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Summary

3D particle tracking velocimetry and statistical

analysis of turbulent pipe flow

Air pollution and industrial mixing processes are just two examples of processes in
which dispersion of particles in turbulent flows is of importance. Particle dispersion
can be described by means of stochastic models. For most practical flow geome-
tries, knowledge of Lagrangian flow statistics is necessary to determine the coefficients
present in such models. Because numerical methods are either too inaccurate or lim-
ited to low Reynolds numbers, this thesis looks at the possibility of determining these
model coefficients by means of experiments. An inhomogeneous turbulent flow is gen-
erated in a pipe geometry and the Lagrangian experimental technique 3D particle
tracking velocimetry (3D PTV) is used to determine Lagrangian velocity statistics.

An experimental set-up for 3D PTV measurements in turbulent pipe flow is de-
signed. Important design parameters and the final design are discussed. 3D PTV
experiments are carried out at two moderate Reynolds numbers. Special care has
to be taken to ensure correct analysis of the measured particle tracks. Two possible
particle sampling methods to avoid biased statistics are presented. To our knowl-
edge, no experimentally determined Lagrangian statistics are available in literature
for turbulent pipe flow. Furthermore, the only numerical Lagrangian results are those
generated by the DNS code of Veenman as presented in [56, 62]. Eulerian as well as
Lagrangian 3D PTV results are compared with results from literature and all com-
pared quantities show good agreement.

A stochastic model for particle velocity is presented for the case of turbulent
pipe flow, regarding the particle acceleration as a Markov process. In this way, the
model neglects viscosity effects and is therefore not able to resolve the small scale
effects of low Reynolds number flow. It is, however, asymptotically exact for infinitely
high Reynolds numbers. The model coefficients, being the Kolmogorov constant and
damping coefficients, are determined from 3D PTV and DNS results. The model
results are in agreement with the available experimental and DNS results at the
moderate Reynolds numbers presented in this thesis. For Lagrangian results, this
agreement is restricted to times much larger than the Kolmogorov time as a result of
the Markovian assumption.

As most practical examples of turbulent flows, as well as the validity of the pre-
sented model, are restricted to high Reynolds numbers, the real challenge is to obtain
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model coefficients at high Reynolds numbers. Upper Reynolds numbers limits for the
experimental method are discussed and suggestions on how to raise these limits for
the current geometry are given.



Chapter 1

Introduction

Fluid flows play an important role in almost all aspects of human life. Some practical
examples are blood flow, atmospheric flow, oceanic flows, flow around cars or air-
planes, smoke escaping a chimney, etc. The understanding of the physics of such an
important phenomenon is naturally of great importance. Many practical or industrial
examples of fluid flows are turbulent and the relevant Reynolds numbers are very high.
For the development or optimization of industrial processes, knowledge of turbulent
flows is therefore indispensable. To date, however, it is not possible to accurately
model turbulent flows through complex geometries or at high Reynolds number. The
dynamics of fluid flows are described by the well-known Navier-Stokes equations. The
deterministic nature of these equations suggests that in case the initial and boundary
conditions are known, the flow can be described completely as a function of time. If
this is indeed the case, the flow is laminar in nature. In the case of turbulent flows,
the solution to the Navier-Stokes equations is sensitive to disturbances on the initial
and boundary conditions. This sensitivity is closely related to the interaction of the
non-linear inertia terms and viscous terms in the Navier-Stokes equations and will
cause the flow to be turbulent if the Reynolds number is high enough. A nice de-
scription of turbulence is given by Hinze [12]: “Turbulent fluid motion is an irregular
condition of flow in which the various quantities show a random variation in time and
space coordinates, so that statistically distinct average values can be discerned.” The
irregularity of the various flow quantities in time makes it useful to study turbulent
flows in terms of statistical averages.

The most natural way of investigating turbulent flows numerically is by direct
numerical simulations (DNS). Using this approach, one solves the complete Navier-
Stokes equations on a numerical grid without making any modeling assumptions, thus
describing all aspects of turbulent flows. The two major disadvantages of this method,
however, are the difficulty involved in incorporating complex geometries and the com-
putational effort needed. For numerical methods, the increasing separation of scales
with increasing Reynolds number implies the need for an increasingly fine grid. This
severely limits the maximum Reynolds number at which DNS calculations can still be
performed. The numerical alternatives for DNS at high Reynolds number flows are
mostly based on empirical relations. The use of these empirical relations is restricted
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because they need to be determined for every flow situation. Alternatively, one can
turn to statistical methods, such as Lagrangian stochastic models. An overview of the
development of such models is given in a review paper by Sawford [43]. Stochastic
models enable the modeling of dispersion of contaminants in turbulence. The abil-
ity to model turbulent mixing processes also makes stochastic models an important
tool in solving many environmental and engineering problems, for example transport
processes in the atmospheric boundary layer associated with air pollution.

A classical way to model turbulent dispersion is by the diffusion approach. In
this case the particle velocity is assumed to be δ-correlated, which is valid for times
t ≫ τc in the case of stationary homogeneous turbulence, where τc is the particle
velocity correlation time. For most practical cases of turbulent flow (inhomogeneous),
however, Brouwers [4] proved that the diffusion approach only holds when, in addition
to t ≫ τc:

ǭ =
τcũ

L
≪ 1, (1.1)

where L is the external length scale of the flow and ũ the standard deviation of fluid
velocity. Condition (1.1) implies that the random displacement of a fluid particle mea-
sured over a time period which corresponds to τc is required to be small if compared
to L. As shown by Brouwers [4], for practical cases of turbulent flow ǭ = O(1). As a
consequence, ǭ does not go to zero with increasing Re: the diffusion approximation
does not hold.

A more promising approach is to model the particle velocity by a stochastic equa-
tion, thus assuming the particle acceleration to be δ-correlated. This approach is
called the Langevin approach and is valid for times t ≫ τk, where τk is the Kol-
mogorov time. The smallest scales of turbulent flows are assumed to be represented
by the Kolmogorov time scale τk = τcRe−1/2; the range of validity of the model grows
with increasing Reynolds number.

For the development of Lagrangian stochastic models, knowledge of Lagrangian
statistics of turbulent flows is usually needed, for example to calculate an unknown
damping function included in such a model. For homogeneous, isotropic turbulence,
for example grid or wind-tunnel turbulence, this damping function is known [40, 42].
For other sorts of turbulence, more common in practice, a unique formulation has yet
to be found [39, 44]. The present research aims at measurements of inhomogeneous
turbulent flow through a pipe, in order to quantify the damping function in this case.
Experimental studies of fluid flows in general can be subdivided into two approaches:
the Eulerian and the Lagrangian approach. Measurement techniques that use a sta-
tionary observer to measure flow quantities follow the Eulerian approach. Lagrangian
techniques, on the other hand, follow seeding particles on their way through the flow
and monitor their changing behavior as a function of time.

As mentioned, the completion of stochastic models for inhomogeneous flows re-
quires knowledge of Lagrangian statistics. This necessitates the use of a Lagrangian
measurement technique. These techniques became available only recently, since the
1990’s, through continuously improved measuring technologies. In this study, the
optical technique three-dimensional particle tracking velocimetry (3D PTV) is used
to gather Lagrangian statistics of turbulent pipe flow. The choice for this technique
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is explained in the introduction of chapter 4, together with a literature overview of
relevant research results.

Accurate determination of Lagrangian statistics, such as velocity correlation func-
tions, requires that a large number of fluid or tracer particles can be followed to
minimize the statistical error in the results. To capture all relevant time scales, the
sampling frequency needs to be at least twice the small scale frequency of the flow
phenomena of interest and the particles need to be followed long enough to capture
the relevant large scale behavior. It can therefore be concluded that 3D PTV is a suit-
able method for the determination of Lagrangian statistics as long as the frequency of
the image recording equipment is sufficient and the particles stay long enough in the
measurement volume to capture all relevant flow phenomena. Although many exper-
imentalists have worked on Lagrangian measurements by now, only few (for example
Suzuki and Kasagi [48]) worked on flow geometries with a non-zero mean velocity
component such as the pipe flow in this research. Its inhomogeneous nature and
the possibility to compare measurement results directly with DNS results favor the
choice for pipe flow. Experimental results are described and compared with literature
in chapter 4. The maximum Reynolds number at which measurements are possible,
however, is limited due to the limited particle residence time in the measurement
volume. This problem is further discussed in chapters 3 and 6.

In chapter 5 of this thesis, a model for dispersion in inhomogeneous turbulence is
proposed according to the Langevin approach. This is done by focussing on passive
admixtures, marked fluid particles, in developed pipe flow.

The lay-out of the thesis is as follows: details on how to obtain correct Eulerian
statistics from homogeneously seeded inhomogeneous flows are described in chap-
ter 2. The design and performance tests of the experimental set-up are described in
chapter 3. Chapter 4 describes the measurement results and compares them with
numerical results from the literature. In chapter 5, the stochastic model is discussed.
The unknown damping function is determined from DNS as well as 3D PTV results.
Furthermore, the output of this stochastic model is compared with numerical (DNS)
and experimental (3D PTV) data. Concluding remarks are given in chapter 6. The
first chapters are taken directly from publications in scientific journals. Each chapter
in this thesis is therefore written as a stand-alone publication. As a result, some parts
of this thesis may be present in more than one chapter.
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Chapter 2

Analysis method∗

2.1 Introduction

Turbulent fluid flows play an important role in numerous engineering fields, includ-
ing process technology, geophysics, aerodynamics and chemical engineering. During
the past decades, many researchers have tried to solve the underlying problems, as
a better understanding of turbulent flow phenomena can, for example, lead to more
efficient machinery in all these areas. Inspite of the attention, no suitable theoreti-
cal description for the random fluctuations of turbulent fluid flows exists. Its random
behavior makes a deterministic approach impossible and necessitates statistical meth-
ods. In the past, many researchers focussed on the simplified case of homogeneous
flows [3] or a further simplification as introduced by Taylor [50] known as isotropic
homogeneous turbulence or grid turbulence. Theoretical models developed for these
simplifications [40, 44] have greatly enhanced our knowledge of turbulent fluid flow
phenomena, but their predictive capacity for engineering applications is unfortunately
limited.

A Direct Numerical Simulation (DNS) of the Navier-Stokes equations enables the
calculation of complete turbulent flow fields, without making any modeling assump-
tions. The major drawback of this method is the need for enormous computational
power even at moderate Reynolds numbers. If one describes turbulent properties in
terms of probability distributions, it is possible to use Lagrangian stochastic models
to calculate, for example, turbulent dispersion at the cost of much less computational
power. These Lagrangian models contain unknown terms that need to be determined
from Lagrangian flow statistics. These statistics can be obtained either from DNS
computations or from experiments. Some promising results using DNS data have
been obtained by a number of researchers [7, 40, 56]. Pope [40], for example, finds
good agreement between DNS autocorrelation functions and those calculated using
a linear Lagrangian stochastic model for the case of homogeneous turbulent shear
flow. For real inhomogeneous flows like pipe flow, few Lagrangian statistical data are

∗This chapter is published as: Experimental determination of Lagrangian velocity statistics in

turbulent pipe flow in Flow, Turbulence and Combustion, volume 76, 2006, p. 163-175
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available and only few people have tested the performance of Lagrangian stochastic
models for these flows. An example is [39], whose research shows mixed results and
indicates the need for reliable statistical data at high Reynolds numbers. As DNS is
bounded to relatively low Reynolds numbers one has to resort to Lagrangian experi-
mental techniques such as three-dimensional particle tracking velocimetry, 3D PTV.
Such techniques are rapidly being developed and improved and can be used to record
tracer particle paths. Important work has been done by, for example [19, 31, 34, 57].
Our research aims at acquiring Lagrangian statistical data using 3D PTV in turbulent
pipe flow. This chapter focuses on solution methods for an essential problem herein.

This problem concerns the calculation of Lagrangian statistics of inhomogeneous
flows. A tracer particle in our prime example, turbulent pipe flow, may move during
the time of observation to an area with other statistical properties. The statistical
flow properties, and therefore also the damping term of the Langevin equation used
in Lagrangian models, depend on radial location r. The obvious way out is to sample
statistics only from those particles that cross a certain radial position. However,
the particles with a high radial velocity would then have a more frequent occurrence
in a certain time window and would consequently be preferentially sampled. To
ensure accurate Lagrangian statistics, this preferential sampling phenomenon is to be
overcome. Two essentially different methods to do so will be presented in this paper.
These methods are tested using the DNS code of Veenman [56] for turbulent pipe
flow.

2.2 Methods and validation approach

2.2.1 Application: Lagrangian statistics in pipe flow

As mentioned in the introduction, a Lagrangian stochastic model is often an efficient
way of predicting, for example, turbulent dispersion. An example of such a model
is the Langevin equation for fluid particle velocity (here, fluid particles are passive
particles that have no mass and which move with the local fluid velocity):

dv′

i

dt
= Aijv

′

j + Bijwj(t), (2.1)

vi denotes one of the three velocity components. The usual distinction between the
mean 〈v〉 and fluctuating part v′ of the total velocity v = 〈v〉+ v′ is made, where the
brackets signify ensemble averaging. Aij is called the drift tensor or damping tensor,
Bij is the diffusion tensor and wj(t) is random white noise. Veenman [56] shows that
the unknown damping tensor can be determined from non-normalized Lagrangian
velocity correlation functions as defined below eq. (2.2). The actual determination of
the damping tensor is beyond the scope of this paper, but we will show how to collect
the necessary statistical data. The expression non-normalized correlation function
refers to correlation functions that are not normalized with the Mean Square Value
of the velocity (MSV or σ2

ij = ρij(τ = 0)):

ρij(τ, r) =

〈

u′

i(t0)u
′

j(t0 + τ)
〉

u2
τ

, (2.2)
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where t0 denotes the reference time and τ the time separation. Correlation ρij(τ, r)
is made dimensionless using the wall shear velocity uτ which is a constant. The
correlation functions depend on the radial coordinate. Equation (2.2) therefore only
yields correct results if all tracer particles considered in the ensemble start with the
local fluid velocity at the same position r at time t0. In our computations they will be
chosen to be homogeneously distributed over the axial and tangential directions. The

particles thus need to be delta-distributed in radial direction at time t0. This situation
can easily be created in numerical simulations but is impossible in experiments. The
calculation of correlation ρij(τ, r) is done by averaging over all particles that are
situated at radial position r at a certain time which is then marked t0 for that particle.
According to the principle of ergodicity, averaging over t0 is equivalent to the process
of ensemble averaging.

Lagrangian statistical data exhibit a strong radial dependency for inhomogeneous
flows. Two important parameters for the non-normalized Lagrangian velocity correla-
tion function are the root mean square (RMS) value of velocity, σ, and the Lagrangian
correlation time, τc. This time is defined here as the time at which correlation func-
tions normalized by σ2 drop to a value of 1/e. Figure 2.1 shows τc for the radial
velocity component and the RMS for all three velocity components in turbulent pipe
flow calculated with DNS. The radial dependencies demonstrate the inhomogeneity
claimed. In the lower graph, a comparison is made of results of the DNS code of
Veenman, of DNS results of Eggels et al. [10] and those of Loulou [22]. The Veenman
RMS-results are ensemble averaged over 600 velocity fields, covering 850 dimension-
less time-units where time is made dimensionless using the bulk velocity Ub and the
pipe diameter D. Comparing this to the results of Loulou and Eggels, that are aver-
aged over 41 and 46 velocity fields respectively, covering 40 and 60 dimensionless time
units respectively, it can be stated that the statistical error is expected to be much
smaller for the Veenman code. All results in this paper are calculated at a Reynolds
number based on bulk velocity and pipe diameter of Reb = UbD

ν ≈ 5300. The exact
Reynolds number of the Eggels as well as Veenman results is Reb = 5300, while for
Loulou it is Reb = 5600. As shown by fig. 2.1, the RMS results of Veenman and
Loulou are quite similar. The small differences can be explained by the difference in
Reynolds number and the poorer averaging for the Loulou results. The clear devia-
tions of Eggels’ results from Loulou was attributed by [22] to the coarser near-wall
resolution of Eggels’ computation. The present results confirm this. Higher order
statistical results are also affected by the grid size as will be seen in the last part of
section 2.3.

The inhomogeneous character of the velocity fluctuations is one of the mechanisms
for transport of particles with inertia towards the wall. This mechanism is called tur-
bophoresis and the induced flux is proportional to the wall-normal spatial derivative
of the MSV of the wall-normal velocity [18, 67].
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Figure 2.1. Top graph: Lagrangian correlation time for the radial velocity component, τc,r,
as a function of the dimensionless radius r/R (where R is the total radius of the pipe) as
calculated with the Veenman DNS code for Reb = 5300. Bottom graph: Radial dependency
of σi/uτ for Reb ≈ 5300. The solid lines represent results of the Veenman DNS code, the
dashed lines Loulou and the dotted lines represent results of Eggels.
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The above shown radial dependency necessitates selected sampling of the measured
particle tracks, in contrast to homogeneous, isotropic turbulence where Lagrangian
statistics can be determined by ensemble averaging over particles that are arbitrarily
distributed over the entire domain. The easiest way to perform the sampling in pipe
flow is to take only those particles into account that cross a certain radial position.
This would, however, result in preferential sampling of particles having a high radial
velocity because they are more likely to cross the chosen radial position. This paper
will present two different ways to overcome this problem:

• the first method checks whether a particle crosses the chosen radial position,
while

• the second method looks for particles situated in a band around the radial
position chosen.

Details of the methods will be given in section 2.2.3.

Time-averaging can be applied for Eulerian statistics, but the determination of
Lagrangian statistics in inhomogeneous flow is more time-consuming. This is because
the total set of sampled particles needs to contain a sufficiently high number of statis-
tically independent particles. The particles that contribute to the averaging process
need to be situated at (or near) a radial position r at a certain time which is then
marked t0 for that particle.

Classical experimental techniques, such as Hot Wire Anemometry (HWA) and
Laser Doppler Anemometry (LDA), have a stationary observer and yield Eulerian
statistics. Lagrangian statistics can only be measured using a new generation of
techniques that enable the Lagrangian tracking of seeding particles. These techniques
can be divided into two main categories: optical and ultrasonic techniques. Important
work on optical techniques in the field of turbulent fluid flow research has been carried
out by Virant et al. [57] and La Porta et al. [19]. Mordant et al. [31, 34] showed the
promising capabilities of ultrasonic techniques. They were able to directly measure
particle velocity using the Doppler effect, but a disadvantage is that, to date, it has
not been possible to track more than a few particles at the same time (O(1) particles in
the measurement volume). In optical techniques, the particle velocities are indirectly
determined by differentiation of the particle track in time, which causes some noise.
Accurate determination of statistical quantities, however, demands a large number
of independent samples. The ability of optical techniques to simultaneously track a
large number of particles (O(1000) particles in the measurement volume) is therefore
important. In our research, the optical method 3D PTV is used on a homogeneously
seeded turbulent pipe flow. The tracking algorithm used, described in [16], is typically
able to localize and track a few hundred particles simultaneously, with a maximum
of about 1000.

2.2.2 Validation approach: DNS calculations

Different data sets, with delta- and uniformly-distributed particles in radial direction,
are created using the DNS code by Veenman [56]. In the remaining part of this
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paper they are referred to with DDC (Delta-Distributed Case) and UDC (Uniformly-
Distributed Case), respectively. For both situations, the particles are homogeneously
distributed over the axial- and tangential directions. Further details of the different
data sets are given in section 2.2.3. Only DNS results are compared since actual
experiments could introduce unknown side-effects. The simulations are carried out at
a moderate Reynolds number, Reb = UbD

ν = 5300.
In the numerical method for the DNS, a finite part of a cylindrical pipe of length

5D with periodic boundary conditions in the streamwise direction is used. Since
both the stream-wise and the tangential directions are periodic, the use of a spectral
method is convenient. In the two periodic directions a Fourier-Galerkin method is
applied and in the radial direction a Chebyshev-collocation method. In order to
avoid a large number of collocation points near the axis, the radial direction is first
divided in several elements and in each element a Chebyshev expansion is chosen with
continuously differentiable solutions at the element boundaries. In this way, it is also
possible to reduce the number of tangential Fourier modes in the element closest to
the axis. In total 106 collocation points are taken in the radial direction and 128
Fourier modes in both periodic directions.

The vorticity formulation of the Navier-Stokes equation in cylindrical coordinates
is discretized. The nonlinear terms in the Navier-Stokes equation are computed in
physical space; FFT is applied to transform the solution from Fourier space to physical
space and back. The 3

2 -rule prevents aliasing. The pressure and viscous terms are
easily calculated in Fourier space. For time integration, a second-order time-splitting
is applied: an explicit second-order Adams-Bashforth method for the nonlinear terms
and an implicit method for the linear terms. The boundary condition for the pressure
on the wall of the pipe is chosen in such a way that the velocity field is, in good
approximation, divergence free.

