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Introduction

Weather maps mainly are two-dimensional maps giving the isobars, contours of con-
stant pressure, revealing the low and high pressure areas. Surprising is that with this
information at one altitude a meteorologist can predict the weather some days in
advance. Around 1845, when the telegraph arrived, it was possible to send data of
pressure and temperature measurements from weather ground stations to a central
point quickly. The collected data was then used to construct a weather map. An
example of such an old weather map for Europe is shown in figure 1. For a long
time these maps where used to study and predict the evolution of the weather sys-
tem. Even more surprising is that with the arrival of modern computers and weather
satellites, predictions are still only accurate for at most two weeks. Thus at one side
there is apparent two-dimensional ’simplicity’ of the weather system while at the
other side we have the unpredictable nature of the weather.

That we can use a two-dimensional map to predict the weather stems from the
fact that the flow in the atmosphere itself is quasi two-dimensional. The large-scale
flows in the atmosphere exhibit phenomena in lowest order described by purely two-
dimensional equations of motion (viz. the two-dimensional Navier-Stokes equa-
tions). One of the characteristic features of two-dimensional flows is the tendency
to organize itself in large coherent structures, a process called self-organization.
The large-scale structures in the atmosphere often have the form of vortices, for
instance the low pressure areas. When two vortices with a rotation in the same di-
rection meet, they can merge to form a larger vortex, a mechanism that drives the
self-organization. Three-dimensional turbulent flows reveal the opposite behaviour,
where large scale structures become unstable and fall apart into exceedingly smaller
structures.

There are several physical reasons why the flow dynamics in the atmosphere is
behaving quasi two-dimensionally. Flows in the atmosphere have horizontal scales
of hundreds of kilometres, while these geophysical flows are only a few kilometres
in thickness. One of the reasons of the reduction in dimensionality is thus due to the
smallness of the vertical scale. A nice example of a geometrically constrained system
is the flow in thin soap films (Couder et al., 1989). Furthermore, there is a vertical
density gradient, with air in the upper layers being lighter than in the lower layers. If
a fluid parcel is moved up to a less dense layer, gravity pulls harder on the displaced
parcel than on its surroundings and the parcel will move back to its original altitude.
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Figure 1: A weather map for Europe, giving the isobars in the morning (drawn) and
the previous evening (dashed) at December 9 (upper panel) and 10 (lower panel)
in the year 1887. This image comes from the 4th edition of Meyers Konversations-
lexikon (1885-90).
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Maybe even more important is the rotation of the Earth. A fluid parcel moving
in a rotating system experiences the Coriolis force, acting perpendicular to both
the direction of motion and the axis of rotation. One of the effects of the Coriolis
force is expressed by the Taylor-Proudman theorem, which states that velocity is
independent of the axial coordinate. Fluid flow is thus organized in column-like
structures, where the velocity only changes in the horizontal plane.

Note that small-scale structures are less likely to exhibit two-dimensional phe-
nomena. For horizontal length scales in the same order as the thickness of the at-
mosphere, flow structures can no longer be considered flat. Moreover, for small
vertical displacement the difference in density that occur are negligible, and for low
velocities, the Coriolis force is relatively weak.

Now we know the reasons behind two-dimensional behaviour of the large-scale
structures, the question remains why the flow is so unpredictable. The physical laws,
the Navier-Stokes equations, describing the motion of fluids have been known for
a long time. The complexity of these laws, and thus of the flows they describe,
stems from the strong non-linear term. Non-linear systems typically exhibit chaotic
behaviour. Fluid particles that were initially close together can be separated really
quickly. Thus, a small difference in the initial situation can lead to a completely
different time evolution of the flow. Typically, the deviation in the first stages is not
that large but the evolution thereafter can change very rapidly. For a good weather
forecast we need knowledge of the rules describing the evolution in time and an
accurate knowledge of the initial condition. On both issues advances are made
with the arrival of computer models and satellite observations. That we can forecast
the weather some days in advance stems from the self-organization of the flow into
large-scale structures. The evolution of these systems can be predicted with some
accuracy without looking at the smaller-scale structures. For longer times the inter-
actions with the smaller structures have to be modelled accurately to forecast the
weather.

Flow in the atmosphere is not bounded by a typical horizontal length scale.
However, the horizontal scales can never become larger than the circumference of
the Earth, although there is no real solid boundary hindering the flow. Nevertheless,
there exist other bounded flows that also exhibit resemblance to two-dimensional
flows. In the next two sections we briefly describe two of them.

Turbulent flows in the ocean

Like in the atmosphere vortices can be observed in the ocean, see for example the
vortex close to the coast of Japan in figure 2a. This dipolar vortex has a dimen-
sion comparable to the width of Japan, which is about 200 km. Inside the dipole
cores a concentration of phytoplankton is trapped giving it a green colour and act-
ing as a natural passive tracer to visualize large-scale geophysical flows (accessible
by satellite observation). In the ocean vortices are often created by an interaction
between the flow and the boundaries of a land mass. A part of the Agulhas cur-
rent, which flows southward along the eastern coast of the African continent, passes
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around Cape of Good Hope and ejects into the Atlantic Ocean. After detachment
from the coast the current starts to meander so vigorously that it sheds large vorti-
cal structures called the Algulhas rings (Goni et al., 1997). The same phenomena
can be observed for the Gulf Stream, when it detaches from the coast of the North-
American continent. The Gulf Stream rings that are shed by the meandering current
can transport large amounts of warm water to Europe. The current with warm wa-
ter that reaches Europe causes the relatively mild climate in Europe. Although the
physical mechanism behind the formation and detachment of these boundary cur-
rents is not completely understood, the solid boundary might play an important role
(Blandford, 1971; Stewart, 1989; Verron and Blayo, 1996).

An interesting flow pattern can be observed in sea basins and estuaries. In fig-
ure 2b a satellite image of an array of vortices in the Gulf of Aden is visible, where
the size of a single vortex equals the width of the Gulf of Aden. The same pattern
has been observed by Buffoni et al. (1997); Falco et al. (2000) for the Tyrrhenian
Sea and the Adriatic Sea, respectively. The energy of these flows is supplied by the
wind, that exerts a force to the sea surface. The variation in the wind will result in
a somewhat random formation of flow structures in these basins. The formation of
array of domain size vortices is related to the self-organization of two-dimensional
flows. The same behaviour has also been observed by Maassen et al. (2003) in sim-
ulations of two-dimensional turbulence in a rectangular domain and in experiments
on turbulence in a stratified fluid in large aspect-ratio containers.

That the large-scale flows in the oceans and seas reveal quasi two-dimensional
behaviour stems from the same three reasons as in the atmosphere, i.e. geometrical
confinement, density stratification and rotation. The effect of the Coriolis force, due
to the rotation of the Earth near the equator is different from that near the poles. For
relatively small basins like the Gulf of Aden the change in Coriolis force is negligible.
For the larger scale ocean basins, latitudinal variation of the Coriolis force has to be
considered. A first order approximation to variation in the Coriolis force is the !-
plane approximation. On the !-plane the background rotation has a linear gradient
in the meridional direction, which enables the propagation of large-scale planetary
waves, the so-called Rossby waves. Whether the flow excites Rossby waves or orga-
nizes itself in vortices depends on the typical length scale. For scales larger than the
Rhines scale Rossby wave propagation is the dominant mechanism (Rhines, 1975).
Turbulence on a !-plane has mainly been studied on periodic domains, where the
flow is characterized by a zonal band structure of alternating eastward and westward
flow (Rhines, 1975; Maltrud and Vallis, 1991). The same zonal bands are observed
in simulations of forced two-dimensional turbulence on a rotating sphere (Nozawa
and Yoden, 1997). Only recently !-plane turbulence has been studied on a closed
domain by LaCasce (2002) for stress-free boundaries and by Kramer et al. (2006) for
no-slip boundaries.
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Figure 2a: Dipolar vortex struc-
ture close to the Japanese coast
line with a diameter of approx-
imately  200 km. The dipole
is visible because a concentra-
tion of algae is trapped inside
the vortex cores. (NASA, Visi-
ble Earth)

Figure 2b: An array of basin-
width  vortices  in  the  Gulf  of
Aden. The colouring is propor-
tional to the chlorophyll con-
centration (SeaWIFS project).

Figure 2c: The turbulent motion in the toroidal
chamber of a fusion reactor is directed perpendic-
ular to the spiralling magnetic field lines. Simula-
tions by GYRO, a continuum/Eulerian 5-D gyroki-
netic turbulence code, written by Jeff Candy and
Ron Waltz (General Atomics).

Turbulence in magnetohydrodynamics

There is a strong resemblance between motions in the above-mentioned noncon-
ducting fluids and those in a plasma. On itself this is quite remarkable as on first
sight the physical properties of a plasma, an ionized gas, are different from those of
fluids. In this completely ionized gas the interactions between particles are due to
the combined Coulomb and Lorentz forces between the electron and ion fluids. The
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Lorentz force acts in similar way as the Coriolis force for motion under the effect of
rotation. The force acts in the plane perpendicular to both the magnetic field and
to the ion or electron current. As a result, a strongly magnetized plasma can main-
tain large gradients across the magnetic field, while the unhindered parallel motion
can quickly smooth out gradients along the field. Parallel length scales are thus
much larger than perpendicular scales making a two-dimensional description of the
plasma dynamics possible too. For more details on two-dimensional turbulence in
plasmas text books on magnetohydrodynamics by Biskamp (1993) and Davidson
(2001) can be consulted.

For a large part the research on magnetized plasmas in laboratories is aimed at
achieving thermonuclear fusion reactions in a controlled way to generate electricity.
A fusion reactor converts the energy that is released in the fusion reaction between
deuterium and tritium into electricity. The same fusion reaction takes place in the
centre of our sun at a temperature of several hundred million degrees. To reach such
conditions in a reactor on Earth the confining properties of strong magnetic fields
are used to isolate the plasma from its surroundings. In figure 2c the results of a
numerical simulation of a plasma in a fusion reactor are shown. Inside the toroidal
reactor the plasma is contained by a spiralling magnetic field. Along the magnetic
field lines there is no variation in the properties. One of the standing problems of
the fusion operators is the heat loss to the wall, causing a strong erosion of the wall
plates. The understanding of transport is therefore an important subject of study.

The equations describing the motion of the plasma ions and electrons in a mag-
netic field closely resembles the Navier-Stokes equation with the beta-plane ap-
proximation. The plasma analog to the Rossby waves, that occur in the ocean or the
atmosphere, are plasma Drift waves. Drift waves propagate in a inhomogeneous
plasma perpendicular to the magnetic field and the density gradient. The density
gradient in the plasma has a similar role as the gradient in the background vorticity
for large-scale flows on Earth (Nezlin and Snezhkin, 1994).

It is worthwhile to mention that the principles of magnetohydrodynamics have
also been used to create two-dimensional turbulent flows for regular fluids. A volt-
age is applied across a salty fluid by placing two electrodes at two opposite sides
of the container. Then, magnets underneath the square container are used to drive
a shallow layer of a salty fluid. Paret et al. (1999) and Paret and Tabeling (1998)
used an array of magnets to drive a turbulent flow in stratified fluid. Due to the
restriction to a shallow layer, vertical motion is relatively weak and the flow can be
considered to be two-dimensional. The vortices in the turbulent flow merge forming
bigger vortices until eventually a single vortex is filling the domain.

Outline of this thesis

In this thesis we aim to investigate two-dimensional turbulent flows in a bounded
domain and the dispersion of passive tracers in these flows. Many of the current
theories about two-dimensional turbulence are assuming unbounded domains and
isotropic statistical properties of the flows. On the other hand, in experimental stud-
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ies rigid boundaries are inevitable and make it more difficult to confirm the theory.
In our approach we use periodic boundaries in one direction, mimicking an un-
bounded domain, and use no-slip boundaries in the other direction. The resulting
geometry is a periodic channel, for which we can choose different aspect ratios.
The presence of periodic boundary conditions in one direction makes it possible to
use several mathematical tools like Fourier spectra, on which the known theory of
two-dimensional turbulence is based.

In the first chapter of this thesis we give the theoretical background for flows
in two dimensions in general and summarize briefly some aspects of the theory on
two-dimensional turbulence and passive tracer transport. We also discuss some as-
pects of the flow dynamics close to the no-slip wall in more detail. In chapter 2 we
describe and validate the numerical methods developed to study two-dimensional
flows and the transport of passive tracers for the periodic channel domain. Then,
in chapter 3 the interaction between a single dipolar vortex and the no-slip wall is
investigated. In the next two chapters, we report on the studies of turbulent flows
in the periodic channel geometry, which are driven by an external forcing. Chapter
4 focuses on the phenomenology of the flows and its dispersion properties, while
chapter 5 is devoted to the statistics of these turbulent flows. Finally, the main con-
clusions of this thesis are summarized in chapter 6.
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1 Theoretical background

1.1 Dynamics of two-dimensional flows

The motion of an incompressible fluid, described by its velocity field u(t,x) =
(u, v,w), is governed by conservation of mass and momentum. For a fluid with
constant density ", conservation of mass simply yields

! · u = 0. (1.1)

The Navier-Stokes equation

#u
#t

+ (u ·!)u = !"!1!p + $!2u + "!1F, (1.2)

describes the momentum balance, where p is the pressure, $ is the kinematic vis-
cosity of a Newtonian fluid and F an external force per unit volume. Under special
circumstances, one of the velocity components, say the vertical component w, is
suppressed and thus much smaller than the other two components, w " u, v. In
this approximation the flow can then be described by the two-dimensional veloc-
ity vector u = (u, v, 0). In addition for a truly two-dimensional flow these velocity
components must be independent from the vertical coordinates.

An important alternative variable for describing the flow is the vorticity, defined
by

! = !# u. (1.3)

In two dimensions only the vertical component of the vorticity is nonzero, therefore
the vorticity can be described by a scalar quantity %, where ! = %ez with ez the
unit vector in z-direction. Taking the curl of the two-dimensional version of (1.2)
gives the vorticity equation for two-dimensional flow

#%

#t
+ u ·!% = $!2% + "!1F!, (1.4)

with F!ez = !# F2D. We only take into account the components of the force di-
rected in the horizontal plane, F2D = (Fx, Fy, 0). The main difference between the
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two-dimensional (scalar) vorticity equation and its three-dimensional vector coun-
terpart is the absence in the scalar vorticity equation of the term (! · !)u, which
represents the stretching and tilting of vortex tubes in 3D flows. Stretching a vor-
tex tube leads to an increase of the vorticity inside the tube, due to conservation of
angular momentum. In two-dimensional flows the vorticity equation reduces to an
advection-diffusion equation, which expresses that vorticity is merely distributed -
not created (except by any forcing mechanism).

In two dimensions it is possible to describe the flow of an incompressible fluid
with a scalar stream function, which is defined by

u =
#&

#y
, v = !

#&

#x
. (1.5)

The velocity vector is always aligned along lines of constant &, which therefore
are called streamlines. The stream function is directly related to the vorticity by a
Poisson equation

!2& = !%. (1.6)

In this equation the vorticity acts as source term and therefore can be regarded as a
source of motion. The circulation along the contour #C induced by vorticity in the
region C enclosed by the contour is given by

'C =

!

C
%dA =

"

"C
u · ds, (1.7)

where ds is an infinitesimal element of the contour.

Boundary conditions

To solve equation (1.4) a set of boundary conditions must be specified. If the bound-
ary #P of the domain P coincides with a wall, physical conditions for the velocity
can be found. For an impermeable wall the velocity component normal to the wall
must vanish, yielding

n · u = 0 on #P, (1.8)

with n the unit vector normal to the boundary. Selection of a condition for the
tangential velocity component, depends on whether the fluid sticks to the wall (no-
slip) or is allowed to slip along the wall. The no-slip condition comes forth from the
fact that a real viscous fluid sticks to the boundary due to friction effects. Therefore,
the velocity of the fluid is the same as the velocity of the boundary. For a stationary
boundary the no-slip condition yields,

u = 0 on #P. (1.9)

If the wall does not exert any friction to the fluid the stress-free boundary conditions
apply. Then the stress component directed along the wall is equal to zero, i.e.

(n · " )! = 0 on #P (1.10)
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where " is the viscous stress tensor and $ denoting the component parallel to the
boundary. Due to the absence of any wall friction, the tangential velocity component
u! is not necessarily equal to zero. For a flat wall the stress-free condition can be
written as

n ·!u! = 0 on #P. (1.11)

Combination of (1.8) and (1.11) reveals that in the case of an impermeable flat
boundary

% = 0 on #P. (1.12)

There are some other boundary conditions that allow partial slip, but the stress-free
and no-slip boundary conditions are most commonly used. As a side note, the term
’free-slip’ wall is only applicable for inviscid flows ($ = 0) and simply implies that
the velocity component parallel to the wall is not set. With the loss of the second
order derivatives in (1.4) only one boundary condition is required. The velocity
component parallel to the wall then naturally follows by solving the equations of
motion with the impermeable boundary condition.

In order to mimic an infinite domain with no physical wall present, often periodic
boundary conditions are applied. This means that the variables such as velocity and
vorticity are periodic over the domain length, e.g. the value for the velocity at one
of the boundaries is the same as the velocity at the opposite boundary. As a result,
for an amount of fluid that leaves the domain on one side, an equal amount of fluid
enters at the opposite side with the same velocity. The implications of the periodic
boundary conditions on the dynamics of the flow can most easily be understood
by envisioning neighbouring domains in which the velocity is exactly the same.
Note that for turbulent flows one has to ensure that the domain size is substantially
larger than the turbulent integral length scale. Only then it is reasonable to assume
that neighbouring domains can be considered as decorrelated, a prerequisite for
numerical studies of unbounded 2D or 3D turbulence on domains with periodic
boundary conditions.

1.2 Production and decay of vorticity

We have already noted that for two-dimensional flows vorticity cannot be created in-
side the domain by vortex stretching. The amount of vorticity that is initially present
within the domain is simply redistributed by the flow. If we consider the total amount
of vorticity on a domain with no-slip and/or periodic boundaries, we have

'P =

!

P
%dA = 0. (1.13)

This means that the amount of positively signed vorticity is equal to the amount of
negative vorticity on the domain. The total circulation (1.13) gives no information
as to how much positive vorticity is present. To get a better indication of the typical
vorticity amplitude in the domain, it is useful to look at the total amount of squared
vorticity in the domain.
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A measure of the amount of squared vorticity is the total enstrophy, defined by

( =
1

2

!

P
%2dA. (1.14)

An equation for the change of enstrophy can be derived by multiplying (1.4) by %
and take the integral over the domain, yielding

d(

dt
= !$

!

P
|!%|2dA + $

"

"P
%(n ·!%)ds + "!1

!

P
%F!dA, (1.15)

where n is the outward pointing unit vector at the boundary. The first term represents
the decay of vorticity due to viscous forces. The integral over the boundary in the
second term on the right hand side reveals the special role of no-slip boundaries as a
possible enstrophy source. For stress-free or periodic boundary conditions this term
vanishes. We will have a more detailed look at the implications of this term later on.
Forcing can both enlarge or reduce the enstrophy in the domain. Note that for the
inviscid unforced case the enstrophy is constant. Without viscosity vorticity is simply
advected by the flow and the amount of both positive and negative vorticity is thus
fixed to their initial values. If viscous forces are present, kinetic energy is dissipated
and the flow in the domain eventually will come to rest. This corresponds to % = 0
on the whole domain, thus an equal amount of positive and negative vorticity is lost
due to cross diffusion.

The total kinetic energy per unit density within the domain P is defined by

E =
1

2

!

P
|u|2dA. (1.16)

The change of total energy is governed by,

dE

dt
= !2$( + "!1

!

P
u · FdA. (1.17)

The viscous decay of energy is proportional to the total enstrophy. Forcing on the
other hand can suppress or accelerate the flow and therefore reduce or increase the
kinetic energy of the flow. Note that (1.17) has no boundary contribution and the
kinetic energy is not directly affected by the different boundary conditions (although
indirectly by the modified flow and the decay rate of the enstrophy).

We have seen that the no-slip boundaries have a special role in the creation
and decay of vorticity. Another issue is that viscous diffusion has to simultaneously
remove positive and negative vorticity by the same amount. Morton (1984) investi-
gated the production of vorticity at no-slip walls and the decay of vorticity for some
fundamental analytical solutions of the Navier-Stokes equation. The terminology
he introduced is quite useful for discussing vorticity dynamics at the boundary. In
the next chapter we will have a closer look at the vorticity production at the wall
induced by an approaching dipolar vortex. Now, we will briefly discuss two of the
analytical solutions Morton used, which are quite illustrating for a better understand-
ing of the vorticity production during dipole-wall collisions. We choose the x-axis
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Figure 1.1: A plate impulsively set into motion in its own plane with speed U. The
circulation per unit length around the contour C is instantly changed from zero to
' = +U at t = 0.

along the wall and the positive y-axis normal to the boundary, as is shown in figure
1.1. Lighthill (1963) identified that !$#%/#y is the diffusive flux of vorticity out of
the solid wall. Applying the x-component of (1.2) at the wall, which translates in its
own plane with velocity V, results in an expression for the vorticity flux

! $
#%

#y
= "!1#p/#x +

dV

dt
, (1.18)

where we have used that % = !#u/#y on the wall. Equation (1.18) illustrates that
the vorticity flux from the boundaries depends on the tangential pressure gradient at
the wall and the boundary acceleration, dV/dt.

The first problem Morton studied involves a plate that moves in its own plane, and
thus gives an example of vorticity production at the wall by boundary acceleration.
The plane boundary is situated at y = 0 and set impulsively into motion with speed
V = UH(t) at t = 0, where H(t) is the heavyside step function. This problem is
generally known as Stokes second problem and is depicted in figure 1.1. The fluid
motion above the plane is governed by

#u

#t
= $

#2u

#y2
for y > 0. (1.19)

There exists a similarity solution for the velocity

u = U
!
1 ! 2)!1/2

!s

0
e!s !2

ds "
"
, (1.20)

where s = y/(4$t)1/2 is the similarity variable. The vorticity

% = ()$t)!1/2Ue!s2

(1.21)

has a maximum magnitude at the wall for t % 0. The circulation per unit length
(contour C as in figure 1.1) increases instantly from zero to +U at t = 0 and remains
constant thereafter. This illustrates that all the vorticity is created at t = 0 and is
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!(y)!(y) u(y)

entry length developed flow

Figure 1.2: Plane Poiseuille flow with a parabolic profile for the velocity u(y) in the
developed stage. Positive vorticity is created at the upper boundary and diffuses
inwards. Negative vorticity is generated at the lower boundary and diffuses towards
the centre, where it cancels the flux of positive vorticity.

generated totally at the wall (y=0). Note that the amplitude of vorticity at the wall
is infinite but the circulation remains finite. Thereafter, the vorticity diffuses away
from the wall, but the gross amount remains the same, as follows from the constant
circulation. No vorticity is lost or gained at the boundary for t > 0, as the vorticity
flux is zero at the boundary.

A second problem Morton investigated is the plane Poiseuille flow (figure 1.2),
where a pressure gradient at the wall causes the production of vorticity. The steady
flow between two fixed plates (y = ±H) subjected to a constant pressure drop
#p/#x = !*p (*p is the positive pressure change per unit length) has a velocity
profile

u(y) =
*p

2µ
(H2 ! y2), (1.22)

with µ = $" the dynamic viscosity. The vorticity

%(y) =
*p

µ
y (1.23)

is generated by the tangential pressure gradient at a constant rate !*p/" at the lower
boundary. For the vorticity flux out of the upper wall, we need to rotate the axes
so that the y-axis points into the fluid. The pressure gradient on the wall is thus
reversed and hence vorticity is created at a rate +*p/". Both the positive and neg-
ative vorticity fluxes continue towards the centre of the domain, where they cancel
each other, a process called cross-diffusion. Morton then wondered whether the
Poiseuille flow could be represented by an in-flux or production of vorticity at a
rate of +*p/" at the upper boundary, diffusion across the fluid layer with a flux
density of !$#%/#y = *p/", and an out-flux or absorption at the lower bound-
ary. Although this interpretation holds for the developed Poiseuille flow it fails in
explaining the entry length flow. There, a positive vorticity boundary layer is gen-
erated at the upper wall and a negative vorticity boundary layer at the lower wall.



1.3 Flow separation from the wall 15
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Figure 1.3: The streamline pattern close to a point of flow separation (or flow attach-
ment if reversed).

The vorticity generated at the wall diffuses inward filling up an increasing portion of
the channel until the boundary layers meet at the centre line. At the centre line the
negative and positive vorticity fluxes then cancel by cross-diffusion.

Morton studied several other analytical solutions, which revealed similar fea-
tures of vorticity production at the boundary and decay in the interior. We briefly
summarize the most important observations, that are important for our study. Vor-
ticity once created at the wall cannot be subsequently lost by diffusion across the
boundary. Thus, the vorticity flux is always inwards and never out of the domain.
As a consequence both senses of vorticity are needed to describe the studied flows.
Decay of vorticity results from cross-diffusion, i.e. the cancellation of vorticity fluxes
of the opposite sense and takes place in the interior.

1.3 Flow separation from the wall

Another phenomenon that is relevant during dipole-wall collisions (to be discussed
in chapter 3) is the detachment of viscous boundary layers from the no-slip walls.
Viscous boundary layers are formed close to the wall, when no-slip boundary con-
ditions are applied. Outside the boundary layers the flow is nearly inviscid and can
often be described by inviscid theory. However, if the boundary layer is detached
from the wall, it can alter the interior flow. We can use a Taylor expansion,

u(x, y) = u
##
y=0

+ y
#u
#y

####
y=0

+
y2

2

#2u
#y2

####
y=0

+ . . . , (1.24)

to express the velocity close to the boundary in terms of the flow properties at the
wall (see Rosenhead (1963)). For the velocity component parallel to the wall we get

u(x, y) = !y%|y=0. (1.25)

The zeroth-order term in the Taylor expansion vanishes because of the no-slip con-
dition (1.9) and the first order velocity derivative #u/#y|y=0 can be expressed in
terms of the vorticity on the wall. For the perpendicular velocity component the first
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non-zero term in the Taylor expansion is the second order contribution

v(x, y) =
y2

2

#%

#x

####
y=0

. (1.26)

The lower order terms are zero because the wall is impermeable (1.8) and the flow
has to be divergence free. As fluid particles move along streamlines and do not cross
them, the volume flow between the wall and a streamline very close to the wall has
to be constant. The volume flow between the wall and a streamline at a distance Y
is given by !Y

0
udy = !1

2Y2%|y=0 = const. (1.27)

So the distance of the streamline from the surface Y varies with (%|y=0)!1/2, which
implies only a moderate variation. Therefore, most neighbouring streamlines are
nearly parallel to wall, except for points where %|y=0 approaches zero. At a point
where %|y=0 = 0 the streamline brakes away from the wall and equation (1.26)
determines whether this is a point of separation (#%/#x|y=0 > 0) or a point of
attachment (#%/#x|y=0 < 0).

1.4 Two-dimensional turbulence

The Navier-Stokes equation describes a large range of different flows. An important
parameter for characterizing the type of flows is the Reynolds number

Re =
UL

$
. (1.28)

The Reynolds number measures the importance of the viscous term $!2% in (1.4)
relative to the non-linear advection term (u · !)%. Flows that are dominated by
viscous effects are characterized by low Reynolds numbers (Re = O(1)). These
flows behave regularly and have a laminar streamline pattern. On the contrary,
flows with large Reynolds numbers (Re & 1, 000) have generally a turbulent or
disordered nature. The velocity for these turbulent flows fluctuates irregularly at any
point, resulting in flow structures with a wide spectrum of length scales.

As the velocity field behaves unpredictable, we now attempt to differentiate the
dynamics at different scales in the flow. Therefore, we turn to the Fourier decompo-
sition of the velocity

u(x, t) =

!

P
û(k, t)eik·xdx, (1.29)

with û the spectral coefficients of the velocity as a function of the wave vector k.
Inserting (1.29) in the incompressible Navier-Stokes equation yields

!
#/#t ! $k2

"
ûi(k, t) = !ikm

!
+ij ! kikk/k2

" #

p+q=k

ûj(p, t)ûj(q, t), (1.30)
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where the i, j and m indicate the components of the vectors û and k and +ij is the
Kronecker delta function. The energy per wave number E(k, t) is found by calcu-
lating 1

2 |û(k, t)|2 and integrate the result over all wave vectors with k = |k|. The

total kinetic energy of the flow then follows from
$%

0 E(k)dk = E. Using (1.30) an
equation for the change in the energy per wave number can be derived, which has
the from !

#/#t ! 2$k2
"
E(k, t) = T(k, t). (1.31)

The transfer function T(k) represents the energy that is transferred to modes with
wave number k from all other modes. The non-linear interactions between modes
responsible for the energy transfer only take place between modes with wave vectors
k, p and q that form a triad. The significant modes of the energy spectrum E(k)
ranges between the smallest mode L!1, the inverse of the domain size, and the
largest wave number kd. Viscous dissipation removes the energy at the largest wave
number kd. For all wave numbers k " kd viscous dissipation can be neglected and
the change of energy in these modes is due to non-linear interactions.

Kolmogorov (1941a,b) derived the shape of the spectrum in the inertial subrange
(L!1 " k " kd) for three-dimensional isotropic turbulence. At these scales effects
of both the domain size as well as the viscosity are minimal and the dynamics are
governed by the non-linear term only. It is therefore credible that in the inertial range
the turbulence is self-similar. Self-similarity implies that the structure of the turbu-
lence is independent of the scale at which it is observed, much like a fractal structure
(Gouyet, 1996). All physical phenomena that reveal self-similar behaviour can be
represented by a power-law spectrum. Kolmogorov then assumed that the energy
transfer only incorporates triad interaction of wave vectors with approximately the
same length. Then, the energy spectrum only depends on the wave number k and ,,
the constant spectral flux of energy. Dimensional arguments lead to the power-law

E(k) ! ,2/3k!5/3. (1.32)

The spectral energy flux can occur in either direction, i.e. from small to large wave
numbers and vice versa. However, both experiment and statistical-mechanical con-
siderations indicate that energy transfer is towards the high wave numbers. This
transfer of energy from large scales towards small scales is known as the energy cas-
cade. An equilibrium spectrum can be reached by injecting energy at small wave
numbers, which is then transferred towards the large wave numbers, where it is
dissipated.

Kraichnan (1967) used the same approach as Kolmogorov to obtain the en-
ergy spectrum for two-dimensional turbulence. For two-dimensional turbulence,
the non-linear triad interactions between wave numbers p < k < q have to con-
serve both energy E(k) and enstrophy ((k) = k2E(k). This in contrast to three-
dimensional turbulence for which only energy is conserved. In a triad the energy
flux, and consequently the enstrophy flux, from the middle wave number k to the
low wave number p would reduce the enstrophy. Therefore, a simultaneous energy
and enstrophy transfer has to occur from the middle wave number k to the high
wave number q. The net result of both transfers is an energy flux , to the low wave
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number and an enstrophy flux - to the high wave number. The reverse transfers from
p and q towards the middle wave number k are mathematically also possible, but
less plausible on statistical grounds.

If again the assumption is made that the energy spectrum only depends on ,
and k, the energy spectrum for two-dimensional isotropic turbulence should satisfy
E(k) ! ,2/3k!5/3, the same relation as found for three-dimensional turbulence, see
(1.32). The alternate assumption, that the enstrophy spectrum ((k) only depends
on k and -, the constant enstrophy flux, results in

E(k) ! -2/3k!3. (1.33)

As both results are derived with excluding assumptions it shows nevertheless that
two different inertial regimes might possibly exist. If, on the one hand, the k!5/3

inverse energy cascade is observed the enstrophy flux has to be - = 0. On the other
hand, a constant enstrophy flux and the consequential k!3 spectrum yields a zero
energy flux, , = 0.

Kraichnan predicted that both the inverse energy cascade and the enstrophy cas-
cade can simultaneously exist in two-dimensional turbulence. Suppose energy and
enstrophy is injected by a forcing mechanism at a certain scale kf. In the range
L!1 < k < kf the k!5/3 spectrum corresponds to an energy transfer from kf to-
wards the small wave numbers, an inverse energy cascade (inverse compared to the
3D energy cascade). For the opposite range kf < k < kd, the k!3 spectrum re-
sults in an enstrophy transfer towards larger wave numbers by the direct enstrophy
cascade. These mechanisms are schematically presented in figure 1.4. Ultimately,
the flux of enstrophy - towards the high wave numbers has to be balanced by the
dissipation. The time scale corresponding to the enstrophy transfer . = -!1/3 (see
below) is then matched by the diffusive time scale td = k!2

d $!1, which yields a
relation for the dissipation or Kolmogorov wave number,

kd '
$ -

$3

%1/6
. (1.34)

Without any dissipation acting on the small wave numbers, the inverse energy
cascade will extend to smaller and smaller wave numbers. However, at some point
it will reach the smallest possible wave number L!1 determined by the domain size,
be it either for a periodic box or for a physical bounded domain. Energy will then
condense on the smallest wave numbers, which in physical space corresponds to a
domain filling vortical structure.

The time scale .(k) related to the energy flux at wave number k can be estimated
under the assumption of locality, in wave number space, of the energy transfer. By
locality, the time scale can only depend on the energy E(k) and the wave number
k. By dimensional arguments the time scale then must be

.(k) ! [k3E(k)]!1/2. (1.35)

This scale is related to the eddy turnover time, i.e. the time required for an eddy of
size k!1 to complete one full rotation. In the inverse energy cascade range we obtain
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Figure 1.4: Schematic representation of the inverse energy cascade and direct en-
strophy cascade in two-dimensional turbulence. Energy is inserted by the forcing at
wave number kf and then transported to smaller wave numbers at a rate ,. Enstro-
phy is inserted by forcing and then transported with a flux - to larger wave numbers,
where it is removed by dissipation at kd.

. ! ,!1/3k!2/3, while in the enstrophy cascade range . = -!1/3. Note that for the
k!3 enstrophy cascade range, the eddy turnover time is constant (independent of the
wave number). For spectra steeper than k!3, equation (1.35) is no longer valid as the
locality assumption is broken. This is nicely illustrated by Maltrud and Vallis (1991),
who used an argument based on the straining rate at wave number k ", defined by

R(k ") =
& !k !

0
E(k)k3d lnk

'1/2
. (1.36)

The contribution to the integrand from each octave is given by E(k)k3* lnk. In
three dimensions, with a !5/3 energy spectrum, the contribution from each octave
becomes increasingly more important when approaching k ". This implies that the
dynamics are localized in wave number space. In two-dimensions, however, for
the enstrophy cascade range all octaves have the same contribution to the strain and
the dynamics is not local at all. In several studies (e.g. Legras et al. (1988); Borue
(1993, 1994)) a power-law energy spectrum has been observed in the enstrophy
cascade range with a slope even steeper than k!3, indicating even stronger nonlo-
cality. The k!3 spectrum as Kraichnan predicted is thus the shallowest limit that can
be expected in two-dimensional turbulence.

