within the 95% confidence
range of the measurements for almost the full frequency range. The domi-
nant eigenfrequency of the tool is 2.5 kHz, which is visualised by a peak in
the frf of Figure 4.7a. Also this resonance is described accurately by the fre-
quency response function. Additional peaks in the magnitude of the frf exist
at (among others) 1.0 and 1.3 kHz. These frequencies are likely to be related
to the dynamics of the spindle. The magnitude of the frf at these frequencies
is significantly lower than the magnitude at 2.5 kHz. Therefore, the eigenfre-
quency at 2.5 kHz is dominant when computing the sld. In Figure 4.7a two
dotted lines are added. These two lines represent the frfs at 110% and 90%
of the magnitude of the initially fitted frf, respectively. This 10% difference
compared to the initial fit is of the same order of magnitude as the 95% confi-
dence range for a wide frequency range. These ‘110%’ and ‘90%’ frfs will be
used to investigate the sensitivity of the sld with respect to uncertainties in
the identified stt-dynamics.

Experiments have also been performed on a shorter tool, with a length of
40 mm and a diameter of 10 mm. Here, the magnitude of the frf at the first
bending mode of the tool (at 4 kHz) is of the same order as the magnitude
of the peaks at lower frequencies. Therefore, when computing the sld, these
frequencies interfere, which makes the sld highly sensitive to the fit of the frf.
Consequently, when such competing resonances are encountered in a specific
spindle-toolholder-tool combination, a reliable and accurate prediction of the
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Figure 4.7: Frequency response function of the tool in the spindle (between a force
and displacement in feed direction). Measurements and fit of a frequency
response function.

sld is more difficult.

4.2.2 Alternative methods

A drawback of the method using impulse hammer tests is the fact that the
frf is computed for a non-rotating tool. In e.g. [2], it was shown that the
dynamics of the stt system are spindle-speed dependent. This dependency
has also consequences for the sld. However, this dependency can not be taken
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Figure 4.8: Schematic representation of the (inverse) rcsa method.

into account when only experiments are performed on a non-rotating spindle.
Methods exist for non-contact excitation of a rotating steel rod, see e.g. [30],
using electromagnetic excitation of the tool. However, the material of the tool
that is used in our experiments (carbide) has a very low magnetic permeability,
which results in a poor excitation using electromagnetic excitation. Further-
more, the displacement response of a rotating tool is very difficult to measure
at the tooltip due to the shape of the tool.

Using the receptance coupling substructure analysis (rcsa) described in e.g.
[29, 105], it is possible to combine the dynamics of the tool on one hand and
the dynamics of the spindle and toolholder on the other hand, see Figure 4.8.
In order to identify the spindle-toolholder dynamics, a cylinder can be used as
a replacement of the tool. The response of the cylinder can be measured while
it is rotating. Using the inverse rcsa method, the dynamics of the spindle can
be separated from the dynamics of the cylinder. Then, using a finite element
(fem) model of the tool, the tool dynamics can be coupled to the spindle
dynamics using rcsa [40]. However, the cylinder should be clamped in the
same toolholder that clamps the tool. Since this is a shrink-fit toolholder,
the cylinder should be made of the same material as the tool, which can not
properly be excited by an electromagnetic device. Therefore, the response of
the tool can be measured while it is rotating, but it can not be excited properly.
Hence, the frf of the rotating tool can not be identified using this strategy.
One way to increase the magnetic permeability of the cylinder could be to use
a coating on the cylinder that has a large magnetic permeability, or to replace
the tip of the cylinder by a material that has a larger permeability. Although
the dynamics of a rotating spindle can not be identified, the (inverse) rcsa

is an efficient method to identify the dynamics of a non-rotating stt system,
when various tools are used in the same toolholder. Namely, the experiments
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Figure 4.9: Milling a thin wall.

to identify the spindle-toolholder dynamics only need to be performed once,
while the addition of the tool dynamics (for a large range of different tools) can
be performed offline.

Another approach for the excitation of a rotating tool is by cutting a thin
wall, see Figure 4.9. Using this method, the tool is excited by a small pulse
each time it cuts material, which results in a broad excitation frequency range.
The force on the cutter can be measured with a dynamometer on which the
workpiece is mounted. An advantage of this method is the fact that the tool
is excited by simply milling a workpiece, which makes it easy to implement in
practice. However, the displacement of the tooltip can not be measured while
the tool is cutting. Hence, an accurate frf can not be obtained with this
method when the response of the tooltip can not be measured.

Therefore, we use the data obtained with the impulse hammer tests to
identify the dynamics of the stt system.

4.3 Validation of the predicted stability lobe

The stability lobes have been computed using the model of Chapter 2 and the
sdm as described in Chapter 3 with the experimentally obtained parameters,
identified in Sections 4.1 and 4.2. The sld is computed for a full immersion
case. Therefore, it is sufficient to model a circular tooth path (case 2 of Table
2.2). For the sake of simplicity, eccentricity is not included in this sld. This
model will be validated with experiments for high spindle speeds, namely up
to 42000 rpm. In existing literature, such as [39, 60], such kind of validation
experiments have only been presented for spindle speeds up to 18000 rpm.

Experiments have been performed, to detect the stability limit experimen-
tally. Hereto, full immersion cuts have been performed for a wide range of
spindle speeds from 15000 to 42000 rpm. This is the spindle speed region
in which this machine is used in practice. For each spindle speed, the initial
depth of cut is chosen such that no chatter occurs. By examining the workpiece
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surface and listening to the sound of the cut, the cut is marked as exhibiting
chatter or not. If chatter is not detected, the axial depth of cut is increased
by 0.25 mm and a new cut is made. This procedure is repeated until chatter
occurs. A cut is marked as exhibiting chatter or not by inspection of the work-
piece and judging the sound of the cut. The acceleration at the lower spindle
bearing is measured with an accelerometer. The dominant chatter frequency is
marked as the peak frequency in the psd of the acceleration that is not equal
to the spindle speed or a multiple thereof.

In Figure 4.10, the modelled sld is presented together with the experimental
results. For each stable experimental cut, a circle is displayed, whereas an
unstable experimental cut is marked with a cross. For cuts where it was not
clear whether or not chatter occurred, both a circle and a cross are displayed.
Furthermore, the dominant chatter frequencies are included in Figure 4.10a.
As can be seen in these figures, the chatter frequencies increase with increasing
spindle speed, until the peak of a lobe is reached. Then, the frequency drops
and starts to increase again if the spindle speed is increased further. This trend
can be seen in the results of both the model and the experiments.

From Figure 4.10, it can be concluded that the location of the peaks of the
modelled sld, coincides well with the experimental data for low spindle speeds,
i.e. up to approximately 27000 rpm. However, for higher spindle speeds, the
peaks of the modelled lobes are too wide and too far to the right. This could
be due to a decrease of the eigenfrequency of the spindle-toolholder-tool for
high spindle speeds, as observed in [2, 39]. A decrease of the natural frequency
results in narrower stability lobes and a shift of the peaks to the left, which
can be seen in the experimental results of Figure 4.10b. Furthermore, it can
be seen that for low spindle speeds, the experimentally determined chatter
frequency coincides well with the modelled chatter frequency of Figure 4.10a.
For higher spindle speeds, the dominant chatter frequency is significantly lower
than for low spindle speeds. Since the dominant chatter frequency is related
to the eigenfrequency of the stt system, it is reasonable to assume that the
eigenfrequency is indeed lower for high spindle speeds. The dominant chatter
frequencies at 24000 and 25000 rpm are not depicted in Figure 4.10a, since
they are 1100 and 4448 Hz, respectively.

In Figure 4.10b the slds are also presented for the case where the magnitude
of the frf of the stt model is increased or decreased by 10%, respectively, as
depicted in Figure 4.7a. Since only the magnitude of the frf has been changed
while the dominant frequencies are kept constant, this results in a vertical
shift of the sld. Hence, the differences between the modelled sld and the
experimentally found stability border are not due to errors in the measurement
of the dynamics for a non-rotating spindle or the fit of this frf.
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Figure 4.10: Stability lobes of the HSM700 using a JH421L100 tool. Model and ex-
periments.
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4.4 Discussion

In Section 4.1, a method is presented to identify the cutting coefficients from
measurement data, when the forces in feed and normal direction are measured
during cutting. Since the angle of rotation is not measured, this method does
not use the forces as a function of time. Rather, it fits the forces in normal di-
rection as a function of the forces in feed direction. This method has been used
on an experimental set-up, consisting of a Mikron HSM 700 milling machine
and a Jabro Tools JH421L100 cutting tool in a Kelch shrink-fit holder, while
cutting aluminium. For this particular set-up, the estimated cutting coefficients
are Ktc = 271 N/mm1+xF , Krc = 33.7 N/mm1+xF and xF = 0.234.

The differences in the experimental results and the results of the cutting
model are due to the fact that the tool is modelled as rigid when fitting the
cutting parameters. Since in the experiments a rather slender tool is used, the
tool vibrates while it is cutting, which influences the cutting forces. However,
the use of this slender tool is beneficial for the identification of the stt dynam-
ics. The sld is more sensitive to the identification of the stt system than to
the identification of the cutting parameters. Therefore, we state that the fit of
the cutting parameters is sufficiently well for computation of the sld.

The dynamics of the stt system are identified experimentally in Section
4.2. Hereto, the tip of the tool is excited with an impulse hammer while the
response is measured with an accelerometer. This method is suited well for
non-rotating tools, but can not be used to identify the dynamics of a rotating
spindle. Alternative suggestions are presented in an attempt to identify the stt

dynamics of a rotating spindle, but unfortunately, these methods can not be
used due to the fact that the excitation and the response can not be measured
simultaneously at the (rotating) tooltip.

The stability lobes have been computed using the model of Chapter 2 and
the identified parameters. Experiments have been performed to validate this
sld for spindle speeds up to 42000 rpm. The position of the peaks of the
modelled sld coincides well with experimental results for spindle speeds up to
27000 rpm. It was found that for higher spindle speeds, the modelled lobes
are wider and lie at higher spindle speeds compared to the experimentally de-
termined lobes. This could be due to a decrease of the eigenfrequency of the
spindle-toolholder-tool for high spindle speeds [2]. When comparing the domi-
nant chatter frequency, it can also be seen that the experimentally determined
chatter frequencies are lower than the modelled chatter frequencies, which can
also be explained by a decrease of the eigenfrequency of the stt system for
higher spindle speeds.
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Online chatter detection

5.1 The demodulation method

5.2 Detection using parametric modelling

5.3 Discussion

In this chapter, two different methods will be presented to experimentally
detect the onset and the occurrence of chatter. The work on experimental
chatter detection has been performed in co-operation with TNO Science and
Industry. The first method (see also [34]) will be presented in Section 5.1. The
second method will be presented in Section 5.2. A more detailed description of
the second method can be found in the patent [24].

In Figure 2.7, the power spectral density of the acceleration measured at
the lower spindle bearing is shown. As explained in Section 2.2, when chatter
occurs, at a certain distance on both sides of each spindle speed harmonic new
peaks arise in the psd of the acceleration signal.

The goal of the detection method is to online detect the rise of one of these
chatter frequencies as soon as possible. This means that it is desired to detect
the onset of chatter, i.e. when it has not fully developed yet. This demands a
fast and sensitive detection algorithm. It would be relatively easy to generate
a fast Fourier transform (fft) and to detect the magnitude of the peaks at
frequencies not related to the spindle speed in the frequency-domain. When
the magnitude rises beyond some given threshold, the cut will be marked as
unstable. However, computing an fft takes too much time for early chatter
detection. Therefore, alternative detection methods are needed.

5.1 The demodulation method

5.1.1 Demodulation

In an early stage of chatter, the energy at the chatter frequencies will be very
small compared to the energy at the tooth passing frequencies. Therefore, it
is important to filter the measured signal in such a way that the toothpassing
frequencies fTPE (see (2.15)) will be eliminated. This is done by demodulation
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of the signal [34, 35]. This principle will be illuminated for the case of a fictitious
measured signal ξ(t) containing two sinusoids at frequencies f1 and f2 < 2f1:

ξ(t) = 2c1 cos(2πf1t+ φ1) + 2c2 cos(2πf2t+ φ2), (5.1)

with c1,2 representing the respective amplitudes and φ1,2 arbitrary phases. In
this case, it is assumed that f1 is known and f2 is unknown. Multiplication of
ξ(t) with cos(2πf1t) gives

ξ(t) cos(2πf1t) =c1 cos(4πf1t+ φ1) + c2 cos
(

2π(f2 + f1)t+ φ2

)

+ c1 cos(φ1) + c2 cos
(

2π(f2 − f1)t+ φ2

)

.
(5.2)

Clearly, this modulated signal contains four frequencies, two of which are the
original frequencies shifted with f1 and two are shifted with −f1. The down-
ward shifted frequencies can easily be extracted using a lowpass filter with
cut-off frequency f1. The spectrum of this demodulated and filtered signal
contains two peaks, namely at frequency zero and at frequency |f1−f2|, which
we will call fp. Since f1 is known and cos(2πfpt) = cos(−2πfpt), two possibil-
ities for f2 exist: f2 = f1 + fp if f2 < f1 or f2 = f1 − fp if f2 > f1. Referring
to (2.13), fortunately in the milling process the frequencies at fC can be built
from both equations with f1 = ftpe and f2 = fc, so it is not necessary to know
which of the two cases holds.