In order to determine the Lagrangian statistics, passive particles which move with
the local instantaneous fluid velocity are tracked. In order to integrate the equations
of motion of the particles in time, the first-order Euler forward method is used, but it
has been checked that this is sufficiently accurate by comparing results with those of
a second-order accurate Runge-Kutta method. The fluid velocity at the position of a
particle is found from fourth-order accurate interpolation: Lagrange interpolation in
the two periodic directions, and Hermite interpolation in the radial direction.

Results of the DNS have been compared with various results from the literature,
resulting in very small differences in, for example, the terms in the kinetic energy
equation and mean velocity and velocity fluctuations. As an example, fig. 2.2 shows
a comparison of Eulerian velocity autocorrelation functions calculated with DNS and
measured in our own laboratory with LDA and HWA. The figure shows that the
agreement between experimental and numerical results is very good.

2.2.3 Sampling methods

A single DDC data set is determined by averaging over 256 particles that started with
the local fluid velocity at a certain radial position, homogeneously distributed over
the tangential and axial directions at a single time. Releasing more particles without
increasing the pipe length would not improve the results since additional particles
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Figure 2.2. Eulerian autocorrelation functions normalized to unity at Reb = 5300 and
r/R = 0.5. The top line and square markers represent the DNS and HWA results, re-
spectively, while the bottom line and circle markers represent the DNS and LDA results,
respectively.

would not be statistically independent of the others. Particle velocity histories are
recorded until the Lagrangian correlation time has passed. Subsequently, new parti-
cles are released in a simulation with a different initial velocity field to generate a new
record. This process is repeated 100 times, leading to 100 independent records of 256
particles in a single DDC data set. A single UDC data set with uniformly-distributed
particle starting positions is created by releasing 50.000 particles that started homoge-
neously distributed over all directions. This situation mimics the experiments. These
particles are then sampled by 2 sampling methods to calculate statistics at different
radial positions. The UDC-results will be compared with results from the DDC data
in section 2.3.

The first sampling method is the cross sampling criterion (method I), which filters
the measured (or calculated) particle trajectories using

(rpos,old − rcrit)(rpos,new − rcrit) < 0, (2.3)

with rpos,old and rpos,new denoting the radial position of the previous and last time
step respectively. When a particle fulfils this condition (meaning it crosses r = rcrit

between two subsequent time steps) it starts contributing to the correlation function
ρij .

For the situation as sketched in fig. 2.3 this would lead to t0,6 as the starting time
of the correlation function. When a particle obeys the condition for a second (or
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Figure 2.3. Schematic drawing of a particle trajectory close to radius r = rcrit (the dots
(•) represent particle positions at discrete time steps).

more) time, ghost particles are created that, from this point on, also contribute to
the ensemble average of the correlation function.

For the second method, the residence sampling criterion (method II), a filter of
the following form is used:

rcrit − ∆r < rpos < rcrit + ∆r. (2.4)

This filter takes all particles into account that can be found inside the specified volume
at a certain time: the shaded area in fig. 2.3. At each time step that a particle is
situated within the specified volume, a ghost particle is created: t0,1 − t0,7 for the
situation sketched in fig. 2.3. Because particles with a low radial velocity are less
likely to move to other radial positions, they will create more ghost particles than a
faster one. A disadvantage of this method is that a particle with a relatively high
radial velocity can pass rcrit while it is never detected within the specified volume at
a discrete time step. We found that the requirement 2∆r > u∆t, with u a typical
large radial velocity value, is appropriate. The impact of the introduction of ghost
particles will be made clear in section 2.3.

2.3 Results

To test the particle sampling methods of section 2.2.3, correlation functions are calcu-
lated at 10 different radial positions, namely r/R = 0.1, 0.2, ..., 0.9, and one additional
position at r/R = 0.95 at Reb = 5300. Figure 2.4 shows typical results for both meth-
ods at rcrit = r/R = 0.5 averaged over 7 DNS data sets (thus averaged over 7 sets
with 50.000 particles for both sampling methods), together with the results for a single
DDC data set. For pipe flow, the radial direction is the only inhomogeneous direction
and velocity bias effects are expected to have the greatest impact on particle statistics
in this direction. This has been consistently found to be true for all considered cases
as is also illustrated by fig. 2.4.

Figure 2.4 also shows that method I leads to radial velocity correlation functions
with too high MSV’s. This problem is also found to be present in correlation functions
of the axial and tangential velocity components, though not as serious as for the radial
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Figure 2.4. Non-normalized radial and tangential velocity correlation functions at rcrit =
r/R = 0.5. The reference results for the DDC are shown by solid lines, the dashed lines
represent results for sampling method I and the results for method II are shown by the
dotted line (for the sake of clarity not plotted for i = φ).

direction. The overestimation of the MSV is caused by the fact that particles passing
a certain radial position will always have a radial velocity component ur 6= 0. Besides,
particles having a high velocity are more likely to cross the radial position of interest.
This phenomenon is called the velocity bias of method I. The MSV of the velocity
is directly connected to the velocity probability density function (PDF), f , in the
following way:

σ2
ii =

∫

∞

−∞

(ui − 〈ui〉)2 f(ui)dui. (2.5)

with 〈ui〉 =
∫

∞

−∞
uif(ui)dui. Obviously, at any radial position, the PDF as well as the

correlation functions should be independent of the method used, and fig. 2.4 shows
this not to be the case. Figure 2.5 explains why. The problem of method I is the gap
in the PDF around u′

r(t0) = 0.

Figure 2.4 shows that the correlation functions calculated using method II approx-
imate the results for the DDC much better than method I. The many ghost particles
created by slowly moving particles correct for the selective sampling of faster moving
particles. In fact, the difference between the results is well within statistical accuracy.

The overestimation of the MSV of the particle velocity by method I can be cor-
rected by introducing a weighing factor gk, where k = 1, 2, 3, ... numbers the particles
contributing to the ensemble averaged correlation function. The correlation function
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Figure 2.5. Normalized PDF’s plotted for the radial velocity component of the same data
as in figure 2.4. The reference results for the DDC are shown by solid lines, the dashed
lines represent results for sampling method I and the results for method II are shown by the
dotted line.

is now calculated by:

ρij(τ, r)I =

∑

k

gk ·
[

u′

i(t0)u
′

j(t0 + τ)
]

k

∑

k

gk

. (2.6)

The weighing factor should lessen the effect of faster particles while enhancing
the effect of slower particles. Figure 2.6 shows results of method I at two radial
positions with weighing factor gk = 1/ |[u′

r(t0)]k|, ensemble averaged over 7 data sets
of 50,000 particles each. This weighing function was introduced by McLaughlin and
Tiederman [25] as a velocity bias correction technique for LDA measurements and
requires that the number of particles passing through the measurement volume per
time unit is proportional to the measured, instantaneous fluid velocity [13]. This is
indeed true for our situation if the flow is uniformly seeded.

The results for rcrit = 0.5 in fig. 2.6 give an indication of the maximum remaining
deviations, while those for rcrit = 0.2 are representative for those of all other radial
positions. The maximum difference in MSV between the results of the DDC and of
method I dropped to 2%, while it was 55% in fig. 2.4. The 2% is well within the
statistical accuracy as indicated by the error bars in fig. 2.6. The results for method
II are almost indistinguishable from those of the corrected method I. This means that
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method II yields unbiased statistics from the homogeneous particle starting distribu-
tion without the use of additional corrections. The difference between the sampling
method results and the results of the DDC has been found to decrease with increasing
number of data sets used for the ensemble average. This result holds for all velocity
components.
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Figure 2.6. Radial velocity correlation function results for the DDC (solid line) and weighed
ensemble averaged result for method I (dashed line) for rcrit = r/R = 0.2 and rcrit = 0.5.

Although the methods have been developed to suit our need to correctly calculate
Lagrangian velocity correlation functions from experimental data for inhomogeneous
turbulent flow, they are also perfectly suitable for the computation of (higher order)
Eulerian statistical properties such as skewness and flatness. For a Gaussian process,
the values for skewness and flatness are 0 and 3, respectively. For inhomogeneous wall-
bounded flows, the PDFs of the velocity components are bell-shaped but not exactly
Gaussian near the center of the flow [35, 56]. The departure from Gaussian behavior
grows with decreasing distance to the wall as indicated by, for example, the data on
turbulent channel flow by Moser et al. [35]. This trend is also observed in fig. 2.7 for
the velocity skewness and flatness. Both sampling methods as well as the DDC results
of the Veenman code are compared with DNS results of Loulou [22]. Figure 2.7 shows
that skewness and flatness are well predicted by both sampling methods, method I
with weighing by the reciprocal of the radial velocity at t0.

The radial velocity skewness shows strongly inhomogeneous behavior and shows
two sign changes, which are nicely represented by the DNS results of Veenman as
well as Loulou and are consistent with the LDA results as reported by Durst et
al. [9]. Eggels et al. [10] only reported a single change in sign for the radial velocity
skewness around r/R = 0.75. Their code is unable to capture the second sign change
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at r/R = 0.97, which is probably caused by a too coarse near-wall resolution as
mentioned in section 2.2. For reasons of symmetry, the skewness is zero at r/R = 0.

0 0.2 0.4 0.6 0.8 1
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Dimensionless radius, r/R

S
ke

w
ne

ss
 (

 u r )

Veenman
Loulou I, II

I, before correction

0 0.2 0.4 0.6 0.8 1
0

5

10

15

Dimensionless radius, r/R

F
la

tn
es

s 
( 

u r )

Veenman
Loulou

I, II

I, before correction

Figure 2.7. Skewness and flatness of the radial velocity component as a function of the
dimensionless radius. The solid line shows results of the DDC whereas the dashed line
represents DNS results from Loulou. The uncorrected results for method I are represented
by squares, the corrected ones by dots. The diamond shapes represent the results for method
II.
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2.4 Conclusion

Determination of particle statistics from experimentally gathered data of homoge-
neously seeded inhomogeneous turbulent fluid flows is complicated by the fact that
the particles need to be sampled at the position of interest. Special measures must
be taken in order to prevent that calculated statistics suffer from velocity bias effects.
Two straightforward techniques for this have been presented and tested for the case
of turbulent pipe flow. For other kinds of inhomogeneous flows analogous techniques
are readily defined. The techniques are easy to implement and cause only a minimal
increase in CPU-time.

For pipe flow, the radial direction is the only inhomogeneous direction. Velocity
bias effects therefore have the greatest impact on particle statistics in this direction,
as has been shown by comparison of radial and tangential autocorrelation functions.
Low and higher order statistics involving the radial velocity component have been
determined in a direct way as well as by the two techniques mentioned above. Com-
parison shows that both techniques work well. The methods also work well for higher
order Eulerian statistical moments such as skewness and flatness.
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Chapter 3

3D PTV set-up design∗

3.1 Introduction

Turbulent fluid flows play an important role in many aspects of human life. During
the past decades, many researchers have tried to solve the underlying problems, as a
better understanding of turbulent flow phenomena can lead to more efficient machin-
ery in all these areas. In spite of all this attention, no complete theoretical model for
the random fluctuations of turbulent fluid flows exists. The random behavior makes a
deterministic approach to turbulent flow problems impractical. As for the alternative
to analytical models, numerical models, these are either based on empirical relations
or limited to low Reynolds numbers: Direct Numerical Simulations, DNS. One there-
fore has to turn to statistical methods such as Lagrangian Stochastic models. For the
development of such models, knowledge of Lagrangian statistics of turbulent flows is
usually needed, for example to calculate an unknown damping function included in
such a model. For homogeneous, isotropic turbulence, for example grid or wind-tunnel
turbulence, this damping function is known [40, 42]. For other sorts of turbulence,
more common in practice, a unique formulation has yet to be found [39, 44]. Rather
than focussing on homogeneous turbulent flows, the present research aims at mea-
surements of inhomogeneous turbulent flow through a pipe, in order to quantify the
damping function in this case.

The need for Lagrangian statistics makes experimental methods in a Lagrangian
frame of reference indispensable. Such techniques have evolved rapidly over the last
few years and presently several fully three-dimensional Lagrangian techniques are
available. They can be divided into two main categories, namely optical and sonar
techniques. The main advantage of the sonar techniques [33] is the direct measurement
of particle velocities using Doppler-shifts. Another advantage is that measurements
in non-transparent media are possible at high sampling frequencies, up to a few kHz.
The drawbacks of sonar techniques are related to the seeding of the fluid with tracer
particles. The working principle and software algorithms applied currently demand a

∗This chapter is published as: Design of a set-up for high-accuracy 3D PTV measurements in

turbulent pipe flow in Measurement, Science and Technology, volume 17, 2006, p. 3015-3026
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relatively large seeding size, in the order of tenths of millimeters, and very low seeding
densities, in most cases not more than one particle in the measurement volume at a
certain time. Seeding densities and sizes are more flexible in the case of optical
techniques like three-dimensional Particle Tracking Velocimetry (3D PTV) [8, 16, 19,
21, 57, 63]. As indicated by Hoyer et al. [14], the maximum number of particles
that can be tracked simultaneously by 3D PTV systems gradually increased to about
1000 since the introduction of the technique in the 1980s. This number is thought to
represent the limit for classical 3D PTV systems with four cameras. A new technique
called 3D Scanning PTV is introduced by [14]. Innovations in illumination, image
acquisition and analysis all lead to a significant increase in the maximum number of
trackable particles to about 3500 [14]. This can be particularly useful when spatial
derivatives of the velocity field are of interest. The sampling frequency of the optical
techniques, however, is limited by the frequency of the camera which is typically
between 10 Hz and 1 kHz, although extremely fast image detectors exist that can
reach frequencies up to 70 kHz [19] or even 25 · 106 Hz [6]. These fast cameras are
usually very limited in resolution or in measuring volume.

Accurate determination of Lagrangian statistics, such as velocity correlation func-
tions, demands that a large number of fluid or tracer particles can be followed over
a significant time interval. Furthermore, the sampling frequency is required to be
at least twice the characteristic frequency of the flow phenomena of interest (usually
the Kolmogorov frequency). It can therefore be concluded that 3D PTV is a suitable
method for the determination of Lagrangian statistics as long as the frequency of the
image recording equipment is sufficient to capture all relevant flow phenomena. Sonar
techniques and the ones employing fast image detectors, on the contrary, suffer from
low seeding densities and short measurement times, respectively.

The accuracy of optical measurements is mainly determined by the accuracy of
the camera placement and calibration. The present chapter therefore deals with
the design and accuracy of a novel 3D PTV camera support and calibration system
for flow through pipes, or other closed ducts. The design parameters for such a
system will be discussed first (section 3.2). In section 3.3 a design for the new 3D
PTV set-up is described. The accuracy of the set-up is assessed in section 3.4 and
finally, the applicability of the method to turbulent pipe flow is proven by comparing
experimental results with DNS in section 3.5.

3.2 Design parameters for a high-accuracy 3D PTV

test rig

In this section, the design parameters for a high-accuracy 3D PTV system for high
Reynolds number are described. The test section is a pipe, see section 3.1. Other
parameters follow, for example, from the necessity to calibrate the cameras.

3.2.1 Descriptions of test rig

Turbulent pipe flow is created in a water loop driven by two centrifugal pumps, see
fig. 3.1. The in-line centrifugal pumps of type DPV18-30, manufactured by Duijvelaar
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pompen, of 3 kW each are placed in parallel. A frequency controller (F in fig. 3.1)
facilitates control of the Reynolds number in the measurement section. The Reynolds
number, based on the bulk velocity, Ub, and pipe diameter, D, can be varied between
103 and 105. The mass flow rate is measured using a Micro Motion Elite CMF300
mass flow and density meter, in fig. 3.1 indicated with MM. The inaccuracy of the
CMF300 in the range of flow rates presented in this paper is less than 0.5% of the flow
rate. The water reservoir contains about 2 m3 of water to facilitate water temperature
stabilization, which is important to keep the Reynolds number constant throughout
the measurements. A filter prevents disturbance of the measurements by large par-
ticles. A flow straightener, the tube bundle conditioner of ISO 5167-1:1991 [26], is
placed downstream of a 90◦ bend to remove all secondary flow effects, see fig. 3.1.
This ensures a symmetrical average axial velocity profile in the measurement section,
as will be validated in section 3.5.3. The pipe length between the flow straightener
and the measurement volume is 45D, which is considered to be sufficient to create a
fully developed turbulent flow according to Hinze [12] for the case of disturbed entry
flow. This statement is verified a posteriori in section 3.5.3. Here, the term ‘fully
developed’ is used to indicate that no entry effects are present in the flow. Laser
Doppler Anemometry (LDA) velocity measurements have been performed simulta-
neously with the 3D PTV measurements to check the centerline velocity. The LDA
results confirm the above statement, as they show no laminar spots and the velocity
signal is random but stationary in time.

The measurement section consists of a glass pipe to ensure optical accessibility. A
water-filled rectangular glass box minimizes optical distortions, see the cross-section
in fig. 3.1. The pipe diameter is chosen relatively large, 100 mm inner diameter,
because measurements at high Reynolds numbers are required and because low fluid
velocities are less demanding with regard to the time resolution of image recording
equipment. To visualize the flow, 50 µm Polyamide Seeding Particles are added to the
water flow. The particles have a mass density close to that of water under atmospheric
conditions (ρ =1030 kg/m3) and are close to being spherical. The relaxation time for
particles in stationary flow is shown by Albrecht et al. [1] to be

τp = (d2ρp/18µ)(1 + 0.5ρf/ρp) (3.1)

where d is the particle diameter, ρ the mass density and µ the dynamic viscosity.
The subscripts p and f stand for the particle and fluid respectively. For large density
ratios ρf/ρp ≪ 1 the relaxation time becomes τp = (d2ρp/18µ). Note that eq. (3.1)
ignores body forces and history effects and therefore only gives an estimation for τp.
The validity of this approximation is shown in section 3.5.3. For the earlier mentioned
seeding particles we obtain a relaxation time of τp ≈ 0.2 ms. Of course, these particles
have to be able to follow all velocity fluctuations of the flow. The most sudden, still
physical, velocity fluctuations are expected to have a characteristic frequency close to
the Kolmogorov frequency, 1/τk, where τk is the Kolmogorov time. The most rapid
fluctuations take place on time scales on the order of the Kolmogorov time scale, for
which an order-of-magnitude estimation can be made by using τk = (ν/ǫ)1/2 where ν
is the kinematic viscosity and ǫ is the kinetic energy dissipation per unit mass. For
water flow under atmospheric conditions, ν ≈ 10−6 m2s−1 and the energy dissipation
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Figure 3.1. Schematic of the water circulation system. The cross-section shows the rect-
angular glass container with height 500 mm around the measurement volume.

can be expressed as ǫ = 4u2
τUb/D, see [2], where uτ is the wall shear velocity and

D the pipe diameter. The wall shear velocity is estimated here using two different
approaches: (Uc/uτ ) = 8.74(uτR/ν)1/n [45] and uτ = (U2

b f/8)1/2 with f = aRe−m
b ,

a = 0.316, m = 0.25 for Reb < 105 [12]. In the present paper, we focus on moderate
Reynolds numbers, for example Reb = 5300, in which case both methods lead to
almost identical results. Here, we take uτ = 3.3 · 10−3 m/s and thus τk ≈ 0.2 s.
Note that pipe flow is an inhomogeneous flow and the values of statistical properties,
including the Kolmogorov scales, vary with the radial position. The value calculated
here is used as an average value for the Kolmogorov time. As the particle relaxation
time is much smaller than the Kolmogorov time, it can safely be assumed that the
particles follow all flow fluctuations.

3.2.2 3D position calibration

The principle of 3D PTV requires a minimum of two synchronized cameras to cap-
ture instantaneous 3D particle positions in the measurement volume. Three cameras
are used here to minimize ambiguities in particle detection and to allow for some-
what higher seeding densities. The cameras (Kodak MegaPlus ES1.0) have a 10-bit
grayscale CCD with a resolution of 1018x1008 pixels and a maximum sampling fre-
quency of 30 Hz. The distance between the camera and the measurement volume, in
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combination with the camera lens, are important parameters because of their influence
on the following measurement parameters:

• The residence time of a particle in the measurement volume is linearly related
to the height of the volume in axial direction. An axial length of about 100
mm was chosen since it ensures sufficient particle residence times, of at least
0.5 seconds (corresponding to 15 positions) for Reynolds numbers up to about
Reb = 2 · 104. The entire height of 100 mm should be observed by all three
cameras, of course.