For a more detailed discussion on two-dimensional turbulence the reader can
consult Frisch (1995) or Tabeling (2002). Kellay and Goldburg (2002) give a review
of recent laboratory experiments on two-dimensional turbulence. A review of quasi
two-dimensional turbulence is given by Danilov and Gurarie (2000).
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1.5 The transport of a passive tracer

We now turn to the topic about how a passive tracer, described by the concentration
distribution c(t,x), is transported by the flow. Tracer transport is governed by the
advection-diffusion equation

#c

#t
+ u ·!c = /!2c + S, (1.37)

where / is the diffusivity of the tracer and S(t,x) a source (or sink) of tracer material.
Note the large similarity between the vorticity equation (1.4) and the advection-
diffusion equation for the tracer concentration (1.37). Analogous to the Reynolds
number, the Péclet number gives the importance of the tracer diffusion relative to
the advection term,

Pe =
UL

/
. (1.38)

The diffusion coefficient for the tracer, /, is not necessarily the same as the viscosity
of the fluid, $. The ratio between the two is given by the Schmidt number,

Sc =
Pe
Re

=
$

/
. (1.39)

Often tracer diffusion is much slower than diffusion of momentum in the flow, i.e.
Sc > 1. Thus small-scale structures, like thin filaments, are more persistent in the
tracer field than in the velocity field.

The advection-diffusion equation not only covers the dispersion of dye in the
flow field, but also describes the distribution of temperature. However, temperature
differences in the fluid have to be small, to remain a passive tracer in the flow. If
the temperature gradients become large it will introduce density differences in the
fluid. These density differences can drive the fluid under the influence of gravitation,
a process called Rayleigh-Bénard convection. If the passive tracer represents the
temperature, the Prandtl number, which gives the ratio between the viscosity and
thermal diffusivity of the fluid, is used instead of the Schmidt number.

In the case the wall is impermeable for the fluid (see 1.18) the tracer cannot
be advected out of the domain, although it can still diffuse across the boundary.
However, at the wall often a no-flux condition is applied,

n ·!c = 0 #P, (1.40)

which does not allow any transport of tracer material across the wall. The no-flux
condition for the tracer ensures that the total amount of tracer material in the domain,
as is measured by

M(t) =

!

P
c(x, t)dA, (1.41)

is conserved when no additional source is present, S = 0.
Analogous to the energy and enstrophy spectrum, a spectrum 0(k) of the vari-

ance of the tracer can be defined. Therefore, we calculate |c̃(k, t)|2 and integrate
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over all contributions with k = |k|. The integral of the tracer spectrum over all wave
numbers yields the variance of the tracer, (c2) =

$%
0 0(k)dk, where (·) denotes the

area average. The total rate of destruction of variance per unit area is given by

d(c2)
dt

= !/(|!c|2) = !1. (1.42)

Note that the advection terms of (1.37) do not contribute to the destruction of tracer
variance. In the advection subrange where diffusion is not significant, the variance
of the tracer is simply transferred across the wave numbers. As patches of tracer
material are generally stretched and elongated by the flow a transfer of tracer vari-
ance is directed from small wave numbers to large wave numbers. We assume that
in the advection range the tracer spectrum only depends on the wave number k,
the constant variance flux 1 and the time scale .(k). Dimensional arguments then
indicate that the spectrum should scale like

0(k) ! .(k)1k!1. (1.43)

The time scale responsible for the variance transfer is determined by the turbulent
velocity field. Three different wave number regimes can be distinguished: (i) the
inverse energy cascade range k < kf, (ii) the enstrophy cascade range kf < k < kd

and (iii) the viscous range k > kd. In the inverse energy cascade, the related time
scale is the eddy turnover time, .(k) ! ,!1/3k!2/3. Inserting this into (1.43) yields

0(k) ! k!5/3 (1.44)

for the tracer spectrum. Assuming that the locality hypothesis does hold in the en-
strophy cascade range, the eddy turnover time is given by . = -!1/3. The spectrum
of the tracer variance then scales as

0(k) ! -!1/31k!1. (1.45)

Note that the slope of the tracer spectrum is equal to the enstrophy spectrum, which
is not surprising as vorticity and tracer concentration obey the same physical equa-
tion.

In case the Schmidt number is larger than unity, there is a region where viscosity
is important, but tracer diffusion is still small. The largest scale present in the velocity
field is then the Kolmogorov wave number, kd which is responsible for stretching of
tracer patches in the viscous range, k > kd. In the previous section we have noted
that the diffusive time scale of the velocity field at the Kolmogorov wave number
is equal to the eddy turnover time in the enstrophy range. The transfer of tracer
variance is thus governed by the same times scale as in the enstrophy cascade, and
thus the tracer spectrum for scales smaller than the Kolmogorov scales is equal to
(1.45).
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2 Numerical methods

This chapter describes the numerical methods used to study fluid flow and tracer
dispersion in a two-dimensional domain with no-slip boundaries. Instead of using
a domain totally enclosed by no-slip boundaries, we opt for a periodic direction
along the x-axis. Choosing one direction to be periodic provides several numeri-
cal advantages. For instance, all points aligned in the x-direction are equivalent,
which enables the use of several statistical tools like Fourier spectra. As we shall
see later on, the periodic direction also simplifies the numerical algorithms consid-
erably. However, a periodic direction is somewhat artificial and one needs to keep
this in mind when interpreting the results.

The first part of this chapter is devoted to a numerical method for the incom-
pressible two-dimensional Navier-Stokes equation. We use the vorticity-velocity
formulation of the Navier-Stokes equation together with the vorticity definition and
the continuity equation. This set of equations is rewritten in a numerically con-
venient formulation. For the time disretization two different families of numerical
schemes are considered, the first is based on the Adams integration methods and
the second on the backward differentiation formulae. Both schemes treat the non-
linear advection term in the Navier-Stokes equation explicitly, while dissipation is
treated in an implicit way. The obtained time-discretized equations are expanded
in a Fourier series for the x-direction and in a series of Chebyshev polynomials for
the non-periodic y-direction. When transformed to spectral space the non-linear
term takes the form of a convolution, which is numerically expensive to compute.
Owing to the explicit treatment, the non-linear term only acts as a source term when
calculating the variables at the next time level. Therefore, the non-linear term can
be calculated in physical space and transformed to spectral space. The boundary
conditions for the non-periodic Chebyshev direction are applied according to the
Lanczos tau method, which consists of replacing the two highest order equations
for the Chebyshev expansion coefficients with the boundary conditions (Haidvogel
and Zang, 1979). The boundary values for the vorticity are found by using an in-
fluence matrix technique. A similar pseudo-spectral method for a domain with two
non-periodic directions is described in Clercx (1997).

The second part of this chapter describes two possible numerical methods for
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the transport equation, the velocity field is provided by the pseudo-spectral method
for the Navier-Stokes equation. The first method for solving the transport is based on
the same spectral expansion in Fourier and Chebyshev polynomials, although the
number of used polynomials may differ from the number used for solving the flow
equation. The second numerical method is based on finite volume discretizations,
where the local defect correction method (LDC) is used for local grid refinements.
Local defect correction not only provides boundary conditions to the refined grid
but also corrects the solution on the coarse grid using the solution on the fine grid.
The LDC method was developed by R. Minero in a joint project, which purpose was
to develop numerical models for solving transport in anisotropic turbulent flows.
The LDC method used to solve the transport equations is described in great detail in
Minero (2006), as a part of the larger scope of LDC methods for time based problems.
A joint paper (Kramer et al., 2007) assesses the LDC method is benchmarked by
comparing the results to data obtained by the pseudo-spectral method.

2.1 Resolving the 2D Navier-Stokes equation

2.1.1 Problem formulation

The two-dimensional flow of an incompressible fluid in the periodic channel P :=
[0, 2L)# [!H,H], with the periodic boundary denoted by #Px and the non-periodic
boundary #Py, is described by the vorticity equation (1.4). For now we will assume
that there is no forcing applied and the vorticity equation reduces to

#%

#t
+ u ·!% = $!2% in P. (2.1)

The vorticity equation needs to be supplemented by the continuity equation

! · u = 0 in P, (2.2)

and the definition for the vorticity

ez ·!# u = % in P. (2.3)

On the impermeable wall at y = ±H we apply no-slip boundary conditions,

u = 0 on #Py. (2.4)

and on #Px we apply periodic boundary conditions for u and %. Equation (2.1)
requires initial conditions for u(0,x) and %(0,x) that satisfy the continuity equation,
the vorticity definition and the boundary conditions. In principle only a divergence-
free velocity field needs to be specified. The initial vorticity field then simply follows
from the vorticity definition (2.3).

We intend to represent u and % by an expansion in Fourier and Chebyshev poly-
nomials. Therefore, it is more convenient to map the periodic channel domain P,
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Figure 2.1: A periodic channel of width 2H and length 2L, with no-slip boundaries
at y = ±H and periodic boundaries at x = 0 and x = 2L.

to the dimensionless numerical domain D := [0, 2))# [!1, 1]. This can be accom-
plished using the following scaling transformation defined by

t " =
t

T
, x " =

)

L
x, y " =

y

H
, (2.5)

where T is a free to choose time scale. Now we introduce the following dimension-
less variables

u " =
)T

L
u, v " =

T

H
v, % " = T%, $ " =

T

H2
$. (2.6)

The particular choice for the scaling of the velocity components is such that the
continuity equation (2.2) is invariant for the coordinate transformation. Rescaling
the variables according to (2.6), and omitting the primes, the dimensionless vorticity
equation (2.1) takes the form

#%

#t
+ u ·!% = $

(
+2 #2%

#x2
+

#2%

#y2

)
= $!2

#%. (2.7)

Here, the parameter + = H)/L is introduced, which gives the change in aspect ratio.
The aspect ratio of the domain changes from H/L for the physical domain to ) for
the numerical domain. The vorticity definition (2.3) is also modified by the scaling
and now reads

% = +
#v

#x
!

1

+

#u

#y
= !# # u. (2.8)

Supplemented with the dimensionless boundary conditions for the velocity and the
continuity equation we obtain the following set of equations

#%

#t
+ u ·!% = $!#

2% in D,

! · u = 0 in D,
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ez ·!# # u = % in D,

u = 0 on #Dy.

For simplicity we did not mention the periodic boundary conditions and the neces-
sary initial condition, and we will omit them in the following sections, unless they
are of special significance. Note that this set of equations is identical to the initial
set formed by equations (2.1) to (2.4) except for the Laplacian and the curl operator,
which are redefined to include the change in aspect ratio. For simplicity we omit
the subscripts + from these operators from now on.

We follow Daube (1992) to derive a mathematically equivalent set of equations
that provides some advantages for numerical implementation. By taking the curl of
the vorticity definition (2.3) and using the vector identity !#!# u = !(! · u) !
!2u together with the continuity equation we obtain two Poisson equations for the
velocity components,

!2u = ez #!% in D. (2.9)

Both Poisson equations together with the vorticity equation (2.1) and the no-slip
condition (2.4) do not yield a priori a solution that is equivalent to the solution of
the original formulation of the problem. Moreover, the solution to the obtained set of
equations is undetermined and an additional condition is required. Daube showed
that enforcing the vorticity definition at the boundary

ez ·!# u = % on #Dy. (2.10)

is enough to obtain a unique solution that satisfies the original problem. The proof
is based on the previously used vector identity

!2u = !(! · u) + ez #!2 = ez #!%, (2.11)

where 2 = ez ·! # u is the curl of the velocity field. As we replaced the vorticity
definition (2.3) by the Poisson equations, we need to ensure that the curl of the
velocity is indeed equal to the vorticity, i.e. % = 2 for the whole domain. By taking
the cross product of (2.11) with ez and taking the divergence of the result, we derive
an equation for 2!%. This scalar function 2!% is a solution to the Laplace equation

!2(2 ! %) = 0 in D. (2.12)

Therefore, a necessary and sufficient condition for the difference of 2 ! % to be
zero everywhere is that it vanishes on the boundary, i.e. condition (2.10) has to be
satisfied. Daube then proved (using equation (2.11) and the divergence theorem)
that if the solution satisfies the vorticity definition on the boundary, the resulting
velocity field is also divergence free. Summarizing, we obtain the following set of
equations

#%

#t
+ u ·!% = $!2% in D, (2.13)

ez ·!# u = % on #Dy, (2.14)
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!2u = ez #!% in D, (2.15)

u = 0 on #Dy, (2.16)

which is mathematically equivalent to (2.1)-(2.4). Note that this formulation consists
of three differential equations (2.13) and (2.15) and three boundary conditions (2.14)
and (2.16). Equation (2.15) together with boundary conditions (2.16) provides a
way to calculate the velocity if the vorticity is known. These equations can be used
to calculate the velocity u(0,x), if only the initial field for the vorticity %(0,x) is
specified. However we then need to ensure that the initial solution satisfies the
other two equations (2.13) and (2.14).

2.1.2 Time discretization

To find a numerical approximation for the solution of the set (2.13) - (2.16), the
equations need to be discretized in time and space. For the time discretization we
write the vorticity equation as a sum of a linear part L(%) = $!2% and a non-linear
part N (%,u) = !u ·!%,

#%

#t
= L(%) +N (%,u). (2.17)

Now assume that solutions to un and %n are known at time tn, then the solution
at time tn+1 can be calculated with an implicit method by

%n+1 + c1*tL(%n+1) + c2*tN (%n+1,un+1) = Sn, (2.18)

where *t = tn+1 ! tn is a discrete time step. The term Sn can be considered as
a source term depending on the solution at previous time levels tn, tn!1, .... The
constants c1, c2 are depending on the time integration scheme. Inverting the non-
linear part N (%n+1,un+1) is hard, if not impossible to accomplish. Therefore, the
non-linear part is treated by an explicit scheme, while the remaining part of the
scheme remains implicit. Such a method reads

%n+1 + c1*tL(%n+1) = Sn, (2.19)

where the non-linear part N is now included in the term Sn. There are several
semi-implicit time discretization schemes available, but not all of them are suited
for application with the Navier-Stokes equation. An often used scheme is the second
order accurate Adams-Bashforth/Crank-Nicolson scheme (AB/CN), which is part of
the semi-implicit schemes that are based on the Adams-Bashforth/Adams-Moulton
integration rules. The explicit Adams-Bashforth scheme is applied to the non-linear
part and the implicit Adams-Moulton scheme is applied to the linear part of the vor-
ticity equation. To make a suitable choice we also look at the higher order versions
of the Adams schemes. Another class of semi-implicit schemes based on the back-
ward differentiation formulae (BDF) was proposed by Karniadakis et al. (1991) for
use in the Navier-Stokes equation.
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Adams methods

The Adams class of semi-implicit schemes (Hairer et al., 1993) is derived from inte-
grating (2.17) in time

%n+1 ! %n =

!tn+1

tn

L(%)dt +

!tn+1

tn

N (%,u)dt. (2.20)

An approximation for the integral over the nonlinear part is provided by the explicit
Adams-Bashforth method and for the integral over the linear part the implicit Adams-
Moulton method is used. A number of schemes can be obtained combining both
methods for different orders of accuracy. If the order J is the same for both integral
estimates the resulting equation reads,

%n+1 ! %n = *t

J!1#

j=0

!i
jL(%n+1!j) + *t

J#

j=1

!e
jN (%n+1!j,un+1!j), (2.21)

where the coefficients are given in table 2.1. As noted before, the second order ver-
sion is commonly known as the Adams-Bashforth/Crank-Nicolson (ABCN) scheme,
a scheme that is often used for discretizing the Navier-Stokes equation (Canuto et al.,
1987).

Table 2.1: Coefficients for the Adams methods of the J-th order for 2 * J * 4

J !i
0 !i

1 !i
2 !i

3 !e
1 !e

2 !e
3 !e

4

2 1/2 1/2 - - 3/2 -1/2 - -
3 5/12 8/12 -1/12 - 23/12 -16/12 5/12 -
4 9/24 19/24 -5/24 1/24 55/24 -59/24 37/24 -9/24

Backward Differentiation Formulae

For the semi-implicit scheme based on the backward differentiation formulae (BDF)
(Hairer et al., 1993) another approach is used. The non-linear part, N (%,u), is
not discretized using the backward differentiation formulae, but is represented by a
polynomial of order J ! 1. The polynomial is calculated using data from tn!J+1 up
to tn. Extrapolating the polynomial representation gives an estimation for N (%,u)
at tn+1. The linear part is obtained by applying the backward differentiation formula
of the order J. The obtained semi-implicit scheme reads

J#

j=0

3j%
n+1!j = *t!i

0L(%n+1) + *t

J#

j=1

!e
jN (%n+1!j,un+1!j), (2.22)

where the coefficients are given in table 2.2.
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Table 2.2: Coefficients for the backward differentiation formula methods of the J-th
order.

J 30 31 32 33 34 !i
0 !e

1 !e
2 !e

3 !e
4

1 1 -1 - - - 1 1 - - -
2 3/2 -2 1/2 - - 1 2 -1 - -
3 11/6 -3 3/2 -1/3 - 1 3 -3 1 -
4 25/12 -4 3 -4/3 1/4 1 4 -6 4 -1

Solution strategy

For both semi-implicit schemes the discretized vorticity equation can be written as
a Helmholtz equation !

!2 ! 4
"
%n+1 = Sn, (2.23)

where the term Sn only depends on values of the vorticity and velocity at one or
more previous time levels. The parameter 4 is dependent on the time step and the
applied scheme, e.g. 4 = 2/$*t for the AB/CN scheme. Recursion (2.23) provides
a way to calculate the vorticity %n+1 at the new time tn+1. Once the value for
the vorticity %n+1 is known, both velocity components follow straightforwardly by
solving the Poisson equation:

!2un+1 = ez #!%n+1. (2.24)

With all quantities known at time (n+1)*t, the new source term of equation (2.23)
can be determined for the next time step.

Note that above strategy might not be applicable for the first few time steps,
because there simply is no data available for a number of previous time levels. This
can be resolved by starting with a first order scheme and increase the order of the
scheme by one for each consecutive time step, until the desired order is reached.
However, we opted to start with a second order scheme based on a second order
Runge-Kutta scheme for the non-linear term and the implicit Crank-Nicolson scheme
for the diffusion. This results in a two-step method, where the first step is given by:

(!2 ! 4$)%n+$ = !(!2 + 4$)%n + 2$!1(un ·!)%n. (2.25)

The parameter 3 scales the time step by 3*t, where 3 is free to choose between 0
and 1. Note that 3 also influences the value for 4$ = 2/$3*t. The second step in
the RK2/CN scheme is given by

(!2 ! 4)%n+1 = ! (!2 + 4)%n + 2$!1(un ·!)%n

+ 3!1$!1
$
(un+$ ·!)%n+$ ! (un ·!)%n

%
.

For the second step 4 = 2/$*t, which is the same value as for the AB/CN time
scheme. If we chose 3 = 1 then 4$ used in the first RK2/CN step is also equal to 4.
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The two-step RK2/CN scheme is used for the initial time steps until data is available
on sufficient time levels to use the Adams or BDF schemes. The order of the Adams
or BDF scheme determines the number of time steps the RK2/CN has to be applied.
As an example, for the third order BDF method, we need to make two time steps
with the RK2/CN scheme to obtain data at time levels n = 1 and n = 2. Thereafter
the BDF method can be applied to proceed in time.

2.1.3 Spatial discretization

Next the spatial structure of the solution is approximated by expanding the vor-
ticity and both velocity components in a double truncated series of polynomials.
There are several orthogonal systems of polynomials possible. A suitable choice for
the periodic x-direction are Fourier polynomials, which are periodic on [0, 2)) and
thus automatically satisfy the periodic boundary conditions for the solution. In the
y-direction, we need a set of polynomials that can handle Neumann or Dirichlet
boundary conditions. We opt for an expansion in Chebyshev polynomials. In the
next sections, we apply the expansions to u and % to obtain a discretized version
of (2.23) and (2.24). For additional information on the properties of Fourier and
Chebyshev polynomials the reader is referred to Canuto et al. (1987).

Fourier expansion for the periodic direction

For the periodic direction we use a discrete Fourier series, e.g. for the vorticity this
yields:

%(x, y) =

K/2!1#

k=!K/2

%̃k(y)eikx. (2.26)

Any combination of Fourier polynomials results in a periodic function and hence
the periodic boundary conditions are automatically satisfied. Using a uniform grid
defined by

xi = 2)i/K, i = 0, . . . , K ! 1, (2.27)

the spectral coefficients %̃k(y) and ũk(y) can be calculated with

%̃k(y) =
1

K

K!1#

i=0

%(xi, y)e!ikxi , (2.28)

and a similar expansion for ũk(y). The calculation of the spectral coefficients (2.28)
and the inverse operation (2.26) can be performed efficiently by employing fast
Fourier transform (FFT) algorithms. Application of the Fourier expansion to the (time-
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discretized) equations (2.23) and (2.24) yields:

(
d2

dy2
! 4 ! k2)%̃n+1

k (y) = S̃n
k (y), (2.29)

(
d2

dy2
! k2)ũn+1

k (y) = !
d

dy
%̃n+1

k (y), (2.30)

(
d2

dy2
! k2)ṽn+1

k (y) = ik%̃n+1
k (y). (2.31)

Each Fourier coefficient %̃k(y) and ũk(y), which are still functions of y, can be de-
termined by solving the appropriate Helmholtz equation and applying the boundary
conditions. The system is totally decoupled for every Fourier mode k, which leaves
K independent sets of 1D-equations, which are only a function of y.

Chebyshev expansion for the non-periodic direction

For the discretization in the y-direction the Fourier coefficients, e.g. %̃n
k (y) are

expanded in a truncated series of Chebyshev polynomials,

%̃n
k (y) =

M#

m=0

%̂n
kmTm(y). (2.32)

The Chebyshev polynomials Tm(y) = cos(m cos!1(y)) are defined on y = [!1, 1].
Thus, the Chebyshev polynomials are just cosine functions Tm(y) = cos(m5) after
a change of variable 5 = cos!1(y). In order to get some idea of these polynomials,
the Chebyshev polynomials of order 7 and 8 are plotted in figure 2.2. Note that
for all Chebyshev polynomials their value at the boundaries follows from Tm(y =
±1) = (±1)m. The use of the Chebyshev Gauss-Lobatto points,

yj = cos
)j

M
for 0 * j * M, (2.33)

allows us to invoke fast Fourier transform algorithms to convert the vorticity and
the velocity between physical space and spectral space. The Chebyshev spectral
coeffients are then given by

%̂n
km =

2

cjcmM

M#

j=0

%n
k (yj)Tm(yj), (2.34)

where

cj =

&
2 if j = 0,M
1 if 1 * j * M ! 1.

(2.35)

Calculating the Chebyshev coefficients for derivatives requires somewhat more work
than for the Fourier coefficients as they involve a recursion relation. For instance,
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the coefficients %̂(1)
m for the first derivative of %̃(y) are given by

%̂(1)
m =

2

cm

M#

p=m+1
p+m odd

p%̂p (2.36)

with

cm =

&
2 if j = 0,M
1 if 1 * j * M ! 1.

(2.37)

The coefficients %̂(2)
m for the second derivative are given by

%̂(2)
m =

1

cm

M#

p=m+2
p+m even

p(p2 ! m2)%̂p. (2.38)

Equations (2.29)-(2.31) are now written as

%̂(2)

km ! (4 + k2)%̂km = Ŝkm, (2.39)

û(2)

km ! k2ûkm = ! %̂(1)

km, (2.40)

v̂(2)

km ! k2v̂km = ik%̂km, (2.41)

where we have omitted the time levels for simplicity. These equations can be written
in a matrix formulation. For instance, equation (2.39) takes the form

Lk%̂k = Fk (2.42)

where the coefficients %̂(2)

km, which are part of Lk, can be calculated using (2.38).
All the elements of Fk follow directly from the source term. The equations (2.40)
and (2.41) can be written in the same matrix representation, where the coefficients
of %̂km are supposed to be known. The coefficients for %̂(1)

km are calculated using
(2.36). For all the cases, the matrix Lk is upper triangular. The spectral coefficients
%̂km and ûkm are then obtained by inverting the matrix systems. The solution pro-
cess for each matrix system, requires M2 operations. A more efficient solution pro-
cedure can be obtained using recursive relations for the Chebyshev coefficients, in
that case the structure of Lk is reduced to a tridiagonal system. Solving this system
only takes 16M operations. For further details on the solution procedure, we refer
to Canuto et al. (1987).

The spatial grid

As noted before, in the x-direction we have a uniform grid and for the y-direction
the Chebyshev Gauss-Lobatto grid points are used. As an example, the grid for the
square domain [0, 2) # [!1, 1] with N = 16 and M = 16 is shown in figure 2.3.
Note that the distribution of Chebyshev Gauss-Lobatto grid points is denser close to
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Figure 2.2: Chebyshev polynomials of order m = 7 and m = 8.

the boundaries than in the middle of the domain. The grid size at the wall scales
inverse-quadratically with the number of Chebyshev modes

*y ' )/M2. (2.43)

This grid size is much smaller than the uniform grid size in Fourier-direction *x =
2/N, when the same number of polynomials are used. At the centre line the Cheby-
shev resolution scales inversely with the number of grid points

*y ' )/M (2.44)

and is a little larger than the uniform grid resolution.
The expansion in Fourier polynomials is considered to be a very accurate repre-

sentation of periodic functions. If the function that is expanded is infinitely smooth
and all its derivatives are periodic as well, the k-th expansion coefficient decays
faster than any inverse power of k. However, this decay is only observed when
there are sufficient coefficients to represent all the essential structures of the func-
tion. If this criterion is met, adding just a few more coefficients will result in an
exceedingly good approximation. This characteristic is often referred to as ’spectral
accuracy’. In most practical simulations the benefits of a spectral representation is
not the very high accuracy for large N but the small number modes required for a
moderately accurate solution. For non-periodic functions the Chebyshev expansion
also exhibits spectral accuracy.

A special note can be made on the Chebyshev Gauss-Lobatto grid point distri-
bution. Naulin and Nielsen (2003) investigated the accuracy of a spectral method
and a finite difference method for two-dimensional advection dominated problems.
The spectral method yielded the most accurate results. Interesting were the results
of the finite difference method for different distributions of grid points. For the finite
difference method they found that using the Chebyshev Gauss-Lobatto grid point
distribution, instead of a uniform distribution, resulted in more accurate results. The
dense distribution of the grid points close to boundary is well suited to represent the
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x

y

x = 0 x = 2

y = −1

y = +1

Figure 2.3: The grid on the domain [0, 2) # [!1, 1] for a resolution of N = 16
Fourier polynomials and M = 16 Chebyshev polynomials. The grid has a uniform
distribution of grid points for use with the Fourier discretization along the x-axis,
while for the Chebyshev discretization along the y-axis the Chebyshev Gauss-Lobatto
grid points are used.

thin viscous boundary layers at the wall. However, the quadratic refinement of the
grid near the boundary has a major drawback in that it can result in heavy demands
on the time step, as we will see in section 2.1.6 when the stability constraints for the
different time discretization methods are discussed.

2.1.4 Treatment of the non-linear term

In physical space the advection term

u
#%

#x
+ v

#%

#y
(2.45)

can be calculated by a simple pointwise multiplication if u, v,#%/#x and #%/#y
are known. In spectral space the non-linear term takes the form of a convolution,
which is from a computational point of view an extremely costly operation. The
number of operations required for computing the convolution is O(N2M2). So in-
stead of calculating the convolutions it is more efficient to transform the coefficients
for u, v,#%/#x and #%/#y to physical space with an FFT and calculate the advec-
tion term by a point-wise multiplication in each grid point. The spectral coefficients
of the non-linear term are then obtained by transforming the result back to spectral
space. The non-linear term is then used to calculate a new source term for equation
(2.23). Using this approach with fast Fourier transforms the computational costs are
reduced to O(N log N#M log M).
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The disadvantage of this method is the introduction of aliasing errors. Aliasing
occurs when a function exhibits modes that are higher than the number of Fourier
or Chebyshev modes used to represent it. These higher order modes naturally arise
when taking the product of two variables. This effect can be avoided by using the
padding technique designed by Orszag (1969). The method consists of extending
the matrices containing the spectral coefficients for u, v,#%/#x and #%/#y to larger
matrices with at least one-and-a-half as many coefficients in each direction. The
additional elements of the larger matrices are set to zero. For example, the matrix

ÛNM of size N#M containing the spectral coefficients ûkm is padded to

ÛPQ =

(
ÛNM +
+ +

)
, (2.46)

where its dimensions are P % 3N/2 and Q % 3M/2. After the transformation of the
padded matrices to physical space, we obtain the data on the extended grid with
a resolution of P #Q. The non-linear term follows by a point-wise multiplication.
Note that at this point the multiplication produces high-order modes that can not be
represented by the original number of Fourier and Chebyshev modes. These modes
still cause aliasing errors when the transform to spectral space is calculated, but are
restricted to the modes that were added during the padding. The original coeffi-

cients, ÛNM, contain the exact result of the convolution, which are used for further
calculation. The use of the padding technique to remove aliasing errors requires
more operations to calculate the non-linear term, mainly because larger matrices
have to be transformed to and from physical space.

2.1.5 Implementing the boundary conditions

Tau method for the boundary conditions

The boundary conditions can be applied to the set of equations (2.23) by means of
the Lanczos tau method (Haidvogel and Zang, 1979). The two equations for the
two highest modes of the Chebyshev expansion are dropped and the coefficients
for these modes are evaluated in terms of the boundary conditions. Motivation for
dropping the two equations for the highest modes is that the two highest modes do
not contribute significantly to the expansion, due to fast convergence of the spectral
Chebyshev approximation.

The boundary conditions on both walls at y = ±1 can be expressed in a Fourier
series. As an example the homogeneous Dirichlet boundary condition u(x, y =
±1) = 0 can be written as

u(x, y = ±1) =

K/2!1#

k=!K/2

ũk(y = ±1)eikx = 0. (2.47)

All the Fourier modes ũk(y = ±1) have to be zero to satisfy this condition. The
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Chebyshev expansion of each Fourier mode ũk thus has to comply with

ũk(y = ±1) =
M#

m=0

ûkmTm(±1) = 0. (2.48)

On the walls y = ±1 the value for any order Chebyshev polynomial follows from
Tm(±1) = (±1)m. This property can be used to rewrite (2.48) as

M#

m=0

ûkm = 0 for y = +1, (2.49)

M#

m=0

(!1)mûkm = 0 for y = !1. (2.50)

By combining both equations the boundary conditions can be split into one condi-
tion for the odd Chebyshev modes and another condition for the even Chebyshev
modes,

M!1#

m=1
m odd

ûkm = 0, (2.51)

M#

m=0
m even

ûkm = 0. (2.52)

The boundary conditions are implemented by dropping the two equations for
the highest modes in (2.40) and replacing them by (2.51) and (2.52) . In a similar
approach the boundary conditions for v and % can be implemented by replacing
the two equations for the highest modes in (2.39) and (2.41), respectively. For the
vorticity boundary conditions we use inhomogeneous Dirichlet conditions, which
yield a condition for spectral coefficients of the vorticity

M#

m=0

%̂km = 3k+ for y = +1, (2.53)

M#

m=0

(!1)m%̂km = 3k! for y = !1. (2.54)

As the valued of the vorticity is not known for the boundaries at y = ±1, the val-
ues for 3k+ and 3k! are unknown. These are calculated by enforcing the vorticity
definition on the boundary (2.10), a matter we discuss next.
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The influence matrix for the vorticity boundary conditions

Taking the discretized vorticity equation from (2.29) and the vorticity definition at
the boundary, the Fourier coefficients of the vorticity %̃ = %̃k(y) are described by

'
( d2

dy2 ! 4 ! k2)%̃ = S̃,

%̃ = !dũ
dy on y = ±1.

(2.55)

For simplicity we have dropped the subscript k, which is possible as the equations
are decoupled for k and reduce to a set of 1-dimensional equations. For solving this
equation the velocity is required, but the velocity can only be calculated once the
vorticity is known and unfortunately no physical boundary condition for the vortic-
ity can be supplied. One way of resolving this conflict makes use of an influence
matrix technique (Kleiser and Schumann, 1980). This technique consists of find-
ing a particular solution for the vorticity, with arbitrary boundary conditions, and a
set of complementary solutions for the vorticity for the correction of the boundary
conditions. The adjustment by the complementary solutions is such that the vorticity
definition is satisfied for the combined solution. For this reason we write the vorticity
and velocity, as a sum of a particular solution and two complementary solutions

%̃ = %̃0 + 3+%̃$,+ + 3!%̃$,! (2.56)

ũ = ũ0 + 3+ũ$,+ + 3!ũ$,! (2.57)

with the parameters 3± yet to be determined. The particular solution %̃0 is found by
solving the set of equations (2.55) with homogeneous Dirichlet boundary conditions
for the vorticity,

'
( d2

dy2 ! 4 ! k2)%̃0 = S̃,

%̃0 = 0 on y = ±1.
(2.58)

The associated velocity field ũ0 can be calculated using (2.30). As the solution does
not satisfy the vorticity definition on the boundary, the velocity field is not divergence
free and the curl of the velocity 2̃0 is not equal to the vorticity (see section 2.1.1).
Therefore, the solution needs to be adjusted by the complementary solutions.

The ’influence’ of having vorticity at the boundary can be found by solving the
homogeneous equation and setting the vorticity to unity at one of the boundaries
while keeping the vorticity equal to zero at the other boundary. Note that in our
approach we do not subscribe the physical vorticity, but set the Fourier modes of the
vorticity. For %̃+ we have

(
)

*

( d2

dy2 ! 4 ! k2)%̃$,+ = 0

%̃$,+ = 1 on y = +1
%̃$,+ = 0 on y = !1,

(2.59)

and %̃! is described by the same equation with the boundary conditions swapped.
Again the associated velocity fields ũ+ and ũ! are calculated using (2.30). For the
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composite solution (%̃, ũ) we require that the vorticity definition is satisfied on the
boundary, i.e.

(
(2̃+ ! %̃+)|y=+1 (2̃! ! %̃!)|y=+1

(2̃+ ! %̃+)|y=!1 (2̃! ! %̃!)|y=!1

)(
3+

3!

)
= !

(
(2̃0 ! %̃0)|y=+1

(2̃0 ! %̃0)|y=!1

)
(2.60)

where the inverse of the matrix on the left hand side of the equation is called the
’influence matrix’. Solving this matrix system provides the values for 3±. Note that
3+ is related to the boundary value for the vorticity on y = +1 and 3! to the value at
y = !1. The two complementary solutions are time independent, so the influence
matrix has to be calculated only once. The particular solution on the other hand is
depending on the source term, and thus different for each time step. Each time step
the particular solution needs to be computed, thereafter the correct values for the
vorticity are calculated with the influence matrix. Now, with the vorticity known at
the boundaries, the vorticity %̂ is obtained by solving

(
)

*

( d2

dy2 ! 4 ! k2)%̃ = S̃

%̃ = 3+ on y = +1
%̃ = 3! on y = !1

. (2.61)

Then the velocity components ũ and ṽ can be calculated using (2.30) and (2.31),
respectively.

The boundary conditions for the complementary solutions can also be written as
an even and an odd part. When separating the whole problem in an even and an
odd part, the influence matrix reduces to a simple diagonal matrix.