In practice, due to non-perfect rotational symmetry of the stt system, not
only the frequencies at fTPE are visible in the frequency spectrum, but also
the spindle speed and its higher harmonics fSP . Therefore, referring to (2.13),
chatter can occur in practice at the frequencies defined by

fC = {f |fC = ±fc + kfsp} , with k ∈ Z. (5.3)

Hence, the demodulation frequency is chosen to be a higher harmonic of the
spindle speed. When applying this demodulation in milling some extra fil-
tering is necessary. Therefore the following steps are performed: first, a cer-
tain harmonic of the spindle revolution frequency kfsp, with k ∈ N is chosen
and a bandpass filter is applied around this frequency, where the size of the
passband is fsp. Hence, the passband contains the frequencies in the interval
[(k− 0.5)fsp (k+ 0.5)fsp]. More details on the choice of the proper harmonic
is given in Section 5.1.3. Second, the demodulation is applied as described with
f1 = kfsp and a lowpass filter with cut-off frequency fsp is applied to extract
the downward shifted frequencies. Third, the zero frequency component is fil-
tered with a highpass filter with a low cut-off frequency (typically 10-15 Hz).
Now, only the frequency fp = |f1−f2| is left in the signal. Finally, the absolute
value is computed and a lowpass filter with cut-off frequency 100 Hz is applied.
Since we are only interested in the trend of the signal, the low frequency content
of the signal is sufficient. The value for this cut-off frequency is determined
empirically. In the remainder of this section, the resulting signal will be called
the detection signal.
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Figure 5.1: Simulation of an increasing depth of cut and detection of chatter.

5.1.2 Simulation results

A simulation of a full immersion cut at 20000 rpm using the model of Chap-
ter 2 and the detection algorithm is performed, where the axial depth of cut
is increased linearly in time in 10 seconds from 0.5 to 1.5 mm, which causes
chatter to occur during the cut. The other parameter values are taken from
Table 2.3. Theoretically, from the dominant Floquet multipliers, it follows
that the basic chatter frequency is fc = 270 Hz. The dominant chatter fre-
quency fchat is located near the natural frequency (f0 = 2198 Hz). With
fsp = 20000/60 ≈ 333 Hz, it follows from (5.3) that the frequency in fC

that lies closest to f0 is fchat = 2270 Hz. This frequency lies in the band
around the 7th harmonic of the spindle speed, which contains the interval
[(7− 0.5)fsp (7 + 0.5)fsp] = [2167 2500] Hz. Therefore, the demodulation is
applied around the 7th harmonic of the spindle speed (2333 Hz). The displace-
ment of the tool normal to the feed direction is used as the signal for chatter
detection. The results are shown in Figure 5.1. In the upper figure, the dis-
placement can be seen. When the cut is stable, the maximum displacement is
about 0.03 mm, whereas when chatter has become fully grown, the maximum
displacement is about 0.08 mm. However, it is difficult to apply some threshold
on this signal, since the maximum value of the displacement depends on the
depth of cut, even in a stable situation. However, using the detection signal as
shown in the lower figure, it can be seen that the value for a stable cut is almost
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zero, while when chatter starts to occur, it rapidly increases up to 2 · 10−3 mm
(due to negligible numerical errors of the milling model and the filters used in
the detection method, the value for a stable cut is not exactly zero). This large
difference allows for a less stringent selection for the threshold value. It should
be noted that the fact that the detection signal is zero for stable cuts is due to
the fact that all harmonics of the tooth-passing frequency are filtered out.

The choice for the threshold is made empirically. In this case, the threshold
is chosen to be 4 · 10−5 mm. Then, chatter can be detected at about 3.55 s,
whereas it has only become fully grown at about 3.8 s. Thus, in this case the
detection method alarms 0.25 s before chatter has fully developed. Note that
in 0.25 s, 33 mm of material has been cut in feed direction.

5.1.3 Experimental results

Experimental set-up

Experiments have been performed to test the detection method in practice.
First, experiments have been performed on the Mikron HSM 700 milling ma-
chine [97] described in Chapter 4 using a wide range of sensors. A picture of the
milling machine (including the definition of the x, y, z-directions) is shown in
Figure 5.2a and the set-up is schematically depicted in Figure 5.2b. The follow-
ing sensors have been used: a microphone, accelerometers (Brüel & Kjær 4382
[10]) at the spindle housing in feed (x) and normal (y) direction, eddy current
sensors (Micro-epsilon DT110-T-U05-A-C3 [96]) measuring the displacement of
the tool in x and y direction, a dynamometer (Kistler type 9255 [70]) measuring
forces in x, y and axial (z) direction and accelerometers (Brüel & Kjær 4382)
mounted on the dynamometer measuring acceleration in x, y and z direction.
The tool used is a 10 mm diameter Jabro Tools JH420 cutter [63] with two
teeth and the workpiece material is aluminium 7075.

Sensor choice

Measurements are performed for a cut where the mill is rotating at 42000 rpm.
The axial depth of cut is 2 mm and the chip load is 0.15 mm/tooth. The radial
depth of cut is increased from 4 to 6 mm, which results in the occurrence of
chatter during the cut. Due to a small eccentricity not only the tooth passing
frequency can be seen from the measured signals, but also the spindle speed
itself and its higher harmonics. This frequency is exactly half the tooth passing
frequency since the tool has two teeth. In Figure 5.3, a power spectral density
plot of the acceleration at the spindle bearing in y direction is shown. As
can be seen, due to an eccentricity in the spindle-toolholder-tool combination,
the basic chatter frequency fc = 96 Hz is also added or subtracted from all
multiples of the spindle revolution frequency fSP . Since the dominant chatter
frequency (fchat = 2196 Hz) lies around the third harmonic of the spindle
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Figure 5.2: The set-up. 1: Microphone, 2: Accelerometers, 3: Eddy current sensors,
4: Dynamometer, 5: Accelerometers, 6: Tool, 7: Workpiece, 8: Mounting
device, 9: Spindle, 10: Toolholder, 11: Bed.
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Figure 5.3: Power spectral density of the acceleration in y-direction.

speed, the chosen frequency at which the demodulation is performed equals
three times the spindle speed: f1 = 3 n

60 Hz. Normally, this information is not
known a priori and several demodulation frequencies should be chosen, which
will be demonstrated later. In Figure 5.4, the detection signal is presented
for several sensors. At t = 0 the tool enters the cut. During the first part of
the cut, no chatter occurs, which results in a low value of the detection signal.
When chatter begins (around t = 0.6 s), the amplitude of the chatter frequency
rises and, thus, the value of the detection signal increases rapidly. Just after
t = 1 s, the tool leaves the cut. In all signals presented here, the increase of the
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(b) Displacement y.
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(c) Acceleration at the spindle bearing
x.

0 0.2 0.4 0.6 0.8 1 1.2
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

t [s]

D
et

ec
ti
on

si
gn

al
[m

s−
2
]

(d) Acceleration at the spindle bear-
ing y.

0 0.2 0.4 0.6 0.8 1 1.2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

t [s]

D
et

ec
ti
on

si
gn

al
[N

]

(e) Force y.
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Figure 5.4: Detection using various sensors.

detection signal at t = 0.6 s can be seen. However, the increase is relatively the
largest in the displacement and acceleration signals. During the stable part of
the cut, these signals also show the lowest noise level. When a threshold would
be set just above the maximum value of the signals of the first part, chatter
is detected 0.05 s earlier when acceleration or displacement sensors are used
compared to force or sound measurements. The increase in the sound signal
happens in two parts. This is due to the acoustic environment in the milling
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(a) 1st harmonic.
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(b) 2nd harmonic.
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(c) 3rd harmonic.
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(d) 4th harmonic.

Figure 5.5: Detection on the y acceleration using the first four harmonics of the spindle
speed for demodulation.

cage.
A major drawback of using eddy current sensors is the fact that a spe-

cial mounting device is necessary and that these sensors are rather expensive.
Therefore, from a combined detection performance and cost effectiveness point
of view, an accelerometer mounted near the lower spindle bearing is preferable.

Choice of the demodulation frequency

According to (2.17) the chatter frequencies appear at ±fc +fSP , as can be seen
in Figure 5.3. For certain frequencies, the amplitude of the chatter frequency
is much larger than for others. For instance, in Figure 5.3, the amplitude of
the peak at 2196 Hz is 98 m2 s−4 Hz−1 whereas the amplitude of the peak
at 1496 Hz is only 0.012 m2 s−4 Hz−1. This phenomenon can also be seen
in the detection method. In Figure 5.5, the detection method is applied at
four demodulation frequencies, namely the first four harmonics of the spindle
speed. From this figure, it can be concluded that demodulation around the
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second harmonic does not allow us to detect the chatter properly. Instead, it
shows only two peaks when the tool enters and leaves the cut. This is due to
the fact that the second harmonic of the spindle speed is equal to the tooth
passing frequency. The fourth harmonic also gives a peak at the tooth entrance
since it is equal to the second harmonic of the tooth passing period. Therefore,
it is better to use a higher harmonic of the spindle speed that does not coincide
with a higher harmonic of the tooth passing frequency. In this case, the third
harmonic of the spindle speed gives the best results.

Unfortunately, it can not be stated a priori which harmonic gives the best
information. Therefore, it is preferred to have the detection method working
for different demodulation frequencies in parallel. During the experiments, a
dSpace system [26] is used for online detection. Due to the computational
efficiency of the algorithm, it is possible to have the detection working online
at a sampling frequency of 20 kHz at four different demodulation frequencies
on two measurement signals (namely the acceleration and displacement in y
direction). Furthermore, the actual spindle speed is directly measured from
the machine controller. This is necessary for using the correct demodulation
frequency. When measuring only the spindle speed and one additional variable
(e.g. an acceleration), the number of parallel demodulation frequencies can be
increased even further. If the natural frequencies of the machine-tool system
are known, it is rather straightforward to choose the demodulation frequencies.
Since the dominant chatter frequency lies in the neighbourhood of one of the
natural frequencies, the higher harmonics of the spindle speed that lie nearest
to these natural frequencies should be chosen. If the natural frequencies are not
known, the best choices are the higher harmonics of fSP that do not coincide
with fTPE .

Choice of the threshold level

Theoretically, in a stable cut, the detection signal level is zero. In practice
however, due to the inevitable presence of disturbances to the milling process
and measurement noise, this theoretical level is not achieved. However, the
difference in the detection level during a stable and an unstable cut is rather
pronounced as can be seen in e.g. Figures 5.1, 5.4 and 5.5. Using a lower thresh-
old means that the onset is detected sooner, but it increases the possibility of a
cut being detected as exhibiting chatter, whereas the workpiece surface quality
is still acceptable. When choosing the threshold too high, it might occur that
the cut is exhibiting chatter (i.e. the workpiece is damaged), but it is not (yet)
detected.

Validation of the stability boundary

Experiments have been performed to validate the detection method experimen-
tally. The threshold for the detection signal used in the experiments with the
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accelerometer is determined empirically to be 0.5 m/s2 at all spindle speeds.
The results obtained using the detection signal are compared to those obtained
by inspection of the surface of the workpiece. Two types of experiments have
been performed. First, the stability boundary over a wide range of spindle
speeds is validated. Next, a single cut with an increasing axial depth of cut is
made to detect the onset of chatter. An accelerometer mounted on the spindle
housing near the lower bearing is used as a chatter detection sensor.

To validate the stability boundary, experiments have been performed by
full immersion cutting for a wide range of spindle speeds (15000 to 42000 rpm
with increments of 1000 rpm) and axial depths of cut. For each cut, the axial
depth of cut is kept constant during the cut. From impact tests, it was found
that the spindle-toolholder-tool combination has its natural frequencies around
2.2, 4.3 and 6.0 kHz, so it is expected that the dominant chatter frequency lies
close to one of these frequencies.