• Given the resolution of the cameras and the size of the tracer particles, the
projection of a seeding particle on the camera CCD should at least have a
diameter of a few pixels. This facilitates the use of a sub-pixel accurate gray-
value weighed determination of the tracer particle center. For particles with
a diameter of 2-3 pixels, the error in the location of the center is less than
0.1 pixel [23]. A typical particle image size of 2-3 pixels was selected for our
measurements.

• As we are considering a measurement volume, the depth of field of the camera
system should be sufficient to obtain sharp tracer particle images at all places
in the measurement volume. The depth of field increases with decreasing focal
length of the lens, f , increasing camera to object distance, L, and decreasing
aperture stop number. A powerful light source allows a small aperture stop
number and is thus very important. Remaining parameters (f and L) need to
be optimized by the design of the PTV set-up.

The fluid velocities have to be determined accurately in all directions, also at mod-
erate Reynolds numbers as for example Reb = 5300. In turbulent pipe flow at this
Reynolds number, velocity fluctuations in radial and tangential directions have a zero-
mean almost-Gaussian distribution with standard deviations of about σ=3 mm/s. To
capture the full velocity distributions in these directions it should at least be possible
to accurately capture particle velocities of about 1 mm/s, which corresponds to 33
µm/frame at the mentioned frame rate. This value is an indication for the desired
3D particle position accuracy as the velocities in the mean-flow direction are much
higher, for this particular Reynolds number around 60 mm/s.

The position of the tracer particles in 3D can only be determined if the position
is calibrated. The deflections of light due to the differences in refractive indices
of air, glass and water make it difficult to analytically determine the transformation
parameters between the actual 3D or global coordinates and the measured 2D camera
coordinates. In addition, even with an analytical model calibration measurements are
still required. An in-situ calibration method with a multitude of calibration points is
therefore selected, see fig. 3.2. The calibration unit to be designed should allow for
reproducible placement and accurate movement of a well-defined object throughout
the measurement volume. The positioning error of the calibration unit should be of no
influence on the measurements and should therefore be at least an order of magnitude
smaller than that of the particle detection method. During the actual measurements,
the unit should not interfere with the fluid flow, of course.
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Figure 3.2. The definition of the various axes: Three 2D pixel coordinate systems (xi,yi)
for each camera CCD and the global coordinate system (X,Y ,Z). The grid can be positioned
at nz different z-positions with a step size of ∆Z.

The 3D particle tracks are determined using the 3D PTV algorithm developed by
Kieft et al. [16] who based their method on the work of Yamamoto et al. [64] and
Nishino et al. [36]. Each detected particle is situated somewhere along a perspective
line for each of the three cameras. The position of a particle can then be reconstructed
at the position where the three perspective lines cross. For the construction of the
perspective lines, one needs to know the translation between camera coordinates and
global coordinates. During the calibration procedure a well-defined object is placed
at several known positions. This information is used to determine which (X,Y,Z)
position is projected on which camera pixel (x, y). Equations of the following form
enable interpolation between the finite number of calibration points:

A(x, y) = a +

n0
∑

i=1

(

bix
i + ciy

i
)

+

nc−1
∑

i=1

nc−i
∑

j=1

dijx
iyj , (3.2)

where no represents the order of the linear terms and nc the order of the higher order
terms. The parameters a, bi, ci and dij are determined using a least squares procedure.
After the detection of the 3D particle positions, the algorithm checks which particle
in frame i + 1 is most likely to match to a particle in frame i. During this last step,
information of previous matches of the current particle and neighboring particles, up
to frame i, is used to extrapolate the particle track to the most likely position in frame
i + 1. Although this algorithm is not specially designed for turbulent fluid flows, it
shows good performance in tracking the relatively simple particle motion encountered
in pipe flow as shown in section 3.5.

With regard to the camera positioning, the ideal configuration would be an orthog-
onal setting resulting in the smallest camera-image dependency. Kieft et al. indicate
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that the error in the 3D localization of a seeding particle is minimized by selecting
the angles between the optical axes of the cameras to be 40◦ or more. Fine-tuning
of camera position and orientation should be possible, to correctly focus each camera
at the measurement volume. In addition, the orientation of the camera and the dis-
tance to the measurement volume should remain constant during the measurements,
to ensure validity of the calibration data.

3.3 Design of the camera support system and cali-

bration set-up

This section describes the design of the camera frame (3.3.1), the calibration unit
(3.3.2) and the illumination equipment (3.3.3) in detail, based on the design param-
eters of section 3.2.

3.3.1 The camera support system

As described in section 3.2, the main features of the camera support system are:

• accurate positioning of the cameras at a relatively large distance to the mea-
surement volume;

• facilitating an angle between the optical axes of the cameras of 40◦ or more,
and

• maintaining these positions throughout the calibration and 3D PTV measure-
ment procedures. In other words: no relative motion between the cameras and
measurement volume is allowed.

In the design phase of the three camera set-up, a statically determined approach is
taken. In other words, each body will be treated according to Maxwell’s principle [24],
which implies that each degree of freedom (DOF) is prescribed once. This means that
for each rigid body, a total of 6 DOF, three translations and three rotations, are to
be defined, either as positions to be held or desired motions to be set by manipula-
tion. For the three cameras and the measurement section we thus have 24 DOF to
look into. Because of the statically determined design there is no incorporation of
unknown stresses in the frame or flow tube even if there is a spatial thermal gradient
in the measurement area. By avoiding such unknown thermal stresses, the frame is
free of thermal snapping. The cameras (weighing less than 1 kg each) are attached
to the flow tube instead of mounting them on classical, separate, camera support
stands. Influence of relative motion between the laboratory floor and the flow tube,
for example due to vibrations, on the relative position of the cameras to the measure-
ment volume is avoided, or at least kept within allowable limits, in this way. This
statement is validated in section 5.3, because too much relative motion of the cameras
with respect to the measurement volume would invalidate the camera calibration and
3D particle localization would become impossible.
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To obtain a stiff, lightweight frame between the cameras and the flow tube, an
equilateral triangular frame is constructed between the cameras. This results in an
angle of 60◦ between the optical axes of the cameras in order to optimize the 3D
position accuracy of the system, see section 3.2.2. The triangle (a in fig. 3.3), of
which the sides are 800 mm in length, facilitates positioning of the cameras with
respect to each other and maintaining this alignment to the measurement section.
The distance between the camera CCD and the center of the measurement volume is
experimentally determined to be optimal, see section 3.2.2, at 850 mm with a camera
lens focal distance of 50 mm.

Figure 3.3. The 3D PTV set-up with the calibration unit in place.

The plane of the triangle a is positioned and held at a constant distance parallel
to the flow tube t by the three triangles b, c and d. To fix the triangle to the flow tube
properly, two distant points M and N on the flow tube are selected, one on each side of
the measurement section, where clamps are bolted around and glued to the glass flow
tube. The two lower camera connection points, on the base of the camera connecting
triangle a, are each connected to the M and N clamps. The two triangles b and c used
for that purpose also support the weight of the three cameras. The upper point of
triangle a is fixed to clamp M by d, which is also a triangle connection like b and c to
avoid obscuring the upper cameras view of the measurement section. All cameras are
mounted on more or less correctly inclined holders with incorporated elastic hinges.
Fine-tuning of the camera-to-measurement-volume distance is possible. The elastic
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hinges allow accurate camera angle adjustments without the hysteresis that would
normally occur with the use of classical pinned hinges.

3.3.2 The calibration unit

Downstream of the measurement section, a section of the flow tube can be removed
for calibration purposes. While the water-level is kept stationary just above the mea-
surement volume, the calibration unit facilitates accurate, reproducible positioning
and movement of a calibration grid throughout the measurement volume. The grid
is made such that it appears on the camera CCD as a black object with white grid
points. In the center of the grid, three larger grid points are placed in an L-shape to
identify the horizontal and vertical directions. For a correct distinction between the
velocity components, it is important that the grid is placed such that the long edge
of the ’L’ is parallel to the axis of the pipe. For the same reason as mentioned in sec-
tion 3.2.2, the size of the small grid points should be chosen such that the projections
of the dots on the camera CCD are at least several pixels in diameter. The fabrica-
tion accuracies for the grid are very important for the reliability of the calibration
results, because the calibration method is based on the knowledge that the position
of the grid points and thus the distance between them is exactly known. The grid is
manufactured out of a 2.5 mm thick glass plate which is single-sidedly coated with a
chromium coating of 150 nm thickness. The grid points are made up out of circular
voids in the coating with a diameter of 0.3 mm. The three larger dots (see fig. 3.2)
have a diameter of 0.6 mm. The diameters mentioned are accurate within 0.5 µm.
The relative position of two neighboring grid points is accurate within 0.1 µm.

An impression of the calibration unit is shown in figs. 3.4 and 3.5. The calibration
grid is held in place by tube R which is permanently fixed to a horizontal plate H.
Plate H can move in Z-direction on another horizontal plate J , which is permanently
fixed on clamp block M . The contact between plates H and J is at three points only
via hardened steel balls on hardened steel runway strips which are embedded in H, see
fig. 3.5. This three-ball-support fixes Y -motion (axial position in the flow tube) and
prevents rotation φ around X and θ around the Z-axis in a stiff way, as the three balls
are on a large radius, well distributed around the axis of the tube. The ball contact is
maintained and stiffened by a downward spring pre-load force additional to the weight
force. Pre-load in the elastic regime is beneficial to contact stiffness of point contacts.
Two of the balls are symmetrically spaced in X-direction and run on horizontal flat
strips S. The third ball runs in a hardened V-groove G mounted on the center line of
the flow tube for symmetry. This fixes the X-position. The remaining two degrees of
freedom are the Z-position, which must be adjustable in equidistant steps through the
measurement volume, and the rotation Ψ around the vertical axis Y . By using two
detents f , spaced well apart in X-direction, on the horizontal plate H, the rotation
Ψ and Z-position are both fixed. These two detents are pre-loaded upwards against
racks, e, that are fixed on each side of the horizontal plate J . The Ψ and Z fixation
is accomplished with high stiffness due to the pre-load on the detents and the large
distance between the detents, as the stiffness is proportional to the squared distance.
The Z-position of the two detents is taken in a horizontal spring steel plate sp which
allows pushing down to release the detents, shifting in Z and releasing, whereupon the
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Figure 3.4. Detailed schematic of the calibration unit.

detents engage to provide repeatable stepwise positioning along the racks. The other
end of the spring steel plate is permanently fixed to the horizontal plate I and thus
rod R. When the detents are engaged, the spring steel plate is perfectly horizontal.
The pitch of the racks and detents is 2 mm with an error of less than 1 µm. A
Z-position change can be effected quickly and repeatedly within seconds, allowing a
rapid calibration data gathering, taking typically 10 min. This is important to avoid
time loss which could affect positioning through thermo-mechanical effects.

3.3.3 The illumination method

During the calibration measurements, the calibration grid is homogeneously illumi-
nated from behind using a halogen light source. Considering the light output needed
for the illumination of the measurement volume during the 3D PTV measurements,
the use of a continuous light source would result in serious heat development issues.
High-intensity discharge lamps offer a large amount of light output, at a higher effi-
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Figure 3.5. Front and side view of the upper part of the calibration unit.

ciency if compared to halogen lights, but suffer from the fact that they normally flicker
at the rate of twice the AC-frequency which complicates camera synchronization. The
use of a laser to illuminate the volume would require a large financial investment for
a new and powerful laser. In the light of all these considerations, two strong strobo-
scopic light sources with an output of about 5 J per pulse each have been developed.
These stroboscopes illuminate the measuring volume from both sides of the volume
(in X-direction) during the actual 3D PTV measurements. The light pulse duration is
approximately 40 µs, ensuring virtually instantaneous seeding particle images for the
Reynolds numbers considered. At Reb = 5300 a seeding particle traveling at the max-
imum fluid velocity undergoes a displacement of about 3µm during the light pulse,
which is much smaller than its diameter. The strobes are custom-made in-house for
this project to optimize light output and camera-synchronization, they have a maxi-
mum pulse frequency of about 100 Hz and can be synchronized to the cameras with
a negligible delay. A photograph of the set-up with working stroboscopes is shown in
fig. 3.6.
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Figure 3.6. Photograph of the 3D PTV set-up during measurements.

3.4 Performance assessment

As stated in section 3.2.2, the accuracy of the calibration procedure is very important.
In order to assess this accuracy, four tests have been performed:

• First, the fit procedure that determines the calibration constants of eq. (3.2) is
examined.

• A second test checks whether the calibration unit suffers from hysteresis effects.

• Furthermore, the net 3D localization accuracy is assessed.

• A last test compares the calibration results at the start and the end of a mea-
surement day to determine the long-term reproducibility.

The results of these tests are described below. In section 3.5, actual 3D PTV measure-
ment results performed with a realization of the set-up design described in section 3.3
are compared with DNS calculations to check whether the total system accuracy is
satisfactory.
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3.4.1 Calibration accuracy

For the first test, digital pictures of the calibration grid have been analyzed for all
three cameras. The deviations in grid point center positions between the grid fitted
using eq. 3.2 and the original grid have been calculated using 50% of the 225 grid
points. The results for no = nc =1, 2, 3 and 4, corresponding to 3, 6, 10 and 15 fit
parameters respectively, show decreasing fit errors when increasing the number of fit
parameters from 3 to 6 or 10. Increasing the number of fit parameters even further
to 15 shows a decrease in the F-statistics, without a further decrease in the fit error.
The F-statistic is defined as:

F =
r2

1 − r2
· n − k

k − 1
(3.3)

with n the number of measurements, k the number of restrictions or parameters in
the fit-function and the coefficient of determination [29]

r2 =

n
∑

i=1

(ŷi − ȳ)
2
/

n
∑

i=1

(yi − ȳ)
2

(3.4)

should preferably be close to 1 but is always somewhat less. The result of a single
measurement is denoted with yi, the ŷi are the corresponding predictions of the fit-
function and ȳ is the average of all yi. The above decrease in F-statistic indicates
an abundance of fit-parameters, so no = nc = 3 is optimal for the present set-up.
The procedure has been carried out for 3 different sets of randomly chosen points.
Averaging these results showed that the mean deviation in xi as well as yi direction
is about 7 · 10−3 pixels for all cameras. If we bear in mind that the inaccuracy of
the 2D particle location can amount about 0.1 pixels, the fit error has no detectable
influence on the total accuracy.

3.4.2 Translation hysteresis

To test the linearity of the movement of the calibration unit, the grid is moved back
(increasing Z) and forth (decreasing Z) while taking pictures every 4 mm. An ideal
translation table does not suffer from hysteresis effects and the series of pictures
taken while moving away from the cameras, series 1, would be identical to the ones
taken on the way back, series 2. Hysteresis tests with this set-up have pointed out that
deviations between both series, on average, increase linearly with decreasing Z value to
a maximum value of about 0.3 pixels, which corresponds to about 45 µm. This effect
can be explained by the fact that thermal and mechanical effects add up with every
repositioning action of the translation table. As the maximum position deviation
due to the hysteresis effect during these tests is of the same order of magnitude
as the particle localization inaccuracy and calibration measurements normally only
include the increasing Z-movement, the average effect of hysteresis is considered to be
negligible. If a further increase in accuracy is necessary, improvements can be made
by using an automated translation system, and thus bypassing disturbances due to
manual translation.
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3.4.3 3D particle position accuracy

The third accuracy test assesses the accuracy of the 3D PTV system as a whole. The
calibration grid is traversed through the entire measurement volume, from position
1 at Z = 0 mm to position 26 at Z=50 mm in steps of ∆Z = 2.0 mm. The data
gathered at the odd positions is used to calculate the calibration constants of eq. (3.2).
Subsequently, this information is used to predict the grid point positions at the even
grid positions. Comparison of the predicted and measured positions showed deviations
with a maximum value of 5 · 10−2 pixels in all 3 directions, which is sufficient because
the minimal resolution mentioned in section 3.2.2 of 33 µm/s roughly corresponds to
0.2 pixels. As mentioned in section 3.2.2, the center of seeding particles, or in this
case grid markers, is determined using a grey-value weighted average method which,
in theory, works better for larger particles. To test the effect of this statement on the
3D accuracy, a similar grid is manufactured with smaller holes, 0.1 mm and 0.3 mm.
Repetition of the above test with this grid did not show significantly better or worse
results than the test with the bigger grid markers. As the seeding particles diameters
are of the same order of magnitude as the smaller holes in the second grid, it is fair
to state that the accuracy of the 3D localization of seeding particles will satisfy the
demands stated in section 3.2.2.

3.4.4 Calibration reproducibility

For the final test, the results of the calibration procedure before and after a long series
of 3D PTV measurements are compared. This comparison is made for the results of
three different days. The average deviations in all directions are close to 0.3 pixels. If
one takes into account the switching between the calibration unit and the pipe section
just above the measurement section, this value is satisfactory. These results confirm
that the calibration procedure is reproducible and indicate that undesirable camera
movements during measurement days do not occur.

3.5 Turbulent pipe flow measurements

To prove its applicability on turbulent pipe flow, results obtained by the new 3D
PTV system are compared with DNS. Section 3.5.1 briefly describes the processing
of 3D PTV data. During preliminary measurements, light reflection problems in
the tube wall were found to disturb the measurements in an important part of the
measurement volume. Such reflections are inherent to optical measurements in pipe
flow and are discussed, together with a solution, in section 3.5.2. Finally, the 3D
PTV system is applied to turbulent pipe flow, results are shown in section 3.5.3. The
well known mean axial velocity profile for this flow type is shown at Reb = 5300
and Reb = 10300, but of course, the behavior of turbulent flows is dominated by
velocity fluctuations. To show that the 3D PTV system is capable of capturing this
behavior, statistical properties of these fluctuations are compared with DNS results
at Reb = 5300. Further statistical analysis is beyond the scope of this chapter, and
will be presented in chapter 4. An overview of important experimental parameters is
given in table 3.1.
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3.5.1 Data processing

To remove high-frequency measurement noise, the measured particle tracks are filtered
using a low-pass smoothing filter as was first introduced by Savitzky & Golay [41].
Care has to be taken when choosing the cut-off frequency of the filter. In this case, this
cut-off frequency is chosen close to the Kolmogorov frequency with a filter span of 17
points with order 3. The filter process is repeated 10 times to get rid of high-frequency
fluctuations in the transfer function.

The problem of velocity bias, as described in detail by [13], is overcome by using
the following particle sampling method for the calculation of statistics at radial po-
sition rcrit as introduced by Walpot et al. [60]: rcrit − ∆r < r < rcrit + ∆r. This
particle sampling technique takes all particles into account that can be found inside
the specified volume at a certain time. At each time step that a particle is situated
within the specified volume, a ghost particle is ‘created’. Because particles with a
low radial velocity are less likely to move to other radial positions, they will create
more ghost particles than a faster one. The ghost particles also contribute to the
statistical averages, thus compensating for the velocity bias. A disadvantage of this
method is that a particle with a relatively high radial velocity can pass rcrit while it is
never detected within the specified volume at a discrete time step. We found that the
requirement 2∆r > u∆t, with u a typical large radial velocity value, is appropriate.

3.5.2 Optical disturbances

Figure 3.7 shows a top view of the measurement section with the average track length
indicated in grey-scale. Note that the values given in grey-scale are average values; a
significant number of particle tracks (>1000) of 65-80 positions have been recorded.
The stroboscope light enters the measurement volume through specially designed
light tunnels. Due to a difference in the refractive index of water (n ≈ 1.3) and
glass (n ≈ 1.5), light reflection occurs in the tube wall. The main reflections occur
in the regions where the light enters the measurement volume and are indicated by
the hatched regions labeled A in fig. 3.7. The main reflections are projected to the
hatched regions labeled B. The amount of light reflected in the tube wall is recognized
in the camera images as bright white areas. The light intensity of these areas is higher
than that of the seeding particles, making them locally invisible. When using conven-
tional light sources, the only way to avoid reflections is to eliminate the difference in
refractive index. A polarization filter is very efficient in filtering out the reflections,
but also absorbs too much of the light reflected by the seeding particles. The use of
a laser illumination technique would make it possible to use fluorescent particles and
wavelength filters for the cameras, to filter out the wavelengths associated with the
reflected light. This method of illumination requires a very powerful laser because
the beam has to be split up into a volume of about 85x120x50 mm3 and only a small
portion of the available laser light is reflected as useful light by the seeding particles.
Both financial and these practical considerations led to the choice of the stroboscopic
light source described in section 3.3.3. The B reflection regions hinder the 3D PTV
measurements in a central region of the measurement section and locally cause a min-
imum of recognized particles and long particle tracks around r/R ≈ 0.5. Figure 3.7
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also shows that no results are available close to the pipe wall. This is also caused by
the light reflections.