In specific cases the vorticity values at the boundary can become quite large, so
that the correct solution % and the intermediate solution with homogeneous bound-
ary values %̃0 can differ considerably. When calculating the correct vorticity bound-
ary values, we have to take into account the finite accuracy of computers. Therefore,
finding the correct boundary vorticity from the inaccurate intermediate solution may
give erroneous results. The algorithm can be slightly changed by using the boundary
values 3n

± of the current time level tn, instead of homogeneous Dirichlet boundary
conditions. Now the difference between the correct vorticity field and the inter-
mediate results is small, and hence the correction needed is also small. The new
boundary values 3n+1

± then follow from

3n+1
± = 3n

± + 3±, (2.62)

where 3± are calculated from (2.60). For the updated algorithm no additional work
is required, we only need to store the boundary values for the vorticity 3n

±.

Special case k = 0

Until now we did not touch the topic of the periodic boundary conditions in much
detail, as the expansion of u and % in Fourier polynomials ensures that these quanti-
ties are indeed periodic for the x-direction. However, the set of equations (2.1)-(2.4)
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or the reformulated set (2.13)-(2.16) is not enough to find a unique solution. One
area where this problem arises is that the influence matrix for Fourier mode k = 0
is  singular. To resolve this problem we return to the Navier-Stokes equations in
primitive variables for the u-component

#u

#t
+ (u ·!)u = !

#p

#x
+ $!2u. (2.63)

Note that for u to be periodic, p does not need to be entirely periodic. To be more
precise, p can be constructed of a part which is periodic in x and a constant gradient
*p/2L in the x-direction. This is enough to ensure that the pressure gradient in (2.63)
is periodic and hence u is periodic. Nevertheless, a pressure gradient does alter
the velocity and therefore needs to be included into the equation. An additional
restriction to the vorticity can be found, when (2.63) is applied to the boundary

#%

#y
= !

#2u

#y2
= !

1

$

#p

#x
= !

*p

2$L
on y = ±1. (2.64)

This constraint can be implemented either by enforcing it with the influence matrix
or replacing the Dirichlet boundary condition for the vorticity for the k = 0 mode
by a Neumann boundary condition. Note that the pressure drop over the channel
length needs to be specified *p = f(t) along with the initial conditions. In our case
we are not interested in applying a pressure gradient over the channel length and
set it to zero.

Removal of high-frequency residuals

At this point the obtained numerical algorithm results in a unique solution which
does satisfy our initial problem formulation (2.1)-(2.4) on all points except one. The
equations for the highest order Chebyshev coefficients were dropped in favour of
the boundary conditions. Therefore, the two highest order Chebyshev coefficients
of the velocity and the vorticity do not satisfy the equations. Normally this is not a
problem as these modes do not contribute significantly to the expansion. Problems
arise due to the coupling of the vorticity and the velocity. The velocity was obtained
by resolving (2.9) and applying the tau method for implementing the boundary con-
ditions. For the two highest Chebyshev modes we do not satisfy (2.9), but have

!2u = ez #!% + H for m = M ! 1,M, (2.65)

where H = (Hx, Hy, 0) are the high-frequency residuals. In general, these residuals
are small and do not contribute much to the solution, yet they do effect the difference
between vorticity % and the curl of the velocity 2 for all modes. This becomes
evident when we revisit the algoritm devised by Daube (1992) and find the updated
version for (2.12)

!2(2 ! %) = ez ·!#H. (2.66)

The condition (2.14) no longer guarantees that 2 ! % = 0 in the interior domain, as
the high frequency residuals affect the difference. The derivative #Hx/#y has a con-
tribution to every mode due to the recursive relation for the derivative expressed by
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(2.36). Therefore, the curl of the computed velocity field does not result in the vor-
ticity and the solution is unstable. Note that the influence of the other term #Hy/#x
remains restricted to the two highest order equations, as there is no recursion relation
involved for calculating derivatives of Fourier modes.

To overcome this problem we need to enforce Hx = 0 to ensure that the solution
again satisfies (2.12). The first step consists of adding an additional source term to
the vorticity equation (2.23) (Clercx, 1997)

(!2 ! 4)% = S + ez ·!#B, (2.67)

where B = (Bx, By, 0) and Bx = !M!1TM!1(y) + !MTM(y). To calculate the
values for ! we can once again use the influence matrix method. Two additional
solutions have to be calculated

&
(!2 ! 4)%% = "Tm

"y for m = M ! 1,M

%% = 0 on y = ±1.
(2.68)

The values for !M!1 and !M are found by demanding that Hx = 0 for the two
highest modes. As the two additional solutions %̃+ and %̃! for finding the correct
vorticity boundary value also have a high-frequency contribution, we need to simul-
taneously find the values for the high-frequency residuals !M!1 and !M and for the
boundary vorticity values 3±. Therefore, a 4# 4 influence matrix has to be inverted
for every Fourier mode k. However, the problem can again be split in an even and
an odd part with each two constraints, one for enforcing the vorticity definition and
one for ensuring the absence of the relevant high-frequency residuals. The even part
of the solution can be written as

%e = %0,e + 3e%$,e + !e%%,e. (2.69)

Thus only a 2 # 2 influence matrix has to be inverted to find the values for 3e =
(3+ + 3!)/2 and !e = !M for the even solutions,

(
(2̃$,e ! %̃$,e) (2̃%,e ! %̃%,e)

H$,e H%,e

)(
3e

!e

)
= !

(
(2̃0,e ! %̃0,e)

H0,e

)
. (2.70)

A similar 2 # 2 influence matrix can be derived for the odd part of the vorticity,
which is used to find the odd vorticity boundary value 3o = (3+ ! 3!)/2 and the
odd high-frequency corrections !o = !M!1. Note again that the influence matrix
needs to be calculated only once.

2.1.6 Stability and accuracy of the numerical method

In the following section we perform some numerical tests to obtain insight in the
time step and resolution required for getting accurate results. This is done for the
benchmark problem of a dipole colliding with a no-slip wall as is suggested by
Clercx and Bruneau (2006). After describing the set-up of this test case, we look at
some constraints on the time step for the sake of stability and accuracy. Thereafter,
we investigate how well the solution obeys the continuity equation and vorticity
definition, illustrating the successful implementation of the influence matrix method.
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The dipole-wall collision as a test problem

When constructing the initial flow field for the dipole-wall test case some issues
need to be addressed. The initial flow field has to satisfy the no-slip boundary con-
dition. The second point has a more technical character; the initial condition has
to be smooth to obtain an accurate expansion in Fourier and Chebyshev polynomi-
als. The smoothness of the solution in course of time is ensured by the presence
of a small but finite viscosity. Both points are dealt with by using two isolated
monopoles to construct the initial flow field. An isolated monopole consists of a
vorticity core which is shielded by a ring of opposite vorticity. The total circulation
of the monopole is equal to zero. Moreover, outside the isolated monopole there is
no velocity induced. The vorticity distribution of the isolated monopole is chosen
as

%(0,x) = %e

!
1 ! r2/r2

0

"
exp(!r2/r2

0), (2.71)

with %e the amplitude, r the distance from the centre and r0 the radius of the core.
The vorticity in the shield decreases exponentially with the distance from the centre.
If we calculate the circulation (1.7) for a circular contour around the Gaussian vortex,
the circulation will decrease exponentially with radius of the contour. Hence, the
monopole induces no appreciable velocity at the boundaries when these are situated
sufficiently far away from the monopole. A dipole is formed by placing two isolated
monopoles with equal strength but with oppositely signed vorticity in the core close
together. The domain used to study this problem is the square given by [0, 2) #
[!1, 1]. The radius of each monopole is set to r0 = 0.1 and the monopole with
positive vorticity in the core is placed at (0.1,0) and the one with negative vorticity
in the core at (-0.1,0). This initial field for the vorticity is given in figure 2.4. The
amplitude of the isolated monopoles is determined by normalizing the energy to
E = 2, which results in this case to an approximate amplitude of %e ' 300. For these
values the velocity induced on the boundaries of the domain by one of the shielded
monoploles is of the order O(10!44). The orientation of the dipole is such that the
dipole will translate towards the wall and collide at a 90 degree angle. During the
dipole-wall collision there is an intense interaction between the wall and the interior
flow leading to production and detachment of viscous boundary layers (Orlandi,
1990; Coutsias and Lynov, 1991). Solving this problem proved to be a demanding
problem even for moderate Reynolds numbers and for this reason the dipole-wall
collision was proposed by Clercx and Bruneau (2006) as a benchmark problem for
numerical methods for solving the two-dimenional Navier-Stokes equation. The
dynamics of the dipole-wall collision are described in more detail in chapter 3,
where we investigate the trajectory of the dipole and the creation of the boundary
layers by vorticity production at the wall during repeated vortex-wall collisions.

Stability and accuracy for the different time discretization schemes

The selection of the most suitable time discretization scheme depends on two crite-
ria: the stability of the method and the desired accuracy. Analytical stability studies
for time discretization schemes are mainly done for simple linear problems. The
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Figure 2.4: Contour plot of the initial vorticity field, consisting of a dipole constructed
from two isolated monopoles. The contours are drawn for positive vorticity and
dashed for negative vorticity.

findings of these studies are not always applicable when the time discretization
scheme is applied to the Navier-Stokes equation. In the stability study by Kress and
Lötstedt (2006) a linearized version of the 2D Navier-Stokes equation in the velocity-
pressure formulation (1.2) is used, in which the velocity in front of the gradient of
the non-linear term is frozen. We can do the same for the vorticity equation (2.1),

#%

#t
+ u ·!% = $!2%, (2.72)

with u a constant velocity field. We want to analyze the stability of this equation
using Fourier modes, if it is discretized by one of the time discretization schemes
discussed in section 2.1.2. Therefore, we introduce the uniform doubly periodic
grid, with grid sizes *x and *y. Now, insert in (2.72) the double Fourier expansion
of % with Fourier coefficients %̂ and apply one of the time discretizations, yielding

J#

j=0

3j%̂
n+1!j + *t(ikxu + ikyv)

J#

j=1

!e
j %̂n+1!j + $(k2

x + k2
y)

J!1#

j=0

!i
j%̂

n+1!j = 0,

(2.73)
with kx and ky the two wave-vector components. Note that we have used a nota-
tion that represents both the Adams discretization and the BDF discretization. The
additional coefficients, that are not specified in table 2.1 or 2.2, are set to zero. The
two wave-vector components can be made dimensionless by scaling with the grid
size, i.e. introduce kx = 6x/*x with 0 * |6x| * ). The CFL numbers in the x and
y-direction are given by u*t/*x and v*t/*y, respectively. Collecting all the terms
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at the same time level in equation (2.73), yields

(30 + !i
0c5)%̂n+1 +

J#

j=1

(3j + !e
j (axu*t/*x + ayv*t/*y) + !i

jc5)%̂n+1!j = 0,

(2.74)
where we have introduced ax = i6x, ay = i6y, c = 62

x*y2/*x2 + 62
y and the

parameter 5 = $*t/*y2. If we substitute a solution of the form %n = zj we find
the characterstic polynomial for the time discretization scheme,

(30 + !i
0c5)zJ +

J#

j=1

(3j + !e
j (axu*t/*x + ayv*t/*y) + !i

jc5)zJ!j = 0. (2.75)

For the scheme to be stable all the roots of (2.75) have to satisfy |z| < 1. The bound
of the stability region is thus found when |z| = 1. In Kress and Lötstedt (2006)
the stability domain in the (u*t/*x, v*t/*y) plane is calculated for different 5.
They have a slightly different characteristic polynomial as ax, ay and c depend on
the spatial interpolation, for which they used a fourth-order centred scheme. The
stability condition has to be satisfied for all the possible wave numbers (kx, ky) or
for all values of 6x and 6y. The resulting stability domains are given in figure 2.5.
We will briefly discuss the most important consequences for our numerical method.

The methods are stable for all points below a given curve. The various curves
correspond to different values of the parameter 5 = $*t/*y2. In general one can
say that stability of all schemes decreases when 5 is lower valued, except for the
3rd and 4th order Adams schemes. If we compare the two 2nd order methods we
observe that the BDF scheme has a better stability at larger values of 5, while the
Adams scheme has a better stability at lower values. The higher order BDF methods
are in general less stable than its second order variant, but the behaviour at low
values for 5 is remarkable. The stability domain for BDF3 collapses on the triangle
u*t/*x + v*t/*x < 0.367, a decrease of 5 does not result in a smaller stability
region. The fourth order BDF scheme behaves in the same way, but now the stability
domain is limited by the triangle u*t/*x+v*t/*y < 0.313. Finally, the third order
Adams scheme reveals a quite different behaviour. Its stability domain increases
for decreasing 5, where the stability regime is limited from above by the triangle
u*t/*x + v*t/*y < 0.416. Another point for the Adams3 scheme is that it is
unconditionally unstable for 5 > 1/2. The exact shape of the stability domain shows
a minor dependence on the spatial discretization, thus in good approximation we
can expect a similar stability behaviour for different spatial discretization schemes.

Choosing the best time discretization method is not obvious for a non-uniform
grid as the grid parameter 5 is varying from large values at the boundaries to small
values at the centre line of the domain. The commonly used second order Adams
scheme, i.e. AB/CN, is a good reference case. The higher order Adams methods
seem to be not suitable due to the instability for large 5. The higher order BDF
methods are better suited for our type of problem, because their stability domains
are fixed for small 5. The second order BDF method does not provide any advantage
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Figure 2.5: Stability domains for the Adams and Backward Differentation Formula
based time discretization schemes for the second and third order accurate variants
(Kress and Lötstedt, 2006). The schemes are stable for (u*t/*x, v*t/*y) below a
curve for given 5. The third order Adams method is unstable for 5 > 0.5.

above the AB/CN method. Therefore, we restrict our stability study to the AB/CN
scheme and the 3rd and 4th order BDF schemes.

We tested these schemes by running a simulation of the dipole-wall collision at a
fixed spatial resolution of 256 and determining the maximum time step for which the
scheme is stable. In figure 2.6 we present the results for the different schemes. The
largest stable time step is determined for various values of the viscosity $. Varying
the viscosity is a consistent way to alter the grid parameter 5. Keep in mind that
the flow dynamics do change as we change the value for the viscosity. First focus
on the maximum time step for the AB/CN scheme. We observe a decrease of the
stability with decreasing $ or 5. The third order BDF scheme is less stable for large
values of $, but for the small values of $ the maximum time step does not decrease.
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Figure 2.6: The maximum stable time step on a 256 # 256 grid for the AB/CN (+)
and the third order BDF (o) and fourth order BDF (#) schemes as a function of the
viscosity parameter $. The trend lines are from top to bottom for AB/CN (gray), 3rd
order BDF (dashed) and 4th order BDF (gray).

The observed lower bound to the time step for the 3rd order BDF scheme seems
to be consistent with the findings of Kress and Lötstedt (2006). As the decrease of
the AB/CN scheme with decreasing 5 is not limited, the scheme becomes less stable
than the BDF3 scheme. The 4th order BDF variant, reveals a similar behaviour as the
BDF3 scheme, but the cross-over with the AB/CN schemes does not take place in
the current parameter range. In general we can say that the 3rd order BDF scheme
is more stable than the 4th order version. Note that using a dipole that starts in
the middle of the domain, we first have the largest velocities located at the coarsest
distribution of grid points in the centre of the domain. Then the dipole translates
towards the wall, where the distribution of grid points is the finest. In this way we
have tested the stability of the time discretization schemes for a whole range of 5
available on the grid.

With the stability constraints tested we now focus on the accuracy of the three
methods. Following Coutsias and Lynov (1991), we use the change in energy (1.17)
to define

, =
dE

dt
! 2( (2.76)

as a measure of the time discretization error. Numerically evaluating the energy
decay in (2.76) with a fourth order accurate scheme

, ' (En!2 ! 8En!1 + 8En+1 ! En+2)/12*t ! 2(n (2.77)

gives a numerical measure of the time discretization error that can be used to eval-
uate the time discretization error of schemes with an accuracy up to fourth order.
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For Re = 1, 000 we performed two simulations at a resolution of 256# 256 for each
discretization scheme, one with a time step *t = 1.0#10!4 and one with a two times
smaller time step *t = 0.5#10!4. Both time steps are smaller than required for the
stability of any of the three schemes we wish to investigate. With data available for
the two time steps we can check the convergence rate of the error. In figure 2.7 we
have plotted , against time for the AB/CN and third and fourth order BDF schemes.
The error associated with the small time step is scaled for the anticipated conver-
gence behaviour of the time discretization error. For example, for the second order
accurate AB/CN scheme (J = 2), the error is expected to decrease with a factor of
2J. And indeed the curves for the discretization error coincide when this scaling is
applied. There are some small wiggles visible in the curve that do not exhibit the
correct scaling. These are due to spatial discretization errors, which influence the
values for the energy and enstrophy. For the time step *t = 1.0#10!4 the maximum
error is of order 2#10!4. The curves for third order BDF method reveal a 23 decrease
in error when the time step is decreased by a factor of two. The effects of spatial
errors are more profound as the time discretization error itself is smaller O(10!5)
compared to the AB/CN scheme. The error for the fourth order BDF scheme is fully
dominated by errors due to spatial inaccuracy. Only for some time periods a 24

decrease in the error can be observed. As a result the error of the 4th order BDF
scheme is of the same order as the 3rd order version.

Opposed to Runge-Kutta methods, using a higher order version of BDF and
Adams methods does not result in a multi-step scheme. Hence, there is no change in
computational costs, the higher order methods only require additional memory for
storage of data at more time levels. The choice which discretization method to use
is therefore more a question of accuracy and stability. The AB/CN scheme has the
best stability, certainly in the case of a relative large viscosity $. The discretization
error found using the AB/CN scheme are already small O(2#10!4). A reduction of
time discretization error can be obtained by using the 3rd order BDF scheme. This
method is only slightly more restrictive for the time step for large viscosities, while
it is even less restrictive for small viscosities. When sufficient computer memory
is available the 3rd order BDF seems to be the better choice. The 4th order BDF
scheme brings no advantages; it has stricter stability demands and the additional
time accuracy is only useful when data is provided with better spatial accuracy.

The use of a higher spatial resolution demands the use of a smaller time step be-
cause (u*t/*x, v*t/*y) must remain inside the stability domain. As the Chebyshev
Gauss-Lobatto grid has a grid spacing that scales with *y ! 1/M2 at the boundaries,
the required time step will scale as *t ! 1/M2. For an increase of the number of
used Chebyshev polynomials by a factor two, a four times smaller time step is re-
quired. However, the parameter 5 = $*t/*x2 increases which will result in less
restrictive stability demands.

The error in the divergence and the vorticity definition

When using the alternative formulation suggested by Daube (1992), the vorticity def-
inition is not explicitly used to find the flow solution. The vorticity definition is only
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Figure 2.7: The relative error in the energy decay rate |dE/dt!2(|/2( for the second
order accurate AB/CN and third and fourth order BDF schemes. The black line gives
the error in the runs with time step *t = 1#10!4, the gray lines for *t = 0.5#10!4

are adjusted with a factor 2J to check the order of the methods.

enforced at the boundary by the influence matrix. This should be enough to ensure
that the solution is divergence free and satisfies the vorticity definition in the whole
domain. The check how well the numerical solution satisfies these conditions, we
calculated ||! · u||2 and ||% ! ez ·!# u||2. Results for a 256# 256 simulation with
Re = 1, 000 are given in figure 2.8. The obtained solution is divergence free within
computer accuracy, and even remains so when the resolution is lowered or when
the Reynolds number of the flow is increased. The vorticity definition is also satis-
fied with nearly machine precision. The influence matrix technique calculates the
deviation from the vorticity definition at the boundary for an intermediate solution
and changes the vorticity at the boundary to obtain the correct solution. Accurate
boundary values are only found if the vorticity boundary layers are well represented
by the Chebyshev expansion. The suggestion to use the previous vorticity boundary
values as an initial guess instead of zero boundary values, gives an improvement of
a factor 10 in accuracy for the vorticity definition. The increased accuracy might not
be essential at the used resolution, but can prove to be useful for lower resolutions.
The same factor can also be observed for the divergence of the velocity.

2.2 Resolving the transport equation

Resolving all the scales in the turbulent flow alone can prove to be a demanding
task, even for moderate Reynolds numbers. Following the transport of a passive
tracer in such flows adds additional complexity to the problem, certainly as the
transport is characterized by a small tracer diffusion coefficient, /. The advection
diffusion equation for the tracer concentration c(x, y) reads the same as the vorticity
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Figure 2.8: The error in (a) the divergence and (b) vorticity definition for dipole-wall
collision simulations with Re = 1, 000 at 256#256 resolution at *t = 1.0#10!4. Either
homogeneous boundary conditions for the vorticity (gray) or the vorticity boundary
values from the previous time step %n(y = ±1) (black) are used in the computation
of the particular solution %0.

equation, i.e. &
"c
"t + u ·!c = /!2c in P
n ·!c = 0 on #Py

(2.78)

which is supplemented with no-flux boundary conditions (with n the unit vector
perpendicular to the boundary). In contrast to the vorticity equation, the velocity is
a given variable. For a number of cases the Péclet number, defined by Pe = UL//,
is even higher than the Reynolds number, as reflected by the Schmidt number, Sc =
Pe/Re, being larger than one. Problems with a large Schmidt number require a high
spatial resolution for resolving the transport equation compared to the resolution
needed to obtain the flow field itself. In the following sections we discuss a spectral
method and the novel local defect correction (LDC) algorithm implemented in a
finite volume method to solve the transport equation for passive tracers.

2.2.1 Spectral transport solver

The same time and spatial discretization schemes as applied to the Navier-Stokes
equation can be used to find an approximate solution to (2.78). Compare this to
the discretized vorticity equation (2.39) we have derived in Section 2.1.3. The dis-
cretized advection-diffusion equation then takes the form,

ĉ(2)

km ! (4 + k2)ĉkm = Ŝkm. (2.79)

The source term Ŝkm contains the advection term u ·!c of the transport equation.
The calculation of this non-linear term is similar to the computation of the advection
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term in the vorticity equation as is described in Section 2.1.4. The spectral coeffi-
cients for the velocity are provided by the Navier-Stokes solver. If the used number of
Fourier polynomials Nt or the number of Chebyshev polynomials Mt for solving the
transport equation is larger than the number of modes that are used for the velocity
field (N,M), we can simply extend the matrices of the velocity to the larger size and
set the additional elements to zero. The matrices containing the spectral coefficients
of u, v,#c/#x and #c/#y are padded with zeros and transformed to physical space,
where the advection term is calculated by point-wise multiplication. The no-flux
boundary condition in (2.78) yields a constraint for the Chebyshev coefficients

#c

#y
=

M#

m=0

ĉkmT (1)
m (y) = 0 for y = ±1. (2.80)

Using the property of the Chebyshev polynomials that T (1)
m (±1) = (±1)mm2 we can

write (2.80) as

M!1#

m=1
m odd

m2ĉkm = 0, (2.81)

M#

m=0
m even

m2ĉkm = 0. (2.82)

These two conditions replace the two equations for the highest order Chebyshev
coefficients of the discretized transport equation. Note that no influence matrix is
required when solving the transport equation, because the boundary conditions for
the concentration are known. As there is no coupling between the passive tracer and
the velocity field the high frequency residuals do not have an impact on stability.

The time step required for solving the advection-diffusion equation for the tracer
*ttracer might be smaller then the time step required for the Navier-Stokes equation
*tflow. Most of the time this is due to the stability constraints demanding a smaller
time step for a larger spatial resolution. If a smaller time step is required for the trans-
port equation, we choose to solve the Navier-Stokes equation with the same time
step. The time required to solve the Navier-Stokes equation at the lower resolution
is only a fraction of the time required to solve the transport at the high resolution.
Opting for interpolation of the velocity field in time will only give a small reduction
of the total computational time.

2.2.2 Local defect correction

In the previous section we have seen that applying spatial and time discretization
schemes leads to a system of linear equations. Moreover, a large class of numerical
methods to obtain an approximation to the solution c(t,x) on a global domain (
can be written as

LHcH = SH in (H, (2.83)
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Figure 2.9: A problem defined on a global domain ( with boundary #( exhibits
small scale phenomena only in a localized region (l with boundary #(l.

where LH is a linear operator and SH the source term. The approximate solution cH

is then given for the points of the discrete grid (H. For simplicity we assume that
the grid is uniform with a grid size H, but a non-uniform grid can also be used.

For some specific problems the solution can exhibit high activity in a local region
(l (see figure 2.9). The grid size H may not be sufficient to resolve the high activity in
the solution. One can choose to increase the resolution at the cost of computational
time or adapt the grid spacing in the local region at the cost of a more complex
numerical algorithm. Another approach is to calculate a solution uh on a fine grid
(h

l which only covers the high activity region,

Lhch = Sh in (h
l . (2.84)

The grid size h for this region is then reduced to obtain a more accurate solution.
The solution on the global coarse grid cH can be used to provide the boundary
values for the local fine grid problem. Therefore, we introduce the operator PH,h to
interpolate coarse grid data to the fine grid. For Dirichlet type boundary conditions
for the fine grid problem we then have

ch = Bh
l PH,hcH on #(h

l , (2.85)

where Bh
l is the boundary function that depends on the specific implementation of

the boundary conditions. If the fine grid resolution is sufficient this approach would
give an accurate representation of the high activity in the solution when the supplied
boundary values are correct. However, not resolving the high activity on the coarse
global grid can result in large errors on the whole domain and therefore to incorrect
boundary values for the fine grid. The local defect correction (LDC) method aims to
improve the coarse grid solution uH by using the fine grid solution uh (Hackbusch,
1984). This is done by finding an estimate of the defect for the coarse grid solution.
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Figure 2.10: The local defect correction algorithm solves the global coarse grid and
local fine grid separately. The coarse grid solution provides boundary conditions for
the fine grid problem. The fine grid solution is used to correct the defect in the coarse
grid solution.

When the exact solution c is known, the defect is defined by

dH = LHc ! SH. (2.86)

As in most cases the exact solution is not known, an estimate for the defect can
be obtained by inserting the fine grid solution ch. As the fine grid solution is only
known in the refinement area (l, we can only calculate the defect in this area. The
defect is then put on the right-hand side of equation (2.83) as a correction to the
source term

LHcH = SH + dH in (H. (2.87)

Solving the updated coarse problem again yields an improved solution on the global
grid. The better global solution cH is then used to provide new boundary values to
the fine grid problem (2.84). The LDC mechanism can be repeated to obtain an
even better solution. Most studies, however, reveal a fast convergence and one LDC
iteration is mostly sufficient.

Summarizing, the LDC algorithm, schematically represented in figure 2.10, con-
sists of two separately solved problems: the global coarse grid problem and the local
fine grid problem. The coarse grid solution is used to provide boundary conditions
for the fine grid problem, and the fine grid solutions is used to estimate the defect
in the coarse grid solution in the common region. The defect is then used to correct
the coarse grid solution.

In the next sections we describe a finite volume method, combined with the local
defect correction algorithm to obtain a solution of (2.78). The numerical method is
developed by R. Minero in a joint project, which purpose it was to develop numer-
ical models for solving transport in anisotropic turbulent flows. The LDC transport
solver is described in great detail in Minero’s thesis (Minero, 2006), as a part of the
larger scope of LDC methods for time-based problems. For time based problems
the region with high activity in the solution might move around in the domain. This
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study includes dynamic remeshing, which increases the complexity of the numerical
method, in order to follow regions with high activity in the solution.

A finite volume local defect correction method

The general idea behind LDC can be applied to different numerical approaches,
like finite difference or finite volume methods. Minero et al. (2006) opted to use a
standard finite volume method to solve the transport equations because of its con-
servation properties. Here, we give a brief description of the method. The integral
form of (2.78) reads

#

#t

!

V
cdA +

!

"V
f · nds = 0 (2.88)

where the flux vector is given by f = cu ! /!c and n is the outward pointing unit
vector normal to the boundary. We use a global spatial grid (H with a grid size Hx

and Hy on which we want to find an approximation cH(xij) for the concentration.
The grid points are given by xij = (xi, yj) = (iHx, jHy) where i and j are integer
numbers. In order to apply (2.88), we divide the domain ( in a number of control
volumes Vij = (xi!1/2, xi+1/2)#(yj!1/2, yj+1/2) as is illustrated in figure 2.11.The
size of the control volumes Hx # Hy determines the spatial accuracy of the finite
volume method. The total concentration in the control volume follows from Tij =$

Vij
cdA. In the absence of a tracer source the only cause for an increase of the

concentration are the tracer fluxes across the boundaries of the control volume,
#Vij. The integral flux across the top boundary of the control volume is given by

Fi,j+1/2(c) =

!xi+1/2

xi!1/2

f(s, yi,j+1/2) · nds. (2.89)

The other three boundaries of the control volume are governed by a similar expres-
sion. If (2.88) is applied to a control volume we obtain,

#

#t
Tij(c) + 7H

ijF(c) = 0, (2.90)

where the operator 7H
ij denotes taking the sum over all the integral fluxes across the

four boundaries of the control volume.
The integrals T and F must be numerically approximated by a quadrature rule

and a suitable choice is the midpoint rule. For example, the midpoint rule applied
to T yields Tij ' c(xij)HxHy. We provide the approximations for both integrals
with the superscript H, i.e. TH and FH, respectively. These particular choices for
the integral approximations will result in a grid as is depicted in figure 2.11, where
values for the concentration cH are specified at the centres of the control volume
xij and the integrated fluxes FH are calculated at the midpoints of the boundaries.
To calculate FH the flux f of (2.89) at the midpoints of the boundaries are evaluated
using second-order central-differences.

In addition to the spatial discretization (2.90) still needs to be discretized in time
in order to be used numerically. Therefore, we introduce tn = n*t, where n is an
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Figure 2.11: Grid for the finite volume approach, the circles give the interior grid
points xi,j at the centre of the control volumes Vi,j, the fluxes are calculated on the
interfaces between two control volumes.

integer number and *t a discrete time step. If we apply the implicit Euler scheme
and insert the approximations TH and FH in (2.90), we obtain

TH
ij (cH,n) ! TH

ij (cH,n!1) + *t7H
ij[F

H(cH,n)] = 0, (2.91)

with cH,n = cH(tn). The implicit Euler scheme is here used for its clear notation.
The local defect correction algorithm does not specifically require the implicit Euler
scheme, the use of other implicit time schemes is also appropriate.

To proceed from tn!1 to tn we can straightforwardly apply (2.91) when the
concentration cH,n!1 is known and boundary conditions are specified. As noted
before, in a local region of the domain (l the solution exhibits small-scale structures
and thus requires a higher spatial and time resolution. To compute a more accurate
solution ch,n

l in (l we introduce a local finer grid (h
l which consists of control

volumes with a smaller size hx # hy. For the application of LDC it is convenient to
let the boundaries of the coarse grid control volumes coincide with the boundaries
of the fine grid control volumes. In order to have the coarse grid points inside the
refinement area to coincide with points of fine grid, we choose the refinement factors
8x = Hx/hx and 8y = Hy/hy to be odd integers. The centers of the small control
volume, i.e. the grid points of the fine grid (h

l , are given by (xi+p/&x
, yj+q/&y

) with

p = !(8x ! 1)/2,!(8x ! 3)/2, . . . , (8x ! 1)/2, (2.92)

q = !(8y ! 1)/2,!(8y ! 3)/2, . . . , (8y ! 1)/2. (2.93)

To apply LDC we need to evaluate the defect on the coarse grid points that lay
inside the refinement area. Therefore, in the local region (l it is convenient to have
grid points of the fine grid to coincide with these coarse grid points. This is satisfied
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Figure 2.12: Grid composed of the coarse grid and the fine grid. Open circles and
diamonds give the interior and boundary grid points on the global grid (H, respec-
tively. Closed circles represent the grid points of the fine grid (h

l , while close dia-
monds are the grid points at the interface between fine and coarse grid.

when the refinement factors 8x and 8y are odd integers. An example of a composite
grid is provided in figure 2.12, where the refinement factors 8x = 8y = 3. For the
application of LDC it is convenient (but not required) to use a vertex-centred grid
for the local fine grid. Than we need to specify the concentration for the grid points
of the fine grid that are located at the interface between fine and coarse grid, these
values can be obtained by applying spatial interpolation.

The time step required for solving the fine grid problem +t might differ from the
time step used for the global grid problem. One time step for the global time step is
divided in . smaller time steps. The fine grid problem than needs to be solved for
the intermediate time levels tn!1+k/' with k = 1, . . . , .. The solution is obtained
by applying the same finite volume method (2.91) as is used for the global problem.
To provide the values for the concentration on the interface between the coarse
and global grid, we also need to interpolate the coarse grid solution in time. If the
fine grid boundary #(l coincides with the global boundary, the physical no-flux
boundary condition is applied. Then it makes more sense to specify the value for
the tracer flux on the boundary, which is possible with a cell-centred grid. Now the

boundary values for the concentration c
h,n!1+k/'
l for the refined area are known,

the solution on the interior fine grid points can be calculated.
With both the coarse grid solution cH,n and fine grid solution ch,n known at tn

we define the composite solution as

cH,h,n =

&
ch,n

l on (h
l ,

cH,n on (H \ (l.
(2.94)

The composite grid (H,h is the union of the coarse grid (H and the fine grid (h.
If the exact continuous solution c(t) is known, we would be able to calculate the
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defect of the finite volume discretization. This is done by inserting the exact solution
cn = c(tn) in (2.91), yielding

dn = TH(cn) ! TH(cn!1) + *t7HFH(cn). (2.95)

As we do not know the exact solution, the composite solution cH,h,n is used to find
an approximation for the defect,

dH,n = TH(cH,h,n) ! TH(cH,h,n!1) + *t7HFH(cH,h,n). (2.96)

Note that by this definition the defect outside the refinement area (l is equal to
zero. This approximate defect is then used to correct the solution on the global
coarse grid. This is done by puting the obtained approximation for the defect dH,n

on the right-hand side of (2.91), acting like a source term. The new solution we
obtained on the global grid is thus corrected for the defect we calculated with the
local fine solution ch

l . Now, we need to recalculate the fine grid solution once more,
but with new boundary values provided by the new coarse grid solution. These steps
can be repeated to obtain an even better solution, but in practice one LDC iteration
is sufficient to obtain an accurate solution (Minero et al., 2005). With the defect
defined in (2.96) the LDC algorithm functions properly, but conservation of tracer
material is not ensured.

The finite volume adapted defect term

To ensure conservation of tracer material, a slightly different definition for the defect
is used. Therefore, we return to the exact equation (2.90), which is valid for a control
volume Vij. Integrating this equation between tn!1 and tn yields

T(cn) ! T(cn!1) + 7H

!tn

tn!1

F(c)dt = 0. (2.97)

Note that the T and F represent the exact integrals and not the approximations.
Relation (2.97) is subtracted from the defect definition (2.96),

dn =[TH(cn) ! T(cn)] ! [TH(cn!1) ! T(cn!1)]

+ 7H[FH(cn)*t !