The detection method is used at four harmonics of the spindle speed, namely
the first harmonic and the odd number of harmonics which lie closest to 2.2,
4.3 and 6.0 kHz. Apart from the detection method, chatter is also identified
by examination of the workpiece surface and judging the sound of the cutting.
Each cut is being marked as either stable, exhibiting chatter or unclear whether
or not chatter has occurred. For each spindle speed, the axial depth of cut is
increased with increments of 0.5 mm, until a cut is marked as exhibiting chatter
by judging the workpiece surface and the cutting noise. Then, a final cut is
made at an axial depth of cut 0.25 mm lower than this unstable cut. In Figure
5.6, the stability border found by this audio-visual inspection is shown with
the gray shaded area. All cuts made below the gray area are marked as stable,
whereas, all cuts above this gray area are marked as exhibiting chatter. The
stability border as found by the detection method is shown with the error bars.
The upper point of the error bars marks the minimum depth of cut at which
chatter was detected experimentally. The lower point of the error bars marks
the last stable cut performed prior to that unstable cut. As can be seen, the
two methods coincide well. In other words, the proposed detection method can
be used to accurately determine the chatter boundary experimentally.

Detection of the onset of chatter

A cut has been made at 33000 rpm at full immersion where the axial depth of
cut increases from 3.0 to 5.0 mm. The first, third, fifth and seventh harmonic of
the spindle speed have been chosen as demodulation frequencies. In Figure 5.7,
the detection signal is shown together with the threshold. On the horizontal
axis, the length of the cut is shown, where the reference point is chosen to
be the back part of the cutter, since this causes the marks on the workpiece.
Hence, the first contact of the tool with the workpiece occurs at a distance of
−10 mm (i.e the diameter of the tool). In this case, the third harmonic detects
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Figure 5.6: Stability boundary found by the detection method compared to that ob-
tained by audio-visual inspection.

chatter first after 11.6 cm of cut, see Figure 5.7.
In Figure 5.8, the bottom of the cut on the workpiece is depicted on two

different zoom levels. It can be seen that the first traces of chatter appear on
the workpiece at about 11.5 cm, and the level increases. The chatter marks are
clearly visible at 13 cm and a maximum is reached at about 15 cm. Hence, it
can be concluded that the results of the detection of Figure 5.7 coincide very
well with the path that is left behind by the cutter. Furthermore, it can be
seen that chatter is detected in an early stage. Since the algorithm is very fast,
it leaves enough time to interfere in the process in order to stop the rise of
chatter, as suggested in [25].

5.2 Detection using parametric modelling

5.2.1 Box-Jenkins model

The drawback of the detection method using demodulation is the fact that
the chatter frequency can not be directly computed from the detection signal.
Knowledge of the chatter frequency is essential to adjust the spindle speed such
that chatter is avoided, see also Chapter 6. Therefore, a different detection
approach is described in this section, which estimates the onset and occurrence
of chatter and the chatter frequency. This is done using a Box-Jenkins (bj)
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(a) 1st harmonic.

0 5 10 15 20 25
−0.5

0

0.5

1

1.5

2

Length cut [cm]

D
et

ec
ti
on

si
gn

al
[m

s−
2
]

(b) 3rd harmonic.
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(c) 5th harmonic.
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(d) 7th harmonic.

Figure 5.7: Experimental results at 33000 rpm with ap increasing from 3.0 to 5.0 mm.
Chatter detection with 4 different harmonics. Chatter is first detected in
the 3rd harmonic after 11.6 cm.

Figure 5.8: Workpiece with transition from stable cut to cut with chatter. Top: from
5 to 18 cm. Bottom: zoom on transition area.
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Figure 5.9: The Box-Jenkins model structure [83].

model [83] which is depicted in Figure 5.9.

Its general formulation is

y(t) =

jmax
∑

j=1

Bj(q)

Fj(q)
uj(t) +

C(q)

D(q)
e(t). (5.4)

Here, y(t) is the measured signal in discrete time t = kTs, with k ∈ Z
+ and

Ts the sampling time. Furthermore, jmax is the number of inputs and e(t) is
white noise with mean 0 and variance σ2. Given the input u(t), output y(t)
and the orders of the polynomials Bj(q), Fj(q), j = 1, . . . , jmax, C(q) and D(q),
the Matlab System Identification Toolbox [84] can be used to estimate the
bj-model.

In the case of milling, the bj model can be simplified to

y(t) = B(q)u(t) +
1

D(q)
e(t). (5.5)

Here, 1/D(q) is a transfer function in discrete time, where q is called the forward
shift operator:

qxi = xi+1 (5.6)

q−1xi = xi−1, (5.7)

with xi = x(iTs). Hence,

A(q)x(t) = (a1 + a2q
−1 + . . .+ anaq

−na+1)x(t)

= a1xi + a2xi−1 + . . .+ anaxi−na+1.
(5.8)

The part B(q)u(t) of y(t) is predicted by spindle speed related input data
u(t), which can be composed by a discrete cosine/sine series u(t) = {u(t)}, with
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Figure 5.10: The detection method using parametric models.

the spindle speed as the fundamental frequency with

uj(t) =

{

Re
(

exp(i0.5jΩt)
)

, for j even,

Im
(

exp
(

i(0.5j + 1)Ωt

)

)

, for j odd.
(5.9)

All data that can not be predicted by input data u(t) will be modelled as
filtered noise ych by filter 1/D(q) and white noise input e(t). It is expected
that properties of ych will predict the onset of chatter. Ideally, in a chatter-free
situation ych = 0.

The output y(t) contains a short period Tp of measurements, on which a
bandpass filter over the desired harmonics is applied. This bandpass filter is
used to filter the band of frequencies at which the dominant chatter frequency
is expected, typically 500-3000 Hz. Typically, the sampling time is Ts = 0.1 ms
and Tp = 50 ms. The input u(t) contains sine and cosine functions according
to (5.9) and is filtered within this frequency-band (therefore, the spindle speed
needs to be measured). Each period Tp, the bj-model is fitted onto this input

and output. After the fit is made, estimations of the polynomials B̂j(q), j =

1, . . . , jmax, and D̂(q) and the noise variance σ2 are given. The order of D̂(q)
is chosen according to how many resonances one would like to capture. When
chatter occurs, the variance σ2 of e(t) increases drastically and, hence, the
onset and occurrence of chatter can be detected. Note in this respect that the
nominal gain of 1/D̂(q) is fixed, since the first coefficient of D̂(q) equals 1.
Furthermore, the chatter frequency can be estimated from the dominant root
µ of D̂(q) by a modified version of (2.12), namely:

fchat =
Im(lnµ)

2πTs
. (5.10)

Unfortunately, the implementation of the bj-model in the Matlab System
Identification Toolbox can not be used for realtime measurements. Therefore,
an online implementation is used, which is depicted schematically in Figure
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Figure 5.11: Example of the chatter detection.

5.10. However, the main principle of the model is maintained. More details on
this implementation can be found in [24].

We define ŷch(t) to be the estimate of ych(t), according to

ŷch(t) := y(t)− B̂(q)u(t). (5.11)

In the original bj-model, the variance of e(t) was used as a variable that can
be used to detect chatter. In the real-time implementation, it is impossible to
compute the variance of e(t). However, when chatter occurs, the variance of
ŷch(t) within a certain time interval Tp ≫ Ts increases drastically and hence
the onset and occurrence of chatter can be detected. In order to define chatter,
a buffer of measurements within each interval Tp is split in two equal buffers
of Tp/2.

The variance of ŷch(t) within these two buffers is computed and called σ2
1

and σ2
2 , respectively. The cut is marked as exhibiting chatter if σ2

1 > σ2
lim/2 ∧

σ2
2 > σ2

lim, where σ2
lim is an empirically determined threshold. In this way, when

the variance of a single buffer exceeds the threshold due to measurements errors,
the cut is not marked as exhibiting chatter, if the variance of the neighbouring
buffer is well below the threshold, see Figure 5.11a. In order to detect the
rise of the variance between two neighbouring buffers (and hence the onset of
chatter), the cut is also marked as exhibiting chatter when only the variance of
the second buffer exceeds the threshold, if the variance of the first buffer exceeds
σ2

lim/2, see Figure 5.11b. The dominant chatter frequency can be computed

from the dominant root µ of D̂(q) by (5.10), but it can be filtered using a
lowpass filter to limit the influence of noise.

5.2.2 Simulation results

The realtime implementation of the detection method has been tested on the
simulation results described in Section 5.1.2. The sampling frequency of the
detection method is 10 kHz, and Tp is chosen to be 50 ms. The choice of the
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Figure 5.12: Simulation of an increasing depth of cut and detection of chatter and
dominant chatter frequency.

size of Tp is a tradeoff between the desired accuracy of the variance and the
speed to detect chatter. Here, the bandpass filter is applied with the passband
between 200 and 2800 Hz. In this way, the passband includes the first harmonic
of the spindle speed and the natural frequency of the tool, which lies close to
fchat. The results are shown in Figure 5.12. Figure 5.12a is the same as Figure
5.1a, since it involves the same simulation. When chatter does not occur, the
variance of the noise is in the order of 10−10 mm2 (due to negligible numerical
errors of the milling model simulation, the variance of the noise for the stable
cut is not exactly zero). In that case, the estimation of the chatter frequency is
not trustworthy. If the threshold is chosen to be 10−7 mm2, chatter is detected
at about 3.55 s, as is the case with the detection method of Section 5.1.

However, just before the variance of the noise exceeds this threshold, the
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frequency of the dominant chatter frequency is not estimated correctly. The
first correct estimate of the chatter frequency, after chatter has been detected,
is given at about 4.2 s. For this simulation, at 4.2 s, the estimated chatter fre-
quency is 2270 Hz. Theoretically, the dominant chatter frequency is 2270 Hz;
so the final estimation is very accurate. The fact that the chatter frequency
is not estimated well during the onset of chatter is due to the fact that at
the onset of chatter the amplitude of the displacements increases at several
frequencies. However, this can not be modelled correctly by a second order
polynomial for D̂(q). When chatter increases further, one frequency becomes
dominant and this frequency is estimated correctly. However, in the milling
process, more noise will be present in the milling process, which gives a broad
frequency spectrum in ŷch(t). Furthermore, this noise will excite the tool dy-
namics also when no chatter occurs. Therefore, the dominant eigenfrequency
of the stt system will be present in ŷch(t). When chatter occurs, the dominant
chatter frequency lies in the neighbourhood of this eigenfrequency, and hence
this chatter frequency will be estimated sooner. The rise of the amplitudes at
other frequencies during the onset of chatter will not be detected due to the
noise level. Thus, the estimation of fchat will work more accurately when noise
is present. This will be shown in Chapter 6 when the controller that adapts
the spindle speed based on the estimate of the chatter frequency (provided by
the detection algorithm) is described in experiments.

5.2.3 Experimental results

The realtime implementation of the detection method has also been used in an
experimental set-up. The experiments have been performed on the same hsm

machine that has also been used for the experiments described in Chapter 4
and Section 5.1.3. The tool that has been used is a Jabro Tools JH421 tool with
two teeth. In Section 5.1.3, it was concluded that an accelerometer attached
near the lower spindle bearing is a proper sensing device for chatter detection.
Therefore, instead of using a wide range of sensors, in these experiments only
an accelerometer, type Brüel & Kjær 4393V [10], is mounted on the spindle
near the lower bearing. The sampling frequency is 10 kHz.

In Figure 5.13, the results from a single, though typical, testcase are de-
picted. A full immersion cut has been made while the axial depth of cut has
been linearly increased from 4 mm to 6 mm while cutting a path of 215 mm.
Figure 5.13a, displays the resulting acceleration signal. In Figure 5.13b, the
variance of ŷch(t) is depicted. At the time of the first contact of the tool with
the workpiece, this variance increases suddenly, although no chatter occurs.
After this first contact, it gradually decreases. Then, when the onset of chatter
occurs, it increases again, due to the increase of the amplitude of the accelera-
tion at frequencies that are not related to the spindle speed, i.e. at the chatter
frequencies.
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Figure 5.13: Experimental results at 29000 rpm with ap increasing from 4.0 to 6.0 mm.
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The initial increase of the variance at the first contact of the tool with the
workpiece has two causes. Firstly, the amplitude of the acceleration at spindle
speed related frequencies increases suddenly due to increasing forces when the
tool hits the material. Secondly, due to these forces, the spindle speed decreases
slightly. This spindle speed is measured from the controller of the hsm. This
results in a short delay in the measurement path between the actual spindle
speed and the spindle speed that is captured by the measurement system.
Furthermore, in order to decrease the noise on this measured signal, a 30 Hz
lowpass filter is used on this spindle speed signal, which implies an extra delay of
about 14 ms. In Figure 5.13d, the raw and filtered spindle speed measurements
are depicted. Now, it is important to note that ŷu(t) := B̂(q)u(t) is estimated
based on the filtered spindle speed measurement. Therefore, a small difference
exists in the frequencies related to the spindle speed in the acceleration signal
and the frequencies at which ŷu(t) will be estimated. This leads to an error
in the estimation of ŷu(t), which results in a relatively large variance of ŷch(t)
during the first period that the tool is in contact with the workpiece. Therefore,
the threshold is chosen such that it lies above the variance resulting from this
initial tool-workpiece contact.