Figure 3.7. Schematic top view of the measurement section showing the orientation of the
cameras, light sources and a contour plot of the average track length distribution over the
pipe cross section. The statistics are averaged over the entire height of the measurement
volume. Reflection areas are indicated by the hatched regions.

The intensity of the B reflections regions is reduced to an acceptable level by
locally coating the inner tube wall with matt black paint. It is verified that this
paint layer does not significantly influence the flow. By simultaneously increasing the
seeding diameter to 200±50 µm, the local minimum in number of recognized particles
and short particle tracks disappears. The seeding material remains unchanged, and
thus the relaxation time increases by a maximum factor of 25 but is still acceptable
if compared with the Kolmogorov time given in section 3.2.1.

3.5.3 Pipe flow statistics

Mean axial velocity profiles as determined by the new 3D PTV results, denoted by
the circles, and DNS results of Eggels et al. [10] and Veenman [56], denoted by a
solid line and the acronym VKW, are shown in fig. 3.8. Due to their negligible size,
no error-bars could be plotted. The various DNS results are indistinguishable and
no discrepancies between the experimental and numerical results are visible. This
indicates that the set-up is created such that a fully-developed turbulent flow profile
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is achieved, as claimed in section 3.2.1. The 3D PTV results presented below for
Reb ≈ 5300 are averaged over 50 separate measurement sets of 2 minutes each. The
measurements were performed with a frequency of 30Hz and at each time-step, on
average, 150 particles were recognized. The seeding density was deliberately kept this
low, to maximize the length of the measured particle tracks. The average Reynolds
number during the 50 sets was Reb = 5320 ± 30. The average Reynolds number for
the Reb ≈ 10300 3D PTV results is Reb = 10290 ± 40. For this Reynolds number,
40 measurement sets of 2 minutes each are available, with an average number of
100 recognized particles per time-step. Before the application of the black paint
at the inner tube wall, the statistics shown in this section were only available up
to r/R = 0.6. After the application of the anti-reflection measures described in
section 3.5.2, the results are available up to r/R ≈ 0.97 as can be seen in fig. 3.8.
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Figure 3.8. Mean axial velocity profile for two Reynolds numbers. The solid lines rep-
resent the overlapping DNS results of Veenman [56] and Eggels [10] for Reb = 5300 and
Veenman [56] and Wagner [59] for Reb = 10300. The 3D PTV results are represented by the
circles.

As mentioned in section 3.2, the velocities in radial and tangential directions are
much smaller than the axial velocities (between 0 and about 15 mm/s). The fact
that the new 3D PTV system is able to accurately determine the mean axial velocity
does therefore not guarantee that it is also able to resolve the velocity fluctuations
in all three directions. The normalized velocity Probability Density Functions (PDF)
in fig. 3.9 show 3D PTV and DNS results of Veenman [56] at r/R = 0.5 for all
three cylindrical velocity components at Reb = 5300. Furthermore, velocity Mean
Square Value (MSV) profiles are plotted in fig. 3.10, together with DNS results as
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published by Loulou [22] (LLO) and Wagner et al. [59] (WAG). Apart from some
minor differences, the results are similar. Similar results have been obtained at other
radial positions, indicating that the seeding particles are indeed able to follow all flow
fluctuations and that these fluctuations are captured by the 3D PTV algorithm.
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Figure 3.9. Typical velocity PDFs for all three cylindrical velocity components at r/R = 0.5
as measured with 3D PTV (dashed line) and as predicted with DNS by Veenman [56] (solid
line); Reb = 5300.

3.6 Conclusions

A highly accurate, statically determined, 3D PTV set-up for velocity measurements
in pipe flow has been designed and tested. The set-up guarantees accurate camera
positioning while the camera-to-measuring volume distance and orientation can be
adjusted easily and accurately. A reliable position calibration method for closed
ducts has been designed and validated. The calibration accuracy and reproducibility
is shown to be satisfactory. Several accuracy tests confirm that the system can be
operated close to optimal optical accuracy.

The new 3D PTV system has been realized and tested on turbulent pipe flow. The
mean axial velocity profile is compared with DNS at Reb = 5300 and Reb = 10300,
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Figure 3.10. Velocity MSV as a function of the dimensionless radius for all three cylindrical
velocity components at Reb = 5300.

both methods give similar results. A detailed look at the PDFs and MSV profiles for
all velocity components at Reb = 5300 shows that velocity fluctuations are accurately
captured by the new 3D PTV system.
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Table 3.1. Overview of important experimental parameters.

Pipe diameter 100 mm
Entrance length 45D

Fluid Water
Fluid Temperature Tf

a 20±2oC
Kinematic viscosity ν 1·10−6m2s−1

Reb 5320 ± 30 and 10290 ± 40
Bulk velocity Ub 53.2 mm/s and 102.9 mm/s
Energy dissipation ǫ b 2.31·10−5 m2/s3

Wall friction velocity uτ
b 3.3 mm/s

Kolmogorov time τk
b 0.2 s

Kolmogorov length ηk
b 0.4 mm

Seeding Polyamide
Diameter 200 ± 50 µm
Mass density 1030 kg/m3

Illumination 2 x Stroboscope
Energy 2 x 5 J/pulse
Pulse duration ± 40 µs

Cameras 10 bit Kodak MegaPlus ES1.0
CCD resolution 1018x1008 pixels
Observation area 150 x 150 mm2

Measurement volume approx. 120 x 80 x 60 mm3

Frequency 30 Hz
Lenses Navitar DO-5013
Focal length 50 mm

aThe volume flow rate of the fluid is corrected according to the measured fluid temperature using
the frequency controller to ensure a correct Reynolds number during the measurements.

bThese parameters are calculated with the equations given in section 3.2.1 and must be considered
as an estimate for the average values of the parameters.



Chapter 4

Experimental results∗

4.1 Introduction

Stochastic models provide a useful way to describe particle dispersion in turbulent
flows. For the development of such models, knowledge of Lagrangian statistics of
turbulent flows is useful, for example to calculate an unknown damping function in-
cluded in such a model. Taylor’s 1921 [49] paper on turbulent dispersion describes
the Langevin equation for stationary, homogeneous, isotropic turbulence, in which
case the damping coefficient is a constant. Sawford’s 2001 review article [43] gives an
overview of the history and development of Lagrangian models since then. A stochas-
tic Lagrangian model for particle velocity in homogeneous shear flow was developed
by Pope [40]. For many other kinds of turbulence, as occurring in common practice,
a unique formulation for the damping function has yet to be found. Rather than
focussing on homogeneous turbulent flows, the present research aims at measurement
of inhomogeneous turbulent flow in a pipe, to enable determination of the damping
function.

The need for Lagrangian statistics makes experimental methods that apply to a
Lagrangian frame of reference indispensable. Such techniques have rapidly been devel-
oped over the last few years and presently several fully three-dimensional Lagrangian
techniques are available. They can be divided into two main categories, namely optical
and sonar techniques. The main advantage of the sonar techniques [33] is the direct
measurement of particle velocities using Doppler-shifts. Another advantage is that
measurements in non-transparent media are possible at high sampling frequencies, up
to a few kHz. The drawbacks of this technique are related to the seeding of the fluid
with tracer particles. The working principle and software algorithms applied currently
demand a relatively large seeding size, in the order of tenths of millimeters, and very
low seeding densities, in most cases not more than one particle in the measurement
volume at a certain time. The large size and thus the far from ideal flow tracing

∗This chapter is partially reproduced from: Determination of the coefficients of Langevin models

for inhomogeneous turbulent flows by 3D PTV and DNS, accepted for publication in Physics of

Fluids.
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characteristics limit this technique to low flow velocities and the low seeding density
demand is not favorable when gathering statistical averages of flow quantities. A sonar
technique has been used by Mordant et al. [30] to determine long-time Lagrangian
velocity correlations, in order to study intermittency in turbulence. Seeding densities
and sizes are more flexible in the case of optical techniques like three-dimensional Par-
ticle Tracking Velocimetry (3D PTV) [16, 19, 21, 36, 37, 48, 57, 58, 63]. Virant and
Dracos studied the boundary layer of free-surface turbulent flow using 3D PTV [57].
The turbulent diffusion of particle pairs in oscillating grid turbulent flow was studied
by Ott and Mann [37]. Suzuki and Kasagi [48] used the 3D PTV technique, originally
developed by Nishino et al. [36] for liquid flows, to study secondary flow effects in
turbulent air flow through a curved square bend. In other 3D PTV researches, a
fully developed quasi-homogeneous turbulent flow of the von Kármán swirling type
was studied [19, 21, 58]. Voth et al. [58] measured particle accelerations in this flow
type, using high speed silicon strip detectors, in order to determine universal charac-
teristics of turbulent flows [19, 58]. Lüthi et al. [21] measured the full set of velocity
derivatives, to study the role of viscosity on the enstrophy budget.

As indicated by Hoyer et al. [14], the maximum number of particles that can be
tracked simultaneously by 3D PTV systems gradually increased to about 1000 since
the introduction of the technique in the 1980s. This number is thought to represent
the limit for classical 3D PTV systems with four cameras. Traditional 3D PTV
algorithms can be divided into two parts: determination of the particle positions
in space and the tracking of the particles in time. Willneff [63] combined these two
steps and the resulting spatio-temporal matching algorithm improves particle tracking
efficiency by 10-30%. This makes it unnecessary to lower the seeding density in order
to increase particle matching probability. For the same reason, a new technique called
3D Scanning PTV is developed by Hoyer et al. [14]. Changes in illumination, image
acquisition and analysis lead to a significant increase in the maximum number of
trackable particles to about 3500 [14] which is especially useful when spatial derivatives
of particle velocity are of interest.

In our case, the goal is to accurately determine Lagrangian statistics, such as
velocity correlation functions. This demands that a large number of fluid or tracer
particles can be followed over a significant time interval and the camera sampling
frequency is required to be at least twice the characteristic frequency of the flow
phenomena of interest. At low or moderate Reynolds numbers, commercially available
high-speed cameras with sampling frequencies of 30 Hz or more are usually sufficient.
It can therefore be concluded that 3D PTV is a suitable method for the determination
of Lagrangian statistics as long as the frequency of the image recording equipment is
sufficient to capture all relevant flow phenomena, whereas sonar techniques and the
fast image detectors suffer from low seeding densities and short measurement times,
respectively.

The present chapter describes how velocity statistics of turbulent pipe flow have
been determined using 3D PTV. A description of the experimental and data process-
ing techniques is given in section 4.2. To our knowledge, the application of a La-
grangian experimental technique to pipe flow has not been done before. Results will
be compared with direct numerical simulation (DNS) results in sections 4.3 and 4.4.
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Accurate DNS predictions of turbulent pipe flow are scarce and a description of a new
DNS code as developed by Veenman [56] (referred to as VKW in the remaining part
of this chapter) is given in section 4.2.4. With our current measuring equipment, it is
impossible to measure at Reynolds numbers higher than the ones where DNS results
are available. Comparison with DNS will show that Lagrangian experimental tech-
niques are applicable to the research of inhomogeneous turbulent flows. This is done
for turbulent water flow through a pipe at two Reynolds numbers. Based on the bulk
velocity and inner pipe diameter, these Reynolds numbers are Reb = UbD/ν = 5300
and Reb = 10300, with ν the kinematic viscosity which is equal to ν = 1 · 10−6 m2s−1

for water at atmospheric conditions. Lagrangian results will be compared with results
of the VKW DNS in section 4.4. The same section describes the Reynolds limit for
the current hardware, and possibilities to increase this limit. As Lagrangian statistics
of turbulent pipe flow are almost absent in literature, Eulerian velocity statistics are
also studied for validation purposes in section 4.3 at both Reynolds numbers. Finally,
conclusions are presented in section 4.5.

4.2 Theoretical background and experimental tech-

nique

4.2.1 Theoretical background

As mentioned in the introduction, a Lagrangian stochastic model is often an efficient
way of predicting, for example, turbulent dispersion. An example of such a model
is the Langevin equation for fluid particle velocity (here, fluid particles are passive
particles that have no mass and which move with the local fluid velocity):

du′

i(t)

dt
= Aiju

′

j(t) + Bijwj(t), (4.1)

ui denotes one of the three velocity components in a Cartesian frame of reference. The
usual distinction between the mean 〈u〉 and fluctuating part u′ of the total velocity
u = 〈u〉+u′ is made, where the brackets signify ensemble averaging. Aij is called the
drift tensor or damping tensor, Bij is the diffusion tensor and wj(t) is random white
noise. Veenman [56] shows that the unknown damping tensor can be determined from
non-normalized Lagrangian velocity correlation functions:

ρij(τ, r) =
〈

u′

i(t0)u
′

j(t0 + τ)
〉

, (4.2)

where t0 denotes the reference time and τ the time separation. The correlation func-
tions depend on the radial coordinate but are independent of t0. Equation (4.2)
therefore only yields correct results if all tracer particles considered start with the
local fluid velocity at the same radial coordinate r at time t0. The particles thus

need to be delta-distributed in radial direction at time t0. This situation can easily be
created in numerical simulations but is impossible in experiments. The calculation
of correlation ρij(τ, r) is thus done by averaging over all particles that are situated
at radial position r at a certain time which is then marked t0 for that particle. The
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particles are selected using the sampling method described in section 4.2.3. The ac-
tual determination of the damping tensor is beyond the scope of this paper, but in
section 4.4 we will present the necessary statistical data, obtained using 3D PTV .

In the remaining part of this section, the most important features of the exper-
imental technique are described. The 3D PTV method and setup are discussed in
detail in section 4.2.2. Acquiring statistics from raw 3D PTV data requires special
attention as is described in section 4.2.3. Information on the numerical technique of
the new VKW DNS is included in section 4.2.4.

4.2.2 3D PTV method

The 3D PTV set-up consists of a camera frame for reliable and accurate positioning
of the cameras, and a calibration unit to determine the relation between camera-
and real-world-coordinates. By removing a tube section, the calibration unit can be
placed on top of the measurement section, as shown in fig. 4.1. This enables in-
situ calibration by moving a well-defined calibration grid through the measurement
volume. The grid is manufactured out of a glass plate which is single-sidedly coated.
The grid points are made out of circular voids in the coating. To facilitate recognition
of the X- and Y -directions, three larger dots are positioned in the center of the grid.

Figure 4.1. The 3D PTV set-up with the calibration unit in place.

Because of the statically determined design of the camera frame, which is described
in detail in a previous publication [61] (chapter 3 in this thesis), there is no incorpo-
ration of unknown stresses in the frame or flow tube. The cameras are attached to
the flow tube instead of mounting them on separate camera support stands. Relative
motion of the cameras to the measurement volume is avoided in this way.

To create a stable and accurately controlled turbulent flow, a special water cir-
culation system has been built. The measurement section consists of a vertically
oriented glass pipe, with an inner diameter, D, of 100 mm and a length of 70D,
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to ensure optical accessibility. A water-filled rectangular glass box surrounds the
measurement volume to minimize optical distortions. To facilitate temperature sta-
bilization, a water reservoir with a capacity of 2 m3 is included in the system. A
frequency controlled pump forces the water through the pipe and a flow straightener,
a tube bundle conditioner installed in the lowest part of the test section according
to ISO standard [26] 5167-1:1991 to discard all secondary flow effects. The system is
described in more detail in a previous publication [61] and important experimental
parameters are summarized in table 3.1.

To visualize the flow, polyamide seeding particles with a diameter of 200 ± 50
µm are added to the water flow. The particles have a mass density close to that
of water under atmospheric conditions (ρp =1030 kg/m3) and are close to being
spherical. Of course, these particles have to be able to follow all velocity fluctuations
of the flow. The most rapid fluctuations take place on time scales on the order of
the Kolmogorov time scale, for which an order-of-magnitude estimation, τk = 0.2 s,
is made in section 3.2.1. For the earlier mentioned seeding particles with a maximum
diameter of 250 µm, a particle relaxation time of τp ≈ 5 ms is obtained using the
method described in section 3.2.1. As τp ≪ τk it can safely be assumed that the
particles follow all flow fluctuations.

To optimize the accuracy of determination of the particle position, the optical set-
up is such that the tracer particles appear on the camera CCD with a diameter of a
few pixels. This facilitates the use of a sub-pixel accurate gray-value weighted average
determination of the tracer particle center. For particles with a typical diameter of
about 10 pixels, as in our experiments, the error in the determined center is then less
than 0.1 pixel [23].

The illumination of the measurement volume is realized by two strong stroboscopic
light sources of about 5 J light energy per pulse each. The strobes are custom-made
in-house for this project to optimize light output and camera-synchronization, they
have a maximum pulse frequency of about 100 Hz and can be synchronized to the
cameras with a negligible delay. The light pulse duration is approximately 40 µs,
ensuring virtually instantaneous seeding particle images for the Reynolds numbers
considered. At Reb = 5300 a seeding particle traveling at the maximum fluid velocity
undergoes a displacement of about 3 µm during the light pulse, which is much smaller
than its diameter. The stroboscopes enable illumination of the entire measurement
volume of about 85x120x50 mm3 (Width x Height x Depth) without any significant
heat generation.

The principle of 3D PTV requires a minimum of two synchronized cameras to
capture the instantaneous 3D particle positions in the measurement volume, but the
use of more cameras minimizes ambiguities in particle detection and allow for higher
seeding densities. As we are interested in Lagrangian velocity statistics, and not in
spatial derivatives, a high seeding density is not a primary requirement and the use
of a 3 camera system is sufficient. The cameras (Kodak MegaPlus ES1.0) have a
10-bit grayscale CCD with a resolution of 1018x1008 pixels and a maximum sam-
pling frequency of 30 Hz. The 3D particle tracks are determined using the 3D PTV
algorithm developed by Kieft et al. [15, 16] who based their method on the work of
Yamamoto et al. [64]. The algorithm starts with a filtering technique called dynamic
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Figure 4.2. Samples of dynamically thresholded images from each of the three cameras,
with on the right hand side a typical example of recognized 3D particle positions at a single
time-step.

thresholding to get rid of background noise in the obtained images. Subsequently, the
2D representation of a particle is detected within each camera-image and, combined
with the camera calibration information, the 3D particle position is determined. This
procedure is schematically depicted in fig. 4.2, where dynamically thresholded images
of all three cameras are shown alongside typical 3D particle position information at
a single time-step. Finally, the algorithm checks which particle in frame i + 1 is most
likely to match to a particle in frame i. During this last step, information of previous
matches of the current particle and neighboring particles, up to frame i, is used to ex-
trapolate the particle track to the most likely position in frame i + 1. This algorithm
does not contain the improvements to classical 3D PTV introduced by [14, 63] as
mentioned in the introduction. Nevertheless, it shows good performance in tracking
the relatively simple particle motion encountered in pipe flow, and in the test-case
published by Kieft et al. [16] who studied the wake-flow behind a heated cylinder.

4.2.3 Data processing

In pipe flow, inhomogeneous behavior is encountered in the radial direction. This
radial dependency necessitates selected sampling of the measured particle tracks, in
contrast to homogeneous, isotropic turbulence where Lagrangian statistics can be
determined by ensemble averaging over particles that are arbitrarily distributed over
the entire domain. The easiest way to perform the sampling in pipe flow is to take
only those particles into account that cross a certain radial position, rcrit. This would,
however, result in preferential sampling of particles having a high radial velocity
because they are more likely to cross a chosen radial position. This problem is solved
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by using the particle sampling method presented by Walpot et al. [60] (chapter 2 in
this thesis). If the instantaneous particle position r satisfies

rcrit − ∆r < r < rcrit + ∆r, (4.3)

then r is considered as corresponding to a useful particle trajectory. Here ∆r denotes
half the width of the sampling volume. All particles that can be found inside the
specified volume at a certain time are taken into account. At each time step that a
particle is situated within the specified volume, a ghost particle is ‘created’. Because
particles with a low radial velocity are less likely to move to other radial positions, they
will create more ghost particles than faster ones. All ghost particles contribute to the
statistical averages, thus compensating for the velocity bias, see [60]. A disadvantage
of this method is that a particle with a relatively high radial velocity can pass rcrit

while it is never detected within the specified volume at a discrete time step. We
found that the requirement 2∆r > |u|∆t, with u a typical large radial velocity value,
is appropriate to prevent this.