!tn

tn!1

F(c)dt]. (2.98)

To obtain a value for the defect we have to approximate the integrals T(cn) =$
Vij

cndA and F(cn) =
$tn

tn!1
F(c)dt. Approximations are made by using the best

data available, i.e. the fine grid solution if available and the coarse grid solution
otherwise. A summation over the concentration in the fine grid control volumes,

T sum
l =

(&x+1)/2#

p=!(&x!1)/2

(&y+1)/2#

q=!(&y!1)/2

Tl,i+p/&x,j+q/&y
(ch,n), (2.99)
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will result in an approximation for T(cn). If no fine solution is available the best
approximation that can be found is TH(cH,h,n). Thus we have

T(cn) ' Tbest(cH,h,n) =

(
)

*

T sum
l (ch,n

l ) on (h
l ,

TH(cH,h,n) on (H \ (l.
(2.100)

In figure 2.13 both cases are graphically represented if T(cn) =
$

Vij
cndA is cal-

culated using the midpoint rule. Applying the midpoint rule to a coarse grid con-
trol volume is analogous to saying that cH,h,n is constant in the control volume,
which is represented by the single colour. The best estimation then is Tbest = TH =
cH,h,nHxHy. On the fine grid the midpoint rule is applied to the fine grid control
volumes, Th

l = ch,n
l hxhy. For the best approximation all the fine grid contributions

are summed to find Tbest(cH,h,n).

(a) coarse grid (b) fine grid

TH(cH,h,n) T sum
l (ch,n

l )

Figure 2.13: The best approximation for T(cn) =
$

Vij
cndA is found (a) using the

cH on the coarse grid or (b) by summing over all fine grid contributions.

The time integral over the integrated fluxes,

Fn
i+1/2,j =

!tn

tn!1

Fi+1/2,j(c)dt, (2.101)

needs some more consideration. For finding an approximation for the integrand we
define

Fsum
i+1/2,j(c

h
l (t)) =

(&y!1)/2#

q=!(&y!1)/2

Fh
i+1/2,j+q/&y

(ch
l (t)). (2.102)

The integral over time in (2.101) can be best approximated using the fine grid so-
lution at all the intermediate time levels tn!1+k/'. The best approximation is thus

obtained by summing the fluxes Fh
l (c

h,n!1+k/'
l ) over all fine control volumes within

the coarse control volume and over all time levels. If only the coarse grid solution is
available, the best approximations is simply FH(cH,h,n). Summarizing, the approx-
imation for Fn (2.101) is given by

Fn ' Fbest(cH,h,n) =

(
)

*

+'
k=1 Fsum

l (ch,n!1+k/')+t on (h
l ,

FH(cH,h,n)*t on (H \ (l.
(2.103)
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In figure 2.14 we illustrate this for the fluxes through the right boundary of the coarse
grid control volume. The single coarse grid flux, denoted by the arrow, is the only

available approximation for
$tn

tn!1
F(c)dt on the coarse grid. If a fine grid solution is

available, the best approximation follows from a summation over all fine grid fluxes
at all intermediate time levels.

(a) coarse grid (b) fine grid

tn tntn−2/3 tn−1/3

FH(cH,h,n)
+'

k=1 Fsum
l (c

h,n!1+k/'
l )+t

Figure 2.14: Finding the best approximation for
$tn

tn!1
F(c)dt using (a) the single flux

on the coarse grid solution or (b) the fluxes in the fine control volumes at tn!1+k/'

with k = 1, . . . , .. The relevant fluxes for calculating Fn
i+1/2,j are denoted by the

arrows.

If we insert the found approximations for the integrals (2.100) and (2.103) in the
adapted version for the discretization error (2.98) and replace the exact solution cn

with the composite solution cH,h,n, the adapted defect is defined by,

dH,n =[TH(cH,h,n) ! Tbest(cH,h,n)] ! [TH(cH,h,n!1) ! Tbest(cH,h,n!1)]

+ 7H[FH(cH,h,n)*t ! Fbest(cH,h,n)].

Outside the refinement area all the best approximation for the integrals are given by
the coarse grid versions and hence the adapted effect is here zero. For all coarse grid
points inside the refinement area the adapted defect is equal to the standard defect
(2.96), as the contributions of Tbest andFbest cancel each other(Minero et al., 2006).
The difference between using the standard definition for the defect or the adapted
definition stems from the defect calculated on the coarse grid point that lie on the
interface between coarse and fine grid. Such a grid cell is given in figure 2.15. For
these points we cannot use the fine grid solution to find approximations for Tij(cn)
as it only covers a part of the coarse grid control volume, thus we have to fall back
to the coarse grid solution and use TH(cH,h,n). The same is valid for approximating
the fluxes on this grid cell, one side (a) of the coarse control volume is not covered
by the fine grid and two sides (b) are only partially covered by the fine grid. The only
exception is the side of the control volume (c) that lies completely in the refinement
area. The defect calculated for points that lay on the interface reduces to

dH,n
ij = FH

ij*t !
'#

k=1

Fsum
l (c

h,n!1+k/'
l )+t. (2.104)
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If the LDC iteration is converged, i.e. the defect dH,h
ij goes to zero, the coarse grid

flux Fij*t is matched to the sum over the fine grid fluxes. Now, the amount of tracer
that flows across the interface during one time step *t is equal for the coarse grid
solution and for the fine grid solution. Therefore, using the adapted definition of the
defect (2.98) the total amount of tracer material is conserved.

a

b

b

c

Figure 2.15: A grid cell that lies on the interface between the coarse and the fine
grid. Only the fine grid fluxes indicated by the arrows can be used to find an ap-

proximation for
$tn

tn!1
F(c)dt.

2.2.3 Tracer transport by a dipole-wall collision as a test problem

The dipole-wall collision is used as a way to provide a dynamic velocity field to the
transport equation (see figure 2.16). The presence of a solid wall in the velocity field
generated by the dipole necessitates imposing the no-slip condition at the wall. The
interaction of the dipole with the wall leads to the formation of a boundary layer
along the wall. In the boundary layer a strong velocity gradient is present. Bound-
ary layer vorticity is injected by the dipole cores into the interior flow. Hence, the
velocity field is characterized by strong gradients. The Navier-Stokes equation is
solved by the pseudo-spectral method using N = 128 Fourier and M = 128 Cheby-
shev polynomials. The initial Reynolds number is chosen to be moderate Re = 250
to obtain a well-resolved velocity field for the chosen discretization. The Reynolds
number is based on the r.m.s. velocity and the half-height of the channel. The time
step *tflow = 1.25#10!5 for solving the Navier-Stokes equation is of the same order
as the smallest time step we wish to use to solve the transport equation with the LDC
finite volume method or the pseudo-spectral method. The AB/CN time discretiza-
tion scheme is used, which will provide accurate results due to the small time step.
The settings for the simulations are summarized in table 2.3.

In this velocity field we place a blob of tracer material close to the boundary.
We define the Péclet number using the r.m.s. velocity and the half-height of the
domain. The tracer diffusion is set to / = 2#10!3 resulting in an initial Péclet number
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Figure 2.16: The initial vorticity field (contours) used for solving the Navier-Stokes
equation, and the initial tracer distribution (gray scales) used for solving the transport
equation with the finite volume local defect correction method. The initial variance
of the tracer distribution is equal to 8 =

,
2/20. The coarse global grid for the LDC

method covers the left half of the domain [0, 1] # [!1, 1]. The two refined grids are
given by the squares.

of Pe = 500. At the lower and upper boundary the no-flux (1.40) conditions are
applied for the tracer concentration. The blow with tracer will be stretched and
deformed during the collision of the dipole with the wall yielding steep gradients.
For the initial tracer field a Gaussian distribution is used

c(t = 0,x) =
1

2)82
exp(!|r|2/282), (2.105)

where r = x ! xc with xc the centre of the blob. The variance is chosen to be
small 8 =

,
2/20, so the distribution of tracer material is confined to a small local

area. The total amount of tracer material located in the Gaussian blob is equal to
one. In our case the centre of the blob is located at the wall y = !1, thus only half
of the material is situated inside the domain. Since we are most interested in the
flow dynamics close to the boundary, the centre of the tracer blob is thus placed at
xc = (1,!1). Note that this set-up results in a symmetrical evolution of the tracer
relative to the line x = 1, which coincides with the axis of the dipole. For the finite
volume LDC code, we exploit this symmetry by computing the solution only for half
the domain, namely the left part [0, 1]# [!1, 1]. At the artificial symmetry boundary
x = 1 a no-flux condition is applied.

With the Péclet number being larger than the Reynolds number, small-scale
structures can be expected to be present in the tracer field. Therefore, a higher
spatial resolution is needed when solving the transport equation. For the pseudo-
spectral method we used a resolution of Nt = 768 and Mt = 768, which is high as
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Table 2.3: Settings of the simulations for benchmarking the finite volume local defect
correction method. The velocity field needed is solved with a spectral method.

- velocity field -

$ Re N M *t

4#10!3 250 128 128 1.25#10!5

- tracer field - spectral

/ Pe Nt Mt *t

2#10!3 500 768 768 1.25#10!5

- tracer field - LDC

/ Pe level 1/Hx 1/Hy *tmax *tmin

2#10!3 500 0 20 20 1.0#10!3 2.0#10!4

1 100 100 2.0#10!4 4.0#10!5

2 500 500 4.0#10!5 0.8#10!5

we want to obtain an accurate solution for comparison. Note that we need to pro-
vide the velocity for calculating the non-linear term in the transport equation at the
same resolution, while it is only computed at the lower resolution 128#128 used to
solve the Navier-Stokes equation. This is done by padding the matrix containing the
spectral coefficients for the velocity with zeros to obtain the required resolution. Af-
ter transforming this matrix to physical space, we obtain the velocity on the 768#768
grid. The time step used to solve the transport equation is *tflow = 1.25#10!5, this
time step is required for the stability of the time-discretization scheme (AB/CN).

For testing the local defect correction method a standard finite volume method
is used, in which the fluxes and integrals are approximated using the second order
central-difference formula and the mid-point rule, respectively. For this case two
levels of grid refinement are applied, in which the global grid size Hx = Hy = 1/20
and the spatial refinement factors are 8x = 5 and 8y = 5. In table 2.3 the grid sizes
are given for the three different levels of the grid. The velocity data is provided by the
pseudo-spectral method on the 128# 128 grid with a uniform distribution in the x-
direction and a Chebyshev Gauss-Lobatto grid point distribution in the y-direction.
This velocity data is linearly interpolated to obtain data that can be used by the finite
volume code on the various grid levels.

The boundary values for the fine grid problems are found by applying piecewise
quadratic interpolation (Ph,H). The time-discretization is performed by the first order
backward Euler scheme at grid levels 0 (global) and 1, and by the 5-method for the
grid level 2 (finest). Setting 5 = 0.51 yields a second order accurate scheme with
better damping properties than the Crank-Nicolson scheme (5 = 0.5). The time step
for the global grid is adaptive within the range [1#10!3, 2#10!4] and for both levels
the time refinement factor is . = 5. The control parameter +% for determining the
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Figure 2.17: The time step *t used for solving the transport equation is adapted
during the LDC simulations within the range [*tmin,*tmax].

time step is based on the maximum change in the concentration on the coarse grid

+% = *t
####cH,h,n!1|(H ! cH,h,n!2|(H

####
% . (2.106)

If the value for +% is within the preset range [6#10!6, 1#10!5], the time step is not
altered. But if +% exceeds one of the limits, the time step is changed in order to get
the control parameter back in the desired range. The actual time step used during
the simulation is given in figure 2.17. When no velocity field is present at the current
time, the data is obtained by piecewise linear interpolation.

To compute the composite solution at tn, all the individual solutions on the three
grid levels need to progress to the new time level. First we describe how to proceed if
only two grid levels are present, the coarse level (level=0) and a fine level (level=1).
This process is schematically represented in figure 2.18. First one large time step
*t is made to obtain the cH on tn. To obtain the fine grid solution at tn we need
to make . smaller time steps for the fine grid problem. Boundary conditions for the
fine grid problem on the intermediate time levels are provided by interpolation of the
coarse grid solution in time and space. The fine grid solutions are used to calculate
a defect for the coarse grid problem. Now, we solve the coarse grid problem with
the corrected source term to obtain cH at tn. Finally, we recompute the fine grid
solutions at all the intermediate times with updated boundary conditions and arrive
with ch also at tn. Adding another level of refinement (level=2) with an even smaller
time step can increase the complexity enormously. However, we can reduce the
complexity and consequently the amount of work required to compute the solution
by making some assumptions. Initially, we proceed as described above for the two-
level system. After we have computed the level 0 solution with the corrected source
term, i.e. after step (c) in figure 2.18, we can provide boundary conditions to the
level 1 problem at all intermediate times. Assume that these boundary conditions
reached a fixed point, and thus do not depend on the level 2 solution. Now, we can
use the basic two level LDC time stepping, where level 1 is the coarse grid and level
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(c) Correct solution at level 0. (d) Update solution at level 1.

Figure 2.18: The local defect correction method with different time steps used to
solve the coarse and fine grid problems. In this example one coarse grid time step
*t is divided in 3 smaller time steps +t used to obtain the fine grid solution.

2 takes the place of the fine grid. This scheme has to be applied . times to arrive
with the level 1 and 2 solutions at tn. In total the global solution has to be computed
twice, the level 1 solutions have to be computed three times and the solutions on
the finest grid has to be computed twice.

2.2.4 Numerical results for the LDC finite volume method

The results obtained with the LDC finite volume method are presented in figure 2.19.
In the first stage the dipole and the blob of tracer material are far apart and hence
the tracer distribution does not change much. When the dipole reaches the wall at
t ' 0.4 some part of the tracer distribution is squeezed between the wall and the
dipole. This results in very strong gradients in the concentration close to the wall.
The other part of the tracer blob is advected around the dipole cores, as a result
the tracer material is injected into the interior of the domain. Note that the second
refinement level is also elongated to cope with this advection of the tracer material.
The repositioning of the refined grids is done automatically, based on a detection
algorithm for regions with high activity (Bennet and Smooke, 1999, 1998; Valdati,
1997). As the dipole cores start to separate from each other along the wall (t = 0.6),
tracer material is transported away from the symmetry line. With no steep tracer
gradients left at the symmetry line there is no need for a fine grid. Recall that at the
symmetry axis x = 1 (and at the walls y = ±1) a no-flux condition is applied on all
the grid levels. Now the right side of the fine grid (level 2) is no longer positioned
at x = 1, the boundary conditions are provided by the level 1 solution. If the blob
of tracer material would detach from the wall, the method is also able to disconnect
the fine grids from the wall. This feature that is not needed in the present example,
however.
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Figure 2.19: Simulation results of the LDC finite volume method for the advection of
tracer distribution during a dipole-wall collision. The lower left quarter of the entire
domain [0, 2) # [!1, 1] is visible. The dipole is visualized by the vorticity contours,
for visibility only contours for negative vorticity values are plotted. The tracer con-
centration is represented by the gray levels, black for maximum concentration and
white for zero concentration.

Now we compare the dynamic adjustment of the time step method to the evolu-
tion of the tracer material. In the early stages at t = 0 ! 0.2, when the change in the
tracer distribution is small, the used time step on the global grid is large *t = 7#10!4.
When the dipole is closing in on the wall and the tracer, the time step is rapidly de-
creased until the minimum is reached at t = 0.4. Thereafter the time step is steadily
increasing as the tracer is advected around the dipole cores and gradients in the
tracer distribution are decreased in magnitude by diffusion. Adapting the time step
reduces the total number of steps approximately with a factor 2.

After the formulation of a conservative version of the LDC finite volume method
in the previous section it is interesting to see how well the LDC method reproduces
the conservation law

M(t) =

!

(
c(t,x)dA. (2.107)

In the LDC method the integral is computed using the best data, i.e. the fine solution
if available and otherwise the coarse solution. The relative change in total amount
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Figure 2.20: The relative error µ(t) in the total amount of tracer material for (a) the
standard defect (2.96) and (b) the adapted finite volume defect (2.98). The inset
gives a zoomed view for the time interval [0.5,0.7].

of tracer material µ(t) = (M(t) ! M(0))/M(0) is given in figure 2.20 for both the
standard defect (2.96) and the adapted defect (2.98). For the LDC method based on
the standard choice for calculating the defect (2.96) there is some increase in tracer
material. While using the adapted finite volume defect (2.98) improves conservation
properties we still see some increase of total tracer material. The cause for this
becomes clear if we zoom in on the curve to the level for which separate time steps
are visible. For the standard defect the total amount of tracer material changes during
each time step, which can be expected as the method is not conservative. However,
the change seems to be more abrupt for some time levels. These abrupt changes
coincide with the times the fine grid region changes. The curve for the adapted
finite volume defect shows the same abrupt changes, but between the change of the
grid the scheme is conservative. Until now we did not mention how to handle the
regridding as it is not inherent to the LDC mechanism. Regridding in a conservative
way is a more general problem, which we address next.

2.2.5 Conservative regridding

In the preceding section we have seen that while the adapted LDC finite volume is
conservative there is quite some change of total tracer material due to the change
of the fine grid region. Minero (2006) then proceeded by adapting the regridding
algorithm to conserve the total amount of tracer material, which we will describe
briefly. The high activity in the solution moves and changes its size as time proceeds.
Consequently, the local grid (h,n

l used to perform the time step from tn!1 to tn

might not fully cover the region with high activity during the next time step. The
new local fine grid (h,n+1

l used to compute the solution at tn+1 has to be changed
to capture the high activity in the solution. As data from the previous time level tn
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must be present on the new grid an approximation cH,h,n
$ must be found at all the

points of the new composite grid (H,h,n+1. With the solution at tn computed on
the old composite grid (H,h,n, the fine grid approximation of cn is only available
in the common grid points of the old fine grid (h,n

l and the new fine grid (h,n+1
l .

On the remaining part of (H,h,n+1 a solution has to be computed via interpolation
from cH,h,n. Thus the approximation cH,h,n

$ is given by

cH,h,n
$ =

&
Qn

x (cH,h,n) on (h,n+1
l

cH,h,n on (H,h,n+1
l \ (h,n+1

l .
(2.108)

where Qn
x denotes a spatial interpolation operator. This is how we handled regrid-

ding in the earlier mentioned simulations, where operator Qn
x performed piecewise

quadratic interpolation. But as noted before, this regridding leads to an increase of
tracer material, a side effect which is not desired. Changing to higher order interpo-
lation methods did not result in a better conservation of tracer material.

In order to obtain a way to make the regridding conservative, we can separate
two different causes for the change in the amount of tracer material. The first occurs
for the coarse grid points that are located inside the refinement area at tn but do not
at tn+1.

For conservation of tracer material during the regridding we need to satisfy

TH
ij (cH,h,n

$ ) = T sum
l,ij (cH,h,n), (2.109)

i.e. that the amount of tracer material in the coarse grid control volume TH
ij (cH,h,n

$ )
must be equal to the sum over the small grid control volumes of the original solution
T sum

l,ij (cH,h,n). If we simply choose cH,h,n
$ = cH,h,n as in (2.108) condition (2.109)

is not satisfied. This can be resolved by calculating cH,h,n
$ directly from condition

(2.109) itself.
The second cause for a change of the amount of tracer material during regridding

is due to the opposite case, for the regions where a fine grid is required for tn+1 but
was not present at tn. The data on the fine grid was provided by interpolation of the
coarse grid data. The deficit in tracer material caused by the interpolation is given
by

*ij = Tij(c
H,h,n) ! T sum

l,ij (cH,h,n
$ ). (2.110)

In figure 2.21 we schematically represent this for a one-dimensional grid using the
midpoint rule. We aim to correct the data for the new time step cH,h,n

$ obtained by
an interpolation scheme in such a way that the deficit in tracer material is spread
over all the fine grid points (xi+p, yj+q). The weights used for the distribution of the
deficit in tracer material are given by

3i+p,j+q =
Th

i+p,j+q(cH,h,n
$ )

T sum
l,ij (cH,h,n

$ )
. (2.111)

Note that
+

p,q 3i+p,j+q = 1 which ensures that all the corrections summed over
the fine grid points totals the deficit *ij. The updated solution

cH,h,n
$ |(xi+p,yj+q) = cH,h,n

$ |(xi+p,yj+q) + 3i+p,j+q
*ij

hxhy
(2.112)
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Figure 2.21: Interpolating the coarse grid solution to provide the required data on
new fine grid points. There is a deficit in tracer material introduced by the interpo-
lation as the old amount of tracer material in the control volume TH

i is not equal to
the summed tracer material in the fine grid cells Th (a). Distributing the mass deficit
over the small grid cells leads to conservative regridding algorithm (b).

has the same amount of tracer material as the initial solution TH
ij (cH,h,n). The use

of cH,h,n
$ as the initial data for the new time step, instead of c$, ensures that tracer

material is conserved.
A new simulation of the tracer dispersion during the dipole-wall collision is per-

formed which uses the adapted defect and the conservative regridding algorithm.
The relative error in the total amount of tracer material |µ(t)| is given in figure 2.22.
Note that the use of the conservative regridding algorithm improves the conserva-
tion of tracer material by two orders of magnitude. The error in M is now O(10!6),
a result that is reached using only one LDC iteration for each time step. A smaller
error in the conservation of tracer material can be expected when more iterations
are used.

2.2.6 Comparison between the LDC and spectral method

To asses how the finite volume method with the local defect correction technique
compares to the results of the spectral method we have plotted the contours of the
passive tracer in figure 2.23. Between t = 0.5 and t = 0.6 the concentration varies
most rapidly in time. There are only small differences visible between the LDC
solution and the spectral solution. Note that the uniform grid size for the spectral
code is equal to 2/768 = 2.6#10!3, which is comparable to the grid size at the finest
LDC level Hx/82

x = 2#10!3.
A more quantitive comparison can be made using integral quantities, like the

centre of mass of the tracer defined by

x = (x, y) =

!

(
xc(t,x)dA/M. (2.113)
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Figure 2.22: The relative error µ(t) = |M(t) ! M(0)|/M(0) in the total amount
of tracer material for the adapted finite volume LDC method with conservation-
preserving regridding.

Note that this integral can be considered as a higher order moment of (2.107). Recall
that we improved the algorithm for regridding to specifically satisfy conservation of
tracer material. Therefore, it is interesting to investigate the error in higher order
moments like the centre of mass and the variance of the tracer field. The variance
in the x-direction is given by

sx
2 =

!

(
(x ! x)2c(t,x)dA/M, (2.114)

a similar expression can be obtained for the variance in the y-direction. For the
spectral solver these integrals are computed using the Fourier and Chebyshev coef-
ficients. For example, the total amount of tracer material is calculated using

M(t) =

K/2!1#

k=!K/2

M#

m=0

ĉkm

!
eikxdx

!
Tm(y)dy (2.115)

=
M#

m=0
m even

2ĉ0m

1 ! m2
. (2.116)

The relative differences for these quantities between the values obtained for the LDC
and spectral simulations, e.g.

r(y) =

####
yLDC ! yspectral

yspectral

#### , (2.117)

are plotted in figure 2.24. We left out the x as it constant in time due to the symmetry
of the problem. For the spectral method the integral is computed by a sum over the
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Figure 2.23: Contour plots of the concentration computed by the LDC (black) co-
incide with the contours computed with the spectral method (gray) for t = 0.5 and
t = 0.6.

spectral coefficients, which yields accurate results. The difference between y for the
LDC and spectral method is somewhat smaller than 1#10!3. The relative difference
in variance is at most of order 3#10!3. Note that the representation of the integrals
is somewhat limited by the finite volume representation. For example, at t = 0 the
variance sx calculated for the LDC solution has an error of order 10!4 compared to
the exact value of sx = 1/20.

In table 2.4 we specify the CPU time required for the simulations using either the
spectral method or the LDC finite volume method. The time used to compute the
velocity field is only a fraction of the total time due to the small resolution necessary
for the tracer field. The LDC method needs some additional time for interpolating
the velocity data to various grid levels. When solving the transport equation with the
spectral method most time is spent on calculating the Fourier transforms. Minimal
time is requires for solving the matrix system for the spectral coefficients, due to its
relatively simple form. The LDC method requires approximately 50% less time to

Table 2.4: Specification of the CPU time in seconds required for the simulations on a
Xeon 2.8 GHz. The Fourier transforms are performed using the NAG Fortran library.

Task spectral LDC

flow field calculation 5512 s 5512 s
interpolation - 11634 s

tracer field Fourier transform 262552 s -
solve matrices 5481 s 156309 s

total 273545 s 173456 s
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Figure 2.24: The relative difference between the spectral and LDC solutions for (a)
the centre of mass coordinate of the tracer field, (b) the variance in the x-direction
and (c) the variance of the tracer field in the y-direction.

compute the tracer field. During the LDC iteration the solution on every grid level
has to be computed at least twice. This explains the relatively large amount of time
required to solve for the matrices in the finite volume method. These matrices have
a small dimension, as the finest grid covers up to 4% of the total domain and the
global grid has a small number of grid points due to the coarse grid size. Recall that
a speed up of a factor two was attained by using an adaptive time step.

2.2.7 Conclusions on the LDC finite volume method

The local defect correction algorithm has been applied in a finite volume method by
Minero (2006) to obtain a numerical solver for the transport equation. This method
can be used to obtain a solution with a high spatial and time resolution for a local
region of the global domain. To render the LDC finite volume method conserva-
tive requires care. If the local fine grid changes in time a regridding mechanism
is needed. Using standard interpolation introduces a deficit in tracer material. A
correction is introduced which changes the interpolated data so tracer material is
conserved during regridding. In the end the finite volume LDC method yields accu-
rate results that can compare well with the results of a spectral method.

However, for the specific rectangular domain the LDC method does not bring
many advantages, compared to the spectral method. There is slight increase of com-
putational speed, which is mostly due to the applied adaptive time stepping. The
same speed up can be expected when using adaptive time stepping for the spectral
method. Even more important is that the local fine grid only covers 4% of the total
domain. For more complex tracer fields, which will occur if for instance the tracer
is placed in a turbulent velocity field, larger refinement areas are required. In such
a case the LDC method can still be used to follow an initially localized tracer for a
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short period of time. This might be useful, when one is interested in statistics on for
example the stretching of the tracer in turbulent velocity fields.

On the other hand, the use of spectral methods is restricted to simple domains,
while LDC can be applied to more irregular shaped domains. In the studied problem
the Chebyshev Gauss-Lobatto grid-point distribution of the spectral method is better
suited to resolve the steep gradients that occur near the boundary. In more general
problems tracer filaments can occur throughout the domain. The transition to three
dimensions might give an edge to the LDC method as, the local refined area can be
an even smaller percentage of the global domain.

For the problems we want to investigate, the spectral method remains more useful
due to the spread of the tracer material. In chapter 3 we follow the evolution of the
tracer distribution during a dipole wall collision. The tracer is located in a small
band along the lower no-slip wall. Unlike the initial tracer distribution used to test
the LDC method, (2.105), the band covers a larger part of the domain. In chapters 4
and 5, the tracer is placed in a turbulent velocity field and followed for a large time
span. The tracer is then characterized by small-scale structures in the entire domain,
and thus application of LDC is not feasible and the spectral method will be used to
solve the dispersion of a passive tracer.



3 Dipole collision with a
no-slip wall

One of the key phenomena in two-dimensional bounded turbulence is the inter-
action between a single vortex and a no-slip wall. Before discussing this kind of
vortex-wall interactions, one should recall briefly the interaction between a vortex
and a free-slip or a stress-free wall, which is governed by the mirror-vortex model.
Here, an oppositely signed vortex is placed at an equal distance but at the other
side of the wall. The location of the mirror vortex at this position ensures that the
impermeability constraint is satisfied, i.e. the normal velocity at the wall is identi-
cally zero. The motion the mirror-vortex induces is the same as the motion induced
by the wall forces. In the case of the no-slip wall a mirror-vortex is not sufficient to
ensure that the tangential velocity is also zero at the wall. A viscous boundary layer
is necessary to ensure that the tangential velocity component becomes zero at the
wall. Interactions of the vortex with this boundary layer makes this problem much
more complex.

There are two different approaches possible for numerically studying vortex in-
teractions with a wall. In the first method a single vortex, i.e. a monopole, is artifi-
cially placed close to a boundary, and once time evolves viscous boundary layers are
formed to ensure zero-velocity at the boundary. In the second approach a slightly
different route is taken, instead of using a monopolar vortex a dipole is used. While
a monopole does not move by itself, a symmetric dipole translates along a straight
trajectory parallel to the dipole axis. It is thus possible to orient a dipole in such a
way that it will translate naturally towards the wall, i.e. a self-propelled dipole-wall
collision experiment. In this chapter we will take the second approach to study the
vortex wall interactions, but we will also compare the present results to those found
for the first approach.

The dipole-wall problem has gathered some interest due to its application to the
interaction of the trailing vortices of a landing aeroplane with the ground (Spalart,
1998). For a next aeroplane to land safely, the vortices have to translate off the run-
way or decrease in strength by viscous dissipation. In an experiment to investigate
the interaction of a single vortex with a moving bottom Harvey and Perry (1971) ob-
served a vortex rebound from the bottom. The vortex subsequently travelled away
from the bottom boundary. They explained this rebounding process by the creation
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of a secondary vortex at the wall. Barker and Crow (1977) also observed the re-
bounding of a vortex which interacted with a free surface. They suggested that the
rebounding was due to the finite size of the vortex and tried to explain it by inviscid
flow theory, which Saffman (1979) proved to be unacceptable. For the no-slip case
Orlandi (1990) revealed by numerical simulations of dipole-wall collisions that the
creation of vorticity at the wall drives a vigorous rebound of the vortex. Of interest
to oceanic vortices is the study of Carnevale et al. (1997), in which they showed that,
next to the viscous dipole rebound, an inviscid rebound of a dipole from an eastern
boundary can occur on a !-plane. In this case the creation of relative secondary
vorticity required for the rebounding process stems from the background vorticity.
The production of the secondary vorticity at the wall during the dipole-wall collision
was later studied by Coutsias and Lynov (1991); Clercx and van Heijst (2002).

In this chapter we aim to give a clear insight in the dipole-wall collision and
in the mechanism that drives the strong departure from inviscid theory. Therefore,
we have run simulations for several values of the Reynolds number, based in good
approximation on the size and translation speed of the dipole. One of the goals
is to acquire accurate results for the dipole-wall collision for Reynolds numbers up
to Re = 20, 000, a value not previously reached due to high resolution required to
resolve the vortex-wall interactions. For some of the runs we tracked the position of
one of the dipole cores to obtain the trajectory before and after the collision. We
further investigate the vorticity production at the wall. The vorticity production at the
wall is important as its explains the formation of a recirculation cell, which causes
the detachment of the boundary layer. Finally, we study the advection of a band of
passive tracer material that is initially located along to the boundary.

3.1 Numerical set-up

The simulations of the dipole-wall collision are performed with the pseudo-spectral
method as described in chapter 2 on the periodic channel domain [0, 2)#[!1, 1]. The
periodic direction is along the x-axis and the no-slip walls are located at y = ±1. The
initial condition consists of two shielded Gaussian monopoles placed at a distance
d = 0.2 from each other. The vorticity distribution in the monopole is given by

%(0,x) = %e

!
1 ! r2/r2

0

"
exp(!r2/r2

0). (3.1)

It consists of a vorticity core with radius r0, where r = x!x0 with x0 the position of
the vortex centre. The vorticity profiles of the two isolated monopoles are plotted in
figure 3.1. The monopole with a positive vorticity core is placed at x0 = (1.1, 0) and
the negative core is placed at x0 = (0.9, 0). The amplitude of the isolated monopole
%e ' 300 is calculated by demanding that the r.m.s. velocity is initially equal to one.
The radius of the cores in the shielded monopoles is set to r0 = 0.1. The vorticity
amplitude in the surrounding rings decreases exponentially with r. As a result, the
circulation of one isolated monopole calculated over a circular contour around the
vortex origin decreases exponentially towards zero when the radius of the contour
increases. This property is quite useful as we aim to avoid any boundary layers near
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Figure 3.1: (a) The vorticity profiles at the line y = 0 of the two isolated monopoles
used to create the initial vorticity field. (b) The cross section (black) of vorticity field
along the line y = !0.368 at t = 0.15 compared to profile of the Lamb dipole (grey).

the no-slip walls when constructing the initial flow field. The initial vorticity field is
shown in figure 3.2.

After a short time (t ' 0.1) the shielding rings of opposite vorticity are shed and
form a new, but very weak dipole which translates in the positive y-direction. This
weak dipole has no considerable impact on the primary dipole and is not discussed
further. The cores of the isolated monopoles evolve into a shape that resembles a
Lamb-dipole (Lamb, 1932; Meleshko and van Heijst, 1994). For more details on the
formation of a dipole from two interacting monopoles the reader can consult Beckers
et al. (2002) and Schmidt et al. (1998). A Lamb-dipole of radius R, which translates
with a velocity Ud in the negative y-direction, is defined in the polar coordinate
system (r,5) moving with the dipole centre by the following vorticity field

% =

(
)

*
!

24Ud

J0(4R)
J1(4r) cos(5) for r * R,

0 for r > R.
(3.2)

Here, Jm(x) is the mth order Bessel function of the first kind. Continuity at r = R
requires that 4R = 911 , with 911 ' 3.8317 the first root of J1(x). The streamlines
of the Lamb-dipole in the co-moving frame and in the laboratory frame are shown
in figure 3.3. The cross section of the dipolar vortex observed in the simulations at
t = 0.15 compares well to the profile of the Lamb dipole (figure 3.1).

One could argue to use a Lamb-dipole as initial condition instead of the dipole
constructed of two shielded Gaussian monopoles, mainly to get rid of the weak
secondary dipole. Reason against using a Lamb-dipole is that it is an inviscid flow
solution, with a discontinuity in the vorticity gradient at r = R. Though this discon-
tinuity is removed quickly by viscous dissipation, it can introduce some problems
in the spectral representation of the initial condition. Moreover, the velocity field of
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Figure 3.2: The initial dipole consisting of two isolated vortices sheds the surrounding
shields and evolves into a Lamb dipole.

the Lamb-dipole outside the vorticity core decreases with the reciprocal distance,
r!1, only and therefore a small but substantial velocity is induced at the wall. As
the no-slip condition requires that the velocity vanishes at the wall, in the numeri-
cal simulation a boundary layer is formed to satisfy this condition. The amplitude
and thickness of these boundary layers depend on the numerical time step *t and
viscosity parameter $ and thus are unwanted features for an initial vorticity field.

The time evolution of the released dipole is then calculated by the spectral code
for several values of the viscosity parameter. The integral scale Reynolds number for
the initial field is given by

Re =
UrmsH

$
, (3.3)

where the characteristic length scale is set to the half-height of the domain H = 1
and the characteristic velocity to the initial r.m.s. velocity Urms = 1. This integral
Reynolds number differs slightly from the Reynolds number Red ' 0.8Re based
on the dipole translation speed Ud and dipole radius R. The number of Fourier
polynomials N and Chebyshev polynomials M required to accurately represent the
solution on the domain depends strongly on the Reynolds number; the resolution
used for the simulations is given in table 3.1. Note that the resolution is increased
for higher Reynolds numbers in order to cope with the smaller scales that appear
throughout the domain. The AB/CN time stepping scheme is applied, which yields
accurate results for the given time step.

In table 3.2 we give the position of the maximum vorticity, xm,in the positive
dipole core. To find the location of the maximum we first determine the maximum
vorticity on the grid. Around this grid point a second order polynomial is fitted
to the data. With the coefficients of the polynomial we can determine where the
gradient in the vorticity is zero, which gives a more accurate position of the vorticity
maximum. The value of the maximum vorticity %d is found by evaluating the full
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(a) co-moving frame (b) laboratory frame

Figure 3.3: The stream function for the Lamb dipole in free space in (a) the reference
frame moving with the dipole and (b) the laboratory frame.