Using the demodulation method of Section 5.1, the error in the measurement
of the spindle speed has little consequences for the detection. When a small
error occurs in the measurement of the spindle speed, the demodulated spindle
speed harmonic is not shifted to exactly 0 Hz, but to a very low frequency
(typically < 5 Hz). This error is filtered using a 15 Hz high pass filter. This
type of filtering is not possible for the current detection method.

When the threshold is set to σ2
lim = 2252 = 50625 (m/s2)2, chatter is

detected just after 15.5 cm, which is depicted by the stepped signal in Figure
5.13b. The chatter marks were visible on the workpiece after 18 cm. The
corresponding chatter frequency that is computed, varies between 1000 and
1300 Hz, see Figure 5.13c. This variation in the estimated chatter frequency
is due to noise on the measurements. This variance can be decreased either
on the input side by decreasing the noise level of the measurements or on the
output side by applying a lowpass filter on the computed chatter frequency.
An accurate estimate of the chatter frequency is needed for the controller (see
Chapter 6) in order to compute the new spindle speed. Adjusting the spindle
speed is a relatively slow process compared to the detection algorithm, due to
the inertia of the spindle. Therefore, it is unnecessary to update the estimated
spindle speed at 10 kHz, and hence this lowpass filter in the estimated chatter
frequency signal can be added. In Figure 5.13c, the result of applying a 40 Hz
lowpass filter to the estimated chatter frequency is depicted.

A major cause for this measurement noise is the fact that the spindle speed
is measured using the internal controllers of the hsm. This results in the fact
that the (electrical) ground of the hsm is connected to the ground of the mea-
surement system (in our case dSpace), which causes a ground loop that results
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in noise on the measurement signals. This ground loop can be cancelled by ap-
plication of an optic isolator on the measured spindle speed, which will reduce
the measurement noise. Therefore, in future implementations, improvements
can be achieved relatively easily.

5.3 Discussion

In this chapter, two methods are presented that can be used to detect the
onset and occurrence of chatter in high-speed milling. From experiments, it
can be concluded that the attachment of an accelerometer on the non-rotating
part of the spindle, mounted near the lower spindle bearing, gives the best
measurement signal, in terms of accuracy and practical implementation, for
early chatter detection.

Both detection methods are used to detect (the increase of) the amplitude
of the measured signal at frequencies that are not related to the spindle speed
and its higher harmonics. Hence, these methods can not be used when the
angle between the teeth of a cutter θ is not equal for all teeth. However, in
many practical situations, both methods can be used.

For an early chatter detection, computation of the fast Fourier transform of
the detection signal takes too much time. Hence both methods based on time-
domain analysis of the detection signal. The first method, presented in Section
5.1, uses demodulation, which gives a fast and accurate prediction of (the
onset of) chatter. This implies that the harmonics, at which the demodulation
takes place, should be chosen by the user. However, the method takes little
computational effort and, hence, it is possible to have the method run in parallel
at several demodulation frequencies. Therefore, the method works well for
online chatter detection.

In order to use a controller (see Chapter 6) that adjusts the spindle speed
in case of (the onset of) chatter, knowledge of the dominant chatter frequency
is necessary. This frequency can not be computed using the demodulation
method and hence a different method is presented in Section 5.2. This method
uses a Box-Jenkins model in order to detect the onset and occurrence of chatter
and to estimate the dominant chatter frequency.

Both methods have been tested in an experimental setup on a state-of-
the-art hsm machine and are shown to accurately predict the onset and the
occurrence of chatter. Improvements can be made in future implementations
when the amount of measurement noise is decreased, e.g. by electrical separa-
tion of the hsm machine and the measurement system.

In the next chapter, the second detection method will be used in combina-
tion with a controller, in order to avoid chatter.
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6
Chatter control

6.1 Control strategy

6.2 Simulation results

6.3 Experimental results

6.4 Discussion

As mentioned in Section 1.4, basically three methods exist to overcome or
avoid chatter, namely continuous spindle speed variation, passively or actively
altering the machine dynamics and adjusting the spindle speed. In this work,
we use the strategy to adjust the spindle speed and feed to avoid chatter. This
method is relatively easy to implement on a state-of-the-art milling machine
by using the feed override and spindle override functions of the machine. In
this chapter, a method is presented that adjusts the spindle speed in case (the
onset of) chatter occurs. Hereto, the detection method of Section 5.2 is used.
This method gives both an indication that (the onset of) chatter occurs and an
estimation of the dominant chatter frequency. This chatter frequency is used
to compute a desired spindle speed in the chatter-free region. This desired
spindle speed is fed to the controller of the hsm machine as a new setpoint.

In Section 6.1, the control strategy is explained. In Section 6.2, the re-
sults from a simulation are presented. In Section 6.3, experimental results are
presented.

6.1 Control strategy

In Figure 6.1, a schematic representation of the closed loop including the milling
process, chatter detection and chatter control is depicted. The model of Chap-
ters 2 and 3 is used offline to compute the stability lobes diagram. Using this
sld, a proper working point (spindle speed and depth of cut) is chosen by the
machinist. This working point is used in the nc program. During the milling
process, this spindle speed is maintained as long as (the onset of) chatter is not
detected using the detection method presented in Section 5.2. When (the onset
of) chatter is detected, a new spindle speed is computed and sent to the hsm

machine using the spindle speed override function. In the same time, the feed
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Figure 6.1: Schematic representation of the closed loop including the milling process,
chatter detection and chatter control.
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Figure 6.2: Schematic representation of the control set-up.

is adapted to ensure a constant feed per tooth. A schematic representation of
the control strategy is depicted in Figure 6.2. A detailed representation of the
block hsm in Figure 6.2 is depicted in Figure 6.3 and a detailed representation
of the block Detection in Figure 6.2 is depicted in Figure 5.10.

The detection method presented in Section 5.2 gives an indication whether
or not (the onset of) chatter occurs. Furthermore, the dominant chatter fre-
quency fchat is computed. This chatter frequency is used to compute a new
spindle speed setpoint in a chatterfree zone in the case (the onset of) chatter
occurs. Hereto, also the actual spindle speed should be known since it is needed
in the detection method as proposed in Section 5.2 and, as will be shown below,
it is needed in the formulation of the new spindle speed setpoint. The setpoint
can be chosen based on two demands, namely robustness against chatter and
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minimisation of the (chatter-free) vibrations of the mill. In this work, we focus
on the first demand only. Hereto, a new spindle speed is chosen such that the
estimated dominant chatter frequency fchat coincides with a (higher harmonic
of) the new tooth pass excitation frequency fTPE .

As explained in Section 2.2.3 and Appendix C.1, the chatter frequency is
related to the phase difference between two subsequent waves by

ǫ+ k = fchat
60

zn
, (6.1)

with k the (integer) lobe-number and ǫ the fraction of incomplete waves between
two subsequent cuts. The new spindle speed is computed such that ǫ = 0,
see [135]. As depicted in Figure 2.5a, in an ideal situation the dynamic chip
thickness is minimised when ǫ = 0. Hereto, first the new lobe number is
computed by

knew =

{

60fchat

zn

}

, (6.2)

where {.} means rounding towards the nearest integer and n is the current
spindle speed. The new spindle speed is then computed by

nnew =
60fchat

knewz
. (6.3)

Using this method, the spindle speed is directed towards the centre of the lobe.
However, the exact centre of the lobe may not be computed, as is depicted in
Figure 6.4. In this figure, the dominant chatter frequencies fchat are presented
for the case depicted in Figure 4.10a. Furthermore, the new spindle speed
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Figure 6.4: Setpoints for the new spindle speed according to (6.2) and (6.3) for various
chatter frequencies.

computed using (6.2) and (6.3) is depicted with the dots. The spindle speed at
the centre of the lobe can be seen in this figure at the point where a jump occurs
in fchat. From this figure, it can be concluded that if the initial working point
is in the valley of the lobe, the new setpoint lies near the centre of the lobe.
However, at the peak of the lobe, the new setpoint lies in the right direction
(i.e. at increasing or decreasing spindle speed), but it may happen that spindle
speed is changed too much such that the next lobe is crossed. This overshoot
can be prevented by an alternative defintion of the spindle speed setpoint once
chatter has been eliminated.

When the spindle speed is changed, this will lead to a new chatter frequency
and, hence, the setpoint is changed. Therefore, the setpoint will constantly be
updated as long as the cut is being marked as exhibiting chatter. When the
cut is marked as not exhibiting chatter, the most recent computed setpoint is
maintained. Therefore, the spindle speed can still change although chatter has
already been eliminated. The benefit of this method is the fact that the spindle
speed moves further towards the centre of a stable area of the sld if the lobes
are wide. If the lobes are narrow (e.g. in the peak of a lobe), an other option is
to change the setpoint to the actual spindle speed when chatter is eliminated,
see also Section 6.3. This may prevent overshoot in case of narrow lobes. In
this work, we use the first strategy and leave alternatives for future work.

Should the new spindle speed exceed the maximum spindle speed nmax of
the machine, the minimum lobe number is computed by

knew =

⌈

60fchat

znmax

⌉

, (6.4)

where ⌈.⌉ means rounding towards the nearest upper integer. Note that the
lobe number decreases when the spindle speed increases. Next, (6.3) is used
to compute the new spindle speed. Note that in this case, it is impossible to
increase the spindle speed. Decreasing the spindle speed means in this case
that the valley of a lobe should be crossed, which means that chattermarks
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will be present on the workpiece. In order to prevent this from happening,
the milling process should be stopped before the the spindle speed is adjusted
to the new setpoint. When the spindle speed has been changed, the milling
process should be continued. This will leave small marks on the workpiece due
to stopping the feed.

This new spindle speed setpoint is directed to the machine via the spindle
speed override function. In order to guarantee a constant chip load, at the
same time the feed setpoint is changed via the feed override function such that
the chip load, i.e. the feed per tooth, is not altered. The internal feedback
controllers of the hsm machine are used to control the spindle speed and feed
towards the setpoint, see Figure 6.3. The chatter controller as depicted in
Figure 6.2 is basically a setpoint generator in closed loop with the hsm machine
and the detection algorithm.

6.2 Simulation results

The simulation that has been presented in Sections 5.1.2 and 5.2.2 is used to
simulate the control strategy in closed loop with the milling dynamics and the
detection algorithm. This simulation involves a full immersion cut at (initially)
20000 rpm, where ap is increased linearly in ten seconds from 0.5 mm to 1.5 mm.
Hereto, the Matlab/Simulink model of Section 2.8 is slightly altered. Firstly,
white noise with zero mean and a variance of 50 N2 is added to the cutting
forces Fx and Fy. In practice, also noise is present in the milling process and,
moreover, the estimation of the chatter frequency is improved by addition of
this noise, as mentioned in Section 5.2.2. Secondly, the behaviour of the spindle
including its controller is modelled. The goal of this model is to simulate the
fact that the setpoint is not reached instantaneously. In order to have a simple
model, the actual spindle rotation dynamics and controller are not modelled,
but a simplified model (assuming an infinite bandwith) is made as follows. The
absolute value of the derivative of the spindle speed is limited to 10000 rpm/s,
i.e. |ṅmax| = 10000 rpm/s, in order to simulate the boundaries of the actuator
of the spindle. This boundary is an estimate for the limit that will occur on
a state-of-the-art hsm machine. Furthermore, the spindle speed is bounded
between 90% and 110% of the initial spindle speed using a saturation block in
order to simulate the boundaries of the spindle speed override function. Due to
the addition of noise, the threshold of the detection is increased to 2·10−4 mm2.
Then, the chatter is detected at about 3.5 s, as is the case in the example of
Section 5.2.2.

The results are depicted in Figure 6.5. At the time when chatter is detected
(i.e. when the variance depicted in Figure 6.5b exceeds the threshold), the
spindle speed is increased in case the controller is switched on. Due to a sudden
change in the spindle speed, the displacement suddenly increases as can be seen
in Figure 6.5a. The amplitude of this increase is depending on the rate at which
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Figure 6.5: Simulation of a full immersion cut with increasing ap with and without
chatter control for the case where |ṅmax| = 10000 rpm/s.
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Figure 6.6: Simulation of a full immersion cut with increasing ap with and without
chatter control for the case where |ṅmax| = 5000 rpm/s.

the spindle speed changes. In Figure 6.6, the results are presented for the case
where the maximum derivative of the spindle speed is |ṅmax| = 5000 rpm/s. In
this case, the displacement of the cutter depicted in Figure 6.6a is smaller than
for the case depicted in Figure 6.5a when the spindle speed is changing. The
drawback of this lower value for |ṅmax| is the fact that it takes longer to change
the spindle speed such that chatter is eliminated. Therefore, the change of
spindle speed is less when the cut is marked as being stable again. This results
in a different setpoint compared to the final setpoint for the simulation where
|ṅmax| = 10000 rpm/s.