The 3D PTV algorithm employed calculates 3D particle tracks according to the
procedure as described in section 4.2.2. To remove high-frequency measurement noise,
the measured particle tracks are filtered using a low-pass smoothing filter as was first
introduced by Savitzky & Golay [41]. Care has to be taken when choosing the cut-
off frequency of the filter. In this case, this cut-off frequency is chosen close to the
Kolmogorov frequency. The measurement noise, which induces high-frequency dis-
turbances on the position signal, is expected to have a big influence on the unfiltered
autocorrelation function for small time separations. The unfiltered 3D PTV position
signal contains sudden position jumps due to optical disturbances and the finite spa-
tial resolution of the cameras. These position jumps result in large, non-physical,
velocity fluctuations causing an artificial increase of the velocity RMS and thus an
increase of the starting value of the correlation function, because ρij(0) = σ2

ij . The
high frequency measurement noise was indeed found to cause the superposition of
noise on the correlation functions calculated from unfiltered 3D PTV results. To
obtain a suitable cut-off frequency, a filter span of 17 points with order 3 is used.
The filter process is repeated 10 times to improve the stop-band attenuation. The
transition bandwidth of the filter has of course a finite width. Although the value
of the Kolmogorov frequency differs about a factor

√
2 between the two Reynolds

numbers, the above settings are found to work well for both Reynolds numbers, as
will be shown later. To illustrate the necessity of the smoothing filter, fig. 4.3 shows
a typical 3D PTV particle position and corresponding velocity signal before and after
the application of the smoothing filter. For comparison of typical fluctuation time
scales, VKW DNS results are also included in the figure and represented by the solid
lines.

In the VKW DNS computations, the particle velocity is interpolated to inter-grid
point particle positions using a fourth order accurate interpolation scheme. This
Lagrange interpolation scheme causes oscillations in the velocity signal, as is visible
in fig. 4.3 and also in the first part of some correlation functions, discussed in sec-
tion 4.4.1. This approach was compared by Veenman [56] with a direct summation
of the Fourier series in the periodic directions and Hermite interpolation in the radial
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Figure 4.3. Typical 3D PTV position and corresponding velocity signal before and after
the application of the Savitzky Golay smoothing filter, represented by circles and dashed
lines respectively. A typical DNS particle trajectory and the corresponding velocity signal
are plotted with solid lines.

direction which gives smooth velocity signals. We found that the oscillations have
little or no influence on the low order statistics that we are interested in, such as
correlation functions. More details on the numerical method used in the VKW DNS
are given in section 4.2.4.

Figure 4.4 shows an example of a radial velocity probability density function (PDF)
as obtained by DNS computations and 3D PTV measurements at r/R = 0.5 for
Reb = 5300. The solid line represents VKW DNS results whereas the 3D PTV results
are denoted by the dashed line. Figure 4.4 shows that the full radial velocity PDF is
captured well within ±5σ from the mean µ, which also holds for other radial positions
and velocity components. This justifies the exclusion of particle matches with more
than µ ± 5σ fluctuations from 3D PTV data analysis. It has been found that the
PDFs do not change if this exclusion is shifted to µ ± 10σ which implies that the
method is not sensitive to outliers.

4.2.4 DNS method

In the numerical method for the VKW DNS, a finite part of a cylindrical pipe of
length 5D with periodic boundary conditions in the streamwise direction is used.
Since both the stream-wise and the tangential directions are periodic, the use of
a spectral method is convenient. In the two periodic directions a Fourier-Galerkin
method is applied and in the radial direction a Chebyshev-collocation method. In
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Figure 4.4. Radial velocity PDFs for DNS results and filtered 3D PTV data.

order to avoid a large number of collocation points near the axis, the radial direction
is first divided in several elements and in each element a Chebyshev expansion is
chosen with continuously differentiable solutions at the element boundaries. In this
way, it is also possible to reduce the number of tangential Fourier modes in the element
closest to the axis. In total 106 collocation points are taken in the radial direction
and 128 Fourier modes in both periodic directions.

The vorticity formulation of the Navier-Stokes equation in cylindrical coordinates
is discretized. The nonlinear terms in the Navier-Stokes equation are computed in
physical space; FFT is applied to transform the solution from Fourier space to physical
space and back. The 3

2 -rule prevents aliasing. The pressure and viscous terms are
easily calculated in Fourier space. For time integration, a second-order time-splitting
is applied: an explicit second-order Adams-Bashforth method for the nonlinear terms
and an implicit method for the linear terms. The boundary condition for the pressure
on the wall of the pipe is chosen in such a way that the velocity field is, in good
approximation, divergence free.

In order to determine the Lagrangian statistics, passive particles which move with
the local instantaneous fluid velocity are tracked. In order to integrate the equations
of motion of the particles in time, the first-order Euler forward method is used, but it
has been checked that this is sufficiently accurate by comparing results with those of
a second-order accurate Runge-Kutta method. The fluid velocity at the position of a
particle is found from fourth-order accurate interpolation: Lagrange interpolation in
the two periodic directions, and Hermite interpolation in the radial direction.
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4.3 Eulerian statistics

In this section, Eulerian turbulent pipe flow statistics as determined with 3D PTV
are presented and compared with various DNS results from the literature. Section 4.4
will show Lagrangian velocity correlation functions as determined using 3D PTV and
DNS. Lagrangian as well as Eulerian results are made available from the VKW DNS
code. Other Lagrangian statistics for inhomogeneous flows have not been found in
the literature, but Eulerian results could also be verified by DNS results as published
by Eggels et al. [10] (EGG), Loulou [22] (LLO) and Wagner et al. [59] (WAG). In
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Figure 4.5. Mean axial velocity profile for two Reynolds numbers. The solid lines represent
the overlapping VKW and EGG DNS results for Reb = 5300 and VKW and WAG for
Reb = 10300. The dotted line represents the Reb = 10300 data re-scaled to match the Uc of
Reb = 5300

the graphs below, error-bars are plotted to indicate the magnitude of the error in the
mean of a certain quantity for the experimental results. The size of the error-bars is
taken to be equal to ±2σm, where

σm =

√

[

∑

x2
i −

1

n

(

∑

xi

)2
]

/ [n(n − 1)]. (4.4)

with xi the average value for a single set and n the number of measurement sets.
The probability that the actual mean value lies within the given error-bars is about
95%, see Squires [46]. Whenever appropriate, velocity statistics are normalized by
the centerline velocity, Uc, and plotted against the dimensionless distance to the pipe
centerline, r/R. The centerline velocity is chosen as normalization quantity instead
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of the wall shear velocity, uτ , that is often used in literature, because Uc can be
determined more accurately in an experimental set-up. Laser Doppler Anemometry
(LDA) velocity measurements have been performed simultaneously with the 3D PTV
measurements to check the centerline velocity. The LDA time-records are also used to
verify that the pipe flow is a fully developed turbulent flow as discussed in section 3.2.1.

The 3D PTV results for Reb ≈ 5300 are averaged over 50 separate measurement
sets of 2 minutes each. The measurements were performed with a frequency of 30Hz
and at each time-step, on average, 150 particles were recognized. The seeding density
was deliberately kept this low to maximize the length of the measured particle tracks.
The average Reynolds number during the 50 sets was Reb = 5320 ± 30. Before the
start of each measurement set, the temperature and bulk velocity of the water was
measured. The frequency controller of the pump facilitates accurate control over the
velocity and thus, for constant fluid temperature, the Reynolds number. The average
Reynolds number for the Reb ≈ 10300 3D PTV data is Reb = 10290 ± 40. For
this Reynolds number, 40 measurement sets of 2 minutes each are available, with an
average number of 100 recognized particles per time-step.

The VKW DNS results are ensemble averaged over 600 velocity fields, covering 850
dimensionless time-units where time is made dimensionless using the bulk velocity Ub

and the pipe diameter D. Wagner et al. averaged their results over 200 statistically
independent velocity fields, covering over 800 dimensionless time-units. Comparing
this to LLO and EGG, that are averaged over 41 and 46 velocity fields respectively,
covering 40 and 60 dimensionless time units respectively, it can be stated that the
statistical error is expected to be much smaller for the VKW and WAG codes. This
is visible in the skewness and flatness results presented later in this section.

To test the performance of the 3D PTV system, the for turbulent pipe flow
well-known mean axial velocity profile has been determined for Reb = 5300 and
Reb = 10300 and compared with corresponding results of EGG, VKW and WAG.
Results are shown in fig. 4.5. Due to their negligible size, no error-bars could be plot-
ted. For both Reynolds numbers, two different DNS results are plotted but they are
indistinguishable. No discrepancies between experimental and numerical results are
found. Experimental data is available up to r/R ≈ 0.97. Even closer to the wall, light
deflections hinder the measurements and no particles are detected here. The axial
profile for the higher Reynolds number is also plotted normalized with the centerline
velocity of the lower Reynolds number with a dotted line, showing the well-known
fact that the profile is flatter for higher Reynolds numbers.

The diagonal components of the Reynolds stress tensor σij = 〈u′

iu
′

j〉 are com-
pared with VKW, LLO and WAG DNS results for Reb = 5300 and Reb = 10300 in
figs. 4.6 and 4.7. Furthermore, experimental results as obtained by van Doorne and
Westerweel [55] and results from LDA measurements as performed in our laboratory
are also included in the plots. These results are only available at the lower of the
two Reynolds numbers and the LDA results are only available for the axial diagonal
component at Reb = 5300. As we are interested in the non-normalized velocity corre-
lation functions, it is important that the mean square value (MSV) of the velocity is
accurately determined. For all MSV plots, the 3D PTV data coincide with the DNS
and LDA results within measurement error, even close to the wall. The only striking
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distinction is the lower 3D PTV σ2
φφ values at radial positions around the peak in

the profile. No other explanation than measurement inaccuracy can be given. The
differences between the various DNS results are negligible.
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Figure 4.6. Velocity MSV as a function of the dimensionless radius for radial and tangential
velocity components at Reb = 5300 (a) and Reb = 10300 (b).



4.3 Eulerian statistics 59

Due to the rotational symmetry of pipe flow, σrr should be equal to σφφ at the
pipe centerline. This is the case for all DNS as well as the experimental results within
the statistical accuracy. The shift of the MSV peak towards the wall for the higher
Reynolds number is clearly visible for all velocity components. Although it is not
fair to speak of a trend with only two different Reynolds numbers plotted, this shift
is to be expected because of the decrease of viscous scales with increasing Reynolds
number.
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Figure 4.7. Velocity MSV as a function of the dimensionless radius for axial velocity
components at Reb = 5300 and Reb = 10300.

For isotropic flows the non-diagonal terms of σij are all zero. But in the case
of inhomogeneous turbulent flow, such as pipe flow, the only decoupled direction is
the tangential one, which means that correlations like, e.g., u′

φu′

z and u′

φu′

r are zero.
The only non-zero cross-component of σij , the correlation of u′

r and u′

z, 〈u′

ru
′

z〉, as
calculated by VKW, LLO and WAG is compared with the current 3D PTV results and
van Doorne and Westerweel [55] PIV results in fig. 4.8. For fully developed turbulent
pipe flow, the mean equation of motion in axial direction simplifies to:

0 = −∂p

∂z
+

1

r

∂

∂r
(rT ) (4.5)

where T is the total shear stress and p pressure. Since ∂p/∂z is a function of z alone
and the second term on the right hand side of eq. (4.5) is a function of r alone, both
of them must be constant and the radial distribution of the turbulent shear stress
linear. Figure 4.8 also shows the total shear stress as given by

T = u2
τr/R, (4.6)
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Figure 4.8. Reynolds stress component 〈u′

ru
′

z〉 as a function of the dimensionless radius at
Reb = 5300.

denoted by a thin solid line. In the core region of the flow, the turbulent shear stress is
dominated by Reynolds stress 〈u′

ru
′

z〉, the latter is therefore expected to vary linearly
with the radius. In the near-wall region, however, viscous effects become the dominant
factor and 〈u′

ru
′

z〉 → 0 for r/R → 1. Both trends are clearly visible in fig. 4.8.

The results for all components of σij have also been compared with EGG DNS
results. The results of Eggels et al. [10] showed significant deviations, especially close
to the wall, from the presented DNS and experimental results and have therefore been
omitted from the figures. We believe that the deviations are caused by the coarser
near-wall resolution used by Eggels et al.

The skewness factor S = 〈u′3〉/σ3 and kurtosis or flatness factor F = 〈u′4〉/σ4 of
all velocity components are also determined and plotted in fig. 4.9. These third and
fourth order moments of the velocity are expected to be more sensitive to measurement
noise as the lower order moments presented above, but they show nevertheless a good
agreement with the VKW and LLO DNS results. For inhomogeneous wall-bounded
flows, such as pipe flow, the PDFs of the velocity components are bell-shaped but
not exactly Gaussian near the center [35, 56]. The departure from Gaussian behavior
increases with decreasing distance to the wall as indicated by, for example, the data
on turbulent channel flow by Moser et al. [35]. This trend is also observed in fig. 4.9
of the skewness and flatness factors, which are equal to S = 0 and F = 3 for Gaussian
processes respectively. The Gaussian values for the skewness and flatness are indicated
by the thin dashed lines. The only significant deviation between 3D PTV and DNS
is the failure of the 3D PTV results to capture the sudden increase in radial velocity
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Figure 4.9. Velocity skewness and flatness for the radial (a), tangential (b) and axial (c)
velocity components at Reb = 5300. The circles represent the 3D PTV results, the solid
lines the VKW DNS and the dash-dotted lines represent the LLO DNS.

flatness close to the wall for F (u′

r). This relatively large deviation can be explained
by the cumulative effect of the relative measurement errors in 〈u′4

r 〉 and σ. Although
the absolute value of the error in both the second and fourth order moment of the
radial velocity component are very small close to the wall, the relative error in the
fourth order is large and this leads to a large relative error in the flatness as well. The
large relative error in the fourth order moment can be explained by the small amount
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of measurement data close to the wall. The departure from Gaussian behavior in the
near-wall region is most obvious when observing the flatness profiles of the velocity
components. An increasing flatness value indicates relatively large values in the tails
of the probability density of the signal: the signal frequently takes on values relatively
far away from its mean value. The periodic ‘bursting’ process of the, for the near-wall
region, characteristic low-speed-streaks injects low-speed fluid into the flow further
away from the wall [51, 54]. Consequently, relatively high-speed fluid is swept towards
the wall. This process is believed to be responsible for the high flatness values in the
near-wall region and also causes the high skewness values for the tangential and axial
velocity components. The interesting trend observed in the S(u′

r) profile is discussed
later.
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Figure 4.10. The components of the turbulent kinetic energy equation normalized with
u4

τ/ν as a function of y+ at Reb = 5300 for VKW and WAG DNS. The symbols used are
explained in the main text.

The rotational symmetry of the flow demands that, on average, the number of
particles with a positive tangential velocity equals the number of particles with a
negative tangential velocity at all radial positions. In other words, the tangential
velocity PDF should be symmetrical and its skewness is consequently zero as observed
in fig. 4.9. Fluctuations in the tangential skewness are merely an indication for the
statistical error in the results. Variations in the S(u′

φ) profile are the least pronounced
for the VKW DNS, as discussed earlier in this section. For the 3D PTV results, the
variations grow a bit for r/R > 0.8 probably caused by the fewer results close to the
wall. Performing more measurements is expected to solve this. Symmetry around
r = 0 also demands the skewness of u′

r to be zero at the centerline, which is found
to be true. The fact that S(u′

φ) = 0 also explains why the correlations with u′

φ are
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zero: a positive u′

r, for example, is equally likely to correspond to a negative u′

φ as a
positive one and the average product 〈u′

ru
′

φ〉 is equal to zero.

Some aspects on the radial distribution of velocity fluctuations are related to
energy transport. Although most relations are already known, it is instructive to
summarize their implications for the case of turbulent pipe flow here. A similar
reasoning explains the behavior of the correlation 〈u′

ru
′

z〉, which stands for transport
in the r-direction of impulse per unit mass in the z-direction, see for example Tennekes
and Lumley [51]. A particle moving in positive r-direction, towards the pipe wall,
moves from a region with high average axial velocity, 〈Uz〉, to a region with lower 〈Uz〉.
On the average, the particle retains its original axial velocity and causes a positive
u′

z at its new position. Therefore, a positive u′

r is mostly associated with a positive
u′

z and vice versa. The average product 〈u′

ru
′

z〉 is therefore positive, indicating a
mean flux of energy of the mean flow towards the wall where the deformation into
turbulent kinetic energy, k, mainly takes place. Figure 4.10 shows the components of
the turbulent kinetic energy equation as determined using VKW DNS and compared
with WAG DNS as a function of the wall coordinate y+ = uτ (R−r)/ν. Similar results
have been found by Eggels et al. [10]. The production term Pk in this graph is equal
but opposite in sign to the deformation term in the equation for the kinetic energy
of the mean flow. The transport of k consists of three parts: transport by pressure
fluctuations Π, by velocity fluctuations Tk and by viscosity Dk; ǫ denotes viscous
dissipation. The Tk transport term helps to explain the trend in the radial velocity
skewness profile of fig. 4.9. Energy k is extracted from the region 8.9 < y+ < 31.5
where Tk is negative. The turbulent kinetic energy is then transported by radial
velocity fluctuations towards the wall, which is why S(u′

r) > 0 for 0.8 < r/R < 0.98,
where it is dissipated into heat, and towards the central region, S(u′

r) < 0 for 0 <
r/R < 0.8, to feed the mean flow turbulence. Although viscous dissipation of k, ǫ,
takes place throughout the pipe, its maximum is found close to the wall. Nevertheless,
S(u′

r) changes sign to negative again at r/R = 0.98 indicating that radial velocity
fluctuations carry k away from the wall in this region. Figure 4.10 shows that Dk is the
dominant transport term in this region and takes care of transporting the turbulent
kinetic energy towards the area of high dissipation at the wall.

4.4 Lagrangian statistics

As mentioned in section 4.2, the unknown damping function in the Langevin equation
can be determined from non-normalized Lagrangian velocity correlation functions.
For this procedure, the auto-correlation functions of all velocity components, as well
as the cross-correlations need to be known. These correlation functions are to be
determined in the inertial subrange, which is considered to be the range τk ≪ τ ≪ τc,
with τc the Lagrangian integral time-scale defined as τc =

∫

∞

0
ρ(τ)dτ . A typical esti-

mate of τc for pipe flow is given by D/Ub. In other words, for an accurate description
of velocity correlation functions, we have to be able to capture small scale velocity
fluctuations down to the Kolmogorov scale, τk, as defined in section 4.2.2, as well as
particle-velocity tracks up to time-separations specified below. The inertial subrange
increases with increasing Reynolds number. At the moderate Reynolds numbers stud-
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ied in this paper, the difference between the Kolmogorov and integral time-scales is
still relatively small. However, our DNS calculations have shown that, in order to
capture the full inertial subrange, we have to follow particles up to time separations,
τ , given by τuτR−1 = 0.06. This corresponds to 0.8 s in the current experimental
situation. This number, 0.06, is only slightly dependent on the Reynolds number. To
capture particle tracks up to 0.8 s with the restriction of a measurement volume with
an axial length of 120 mm, see section 4.2.2, the maximum allowable axial velocity
is 150 mm/s, which corresponds to Reb = 13000. This reasoning assumes perfect
particle tracking characteristics of the 3D PTV algorithm; the particle track time
will be verified in the following subsections. For higher fluid velocities in the current
flow geometry, rigorous changes in the set-up are needed. A camera and lightning
system that moves along with the mean flow such as the one described by Virant
and Dracos [57] could offer a solution. In this way, the measurement volume moves
along the flow with Ub and particles can easily be followed for longer times than with
stationary cameras.

4.4.1 Velocity correlations

Figure 4.11 compares Lagrangian velocity autocorrelation functions for the radial,
tangential and axial velocity components at two radial positions for 3D PTV with
corresponding ones of VKW DNS at Reb = 5300. The statistical error in the 3D
PTV results is indicated by the dashed lines, for the DNS results it is more or less
independent of time separation, τ , and indicated by a single error bar. The figure also
shows Eulerian velocity autocorrelation functions for the VKW DNS. These Eulerian
correlations are calculated in a moving frame of reference, with the frame moving
with the local average axial velocity:

ρE
ij(τ, r0) = 〈u′

i(r0, φ0, z0, t0)u
′

j(r0, φ0, z0 + τ〈uz(r0)〉, t0 + τ)〉 (4.7)

The deviations between numerical and experimental results observed in the MSV
plots of figs. 4.6 and 4.7 manifest themselves here as offsets in the correlation starting
points, because the correlation functions shown here are made dimensionless by Uc,
but are not normalized. Without the application of the sampling method discussed
in section 4.2.3 and the polynomial smoothing filter, the experimentally determined
correlation functions would suffer from significantly too high starting values and noise
peaks for small τ -values. In the results presented in fig. 4.11, the shape of the measured
autocorrelation functions closely resembles that of the DNS results, even if some offset
at τ = 0 occurs.