Table 3.1: The number of Fourier polynomials N, the number of Chebyshev polyno-
mials M and the time step *t used to solve the dipole-wall collision for a number of
initial Reynolds numbers. (See table 3.3 for the simulations with Re = 20, 000.)

$ Re N M *t

(#10!4) (#10!5)
16.0 625 512 512 2.5
8.0 1,250 512 512 2.5
4.0 2,500 1024 768 1.25
2.0 5,000 1536 1024 0.625
1.0 10,000 1536 1024 0.625

Fourier and Chebyshev expansion

%(x, y) =

N/2!1#

k=!N/2

M#

m=0

%̂kmeikxTm(y) (3.4)

for x = xd. As for later times the maximum vorticity on the grid not necessarily
belongs to the maximum vorticity in the dipole core, the new location of xd is
sought for in a region around the old location. This region spans an area of two grid
spacings, 2*x# 2*y, centred around the old value.

We compare the location found in our simulations, with the benchmarks results
of Clercx and Bruneau (2006) obtained with two different numerical methods. One
set of numerical simulations was performed with a finite differences code while the
other set concerns simulations was conducted with a Chebyshev pseudospectral
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code. These benchmark simulations were performed for a domain, spanned by the
square [!1, 1] # [!1, 1], enclosed by no-slip wall at all sides. Examining the data
in table 3.2 we can draw two conclusion. First, there is a good agreement for the
position of the dipole core xd as well as the maximum vorticity %d in the core,
confirming the accuracy of both sets of simulations. If we use resolutions some-
what coarser then given in table 3.1, some small-scale fluctuations are visible in xd.
These fluctuations, however, are substantially smaller than the grid size. In order to
reduce these fluctuations we used the resolution as shown in table 3.1 and there-
fore, the spatial resolution for the simulation with Re * 5, 000 is better than used in
Clercx and Bruneau (2006). For the simulations with Re = 10, 000 these higher res-
olutions were not feasible and thus fully reliable information on xd is not available
for t > 0.7. The second conclusion we can draw, is that the influence of the periodic
boundaries at x = 0 and x = 2 is small and the results are not much different from
those obtained for lateral no-slip boundaries by Clercx and Bruneau (for the present
range of Reynolds numbers and time range). This indicates that these boundaries
are located sufficiently far from the dipole and thus do not have a substantial impact
on the evolution of the dipole upto the time considered. The specific set-up we use
for the dipole-wall collisions ensures that % = 0 and u = 0 at the periodic boundary
x = 0 and x = 2. So the solution does not differ from the solution found if stress-
free (1.11) and impermeable (1.8) boundary conditions were applied on x = 0 and
x = 2.

3.2 General overview

In figure 3.4 we present the results of the run with the initial Reynolds number Re =
2, 500. We now briefly describe the time evolution of the dipole-wall collision, and
will discuss some aspects in more detail later on in this chapter.

At t = 0.15 the initial dipole has shed the rings of opposite vorticity and is trans-
formed into a Lamb dipole with a radius of R ' 0.12. The dipole translates towards
the lower wall at y = !1 with a translation speed of Ud ' 3. At this time the dipole is
still at a distance of 4R from the wall. As the vorticity cores are no longer surrounded
by the rings of opposite vorticity, the dipole induces a velocity at the wall. To ensure
the no-slip constraint at the wall viscous boundary layers are formed, which contain
vorticity of opposite sign.

At t ' 0.3, when the dipole reaches the wall, its shape starts to differ from
the Lamb-dipole shape. In the case of an inviscid flow and free-slip boundaries,
the dipole-wall problem is modelled using a mirror dipole at the opposite side of
the wall. The dipole and the mirror dipole translate towards the wall at the same
speed. When they arrive at the wall, they ’exchange’ cores forming two new dipoles
orientated in the x-direction. The left and right dipole will translate along the wall to
the left and to the right, respectively. If the two newly formed dipoles are sufficiently
separated they will retake the shape of a Lamb-dipole. In the time between, the
dipole cores deform as the result of the re-orientation. Returning to the no-slip case,
the deformation visible when the dipole approaches the no-slip wall is similar to the
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Table 3.2: Numerical results for the maximum vorticity in the dipole core %d and
its location xd = (xd, yd). The location is given relative to the point where the
dipole axis crosses the no-slip wall. The results are compared to the available bench-
mark results for a square domain enclosed by no-slip walls as reported in Clercx and
Bruneau (2006).

current results Clercx and Bruneau (2006)

t xd yd %d xd yd %d

0.0 0.1 0 316.84

Re = 625

0.6 0.1827 0.1656 158.70 0.182 0.165 158.9
0.625 0.1674 0.1655 154.22 0.168 0.166 154.2
1.0 0.1949 0.2543 102.64 0.195 0.254 102.6
1.4 0.2314 0.3068 71.03 0.231 0.307 71.0

Re = 1, 250

0.6 0.1260 0.1506 219.29 0.126 0.151 219.4
0.625 0.1157 0.1725 216.15 0.115 0.174 216.1
1.0 0.1515 0.2568 170.30 0.152 0.258 170.3
1.4 0.1908 0.2914 132.73 0.191 0.292 132.7

Re = 2, 500

0.6 0.1042 0.1654 261.83 0.104 0.165 261.9
0.625 0.1040 0.1982 259.59 0.104 0.199 260.0
1.0 0.1738 0.2195 231.40 0.174 0.219 231.4
1.4 0.2017 0.1946 201.59 0.202 0.195 201.6

Re = 5, 000

0.6 0.0948 0.2438 286.93 0.097 0.244 286.9
0.625 0.1178 0.2780 285.89 0.116 0.275 285.9
1.0 0.1948 0.3614 269.01 0.189 0.366 269.1
1.4 0.2052 0.5141 252.08

Re = 10, 000

0.6 0.0961 0.2562 301.57
0.625 0.1036 0.3032 300.59
1.0 0.2738 0.6439
1.4 0.3568 0.6865
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t = 0.2 t = 0.3 t = 0.35

t = 0.4 t = 0.5 t = 0.6

t = 0.7 t = 0.8 t = 1.0

Figure 3.4: The time evolution of a dipole colliding with a no-slip wall for integral
Reynolds number Re = 2, 500. Red and blue colours depict positive and negative
vorticity, respectively. The colour transition is described by the nonlinear function
tan(%/160) to make more details visible for the lower vorticity values. Only the
lower central part of the domain is shown, [0.5, 1.5]# [!1, 0].
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inviscid flow case. In the no-slip case we have the additional boundary layers of
opposite vorticity. When the dipole hits the wall the boundary layers are squeezed
between the dipole and the wall.

Around the time t ' 0.32, the interactions between the dipole core and the
boundary layer reveal a rigorous departure from inviscid flow theory. The dipole
core is orientated along the wall, and has approximately the shape of one core of
the Lamb dipole. As the cores of the dipole become separated, we now refer to these
cores as primary vortices. Let us focus on the right primary vortex in figure 3.4 at
t = 0.35. At the front (right) of this core the vorticity in the boundary layer is stretched
into the domain by advection induced by the primary vortex. At the edge of the
boundary layer advection always affects the boundary layer vorticity in this region,
only at the no-slip wall the velocity is equal to zero. In section 3.4 we will take
a more detailed look at the detachment of the boundary layers, when investigating
why separation points arise at the boundary. The vorticity in the boundary layer that
is detached from the wall, appears first in the form of a thin filament. The trajectory
of the primary vortex is bent away from the wall, as the core is influenced by the
thin but strong vorticity filament.

Long vorticity filaments are not persistent structures but tend to roll up under
the influence of the velocity field induced by their own vorticity (Saffman, 1992).
At t = 0.4 this results in the formation of a secondary vortex, which contains wall-
generated vorticity. The strength of this vortex is smaller than the strength of the
primary vortex. As a result the newly formed asymmetric dipole travels along a
circular trajectory, leading to another collision with the wall at t - 0.65. For the
special case of Re = 2, 500 the secondary vortices of the left and right dipole match
up to form a new dipole at the centre line of the domain x = 1. It is orientated
in such a way that it translates away from the boundary along a straight path. At
t = 0.8 it barely escapes the primary dipole cores, which have picked up some new
wall-generated vorticity. This vorticity does not reinforce the secondary dipole as
was observed by Carnevale et al. (1997) for 1, 000 ! Re ! 2, 500. In section 3.3 we
have a closer look at the trajectory of the dipole for different Reynolds numbers.

The time evolution of energy and enstrophy

The change of energy is governed by equation (1.17). For the dipole-wall collision no
external forcing is present, therefore the total energy E(t) decays in time according
to

dE

dt
= !$

!

D
%2dA = !2$((t). (3.5)

Note that the decay rate is proportional to the total enstrophy, which is a measure of
the amount of (squared) vorticity in the domain. Understanding the evolution of the
total enstrophy is therefore of crucial importance for explaining the energy decay.
For a domain with no-slip boundaries the change in total enstrophy is governed by

d(

dt
= !$

!

D
|!%|2dA + $

"

"D
%(n ·!%)ds. (3.6)
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Figure 3.5: Time evolution of the total energy E(t) and total enstrophy ((t) for
the dipole-wall collision at Re = 2, 500. The first maximum in the enstrophy (max

appears during the first collision.

The first term on the right-hand side simply states that the enstrophy decays due to
the decrease of vorticity gradients by viscous effects. The second term is due to
the vorticity production at the no-slip boundaries. Recall that the vorticity influx at
the no-slip boundaries is equal to $(n · !)%. In the case of stress-free or periodic
boundary conditions the second term on the right-hand side of (3.6) vanishes. As
a result, the total enstrophy cannot increase for a domain with stress-free or peri-
odic boundary conditions and is thus always bounded by its initial value (Batchelor,
1967).

In figure 3.5 the time history of the total kinetic energy and enstrophy are plotted
for Re = 2, 500. Note that the energy steadily decreases from its normalized initial
value of E = 2 towards E ' 1.0 for t = 2. At t ' 0.32 the kinetic energy decays
faster, which could only be possible if the total enstrophy in the domain increases.
And indeed, at t = 0.32 the enstrophy reveals a large peak, which coincides with the
first collision of the dipole with the wall. During the first collision of the dipole with
the wall the boundary layers build up a large amount of vorticity. The enstrophy in
the boundary layers is then the main contribution to the total enstrophy. At t = 0.65
another smaller peak is visible, which is due to the second collision. In section 3.4
we will investigate the enstrophy change due to the no-slip boundaries, governed
by term $

,
%(n ·!%)ds in (3.6), in more detail.

Results for other Reynolds numbers

In this section the role of the Reynolds number on the dynamics of the dipole-wall
collision is invesitigated. For lower Reynolds numbers the evolution of the dipole
during the first collision with the no-slip wall is not substantially different. The results
for Re = 625 and 1, 250 are displayed in figure 3.6. The initial approach to the wall
is largely the same, although the dipole moves somewhat slower due to viscous
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diffusion of the vorticity in the dipole. After the first collision the secondary vortices
pair at the symmetry line x = 1, but the strength of this dipole is not sufficient
to enable a translation away from the wall as was observed for Re = 2, 500. The
decrease in strength of the secondary vortices is due to a combination of stronger
viscous diffusion and a smaller amount of vorticity created at the wall (see section
3.4 for a more detailed look at this vorticity production at the wall). After the second
collision the vorticity that is detached from the wall does not form a strong vortex: the
wall-generated vorticity is simply advected around the primary vortex. This evolves
into a situation where secondary vorticity forms a circular shield around the primary
vortex. The shielding has a large influence on the motion of the dipole cores along
the wall, as is discussed in the following section.

For Reynolds numbers larger than Re = 2, 500, the dynamics is more interesting,
in particular after the first collision of the dipole with the no-slip wall. In figure
3.7 the results are given for the simulations for an initial Reynolds number of Re =
5, 000 and 10, 000. By our knowledge, results regarding the flow evolution after
the first collision for Re = 10, 000 have previously not been reported in literature
(later on in section 3.5 we will discuss some results for Re = 20, 000). The first
differences are visible immediately after the first collision, the vorticity filaments
that are detached from the wall are thinner but stronger in amplitude. The filament
rolls up and forms together with one of the primary cores, the secondary dipole.
This boundary-layer induced core has a higher vorticity amplitude than the primary
vortex. As a result of the high amplitude, some outer vorticity of the primary vortex is
advected around the secondary vortex. The circulation of this secondary vortex is not
much increased compared to the secondary vortex occurring for the lower Reynolds
number, which indicates that the vortex is more compact. The trajectory of the
dipole is determined by the circulation of the secondary vortex and is thus not much
different from the one for the lower Reynolds numbers. After the secondary vortex is
created, even more vorticity is detached from the wall, which leads to the creation of
multiple small vortices. Another substantial difference in the evolution after the first
collision is that the secondary vortices do not pair at the symmetry line. The primary
vortices separate faster from each other for higher Reynolds number, and therefore
the second collision takes place further away from the symmetry line. During the
second collision both the primary and the secondary vortex detach boundary layer
vorticity. This results in the production of a number of both positive and negative
vortices. This is in contrast to the case Re ! 2, 500, for which the detached boundary
layer vorticity is wrapped around the primary vortex.

3.3 Trajectory of the dipole cores

Stress-free boundaries

The trajectory of a dipole approaching a free-slip wall perpendicularly is usually
modelled using a set of two point vortices of opposite circulation and two mirror
point vortices (Lamb, 1932). The two point vortices forming a dipole would be
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Re = 625

Re = 1, 250

t = 0.4 t = 0.6 t = 0.8 t = 1.0

Figure 3.6: Vorticity fields for a dipole colliding with the wall for Re = 625 and
1, 250. Only the right-hand-side symmetrical part of the domain is shown, [1.0, 1.5]#
[!1,!0, 5]. For more details see the caption of figure 3.4.

Re = 5, 000

Re = 10, 000

t = 0.4 t = 0.5 t = 0.6 t = 0.7

Figure 3.7: Vorticity fields for a dipole colliding with the wall  for Re = 5, 000
and 10, 000. Only the right-hand-side symmetrical part of the domain is shown,
[1.0, 1.5]# [!1,!0, 5]. For more details see the caption of figure 3.4.



3.3 Trajectory of the dipole cores 83

separated by a distance of 2a when they are infinitely far from the wall. A single
point vortex has a purely azimuthal velocity field,

v)(r) =
9

2)r
, (3.7)

where (r,5) is the polar coordinate system centred at the point vortex. The strength
of the vortex, 9, is equal to the circulation calculated for a contour containing the
point vortex. The velocity induced on one point vortex of the vortex pair by the other
three vortices follows from a simple superposition. From the velocity it follows that
the point vortex moves along a hyperbola (Lamb, 1932),

1/x2 + 1/y2 = 1/a2, (3.8)

where (x, y) gives the position of one of the point vortices with the origin at the inter-
section of the wall and the symmetry axis. When the point-vortex pair approaches
the free-slip wall the vortex separation first slowly increases, but close to the wall
the separation speeds up dramatically under the influence of the mirror vortices.

Our viscous case differs in some aspects from the inviscid point vortex model.
The vortices have a finite-size, a small viscosity is present and no-slip boundary
conditions are applied. Saffman (1979) investigated the effect of a finite core size
using elliptically shaped vortices in an inviscid fluid. He concluded that the finite
size itself does not cause a rigorous departure from the point vortex model, and
that deformations of the vortex cores when colliding with a wall cannot explain the
rebound.

Due to viscosity the size of the vortices will grow in time by the effect of diffusion.
Nielsen and Rasmussen (1997) found that the Lamb dipole (3.2) keeps its shape in
a viscous fluid, but it expands in time due to diffusion of vorticity. For the change in
radius they found

R(t) = R0

*
($92

11/R2
0)t + 1 (3.9)

with R0 = R(t = 0). The diffusion of vorticity also reduces the vorticity amplitude
in the vortex cores, which - together with the expanding shape of the Lamb dipole
- results in a reduction of the translation speed,

U(t) = U0/(($92
11/R2

0)t + 1). (3.10)

Now, we first want to evaluate the effect of the increasing core size on the trajec-
tory of the dipole when approaching a stress-free wall, before investigating the more
complex situation of a dipole colliding with a no-slip wall. Instead of extracting the
radius of the dipole from the simulations, following the point at which the maxi-
mum vorticity occurs, xd, in one of the vortex cores is more convenient. The kink
present in the vorticity field at the radius of the dipole is removed by viscous effects,
and therefore finding a value for the radius from vorticity data is much more com-
plicated. The distance between the point of maximum vorticity and the symmetry
axis, Rmax(t), increases at an equal rate as the radius,

Rmax(t) = Rmax(0)
*

($92
11/R2

0)t + 1. (3.11)
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The location of the maximum in the vorticity profile of the Lamb dipole (3.2) is
related to the first root of the derivative of J1(x). The ratio between the radius R
and Rmax is fixed as the dipole keeps its shape and is given by R/Rmax = 9 "

11/911,
with 9 "

11 ' 1.8412. The change in radius can be used to correct the trajectory of
the point vortices (3.8) for the increasing size of the Lamb dipole. This is done by
assuming that a = a(t) is now a function of time instead of a constant, i.e. the
viscous increase of the core size is modelled by increasing the vortex separation in
the point vortex model. The position of the two point vortices is chosen to coincide
with the location of the vorticity maximum and minimum of the Lamb-dipole. As the
separation between these two points increases due to viscous growth of the Lamb-
dipole (3.11), the separation a(t) between the two point vortices has to be increased
by the same amount. Thus for our model we set a(t) to be equal to Rmax(t),

a(t) = a(t0)
*

($92
11/R2

0)(t ! t0) + 1. (3.12)

At t = 0.15 when the shape of the dipole in the simulations is like a Lamb dipole
we can calculate the value for at0 . The position of maximum vorticity at this time,
xd(t = 0.15), is determined from the vorticity field. Inserting this position in (3.8)
gives a value for at0=0.15.

To investigate this model for the trajectory of a Lamb dipole approaching a stress-
free wall, we performed a simulation for an equivalent problem of two dipoles col-
liding head on for Re = 1250. On a domain [0, 4)# [!1, 1] one dipole is located at
(1,0) which will travel to the right and the second dipole is located at (3,0) which
will travel to the left (figure 3.8). The two dipoles will collide at the line x = 2,
which can be considered as the stress-free boundary. At this line both the vorticity
and the velocity component u are always equal to zero, which is exactly the value
required by the stress-free boundary condition (1.11) and by impermeability of the
wall (1.8). We follow the location of one of the dipole cores, the results are given
in figure 3.9. For convenience the axis is shifted and rotated, so the wall is located
at y = 0 and the symmetry line at x = 0. The evolution of the dipole approaching a
stress-free wall is similar to that of an inviscid Lamb-dipole approaching a free-slip
wall, as was simulated by Carnevale et al. (1997). The only difference is that there
is no viscous growth of dipole and hence the translation speed does not decrease in
the inviscid flow case.

Note that equation (3.8) for the inviscid point vortex model the trajectory is in-
dependent of the vortex strength. However, the vortex moves with a certain speed
along the trajectory dependent on its circulation. As a(t) is a function of time we
need to know how fast the vortex travels along the trajectory. The simplest way to
achieve this, is using the data from the simulations to provide one of the coordi-
nates of the dipole core, say yd(t), over time. The other coordinate, x "d(t), can be
calculated by

1

(x "d(t))2
=

1

(a(t))2
!

1

(yd(t))2
. (3.13)

In figure 3.9 we used this method to project how the dipole trajectory is influenced
by the growing size of the dipole cores. We have plotted both the trajectory for
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Figure 3.8: A dipole collision with a stress-free wall is studied considering the equiv-
alent problem of two dipoles colliding. At the line x = 2 the % and u are always
zero, as required by the stress-free boundary condition. Voricity contour plots are
given for t = 0 and t = 0.4.

the inviscid point vortex model with a(t) constant and the viscous adaptation of the
model with a(t) changing according to 3.12. The hyperbolic trajectory found for the
inviscid point vortex model already describes the path of the Lamb dipole quite well,
only after some time it starts to differ. If the viscous correction for the increase of
the vortex cores is used to correct the hyperbola, we obtain a good prediction of the
path of Lamb dipole approaching a stress-free wall. When the dipole cores change
orientation, the shape does not resemble a Lamb dipole. The viscous correction is
thus not valid from t = 0.3 to t = 0.35. This does not have a large effect as for
Re = 1, 250 viscous effects seems to be relatively small (see inset figure 3.9a).

No-slip boundaries

In the right panel of figure 3.9 we compare the path of a dipole colliding with a no-
slip wall with the path found when a stress-free wall is used. In the initial stages both
trajectories overlap and also the time markers coincide, this is because the created
boundary layers are still rather weak. From t = 0.3 the dipole colliding with the
no-slip wall starts to depart from the trajectory followed by the dipole colliding with
the stress-free wall. Along the no-slip wall a boundary layer is created necessary to
satisfy the condition that the tangential velocity vanishes at the wall. By diffusion the
boundary layer thickens in time and hinders the approach of the dipole. Therefore,
the dipole comes less close to the no-slip wall than to the stress-free wall at t = 0.34.
When the boundary layer detaches from the wall it forms a secondary vortex, which
pairs with the primary vortex of the original dipole to from a new dipole. This dipole
is asymmetric; the strength of the primary vortex is larger than the strength of the
secondary vortex. The newly formed dipole follows a cycloidal trajectory leading to
a new collision with the wall. A freely moving asymmetric dipole follows a circular
trajectory. The strength of the individual vortices in the dipole is measured by the
total amount of vorticity in the cores or, in other words, the circulation (1.7) of the
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Figure 3.9: The trajectory of a dipole approaching a stress-free or no-slip wall for
Re = 1250. (a) For the stress-free case, the position of the maximum vorticity in
the core (drawn) is compared to the path of two point vortices (dotted) and the
point-vortex path corrected for viscous diffusion (dashed). (b) The path of a dipole
colliding with a no-slip wall (black) compared to the path in the stress-free case
(grey). Both figures also give the position of the maximum core vorticity at specific
times (+,!), where the time is denoted by the labels.

dipole core. The absolute ratio between the circulation in the primary vortex 'c and
the circulation in the secondary vortex 'c1, given by 'r = |'c|/|'c1|, together with the
separation between both vortices determines the radius, R, of the circular trajectory
of the primary vortex,

R

d
=

|'c1|

|'c| ! |'c1|
=

1

'r ! 1
for 'r > 1. (3.14)

However, the trajectory the primary vortex core follows after the first collision is
not circular. If the primary vortex core is close to the boundary, the mirror vortices
induces a substantial velocity at both the primary and secondary vortex directed
along the wall away from the symmetry line. Consequently, the trajectory is more
like a cycloid. Obviously, it is not a perfect cycloid as the induced velocity depends
on the distance between the boundary and the vortices.

In figure 3.10 we give the dipole trajectories for the Reynolds numbers Re =
1250, 2500 and 5000. For Re = 1250 there are two rebounds visible, thereafter the
primary vortex core moves slowly along and away from the boundary. The vortic-
ity field is then similar as given in figure 3.6 for t = 1.0, i.e. the primary vortex is
surrounded by ring of opposite vorticity. The shielding causes the very slow trans-
lation along the wall. The movement away from the boundary could be caused by
the growth in size of the vortex by diffusion, but it is more likely that it is caused
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(a) Re = 1, 250 (b) Re = 2, 500 (c) Re = 5, 000
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Figure 3.10: The trajectory followed by the positive core of the dipole when colliding
with the no-slip boundary for Re = 1, 250, 2, 500 and 5, 000. The origin of the axes
is shifted to coincide with the wall and symmetry axis (1,-1).

by the asymmetry of the shielding. At the interface between the primary vortex and
the shielding ring, vorticity is lost due to cross-diffusion (see chapter 1). Thus, the
shielding is stronger close to the wall, where the shielding vorticity originates, than
in the region close to the symmetry line.

If the Reynolds number is increased to 2, 500 the primary vortex core follows a
cycloidal trajectory with a larger radius after the first collision. This indicates that
the ratio 'r decreases towards unity, if we assume that the separation between the
primary and secondary vortex is the same. As the circulation in the primary vortex is
fixed by the initial condition (it is, however, weakened by cross diffusion), the smaller
ratio 'r means that the circulation in the secondary vortex has increased. Orlandi
(1990) already mentioned that cross-diffusion of vorticity between the primary and
secondary vortex increases the ratio 'r, and thus lower ratios can be expected for
smaller Reynolds numbers. However, in our view the increased relative strength of
the secondary vortex stems from the larger amount of vorticity that is created at the
no-slip wall for increased Reynolds numbers. (Vorticity production at the wall will
be discussed in the next section.)

The trajectory for Re = 2, 500 is remarkable, the primary vortices remain close
to each other at the symmetry line x = 1. Remember that for Re = 2, 500 the
secondary vortices pair at the symmetry line x = 1, that then translates away from
the wall (figure 3.4). As this vorticity does not re-enter the region between the dipole
and the wall, the dipole does not travel over a large distance along the wall during
the second collision. In the later stages, t > 1.0, the primary cores are surrounded
by a ring of opposite vorticity like for Re = 1, 250. The shielding rings touch at the
symmetry line, where additional vorticity is lost due to cross-diffusion. In this case
the two primary vortices are still close together and tend to move towards the wall.
This movement is counteracted by the vorticity in the asymmetric shields.

For Re = 5, 000 the radius for the trajectory of the primary vortex after the first
collision becomes even larger. However, after it reaches its largest distance from
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the wall, it makes a tighter turn than for the low Reynolds number cases. The sec-
ondary vortex is now so strong that primary vorticity is advected around it (figure
3.7), partially shielding the secondary vortex. The shielding causes the dipole to
make a tight turn. As a result, the second collision takes place at a larger distance
from the symmetry line. Thereafter the trajectory becomes really irregular, due to
the presence of a large number of small vortices. An interesting observation is that
the primary vortex translates much faster along the wall than for the low Reynolds
number cases.

3.4 Boundary layer formation and detachment

Vorticity production at the wall during the approach of the dipole

We have seen that when the dipole approaches the wall boundary layers are formed
to satisfy the no-slip boundary conditions. The vorticity contained in these boundary
layers is created at the wall, and diffuses inwards causing the boundary layer to grow.
To estimate the vorticity production at the no-slip wall the following model is used.

In the early stages when the dipole is still at some distance from the wall, and
has a shape similar to the Lamb-dipole the production of vorticity at the wall can be
found using the inviscid Lamb solution for the dipole-wall collision. For a free-slip
wall the normal velocity component at the wall is zero, but a slip velocity along the
wall is allowed. If the dipole is at a distance y0 > R, the free-slip velocity at the wall
is given by

ufs(x) = 4UR2 xy0

(x2 + y2
0)2

. (3.15)

using a coordinate system with the origin located at intersection of the wall and the
symmetry line of the dipole.

No velocity at the wall is allowed by the no-slip constraint and hence a vis-
cous boundary layer is created. The vorticity at the wall can be estimated with
a simple model as is depicted in figure 3.11. In the interior domain viscous ef-
fects are negligible and thus at the edge of the boundary layer the velocity is as-
sumed to be equal to the free-slip velocity. This velocity is the only contribution to
the circulation of an infinitesimal segment C with length *l of the boundary layer,
'C = !ufs*l. The amount of vorticity contained by the contour C can be approxi-
mated by 'C ' 1/2%|y=0+*l, with + a measure of the boundary layer thickness. The
vorticity at the wall can thus be approximated by

%|y=0 ' !2ufs/+. (3.16)

In figure 3.12 both the vorticity profile and the vorticity production (1.18) at the
wall are plotted. For t = 0.2 the dipole is at a distance of y0 = 0.44 from the wall,
which is about 3.6 times the radius of the dipole. The profile of the free-slip velocity
is similar to the vorticity at the wall, indicating that the vorticity at the wall can at
early times indeed be estimated by (3.16). As the dipole comes closer to the wall
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Figure 3.11: Model for the boundary layer to estimate the vorticity at the wall %|y=0

from the exterior velocity at the edge of the boundary layer.

more vorticity is produced to counteract the increased velocity induced by the dipole
at the wall. The exact vorticity profile at the wall is due to the cumulative effect over
time of vorticity production at the wall and of inwards diffusion of vorticity. Because
the vorticity once produced at the wall cannot leave the domain, all the vorticity will
remain in the boundary layer.

At some point on the wall the velocity induced by the dipole first increases, but
later decreases as the dipole approaches the wall. The vorticity contained by the
boundary layer is then larger than required to reduce the tangential velocity to zero
at the wall. Production of vorticity of the opposite sign is then required to reduce
the amount of vorticity in the boundary layer. For t = 0.3 opposite-signed vorticity
is produced at the wall for x " 0.1 as visible in figure 3.12. In time this might even
lead to a small region in the boundary layer where the vorticity is of opposite sign.

Boundary layer detachment

Points on the wall where the vorticity is changing sign (% = 0) are dynamically very
important. In these points streamlines start or end, indicating that the flow separates
from or attaches to the wall (see section 1.3). Thus a small region of opposite vorticity
at the wall indicates the presence of a recirculation cell between the two points
on the boundary where % = 0. To understand the formation of a recirculation
region we investigate the vorticity fields at the time tmin when the primary vortex
is closest to the wall, i.e. when the separation between the wall and the location
of the maximum of the vorticity of the dipole cores (as described in section 3.3) is
minimal. The vorticity fields for different Reynolds numbers are given in figure 3.13.
(For Re = 20, 000 a zoomed view of the boundary layer is given in figure 3.14 for
times around tmin.)

At this time the boundary layer is already separating from the wall, although the
dipole hardly moved along the boundary. For all Reynolds numbers the point of
detachment, where %|y=0 = 0, is separated about one dipole radius R from the
symmetry line x = 1. The vorticity fields for Re * 5, 000 clearly reveal the presence
of the recirculation cell. Note that the translation speed of the dipole is smaller
than the velocity at its edge where it touches the boundary layer. In other words,
the dipole half translates as a whole along the wall and rotates around its centre.
Vorticity in the boundary layer is thus advected from the rear of the primary vortex
to the front. The amount of vorticity in the boundary layer at the front of the dipole
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Figure 3.12: Vorticity % (black) and vorticity production, !$#%/#y (grey), at the
wall for Re = 2, 500 at t = 0.2, 0.3. For t = 0.2 the free-slip velocity (3.15) is given
by the dashed line.

is then larger than required to satisfy the no-slip boundary constraint. Oppositely
signed vorticity is produced to balance the situation and eventually a layer of oppo-
site vorticity is created in front of the dipole. Between the points where %|y=0 = 0,
connected by a streamline, a recirculation cell is formed. The flow has to pass over
the recirculation zone, and thus advects boundary layer vorticity into the interior.

In the left panel of figure 3.15 the vorticity and vorticity production is given at
t = tmin for Re = 2, 500. Recall from (1.18) that !$#%/#y = #p/#x. The pressure
on the wall is in first approximation induced by the primary vortex. In the rear part
of the vortex the pressure gradient is negative, and thus the flow is accelerated. In
the front part the pressure gradient is positive, and the flow decelerates. This is in
agreement with an accelerated advection of boundary layer vorticity below the rear
part of the dipole half and the pile-up of this vorticity below the front half. The part
of the boundary layer that is already detached from the wall also induces a pressure
gradient on the wall. The two smaller peaks in the pressure gradient for Re = 2, 500,
visible in figure 3.15 located near x = 0.2, are due to the detached vorticity.

The head of the detached boundary layer tends to roll up, which leads to the for-
mation of the secondary vortices. For larger Reynolds numbers this roll-up is much
faster as the vorticity in the boundary layer is of substantially larger amplitude. If
Re " 10, 000 the roll-up does not only occur at the head of the detached boundary
layer, but also in the boundary layer upstream of the point where the detachment
occurs. This leads to the formation of multiple-small scale vortices, which are situ-
ated between the wall and the primary vortex. This highly active boundary layer and
the associated vorticity production at the wall will be discussed in the next section.
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Re = 625 Re = 1, 250 Re = 2, 500

Re = 5, 000 Re = 10, 000 Re = 20, 000

Figure 3.13: Vorticity field for the time tmin the dipole cores are closest to the no-slip
wall for different Reynolds numbers. The recirculation cell is represented by the zero
contour of the stream function. For more details see the caption of figure 3.4

t = 0.300 t = 0.305 t = 0.310

t = 0.315 t = 0.320 t = 0.325

Figure 3.14: Vorticity spikes appearing in the boundary layer for Re = 20, 000 in the
region [1.13, 1.23]# [!1,!0.95]. For more details see the caption of figure 3.4.
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Figure 3.15: Vorticity % (black) and vorticity production, !$#%/#y (grey), at the
wall for Re = 2, 500 and 20, 000 at t = tmin. The light grey contours show the
primary vortex and the boundary layer vorticity.

3.5 High Reynolds number dipole-wall collisions

For Reynolds numbers larger than 5, 000 the boundary layers are much more active
in producing small-scale vortices of positive and negative vorticity during the first
collision. With special effort we were able to obtain results for the dipole-wall colli-
sion with initial Reynolds number Re = 20, 000. The same resolution of 1536#1024
as for Re = 10, 000 was used to simulate the approach of the dipole to the no-slip
wall. At t = 0.25 the resolution is increased to 4096 # 1024 to capture the small
scales in the boundary layer. The Chebyshev resolution is already quite good in the
boundary layer region, but the Fourier resolution along the boundary layer needed
to be enlarged to obtain accurate results. At t ' 0.32 the AB/CN scheme became
unstable for the used time step. Instead of decreasing the time step we decided to
employ the BDF3 time discretization scheme. Recall from chapter 2 that the BDF3
method has relaxed stability conditions for large Reynolds numbers (also depending
on the spatial resolution). And indeed the instabilities did not occur when using the
BDF3 scheme. The specific settings used in the simulation are given in table 3.3.

For Re = 20, 000, and in less extent Re = 10, 000, we observe the strong vorticity
spikes that originate at the wall and pierce through the boundary layer (figure 3.13).
This seems to stem from the roll-up of the primary boundary layer. In figure 3.14
we give a zoomed view of the boundary layer for Re = 20, 000. The vorticity in the
boundary layer has such a high magnitude that it starts to roll-up even before it de-
taches from the wall. A vortex sheet is not a stable structure, the Kelvin-Helmholtz
or shear instability causes the roll-up of the sheet (Batchelor, 1967; Saffman, 1992).
The shear instability can appear when there is an inflection point in the velocity
profile, which is the case for a boundary layer in an adverse pressure gradient (see
e.g. Kundu (1990)). Furthermore, for the instability to appear the Reynolds number,
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Table 3.3: The number of Fourier polynomials N, the number of Chebyshev poly-
nomials M and time step *t used to solve the dipole-wall collision for an initial
Reynolds number of Re = 20, 000. The spatial resolution in the x-direction is in-
creased after t = 0.25 and the applied time discretization scheme is changed from
AB/CN to BDF3 at t = 0.31.

t $ N M *t scheme

(#10!5) (#10!6)
0.00 - 0.25 5.0 2048 1024 6.25 AB/CN
0.25 - 0.31 5.0 4096 1024 6.25 AB/CN
0.31 - 0.54 5.0 4096 1024 6.25 BDF3

based on the boundary layer thickness and the free-stream velocity, has to reach a
critical value. The vortex core induces an adverse pressure gradient along the wall
for all investigated Reynolds numbers. For Re " 10, 000 the shear in the bound-
ary layer is strong enough to cause the shear instability and the subsequent roll up
of the vorticity boundary layer. In the region where the roll-up occurs a thin sec-
ondary boundary layer is present between the wall and the primary boundary layer.
The roll-up in the primary vorticity boundary layer causes a deformation of the sec-
ondary boundary layer. A little bulge emerges that penetrates through the primary
boundary layer. The vorticity spike cuts off vorticity from the primary boundary layer,
which forms a small vortex. Upstream to the vorticity spike the primary boundary
layer again rolls up leading to a new vorticity spike. In this way a series of small-
scale vortices is created. As these vortices are formed in the boundary layer itself, a
complicated distribution of vorticity is required to keep the velocity zero at the wall.
The vorticity distribution and the vorticity production at the wall becomes highly
peaked (figure 3.15). A number of these small vortices merge to form the secondary
vortex, what is also the case for Re = 10, 000. For the latter we have determined the
circulation of the secondary vortex (table 3.5). Note that the ratio 'c1/'c is lower for
Re = 10, 000 than for Re = 5, 000. Thus, relatively less vorticity from the boundary
ends up in the secondary vortex.

