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A note on Bayar's: 

"On the Uniqueness of the Nash Solution in Linear-Quadratic 

Differential Games" 

by 

E.E.C. van DallUIle 

ABSTRACT 

In this note <!:ounterexamples to some theorems in a paper by T .Ba~ar 

are presented. 

Sufficient conditions for the validity of some of the theorems are 

derived. For others it is made plausible that the theorems cannot 

be repaired. In the latter case one can only obtain positive results 

by restricting oneself to perfect equilibrium pOints. 

1. INTRODUCTION 

In [11 T.Baiiar has investigated whether there exists a unique Nash 

equilibrium point in 2-person Linear-Quadratic Difference Games. 

A 2-person Linear-Quadratic Difference Game is a game in which a 

dynamic system is observed by 2 players at discrete points in time. 

At each observation point both players take an action and the 

system moves to another state, depending (linearly) on the present 

state and the actions taken. At each observation point both players 

incur costs, depending in a quadratic way on the present state and 

on the actions taken. 

In [1] Basar has investigated the uniqueness of an equilibrium point , 
for three different information structures: 

(i) the open-loop (OL) information structure, 

in which both players base their decisions only on time and 

the initial state of the system. 

(ii) the closed-loop no-memor-y (CLNM) information structure, 

in which the players base their decisions on time and on the 

present state of the system. 
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(iii) the closed-loop (CL) information structure, 

in which the players may base their decisions on all states 

that have occurred up to and including the moment of observation. 

The major results of Ba~ar are the following ones: 

(1) if both players use OL strategies, then an equilibrium pOint (=E.P.) 

exists if and only if certain regularity conditions are satisfied. 

If an E.P. eXists, then it is unique (Theorems 1 and 2). 

(2) if both players use CLNM strategies, then an E.P. exists if and 

only if certain regularity conditions are satisfied. If an E.P. 

exists, then it is unique; in this case this E.P. can be found 

by using a dynamic programming technique (Theorem 3). 

(3) if an E.P. in CLNM strategies exists, then this strategy pair 

also constitutes an E.P. within the class of CL strategies. 

In the case of a stochastic game no other E.P. in CL strategies 

can exist (Theorem 5). In the case of a deterministic game it is 

possible that there exist other E.P.'s in CL strategies. 

In section 2 we present counterexamples to the theorems 1,3 and 5 

of l11. 
In example 1 we consider theorem 1. We will see that only a slight : 

modification is needed to make theorem 1 true. Proposition 1 is the 

right version of theorem 1. 

In example 2 we point out the reason for the existence of a multi

plicity of E.p.'S in CL strategies in deterministic games: in such 

games threat equilibria can exist. These cannot be found by dynamic 

programming. The character of these threat equilibria is elucidated 

in example 2. 

Sometimes it is possible that the present state reveals much of the 

relevant information about the past. In such a case a player possesses 

under the CLNM information structure the same relevant information as 

under the CL information structure. Therefore we might expect that in 

such a case there exists more than one E.P. in CLNM strategies. 

This is indeed the case in example 3. 
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Example 4 is an example of a situation in which there exists more 

than one E.P. in CLNM strategies, too. However, the E.P. described 

in example 4 is of a different kind than the E.P.'s from the 

examples 2 and 3. The threat equilibria of the examples 2 and 3 are 

in some sense reasonable, since they yield a better performance than 

the E.P. found by dynamic programming for at least one of the players. 

The threat equilibrium of example 4 is certainly a foolish one. 

Nevertheless, this simple example, where all matrices are regular and 

all relevant cost matrices are positive definite, indicates that in 

general (for deterministic games) there will be a multiplicity of 

CLNM equilibrium points. So, the uniqueness of theorem 3 cannot be 

obtained by demanding stronger regularity conditions. 

Two approaches can be taken to get rid of these unrealistic E.P.'s 

and to obtain a unique solution: 

(1) One can demand that the solution is a perfect equilibrium point 

([4]) • 

(ii) One can consider stochastic games. This is the approach taken by 

Bafar. However, his theorem 5 is not entirely correct (see 

example 5), but fortunately it can be easily repaired (proposl.;.,'" 

tion 2). 

As a matter of fact these two approaches amount to the same thing and 

in nondegenerate cases they result in a unique solution, which is the 

E.P. found by dynamic programming. 

The notations used in section 2 are the same as in [11 as far as 

possible. Furthermore for a game as in [1] section ]I the following 

notations are used: 

P. is an abbreviation of "player in (iE{1,2}). 
~ 

An OL strategy for P1 is a sequence 

A CLNM strategy for Pi is a sequence 
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A CL strategy for Pi is a sequence 

h t : = (xo,x1 '······,xt ) (t Ee) • 

Similarly strategies for P
2 

are defined. These will be denoted by 

(J =(vc:;(o) , •••• , v
N

_
1 

(.») 

The expected cost for Pi when P
1 

(P
2

) uses strategy ~ (a) and the 

initial state is Xo is denoted by J i (xo 1 ~,a). 