When comparing the correlation functions calculated in an Eulerian moving frame
with their Lagrangian counterparts, it is clear that the correlations de-correlate faster
in a Lagrangian reference frame. This can be explained by the movement of the
Eulerian frame, which is only in the axial direction. In a Lagrangian reference frame
a particle is followed through the flow, thus also to other radial positions with other
statistical properties leading to the faster de-correlation. The highly inhomogeneous
behavior of the flow close to the wall causes the autocorrelations to decay faster there
than in the central region of the pipe. This behavior is illustrated in fig. 4.12 which
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Figure 4.11. Lagrangian and Eulerian velocity autocorrelation functions for the radial (a),
tangential (b) and axial (c) velocity components at two different radial positions for VKW
and 3D PTV at Reb = 5300. The dashed lines indicate the statistical error for the 3D PTV
results.

shows tangential autocorrelation functions for r/R = 0.3 and r/R = 0.9 that have
been normalized with the corresponding starting values, σ2

φφ, to highlight the decay
rate.

Figure 4.13 shows radial, tangential and axial velocity autocorrelation functions
at Reb = 10300, as obtained by 3D PTV and VKW DNS. The higher fluid velocity
at Reb = 10300 makes it impossible to follow the seeding particles as long as at the
lower Reynolds number due to the limited axial length of the measurement volume.
The maximum time-separation for which the correlation functions can be accurately
determined thus decreases as compared to the lower Reynolds number. Furthermore,
the dimensionless time-resolution is not as good as at Reb = 5300. Both effects can be
observed when comparing figs. 4.11 and 4.13. The Lagrangian experimental results
are nevertheless in good agreement with the DNS results at this Reynolds number.
However, the upper Reynolds number limit for the present set-up is expected to be
only slightly higher than 10300. The upper limit estimate mentioned in section 4.4 of
Reb = 13000 therefore seems reasonable.

As discussed in section 4.3, there is no correlation between the tangential and
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Figure 4.12. Normalized Lagrangian velocity autocorrelation functions for the tangential
velocity components at r/R = 0.3 and r/R = 0.9 for VKW and 3D PTV at Reb = 5300.
The dashed lines indicate the statistical error for the 3D PTV results.

the other velocity components. This implies that the only non-zero cross-correlation
functions are ρrz and ρzr, of which VKW DNS and 3D PTV results at two radial
positions are shown in fig. 4.14. As expected from the graph showing the Reynolds
stress results (fig. 4.8), the starting values of the experimental and numerical cross
correlation function agree well. The cross correlation functions also agree within sta-
tistical accuracy for τ > 0. Again, similar results have been found at the other radial
positions measured. A striking difference between ρrz and ρzr is the considerably
faster decay of ρzr. This phenomenon can be understood if one imagines a particle
moving from radial position rA at time t0 to radial position rB at time t0+τ . Without
loss of generality we take inward motion, i.e. rB < rA, implicating that u′

r(t0) < 0
and 〈uz(rB)〉 > 〈uz(rA)〉. The average product of u′

r and u′

z is positive (Fig. 4.8), so
the particle is most likely to have a negative u′

z(t0) as well. As follows from the Taylor
hypothesis, a fluid particle tends to retain its velocity for a while. As a consequence
uz(t0 + τ) ≈ uz(t0). Since the average axial velocity component at the particle posi-
tion increases in time, this results in an average increase of the absolute value of the
axial velocity fluctuation. This makes the average product 〈u′

r(t0)u
′

z(t0 + τ)〉 larger
or about as large as 〈u′

r(t0)u
′

z(t0)〉 which is exactly the trend observed in Fig. 4.14.
The argument is similar for a particle moving outwards. For 〈u′

z(t0)u
′

r(t0 + τ)〉, this
argument does not hold as 〈ur〉 is constant and no average increase of the magnitude
of the velocity fluctuation occurs.
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Figure 4.13. Lagrangian velocity autocorrelation functions for the radial (a), tangential (b)
and axial (c) velocity components at two different radial positions for VKW and 3D PTV
at Reb = 10300. The dashed lines indicate the statistical error for the 3D PTV results.

4.4.2 Velocity structure function

Another important Lagrangian quantity is the second order Lagrangian velocity struc-
ture function, Dii(t), defined as:

Dii(t) =
〈

(v′

i(t) − v′

i(0))
2
〉

. (4.8)

This quantity is important, since Kolmogorov’s theory of local isotropy gives a scaling
rule connecting the structure functions with the universal Kolmogorov constant, C0,
see for example Pope [38], page 486:

Dii(t) = C0 〈ǫ〉 t, (4.9)

The scaling rule is valid in the inertial subrange, for time t in the range τk ≪ t ≪ τc.

Finding the universal value for the Kolmogorov constant has been the subject
of many studies over the past decades. In principle, C0 can be determined from
DNS computations, Lagrangian velocity measurements as well as from tracer parti-
cle dispersion studies. An overview of some important results is given by Lien and
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Figure 4.14. Lagrangian velocity cross-correlation functions for VKW and 3D PTV at
Reb = 5300. The dashed lines indicate the statistical error for the 3D PTV results.
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Figure 4.15. Scaled Lagrangian velocity structure function for the radial velocity com-
ponent (a) and unscaled structure function for the tangential velocity component (b) at
r/R = 0.3 at Reb = 5300; VKW DNS and 3D PTV. The dashed lines indicate the statistical
error for the 3D PTV results and the dotted lines in (b) indicate the inertial subrange.

D’Asaro [20]. In the limit of very large Reynolds numbers, the structure functions
in the three principal directions will be equal. However, this is not yet true at the
Reynolds number studied here. It therefore stands to reason to define a direction
dependent Ci

0. This was also proposed by Pope [40] when he investigated a linear
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stochastic model for homogeneous shear flow. Lien and D’Asaro point out that the
Taylor micro-scale Reynolds number, Rλ, must be larger than about 105, for the
inertial range of the structure function to be sufficiently wide to accurately deter-
mine C0. According to Kolmogorov similarity, one should observe a plateau of C0 in
the inertial subrange. However, for the limited Reynolds numbers studied here such
plateaus are not present and a local maximum value, C∗

0 , appears when the structure
function is scaled with 〈ǫ〉t. This local maximum is widely studied and is found to
increase with Rλ [7, 20]. Figure 4.15 shows radial and tangential structure functions
for r/R = 0.3 at Reb = 5300. For the DNS results, the structure functions are scaled
as in fig. 4.15(a) and the value of Ci∗

0 is the local maximum. Due to the limited axial
length of the measurement volume, 3D PTV results are not available up to the time
separations where the local maximum occurs. For this case, the structure functions
are not scaled, see fig. 4.15(b), and fitted with a linear function in a time interval that
is assumed to be in the inertial range, indicated with the dotted lines in the figure.
Changing the time interval does not significantly alter the results for Ci∗

0 and the
results obtained with this linear fit are similar to those obtained from DNS as can be
seen in fig. 4.16, where the DNS and 3D PTV results for Ci∗

0 are plotted. The single
error bar plotted gives an indication for the statistical error in all results. In a large
part of the pipe Ci

0 has a constant value of approximately 2 to 2.5 for Reb = 5300 and
around 3 for Reb = 10300. The increase of Ci∗

0 with increasing distance to the wall is
also found by Choi et al. [7] for turbulent channel flow. Furthermore, the anisotropy
in the results decreases slightly with increasing Reynolds number.

When taking the limitations regarding Rλ into account, the only high-quality in-
dependent measurements of C0 are [32, 65] 5.5 and 6.4. At the moment, the generally
accepted idea is that C0 increases with the Reynolds number and reaches an asymp-
totic value of approximately 6 to 7. These findings are consistent with the relations
proposed by Fox and Yeung [11]:

C0 = 6.5

[

1 +
8.1817

Rλ

(

1 +
110

Rλ

)]

−1

. (4.10)

The Taylor Reynolds number, Rλ, can be calculated [38] using Rλ =
√

20k2/(3ǫν),
where k = 〈uiui〉/2 is the turbulent kinetic energy. This relation gives C0 = 2.8 and
3.7 for the turbulent Reynolds numbers studied here, Rλ = 30 and 40, which is in
relatively good agreement with the presented results.

4.4.3 Taylor time-scale

The Taylor micro time scale, λ, is coupled to the second derivative of the velocity
autocorrelation function as ρ′′(0) = −2/λ2, where the double prime denotes the sec-
ond time derivative, see Tennekes and Lumley [51]. The Taylor time scale is related
to Lagrangian accelerations and it is a well-defined quantity that is often used in
turbulent flow studies, amongst others due to the clear relation with the Kolmogorov
time-scale [38]: λ/u′ =

√
15τk. The Taylor time has been determined from DNS

as well as 3D PTV results, see fig. 4.17 which shows the variation of the direction
dependent λi with radius and Reynolds number for each velocity component. The
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Figure 4.16. The Kolmogorov constant as a function of the dimensionless radius as calcu-
lated from DNS and 3D PTV results for Reb = 5300 (a) and Reb = 10300 (b).

single error bar plotted gives an indication for the statistical error in all results. For
the lower Reynolds number, λz shows a strange behavior near the pipe wall. This
might be due to a low Reynolds number effect or due to poor sampling, although it is
consistent with the deviating behavior found for Cz∗

0 , see fig. 4.16. The Taylor time
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increases about linearly with increasing distance to the wall, which is to be expected
because the near wall flow is dominated by the small viscous scales. With increasing
Reynolds number the influence of the viscous scales decreases, which might explain
the decrease of both inhomogeneity and λ-values with increasing Reynolds number.
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Figure 4.17. The Taylor micro time scale as a function of the dimensionless radius as
calculated from DNS and 3D PTV results for Reb = 5300 (a) and Reb = 10300 (b).
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4.5 Conclusion

In the present study a Lagrangian experimental technique, 3D PTV has been applied
to an inhomogeneous turbulent flow (pipe flow), which to our knowledge has not been
done before. In addition, new DNS results for turbulent pipe flow obtained from a
code with high spatial and temporal resolution, are presented for the same Reynolds
numbers that have been measured, Reb = 5300 and Reb = 10300. Some important
aspects in processing raw 3D PTV data are discussed. For both Reynolds numbers
and all three cylindrical velocity components, higher order Eulerian velocity statistics
are studied up to the fourth-order moment of the probability density functions. For
r/R ≤ 0.97, the agreement between DNS and 3D PTV results is found to be good
for all Eulerian velocity statistics studied. The physical interpretation of the main
trends in terms of energy transport has been revisited.

Lagrangian statistics are studied through velocity correlation and structure func-
tions. These quantities are also used to determine the Kolmogorov constant C0 and
the Taylor time scale λ. The agreement between numerical and experimental results
is found to be good for both Reynolds numbers. Anisotropy and main trends have
been assessed and analyzed.



Chapter 5

Stochastic modeling

5.1 Introduction

For the development of stochastic model for particle dispersion in turbulent flows,
knowledge of Lagrangian statistics of turbulent flows is useful, for example to cal-
culate an unknown damping function included in such a model. Taylor’s 1921 [49]
paper on turbulent dispersion describes an equation to predict stationary, homoge-
neous, isotropic turbulence, in which case the damping coefficient is a constant. Later,
it was found that this model is identical to the stochastic equation proposed in 1908
by Langevin to model the velocity of particles undergoing Brownian motion. That is
why nowadays such stochastic models are often called Langevin models. Sawford’s
2001 review article [43] gives an overview of the history and development of stochastic
models since Taylor’s paper. A stochastic Lagrangian model for particle velocity in
homogeneous shear flow was developed by Pope [40] using DNS data to determine
model coefficients and for comparison with model results. For many other kinds of
turbulence, as occurring in common practice, a unique formulation for the damping
function has yet to be found. The present chapter aims at using Lagrangian statistics
as determined with 3D PTV and DNS to develop a stochastic model for inhomoge-
neous turbulent flow in a pipe.

Next to models for the position of a fluid particle such as the one proposed by
Taylor, the diffusion approach, there are stochastic models for the velocity of a fluid
particle. The most general form for a continuous Markov process for the velocity and
displacement of a fluid particle is given by the Langevin equation, see for example [52]:



















dv′

µ

dt
= Aµjv

′

j + Bµjwµ(t)

dxµ

dt
= vµ.

(5.1)

where Aµj is called the drift tensor or damping tensor, Bµj is the diffusion tensor
and wj(t) is random white noise (noise with a constant spectral density). The usual
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distinction between the mean 〈u〉 and fluctuating part u′ of the total velocity u =
〈u〉 + u′ is made, where the brackets signify ensemble averaging.

When modeling only the position of a fluid particle as a Markov process, all mem-
ory effects are neglected because the velocity is assumed to be δ-correlated. Brouw-
ers [4] shows that this approximation is only valid for times t ≫ τc in the case of
stationary, homogeneous turbulence. For real, inhomogeneous turbulent flows, the
diffusion approach is shown to be invalid. The Langevin equation (5.1) is a stochastic
model for which the velocity and position are jointly Markovian, capturing time effects
corresponding to the Lagrangian correlation time or integral time-scale τc, character-
istic for the large energy containing scales, or larger. According to Stratonovich [47],
a process can be regarded as a Markov process when for time increments considerably
greater than the correlation time the increments can be considered as completely in-
dependent. A model of the form of eq. (5.1) is thus able to predict the behavior of
time scales, t, for which t ≫ τk, where τk is the Kolmogorov time-scale. Although
not exact, this joint Markovian assumption is valid for high Reynolds number flows
(Re → ∞) in which the Lagrangian acceleration correlation is small (but not zero)
over time lags τ ≪ τk [28]. If the acceleration would be δ-correlated, then the variance
of the velocity would grow indefinitely. In making the Markovian assumption, it is
assumed that the acceleration correlation can be accounted for by allowing the ve-
locity changes to depend on the particle’s velocity and, in the case of inhomogeneous
turbulence, also on the position of the particle [52].

Thomson [53] derived relations for the coefficients in eq. (5.1) for the case of
isotropic, high Reynolds number turbulence. For the more specific case of stationary,
homogeneous isotropic turbulence, the coefficients can be written as, see for exam-
ple [40]:

Aµj = −δµj/τc and Bµj =
(

2σ2
v/τc

)1/2
δµj , (5.2)

where σ2
v is the variance of the velocity. For this type of flow, the Lagrangian cor-

relation time τc is given by τc = 2σ2
v/(C0ǫ), so that Bµj = (C0ǫ)

1/2δµj [42]. Here,
C0 is Kolmogorov’s constant and ǫ is the dissipation rate. The resulting velocity
autocorrelation function, ρii(τ) = 〈v′

i(t)v
′

i(t + τ)〉, is given by

ρii(τ) = σ2
vexp (−|τ |/τc) , (5.3)

which is shown by [66] to agree well with Direct Numerical Simulation (DNS) results,
except for small time separations. The expression for the autocorrelation function
reveals a number of properties of the model. The first property is that it only contains
the τc time-scale. Secondly, there is no Reynolds dependence. And, finally, the slope
of ρ(τ) is discontinuous at τ = 0. These properties also reveal the shortcomings
of the Langevin model when finite Reynolds numbers are considered where τk is
not negligible. This shortcoming can be overcome by introducing a higher order
model as proposed by Sawford [42]. In this model, the acceleration, velocity and
position are jointly Markovian, thus introducing a second time scale, namely the
Kolmogorov time scale τk, representative of the dissipative scales of motion. In this
way, a Reynolds number dependence is introduced since the ratio τc/τk increases with
increasing Reynolds number. Also the velocity autocorrelation is now differentiable
at τ = 0.
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In the past, the particle velocity models have been compared with homogeneous
and isotropic turbulence, usually with good results, see for example [53]. This is
because for this type of flow analytical relations can be derived for the damping
coefficients in the stochastic model. For inhomogeneous or non-stationary flows, the
formulation of the coefficients is not straightforward. To ensure consistency with the
prescribed Eulerian statistics, Thomson [52] shows that a model should satisfy the
well-mixed condition. This condition requires that, for an initially well-mixed scalar
field, the turbulence should not produce mean concentration gradients, nor should
it produce concentration fluctuations [43]. Equation (5.1) satisfies this condition for
homogeneous isotropic turbulence with the coefficients as given in eq. (5.2) [52]. For
anisotropic or non-homogeneous flows, however, the well-mixed condition does not
uniquely determine a stochastic model. This is called the non-uniqueness problem
and reduced many investigations to finding the ‘best performing’ model out of the
many that are consistent with the Eulerian statistics. A model that satisfies this
condition is called a model from the well-mixed class [52].

Only recently people have started to develop models for inhomogeneous and an-
isotropic flows using the well-mixed approach. For example, a model for the velocity,
with the damping term depending linearly on the velocity, was used by Pope [40]
for homogeneous turbulent shear flow by using DNS data. Sawford and Yeung [44]
compared two different Lagrangian models with DNS results of uniform shear flow.
However, for a real anisotropic flow, like pipe flow, the performance of stochastic
models is not known.

In section 5.2, a linear stochastic model for the velocity of fluid particles in tur-
bulent pipe flow is introduced. Lagrangian data have been used to fit the unknown
Kolmogorov constant and damping coefficients for the case of turbulent pipe flow. The
Lagrangian statistics have been determined experimentally as well as numerically. Ex-
periments have been performed by Walpot et al., who used the Lagrangian experimen-
tal technique 3D Particle Tracking Velocimetry (3D PTV) to record 3D particle tracks
in turbulent pipe flow at two different Reynolds numbers, Reb = (UbD)/ν = 5300 and
10300. The experimental set-up used in this research is described in [61] (chapter 3
in this thesis), while [62] (chapter 4 in this thesis) gives an extensive overview of
obtained results. Numerical results are obtained at matching Reynolds numbers by
Veenman [56] who developed a DNS code for turbulent pipe flow. A similar approach
was taken by Mito and Hanratty [27] using DNS for the case of turbulent channel
flow, although they propose a different form for the damping term. In section 5.3
model results are compared with 3D PTV and DNS data. Finally, in section 5.4, the
conclusions are listed and recommendations for improvements are given.

5.2 Linear stochastic model

This section starts with the mathematical description of a stochastic model for tur-
bulent pipe flow, in section 5.2.1. The model contains parameters that need to be
determined in a way described in sections 5.2.2 and 5.2.3. Details on the numerical
methods used to solve the model are given in section 5.2.5.
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5.2.1 Model features

In this subsection the derivation and some properties of the linear stochastic model
are discussed. The derivation starts with the Navier-Stokes equations

∂uµ

∂t
+ uj

∂

∂xj
uµ +

1

ρ

∂p

∂xµ
= ν

∂2uµ

∂x2
j

, (5.4)

Next, the velocity and pressure are decomposed into its mean and fluctuating part
uµ = u0

µ(x) + u′

µ(x, t) and p = p0(x) + p′(x, t). Substituting this into eq. (5.4) leads
to:

∂u′

µ

∂t
+ u0

j

∂

∂xj
u′

µ + u′

j

∂

∂xj
u0

µ + u′

j

∂

∂xj
u′

µ +
1

ρ

∂p0

∂xµ
+

1

ρ

∂p′

∂xµ
= ν

∂2u0
µ

∂x2
j

+ ν
∂2u′

i

∂x2
j

. (5.5)

Here we already used the properties u0
j (∂u0

µ)/(∂xj) = 0 and (∂u0
µ)/(∂t) = 0 which

holds for stationary unidirectional flows, such as pipe and channel flow. Equation (5.5)
can be ensemble averaged which results in the Reynolds averaged Navier-Stokes equa-
tions for the mean flow:

∂

∂xj

〈

u′

ju
′

µ

〉

+
1

ρ

∂p0

∂xµ
= ν

∂2u0
µ

∂x2
j

. (5.6)

In the Lagrangian frame of reference, the Lagrangian velocity of a fluid particle is
given by

vµ(t) = uµ(x(t), t), (5.7)

and the fluctuating Lagrangian velocity component by

v′

µ(t) = uµ(x(t), t) − u0
µ(x(t)). (5.8)

The Lagrangian acceleration of a fluid particle is then equal to

dv′

µ(t)

dt
=

∂uµ

∂t
+

∂uµ

∂xj

dxj

dt
−

∂u0
µ

∂xj

dxj

dt
=

∂uµ

∂t
+ uj

∂

∂xj
uµ − uj

∂

∂xj
u0

µ. (5.9)

Substitution of eq. (5.4) leads to

dv′

µ(t)

dt
= −1

ρ

∂p

∂xµ
+ ν

∂2uµ

∂x2
j

− uj
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µ

Eq. (5.6)
=

∂

∂xj

〈

u′

ju
′

µ

〉

− 1

ρ

∂p′

∂xµ
+ ν

∂2u′

µ

∂x2
j

− u′

j

∂

∂xj
u0

µ. (5.10)

The average acceleration of the Lagrangian velocity is obtained by ensemble averaging
this equation. This results in the simple relation

〈

dv′

µ

dt

〉

=
∂

∂xj

〈

u′

ju
′

µ

〉

. (5.11)
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For the fluctuating velocity of a fluid particle a simple Markov model, or -equivalently-
Langevin equation, reads



















dv′

µ

dt
= gµ(v′,x, t) +

√

C0ǫ wµ(t)

dxµ

dt
= vµ = v0

µ + v′

µ

(5.12)

where wµ(t) is Gaussian white noise. The C0ǫ term follows from Kolmogorov’s 1941
(K41) theory [17] and, in case the Reynolds number is large enough, C0 is assumed
to be a universal constant. It will be determined from DNS and 3D PTV data in
section 5.2.2. The form and identity of the damping functions gµ(v′,x, t) are not
known for inhomogeneous flow. Here, we assume this function to be linear in vµ,
namely gµ(v′,x, t) = g0

µ(x)+aµj(x)v′

j with aµj damping coefficients. Using eq. (5.11)
and the property 〈wµ(t)〉 = 0, the ensemble average of eq. (5.12) yields

g0
µ(x) =

〈

dv′

µ

dt

〉

=
∂

∂xj

〈

u′

ju
′

µ

〉

, (5.13)

This leads to the following expression for the damping function:

gµ(v′,x, t) =
∂

∂xj

〈

u′

ju
′

µ

〉

+ aµjv
′

j (5.14)

For pipe flow the first term on the right hand side of eq. (5.14) transforms into
r−1d

〈

ru′

ru
′

µ

〉

/dr since averaged quantities do not depend on the tangential or axial
direction in a stationary flow.