Vorticity spikes at the boundary were first discovered by van Dommelen (1981)
and by van Dommelen and Shen (1982, 1980) in recirculation cells in the wake of a
cylinder placed in a uniform flow. The simulations they used were based on a sub-set
of the Navier-Stokes equation that describes the boundary layer dynamics. Peridier
et al. (1991a,b) used the same sub-set of equations to study the problem of a point
vortex located at a small distance from a no-slip wall. Their situation closely resem-
bles our problem, the same vigorous eruption of vorticity at the wall was observed.
More recently, Brinckman and Walker (2001) and Obabko and Cassel (2002) re-
ported results that reveal the formation of these spikes in results of full Navier-Stokes
calculations of the boundary layer flow induced by a thick-core vortex. A thick-core
vortex is essentially nothing more than one of the cores of a Lamb-dipole. The thick-
core vortex is used as initial field and is directly placed next to the no-slip wall at
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t = 0. This means that in order to satisfy the no-slip condition, vorticity is created
instantaneously at t = 0 at the wall. Thereafter, the vorticity production follows
from the induced pressure gradients at the wall. This set-up is thus different from
our approach, as no vorticity is produced at t = 0 and the vortices approach the
wall gradually. The advantage of placing the thick vortex core near the wall is the
possibility to use specially tailored grids, and consequently, reach higher Reynolds
numbers.

Obabko and Cassel (2002) distinguish three different Reynolds number regimes,
related to the detachment of the boundary layer (large-scale event) and the formation
of vortices in the boundary layer due to the vorticity spikes (small-scale event). The
Reynolds number is based on the radius of the thick vortex core and the translation
speed along the wall. For low Reynolds numbers, Re < 10, 000, only the large-
scale interaction takes place; the formation of a recirculation zone and consequent
detachment of the boundary layer. For Re " 10, 000 both the large-scale interaction
and the small-scale eruption of boundary vorticity occur. Another regime in which
Re - % was distinguished by one of these authors a few years earlier (Cassel, 2000).
Here the vorticity spikes occur, causing the formation of the small vortices, but the
large scale ejection of boundary layer vorticity in the domain is not observed.

3.6 Boundary layer shear and secondary vortices

The size and strength of the vortices formed from wall-generated vorticity depend on
the vorticity amplitude and the thickness of the boundary layer. If the shear inside
the boundary layer is strong, vorticity eruptions occur, creating small vortices with
a large vorticity amplitude. For weaker boundary layers, a vortex is formed from the
detached boundary layer vorticity. The strength of these secondary vortices depend
on whether they originate from the small-scale vorticity eruptions or from the large-
scale boundary layer detachment and thus on the strength of the boundary layer.

Circulation in the boundary layer

We have determined the circulation of the primary boundary layer, 'b1, and the sec-
ondary boundary layer, 'b2, by numerically integrating the vorticity in these regions.
The results are given in table 3.5. Note that when the dipole reaches the wall, it is
considerably weaker for lower Reynolds numbers, e.g. the circulation 'c of a dipole
half is 2.76 for Re = 625, while it is 3.71 for Re = 20, 000. To partially counteract
this problem we also give the ratio between the circulation in the primary vortex and
the circulation related to the opposite vorticity that is created at the wall 'b1 + 'c1.
For Re % 10, 000 the circulation in the boundary layer seems to become virtually in-
dependent of the Reynolds number, as it only changes from 'c = 2.80 to 2.92 when
we increase from Re = 10, 000 to 20, 000. This can be expected, as the pressure
gradient along the wall (1.18) determines the vorticity production (Clercx and van
Heijst, 2002). Note that the ratio ('b1 + 'c1)/'c increases even if the primary vortex
core moves away from the wall. Thus vorticity is still being produced during this
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stage of the evolution. A part of the vorticity that is created at the wall will end up in
the secondary vortex. The strength of this vortex is highly dependent on the strength
of the boundary layers, and thus increases for higher Reynolds numbers.

From tmin to t = 0.5 the circulation in the primary vortex decreases due to
cross diffusion with boundary-generated vorticity. An equal amount of positive and
negative vorticity is lost, thus the circulation related to boundary-produced vorticity
has changed by an amount 'c(t = 0.5)!'c(tmin). If we add this number to 'b1+'c1,
we can correct for the loss due to cross-diffusion. The resulting circulation related
to boundary-produced vorticity is !3.22 for Re = 10, 000. Compare this to the
circulation in the primary vortex at tmin, 'c = +3.64. Thus a nearly equal amount
of vorticity is generated at the wall, as is present in the primary vortex. For lower
Reynolds numbers the difference is larger, e.g. !2.18 generated against +2.76 in
the primary vortex for Re = 625. After the first collision multiple small vortices
are generated if Re = 20, 000, and the vorticity distribution becomes too complex to
measure the circulation of the various structures. Clercx and van Heijst (2002) found
that the circulation in the boundary layer becomes independent of the Reynolds
number for Re " 20, 000. It is thus likely that the amount of vorticity generated
during the first collision does not exceed the circulation of the primary vortex.

The secondary vortices are stronger for larger Reynolds numbers. This also leads
to an increased ratio between the strength of the secondary and primary vortex,
'c1/'c, if the Reynolds number is increased to 5, 000. For Re = 10, 000 secondary
vortices are also created by the vorticity eruptions at the wall. Some of the smaller
vortices merge to form one secondary vortex. The relative strength of this vortex is,
however, lower than for Re = 5, 000, as reflected by the lower ratio 'c1/'c.

Enstrophy production

It is interesting to see how the enstrophy changes due to the production of vorticity
at the wall. This change is governed by equation (3.6), where the term

$

"

"P
%(n ·!%)ds (3.17)

represents the enstrophy increase or decrease by vorticity production at the wall.
This enstrophy change is plotted against time in figure 3.16. For the dipole-wall
collision, the enstrophy is always increased by the production of vorticity at the
wall. The integrand in (3.17) is not necessarily positive for all points on the wall,
e.g. in figure 3.12 for t = 0.3 there is a region where the vorticity % at the wall
is positive while there is an influx of negative vorticity. The peaks in the enstrophy
production coincide with the time the primary vortices are close to the wall. If they
move away from the wall the enstrophy production drops to zero, reflecting that
there is minimal vorticity production at the wall.

In table 3.4 we give the enstrophy that is located in the boundary layers for the
time the primary vortex is closest to the wall. Clercx and van Heijst (2002) found the
peak enstrophy scales like (max . Re0.5 for Re > 20, 000. The time the peak occurs
in the enstrophy is nearly identical with the time the primary vortex is closest to the
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Table 3.4: For time tmin the dipole core is closest to the wall, the total enstrophy
is subdivided in the enstrophy of the dipole half (c, of the primary boundary layer
(b1 and of the secondary boundary layer (b2. As comparison the time tmax is
given when the total enstrophy (max is maximum.

Re tmin (c (b1 (b2 tmax (max

625 0.3744 166.9 280 1.4 0.3710 466.9
1,250 0.3424 247.1 671 10.2 0.3414 949.6
2,500 0.3278 300.1 1,283 50.3 0.3278 1,656
5,000 0.3208 331.0 2,177 219.9 0.3234 2,770

10,000 0.3182 348.0 3,559 747.7 0.3201 4,713
20,000 0.3160 357.4 5,544 1,102 0.3129 7,385

Table 3.5: Specification of the circulation 'c of the dipole core, circulations 'b1 and
'b2 in the primary and secondary boundary layers, respectively. At t = 0.5 the
circulation 'c1 of the secondary vortex is also given. In table 3.4 the values for tmin

are specified.

t 'c 'c1 'b1 'b2
*b1+*c1

*c

*c1
*c

Re = 625

tmin +2.76 - -1.67 +0.041 0.605 -
0.50 +2.18 -0.86 -0.74 +0.003 0.732 0.394

Re = 1, 250

tmin +3.13 - -2.00 +0.085 0.641 -
0.50 +2.49 -1.17 -0.72 +0.047 0.762 0.472

Re = 2.500

tmin +3.38 - -2.31 +0.143 0.681 -
0.50 +2.72 -1.14 -0.76 +0.079 0.803 0.524

Re = 5, 000

tmin +3.55 - -2.55 +0.221 0.719 -
0.50 +2.85 -1.52 -0.92 +0.119 0.857 0.613

Re = 10, 000

tmin +3.64 - -2.80 +0.339 0.769 -
0.50 +3.02 -1.70 -0.90 +0.112 0.863 0.565

Re = 20, 000

tmin +3.71 - -2.92 +0.389 0.787 -
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Figure 3.16: The change in total enstrophy due to vorticity production at the wall
for Re = 2,500 and 10,000.

wall. For lower Reynolds number they found that the peak enstrophy decreases
much faster with decreasing Re, consistent with our observation of a decrease faster
than Re1.0 between Re = 1250 and 625. The scaling relation, (max . Re0.5, is
based on the assumption that the circulation in the boundary layer is independent
of the Reynolds number. An assumption that seems to be reasonable, in agreement
with the minor change of the circulation of the boundary layer as observed in the
previous section when the Reynolds number is changed from 10, 000 to 20, 000. The
deviation at lower Reynolds numbers is not surprising, as viscous diffusion weakens
the primary vortex considerably before it reaches the wall. The approach of the
dipole to the wall for Re " 20, 000 depends less on the Reynolds number, thus
the interior flow can be considered to be the same. However, the observed scaling
behaviour at large Reynolds numbers is quite surprising as the boundary layer itself is
very active at Re = 20, 000 and does not resemble a laminar single-signed vorticity
boundary layer as assumed for the model. We also observe a strong increase of
enstrophy contained by the secondary boundary layer, changing from 0.5 % to 20 %,
relative to the enstrophy in the primary boundary layer, when Reynolds is increased
from 625 to 20, 000.

3.7 Transport of a tracer near the boundary

In the preceding sections we have seen that during a dipole-wall collision vorticity
is created at the wall, which diffuses into the domain. At a certain point the bound-
ary layers are detached by inertial forces exerted by the dipole. In a point of view
we already studied how a tracer (vorticity) is advected by the flow. However, the
behaviour of a real passive tracer is quite different, certainly when situated close to
the boundary. Vorticity is constantly created at the wall, while for the passive tracer
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Table 3.6: The number of Fourier polynomials Nt, the number of Chebyshev polyno-
mials Mt and the time step *t to solve the tracer transport for different initial Péclet
numbers. The vorticity equation is solved using the same time step but a different
spatial resolution N#M.

$ N M *t / Nt Mt

(#10!4) (#10!5) (#10!4)
8.0 512 512 2.50 8.0 512 512
8.0 512 512 1.25 4.0 768 768

there is usually a no-flux condition at the boundary. The transport of a passive tracer
really starts to differ from vorticity (active tracer) advection when the diffusion co-
efficient / of the tracer differs from the diffusion coefficient $ of the fluid, i.e. for
Schmidt numbers Sc = $// (1.39) different from unity. We are mainly interested in
the removal of tracer material located near the wall during the dipole-wall collision
for the case that Sc % 1, as is typical for many physical phenomena.

In chapter 2 we already touched this topic when benchmarking the Local Defect
Correction method. There the Gaussian shaped tracer distribution was placed close
to the boundary. The evolution of the tracer was followed during the collision of
the dipole with the wall where the tracer was located. Now we use a somewhat
different set-up as an illustrative example how tracer material is removed from the
wall during a dipole wall collision. The initial field reads,

c(t = 0,x) =

(
)

*

1 for y * y1,
1
2 + 1

2 cos) y!y1

y2!y1
for y1 < y < y2,

0 for y % y2.

(3.18)

The concentration is equal to 1 within one part y * y1 of the domain and zero in
the other part y % y2. The cosine profile in the intermediate region y1 < y < y2

guarantees a smooth transition between the two extremes. The advantage of this
formulation is that the transition between low and high tracer concentration can be
placed everywhere in the domain, while at the wall the no-flux condition (1.40) is
satisfied. There is, however, a discontinuity in the second-order derivative at y = y1

and y = y2, but it will be quickly removed by dissipation. As we are still mainly
interested in the dynamics close to the boundary, the intermediate region starts at
the wall y1 = !1 and ends at y2 = !0.9. So for all y > !0.9 the concentration
is equal to zero. The initial condition for the dipole is the same as in the previous
sections and as described in section 3.1, but now the initial Reynolds number is
fixed to Re = 1, 250. The spectral method is used to solve both the fluid flow and
the tracer transport. The settings for the simulations are given in table 3.6. Two
values for the tracer diffusion coefficient / are used, corresponding to initial Péclet
numbers of Pe = 1, 250 and 2, 500. The Schmidt numbers of are thus Sc = 1 and 2,
respectively, and remain constant during the simulation. A higher resolution (N =
768 and M = 768) is used to solve the transport equation (2.78) for the case Sc = 2.
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Results of the simulations for Sc = 2 are presented in figure 3.17. At t = 0.2 the
band of tracer material is virtually unaffected by the dipole and is similar to the initial
condition (3.18). If the dipole nears the boundary, the tracer situated in front of the
dipole is advected around the dipole. At t = 0.35, the vorticity in the boundary layer
start to detach from the wall, and it takes a part of the tracer material with it. More
and more vorticity from the boundary rolls up into the secondary vortex, the tracer
that follows becomes trapped. As a result of the slower diffusion of the tracer a clear
spiral of tracer material is visible inside the secondary vortex, where gradients in
the vorticity itself are already smoothed out. The spiral is not long-lived though, the
stretching of the tracer material enhances the gradients, which speeds up diffusion
(Flohr and Vassilicos, 1997) and (Bajer et al., 2001).

The primary dipole cores do not capture much of the tracer material. Initially
some of the tracer is advected around the cores (t = 0.4). A very small amount of
this tracer material is captured by the primary core. In the case no tracer diffusion is
present (/ = 0), tracer material is simply advected by the flow. Streamlines thus acts
as transport barriers, i.e tracer material cannot cross streamlines. However, tracer
material can cross the streamline by diffusion, albeit very slow due to small diffusion
coefficient. Some tracer material is also captured due to the viscous growth of the
primary core. The secondary vortices on the other hand contain the largest part
of material that is removed from the boundary. As the secondary vortex translates
together with the primary vortex along a cycloidal trajectory, the tracer will remain
close to the wall. Only for Re = 2, 500 the dipole that is formed at the symmetry
line, and subsequently translates to the interior can bring tracer material deep into
the interior. At the other hand, structures that might be present in the domain, can
interact with the secondary vortex. These interactions can then transport the tracer
further into the interior of the domain.

One astonishing phenomenon is the nearly total removal of tracer material lo-
cated at the wall. At the no-slip wall both velocity components are zero, any trans-
port of tracer material (or vorticity) has to take place by diffusion. In figure 3.18
tracer concentration at the wall is plotted for different times. At t = 0.35, the time
the primary dipole cores are closest to the wall, the concentration at the wall already
dropped to 10% of its initial value over an extent of approximately one dipole ra-
dius. When the dipole core rebounds from the wall, the concentration drops even
further to 1 %. At t = 0.7, when the second collision occurs, the tracer trapped in
the secondary vortex causes a slight increase of the concentration at the wall.

The end of the depleted region is not always related to the location of the sep-
aration points. In the time period 0.45 < t < 0.6, when the primary vortex is not
close to the boundary, both points are very close (see figure 3.17). However, if the
primary vortex is close to the wall, both points do not coincide. Removal of tracer
material from a no-slip wall is in principle always a diffusive effect, and hence does
not follow streamlines. Inside the boundary layer the strong shear will amplify the
tracer gradients and thus accelerate the diffusive removal of tracer from the bound-
ary. At t = 0.35 the vorticity profile at the wall is similar to the one given in figure
3.15 for Re = 2, 500. There is a point where the vorticity is (nearly) zero, but does not
change sign. In this point the shear at the wall is minimal and thus tracer gradients
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are not amplified. This location seems to correlate to the point where the depleted
regions ends for t = 0.35. At t = 0.7 the same situation is observed, the bound of
the depleted region coinciding with a local minimum in the wall stress.

3.8 Summary and discussion

The dipole-wall collision is a model problem to investigate vortex interactions with
the wall. If the dipole is still at some distance from the wall, the dynamics are not
different from the free-slip or stress-free case. The thin boundary layer created to
satisfy the no-slip constraint, is not very strong and remains attached to the wall. A
strong departure from inviscid flow theory occurs when the dipole is close to the wall
and the boundary layer detaches from the wall. The detachment of the boundary
layer stems from the adverse pressure gradient at the wall induced by the dipole
cores. The adverse pressure gradient causes the formation of a secondary boundary
layer with vorticity with sign opposite to that of the primary boundary layer. Primary
boundary layer vorticity (or passive tracer material) is advected over the circulation
cell into the interior of the domain.

Secondary vortices are created from the vorticity generated at the wall by two
different mechanisms. For Reynolds numbers smaller than 10, 000, the detached
boundary layer rolls up and forms a single vortex. If Re " 10, 000 a shear instability
occurs in the boundary layer due to the high magnitude of vorticity in the bound-
ary layer. As a result strong vorticity eruptions occur in the secondary boundary
layer that cut off parts of the primary boundary layer. Multiple small-scale vortices
are created between a dipole half and the no-slip wall, which later merge to one
secondary vortex.

The secondary vortex forms together with the primary vortex an asymmetric
dipole that translates along a cycloidal trajectory. For Reynolds numbers of 2, 500
or smaller the dipole halves are shielded by opposite vorticity in the later stages,
slowing down the translation along the wall. For larger Reynolds numbers, the sep-
aration between the two dipole halves is increasing much faster, though still not as
fast as observed when the stress-free conditions are applied at the wall.

The increased separation speed is of some interest to the problem of aeroplane
trailing vortices that interact with the ground during touchdown. It is known that
these vortices can hover (in the lack of a strong cross wind) for a considerable time
over the landing strip, thereby hindering the landing of following aeroplane. The
Reynolds number of present results is smaller than the typical Reynolds number
for trailing vortices, Re = 5#106. In the results of our simulations we observe that
the separation between the two dipole cores increases faster for higher Reynolds
number. The path that the dipole core follows becomes chaotic for Re = 5, 000.
This is due to the multiple interactions with secondary and tertiary wall-generated
vortices. Spalart et al. (2001) uses simulations with different turbulence models to
obtain results for Re = 5#106. At this Reynolds number they also observe the viscous
rebound of the dipole. It depends on the used turbulence model whether the typical
cycloidal trajectory is retrieved. This emphasis the importance to resolve the fine
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t = 0.2 t = 0.3 t = 0.35

t = 0.4 t = 0.45 t = 0.5

t = 0.6 t = 0.7 t = 0.8

Figure 3.17: The evolution of tracer material, initally located in a thin layer near the
wall, for Sc = 2 during a dipole-wall collision for Re = 1, 250. The dark red and dark
blue colors depict maximum and zero tracer concentration, respectively. Only a part
of the domain is shown [1.0, 1.5]# [!1,!0.5]. The white contour lines are drawn for
% = ±1, which outline the various regions of positive and negative vorticity, while
the green contour outlines the recirculation cell.
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Figure 3.18: The concentration c(t,x) at the no-slip wall from just before the first
collision of the dipole till the second collision for (a) Pe = 1, 250 and (b) 2, 500, and
the Reynolds number is Re = 1, 250. The black lines give the concentration profiles
at times from t = 0.2 to 0.65, with an increment of 0.05, the grey line gives the
concentration at t = 0.7.

scale structures near the wall. The vorticity spikes, we observe for Re " 10, 000,
can have an important influence on the trajectory of dipole cores. In reality the
problem of trailing vortices under ground effect is much more complicated, as three-
dimensional instabilities can occur.

Of interest to two-dimensional turbulence is the detachment of wall-generated
vorticity. Clercx and van Heijst (2000) argued that this injection of small-scale vortic-
ity acts as a forcing of the interior flow at a forcing scale comparable to the boundary
layer thickness. In their numerical simulations of decaying two-dimensional turbu-
lence in a bounded domain they observed an inverse energy cascade starting at
the boundary layer scale. This is opposed to numerical simulations on a periodic
domain, where in the same range a direct enstrophy cascade was observed. Later,
Wells et al. (2007) provided more proof with a numerical simulation in which the
injection of wall-generated vorticity was the only mechanism of forcing the interior
flow. The size and strength of the vortices that interact with the wall in the turbu-
lence simulations corresponds to the lower Reynolds number dipole-wall collisions
(typically Re * 2, 500). For higher Reynolds number it can be stated that the vor-
tices injected into the flow become smaller but have a higher vorticity amplitude.
This is of importance, as boundary-generated vortices can destabilize even domain-
sized vortices (Molenaar et al., 2004; Clercx et al., 2005). The question raises if the
stronger wall-generated vortices can even prevent the formation of a domain-size
structure. If the Reynolds number is increased even further, e.g. Re > 10, 000, the
eruption of vorticity spikes at the boundary leads to the formation of multiple vor-
tices. The small-scale vorticity spikes can bring the forcing effects of the wall to even
larger wave numbers.



4 Forced turbulent flows
and tracer dispersion

In the preceding chapter, external forcing or energy input was not used to drive
the flow. For the dipole-wall collision described an amount of kinetic energy was
present in the initial flow field. Thereafter the flow was left to evolve freely. Kinetic
energy is then removed by viscous dissipation at a rate that depends on the viscosity
or Reynolds number of the flow. At the end all kinetic energy is removed and the
fluid will come to rest. To sustain an amount of kinetic energy for a flow with a
finite Reynolds number a mechanism is needed to feed energy to the flow. For the
channel domain, we have already seen such a mechanism in chapter 1 for the case
a Poiseuille flow develops under an imposed pressure gradient. Poiseuille flows
in a two-dimensional channel or a three-dimensional pipe have been studied in
great detail. Above a critical Reynolds number the laminar pipe flow will become
unstable and turbulent flow can develop.

Our interest, however, concerns another type of forcing mechanism. To be more
precise, we want to inject energy in the flow in a certain range of length scales. This
mechanism is more commonly used when investigating spectral dynamics of tur-
bulent flows, which will be discussed in chapter 5. In this chapter we will take a
more phenomenological approach and restrict ourselves to the dynamics in phys-
ical space only. In experiments, the flow is often stirred with vanes or a grid of
certain proportions, and hence also restricted to a certain scale. Another approach
is by applying an electromotive potential over a saline solution and generate flow
by placing a number of magnets underneath the tank bottom. For geophysical flows
wind forcing comes into mind, for which the flow of the air in the atmosphere drives
the flow in the ocean by exerting stresses at the free surface.

In most of the experimental studies no-slip walls are unavoidable, this in con-
trast to most of the numerical studies where periodic domains are common. In the
derivation of the inverse energy cascade and the enstrophy cascade isotropy and
self-similarity of the turbulence play an important role. Both properties most likely
do not hold near the wall and this aspect needs closer investigation. In the exper-
iments, the bottom wall of the container and the free surface of the fluid are also
important. We will restrict the numerical simulations to purely two-dimensional
turbulence, without any effects of the bottom drag and of the free surface. By opt-
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ing for a periodic-channel domain we have a hybrid of a double-periodic domain
and a bounded domain with no-slip walls. The work reported in this and the next
chapter stands in the line of previous work done in the Fluid Dynamics Laboratory
by Maassen (2000) on experiments and simulations of decaying (stratified) turbu-
lence in bounded domains and by Molenaar (2004) on simulations of forced two-
dimensional turbulence in a square domain with no-slip boundaries.

4.1 Set-up for forced two-dimensional turbulence

To reach a statistically steady state of the flow, a source of energy is required to
counteract the loss of energy due to viscous dissipation. The vorticity equation (1.4)
is now extended with a forcing term that represents a volume forcing that changes in
time. To restrict the forcing to a certain scale only Fourier modes with wave vectors,
kf, within the wave shell k1 * |kf| * k2 are excited,

Q!(x) =
#

k1%|kf|%k2

|A!| exp(i5k) exp(ikf · x). (4.1)

Each mode within the wave shell is excited with the same amplitude, A!, and with
a random phase, 0k. The forcing field, as illustrated in figure 4.1, exhibits a pattern
of alternating maxima and minima. Due to the random phase at every time level,
the position of the maxima and minima can change very rapidly. At locations where
vorticity is added by the forcing at one time, at the following time level the gained
vorticity can be partially cancelled by forcing with an opposite contribution. To
counteract this sort of behaviour, the forcing at time tn is correlated to the one at
previous times by a Markov chain

F!(tn,x) = rQ!(x) + (1 ! r2)F!(tn!1,x), (4.2)

where r is the correlation factor. The correlation factor r can be expressed in terms
of the correlation time . according to

r =
1 ! *t/2.

1 + *t/2.
. (4.3)

Now the pattern still changes in time, but the changes are more slowly, viz. on
the timescale .. The Markov chain forcing protocol was first used by Lilly (1969)
in two-dimensional turbulence and has been applied in simulations for periodic
domains by Maltrud and Vallis (1991) and Oetzel and Vallis (1997). More recently
the forcing protocol has been used by Clercx et al. (2001) and Molenaar (2004) for
two-dimensional turbulence simulations in bounded domains with no-slip walls.

The implementation of the forcing in numerical methods based on a double
Fourier expansion is straightforward as only the amplitude of the modes with the
wave number (k, l) within the forcing range must be set. From the Fourier coeffi-

cients F̃!(k, l, t) the coefficients F̂!(k,m, t) of the Fourier-Chebyshev mode (k,m)
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Figure 4.1: In physical space the forcing exhibits a pattern of alternating maxima and
minima, with a typical length scale of 2)/|kf|.

can be calculated using

F̂!(k,m, t) = cm

K/2!1#

l=!K/2

F̂!(k, l, t)Jm(l). (4.4)

Here, Jm is the mth-order Bessel function, c0 = 1 and cm = 2 for m / [1,M].
When the forcing is restricted to a thin shell of wave numbers, the calculation of
the Chebyshev coefficients is very efficient as only Fourier modes with nonzero am-
plitude contribute to the sum. The thesis of Molenaar (2004) can be consulted for
more details on this transformation algorithm.

The choice of the forcing scale is related to which part of the inertial range, the
inverse energy cascade or the direct enstrophy cascade, one wishes to study. We are
interested in the possible role of the no-slip walls as sources of small scale vorticity
as was suggested by Clercx and van Heijst (2000). They found a !5/3 slope in the
energy spectrum near the no-slip wall for decaying two-dimensional turbulence,
ranging from a wave number related to the boundary layer thickness up to smaller
wave numbers. In the interior a spectral slope steeper than !3 was observed, which
is related to the enstrophy cascade. We want to study whether the injection of small-
scale vorticity can impede the enstrophy cascade. Hence, the flow is forced at large
scales, to obtain a clear inertial enstrophy cascade range.

In table 4.1 the settings used for the simulations of forced two-dimensional turbu-
lence for the periodic-channel geometry are specified. The first group of simulations
was performed to investigate the influence of the aspect ratio of the computational
domain. The forcing amplitude is then fixed to a value of A! = 4 and the forcing
correlation time is . = 1#10!2. The correlation time is chosen to be small to have
a fast changing forcing field, but it is at least twenty times larger than the used time
step and hence well resolved. The viscosity parameter is also fixed to one value,
$ = 5#10!4. The actual Reynolds number is based on the half height of the domain,
H = 1, and the r.m.s. velocity. The r.m.s. velocity depends on the amount of kinetic
energy when the turbulence reaches a statistically steady state. In figure 4.2 the evo-
lution of the energy and the enstrophy for a domain with aspect ratio one is plotted.
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Table 4.1: The settings used in the simulations on forced turbulence for the viscosity
$, forcing amplitude A!, correlation time . and forcing range. The spatial and time
resolution used to resolve the flow is given by the number of Fourier polynomials K,
the number of Chebyshev polynomials M and the time step *t.

run # L/H $ A! . kf K M *t

1A1 1 5#10!4 4 1#10!2 [7 9] 256 256 5#10!4

1A2 2 5#10!4 4 1#10!2 [7 9] 512 256 5#10!4

1A4 4 5#10!4 4 1#10!2 [7 9] 1024 256 5#10!4

2A4 4 5#10!4 8 1#10!2 [7 9] 1024 256 2.5#10!4

3A4 4 2#10!4 8 1#10!2 [7 9] 1280 320 8#10!5

4A4 4 1#10!4 8 1#10!2 [7 9] 2048 512 4#10!5

The initial condition is a zero vorticity field, i.e. the flow is at rest. Hence, the energy
is starting at zero, but increases as energy is injected by the forcing. For t > 300 the
energy is fluctuating around a constant level, and the mean energy injection by the
forcing is thus leveled by the mean viscous dissipation. The energy and enstrophy
during the statistically steady state are specified in table 4.2. The root mean square
velocity Urms, calculated using the averaged energy, is used to define the Reynolds
number, Re = UrmsH/$. To estimate the advection time scale in the simulation, the
integral-scale eddy turnover time is calculated according te = H/Urms. Note that
enstrophy reaches a constant level more rapidly than the energy. This indicates that
the energy-containing length scale lE = (E/()1/2 of the flow is slowly increasing.

In the second set of simulations we aim to increase the Reynolds number. For
these simulations we have set the aspect ratio to four. In the first simulation of the set
we used the final vorticity field of the simulation with Re ' 1800 and aspect ratio 4 as
initial data and doubled the forcing amplitude. After t = 100 the flow reaches again
a statistically steady state, but with an increased energy of E ' 28. The Reynolds
number is thus increased from Re ' 1, 800 to 3, 800. To increase the Reynolds
number even further, we performed a simulation for which the viscosity is decreased.
The vorticity field of the previous simulation is used to provide the initial data. The
spatial resolution is increased to resolve the smaller flow structures. Thereafter, the
Reynolds number is increased even further by reducing the viscosity once more. In
the latter two cases the statistically steady state is not reached completely, but the
energy is typically increasing from E ' 32 to 36 in twenty integral-scale eddy turn
over times.

4.2 Turbulence on domains with different aspect ratios

In figure 4.3 the stream function is plotted for different aspect ratios of the domain. In
all the cases a statistically steady state is reached, although the time to reach this state
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Table 4.2: The approximate energy E and enstrophy ( during the statistically steady
state. The approximate Reynolds number Re, r.m.s. velocity Urms and eddy turnover
time te. are based on the energy level during in the same stage.

run # Re E ( Urms te

1A1 1300 0.8 2.8#101 0.65 1.5
1A2 1900 3.6 2.0#102 0.95 1.1
1A4 1800 6.5 4.0#102 0.9 1.1

2A4 3,800 28 1.6#103 1.9 0.54
3A4 10,000 32 2.7#103 2.0 0.50
4A4 20,000 36 4.1#103 2.0 0.50

is not equal. On one hand, for aspect ratios L/H = 1 and 2 a strong channel flow
develops. Recall that there is no pressure drop over the length of the channel, so the
directional flow develops spontaneously. The direction of the channel flow is ran-
dom and the probability of either direction is equal, as can be found by performing
an ensemble of simulations. Simulations of forced and decaying two-dimensional
turbulence on a bounded square domain reveal a similar phenomenon, known as
spontaneous spin-up, with the bulk of the fluid rotating in one direction (Clercx et al.,
1999; Maassen et al., 2003; Molenaar et al., 2004). On top of the strong channel
flow, one domain-sized circulation cell is visible in the stream function contour plot
for aspect ratio of L/H = 1. Two of these cells are present for aspect ratio two, where
one of them has clockwise rotation and the other an anti-clockwise rotation. On the
other hand, for aspect ratio L/H = 4, we observe 4 to 6 circulation cells and the
channel flow is much weaker compared to the case of channel domain with a lower
aspect ratio. The formation of domain-sized cells closely resembles the flow in a
rectangular domain of the same aspect ratio with no-slip walls at all sides.

An important parameter is the aspect ratio of the domain. Van Heijst et al. (1990)
investigated the spin-up from rest for a homogeneous and a linear stratified fluid in a
rectangular container. The spin-up process ultimately leads to a solid body rotation,
but in between three different stages can be discerned. These being (i) the starting
flow characterized by zero absolute vorticity, (ii) flow separation due to cyclonic
vorticity generation at the walls and (iii) a subsequent organization of the flow in an
array of alternately cyclonic and anticyclonic cells. In a similar experiment van de
Konijnenberg et al. (1994) found that for a rotating fluid in a rectangular tank, the
flow evolves into the same array of vortices when the rotation rate was suddenly
increased. Each of the vortices is approximately circular and the number of vortices
depends on the aspect ratio of the tank. Maassen et al. (2003) observed the same
array of vortices with alternating signed vorticity in a stratified fluid. Here the fluid
was initially stirred with a grid, but after removing the grid left to move freely. The
array of vortices we observe for a periodic channel with aspect ratio L/H = 4, thus
resembles the case of a bounded domain more closely. In our case the presence
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Figure 4.2: Energy and enstrophy evolution for the simulation of forced turbulence
on a periodic channel with aspect ratio one. The viscosity is equal to $ = 5#10!4

yielding a Reynolds number of Re = 1000 when the energy reaches a constant level.

of this unidirectional flow observed for the smaller aspect ratios is an artifact of
the periodic boundary conditions. The influence of these boundaries is reduced
for large aspect ratio channels, which together with the isotropic forcing seems to
cause the formation of the circulation cells. To remain close to the case with lateral
boundaries we will restrict further simulations to an aspect ratio of four. Recall that
similar arrays of circulation cells have been observed in sea basins (Buffoni et al.,
1997; Falco et al., 2000).