In the simulation presented here for the case where |ṅmax| = 5000 rpm/s,
when the depth of cut is increased further, again, the cut is marked as exhibiting
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Figure 6.7: Results of the simulation of a full immersion cut with increasing ap with
the controller switched on.

chatter and the spindle speed has to be changed again. This can be seen in
Figure 6.6b. Therefore, in simulations a trade-off exists between the vibrations
due to the spindle speed change and the vibrations due to chatter. In practice,
the bandwidth of the spindle speed controller is finite, and the rate at which
the spindle speed is changed is controlled by the internal controllers of the
hsm machine. When this rate is too large, such that the vibrations due to the
spindle speed change are too large, the rate at which the spindle speed changes
can be decreased by addition of a trajectory generator.

However, for both cases after a short period of time, the displacement de-
creases as a result of the adaptation of the operational conditions (i.e. the com-
bination of spindle speed and depth of cut) towards the stable region of the
sld. When the controller is switched off, the displacement keeps on increasing
due to the occurrence of chatter, see Figures 6.5a and 6.6a. Due to the addition
of noise, the chatter frequency is estimated better compared to the situation
without additional noise. This can be seen in Figure 6.5c (for the case where
|ṅmax| = 10000 rpm/s) where noise is included in the model, whereas, in Figure
5.12c, the results for the estimation of the chatter frequency are depicted in
case no additional noise is added. The theoretical chatter frequency of 2270 Hz,
depicted in Figure 6.5c, is the theoretical chatter frequency at 20000 rpm. As
a result of the estimated chatter frequency and a new spindle speed setpoint
computed using (6.2) and (6.3), the spindle speed is increased to 22000 rpm,
which lies in the stable part of the sld. When the cut is marked as being stable
again, the estimation of the chatter frequency is not accurate, which can be
seen in Figure 6.5c. However, since the depth of cut still increases, a steady
state is not reached and the estimated chatter frequency is still changing. Af-
ter some time (typically 1-2 seconds) the estimation of the chatter frequency
is accurate again. This new chatter frequency differs from the initial chatter
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chatter detection and
control.

frequency of 2270 Hz, since the spindle speed has been changed.
In Figure 6.7a, the results for the same simulation are presented in the

n, ap-parameter space. Here, the sld is also included. The cut follows the
direction of the arrow. First, the depth of cut increases at 20000 rpm. Then, at
ap = 0.85 mm chatter is detected, which is marked by the thick line. Although
at this point the stability boundary is already crossed (the theoretical stability
limit is 0.82 mm), chatter is still in a very early stage; so it is still detected
in time. Then, the spindle speed is adjusted towards the centre of the stable
region, while the depth of cut still increases. At 20000 rpm, chatter occurs
at 0.82 mm, whereas for the new spindle speed (22000 rpm) chatter occurs
for a depth of cut of at about 1.5 mm. It can be seen that the centre of the
lobe is not exactly found. This is due to the fact that it is assumed that the
chatter frequency at ǫ = 0 is equal to the estimated chatter frequency, see
(6.3) and Figure 6.4. In Figure 6.7b the results are shown for the case where
|ṅmax| = 10000 rpm/s. In this figure, the spindle speed and depth of cut are
shown with respect to time.

The results of the simulation for the case where |ṅmax| = 5000 rpm/s are
depicted in Figure 6.8. It can be seen that it takes several steps to move
towards the centre of the lobe in this case. Note that in Figure 6.8, the spindle
speed is changed in three steps, whereas in Figure 6.6b only two times chatter
is detected. The third time chatter is detected is at about 7.5 s, whereas in
Figure 6.6b only the part between 3 and 5 seconds is depicted.

This type of controller could also be used in practice to find the peak of a
single lobe, where no further knowledge of the cutting parameters and spindle
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dynamics is necessary. Hereto, a single cut with increasing ap should be made
with the controller switched on. While the depth of cut increases, the spindle
speed is directed towards the centre of the lobe. Hence, an efficient chatter-free
working point is selected, see Figure 6.9.

6.3 Experimental results

The control strategy, as proposed in Section 6.1, is implemented on the Mikron
HSM 700 machine that has also been used for the experiments in Chapters 4
and 5. Hereto, the hand terminal is modified such that the feed override and
spindle speed override can be controlled using an external electric potential.
This means that the spindle speed can be changed within an interval ranging
from 50% to 120% of the initial spindle speed and the feed can be modified
within an interval ranging from 0% to 100% of the initial feed. Hence, using
this particular setup, it is not possible to increase the spindle speed while main-
taining a constant chip load. Therefore, when the spindle speed in increased,
the chip load decreases with maximally 20%. Since the initial chip load is set to
0.2 mm/tooth, the minimal chip load is 0.16 mm/tooth, which is still sufficient
for cutting aluminium.

Full immersion cuts have been made in aluminium 7075 using a Jabro Tools
JH421 cutter with a 10 mm diameter. The acceleration is measured at the non-
rotating part of the spindle near the lower spindle bearing using an accelerom-
eter, type Brüel & Kjær 4393V [10]. The sampling frequency is set to 10 kHz.
The detection method presented in Section 5.2 is implemented in dSpace [26],
with the buffer length of Tp = 50 ms. Using the method presented in Section
6.1, a new spindle speed is computed in case chatter is detected. By adjusting
the voltage on the spindle speed override and feed override, this new spindle
speed and feed are fed to the milling machine as a new setpoint for the spindle
speed and feed. The internal (spindle speed and feed) controllers of the milling
machine are then used to adjust the current spindle speed and the feed.

In Figure 6.10 the results are presented for the case where the depth of
cut is increased from 4.0 to 5.0 mm while a path of length 215 mm is cut in
about 1.1 s. The same cut is made twice, where the controller is switched off
during the first cut (left figures) and switched on during the second cut (right
figures). In the Figures 6.10a and 6.10b, the measured acceleration is depicted
together with the (scaled) detection signal that shows whether or not chatter
is detected. As can be seen, a delay exists between the acceleration signals and
the chatter signal. This delay is due to the buffer of size Tp, as introduced
in Section 5.2. Hence, when chatter is detected at time t1, this detection is
based on the measured acceleration in the interval [t1 − Tp, t1]. However, due
to the tight choice for the detection threshold, chatter is still detected before
the workpiece is visually damaged.

The variance of ŷch(t), i.e. the part of the acceleration at frequencies that
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Figure 6.10: Experimental results of the control strategy for a cut at 29000 rpm with
increasing ap from 4.0 to 5.0 mm in 1.1 s. Left figures: controller switched
off; right figures: controller switched on.
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are not related to the spindle speed, is depicted in Figures 6.10c and 6.10d. The
spindle speed is shown in Figures 6.10e and 6.10f. When the variance exceeds
the threshold, the cut is marked as exhibiting chatter. When the controller is
switched on, a new setpoint for the spindle speed is computed and sent to the
spindle speed override function of the hand terminal. In this case, the setpoint
for the spindle speed is larger than the initial spindle speed. The feed can not
increase any further, so the setpoint for the feed remains at 100% of the initial
value. This results in the fact that the chip loads decreases from 0.2 mm to
0.17 mm when the final spindle speed is achieved. For aluminium, the decrease
of this chip load results in a smoother workpiece and it is still large enough
to ensure a stable working point. In Figure 6.10c, during the first part of the
cut, the variance drops just below the threshold for a short period of time.
Therefore, in this part, the cut is marked as being stable for a short period of
time.

When the new setpoint is fed to the controller of the hsm, the actual value of
the spindle speeds starts to increase. This results in a decreased acceleration at
the spindle bearing and a decrease of the variance of ŷch(t). When this variance
drops below the threshold, the cut is marked as being stable again. The spindle
speed setpoint is then kept constant to the last computed value. Therefore,
the spindle speed still increases although chatter is already eliminated. As
mentioned in Section 6.1, a second approach is to keep the actual spindle speed
constant instead of the setpoint when the cut is marked as being stable again.
This means that the working point is kept closer to the stability boundary.
This alternative feature should be tested in future implementations. In the
present experiment, after the setpoint is reached, the cut remains stable even
when the depth of cut is increased further. As can be seen in Figure 6.10b, the
amplitude of the acceleration in the end of the cut is about 200 m/s2 in case the
controller is switched on. For the case where the controller is switched off, the
amplitude of the acceleration is about 500 m/s2 (see Figure 6.10a). Therefore,
using the controller, the acceleration at the spindle bearing is decreased.

The setpoint that is computed by the controller varies rapidly as is depicted
in Figure 6.10f. This is due to large fluctuations of the computation of the
dominant chatter frequency, as mentioned in Section 5.2.3. In order to decrease
the variation of the setpoint, a lowpass filter can be added to the estimated
chatter frequency or the computed of the setpoint. However, the actual spindle
speed does not have these large variations due to the large inertia of the spindle.
The spindle speed is adjusted smoothly towards the chatter-free area.

In Figure 6.11, the results, for the case where the controller is switched on,
are shown in the n, ap-parameter space. Here, the cut follows the direction of
the arrow. Thus, the controller ensures that the working point moves away
from the stability limit and ensures a stable cut.

Two pictures of a detail of the workpiece are shown in Figure 6.12. Clearly,
when the controller is switched off, the wall of the workpiece is non-smooth,
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Figure 6.12: Detail of the workpiece with and without chatter control. The depth of
cut is increasing from 4.0 to 5.0 and the spindle speed is 29000 rpm.
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whereas the wall of the workpiece remains smooth when the controller has been
switched on, even in the part which is marked as exhibiting chatter (i.e. at the
beginning of the cut). When the controller is switched on, no chatter marks can
be seen on the workpiece. Furthermore, the spindle speed is changed, while the
milling continues (i.e. the feed remains nonzero). If the feed had been stopped,
this would have led to marks on the workpiece.

Hence, it can be concluded that the control strategy works in practice. The
control strategy ensures a stable working point and a workpiece free of chatter
marks. Moreover, the detection and control algorithms are fast enough to be
used at high spindle speeds.

6.4 Discussion

In this chapter, the detection method presented in Section 5.2 is used in com-
bination with a control strategy to avoid chatter in high-speed milling. Based
on the estimated dominant chatter frequency, a new setpoint for the spindle
speed is computed in case chatter is detected. The setpoint is sent to the ma-
chine using the spindle speed override function. At the same time, the feed is
also altered using the feed override function, such that the chip load remains
constant. The actual spindle speed and feed are adjusted using the internal
(spindle speed and feed) controllers of the hsm machine.

The control strategy has been tested in simulations and experiments. For
a cut on a state-of-the-art hsm machine at 29000 rpm, the experiments show
that the workpiece surface remains smooth when the controller is switched on,
whereas the same cut without controller results in a non-smooth workpiece
surface.

In future implementations, improvements can be made. As mentioned in
Chapter 5, the measurement signals contain noise due to an electrical ground
loop. This ground loop can be eliminated by application of an optic isolator.
When the controller is applied, the problem of ground loops is also caused by
the output of the dSpace system that adjusts the spindle speed and feed of
the hsm machine. Hence, also these signals should be isolated using an optic
isolator. Furthermore, the addition of lowpass filters on the estimation of the
chatter frequency will reduce the noise on the computation of the new setpoint.

In the experiments presented in Section 6.3, the spindle speed is changed
such that chatter is eliminated. Then, after the cut is marked as not exhibiting
chatter again, the the spindle speed setpoint is kept constant to the last compu-
ted value. However, another option could be to keep the actual (stable) spindle
speed when the cut is marked as being stable again. This is beneficial for the
case where the stability lobes are narrow, since the possibility of overshoot into
a neighbouring unstable domain is reduced. However, the working point will
lie close to the stability boundary which is not beneficial for the robustness of
the milling process.



7
Conclusions and
recommendations

7.1 Conclusions

7.2 Recommendations

The productivity of the high-speed milling (hsm) process is often limited
by the occurrence of the phenomenon chatter. Stability lobe diagrams (slds)
depict the boundary between a stable cut (i.e. without chatter) and an unsta-
ble cut (i.e. with chatter) in terms of the axial depth-of-cut as a function of
the spindle speed. These diagrams can be used to choose a set of machining
conditions, e.g. spindle speed and depth of cut, such that chatter is avoided.
In order to ensure a proper working point, first the sld should be determined
accurately. Next, when an initial working point is chosen, the milling process
should be monitored online for the occurrence of chatter. Namely, due to e.g.
changes in the temperature of the spindle, the shape of these slds can change
while cutting. In the case that chatter is about to occur, interference in the
milling process is necessary in order to ensure a cut without chatter. In this
thesis, in Chapters 2 and 3, a model is presented and analysed to compute the
corresponding sld. Experiments have been performed to identify the neces-
sary model parameters and to validate the model-based sld in Chapter 4. In
Chapter 5, two methods are presented that can be used online to detect the
onset and occurrence of chatter. One of these methods is used in Chapter 6
in combination with a control strategy to adjust the spindle speed to a new
chatter-free spindle speed in case chatter is detected.