If one assumes a model with linear damping function in Cartesian coordinates
then in cylindrical coordinates the complete first order Langevin model is given by
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1/2
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(5.15)

The transformation procedure from Cartesian to cylindrical coordinates is similar
to that of, for example, the Navier Stokes equations and gives rise to centrifugal
terms, namely r−1v′2

φ and −r−1v′

rv
′

φ. The complete transformation is described in
appendix A. Hence, a linear model in Cartesian coordinates automatically results in
a nonlinear model in cylindrical coordinates. The tangential direction is decoupled
from the other two directions, meaning that correlations such as 〈u′

φu′

z〉 and 〈u′

φu′

r〉
are equal to zero. DNS calculations and 3D PTV measurement results indeed show
them to be 2 orders of magnitude smaller than the correlations not containing u′

φ. The

dissipation rate, ǫ, is calculated from DNS data according to: ǫ = 2νS2
ij , where Sij
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is the strain tensor in cylindrical coordinates. The determination of the Kolmogorov
constant C0 and the damping coefficients aµj is discussed in sections 5.2.2 and 5.2.3
respectively.

5.2.2 Kolmogorov constant

The model discussed in section 5.2.1 contains the universal Kolmogorov constant C0.
Kolmogorov’s theory of local isotropy gives an important scaling rule for this universal
constant:

Dµµ(t) =
〈

(

v′

µ(t) − v′

µ(0)
)2
〉

= C0 〈ǫ〉 t, (5.16)

which is valid in the inertial subrange, when time t satisfies τk ≪ t ≪ τc. Here,
Dµµ(t) is the second order velocity structure function. During the DNS calculation
passive fluid particles have been released at 10 different radial positions, namely r/R =
0.1, . . . , 0.9 with steps of 0.1, and one additional position at 0.95 [56]. For all these
positions Dµµ(t) is determined. Usage of eq. (5.16) then enables determination of the
constants C0 and aµj as a function of the radius.

To determine the Kolmogorov constant and the damping coefficients, the 3D PTV
results for Reb ≈ 5300 are averaged over 50 separate measurement sets of 2 minutes
each. The measurements were performed with a frequency of 30 Hz and at each time-
step, on average, 150 particles were recognized. The seeding density was deliberately
kept this low to maximize the length of the measured particle tracks. The average
Reynolds number during the 50 sets was Reb = 5320 ± 30. The average Reynolds
number for the Reb ≈ 10300 3D PTV data is Reb = 10290 ± 40. For this Reynolds
number, 40 measurement sets of 2 minutes each are available, with an average number
of 100 recognized particles per time-step. The 3D PTV experiments gave reliable La-
grangian statistics up to r/R = 0.9 [62]. For the DNS computations, 256 particles are
released at a certain radial position, homogeneously distributed over tangential and
axial directions. Releasing more particles would not have improved the results, since
additional particles would not be statistically independent of neighboring particles.
Velocity records are generated for approximately 0.1D/uτ after which the Lagrangian
correlation time has passed and new particles are released to generate a new record.
With a total modeling time of approximately 10D/uτ , this procedure results in 100
independent records for 256 particles.

Finding the universal value for the Kolmogorov constant has been the subject
of many studies over the past decades. In principle, C0 can be determined from
DNS computations, Lagrangian velocity measurements as well as from tracer parti-
cle dispersion studies. An overview of some important results is given by Lien and
D’Asaro [20]. In the limit of very large Reynolds numbers, the structure functions
in the three principal directions will be equal. However, this is not yet true at the
Reynolds numbers studied here. It therefore stands to reason to define a direction
dependent Ci

0, with i = r, φ and z. This was also proposed by Pope [40] when he
investigated a linear stochastic model for homogeneous shear flow. Lien and D’Asaro
point out that the Taylor micro-scale Reynolds number, Rλ, must be greater than
about 105, for the inertial range of the structure function to be sufficiently wide to
accurately determine C0. According to Kolmogorov similarity, one should observe a
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Figure 5.1. The Kolmogorov constant as a function of the dimensionless radius as calculated
from DNS and 3D PTV results for Reb = 5300 (a) and Reb = 10300 (b).

plateau of C0 in the inertial subrange. However, for the limited Reynolds numbers
studied here such plateaus are not present and a local maximum value, C∗

0 , appears
when the structure function is scaled with 〈ǫ〉t. This local maximum was widely
studied and is found to increase with Rλ [7, 20]. For the DNS results, the structure
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functions are scaled with 〈ǫ〉t as in fig. 4.15(a) and the value of Ci∗
0 is the local max-

imum. Due to the limited axial length of the measurement volume, 3D PTV results
are not available up to the time separations where the local maximum occurs. For this
case, the structure functions are not scaled but fitted with a linear function in a time
interval that is assumed to be in the inertial range, as in fig. 4.15(b). Changing the
time interval does not significantly alter the results for Ci∗

0 and the results obtained
with this linear fit are similar to those obtained from DNS as can be seen in fig. 5.1,
where the DNS and 3D PTV results for Ci∗

0 are plotted. The single error bar plotted
gives an indication for the statistical error in all results. In a large part of the pipe
Ci

0 has a constant value of approximately 2 to 2.5 for Reb = 5300 and around 3 for
Reb = 10300. The increase of Ci∗

0 with increasing distance to the wall is also found by
Choi et al. [7] for turbulent channel flow. Furthermore, the anisotropy in the results
decreases slightly with increasing Reynolds number, see fig. 5.1.

The seeding particles used in the experiments and the fluid particles in the DNS
will continuously drift to other radial positions. In the calculation procedure for
the Kolmogorov constant and damping coefficients, it is assumed that the statistical
properties of particles do not change significantly after passing the radial position of
interest. To justify this assumption, the relative radial displacement of the particles
within the relevant time-scale is studied using 3D PTV results at Reb = 5300 for
several positions within the pipe, see fig. 5.2. The particle dispersion is plotted up to
tuτ/R = 0.1, approximately half the correlation time of the axial velocity component
of the fluid particles (the correlation times for the radial and tangential velocity
components are smaller). The maximum displacement of the particles in this time is
about 0.2R. Because this time is approximately the upper value of the inertial range
and since the inertial range is used to obtain our values for C0 (and also the damping
coefficients) it seems justified to attribute C0 (and aµj) to the initial starting points of
the fluid particles. It is checked a posteriori, in section 5.3, whether this assumption
leads to spreading of the inhomogeneous behavior.

5.2.3 Damping coefficients

The last step in completing the stochastic model is the determination of the damping
coefficients aµj . As mentioned in section 5.2.1, the tangential direction is completely
decoupled from the radial and axial directions. This means that the cross-correlations
containing a tangential component are equal to zero. This assumption is verified with
3D PTV and DNS results and means that only 5 of the 9 coefficients aµj are non-zero:
the diagonal coefficients in the 3 directions and 2 cross-coefficients.

The coefficient for the tangential direction can be determined independently from
all others. First, the Langevin equation for this component is multiplied with the
starting velocity of the fluid particle v′

φ(0). Next the result is ensemble averaged,
resulting in:

〈

dv′

φ(t)

dt
v′

φ(0)

〉

=
〈

aφφv′

φ(t)v′

φ(0)
〉

−
〈

1

r
v′

r(t)v
′

φ(t)v′

φ(0)

〉

+
〈

(C0ǫ)
1/2

wφ(t)v′

φ(0)
〉

. (5.17)
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Figure 5.2. Relative radial displacement at Reb = 5300 for a random selection of particles
starting at r/R = 0.2 (a) r/R = 0.5 (b) r/R = 0.8 (c). The particle tracks are taken from
the 3D PTV results. The right hand side of the plots gives the PDF for tuτR−1 = 0.1.

On the left hand side of this equation, the averaging brackets and the velocity at time
t = 0 can be brought into the time derivative. Then the time derivative operation
can be taken outside the averaging operator. On the right hand side, the second
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Figure 5.3. The damping coefficients as functions of the dimensionless radius as calculated
from DNS and 3D PTV results for Reb = 5300 (a) and Reb = 10300 (b).

and third terms are equal to zero if t > 0, since the tangential velocity component
is uncorrelated from the other two velocity components and wφ(t) is only correlated
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with v′

φ(t). This leads to

d

dt

〈

v′

φ(t)v′

φ(0)
〉

= aφφ

〈

v′

φ(t)v′

φ(0)
〉

. (5.18)

Once the correlation function is determined from the 3D PTV and DNS results, aφφ

can be determined. This is done by fitting a polynomial function to the correlation
function (see fig. 5.4), taking the time derivative of this polynomial and then solving
eq. (5.18) in the time interval which is assumed to be in the inertial range, tuτR−1 =
0.03 − 0.07.
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Figure 5.4. Radial autocorrelation function at r/R = 0.5 as calculated from 3D PTV data
(solid line), the dots indicate the fitted polynomial.

The radial and axial components can be treated in a similar way, but here a
coupled system remains since the equations for v′

r and v′

z in eq. (5.15) are coupled.
Denoting ρµν(t) =

〈

v′

µ(t)v′

ν(0)
〉

, a set of four equations for the four unknown damping
coefficients results:
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This set of equations is solved, in the same way as eq. (5.18), for arr, arz, azr and azz

in the inertial subrange, for all 10 radial positions for which Lagrangian DNS data
have been obtained, see section 5.2.2. Figure 5.3 shows the result for the 5 damping
coefficients as a function of the radius for both Reynolds numbers. Again, the single
error bar gives an indication of the statistical error. From a physical point of view, it
is necessary that the eigenvalues of the damping matrix aij have negative real parts,
otherwise the correlation functions keep increasing (see also Pope [40]). The results
plotted in fig. 5.3 comply with this. In a large part of the pipe the coefficients are
more or less constant, only near the wall they strongly change. The region where the
coefficients are more or less constant increases with increasing Reynolds number, but
otherwise the dependence on the Reynolds number is small. The diagonal damping
terms are all negative. The cross coefficient azr is positive for all radial positions,
increasing strongly in the wall region.

Remarkable is that the cross term arz is close to zero for both Reynolds numbers,
over the whole radius. If this coefficient would indeed be zero it would imply that
the non-uniqueness problem would be solved, because the damping coefficients can
then be determined from Eulerian velocity statistics. This approach is discussed in
section 5.2.4.

5.2.4 Well-mixed condition

In the previous section it is shown that one of the cross-damping terms, arz, is (close
to) zero. With this knowledge the non-uniqueness problem would be solved, mean-
ing that the non-zero damping coefficients can also be derived from Eulerian based
statistics. The derivation of these Eulerian-based coefficients is given in this section.
For the white noise the following properties apply

〈wi(t)wj(τ)〉 = δijδ(t − τ)

〈v′

i(t)wj(t)〉 =
1

2
(C0ǫ)

1/2
δij .

(5.20)

If the tangential component of eq. (5.15) is multiplied with v′

φ and ensemble averaged
this results in (note that now the velocity is at the same time level, in contrast to the
derivation leading to eq. (5.17))

〈

d

dt

1

2
v′2

φ

〉

= aφφ

〈
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φ

〉

− 1

r

〈

v′
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′2
φ

〉

+ (C0ǫ)
1/2 〈

wφv′

φ

〉

. (5.21)

Using the definition of the material derivative, the first term on the left hand side can
be replaced by Eulerian velocities. Furthermore, correlations of v′

φ with other velocity
components are equal to zero and if also eq. (5.20) is applied this leads to

〈

∂

∂t

1

2
u′2

φ

〉

+

〈

u · ∇1

2
u′2

φ

〉

= aφφ

〈

u′2
φ

〉

+
1

2
C0ǫ. (5.22)

For stationary flow, which we consider here, the first term on the left hand side of
this equation is zero. And since the flow is incompressible the second term on the left
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hand side can be simplified. What remains is

∇ ·
〈

1

2
uu′2

φ

〉

= aφφ

〈

u′2
φ

〉

+
1

2
C0ǫ. (5.23)

Since the tangential and axial directions are homogenous for pipe flow, the left hand
side of this equation can be simplified leading to

d

dr

1

r

〈

r
1

2
u′

ru
′2
φ

〉

= aφφ

〈

u′2
φ

〉

+
1

2
C0ǫ. (5.24)

Now the left hand side vanishes because moments of the tangential velocity component
with other velocity components are zero. So once the Kolmogorov constant C0 is
known, the damping coefficient aφφ can be determined from Eulerian statistics using

aφφ = −
1
2C0ǫ
〈

u′2
φ

〉 . (5.25)

A similar derivation can be made for arr, assuming that arz = 0, by multiplying the
radial component of eq. (5.15) with v′

r. The final result is

arr = −
1
2C0ǫ

〈u′2
r 〉

+
1

r

d
dr

〈

1
2ru′3

r

〉

〈u′2
r 〉

. (5.26)

For the remaining two coefficients, azr and azz, the axial component of eq. (5.15) is
multiplied by v′

z and averaged which gives

azr 〈u′

ru
′

z〉 + azz

〈

u′2
z

〉

= −1

2
C0ǫ +

1

r

d

dr

〈

1

2
ru′

ru
′2
z

〉

, (5.27)

and the radial component of eq. 5.15 is multiplied by v′

z and averaged in combination
with the axial component of eq. 5.15 being multiplied by v′

r and averaged. The result
is summed and gives

azr

〈

u′2
r

〉

+ azz 〈u′

ru
′

z〉 = −arr 〈u′

ru
′

z〉 +
1

r

d

dr

〈

ru′2
r u′

z

〉

. (5.28)

The coefficients azr and azz can then be obtained from eqs. (5.26) and (5.27). From
eqs. (5.25)-(5.28) the remaining coefficients, arr, aφφ, azr and azz, can be calculated
assuming the C0 values as obtained in the previous section. The effect of this approach
on the model results is discussed in section 5.3.

5.2.5 Numerical technique

This section describes the numerical technique used to solve the stochastic model of
eq. (5.15). To avoid numerical problems at r = 0 the set of equations is solved in
cartesian coordinates. The results are transformed back to cylindrical coordinates
after each time-step. A two-stage Runge Kutta scheme is used for time integration
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of both velocity and position of eq. (5.12). As boundary condition at r = R, particle
collisions are assumed to be elastic. The initial velocity conditions are defined such
that the Reynolds stress tensor has the correct values at t = 0, which are known
from 3D PTV and DNS. To this end, all three velocity components are initially
given a Gaussian velocity distribution with the standard deviation of the Eulerian
velocities at the corresponding radial positions. Turbulent pipe flow, however, is
slightly non-Gaussian as shown for example by Walpot et al. [62]. Model calculations
are also performed with initial particle velocities taken from DNS computations. No
significant influence on the results presented in section 5.3 have been found.

The values of the damping coefficients and the Kolmogorov constant are known
at 10 radial positions from DNS results and 9 radial positions from 3D PTV results,
see sections 5.2.2 and 5.2.3. To approximate the values of aµj and Cµ

0 at all other
radial positions, they have been extrapolated to obtain the values at the wall and at
the pipe axis and linearly interpolated for intermediate points.

Special care has to be taken to obtain the correct statistical properties for the white
noise. The procedure used to obtain white noise with correct statistical properties is
described in appendix B.

5.3 Results

The stochastic model described in section 5.2.1 is used to model particle dispersion
in turbulent pipe flow. In section 5.3.1, Eulerian velocity statistics as calculated with
the model are compared with 3D PTV and DNS results. Furthermore, it is checked
whether the model complies with the well-mixed condition. Finally, in section 5.3.2
Lagrangian velocity statistics are presented. For all model calculations, the model
coefficients as determined from the 3D PTV results are used.

5.3.1 Eulerian statistics

To check whether the model of eq. (5.15) indeed satisfies the well-mixed condition, a
simulation is carried out with 20000 particles randomly distributed over the radial and
tangential direction at z = 0 and t = 0. After 2000 time steps, with ∆tuτR−1 = 0.001,
the distribution of the particles is checked. The results are plotted next to the initial
distribution in fig. 5.5 (see sections 5.2.2 and 5.2.3, indicated by the dash-dotted
line, named 3D PTV coefficients) as well as according to the well-mixed condition as
described in section 5.2.4 (indicated by the solid line, named well-mixed condition).
No significant difference was found when using the DNS results to determine the
model coefficients or when running the model for more than 2000 time steps. It is
clear from fig. 5.5 that the experimental results are not accurate enough to determine
the model coefficients such that the model satisfies the well-mixed criterion. When
using eqs. (5.25)-(5.28) the end distribution is better, except for the peak occurring
near the wall. No explanation for this peak can be given and it can therefore only
be concluded that the model does not fully comply with the well-mixed criterion.
Perhaps the arz = 0 assumption made in section 5.2.4 is not entirely correct.
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Figure 5.5. Initial (on the left) and final distribution (on the right) of 20000 particles after
2000 time steps. The dashed line indicates the linear theoretical distribution, the 3D PTV
coefficients case is indicated by the dash-dotted line and the well-mixed condition by the
solid line.

To test the accuracy of the model, it is used to calculate well-known Eulerian
statistical properties of turbulent pipe flow. For this purpose, 20000 particles are
released at initial positions that are homogeneously distributed over the cross-section
of the pipe at z = 0. The model is run for 2000 time steps, while ensemble averaging
is started after 1000 time steps. In pipe flow, inhomogeneous behavior is encountered
in the radial direction. This radial dependency necessitates selected sampling of
the measured particle tracks, in contrast to homogeneous, isotropic turbulence where
Lagrangian statistics can be determined by ensemble averaging over particles that are
arbitrarily distributed over the entire domain. This is done according to the particle
sampling method labeled ‘method II’ in chapter 2.

Using this particle sampling technique, the mean square value (MSV) of all three
velocity components is determined at Reb = 5300 and compared with DNS and 3D
PTV results as presented by Walpot et al. [62]. The results are plotted in fig. 5.6,
which shows that the MSV profile for the axial component is in reasonable agreement
with DNS and 3D PTV. However, the radial and tangential MSV profiles calculated by
the model, although showing the expected trend, seriously underestimate the MSV
values. When calculating the same statistics using the well-mixed condition, the
model calculates the MSV profiles plotted in fig. 5.7. These results, especially the
radial and tangential directions, are in much better agreement with the DNS and 3D
PTV results. Again, the results indicate that an extra well-mixed condition is needed
to obtain correct statistics from the model. The fact that the sharp peak in the MSV
profile of the axial velocity profile is accurately predicted by the model proves that
the assumption on the relative radial displacement made in section 5.2.2 is valid.