From the vorticity field, this organization into domain-sized structures is less
clear, as a lot of small-scale vorticity is present. The domain-sized structures in the
stream function cannot be considered as vortices as the vorticity does not show the
same large structures. In the domain-sized regions where the stream function is pos-
itive, more positive vorticity is present than negative vorticity. For the domain with
aspect ratio L/H = 4, there are two strong large-sized positive vortices present which
correspond to the two large regions where the stream function is positive. Opposed
to these strong positive vortices there is no strong negative vortex present, but only
regions with predominantly negative vorticity. Molenaar et al. (2004) observed in
simulations for forced two-dimensional turbulence on a square domain with no-
slip walls the formation of a strong domain-sized vortex, both clearly visible in the
stream function and the vorticity. Now and then, oppositely signed vorticity created
at the no-slip walls is injected into the flow. This small-scale vorticity destabilizes
the domain-sized vortex, which then collapses into smaller vortices. Thereafter, the
flow evolves into a single domain-sized vortex again, where the rotation direction
could be opposite to the earlier situation. We also clearly observe that vorticity cre-
ated at the no-slip boundary is detached from the wall and interacts with the interior
vortices. In our case this injection of wall-generated vorticity strongly hinders the
formation of strong domain-sized vortices.
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Figure 4.3: Stream-function contour plots and vorticity fields of the forced turbulence
simulations on a rectangular domain with aspect ratios L/H = 1, 2 and 4. Regions
where the stream function is positive and negative are coloured white and grey,
respectively. The maximum positive and negative vorticty values are coloured white
and black, respectively.
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High Reynolds number turbulence for L/H = 4

In figure 4.4 we present the results of the simulations where the Reynolds number
is varied between Re = 1, 250 and 20, 000. For the two lowest Reynolds numbers
the flow reached the statistically steady state. The snapshots of the vorticity field for
the higher Reynolds numbers runs are taken at approximately twenty integral-scale
eddy-turnover times after the simulation was started. At low Reynolds number a lot
of vortices can be observed that have a length scale comparable to the forcing scale.
Vorticity structures with a smaller scale are removed by viscous dissipation. If the
Reynolds number is increased the spatial structure of the forcing is less persistent.
The viscous dissipation is now acting on smaller scales, and hence there are more
fine-scale vortices and vorticity filaments visible. Note that the vortices become
more compact, i.e. have a smaller size with a larger vorticity amplitude. Vorticity is
stretched around the strongest vortices, which leads to thin vorticity filaments.

At the wall the thickness of the viscous boundary layers is reduced when the
Reynolds number is increased. In the simulations on the dipole-wall collision we
have seen that an increased Reynolds number leads to the injection of smaller but
stronger vortices. The same can be observed in the turbulent vorticity fields, where
the smallest vortices originate from the wall. For Re ' 20, 000 this leads to the in-
jection of vortices that are considerably smaller than the forcing scale. Moreover,
vorticity that is detached from the wall is stretched around the domain-sized vor-
tices or around the clusters of like-signed vorticity. This typically leads to vorticity
filaments that are aligned perpendicular to the wall on average.

4.3 Decaying Stokes modes

For decaying turbulence the long-time behaviour is characterized by a small Rey-
nolds number. The solution is in the limit of Re - 0 described by the Stokes equa-
tion, i.e. the advection term can be neglected as in time the viscous term becomes
increasingly important. The domain-sized structure that appears due to the self-
organization of the flow is often compared to the gravest (least damped) solutions
of the Stokes equation. To investigate the resemblance between the domain-sized
structures and the Stokes modes we now give a brief overview of the Stokes modes
in a periodic channel domain.

The Stokes equation reads

#%

#t
= $!2% in P. (4.5)

Solutions of this equation are often referred to as Stokes modes, which vary for differ-
ent geometries of the domain. Separation of variables, %(x, t) = T(t)%(x), yields

1

T(t)

dT(t)

dt
= $

!2%(x)

%(x)
= $8, (4.6)
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Re ' 1, 250

Re ' 3, 700

Re ' 10, 000

Re ' 20, 000

Figure 4.4: Results of simulations of forced turbulence in a channel domain with
aspect ratio equal to L/H = 4 for Reynolds numbers, Re ' 1250, 3700, 10, 000 and
20, 000.
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with 8 a constant yet to be determined. The time-dependent part is then given by
T(t) = exp($8t). The spatial part of the solutions, %(x), is governed by

!2% ! 8% = 0 in P. (4.7)

The spatial solution depends on the applied boundary conditions, see for instance
Orszag et al. (1986) for a periodic channel domain and van de Konijnenberg et al.
(1998) for the bounded square domain. We now briefly describe the spatial solution
on the two-dimensional periodic channel. For the x-direction we assume that the
solution is periodic and hence can be written as a Fourier series. Equation (4.7) can
then be written as

#2%

#y2
+ µ2% = 0, (4.8)

where we have introduced µ2 = !8 ! k2. We treat two separate sets of solutions,
the first contains all the Stokes modes that are symmetric in y. Without the loss of
generality we assume that the no-slip walls are located at y = ±1. The symmetric
solutions are then given by the vorticity field

%(x) = !(µ2 + k2) cosh(k) sinh(k) cos(µy) exp(ikx) (4.9)

and the accompanying velocity field is

u(x) = µ cosh(k)[sinh(k) sin(µy) ! sin(µ) sinh(ky)] exp(ikx),
v(x) = sinh(k)[cosh(k) cos(µy) ! cos(µ) cosh(ky)]ik exp(ikx).

(4.10)

The obtained velocity field is only divergence-free when

µ tan(µ) = !k tanh(k), (4.11)

which provides the value for µ when k is specified.
The decay rate of the Stokes modes then follows from 8 = !k2 ! µ2. We now

choose a domain with aspect ratio equal to two, thus P = [0, 4)# [!1, 1], for illustra-
tion purposes. The channel length, equal to L prescribes the possible wave numbers
k in the x-direction. For instance, k = 2)/L is the gravest nonzero wave number.
The values µ and 8 for the gravest Stokes modes are given in table 4.3. Any combi-
nation of k and µ results in a negative 8, which is required for the time-dependent
part to remain finite in time. The gravest mode with the smallest k and µ decays the
slowest.

The antisymmetric solutions are given by

%(x) = !(µ2 + k2) cosh(k) sinh(k) sin(µy) exp(ikx), (4.12)

and the velocity field by

u(x) = !µ sinh(k)[cosh(k) cos(µy) ! cos(µ) cosh(ky)] exp(ikx),
v(x) = cosh(k)[sinh(k) sin(µy) ! sin(µ) sinh(ky)]ik exp(ikx).

(4.13)
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Table 4.3: Decay rate for the gravest Stokes modes on periodic channel domain with
no-slip walls at y = ±1.

k = 0 k = )/2

symmetry µ 8 µ 8

A )/2 -2.47 - -
S ) -9.87 2.642 -9.45
A 3)/2 -22.21 4.336 -21.27
S 2) -39.48 6.049 -39.06

The values for µ now have to satisfy the relation

µcotan(µ) = kcotanh(k), (4.14)

which, again, is required for the velocity field to be divergence free. The complete
solution to the Stokes equation (4.5) can be composed using both the symmetric and
the antisymmetric Stokes modes. In figure 4.5 the gravest Stokes mode for k = )/2 is
given on a domain with aspect ratio L/H = 2. The solution consists of two counter-
rotating vortices with a size comparable to the width of the periodic channel domain.

In principle the solutions for k = 0 are also provided by (4.9) and (4.12), but the
factor sinhk coshk needs to be dropped. This factor was only introduced to simplify
the notation for the velocity components given by equations (4.10) and (4.13). We
now describe the solutions for k = 0 more specifically as they have an important
implication to the flow organization. The symmetric solution is given by

%(x) = ! µ2 cos(µy), (4.15)

u(x) = µ sin(µy), (4.16)

v(x) = 0. (4.17)

The no-slip constraint at y = ±1 simply yields that µ = n). The antisymmetric
solution reads

%(x) = ! µ2 sin(µy), (4.18)

u(x) = ! µ cos(µy), (4.19)

v(x) = 0. (4.20)

where µ = (n + 1
2 )). The decay rate follows from 8 = !µ2, which is always

negative. The gravest mode, i.e. the antisymmetric mode with k = 0 and µ = )/2 is
the slowest decaying Stokes mode. Its appearance closely resembles the Poiseuille
pipe flow as given by (1.22). The velocity profile is not parabolic but has a cosine
profile, u = !µ cos()y/2). The largest difference is that there is no pressure drop
associated with the velocity profile. For the Poiseuille flow a pressure gradient is
essentially required to sustain the velocity field. Note that for all Stokes modes with
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k = 0

k = +
2

stream function vorticity

Figure 4.5: The stream function and vorticity of the gravest solutions to the Stokes
equation on a periodic channel domain with L/H = 2 for k = 0 and k = )/2. White
and grey areas denote positive and negative values of the stream function or vorticity,
respectively.

k = 0 there is a linear functional relation, % = µ2&, between the vorticity and the
stream function. Such a single Stokes mode is also a solution to the Navier-Stokes
equation. Any combination of Stokes modes is not a solution to the Navier-Stokes
equation as the non-linear term is no longer zero.

There is a resemblance between the gravest Stokes modes and the large-scale
structure that appears in the stream function of the forced turbulence simulations
(see figure 4.3). For the smaller aspect ratios the observed bands in the x-direction
correspond to the first antisymmetric mode with k = 0 and µ = )/2. If the aspect
ratio is increased it resembles Stokes modes with higher values of k, corresponding
to an array of vortices. The selection of the number of vortices and hence the value
for k depends on the aspect ratio of the channel. For instance, the smallest non-zero
k-value is k = 2)/L, which corresponds to two vortices of opposite sign over the
channel length. A larger number of vortices is also possible but for the solution to
be periodic this number needs to be even. This is opposed to what is observed in a
rectangular domain enclosed by no-slip walls at all sides.

In this case, the gravest Stokes modes is one domain-sized single vortex. If the
domain has an aspect ratio other than unity, the vortex is elliptical. Both in simula-
tions on decaying two-dimensional turbulence (Clercx et al., 1998; Maassen et al.,
2003) and in experiments on stratified or rotating decaying turbulence (van Heijst
et al., 1990; van de Konijnenberg et al., 1998; Maassen et al., 2003) this Stokes
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mode emerges for the long-time limit in square containers. For larger aspect-ratios
containers arrays of domain-sized vortices are observed that survive for long times.
For decaying turbulence in a double periodic domain a dipolar structure structure
is observed, i.e. there is one positive vortex and one negative vortex (Hossain et al.,
1983; Matthaeus et al., 1991). For a circular domain the domain-sized structure
strongly depends on the angular momentum present in the initial condition (Li and
Montgomery, 1996a,b). With no angular momentum present a dipolar structure
appears, while with a certain amount of angular momentum present a monopolar
vortex is observed. For stress-free boundaries Nielsen et al. (1998) observed such a
monopolar structure even when no angular momentum was present initially.

The importance of Stokes modes to the self-organization of two-dimensional tur-
bulence is uncertain. Batcho and Karniadakis (1994) and van de Konijnenberg et al.
(1998) noted that the solutions of the Stokes equation describe the diffusion of the
turbulent velocity field. The Stokes modes form a complete basis on which the ve-
locity field can be projected. As the energy dissipation is the weakest for the gravest
mode, it is expected to be dominating the flow. This reasoning, however, neglects
the non-linear interactions, which can transfer energy between Stokes modes. Simu-
lations on forced two-dimensional turbulence on a square domain by Molenaar et al.
(2004) clearly reveal the emergence of a single domain-sized vortex, which resem-
bles the gravest Stokes mode on a square domain. However, the vortex is strongly
affected by smaller-scale vortices and vorticity filaments created by the continuous
forcing and vorticity production at the wall.

Simulations for non-square containers have not been reported for forced turbu-
lence. In the experiment by van de Konijnenberg et al. (1994) three domain-sized
vortices appeared for aspect ratios equal to two and three. Maassen et al. (2003)
observed that the number of vortices is equal to the aspect ratio L/H, with in some
cases an additional domain-sized vortex. In our case we sometimes observe six
domain-sized circulation cells for an aspect ratio of L/H = 4. The lack of the lateral
no-slip wall and of the associated boundary layer, provides room for the extra cell.
Recall that these circulation cells not always correspond to a strong large vortex, but
they might be due to a clustering of like-signed vortices. Both the strong large vortex
and the cluster have a size that is smaller than the domain-sized vortices observed
for decaying turbulence. By forcing at a scale a few times smaller than the domain
size one observes a continuing creation of vortices at this scale, which impedes the
formation of a domain-sized vortex.

Figure 4.6 presents the evolution of the turbulence when the forcing is switched
off. For this simulation the last vorticity field of run 1A4 is used as initial condition. In
the initial field there are four circulation cells, two of them correspond to two strong
negative vortices. After the forcing is switched off we observe a strong organization
into four vortices. This illustrates the large difference between decaying turbulence
and forced turbulence, for which the forcing is continuously inserting small vorticity
structures. As time proceeds the gravest Stokes modes are dominating the flow.
Note, however, that vorticity is still being produced at the wall, but this does not
create small vortices. The detachment of the boundary layer illustrates that non-
linear effects are still important at low Reynolds numbers. At the end only the gravest
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modes remains, i.e. the channel flow.

4.4 Dispersion of a tracer injected at the wall

To investigate the dispersion of a passive tracer, we can provide a non-uniform tracer
distribution as initial condition or we can add a source or sink of tracer material. If
no continuous source of tracer material is present all gradients in the tracer material
will be removed due to diffusion and the tracer distribution becomes uniform. Al-
though tracer diffusion is very slow for high Péclet numbers, the mixing rate of the
tracer can be increased by the turbulent velocity field. Patches of tracer material are
stretched into long filaments in strain dominated regions of the velocity field. Tracer
gradients are thus enhanced, leading to a faster tracer diffusion. We thus opt to use
a continuous source of tracer material to maintain a non-uniform tracer distribution.

In chapter 3 we have investigated the removal of tracer material located near the
wall by the dipole-wall collision. Now we want to investigate how tracer material
that is injected at the wall is dispersed by the turbulent velocity field. Therefore, an
influx of tracer material is specified at the upper wall,

/
#c

#n

####
y=1

= 1, (4.21)

and a negative influx at the lower wall

/
#c

#n

####
y=!1

= !1. (4.22)

The negative rate of injection at the lower wall introduces a negative concentration,
which is slightly artificial when simulating the dispersion of a dye. In the case the
passive tracer prepresents temperature, (4.22) simply denotes a negative heat flux
at the lower wall. The set-up with a high (constant) temperature at one wall and a
low temperature at the other wall is often used to study Rayleigh-Bénard convection.
However, in our simulations the tracer does not influence the velocity field, i.e. it is
passive. Important to recall is that positive concentration originates from the upper
wall and negative concentration from the lower wall.

We performed three simulations in which tracer material was injected at the wall.
In table 4.4 the resolutions and other parameters that are used for the simulations are
specified. The forced turbulent velocity field, taken from simulation 3A4, is identical
for all three simulations, and has a typical Reynolds number of Re ' 10, 000. The
values for the tracer diffusion coefficient are varied to obtain results for Sc = 1/4,
1 and 2. For the latter case the resolution used to solve the tracer concentration is
increased to resolve the thin tracer filaments. The time step is not changed, which
was necessary to keep the vorticity forcing, and consequently the flow evolution,
the same for all three simulations.

Figure 4.7 shows the tracer distribution after approximately 40 integral-scale
eddy turnover times after the injection of the tracer material was started. For all the
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Figure 4.6: The initially turbulent vorticity field eventually decays and the gravest
Stokes mode remains. The viscosity is set to $ = 5#10!4, which yields an initial
Reynolds number of Re = 1132. The maximum positive and negative vorticity values
are coloured white and black, respectively.
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Table 4.4: Settings for the simulations where a tracer is injected at the wall for dif-
ferent values of the tracer diffusion coefficient / or Schmidt numbers Sc. The spatial
and time resolution is specified by the number of Fourier polynomials K, the number
of Chebyshev polynomials M and the time step *t.

/ Sc K M *t

0.5#10!4 1/4 1280 320 8#10!5

2#10!4 1 1280 320 8#10!5

4#10!4 2 1536 384 8#10!5

Schmidt numbers the dispersion of tracer material is roughly similar. The big differ-
ence is that tracer gradients are smoothed more quickly for smaller Péclet numbers.
Most pronounced are the bursts of tracer material between the domain-sized vor-
tices. Between one vortex with positive circulation and one vortex with negative
circulation (from left to right) tracer material that originated from the lower wall is
advected into the domain and crosses the channel. Tracer material that originates
from the upper wall is mainly advected into the domain, between a negative and a
positive vortex. Recall that the domain-sized structures in the stream function are
caused or by a strong vortex or by a cluster of smaller vortices of like signs. Nearly
no tracer material ends up in the regions where a single strong vortex is present.
Tracer material can enter the strong vortex by two mechanisms; diffusion of the
tracer material into the vortex core and by merger with another vortex. For the sec-
ond mechanism, tracer material needs to be contained by a patch with vorticity of
the same sign as the central vortex. The central vortex can merge with this patch
of vorticity and capture the associated tracer material. The tracer material will then
spiral into the central vortex structure, which can be clearly observed for Sc = 2.
For a small Schmidt number the gradients in the spiral are smoothed by diffusion.
In the regions where no strong vortex is present, we observe many smaller vortices
that contain tracer material originating from both the upper and lower wall.

Recall from the previous chapter that the boundary tracer material, that is re-
moved from the wall during the dipole-wall collision, is captured in the secondary
vortex. The no-slip wall thus plays an important role as both vorticity and tracer
material that originates from the wall can easily enter the entire interior domain.
In figure 4.8 the vorticity profile and the vorticity influx are plotted. Recall that in
boundary points where % = 0 the flow separates from the wall. The small-sized vor-
tices near the wall cause the influx of vorticity at the wall, which is hence strongly
fluctuating at a comparable length scale. The large central vortices do not cause
a large vorticity influx as they move at much slower rate than the smaller vortices.
Integrated over time the contributions by the large central vortex are more impor-
tant than the rapid fluctuating vorticity influx due to smaller vortices. The resulting
vorticity at the wall has less zeros than the vorticity flux. For instance, in the region
between x = 4 and 5 the vorticity in the boundary layer is mainly positive as a result
of the strong negative vortex in the centre. The vorticity influx only causes some
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vorticity field, Re ' 10, 000

tracer field Sc = 1/4

tracer field Sc = 1

tracer field Sc = 2

Figure 4.7: The dispersion of a passive tracer for different Schmidt numbers, with the
tracer injected at both the upper and lower walls at a constant rate. The red coloured
tracer material is due to the positive influx at the upper wall, while the green coloured
tracer material stems from the negative tracer influx at the lower wall. In the upper
panel a snapshot of the vorticity at the same time is given.
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Figure 4.8: Vorticity % (black) and vorticity production !$#%/#y (grey) on the wall
for Re = 10, 000.

fluctuations on the positive vorticity in this region. There are, thus, mainly only
separation points upstream and downstream of the central vortex. In the region in
between there is no injection of tracer material. Downstream of the central vortex,
tracer material is injected into the domain in several small bursts and transported
quickly into the interior. Upstream tracer material is detached from the wall, but
there is no further transport away from the wall due to the rotation direction of the
central vortices.

To investigate the rate of tracer dispersion into the domain, the tracer variance
in the wall-normal direction is calculated using

s2
y(t) =

!!

P
(y ! y)2c(x, t)dA, (4.23)

where y denotes the y-coordinate of the centre of mass of the tracer. Only the
tracer material that enters through the upper wall is considered in the calculation.
In figure 4.9 the results are plotted against time in a double logarithmic graph. For
short times the squared tracer variance shows a scaling proportional to t, which is
related to diffusion of the tracer material. When there is no velocity field, diffusion is
the only mechanism to disperse the tracer material. At the wall the normal velocity
is equal to zero, so initially there is only a diffusive flux of tracer material away from
the wall. Thereafter, the rate of dispersion is increased enormously and the scaling is
close to t3. The start of the t3 regime coincides with the first occurrence of spikes of
tracer material near the wall. In figure 4.10) the distribution of a dye tracer, injected
at the upper wall, is plotted for three subsequent times within the range where the
dispersion scales as t3. The vortices close to the wall remove the tracer material in
a similar way as was observed for the dipole-wall collision simulations in chapter 3.
In the turbulence simulations, the tracer material is not advected around the vortex,
but is typically advected even further into the interior by interactions with interior
vortices. Note the strong filaments of the tracer material, which hints at a strong
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Figure 4.9: The tracer variance measured in the wall-normal direction. Tracer mate-
rial is being injected at the upper wall at a constant rate.

shear in the flow. The fast increase of the dispersion is limited by the finite size of
the domain and the end of the t3 regime coincides with the time the first plume of
tracer material reaches the opposite wall.

We now briefly mention some results on relative dispersion in two-dimensional
turbulence. For the separation D between a pair of tracer particles, the Richardson
law prescribes

D2 ! t3, (4.24)

for an ensemble of particles in a turbulent velocity field with D2 = (D · D). For
two-dimensional turbulence the relative dispersion is dependent on whether the
separation between the two particles is smaller or larger than the energy injection
scale. For separations smaller than the forcing scale, i.e. in the enstrophy cascade,
Babiano et al. (1990) observed an exponential growth of the dispersion in numerical
simulations. For the energy cascade the classical Richardson law is predicted and
observed by Babiano et al. (1990) and Zouari and Babiano (1994) in numerical
simulations and by Jullien et al. (1999) in laboratory experiments. Although we
observe a clear t3 scaling, the relation to the results on pair dispersion is not that
simple. Note that in our simulations we introduce tracer material only at the wall,
and hence are not measuring the dispersion properties of the entire turbulent flow.
Another difference is that tracer diffusion is not accounted for when investigating
pair dispersion, and hence do not describe the initial diffusional regime which we
observe.

4.5 Summary and discussion

The flow in the periodic channel is driven by a volume forcing that is restricted to a
certain scale. The type of flow that develops strongly depends on the aspect ratio of
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t = 0.5

t = 1.0

t = 1.5

Figure 4.10: Snapshots of the tracer field in the time regime dispersion is proportional
to t3 with the tracer being injected at a constant rate at the upper wall.

the domain. For small aspect ratios, L/H = 1 and 2, a strong unidirectional channel
flow is present. Without any applied pressure gradient over the channel length,
the channel flow develops spontaneously, much like the spontaneous spin-up in a
square bounded domain observed by Molenaar et al. (2004) in forced turbulence
and Clercx et al. (1998) for decaying turbulence. For the larger aspect ratios of
L/H = 4, an array of circulation cells of alternating rotation appears. This is in
agreement with the experiments on decaying turbulence in a stratified fluid for large
aspect ratio containers by Maassen et al. (2003).

There is, however, a large difference between the patterns observed in decaying
turbulence and in that for forced turbulence. For forced turbulence the vorticity field
is characterized by vortices of approximately the forcing scale, while the stream
function reveals a clear organization into the domain-sized circulation cells. The
circulation cells are either caused by a strong vortex that is somewhat smaller than
the domain size or by a clustering of like-signed smaller vortices. The strong large
vortices can be destabilized by the smaller vortices, which are created by the forcing
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mechanism or by detachment of wall-generated vorticity.
Tracer material that is injected at the wall initially diffuses slowly into the domain

and is then efficiently injected into the domain due to advective transport by vortices
that are located near the wall. Thereafter, the tracer is rapidly advected towards the
opposite wall due to the large circulation cells. After the diffusive stage the tracer
dispersion is fast, with the squared tracer variance increasing as t3. Nearly no tracer
material enters the strong domain-sized vortices. In the regions of the domain where
such a vortex is not present wall-generated vortices can enter and take the tracer
material with them.

The tracer material that is injected at the wall can be considered as a marker
for wall-generated vorticity, certainly for the case the Schmidt number is larger than
unity. The simulations on the removal of tracer material located near the boundary
by the dipole-wall collision revealed that this tracer material becomes trapped inside
the wall-generated vortices. The fast dispersion of tracer throughout the domain
illustrates that the wall-generated vorticity structures also enter the entire domain.
This reinforces the importance of the no-slip walls as a source of small-scale vorticity
structures as suggested by Clercx and van Heijst (2000).

The impact of this injection of boundary vorticity on the energy spectrum of the
turbulence is worth investigating, which we will do in the next chapter. Already
work has been done on the spectra of decaying turbulence on a bounded no-slip
domain by Clercx and van Heijst (2000). Wells et al. (2007) used the injection of
wall-generated vorticity to drive the flow by accelerating and decelerating the no-
slip walls. In this case the forcing effect of the wall does not have to compete with
injection of vorticity by the volume forcing, as is the case for our simulations.

A detailed comparison of tracer dispersion near the wall with results of simula-
tions on a stress-free domain could be worthwhile. A vortex near a stress-free wall
will induce a velocity that is largely directed parallel to the wall. Tracer material is
thus also mainly propelled along the wall. The lack of vorticity production at the
wall and of the consequent injection of this vorticity could reduce the dispersion
rate of the tracer considerably. The dispersion of tracer material inside the domain,
however, will probably not differ from the no-slip case.

Increasing the Reynolds number to Re > 20, 000 is essential to proceed into the
regime where vorticity spikes occur at the wall, as was observed in the simulations
for the dipole-wall collision. Note that for the dipole-wall collision the Reynolds
number of Re = 20, 000 is based on a single energetic dipole. The vortex-wall
collision that occur in the turbulent field with the same Reynolds number are less
energetic. The role of these vorticity spikes on the tracer dispersion is an interesting
topic for further investigation.
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5 Statistics of the flow
and the tracer field

The chaotic nature of high Reynolds number flows makes a statistical description of
turbulence useful if not required. Kolmogorov’s theory for the scaling behaviour of
the energy spectrum and structure functions of the flow, have been groundbreak-
ing in this aspect. The physical mechanism of a constant energy flux or cascade
to smaller scales is one of the most characteristic features of three-dimensional tur-
bulence. For two-dimensional turbulence Kraichnan formulated the idea of a dual
cascade, an inverse cascade of energy to large scales and a direct cascade of enstro-
phy to the small scales in the flow (Kraichnan, 1967). The inverse energy cascade
and the related k!5/3 scaling of the energy spectrum has been confirmed in numer-
ical simulations by e.g. Babiano et al. (1995) and laboratory experiments by, e.g.,
Sommeria (1986) and Paret and Tabeling (1997).

The direct enstrophy cascade and its E(k) ! k!3 scaling is subjected to more
debate, from both the theoretical and observational side. In chapter 1 we have
already discussed that the k!3 scaling is on the verge of breaking the locality of
the energy transfer. A large problem in validating the k!3 scaling in the enstrophy
cascade range is that the Reynolds number must be large to obtain a scale separation
between energy injection scale and the dissipation scale. To restrict the dissipation
to larger wave numbers one often resorts to the use of hyperviscosity, i.e. the viscous
term in the Navier-Stokes equation is replaced by a similar term with a higher order
version of the Laplace operator. If hyperviscosity is used Oetzel and Vallis (1997)
measured a spectral slope of !3. High resolution simulations based on a normal
second order viscous operator were presented by Gotoh (1998). He observed that
the spectrum tends to a !3 slope when the Reynolds number is increased. However,
the simulation at the highest Reynolds number has a slope of !3.4, still not equal
to a !3 slope. More recent simulations by Lindborg and Alvelius (2000), using the
standard viscosity, revealed a clear !3 slope in the enstrophy cascade range.

For the channel domain used in our simulations we cannot resort to hyperviscos-
ity due to the presence of no-slip boundaries. No-slip boundaries play an important
role in two-dimensional turbulence as they convert large-scale energy into small-
scale energy. For decaying turbulence Clercx and van Heijst (2000) measured a
!5/3 slope near the wall ranging from small scales related to the boundary layer
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thickness towards large scales. This suggests that there is an inverse cascade of en-
ergy in this range. The same phenomenon is observed in simulations and laboratory
experiments by Wells et al. (2007). In these experiments the background rotation
is modulated, causing a constant creation and injection of vorticity structures at the
wall. Simulations in a square domain with no-slip boundary were performed by
Molenaar et al. (2004) who forced the flow by a volume forcing restricted to large
scales. In this simulations no clear !5/3 spectral slope was observed near the wall,
which can be related to both the moderate Reynolds number and the presence of the
volume forcing. In our view it is interesting to extend these studies of the enstrophy
cascade of turbulence bounded by no-slip wall.

5.1 Statistical tools

Most of the theoretical results for describing the statistics of turbulence are based
on the assumption that the turbulence is both statistically isotropic and homoge-
neous. By homogeneity all the points in the domain can be used for averaging. If
the flow is statistically isotropic it can be described by the amplitude of the veloc-
ity, the direction of the velocity is irrelevant. When solid boundaries are present, it
can be expected that the turbulence becomes anisotropic and inhomogeneous. For
our specific geometry, the periodic channel, the turbulence can be assumed to be
homogeneous along a line parallel to the wall. The flow is most likely anisotropic
along this line, as the wall normal velocity component is considerably smaller than
the parallel velocity component. For this approach we need tools that measure the
statistics of turbulence along straight lines. Most of the numerical tools discussed be-
low can be found in the text book of Tennekes and Lumley (1972). We will assume
that the velocity field is two-dimensional, i.e. u = (u1, u2), and restrict ourselves to
a description in two-dimensional space.

Correlation function and the energy spectrum

The correlation between the velocities at two different points, x and x+r is measured
by the correlation tensor. If the turbulence is homogeneous the correlation tensor
Rij only depends on the separation r and not on the position of measurement x, i.e.

Rij(r) = (ui(x + r)uj(x)), (5.1)

where the (·) denotes taking the ensemble average. The correlation tensor can be
decomposed in several components depending on the orientation of ui(x + r) and
uj(x) relative to the separation vector. If both velocity components are aligned along
the separation vector we obtain the longitudinal correlation. In the case that the sep-
aration vector r = (r1, 0) is along the x-axis, R11(r1) = (u(x1 + r1)u(x1)) gives the
longitudinal correlation. For the transverse correlation the two velocity components
have the same orientation but are directed perpendicular to the separation vector.
If again r = (r1, 0), then R22(r1) = (v(x1 + r1)v(x1)) is the transverse correlation.
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Figure 5.1: Correlation between velocity components in two points, x and x + r
separated by the vector r.

The other correlations with different orientations are called cross correlations. The
different correlations are schematically represented in figure 5.1.

The spectrum tensor :ij is the Fourier transform of Rij(r) and is given by

:ij(k) =
1

(2))2

!!%

!%
Rij(r)e!ik·rdr, (5.2)

Rij(r) =

!!%

!%
:ij(k)eik·rdk. (5.3)

If the domain is not infinite but periodic, the Fourier transform has to be replaced
by a discrete Fourier transform. Of special interest is the sum over the diagonal
components of spectrum tensor, :ii = :11 + :22, because it is proportional to the
kinetic energy at a given wave vector k. The total kinetic energy is contained by

Rii(0) = (uiui) =

!!%

!%
:ii(k)dk, (5.4)

where we have adopted Einstein’s summation convention. If the Fourier coefficients
ûi(k) of the velocity are known, the components of :ii can easily be computed
using Parseval’s theorem, yielding :ii(k) = |ûi(k)|2.

In case the turbulence is isotropic, one is not interested in the directional infor-
mation of :ii(k). It is then removed by integrating over a circular shell of radius
k = |k|,

E(k) =
1

2

!2+

0
:ii(k)kd;, (5.5)

where ; is the angle between wave vector components k1 and k2. The factor 1/2 is
introduced to make the integral over the spectrum E(k) equal to the kinetic energy
per unit mass, !%

0
E(k)dk =

1

2
(uiui). (5.6)
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This is the energy spectrum we used in chapter 1 to discuss the spectral dynamics
of two-dimensional homogeneous isotropic turbulence.

In our case the turbulence is both inhomogeneous and anisotropic due to the
presence of the solid boundaries. It is, however, still homogeneous along lines
parallel to the wall. It is thus useful to resort to spectra that are measured along
a line. Even in experiments on isotropic homogeneous turbulence, measurement
data are often only collected along a line and only one-dimensional spectra can
be computed. The one-dimensional spectra that are often measured are the Fourier
transforms of the longitudinal correlation R11(r1, 0) and the transverse correlation
R22(r1, 0). The longitudinal spectrum F11(k1) and transverse spectrum F22(k1) are
defined by

Rii(r1, 0) =

!%

!%
eik1r1Fii(k1)dk1. (5.7)

The relation between these two spectra and the energy spectra E(k) is quite compli-
cated. For the one-dimensional spectra only one component of k is known, namely
k1, as only one-dimensional information is available. The energy related to all the
wave vectors with component k1 contribute to Fii(ki). The one-dimensional spec-
tra are thus aliased, where the aliasing mainly affects the smaller wave numbers k1.
If the turbulence is isotropic, however, it can be shown that power-law scaling of
the energy spectrum, E(k) ! k!$, yields a similar scaling for Fii(k1) ! k!$

1 for
the one-dimensional spectra. The one-dimensional spectra Fii(k1) can be calcu-
lated using the 1D Fourier coefficients ũ(k1, x2) and Parseval’s theorem, yielding
Fii(k1, x2) = 1/2|ũi(k1, x2)|2.

Structure functions and probability density functions

Another approach can be taken to describe the relation of the velocity at the points
x and x + r. The velocity increment between the two points is given by

+ui(x, r) = ui(x + r) ! ui(x). (5.8)

If the turbulent velocity field is self-similar, as was assumed by Kolmogorov (1941a)
when he formulated the theory for homogeneous turbulence, the velocity incre-
ments should scale like a power law,

+ui(r) ! rh, (5.9)

with h the constant exponent. The assumption of self similarity is motivated by the
scale invariance of the Euler equation, i.e. the Navier-Stokes equation in the limit
of $ - 0. Raising the increments to the power p and taking the ensemble average
gives the pth-order structure function,

Sp(ui(r)) = ((+ui)
p), (5.10)

which for homogeneous turbulence is only a function of r. Under the same as-
sumption of self-similarity of the turbulence the structure functions should obey a
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power-law scaling,
Sp(r) ! r,p . (5.11)

In Kolmogorov’s turbulence theory, the scaling exponents are given by 2p = p/3. For
the longitudinal third-order structure function an analytical relation can be derived
for three-dimensional turbulence, viz. Kolmogorov’s four-fifths law: Su

3 (r) = !4
5,r.

The negative value of Su
3 denotes that there is an energy flux to smaller scales.

Measurements of turbulence have revealed that, although the turbulence is nearly
self-similar, it reveals intermittent features (see Frisch (1995) on this topic). In order to
incorporate a degree of intermittency in the scaling of turbulence, the multi-fractal
model was introduced. Instead of imposing global scale invariance by having a
single value for the scaling exponent h of the velocity increment, only local scale-
invariance is imposed. The local scaling is constructed using multiple fractal sets,
each with its own scaling exponent h and fractal dimension D(h). The probability
for each of the fractal sets is given by

p(h) ! rdim!D(h), (5.12)

where dim is the spatial dimension of the problem, which is 2 for two-dimensional
turbulence. The probability is related to the relative amount of space the vortices of
a certain scale occupy (Frisch, 1995). The structure function now also has multiple
scaling exponents, but in the limit of r - 0 the power-law with the smallest exponent
dominates. In this case the scaling exponent of the structure functions is given by,

2p = inf
h&0

{ph + dim ! D(h)}. (5.13)

The second-order structure function is closely related to the correlation function
and hence the energy spectrum. In the case of homogeneous turbulence

Sui
2 (r) = 2(u2

i )! 2Rii(r). (5.14)

In a way the second-order structure function is describing the velocity interactions
at a certain scale. The third-order structure function is then related to the energy
transfer and the sign of the structure function gives the direction of the energy transfer
in the inertial range.