7.1 Conclusions

• The milling process can be modelled by a set of nonlinear nonautonomous
delay-differential equations (dde), see Chapter 2. This model contains
three sub-models that model respectively the tool path, the cutting pro-
cess and the spindle-toolholder-tool (stt) dynamics. The cutting process
is modelled as an exponential relation between the chip thickness and the
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cutting force. This nonlinear model results in the fact that the stability
boundary is a function of the chip load. This phenomenon also occurs in
practice and can not be captured using a linear relation between the chip
thickness and the cutting force.

Traditionally, the tooth path is modelled as a circular arc. However, the
true tooth path is a trochoid. A new tooth path model is introduced,
which describes this trochoid. This adapted tool path model has conse-
quences for the expression for the static chip thickness, the delay, which
becomes time-periodic, and the entry and exit angles. This model is
used in time-domain simulations, to examine the qualitative differences
between a stable and an unstable cut. When the cut is stable, no chatter
occurs, whereas an unstable cut exhibits chatter. For a concentric tool,
stability can be lost due to a secondary Hopf or a period-doubling bifur-
cation. When eccentricity of the tool is included in the model, apart from
these two bifurcations, also a cyclic-fold bifurcation can occur, which can
lead to a stable periodic motion even for a large depth of cut.

• Since time-domain simulations are time-consuming, a faster method to
examine the stability properties of the model is needed. Hereto, two
methods are compared, namely the semi-discretisation method (sdm) [55]
and the Altintas-Budak method (abm) [5]. The abm can only be applied
to autonomous delay differential equations, whereas the sdm can also be
used for nonautonomous ddes. For full immersion cuts, the differences
between the computed slds using nonautonomous ddes in combination
with the sdm and the slds computed using an autonomous model in com-
bination with the abm, are negligible. However, the differences between
the two models increase as the immersion ratio decreases. Furthermore,
the existence of a period-doubling lobe is not predicted using the au-
tonomous model. However, the great benefit of the abm is the fact that
it is much faster than the sdm. The abm is sufficient for practical appli-
cation in a machine shop if high immersion cuts are made.

• Stability lobe diagrams have been computed for both the traditional and
the trochoidal tooth path in Chapter 3. It was found that, for low im-
mersion ratio’s, the differences between the slds of two models increase.
From the simulation results, it can be concluded that, for an accurate
prediction of the stability lobes for low-immersion cutting, it is necessary
to drop the assumption that the tooth path is a circular arc. The tooth
path should then be modelled as a trochoid.

• When an eccentricity is modelled, at certain spindle speeds, the periodic
solution remains stable even for large ap. If chatter is defined as the loss
of stability of the periodic solution, chatter does not occur here. However,
from a practical point of view, chatter would occur, since the workpiece
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surface is damaged due to the large vibrations of the cutter, and also
the cutter will wear out rapidly. Therefore, linking the chatter boundary
solely to the loss of stability of the periodic motion is not always sensible
when eccentricity is modelled.

• In Chapter 4, the parameters have been identified for a state-of-the-art
high-speed milling machine. Since the location of the peaks of an sld are
due to the spindle-toolholder-tool (stt) dynamics, a proper identification
of these dynamics is very important. When using a long slender tool, a
dominant eigenfrequency exists due to the first bending mode of the tool.
This frequency is relatively easy to identify and hence, this tool is used
for the experiments. The computed sld is compared to the stability limit
as determined by experiments. For spindle speeds up to 27000 rpm, the
peaks of the modelled sld coincide well with the experimental results.
However, for higher spindle speeds, the modelled lobes are wider and are
located at higher spindle speeds compared to the experimentally deter-
mined lobes. This could be due to a decrease of the eigenfrequency of
the spindle-toolholder-tool for high spindle speeds. When comparing the
dominant chatter frequency, it can also be seen that the experimentally
determined chatter frequencies are lower than the modelled chatter fre-
quencies, which can also be explained by a decrease of the eigenfrequency
of the stt system, since the dominant chatter frequency is related to this
eigenfrequency [4].

• In Chapter 5, two methods are presented to detect the onset and occur-
rence of chatter. In order to ensure an early detection of (the onset of)
chatter, computation of the fast Fourier transform of a measured signal
is too computationally expensive for online implementation. Therefore,
alternative methods are developed. The first method uses demodulation.
It is a very fast method to detect the onset of chatter in a very early stage.
This leaves time for interference in the process. However, this method
can not be used to compute the dominant chatter frequency. Knowledge
of this frequency is necessary in order to know in which direction the
spindle speed should be altered to avoid chatter.

Therefore, a second method is presented that uses parametric models to
detect (the onset of) chatter. Furthermore, the chatter frequency can be
estimated.

• The latter detection method is used in combination with a controller.
When chatter is detected, a new spindle speed is computed in the chatter-
free area, based on the estimated chatter frequency. Furthermore, the feed
is changed such that the chip load remains constant. Using the spindle
speed override and feed override function of the hsm machine, the new
spindle speed and feed setpoints are sent to the machine. The internal
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controllers of the machine adjust the spindle speed and feed towards these
setpoints.

• Experiments have been performed on a state-of-the-art hsm machine.
These experiments show that both detection methods work well in prac-
tice to detect the onset of chatter in an early state, i.e. such that chatter
marks are not yet visible on the workpiece. Furthermore, the proposed
control strategy has also been tested in experiments. These experiments
show that the suggested method can be used to maintain a chatter free
cut and a smooth workpiece surface at high spindle speeds.

7.2 Recommendations

• Often, chatter is defined as the loss of stability of a periodic motion of
the tool. However, when an eccentricity is modelled, the occurrence of
chatter is not always related to the loss of stability of the periodic motion.
Hence, in this case, a clear definition of chatter is not available. Therefore,
a clear definition of chatter should be formulated that can be used both
in modelling and in practice.

• In Chapter 4, the parameters for the models of Chapter 2 are estimated.
For the dynamics of the non-rotating stt system, this identification is
accurate. The cutting force model fits the experimental data sufficiently
well for this purpose, although differences exist between the fit and the
experimental data. On one hand this is due to the fact that the mill
is modelled as being rigid, where this is not the case in practice. On
the other hand, the cutting process is a very complex process, where
the exponential cutting force model may be too simple for an accurate
estimation. A lot of research has been performed that focusses on the
cutting process on a micro-scale. Although these kinds of models are
too complicated to be used for chatter prediction, based on this kind
of models, a more accurate relation between the chip thickness and the
cutting force should be defined.

Furthermore, the procedure to fit the cutting force parameters to exper-
imental data could be improved when the chip thickness is measured.
Since this is difficult in practice, a first step in this direction can be
made by measuring the rotation angle of the tool and estimating the chip
thickness.

• The largest errors in the identification of the sld at high spindle speeds,
as presented in Chapter 4, are due to the change of the dynamics of the
stt system for a rotating spindle. Therefore, for an accurate prediction of
the sld at high spindle speeds, it is necessary to perform experiments on
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a rotating spindle such that the frf at the tooltip can be retrieved. The
method of Receptance Coupling can be used to combine the dynamics
of a tool with the dynamics of the spindle-toolholder combination. The
dynamics of the rotating spindle-toolholder should be measured by using
a cylinder that replaces the tool. This cylinder should be constructed
such that it can properly excited (while rotating) and its displacement
response should be measured in a non-contact way.

• When the parameters of the rotating stt dynamics are identified ac-
curately, the differences between slds computed using the circular and
trochoidal tool-path model, should be validated experimentally for low-
immersion cuts.

• Improvements of the detection and control methods are possible when the
noise on the measured signals is reduced. This can be done by electrical
isolation of the milling machine including the sensors from the rest of the
measurement system by using optical isolators. This will eliminate the
occurrence of electrical ground loops. This separation is also necessary
for the signals that adjust the spindle speed override and feed override
function.

• In this thesis, chatter is prevented by adjusting the spindle speed. This
method does not alter the stability limit of the system, i.e. the area
of chatter-free machining parameters remains the same. By in-process
control of the spindle dynamics, the stability limit could be increased for
a desired domain of spindle speeds.
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A
Floquet theory for DDEs

Following the notation in [48], a linear periodic delay differential equation can
be described by

ẋ(t) = L(t)xt, L(t+ T ) = L(t), (A.1)

where xt is a set of continuous functions described by xt = x(t + ϑ, ϕ) and
ϑ ∈ [−τ, 0] and ϕ is a set of initial conditions defined on the interval [−τ, 0]. In
order to solve an ordinary delay differential equation in time (i.e. if τ = 0), it
is sufficient to have an initial condition defined on a single point in time, such
as t = 0. However, for a dde, it is necessary to define the initial conditions
on the full interval [−τ, 0]. Therefore, ϕ ∈ C, where C is the so-called Banach
space of continuous functions. The functional L(t) maps this set of functions
xt(t) into R

m, where m is the dimension of x(t). The transition of xt0 to xt1
can be described using the operator Φ(t1, t0), according to the Floquet theory
[47, 48, 54], such that

xt1 = Φ(t1, t0)xt0 , (A.2)

with Φ(t1, t0) the state-transition (or fundamental solution) operator. When
t1 = t0 + T , this operator describes the transition of the solution on the initial
interval [t0 − τ, t0] to the solution on the interval shifted exactly one period
T later, i.e. in the interval [t0 + T − τ, t0 + T ] = [t1 − τ, t1]. In that case,
ΦT = Φ(t + T, t) is called the monodromy (or principal) operator. Since
ΦT : C → C, it is an infinite dimensional operator. The eigenvalues of ΦT

are called characteristic multipliers or Floquet multipliers µ = eλT , where λ
is called a characteristic exponent. The number of Floquet multipliers is also
infinite. However, the spectrum σ

(

ΦT

)

is at most countable; a compact set
of the complex plane with the only possible accumulation point being zero
[47, 48]. This means that the number of nonzero Floquet multipliers is finite.
This makes it possible to approximate ΦT , with a finite operator Φ̃T . An
example of a method for this approximation is the semi-discretisation method
[55], see Appendix C.2.

In accordance with the Floquet theory for ordinary differential equations,
if all Floquet multipliers are in modulus less than one, the equilibrium point
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x = 0 of (A.1) is stable and if at least one Floquet multiplier is in modulus
greater than one, the equilibrium point x = 0 of (A.1) is unstable.



B
Finite difference method for

DDEs

The periodic solution x(t+ T ) = x(t) with period time T of the dde

ẋ(t) = f
(

x(t), x
(

t− τ(t)
)

, t
)

, τ(t+ T ) = τ(t),

f
(

x(t), x
(

t− τ(t)
)

, t+ T
)

= f
(

x(t), x
(

t− τ(t)
)

, t
)

,
(B.1)

is approximated using the finite difference method (fdm). This method (see e.g.
[101, 106]) is a well-known method to approximate periodic solutions x(t+T ) =
x(t) of an ordinary differential equation (ode) of the form

ẋ(t) = f (x(t), t), f (x(t), t) = f (x(t+ T ), t+ T ), (B.2)

by discretising the solution in a number of segments, see Figure B.1.

The method uses a sequence of N points x =
[

xT
1 . . . x

T
i . . . x

T
N

]T
, on a time

grid with step length k . Here, the method is described for an equidistant grid
with step length k = T

N , but it can easily be modified for a non-equidistant
grid. Since in the case of a milling model, one has to deal with a periodic dde

with known period time T , in this section it is also assumed that the dde (B.1)
is periodic and the period time is known. This makes the method easier, since
no anchor equation is necessary in order to approximate the period time [106].

xi−1

xi xi+1
f (xi−1, ti−1)

k f (xi, ti)

Figure B.1: Graphical interpretation of the finite difference method for odes.
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Figure B.2: Graphical interpretation of period time and the delay. In this case
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The delayed state x
(

t− τ(t)
)

is approximated by linear interpolation between
the two closest discretisation points, see Figure B.2. Then,

x(ti) = xi, (B.3)

x
(

ti − τ(ti)
)

≈ aixi−mi+1 + bixi−mi
, (B.4)

with ai = αi

αi+βi
, bi = βi

αi+βi
, αi + βi = k and mi = ⌈ τ(ti)

k
⌉ (⌈p⌉ denotes the

nearest integer higher than or equal to p, e.g. ⌈3.12⌉ = 4).
In Figure B.1, the forward Euler scheme is shown for an ode, i.e. xi+1 =

xi+k f (xi, ti). However, also other schemes can be used, such as the trapezoidal

scheme, which can be described for odes as

xi+1 = xi +
k
2

(

f (xi, ti) + f (xi+1, ti+1)
)

. (B.5)

Using the latter scheme, equation (B.1) can be discretised by

xi+1 = xi +
k
2

(

f
(

xi, aixi−m+1 + bixi−m, ti
)

+ f
(

xi+1, ai+1xi−m+2 + bi+1xi−m+1, ti+1

)

)

.