5.3.2 Lagrangian statistics

The stochastic model only contains a single time-scale, namely the integral time scale,
thus assuming a high Reynolds number flow. This property is illustrated by fig. 5.8,
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Figure 5.6. Velocity MSV as a function of the dimensionless radius for all velocity com-
ponents at Reb = 5300. The model results are calculated with the damping coefficients as
determined from 3D PTV measurements.
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Figure 5.7. Velocity MSV as a function of the dimensionless radius for all velocity com-
ponents at Reb = 5300. In contrast to fig. 5.6, the model results are calculated with the
damping coefficients determined using the well-mixed criterion.

which shows a typical particle radial velocity signal as obtained by 3D PTV, DNS
and the stochastic model at Reb = 5300. The effect of neglecting the viscous effects,
that still play an important role at this Reynolds number, is clearly visible. The
large scale behavior shows better agreement between the signals. The oscillations
that are present in the DNS velocity signal are caused by the interpolation scheme
used to calculate particle velocities at inter-grid point positions, see also chapter 4,
section 4.2.3.

A similar effect is visible in figs. 5.9 and 5.10, where velocity correlation functions
as calculated with the model are compared with DNS results for Reb = 5300 at r/R =
0.3 and r/R = 0.9 respectively. For clarity, the 3D PTV results are omitted from these
figures, the reader is referred to chapter 4 for a comparison between 3D PTV and DNS
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Figure 5.8. Time series of a typical particle velocity signal as measured with 3D PTV (solid
line) and calculated with the stochastic model (dashed line).

results. For the model calculations, 20000 particles are released at the radial position
of interest and homogeneously distributed over the tangential and axial directions.
The results of the model calculations did not change when further increasing the
number of particles. The values for the damping coefficients are calculated according
to the well-mixed criterion as presented in section 5.2.4. The figure shows the expected
influence of the absence of the Kolmogorov time-scale in the model on the correlation
functions: the correlation functions calculated by the Langevin model start with a
non-zero slope at τ = 0. For larger time separations, the agreement between the slopes
of the corresponding correlation functions is better: the model results are reliable for
times t > τc, as expected. The deviations seem a bit stronger for ρrz as is visible in
fig. 5.9, which is again an indication that the arz assumption might not be entirely
correct. This effect is not coincidental for r/R = 0.3, but is found to occur for all
radial positions for which r/R < 0.8.

At r/R = 0.9, a striking effect is observed for the rz cross-correlation, ρrz, which
shows an increase before the expected de-correlation for higher time separations starts.
This behavior is found to occur at all radial positions for which r/R ≥ 0.6, where the
height of the initial peak increases with decreasing distance to the wall. The effect
can be explained by the same reasoning given in chapter 4, which is repeated here for
convenience: imagine a particle moving from radial position rA at time t0 to radial
position rB at time t0 + τ . Without loss of generality we take inward motion, i.e.
rB < rA, implicating that u′

r(t0) < 0 and 〈uz(rB)〉 > 〈uz(rA)〉. The average product
of u′

r and u′

z is positive (Fig. 4.8), so the particle is most likely to have a negative
u′

z(t0) as well. As follows from the Taylor hypothesis, a fluid particle tends to retain
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Figure 5.9. Velocity auto- and cross-correlation functions for all velocity components for
Reb = 5300 at r/R = 0.3.

its velocity for a while. As a consequence uz(t0 + τ) ≈ uz(t0). Since the average
axial velocity component at the particle position increases in time, this results in an
average increase of the absolute value of the axial velocity fluctuation. This makes the
average product 〈u′

r(t0)u
′

z(t0 + τ)〉 larger or about as large as 〈u′

r(t0)u
′

z(t0)〉 which is
exactly the trend observed in Fig. 4.14. The argument is similar for a particle moving
outwards. For 〈u′

z(t0)u
′

r(t0 + τ)〉, this argument does not hold as 〈ur〉 is constant and
no average increase of the magnitude of the velocity fluctuation occurs.

5.4 Discussion

A stochastic model for fluid particle velocity is presented for turbulent pipe flow. The
model assumes that the fluid particle velocity behaves as a Markov process. Although
not exact, this assumption is valid for high Reynolds number flows (Re → ∞) and as
such, it can not predict the viscous effects still present at moderate Reynolds numbers.
Unfortunately both methods presented here to determine the model coefficients, DNS
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Figure 5.10. Velocity auto- and cross-correlation functions for all velocity components for
Reb = 5300 at r/R = 0.9.

and 3D PTV, are still limited to moderate Reynolds numbers (Re ∼ 104). For 3D
PTV, upper Reynolds limits are discussed in detail in chapters 4 and 6.

The damping coefficients and the Kolmogorov constant that appear in the model
are fitted to DNS and 3D PTV results of turbulent pipe flow for two Reynolds num-
bers, namely Reb = 5300 and Reb = 10300. The differences between the 3D PTV and
DNS coefficients are mostly within statistical accuracy and a comparison between
model calculations performed with the DNS and 3D PTV coefficients revealed no
significant differences. A direction dependent Kolmogorov constant is fitted to the
available velocity statistics. This direction dependence is merely a result of the limited
Reynolds number and is expected to diminish with increasing Reynolds number.

Analysis of Eulerian statistics revealed that an extra well-mixed condition is
needed to obtain accurate model results. Using arz = 0, the remaining non-zero
damping coefficients (arr, aφφ, azz, azr) can be determined from C0 and Eulerian
velocity statistics. Using this extra condition, Eulerian model results are in good
agreement with 3D PTV and DNS results. The same goes for Lagrangian results for
times t ≫ τk, although cross-correlation functions reveal that the arz = 0 choice may
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not be entirely correct. This requires an alternative approach to apply the well-mixed
condition, which is the subject of further research.



Chapter 6

Discussion

An overview of the main results of this research are given in section 6.1. The ex-
perimental method which is developed during this research is limited to moderate
Reynolds numbers. As many practical applications of turbulent flows are at high
Reynolds numbers, it is important to assess the upper Reynolds limit of the method.
This is done in section 6.2. The validity of the presented stochastic model for turbu-
lent pipe flow is discussed in section 6.3 and recommendations for future research are
given in section 6.4.

6.1 Summary of main results

Lagrangian stochastic models enable modeling of turbulent mixing and dispersion
processes, which makes them an important tool in solving many environmental and
engineering problems, for example transport processes in the atmospheric boundary
layer associated with air pollution. To obtain the necessary statistics needed to com-
plete such models, this study aims at obtaining Lagrangian velocity statistics of tur-
bulent pipe flow at Reynolds numbers that are as high as possible. For this purpose, a
new experimental set-up for Lagrangian measurements -using 3D particle tracking ve-
locimetry (3D PTV)- in turbulent flow is designed, produced and tested as described
in chapter 3. The procedure is applied to turbulent pipe flow but a similar approach
can be followed for similar closed duct flows. A direct numerical simulation (DNS)
code [56] is available for result comparison. This DNS code is also used to develop
a method to obtain correct velocity statistics from homogeneously seeded inhomoge-
neous flows, see chapter 2. Chapter 4 describes the 3D PTV results and compares
these results with literature. The agreement between the new experimental results
and literature results is found to be good for Eulerian as well as Lagrangian statistics.
Finally, a stochastic model for fluid particle velocity is presented in chapter 5 for the
case of turbulent pipe flow.
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6.2 3D PTV Reynolds limit

The difficulties in the application of a Lagrangian measurement technique to fluid
flows with a non-zero velocity component, such as the axial direction in pipe or channel
flow, mainly lie in the following points:

• The recording equipment should have sufficient time and spatial resolution to
fully register the smallest, still relevant, scales of turbulence;

• The measurement volume should be dimensioned such that the particle residence
time is sufficiently large to capture the relevant large scales of turbulent flow;

• The recording equipment needs to be calibrated to ensure accurate measure-
ments.

The first point mainly depends on the camera hardware properties. In this study,
the time resolution of the recording equipment was 30 Hz. In chapter 4, the largest
meaningful flow frequency, the Kolmogorov frequency (fk), was estimated in chapter 3
to be fk =5 Hz at Reb=5300. The time resolution of the experimental method should
be such that the Kolmogorov time scale can be fully resolved. In practice, according
to the sampling theorem of Nyquist, this means that the sampling frequency of the
cameras should at least double the Kolmogorov frequency. With this knowledge, it
is possible to estimate the upper Reynolds number limit for the current recording
equipment to be Reb = 24000∗.

Inaccuracies in determining particle positions superimposes a bias on the velocity
signal. If the velocities that need to be measured are of the same order of magnitude
as the noise, the measurements are useless. As discussed in chapter 3, particle posi-
tions are determined with an accuracy of about 0.1 pixels. The position accuracies
thus depend on the spatial resolution of the cameras as well as on the size of the
measurement volume. The results presented in chapter 4 show good accuracy and
because the relevant velocity scales increase in size with increasing Reynolds number,
no upper Reynolds limit is introduced here.

When increasing the Reynolds number purely by increasing the velocity of the
fluid, the seeding particles travel through the measurement volume in less and less
time. At some point, the particle residence time is less than needed to study the
full inertial subrange. For the experimental set-up used in this research, the limited
measurement volume size therefore leads to a maximum Reynolds number of about
13000, as discussed in chapter 4.

An optical measurement technique such as 3D PTV requires in-situ camera cal-
ibration so that the set of 2D camera information can be combined to 3D particle
position information. The design issues related to insertion of a calibration unit into
a closed duct are discussed in chapter 3. The results in chapter 4 show that the newly

∗For this estimation, we use the equations for the Kolmogorov time τk = (ν/ǫ)1/2 and the energy
dissipation ǫ = 4u2

τ Ub/D already mentioned in chapter 4. The Kolmogorov frequency, fk = 1/τk,
therefore scales as fk ∝ ǫ1/2

∝ (u2
τ Ub)

1/2. According to Schlichting [45], the friction velocity scales

as uτ ∝ U
7/8

b , leading to fk ∝ U
11/8

b . According to the Nyquist sampling criterion, the upper limit
of the Kolmogorov frequency, fu

k , is set to fu
k =15 Hz. Using the estimation for fk at Reb=5300

(fk = 5 Hz), the upper Reynolds limit is then Reb = 24000.
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developed 3D PTV method is accurate enough to determine Eulerian velocity statis-
tics at Reb = 5300 and Reb = 10300 with similar accuracy as various DNS codes. The
agreement with Lagrangian statistics at the lower of the two Reynolds numbers is also
good and at Reb = 10300, the Lagrangian statistics are still satisfactory to determine
the model constants. Nevertheless, the influence of the increase in fk and the shorter
particle tracks is already visible in the experimental results at Reb = 10300.

6.3 Model validity

The stochastic model for turbulent pipe flow discussed in chapter 5 is only suitable for
high Reynolds numbers because it neglects viscosity effects. The methods presented in
this thesis for the prediction of the model constants are however limited to moderate
Reynolds numbers at which viscosity effects still play an important role. The model
can therefore not be expected to accurately predict all aspects of the flow at the
Reynolds numbers investigated here. Nevertheless, the model results are in good
agreement with 3D PTV and DNS results for times t ≫ τk. As the interest for
practical applications and the validity of the model lie at higher Reynolds numbers,
the real challenge is acquiring the model coefficients at higher Reynolds numbers.
Suggestions on how to achieve this goal for the current (or similar) flow geometry are
given in section 6.4.

6.4 Recommendations

Performing 3D PTV experiments in pipe flow, or a similar geometry, are possible
when applying (a combination of) the following options:

• Heating the circulating water. Increasing the water temperature too much, the
temperature stability of the system could become a problem. It seems feasible
to heat the water up to 60◦C, which results in a decrease of the viscosity and
thus an increase in Reynolds number of a factor 2.

• Increasing the tube diameter, of course resulting in a linear increase in Reynolds
number. An increase in diameter also means an increase in necessary pump
power, which limits the possible gain in Reynolds number of this approach.
Nevertheless, an increase by a factor 5 should be possible when only taking the
necessary pump power into account. However, an increase in pipe diameter also
means that a larger measurement volume is needed to capture the full radial
domain. The spatial resolution of the camera is therefore an extra factor to be
taken into account here.

• A further increase in Reynolds number can of course be achieved with increased
fluid velocity. A camera system that moves along the pipe axis with the mean
flow velocity could make measurements possible for such a set-up. The cameras
still have to be calibrated throughout the entire measurement volume and stable
movement of the cameras and lightning system should be guaranteed. Set-up
cost and complexity increase significantly for this case.
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Appendix A

Coordinate transformation

This appendix describes the transformation of the Langevin equation (5.12) from the
cartesian to the cylindrical coordinate system, leading to eq. (5.15). For convenience,
the Langevin equation in cartesian coordinates is repeated here:



















dv′

µ

dt
= gµ(v,x, t) + (C0ǫ)

1/2
wµ(t)

dxµ

dt
= vµ = v0

µ + v′

µ

(A.1)

with µ = x, y, z. The well-known relation between the positions and velocities in both
coordinate systems is as follows:

{

x = r cos φ
y = r sinφ

{

vx = vr cos φ − vφ sin φ
vy = vr sin φ + vφ cos φ

(A.2)

{

r =
√

x2 + y2

φ = tan−1(y/x)

{

vr = vx cos φ + vy sin φ
vφ = −vx sin φ + vy cos φ

(A.3)

The axial direction, z, is not affected by the transformation and is left out of the
remaining part of the discussion. First, eq. (A.1) is written as an equivalent Fokker-
Planck equation (see for example [47]):

∂p

∂t
= − ∂

∂v
(g(v)p) − ∂

∂x
(vp) + C0ǫ

∂2p

∂v2
. (A.4)

where p(x,v, t) is the probability that a particle at position x has velocity v at time
t. Using the chain rule and the relations (A.2) and (A.3), the following equations can
be derived:

∂p
∂vx

= ∂p
∂vr

∂vr

∂vx
+ ∂p

∂vφ

∂vφ

∂vx
= ∂p

∂vr
cos φ − ∂p

∂vφ
sin φ

∂p
∂vy

= ∂p
∂vr

sin φ + ∂p
∂vφ

cos φ
∂2p
∂v2

x
= ∂2p

∂v2
r

cos2 φ − 2 ∂2p
∂vr∂vφ

cos φ sinφ + ∂2p
∂v2

φ

sin2 φ

∂2p
∂v2

y
= ∂2p

∂v2
r

sin2 φ + 2 ∂2p
∂vr∂vφ

cos φ sinφ + ∂2p
∂v2

φ

cos2 φ

(A.5)
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Using (A.5) the first term on the right hand side of eq. (A.4) can be written as:

∂
∂v

(g(v)p) = ∂
∂vx

(gxp) + ∂
∂vy

(gyp)

= ∂
∂vr

[(gx cos φ + gy sin φ) p] + ∂
∂vφ

[(−gx sin φ + gy cos φ) p]
(A.6)

A similar approach gives the following expression for the second term on the right
hand side of eq. (A.4):

∂
∂x

(vp) = ∂
∂x (vxp) + ∂

∂y (vyp)

= ∂
∂r (vxp) cos φ − ∂

∂φ (vxp) sin φ
r + ∂

∂r (vyp) sin φ + ∂
∂φ (vyp) cos φ

r

− ∂
∂vr

(vxp)
vφ sin φ

r + ∂
∂vφ

(vxp)vr sin φ
r

+ ∂
∂vr

(vyp)
vφ cos φ

r − ∂
∂vφ

(vyp)vr cos φ
r

(A.7)

Taking all terms into the derivatives leads to:

∂
∂x

(vp) = ∂
∂r (vrp) + 1

r
∂

∂φ (vφp) + ∂
∂vr

(

v2

φp

r

)

− ∂
∂vφ

( vrvφp
r

)

+ cos φ
r (vxp) + sin φ

r (vyp),
(A.8)

which can be simplified to

∂

∂x
(vp) =

1

r

∂

∂r
(rvrp) +

1

r

∂

∂φ
(vφp) +

∂

∂vr

(

v2
φp

r

)

− ∂

∂vφ

(vrvφp

r

)

. (A.9)

The white noise term of eq. (A.4) becomes:

C0ǫ
∂2p

∂v2
= C0ǫ

(

∂p

∂v2
r

+
∂p

∂v2
φ

)

. (A.10)

Combining these results, the total Fokker-Planck equation in cylindrical coordinates
is:

∂p
∂t = − ∂

∂vr

[(

gx cos φ + gy sin φ + 1
r v2

φ

)

p
]

− ∂
∂vφ

[(

−gx sin φ + gy cos φ − 1
r vφvr

)

p
]

− 1
r

∂
∂r (rvrp) − 1

r
∂

∂φ (vφp)

+C0ǫ
(

∂p
∂v2

r
+ ∂p

∂v2

φ

)

(A.11)

Taking

gr = gx cos φ + gy sin φ + 1
r v2

φ

gφ = −gx sinφ + gy cos φ − 1
r vφvr

(A.12)

eq. (A.11) becomes:

∂p

∂t
= − ∂

∂vr
(grp)− ∂

∂vφ
(gφp)− 1

r

∂

∂r
(rvrp)− 1

r

∂

∂φ
(vφp)+C0ǫ

(

∂p

∂v2
r

+
∂p

∂v2
φ

)

. (A.13)
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In order to derive the Langevin equations in cylindrical coordinates we define the
probability density function in these coordinates, p̃, by:

∫

(p)dxdydvxdvy =

∫

(p̃)drdφdvrdvφ. (A.14)

According to the change of variables theorem, the relation between p and p̃ is given
by p̃ = |J |p, where |J | is the determinant of the Jacobian matrix. This determinant
is equal to r in this case, resulting in p̃ = rp:

∂p̃

∂t
= − ∂

∂vr
(grp̃)− ∂

∂vφ
(gφp̃)− ∂

∂r
(vrp̃)− ∂

∂φ

(

1

r
vφp̃

)

+C0ǫ

(

∂p̃

∂v2
r

+
∂p̃

∂v2
φ

)

. (A.15)

The last step is to find expressions for gr and gφ not containing gx and gy. As
mentioned in chapter 5, the damping function is chosen to be linear in the cartesian
system:

gµ(v,x, t) = g0
µ(x) + aµjv

′

j (A.16)

The analysis in chapter 5, prior to eq. (5.14), shows that g0
µ(x) = ∂

∂xj

〈

u′

ju
′

µ

〉

. Due to

rotational symmetry and the fact that cross correlations with u′

φ are zero, this results

in relatively simple relations for g0
r and g0

φ:

g0
r =

1

r

∂

∂r

[

r〈u′2
r 〉
]

, (A.17)

g0
φ = 0. (A.18)

Translating the resulting Fokker-Planck for p̃ back to Langevin notation gives:
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Appendix B

Gaussian white noise

Gaussian white noise with intensity Γ is generally defined by [47]:

w(t)w(t′) = Γδ(t − t′). (B.1)

This means that
T
∫

0

w(t)w(t′)dt′ = Γ if 0 < t < T. (B.2)

So

1

T

T
∫

0

T
∫

0

w(t)w(t′)dtdt′ = Γ. (B.3)

These properties hold for a Gaussian white noise signal that is continuous in time.
Now consider discrete Gaussian white noise w(tj) with tj = j∆t, j = 0, . . . , N and
T = N∆t, where ∆t is the time step and N the total number of time steps. Then we
require the white noise to satisfy

1

T
∗

N
∑

i=0

∗
N
∑

j=0

w(ti)w(tj)∆t2 = Γ, (B.4)

where the summation with the ′∗′ is defined as ∗
N
∑

i=0

ai = 1
2 (a0 + aN ) +

N−1
∑

i=1

ai, known

as the trapezium rule. Each term of the sum in eq. (B.4) is equal to zero unless
j = i, because of the δ-correlated property inherent to white noise. This means that
eq. (B.4) can be simplified to

1

T
∗

N
∑

i=0

w(ti)2∆t2 = Γ, (B.5)

which is identical to

1

N
∗

N
∑

i=0

w(ti)2 =
Γ

∆t
. (B.6)
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This means that the variance of the discrete noise array depends on the time step
and is given by σ2 = Γ/∆t. For the spectrum of the noise we consider the discrete
Fourier transform

w(tj) =
1√
N

N/2−1
∑

k=−N/2

ŵke
2πikj

N ,

ŵk =
1√
N

N−1
∑

j=0

w(tj)e
−

2πikj

N . (B.7)

Using the variance of the noise array it follows that

σ2 =
1

N

N−1
∑

j=0

w(tj)2
Using Parseval’s identity (see [5])

=

=
1

N

N/2−1
∑

k=−N/2

ŵkŵ∗

k =
1

N

N/2−1
∑

k=−N/2

|ŵk|2. (B.8)

where ŵ∗

k is the complex conjugate of ŵk. For Gaussian white noise |ŵk| is independent
of k so σ2 = |ŵk|2. This defines our choice for the magnitude of the noise term, namely
|ŵk| =

√

Γ/∆t. In practice this means that the noise terms for the stochastic model
are generated in Fourier space. By selecting a random phase in the range 0 ≤ φ ≤ 2π,
prescribing amplitude

√

Γ/∆t, and transforming the result back to physical space, a
Gaussian noise array is obtained.
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