In the examples we .have not written down explicitly the cost matrices 

and the matrices from the law of motion. However, the reader will have 

no difficulty in constructing the appropriate matrices and in verifying 

that the conditions of the theorems in question are satisfied. 

In this paper we do not consider the theorems 2,4 and 6 of (1] . Only 

slight modifications are needed to make these theorems true. The reader 

can make the adjustments himself. 

2. THE EXAMPLES 

EXAMPLE 1 

In this example we show that part (ii) of theorem 1 is not correct. 

If the matrices in question are singular, there may be more than one 

E.P. 

Consider the following situation:-

Take: m=2, r=l, r'=l, N=l 

(::::) --:-:-.... ~:::: 
The cost for each player is given by 

J
1 

(x; Tr,a) (2x (1) + U 
o 

= (2x (1) + 2u 
o 

+ 2v )2 
o 

+ v ) 2 
a 

2 + u o 
2 + v 
a 

The pair (n,a), with 1T u (.), a = v (.) is an E.P. if and only if: 
a a 

x (1) + u (x) + v (x) = 0, for all x ElR 2. 
o 0 

• superscribed indices within brackets are used for coordinates 
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In this case player 1 prefers the E.P. with 

u (x) = a I 
o 

(1) 2 . 
v (x) = -x ex E lR ) 

o 

while player 2 prefers the E.P. with 

(1) 2 
u (x) = ~ I v (x) :::: 0 (X,E lR ) 
o 0 

So, in this situation, it is not clear which one of these E.P.'s 

should be the solution of the game. 

REMARK 

In example 1 the matrices C
1 

and C
2 

were not positive definite, only 

semi positive definite. However, in [2] it has been shown that the 

matrices of theorem 1 may be singular even if C1 and C
2 

are positive 

definite. So even in this case one can construct examples in which 

there exists more than one E.P. 

After the warning given by example 1 it is not difficult to see that 

the right version of theorem 1 is: 

PROPOSITION 1 

(i) If(011 + K
1
G

1
) is nonsingular (equivalently: (0

22 
+ K

2
G

2
) is non

singular) then there exists a unique E.P., which is the one given 

by theorem 1. 

(ii) If (011 + K1G
1

) is singular, then an E.P. exists if and only if 

for all x E lR m the system of equalities: (0
11 

+ K
1
G

1
)u = -K

1
Fx has 

a solution (equivalently: the system (0
22 

+ K
2
G

2
)v :::: -K

2
FX has a 

solution). 

EXAMPLE 2 

In this example we elucidate the nature of a threat equilibrium for 

CL strategies. This example is no counterexample to a theorem of Ba7ar, 

it is a prelude to the examples 3 and 5. 

x 
o 

u 
o 

v 
o 

m=l, r=l, r'=l, N=2 

x + u + v 
000 

to 



J 1 (xo ; 1f,a) = 

J
2

(x
o

; 1f,a) == 

2 
x

2 
2 x
2 

2 
+ u 

o 
2 

+ v 
o 
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The E.P. given by theorem 3 (found by dynamic programming) is the 

pair (11,&) with 

n a = (u 0 ( .. ), ul ( • »), and 

u (x) - 2/13 x 
000 

When one plays in accordance with this E.P. one assumes that at time 

t=l the other player will play his one-period equilibrium strategy 

in all states, also in the states that may not be reached. 

Now let (n,a) be a pair of CL strategies. 

Let us define: xl (x
o

' n,a) : = x + u (x ) ,+ v (x ) 
00000 

If (1f,a) is an E.P. then it is necessary that the action pair 

(u l (xo,x l ), v
l 

(xo'x l ») is in equilibrium if xl = x
l

(x
o

,1f,a). 

However, it is not necessary that this pair is in equilibrium if 

xl ~ xl (x
o

,1f,a) (since then the combination (xo,x
l

) cannot occur 

anyhow when the strategy pair (1f,a) is played). 

This gives rise to a whole class of threat equilibria. Namely, 

let 1jJ: m. m -lR m be an arbitrary function. 

Suppose player 1 decides that at time t=l he will play his one-period 

equilibrium strategy if and only if the combination (x
o

,1jJ(x
o

}) occurs, 

whereas he will "punish" player 2 otherwise. If the punishment is 

heavily enough, then the best reply of player 2 is to arrange that 

indeed the combination (x
o

,1jJ(x
o

») is realized. Now, if player 2 like

wise follows such a threat strategy, then it is possible that such a 

pair constitutes an E.P. Consider e~g. the following strategy 

pair (n ,0') : 

, with 
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It is easy to verify that this pair is indeed an E.P. When the 

players play according to this E.P. they minimize the sum of their 

costs, given that they will play their one-period equilibrium 

strategies at t=l, and hence they cooperate implicitly. When one 

of the players breaks the implicit agreement, then he gets punished 

by the other player. 