(B.6)
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The finite difference method is based on finding a zero of the function

H(x) =









































x1 − x2 + k2

(

f
(

x1, a1x2−m + b1x1−m, t1
)

+f
(

x2, a2x3−m + b2x2−m, t2
)

)

...

xi − xi+1 + k2

(

f
(

xi, aixi−m+1 + bixi−m, ti
)

+f
(

xi+1, ai+1xi−m+2 + bi+1xi−m+1, ti+1

)

)

...

xN − xN+1 + k2

(

f
(

xN , aNxN−m+1 + bNxN−m, tN
)

+f
(

xN+1, aN+1xN−m+2 + bN+1xN−m+1, tN+1

)

)









































. (B.7)

Note that indeed H(x) is a function of x, since x(T + t) = x(t), implies that
xN+i = xi (i.e. xN+1 = x1 in (B.7)). A zero of (B.7) can be found by applying
the Newton-Raphson algorithm; i.e. we solve iteratively the set of equations

∂H

∂x
∆x = −H(x), (B.8)

where ∆x denotes an update on our approximation x.
Each row in (B.7) has the same pattern which can be simplified to:

g
i
= p

i1
−p

i2
+
k
2

(

f
(

p
i1
, aiqi1

+biqi2
, ti
)

+f
(

p
i2
, ai+1qi3

+bi+1qi1
, ti+1

)

)

, (B.9)

where i = 1, . . . , N , p
i1

= xi, pi2
= xi+1, qi1

= xi−m+1, qi2
= xi−m and q

i3
=

xi−m+2. Therefore, in order to compute ∂H
∂x in (B.8), the partial derivative of

g
i
should be calculated with respect to five terms, namely p

i1
, p

i2
, q

i1
, q

i2
and

q
i3

.
This gives

∂H

∂x
=















a11 a12 0 . . . 0 0
0 a22 a23 . . . 0 0
. . .

. . .
. . .

. . .
. . .

. . .

0 0 0 . . . aN−1,N−1 aN−1,N

aN,1 0 0 . . . 0 aNN















(B.10)

+











0 . . . 0 ǎ1,1−m ǎ1,2−m ǎ1,3−m 0 . . . 0
0 . . . 0 0 ǎ2,2−m ǎ2,3−m ǎ2,4−m . . . 0
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

0 . . . ǎN,N−m ǎN,N−m+1 ǎN,N−m+2 0 0 . . . 0











,
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with

ai,i = I +
k
2

∂f
(

p
i1
, aiqi1

+ biqi2
, ti
)

∂p
i1

,

ai,i+1 = −I +
k
2

∂f
(

p
i2
, ai+1qi3

+ bi+1qi1
, ti+1

)

∂p
i2

,

ǎi,i−m =
k
2

∂f
(

p
i1
, aiqi1

+ biqi2
, ti
)

∂q
i2

, (B.11)

ǎi,i−m+1 =
k
2

∂f
(

p
i1
, aiqi1

+ biqi2
, ti
)

∂q
i1

+
k
2

∂f
(

p
i2
, ai+1qi3

+ bi+1qi1
, ti+1

)

∂q
i1

,

ǎi,i−m+2 =
k
2

∂f
(

p
i2
, ai+1qi3

+ bi+1qi1
, ti+1

)

∂q
i3

.

Here, the equations in (B.11) agree with
∂g

i

∂p
i1

,
∂g

i

∂p
i2

,
∂g

i

∂q
i2

,
∂g

i

∂q
i1

and
∂g

i

∂q
i3

, respec-

tively. The first matrix of (B.10) defines the derivative of H with respect to the
present state and the second matrix defines the derivative of H with respect to
the delayed state. For systems with multiple delays, the latter matrix needs to
be derived for each delay.

The reason for the notation of ǎ in contrast to a is the following. The
matrix ∂H

∂x is of size N ×N . However, it can occur that terms such as ǎi,i−m

fall outside this matrix if i−m < 0 or i−m > N . In that case, the term changes
to ǎi,i−m+̺N , where the integer ̺ is chosen such that 0 < i −m + ̺N ≤ N .
This can be done, due to the periodicity of the system and the periodicity of
the solution.



C
Stability of DDEs

C.1 Method of Altintas and Budak

C.2 Semi-discretisation

In this appendix, two methods are presented that can be used to determine
the stability of a dde. In Section C.1, a method is presented that can be used to
quickly determine the stability of autonomous ddes, whereas in Section C.2, a
method is presented that can compute the stability of nonautonomous periodic
ddes, with a constant or periodic delay.

C.1 Method of Altintas and Budak

The method of Altintas and Budak (abm) [4, 5] can be used on autonomous
models of the type (3.1). For models of case 2 of Table 2.2 (i.e. an exponential
cutting model with circular tooth path), the linearised force of (3.10) can be
rewritten to

F (t) = ap

z−1
∑

j=0

Hj(t)
(

v(t)− v(t− τ̂)
)

, (C.1)

with Hj(t) defined in (3.12). This is converted in the Laplace domain as

F (s) = apH(s) ∗
(

1− e−sτ̂
)

V (s), (C.2)

where F (s) = L
(

F (t)
)

, V (s) = L
(

v(t)
)

, H(s) = L
(
∑z−1

j=0 Hj(t)
)

, L denotes the
Laplace operator and the asterisk (∗) denotes the convolution operator. The
state space formulation of (2.57) is rewritten in transfer function formulation
for each input-output combination, which yields in the Laplace domain

V (s) =

[

Gxx Gxy

Gyx Gyy

]

F (s) = GF (s), (C.3)

where Gij = Ci(sI−A)−1Bj , with I the identity matrix, Ci the i-th row of C,
Bj the j-th column of B and i, j ∈ {x, y} and assuming D = 0. Substitution
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of (C.2) in (C.3) yields

V (s) = apGH(s) ∗
(

1− e−sτ̂
)

V (s). (C.4)

If the set of differential equations is autonomous, the convolution changes to a
normal multiplication. The milling model can be simplified to an autonomous
model by averaging

∑z−1
j=0 Hj(t) over the tool path. Since the cutter is only

cutting if φs ≤ φj(t) ≤ φe, this yields

H̄ =
1

θ

∫ φe

φs

z−1
∑

j=0

Hj(φ)dφ, (C.5)

with θ = 2π
z (z is the number of teeth) and

V (s) = apG(s)H̄
(

1− e−sτ̂
)

V (s). (C.6)

To find nontrivial solutions of (C.6) one needs to solve

det
(

I− apG(s)H̄(1− e−sτ̂ )
)

= 0. (C.7)

This is equal to the characteristic equation of the closed-loop milling system
of Figure 2.6. The limit of stability is reached if the poles of the characteristic
equations lie on the imaginary axis, i.e. s = iωc. Defining

Λ = −ap

(

1− e−iωcτ̂
)

, (C.8)

the characteristic equation, for s = iωc, becomes

det(I + ΛG(iωc)H̄) = 0. (C.9)

If it is assumed that Gxy = Gyx = 0, which corresponds to the physical notion
of decoupled dynamics in x- and y-direction this equation becomes

a0Λ
2 + a1Λ + 1 = 0, (C.10)

with

a0 = GxxGyy(H̄xxH̄yy − H̄xyH̄yx), (C.11)

a1 = H̄xxGxx + H̄yyGyy. (C.12)

The eigenvalues Λ can then be found by

Λ =
−a1 ±

√

a2
1 − 4a0

2a0
. (C.13)

The eigenvalues can be split into a real and an imaginary part

Λ = ΛR + iΛI . (C.14)
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Substituting this equation and using the definition e−iωcτ̂ = cosωcτ̂ − i sinωcτ̂
into equation (C.8), gives the critical axial depth of cut as

ap,crit = − ΛR + iΛI

1− cosωcτ̂ + i sinωcτ̂

= − (ΛR + iΛI)(1− cosωcτ̂ − i sinωcτ̂)

(1− cosωcτ̂ + i sinωcτ̂)(1− cosωcτ̂ − i sinωcτ̂)
(C.15)

= −1

2

(

ΛR(1− cosωcτ̂) + ΛI sinωcτ̂

1− cosωcτ̂
+ i

ΛI(1− cosωcτ̂)− ΛR sinωcτ̂

1− cosωcτ̂

)

.

Since ap is a real number, the imaginary part of ap must be zero, which results
in

ΛI(1− cosωcτ̂)− ΛR sinωcτ̂ = 0. (C.16)

By substituting

κ =
ΛI

ΛR
=

sinωcτ̂

1− cosωcτ̂
, (C.17)

into the real part of equation (C.15), the critical axial depth of cut is expressed
by

ap,crit = −1

2
ΛR(1 + κ2), (C.18)

where ΛR can be found by equation (C.13).
The corresponding spindle speed still needs to be determined. Using trigono-

metric relations

tan

(

1

2
α

)

=
sinα

1 + cosα
, sin(π−β) = sinβ, cos(π−β) = − cosβ, (C.19)

the parameter κ can be described as

κ = tan

(

π

2
− ωcτ̂

2

)

:= tanψ. (C.20)

The phase of the eigenvalue is ψ = arctanκ. The phase shift between two
subsequent teeth is defined as ε = π − 2ψ and visualised in Figure 2.5. The
number of waves between two subsequent teeth is then given by

ε+ 2kπ = ωcτ̂ , (C.21)

with k the integer number of full vibrations between the two teeth, i.e. the
so-called lobe number. The tooth passing period, which is equal to the delay,
can be calculated by

τ̂ =
ε+ 2kπ

ωc
, (C.22)
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and the spindle speed (in rpm) by

n =
60

zτ̂
=

60ωc

z(ε+ 2kπ)
. (C.23)

Basically, (C.21) is the same as (2.13). The chatter frequency ωc

2π of (C.21)
is equal to the dominant chatter frequency of the set fC as explained in Section
2.2, whereas fc in (2.13) is the basic chatter frequency. This is due to the fact
that in (2.13) k can be any integer, whereas in (C.21) k is equal to the lobe-
number. However, if k in equation (2.13) is chosen to be the lobe number,
2πfchat = ωc, and hence

ε = ±Im(lnµ). (C.24)

C.2 Semi-discretisation

The semi-discretisation method (sdm) [56, 58] can be used to determine the
stability of non-autonomous linear ddes of type (3.13) or (3.14). This method
gives a finite dimensional approximation of the monodromy matrix Φ of a
periodic dde over the principal period T . Hereto, the period T is divided into
k intervals of length h . Here, the method is described for an equidistant grid,
but it can be easily converted to a non-equidistant grid. Over one discrete time
interval [ti, ti+1], the average delay is defined as

τj,i =
1

h

∫ ti+1

ti

τj(t)dt, j = 0, . . . , z − 1. (C.25)

Furthermore, P (t) and Qj(t) are discretised by

Pi =
1

h

∫ ti+1

ti

P(t)dt, Qj,i =
1

h

∫ ti+1

ti

Qj(t)dt, j = 0, . . . , z− 1. (C.26)

Now, (3.14) is approximated in the i-th interval by

ẋ(t) = Pix(t) +

z−1
∑

j=0

Qj,ivτj,i
, (C.27)

where the delayed output is approximated on the interval [ti, ti+1] as depicted
in Figure C.1, i.e.

v
(

t−τj(t)
)

≈ v(t−τj,i) ≈ v(ti+h /2−τj,i) ≈ aj,ivi−mj,i+1+bj,ivi−mj,i
:= vτj,i

,

(C.28)

with aj,i =
αj,i

αj,i+βj,i
, bj,i =

βj,i

αj,i+βj,i
, αj,i + βj,i = h and mj,i = ⌊ τj,i+h /2

h
⌋ and

⌊p⌋ denotes the nearest integer lower than or equal to p (e.g. ⌊3.62⌋ = 3). The
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xi−mi
xi−mi+1

xixi−N
xi+1

ti + h /2αj,iβj,i

h

T

τj,i

t

Figure C.1: Graphical interpretation of period time and the delay in the sdm.

differences in the definitions of a, b and m in the finite difference method and
the semi-discretisation method are caused by the fact that the fdm uses the
state x and the vector field f at the discrete points ti, whereas in the sdm, an
approximation over the interval [ti, ti+1] is made. The solution of (C.27) for
the initial condition x(ti) = xi (see [58]) is

x(t) = exp
(

Pi(t− ti)
)

xi +

z−1
∑

j=0

exp
(

Pi(t− ti)− I
)

P−1
i Qj,ivτj,i

. (C.29)

Substitution of x(t) = x(ti+1) = xi+1 and (C.28) in (C.29) yields

xi+1 = Rixi +
z−1
∑

j=0

(Tj,iaj,ivi−mi+1 + Tj,ibj,ivi−mi
), (C.30)

with

Ri = exp
(

Pih
)

,

Tj,i = exp
(

Pih − I
)

P−1
i Qj,i.