A threat equilibrium as in example 2 will exist in all situations in 

which a player knows how heavily he must punish the other player,in case 

the desired state is not reached; and if he is indeed able to punish 

the other that badly. This will usually only be possible when a player 

is able to use CL strategies. However, as we shall see in example 3, 

sometimes the present state already reveals the necessary information. 

So, in this case, threat equilibria in CLNM strategies exist. 

EXAMPLE 3 

In this example we will show that there may be more than one E.P. in 

CLNM strategies even if the nonsingularity conditions of theorem 3 

are satisfied. 

m=2, r=l, r'=l, N=2 

(

X (1») 
(2) 

x 

+ u o 

+ u 
o 

+ u 
o 

Vl)2+ u~ + u: 
+ vJ2 

It is easy to verify that the nonsingularity conditions of theorem 3 

are satisfied. 

The E.P. of theorem 3 is given by: 

u (x ) 
o 0 

-1/3 x(2) 
o 

v (x ) = 0 o 0 

1/2 x(2) 
1 
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However, this is not the only E.P. 

Namely, let TI = (Uo (')' ul (0»), a = (vo (')' v l ('») be defined by 

u (x ) 
o 0 

v (x ) 
0 0 

v l (xl) 

v 1 (xl) 

(S9n (x)= 

(2) 
- x 

o 

o 

0 

1 (2) 
xl 

0 

(1)1 (0) - xl s gnx1 ' 

if 

if 

Then the pair (n,a) is an E.P. 

if 
(2 ) 

" 0 xl 

if 
(2) 

0 xl = 

This E.P. is a threat equilibrium in CLNM strategies. It exists since 

P2 can deduce from the state at time t=l all the relevant information 

about the past. 

In example 3 we have seen that there exist games with more than one E.P. 

in CLNM strategies. However, in this example, the matrices in the law 

of motion are singular. So, one might hope that theorem 3 would become 

true by requiring additional nonsingularity conditions. 

In example 4 we see that this cannot be achieved. In this example all 

matrices in the law of motion are regular, all relevant cost matrices 

are positive and still there exists a multiplicity of (rather foolish) 

E.P.'s in CLNM strategies. 

Furthermore, it will be clear, that an E.P. as the one described in 

example 4 will exist in "almost any" Linear-Quadratic Difference Game. 



EXAMPLE 4 

x 
o 

u 
o 

v 
o 

m=l, r=l, r'=l, N=2 

• x + u + v 
000 
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The E.P. given by theorem 3 is the pair (R,a) with 

i[:::: a = (uo,o" u{(.») and 

u (x ) 
o 0 

11 
3I Xo 

But also the strategy pair"(n,a) with 

11" = a == (UOC'),u
1 

Co») and 

(x ) 
11 

if llO == - -x x 
0 31 0 .0 

u (x ) 
1 1 

if := --x +- X 
o 0 2 0 2 0 

(x ) 
1 1 

if u --x -2" x 
0 0 2 0 0 

if 

10 if 

is an E.P. 

r/ (- 31 
9 

E [ 0 

E (_ 3; 

I 

(- 1,1) 

E (- 1,1) 

3; ) 
3; ) 

0) 
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EXAMPLE 5 

In this example we show that also in a stochastic Linear-Quadratic 

Difference Game an E.P. is not necessarily unique; threat equilibria 

may exist. In this example the data are the same as in example 2, 

except for the law of motion, which is now: 

x 
o 

u 
o 

v 
o 

x + u + v + w =: xl o 0 0 0 
.. x + u + v + w =: X 

1 1 112 

w 0 and w 1 are random variables, both uniformly distributed on t -1,1 . ] , 

Wo and wI are statistically independent. It is not difficult to construct 

a threat equilibrium analogous to the one of example 2. 

Namely,let the strategy pair (TI,a) be defined by : 

TI = a = (uo (·)' u l (.») , and 

u (x ) 
o 0 

4 
= - - x 

17 0 

= 21 Xo I-Xl +2+ -9-..;;.1_
_. x -l-x 
17 0 1 

I 
9 x

1
- - x -1 

17 0 

Then the pair (TI,o) is an E.P. 

if xI' [:7 xo-I, :7 Xo+IJ 
9 

if xl < 17 Xo -1 

~f xl > 9 x +1 ... 17 0 

In all the examples we have seen, that besides the equilibria 

described by Ba~ar also certain threat equilibria exist. Strategies 

using threats are in equilibrium only because the player who threatens 

knows that the region, where his threat should eventually have to be 

carried out will never by reached. From this it follows that the 

following proposition is a right version of theorem S. 

PROPOSITION 2 

For a game as in [1] section II we have: 

if (i) wen) is a stochastic variable, such that for all open sets 

U c ]R m we have 

Prob (w(n) E U) > a (n E 0), and 

(ii) the nonsingularity conditions of theorem 3 are satisfied, 

then there exists a unique (eL) E.P. which is the one given by 

theorem 3. 
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