(C.31)

Next, a vector Zi is defined, according to

Zi =
[

xT
i vT

i−1 . . . vT
i−M

]T
, (C.32)

whereM = maxj,imj,i. The dimension of x is denoted by n1 and the dimension
of v is denoted by n2. The length of Z is n1 + Mn2. Usually for the milling
process n1 > n2. Therefore, when the vector Z is built from the present state
and the past outputs, it is shorter than if it would have been built of the
present and past states. This gives smaller dimensions for Tj,i, which saves
computational time. Now, (C.30) can be described by

Zi+1 = ΓiZi, (C.33)
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with

Γi =



















Ri 0 0 . . . 0 0 0

C 0 0 . . . 0 0 0

0 I 0 . . . 0 0 0
...

. . .
. . .

. . .
. . .

. . .
...

0 0 0 . . . I 0 0

0 0 0 . . . 0 I 0



















+

z−1
∑

j=0











0 0 0 . . . 0 aj,iTj,i bj,iTj,i 0 . . . 0

0 0 0 . . . 0 0 0 0 . . . 0
...

...
...

...
...

...
...

...
...

...
0 0 0 . . . 0 0 0 0 . . . 0











.

(C.34)

The first column of Γi as presented above contains submatrices that have n1

columns each. The other columns contain submatrices that have n2 columns
each. The first row of Γi as presented above contains submatrices that have
n1 rows each. The other rows contain submatrices that have n2 rows each.
Here, the submatrix aj,iTj,i is the mj,i-th submatrix of the first row of Γi and
the submatrix bj,iTj,i is the mj,i + 1-th submatrix of the first row of Γi. The
dimensions of these two submatrices are n1 × n2.

Now, the finite-dimensional approximation of the monodromy matrix Φ is
built by

Φ = Γk−1Γk−2 . . .Γ1Γ0, (C.35)

with k the number of discretisation points. The stability of (3.14) can be
analysed by regarding the eigenvalues µ of Φ. If all eigenvalues µ are in modulus
less than one, (C.30) is asymptotically stable. This means that the periodic
solution of (2.62) is (at least locally) asymptotically stable and no chatter
occurs. At the loss of stability, the basic chatter frequency is determined by the
eigenvalue which is greatest in modulus and using that knowledge in (2.12).
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[43] J. Gradǐsek, E. Govekar, and I. Grabec. Time series analysis in metal cutting:
chatter versus chatter-free cutting. Mechanical Systems and Signal Processing,
12(6):839–854, 1998.
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Summary

Chatter Prediction and Control for High-Speed Milling: Modelling and Experiments

In many sectors of industry, high-speed milling (hsm) is used for fast and ac-
curate production of a wide variety of products. For instance, in the aeroplane
building industry large parts are cut where over 90% of the original material
is being removed. Also, in the mould and turbine making industry, hsm is
used to create complex or thin walled geometries. The material removal rate
(mrr), reflecting the machining efficiency, is often limited by the occurrence of
an instability phenomenon called chatter. When chatter occurs, the cutter is
vibrating heavily, which results in an inaccurate and unacceptable workpiece
quality, rapid tool and machine wear and noise. Therefore, chatter should be
prevented from occurring at all time. While different types of chatter exist, the
type of chatter that occurs the most in practice is called regenerative chatter.
This type of chatter is the result of forced vibrations of the cutter, due to the
waviness of the workpiece that is left behind by the previous cutting tooth.

The stability boundary separating regions of chatter and chatter-free regions
in the process parameter space, is often visualised by a so-called stability lobes
diagram (sld). Using these lobes, the one can select a proper combination of
the process parameters. Therefore, accurate models are necessary to select the
optimal machining conditions. Different types of models have been developed
since the late 1950’s modelling various aspects of the cutting process.

In this work, the milling process is modelled by using three submodels: the
tool path model, the cutting process and the machine-tool dynamics. Usually,
the tool path is modelled as being circular. However, due to the rotation of
the cutter while it translates in the feed direction, the tool path is trochoidal.
Especially for low immersion cuts, the choice of the tool path model has a large
influence of the stability limit. For the cutting process, a nonlinear relation
between the chip thickness and cutting force is modelled. This allows us to
model the dependency of the stability limit on the chip load. The machine-
tool dynamics are modelled by multi-degree-of-freedom linear dynamics. The
regenerative effect is modelled by introducing a delay in the set of differential
equations. The resulting model is a set of nonlinear nonautonomous delay
differential equations with periodic delays.

The necessary parameters that are used in the model are obtained by per-
forming dedicated experiments on a state-of-the-art hsm machine. Hereto,
experiments are performed to identify the parameters for the cutting force
model. Furthermore, impact measurements on the machine-tool combination
have been performed to obtain the parameters for the machine-tool dynamics
model. Moreover, a method is presented to more efficiently obtain the param-
eters to model the machine-tool dynamics for different combinations of spindle
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and mill.
When chatter does not occur, the tool vibrates in a periodic motion where

the period time is a function of the spindle speed and the number of cut-
ting teeth. When chatter occurs, this periodic motion becomes unstable. In
order to determine the stability boundary using the model obtained in this
work, first this periodic motion is calculated using a finite difference method
for delay-differential equations. Next, the local stability of this periodic mo-
tion is evaluated by using the semi-discretisation method. Experiments are
performed to detect the stability limit in practice and the lobes predicted by
the model are compared to the experimentally determined stability limit.

In practice, it may happen that the stability lobes shift during cutting due
to e.g. warming up of the spindle. A working point that was initially chosen
by the machinist based on the model may become unstable when the lobes
shift. Since chatter has such a negative effect on the workpiece quality and
the lifetime of the tool and machine, it is necessary to detect the occurrence of
chatter as soon as possible. Existing methods are able to detect chatter only
when it is already fully grown and hence the workpiece is already damaged.
Therefore, in this work two methods are presented to detect the chatter online
in a premature stage, i.e. when is has not been fully developed. By measuring
the onset of chatter, it is possible to interfere in the process while the quality
of the workpiece is still acceptable and the tool and machine are not damaged,
if the process parameters are changed fast enough. Dedicated experiments
are performed to compare the onset of chatter using the proposed detection
methods with the chatter marks on the surface of the workpiece, indicating the
validity of the detection methods.

When the onset of chatter has been detected, the working point that has be-
come unstable should be moved to a stable working point. Hereto, a controller
design is developed that automatically adjusts the spindle speed and feed to
a new stable working point. Finally, experiments are performed to prove the
working principle of the detection algorithm in combination with the controller
in practice.



Samenvatting

Chatter Prediction and Control for High-Speed Milling: Modelling and Experiments

Hogesnelheidsfrezen (hsf) wordt toegepast in veel takken van de industrie
om snel en nauwkeurig een breed scala van producten te fabriceren. In de lucht-
vaartindustrie worden bijvoorbeeld grote vliegtuigonderdelen gefreesd waarbij
meer dan 90% van het originele materiaal wordt verspaand. Ook bij de fabrica-
ge van mallen en turbinebladen wordt hsf toegepast om geometrisch complexe
of dunwandige producten te maken. De verspaningssnelheid, een maat voor
de efficiëntie, wordt vaak beperkt door een instabiliteitsfenomeen, genaamd
chatter. Als chatter optreedt, trilt de frees hevig, hetgeen in een inferieure
kwaliteit van het werkstuk resulteert. Verder gaat het gepaard met snelle slij-
tage van frees en machine en met een onaangenaam geluid. Daarom moet
ervoor gezorgd worden dat chatter nooit optreedt. Er bestaan verschillende
typen chatter, waarvan in de praktijk de zogenaamde regeneratieve chatter het
meeste voorkomt. Dit type chatter is het gevolg van geforceerde trillingen van
het gereedschap vanwege golvingen op het werkstuk die zijn achtergelaten door
de vorige snijtand.

De stabiliteitsgrens die het onderscheid maakt tussen gebieden in de proces
parameter ruimte waarin chatter optreedt en gebieden waar geen chatter op-
treedt, wordt vaak weergegeven door een zogenaamd stabiliteitslobben diagram
(sld). Met behulp van deze lobben kan een juiste combinatie van de proces
parameters gekozen worden waarmee chatter voorkomen wordt. Daarom zijn
nauwkeurige modellen nodig om optimale verspaningscondities te selecteren.
Verschillende typen modellen zijn ontwikkeld sinds de 50’er jaren waarin ver-
schillende aspecten van het verspaningsproces zijn gemodelleerd.

In dit werk, wordt het freesproces gemodelleerd met drie sub-modellen:
het tandpadmodel, het snijproces en de machine-frees dynamica. Het is ge-
bruikelijk het tandpad te modelleren als een een cirkelboog. Echter, vanwege
de combinatie van gelijktijdige rotatie en translatie van de frees, beschrijft de
tand in werkelijkheid een trochöıde pad. Vooral in het geval van een kleine
snedebreedte heeft de keuze van het tandpadmodel een grote invloed op de sta-
biliteitslimiet. Voor het snijproces is een niet-lineaire relatie tussen spaandikte
en snijkracht gemodelleerd. Hierdoor is het mogelijk de afhankelijkheid van de
aanzet op de stabiliteitslimiet te modelleren. De machine-frees dynamica zijn
gemodelleerd met lineaire dynamica met een groot aantal vrijheidsgraden. Het
regeneratieve effect is gemodelleerd door een vertragingsterm toe te voegen in
de set van differentiaalvergelijkingen. Dit resulteert in een set van niet-lineaire
niet-autonome differentiaalvergelijkingen met periodieke vertraging.

De noodzakelijke parameters die in het model gebruikt worden, zijn be-
paald door experimenten uit te voeren op een moderne hsm machine. Hiervoor
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zijn experimenten uitgevoerd om de snijkrachtcoëfficiënten van het snijproces
te identificeren. Verder zijn impact testen uitgevoerd op de combinatie van
machine en frees om de parameters van het machine-frees model te bepalen.
Bovendien is er een methode beschreven om deze parameters efficiënter te be-
machtigen in het geval dat er verschillende frezen op een machine gebruikt
worden.

Wanneer er geen chatter optreedt trilt de frees in een periodieke beweging
waarbij de periodetijd een functie is van het toerental en het aantal snijtan-
den. Als chatter optreedt wordt deze periodieke beweging instabiel. Om de
stabiliteitsgrens te bepalen met behulp van het gepresenteerde model, is deze
periodieke beweging berekend met de eindige differentiemethode voor differen-
tiaalvergelijkingen met vertraging. Vervolgens is de locale stabiliteit van deze
periodieke oplossing geëvalueerd met behulp van de semi-discretisatiemethode.
De stabiliteitsgrens is experimenteel bepaald en vergeleken met de gemodel-
leerde stabiliteitslobben.

In de praktijk kan het voorkomen dat de stabiliteitslobben verschuiven als
gevolg van bijvoorbeeld het opwarmen van de spindel. Hierdoor kan een geko-
zen werkpunt aanvankelijk stabiel zijn, maar instabiel worden als gevolg van
het verschuiven van de lobben. Omdat chatter zulke grote gevolgen heeft voor
de kwaliteit van het werkstuk en de levensduur van machine en gereedschap,
is het noodzakelijk om het ontstaan van chatter zo vroeg mogelijk te detec-
teren. Bestaande methoden kunnen chatter pas detecteren als het al volledig
ontwikkeld is en dus het werkstuk al beschadigd is. In dit werk, worden daar-
om twee methoden beschreven die chatter online kunnen detecteren in een zeer
vroeg stadium, d.w.z. wanneer chatter nog niet volledig is ontwikkeld. Door
het ontstaan van chatter te detecteren is het mogelijk om in te grijpen in het
proces wanneer de proces parameters snel genoeg gewijzigd kunnen worden.
Op deze manier blijft de kwaliteit van het werkstuk hoog en worden de frees en
machine niet beschadigd. Aan de hand van experimenten is het resultaat van
de detectiemethoden vergeleken met de oppervlakte kwaliteit van het werkstuk
om zo de detectiemethoden te valideren.

Wanneer het ontstaan van chatter is gedetecteerd moet het instabiel gewor-
den werkpunt worden verplaatst naar een stabiel werkpunt. Hiervoor is een
regelaar ontworpen die automatisch het toerental en de voeding aanpast naar
een nieuw stabiel werkpunt. Tot slot is de combinatie van de detectiemethode
met de regelaar experimenteel getest om de werking hiervan experimenteel te
aan te tonen.
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