The probability density function measures the probability P(s) of a stochastic
variable to have a certain value s. The most common shape of the probability density
function is the Gaussian distribution, described by

P(s) =
1

8
,

2)
exp(!x2/282) (5.15)

with 82 the variance of the distribution. To determine the deviations of the measured
p.d.f. from Gaussian, it is useful to calculate the skewness and/or flatness of the
distribution. The skewness, defined by

S =
1

83

!
s3P(s)ds, (5.16)
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is related to the asymmetry of the distribution. If the skewness is positive, large pos-
itive deviations relative to the mean are more likely than large negative deviations.
A value larger than three for the flatness or kurtosis, defined by

F =
1

84

!
s4P(s)ds, (5.17)

relate to more high-valued deviations than in a Gaussian process. Note that for the
calculations of these quantities, the tails of the p.d.f., which describe the rare events
of the stochastic process, become more important. To ensure the converged statistics
in the tails of the p.d.f. a large number of measurements is required.

If for the stochastic variable the velocity increments +u(r) are used, then the
structure functions are related to the skewness and flatness of the probability density
function. The skewness is in fact the normalized third-order structure function,

S(r) =
S3(r)

(S2(r))3/2
, (5.18)

and the flatness is the normalized fourth-order structure function,

F(r) =
S4(r)

(S2(r))2
. (5.19)

5.2 Tracer forcing by a fixed gradient

The inertial range is extended up to higher wave number when the Reynolds number
of the flow is increased. Therefore, we use the simulation with the highest Reynolds
number (4A4) to investigate the statistics of the turbulence. Recall that the Reynolds
number is based on the r.m.s velocity and half the height of the domain. The settings
for this simulation are given in table 5.1. To obtain spectra of the tracer variance,
the tracer material is injected in such a way that a statistically stationary state can be
reached. Injection of tracer material through the boundary as used in the previous
chapter does not result in such a state. The flux of tracer through the boundary is
very slow compared to the mixing rate in the interior, and as a result the tracer is
well mixed in the interior. If the fluid is at rest, the concentration would have a linear
gradient, with inflow at the upper wall and outflow at the lower wall. In order to
mimic this flow we write the concentration as

c(x, t) = G · x + c "(x, t), (5.20)

i.e. with a fixed gradient and a variational part c "(x, t). The fluctuations in the
concentration are then governed by

#c "

#t
+ (u ·!)c " = /!2c " ! G · u, (5.21)

where the last term on the right-hand-side acts as a source term. This kind of tracer
forcing was used by Yeung et al. (2002) to investigate the effect of the Schmidt num-
ber on turbulent transport and by Brethouwer et al. (2003) to study the alignment
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Table 5.1: Settings and resolution used to solve the tracer dispersion in a turbulent
velocity field. The tracer material is continuously injected at the upper and lower
wall.

N M *t F! . |kf|/2)

$ 1#10!4 2048 512 4#10!5 8 1#10!2 [7, 9]
/ 0.5#10!4 2048 512 4#10!5 - - -

of tracer gradients in three-dimensional turbulence. We opt for a tracer gradient,
G = (0,Gy) in the y-direction, i.e. perpendicular to the wall. At the wall we apply
a no-flux condition for the variational part of the concentration. Note that the equa-
tion governing the variational part is the same as the vorticity equation for motion
on a !-plane (see Pedlosky (1987) on this topic).

In order to obtain a scale separation between the vorticity and tracer diffusion we
choose the value for / as one half times the value of the viscosity and thus we have
a Schmidt number of Sc = 2. The results of this simulation are given in figure 5.2.
The Reynolds number based on the r.m.s. velocity has a value Re ' 20, 000 and the
Péclet number is approximately Pe ' 40, 000. Note that initially the variational part
of the tracer resembles the y-component of the velocity as the tracer injection is pro-
portional to Gyv. In the later stages the c "(x, t) reveals a gradient in the y-direction
opposite to the fixed mean gradient. The absolute concentration can be obtained by
adding this fixed tracer gradient, c "(x, t) + Gyy. Hence, there is no mean gradient
in the absolute concentration visible. This means that the absolute concentration is
well mixed, with some small variations on top caused by the constant injection of
tracer material. A similar mixing effect can be found for !-plane turbulence, called
potential (absolute) vorticity mixing (Rhines and Young, 1982).

5.3 Spectral dynamics of wall bounded turbulence

In this section we present the results of an investigation of the spectral dynamics of
the turbulent velocity field. To obtain a wide inertial range the results of the sim-
ulation (4A4) from the previous chapter for the highest Reynolds number are used.
Due to the no-slip walls we cannot resort to artificial methods like hyperviscosity
to limit the influence of dissipation to large wave numbers and hence extend the
inertial range. The spectra, structure functions and probability density functions are
averaged over five integral-scale eddy turnover times. In figure 5.3 we plot the lon-
gitudinal and transverse spectra, calculated along a line in the interior (y = 0) and
along a line near the wall averaged over both y = +0.99 and y = !0.99. Real
ensemble averaging requires a large number of independent simulations, which in
our case is not feasible.

In the interior the spectrum is strongly affected by viscous dissipation, and hence
the spectrum decays very strongly. The Kolmogorov wave number defined by (1.34)
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variational part of the concentration, c "(x, t)

concentration, c(x, t)

vorticity field

Figure 5.2: The variational part of the concentration and the total concentration of
the simulations where tracer is injected due to a fixed mean gradient. Red colours
depict positive values of the tracer concentration and green colours negative values.
The vorticity field at the same time is a also plotted, where red and blue colours
represent positive and negative vorticity, respectively.

is related to the rate of enstrophy dissipation -. An approximate local measure for
- is given by

-l = $|!%|2, (5.22)

which gives the value -l ' 4#101 in the interior of the domain. This yields for the
local Kolmogorov wave number a value of 2#102. Due to the strong dissipation,
there is no clear power-law scaling in the enstrophy cascade range. There is a small
power-law range with a slope steeper than k!3. The range of the inverse energy
cascade, i.e. k < kf, is too short to observe a k!5/3 slope. In addition, this range is
strongly influenced by aliasing effects, which are inherent to line spectra.

Near the wall the spectra reveal a completely different picture. The most striking
difference is that there is more energy located at larger wave numbers compared to
the energy spectrum in the interior. This seems to be in agreement with the idea
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(a) interior (y = 0) (b) wall region (y = ±0.99)
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Figure 5.3: Longitudinal spectrum F11(k1) (black) and transverse spectrum F22(k1)
(grey) along a line parallel to the wall (a) in the interior (y = 0) and (b) close to the
wall (y = ±0.99).

that injection of boundary vorticity acts as a forcing mechanism, as was suggested
by Clercx and van Heijst (2000). The boundary layer thickness + can be estimated
using

+2 =

$
"P(#u!/#n|)2ds$
"P(#%/#n)2ds

, (5.23)

which equals 3#10!3 when averaged over both boundaries, and over five different
vorticity snapshots. For wave numbers k ! +!1 ' 3#102 the longitudinal spectrum
does not reveal a range for which the slope is !5/3, as was observed by Clercx and
van Heijst (2000) and Wells et al. (2007). If there is an energy input at the walls
it is probably overcast by the injection of energy by the volume forcing. However,
the enstrophy is much larger near the wall compared to in the interior. The local
enstrophy dissipation, measured by (5.22), here has a value of 6#103. The local
Kolmogorov scale is then 4#102, which is in the same order of the wave number
related to the boundary layer thickness. The slope of the longitudinal spectrum
between the forcing scale and the Kolmogorov scale is somewhat less steap than
!3, which points to some forcing effect of the no-slip wall at the smaller scales.
The transverse spectrum becomes flat for wave numbers k < 102. This is related to
the distance between the wall and the line for which the spectra are determined.
Near the wall the velocity is mainly directed parallel at the wall. Only small flow
structures that are near the wall have a substantial velocity component normal to
the wall.
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5.4 Self-similarity in the enstrophy cascade

To investigate in which amount the turbulence differs from a Gaussian process, we
investigate the probability density function of the vorticity increments. Using vor-
ticity increments for different separations give the opportunity to differentiate the
dynamics at different scales. The vorticity increments,

#%(x, r) = (%(x + r) ! %(x)), (5.24)

are calculated for four different separations, r = 1/64, 1/32, 1/16, 1/8 and 1/4. The
largest separation is equal to the forcing scale and the smallest separation is close
to the Kolmogorov dissipation scale. The entire enstrophy cascade range is thus
covered. The increments are calculated for all the grid points on a line parallel to
the wall with the separation vector aligned along this line. The p.d.f. is determined
during a time period of five integral-scale eddy turnover times.

In figure 5.4 the p.d.f. of the vorticity increments is given for a line in the interior
y = 0 and near the wall y = ±0.99. The p.d.f. is normalized by the variance of
the vorticity increments (%2). Note that the probability density functions collapse
on a singe distribution for all the increments, which suggests that the flow is self-
similar. In the interior the p.d.f. reveals a Gaussian core and exponential tails.
The exponential tails are due to the presence of coherent vorticity filaments and
vortices. The p.d.f. of the vorticity measured, by Pasquero and Falkovich (2002) in
forced turbulence on a periodic domain and by Schneider and Farge (2005), reveal
the same exponential tails. The kurtosis (+%4)/(+%2)2 ranges from 5.9 ! 6.9 in the
interior, strongly deviating from the Gaussian value of three.

The p.d.f. measured near the wall has the form of P(s) ! exp(!c|s|$) with s =
+%/(+%2)1/2 and c a constant dependent on the width of the distribution. This
distribution is member of the class of stable distributions. Note that when 3 = 2
the distribution is equal to the Gaussian distribution. In the observed range the
measured p.d.f. closely resembles a stable distributions with 3 = 0.5. Extended
information on the tails is required to

The probability of of observing very weak and very strong vorticity increments
is increased at the expense of fluctuations at average intensity. Boffetta et al. (2002)
observed a similar p.d.f. for small vorticity increments in numerical simulations of
two-dimensional turbulence with Ekman friction. He argued that the visual coun-
terpart is the the organization of the vorticity field into ’quiescent’ areas (where the
vorticity changes smoothly) and active regions (filaments). Due to the no-slip con-
straint there are vorticity boundary layers that are aligned along the wall, where the
vorticity changes smoothly along the wall (and the separation vector). Vorticity fil-
aments occur when the boundary layers detach from the wall. Due to the heavy
tails it is hard - if not impossible - to determine the kurtosis. However, the com-
puted values are ranging between 10.9 and 7.7 when going from small towards large
separations. The changing vorticity kurtosis or flatness indicates that there might be
some intermittency in the enstrophy cascade range.

To investigate whether or not the turbulence is intermittent in the inertial range
of the enstrophy cascade, we investigate the power-law exponent of the velocity
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Figure 5.4: Normalized probability density functions of the vorticity increments for
different separations, r = 1/32, 1/16, 1/8 and 1/4. For the interior a Gaussian
distribution (grey) is given as a reference and for the wall region the distribution
P(s) ! exp(!c|s|1/2) (grey) is plotted.

structure functions. Benzi et al. (1993) found that the power-law scaling range is
extended when looking at the relative scaling between structure functions of different
order,

Sp ! (Sq),p/,q . (5.25)

This property is called ’extended self-similarity’ and it enables accurate determina-
tion of the scaling exponents 2p. Extended self-similarity was first observed by She
and Lévêque (1994) for three-dimensional turbulence. Instead of determining 2p

directly the scaling between the pth-order structure function against the third-order
structure function is determined,

6p =
2p

23
. (5.26)

The general idea behind extended self-similarity is that the scaling is corrected for
the dissipation scale. The inertial scaling is then extended into the regime where
diffusion is important. For three-dimensional turbulence Kolmogorov predicted that
2p = p/3 when the energy flux is not intermittent. Extended self-similarity predicts
that 6p = p/3 even when the exponent of the third-order structure function, 23,
is not equal to the theoretical value of one. Babiano et al. (1995) reformulated
the concept of extended self-similarity for two-dimensional turbulence both for the
inverse energy cascade and the enstrophy cascade. For the direct enstrophy cascade
they derived a scaling exponent 23 = 3 for the third-order structure functions and a
scaling of 6p = p/3.

In figure 5.5 the third-order absolute structure functions for longitudinal and
transverse velocity increments are plotted. The longitudinal structure functions re-
veal a power-law scaling range over two decades of the separation vector. The
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Figure 5.5: Absolute longitudinal and transverse structure functions of the third-
order, calculated along a line in the interior (black) and near the wall (grey). For
small separations the scaling relation r3 is obtained. Near the wall the scaling starts
to deviate for mediume separations and is closer to r2.4.

scaling exponent 23 = 3 indicates that both near the wall and in the interior we
have a direct enstrophy cascade. However, the scaling range near the wall is half a
decade shorter than in the interior. The slope of the structure function then becomes
shallower for larger separations but is still much steeper than the expected scaling
exponent in the inverse energy cascade range, 23 = 1/3. The transverse structure
function shows a similar picture for the interior, but close to the wall the power-law
scaling only extends over one decade and thereafter becomes flat. The same was
observed for the transverse spectrum. The transition scale between the two regimes
is related to the distance from the wall, which is equal to 0.01 for y = ±0.99.

We have calculated the even-order velocity structure functions up to eighth or-
der. In figure 5.6 the even-order structure function are plotted against the separa-
tion. Although a power-law scaling can be observed for small increments, it is not
extended over a long range. In figure 5.7 the same structure functions are plotted
as a function of the absolute third-order structure function (thus applying extended
self-similarity). In the interior we observe a clear power-law scaling, with 6p = p/3
for small separations. This scaling, which is in agreement with the Kolmogorov scal-
ing, indicates that there is no intermittency in the direct enstrophy cascade, as was
argued by Kraichnan (1967, 1971) and Falkovich and Lebedev (1994a,b). Near the
wall the same scaling is observed for the smaller separations, but for larger separa-
tions the higher order structure functions (p = 6 and 8) start to deviate. For p = 8
the scaling of the structure function is then close to 6p ' 1.6 instead of 8/3. This
indicates that some intermittency is present in the enstrophy cascade near the wall.

In our simulations we cannot determine whether the inverse energy cascade is
intermittent, as this part of the inertial range is too small. Babiano et al. (1995)
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Figure 5.6: Even-order longitudinal velocity structure functions calculated along a
line in the interior and near the no-slip wall.
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Figure 5.7: Even-order longitudinal velocity structure functions as a function of the
third order absolute structure function. The predicted 6p = p/3 scaling relation
holds in the interior, while deviations are present near the wall.

found for a periodic domain that in the inverse energy cascade the energy flux is
intermittent and the scaling of 6p is found to obey the model suggested by She and
Lévêque (1994).
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5.5 Enstrophy and tracer variance spectra

For two-dimensional flow the vorticity and the concentration of a passive tracer are
both governed by the same advection-diffusion equation, although with different
diffusion coefficients. To investigate whether the vorticity behaves like a passive
tracer is thus interesting. For this purpose we investigate the spectra of the enstrophy
and the tracer variance.

Spectra of the enstrophy and tracer variance are calculated along a line anal-
ogous to the longitudinal and transverse spectra of the velocity. For instance, for
the enstrophy spectra we use the Fourier components %̃(k1, x2) to calculate the
one-dimensional enstrophy spectra, F((k1, x2) = 1/2|%(k1, x2)|2. The spectra are
determined near the wall for y = ±0.99 and in the interior of the domain at y = 0,
and both spectra are plotted in figure 5.8. Both in the interior and near the wall
no clear k!1 scaling is observed, which can be expected for the enstrophy spectrum
and tracer spectrum in the direct enstrophy cascade range. In the interior the enstro-
phy spectrum has a slope steeper than !2.4. The tracer spectrum is less steep in this
region with a slope close to !2.1. Tracer diffusion acts on a larger wave number than
vorticity diffusion as Sc = 2. Near the wall the enstrophy spectrum has a slope close
to !1.7, thus less steap than in the interior of the domain. At larger wave numbers
there is no strong exponential decay related to the viscous dissipation of enstrophy.
The injection of enstrophy by the no-slip wall seems to have a major contribution at
scales close to the boundary layer thickness. The slope of tracer spectrum already
reveals an exponential decrease in this range, despite the smaller tracer diffusion
coefficient.

To investigate this behaviour of the spectra more closely, we turn to the second
order vorticity and tracer structure functions. The second-order structure function
for the vorticity is defined by

S2(%(r)) = ((+%)2). (5.27)

The second-order structure function for the tracer concentration is governed by a
similar expression. Benzi et al. (1990) argued that if the vorticity structure function
scale as

S2(%(r)) ! r2g, (5.28)

the enstrophy spectrum should scale as

((k) ! k!(1+2g) (5.29)

with D! = 2 ! g for 0 * g * 1. The power spectrum of the vorticity is thus related
to the fractal dimension of an isovorticity line, D!. If the isovorticity has a fractal
dimension equal to two, they densely fill the whole fluid. In this case the Kraichnan
spectrum is retrieved ((k) ! k!1. This is the most chaotic situation and the small-
scale statistics of the vorticity is equivalent to that of a passive scalar, which has a k!1

scaling. If the isovorticity lines are smooth with D! = 1, the enstrophy spectrum
scales like k!3. Benzi et al. then argued that if the flow is dominated by coherent
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(a) interior (y = 0) (b) wall region (y = ±0.99)
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Figure 5.8: One-dimensional vorticity (black) and tracer variance spectra (grey),
calculated along a line in the interior (a) and near the no-slip wall (b).

vortices, which corresponds to a fractal dimension of D! ' 1, the energy spectrum
in the enstrophy cascade range should be steeper than !3.

In figure 5.9 the second order structure functions for the vorticity and the passive
tracer are plotted. The structure functions are computed in a similar way as the
velocity structure functions, e.g. the second order tracer structure function is given
by

For large separations the tracer structure functions are nearly flat, which indicates
that the fractal dimension is here close to dimc = 2. For smaller separations the
isoconcentration lines are more smooth and hence the slope of the structure function
is expected to be steeper, with 2g = 2. In the interior the vorticity structure functions
are also nearly flat for large separations, which relates to a fractal dimension of
dim! = 2. In this range the vorticity is thus acting like a passive tracer. Near the
wall the structure function does not become entirely flat, but has a slope of 2g = 0.2.
The fractal dimension of dim! = 1.9 reveals that there is some intermittency in
the enstrophy cascade range near the wall. Paret et al. (1999) measured a scaling
exponent ranging from !0.05 to 0.15 for the vorticity structure functions in laboratory
experiments. However, the presence of bottom drag makes it uncertain how well
these experiments relate to our simulations.
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Figure 5.9: Second-order structure functions of the vorticity and tracer concentra-
tion, calculated along a line in the interior (black) and near the wall (grey).

5.6 Summary and discussion

The statistics of turbulence are changed in the presence of the wall. The longitudinal
spectra do not yield clear power-law scaling ranges. In the interior the spectra have
a slope steeper than !4, which is most likely related to the small Kolmogorov wave
number (dissipative effects). Near the wall, where enstrophy is dissipated, this wave
number is two times larger due to the higher spectral enstrophy flux. Close to the wall
we also observe relatively more energy at large wave numbers. This illustrates that
the wall is converting large-scale energy into small-scale energy. However, there
is no strong !5/3 slope ranging from the wave number related to boundary-layer
thickness towards smaller wave numbers, as was observed by Clercx and van Heijst
(2000) and Wells et al. (2007). The continuous injection of energy by the volume
forcing is dominating the spectra, and hence near the wall we measure a slope close
to !3.

There is no intermittency in the enstrophy cascade range for interior turbulence,
as was also observed by Babiano et al. (1995) for two-dimensional turbulence on a
periodic domain. The third order structure function of the velocity obeyed a clear
+3 slope, as can be expected for the enstrophy cascade. Extended self-similarity
holds for structure functions up to order eight. Near the wall the higher-order struc-
ture functions seem to deviate from extended self-similarity scaling, which suggests
that there is some weak intermittency. The probability density functions of vortic-
ity increments revealed strong exponential tails, related to coherent vortices. Near
the wall the p.d.f. is not entirely self-similar as the flatness increases for smaller
increments.

The second-order structure functions of a passive tracer reach constant values
for large separations, which is related to the chaotic distribution of isoconcentration
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lines. In the interior the vorticity structure function has the same constant plateau
at large separations. This indicates that the vorticity can be considered as a passive
tracer. Near the wall we observe a small power-law scaling for the second-order
structure function. This can be expected since at the no-slip wall vorticity is created
and thus vorticity is not acting as a passive the tracer in that region. The reduced
fractal dimension of the isovorticity lines is most likely related to the presence of the
boundary layer, in which the isovorticity lines are smooth.

A set-up similar to the one used in the simulations by Wells et al. (2007) might
provide an interesting extension of our study of forced turbulence near no-slip walls.
In their simulations the flow is forced by modulating the background rotation of the
flow. Vorticity is then solely created at the wall and upon creation injected into the
flow. A similar effect is possible in the periodic channel domain by pulsating the
pressure drop over the channel. The channel domain makes it possible to compute
the structure functions for large separations. This is certainly required for vorticity
structure functions to observe any deviations from an expected zero slope of the
structure functions.
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6 Conclusions and
prospects

Dispersion of tracers in two-dimensional
bounded turbulence

In a bounded domain the no-slip walls act as a source of vorticity structures. The
implication of the creation of these vortices on two-dimensional turbulence and the
dispersion of passive tracers released near the no-slip walls are studied using numer-
ical simulations. To obtain measures that can be compared to theoretical results for
a double-periodic domain or an infinite domain, we have developed and tested
a spectral method for solving the Navier-Stokes equations in a two-dimensional
periodic-channel domain. The evolution of a passive tracer can be computed using
the same spectral method or with a finite-volume method, which incorporates the
local defect correction technique (Minero, 2006). The latter method is especially
tailored for following small localized patches of tracer material. Two types of nu-
merical simulations have been performed, the first being a dipole colliding with a
no-slip wall and the second concerns forced two-dimensional turbulence. The ad-
vection of a passive tracer in these flows is studied, with the tracer typically injected
at the wall or released in the whole domain by a fixed mean gradient. The studied
problems of tracer dispersion are characterized by a spreading of the tracer material
throughout the domain and. Hence, the simulations are performed using the spectral
methods for transport equation and not the LDC finite volume LDC method.

Boundary layers near no-slip walls do not remain passive when vortices approach
the wall. The adverse pressure gradient induced at the wall by a nearby vortex can
cause flow separation. Near a separation point boundary-layer vorticity is detached
from the wall in the form of thin vorticity filaments. In the case of the dipole-wall
collisions the filaments roll up, thus forming vortices, which may pair with the orig-
inal (primary) vortices. The newly formed asymmetric dipolar vortex pair travels
along a circular trajectory, leading to a new collision with the wall as was observed
by Orlandi (1990) and Coutsias and Lynov (1991). The other case, turbulent flow in
the channel domain, which is characterized by an array of domain-sized circulation
cells, detached boundary-layer vorticity is typically advected between two of these
circulation cells. This stage is characterized by vorticity filaments that are aligned
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perpendicular to the wall.
The size of the vortex structures and the magnitude of the vorticity contained in

it that are produced at the wall depend on the Reynolds number of the flow. For
higher Reynolds numbers the vortices are more compact, but have a larger vorticity
magnitude. However, the circulation of the vorticity that is generated at the wall
during a dipole-wall collision seems to be independent of the Reynolds number, as
was observed by Clercx and van Heijst (2002). The initial approach of the dipolar
vortex towards the no-slip wall is quite different for low Reynolds number, hence
obscuring a consistent comparison. It is found that in the simulations on forced
turbulence, wall-generated vortices are also more compact and with higher vorticity
for higher Reynolds numbers.

The production of small-scale vortices at the wall impedes the persistence of
domain-sized vortices, as was also observed by Molenaar et al. (2004) for a bounded
square domain with no-slip walls. Simulations of forced turbulence in large aspect-
ratio domains reveal domain-sized circulation cells. These often relate to a cluster-
ing of like-signed vortices instead of the formation of domain-sized vortices. The
formation of an array of circulation cells was also observed in experiments of rotat-
ing and stratified fluids, in which the background rotation was suddenly increased
(van Heijst et al., 1990; van de Konijnenberg et al., 1994) or the flow was freely
evolving from a turbulent initial condition (Maassen et al., 2003).

We have investigated the influence of the no-slip wall on the direct cascade of
enstrophy in two-dimensional turbulence. Near the wall there is relatively more en-
ergy at the wave number related to the boundary-layer thickness than in the interior
of the domain. This suggests that the no-slip wall converts large-scale energy into
small-scale energy, and hence acts as a forcing mechanism at small scales, as was
suggested by Clercx and van Heijst (2000). However, the !5/3 slope they observed
at large wave numbers in simulations on decaying turbulence is not present in our
simulations. Scaling of velocity structure functions reveals that the turbulence is
weakly intermittent near the wall. In the interior there is no intermittency in the en-
strophy cascade range, which is in agreement with the simulations of Babiano et al.
(1995) on a double-periodic domain.

Tracer material that is initially located near the wall is efficiently removed by
the same mechanism responsible for the detachment of the vorticity boundary layer.
Tracer material that is removed from the wall is also typically captured inside wall-
generated vorticity structures. The dynamics of the tracer dispersion remains closely
coupled to vorticity structures, as the tracer material remains captured in the vortic-
ity structures, in particular for a Schmidt number larger than unity. Tracer filaments
removed from the wall are rapidly advected towards the opposite wall by the circula-
tion cells. Tracer material only enters the circulation cells that are related to the clus-
tering of like-signed vortices. Nearly no tracer material can enter the strong domain-
sized vortices. The similarity between vorticity and passive tracers is also observed
in the structure functions from numerical experiments, in which tracer material is
injected by a fixed mean gradient. In the interior structure functions of both vorticity
and tracer concentration are constant for large separations, related to a chaotic dis-
tribution of isovorticity and isoconcentration lines (Benzi et al., 1990). Near the wall
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the second-order tracer structure function is unaltered, while the vorticity structure
function has a less steap power-law slope with scaling exponent 62 = 0.2. At the
wall vorticity is being generated actively and hence it might explain the difference
in behaviour of a passive scalar.

The addition of inertia to the tracer particles is an interesting extension of the
present research. Dispersion of inertial particles in turbulent flows is, for example,
important for plankton migration in the ocean. There are two important aspects of
dispersion of inertial particles in bounded two-dimensional turbulence. Firstly, the
efficiency of the removal of heavy tracers that are located near the wall by nearby
vortices can be greatly reduced. It requires more time for the heavy tracer particles
to accelerate to the velocity of the fluid particles. Secondly, heavy particles that are
captured inside a vortex do not remain trapped inside (Easton and Fessler, 1994).
Centrifugal forces act on the heavy particles, which are consequently swirling out of
the vortex core. For light particles the centrifugal force is not enough to overcome
the pressure gradient inside the vortex and they are pulled towards the centre. This is
of importance to tracer particles that are removed from the wall and captured inside
a wall-generated vortex.

With the numerical methods available to simulate turbulent flows in a periodic
channel domain, the application to !-plane turbulence seems interesting. A relevant
numerical experiment is with the no-slip wall as the east and west boundaries of an
ocean basin and the !-plane gradient directed in the periodic direction. For stress-
free boundary conditions the eastern and western boundary acts as a source and
sink of enstrophy, respectively (LaCasce, 2002). When applying no-slip boundary
conditions small-scale vorticity is mainly being produced at the eastern boundary
(Kramer et al., 2006). It is thus interesting to measure the spectra and structure
functions close to both the eastern and western boundary. Another aspect is whether
the zonal band structure observed in a square domain with no-slip walls for the time
mean flow (Kramer et al., 2006), is also present when there are no solid northern
and southern boundaries. Note that the same zonal band structure was observed
in simulations by Nadiga (2006) in a square bounded domain with super-slip wall.
Super-slip boundary conditions are similar to free-slip boundary conditions, but they
conserve the total circulation present in the domain. The mean flow for a bounded
domain with free-slip walls does not reveal the zonal band structure, but consists
of two circulation gyres at the northern and southern boundary (LaCasce, 2002). A
set-up in which the periodic channel is not purely orientated towards the north, may
lead to the formation of unidirectional boundary currents. Finally, the !-plane might
play an important role in the dispersion of a passive tracer (temperature, plankton
or pollutants) in the ocean.
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Samenvatting

Tweedimensionale stromingen

De stromingen in de atmosfeer worden grotendeels gedreven door de grootschalige
hoge- en lagedrukgebieden. Deze stromingen kunnen in benadering als tweedimen-
sionaal worden beschouwd. De weerkaarten die we kennen uit de kranten of het
journaal, zijn dan ook eenvoudige twee dimensionale figuren. Er zijn drie oorza-
ken voor het twee dimensionale gedrag van de stromingen in de atmosfeer of in de
oceanen. De atmosfeer en de oceanen zijn dunne schillen rondom de aardkorst.
Stromingen hierin vinden dan ook vooral plaats in het horizontale vlak en zijn in
mindere mate afhankelijk van de verticale coördinaat. Een tweede oorzaak is een
verschil in dichtheid afhankelijk van de hoogte of diepte. Dit dichtheidsverschil
wordt bijvoorbeeld veroorzaakt door een verschil in zoutconcentratie of temper-
atuur. Bijvoorbeeld, in de oceaan neemt de dichtheid geleidelijk toe met de diepte.
Als een licht vloeistofdeeltje naar beneden beweegt komt het terecht in een omge-
ving met zwaardere vloeistof en zal als het ware weer omhoog drijven. Verticale
bewegingen worden dus onderdrukt, terwijl de beweging in het horizontale vlak
ongehinderd blijft. Een derde oorzaak stamt af van de rotatie van de aarde. Alles
wat beweegt in een roterend systeem wordt beïnvloed door de Corioliskracht. De
Corioliskracht zorgt er dat alle bewegende lichamen naar rechts worden afgebogen
op het noorderlijk halfrond. Als gevolg van de Coriolis kracht is de stroming on-
afhankelijk van de verticale coördinaat en kan dus als tweedimensionaal worden
beschouwd.

Het karakter van een stroming hangt af van de viscositeit of stroperigheid van de
vloeistof. Het belang van de viscositeit van de vloeistof wordt ook wel uitgedrukt
met behulp van het Reynoldsgetal. In een vloeistof met een hoge viscositeit, een laag
Reynoldsgetal, worden snelheidsverschillen snel gereduceerd. De stroming wordt
dan gekenmerkt door een laminaire (gelaagd) snelheidsprofiel. Dit in tegen stelling
tot stromingen waarbij de viscositeit een beperkte invloed heeft, gekenmerkt door
een hoog Reynoldsgetal. De stroming heeft dan een chaotisch snelheidsveld en
wordt dan ook turbulent genoemd. Een pluim van sigarettenrook is een voorbeeld
van ontwikkelende turbulentie in een driedimensionale stroming. De eerste nog
gladde pluim wordt vervormd door een kleine verstoring en valt daarna uit elkaar
in steeds kleiner wordende structuren. Tweedimensionale turbulentie wordt juist
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gekenmerkt door een zelforganisatie van de stroming in steeds grotere structuren.
In een afgebakende zee, zoals de golf van Aden (figuur 2b, p. 5), leidt de zelfor-
ganisatie van de stroming tot grote circulatiecellen. Kleinere wervelstructuren in de
stroming gaan samen en vormen een grotere wervelstructuur. Bij dit samengaan van
structuren is het belangrijk dat de wervels in dezelfde richting ronddraaien, ofwel
vorticiteit van hetzelfde teken hebben.

Dipool botsing met een vaste wand

De stroming van een vloeistof wordt beïnvloed door de aanwezigheid van vaste
wanden. Een viskeuze vloeistof direct grenzend aan de vaste wand blijft hieraan
plakken. De snelheid van de vloeistof is hier dus gelijk aan nul. Door frictie tussen
de vloeistoflagen wordt de stroming verder van de wand vandaan ook beïnvloed.
Als de viscositeit van de vloeistof relatief klein is, is de invloed van de wand beperkt
tot een dunne grenslaag. De sterkte van de snelheidsverandering in de grenslaag
wordt gemeten door de vorticiteit.

Omdat in een tweedimensionale turbulente stroming wervelstructuren een be-
langrijke rol spelen, is het van belang om een wervel dicht bij de wand te bestuderen.
Hiervoor hebben we gebruik gemaakt van numerieke simulaties waarbij een dipo-
laire wervel die botst met een vaste wand is gesimuleerd (figuur 3.4, p. 78). Een
dipool bestaat uit twee wervels met tegengestelde rotatierichtingen die samen langs
een recht pad bewegen. We kunnen zo’n wervel dus laten botsen met een vaste
wand. Eerst wordt er dan een grenslaag gevormd. De wervelkern van de dipool
met positieve vorticiteit veroorzaakt een grenslaag met negatieve vorticiteit. Onder
invloed van de wervel komt deze grenslaag van de wand af. Los van de wand rolt
de grenslaag op en vormt een wervel met negatieve rotatierichting. Samen met de
positieve wervelkern vormt de secondaire wervel een nieuwe dipool. Omdat de
negatieve wervel minder sterk is dan de positieve beweegt de dipool niet langs een
rechte lijn maar langs een cirkelvormige baan en botst vervolgens opnieuw met de
de wand.

Als de vloeistof minder viskeus is, worden de grenslagen dunner (figuur 3.13,
p. 91). De wervels die worden gevormd uit de loslatende grenslagen worden
dan steeds kleiner, maar blijven in verhouding even sterk. Een dunnere grenslaag
betekent ook dat de snelheidsgradiënt sterker is, de snelheid moet namelijk bin-
nen een kortere afstand tot nul worden gereduceerd. Deze sterke snelheidsgradiënt
kan een instabiliteit van de grenslaag tot gevolg hebben (figuur 3.14, p. 91). De
grenslaag wordt dan opgebroken in meerdere stukken die elk oprollen tot kleine
wervelstructuren.

Als een wervel dus bij de wand komt wordt er een grenslaag gevormd, die ver-
volgens los komt en oprolt tot een kleine wervel met tegengestelde rotatierichting.
Voor hogere Reynoldsgetallen worden er meer kleinere wervels gevormd die een
hogere vorticiteitsamplitude hebben.
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Tweedimensionale turbulentie op een begrensd domein

Kenmerkend voor tweedimensionale turbulentie is de zelforganisatie van de stro-
ming in steeds grotere structuren. Maar een wervel bij de wand zorgt juist voor de
productie van kleinere wervelstructuren. Om dit effect te onderzoeken voor turbu-
lente stromingen hebben we gebruik gemaakt van numerieke simulaties voor een
kanaalvormig domein. Het bijzondere aan dit kanaal is dat het periodiek is, wat er
aan de ene kant uitstroomt, stroomt eraan de andere kant weer in. In principe bevin-
den dus alle vloeistofdeeltjes zich even ver en even dichtbij de uitgang. De stroming
wordt in stand gehouden door energie toe te voegen op een bepaalde schaal. Dit
forcering mechanisme lijkt sterk op het roeren van de vloeistof met een hark met
een vaste afstand tussen de tanden. Wervels die hierdoor ontstaan gaan samen en
vormen grotere wervels (figuur 4.4, p. 111). Aan de wand ontstaan juist weer kleine
sterke wervels die de grotere wervels kunnen destabiliseren.

Omdat in geforceerde turbulentie wervels van allerlei groottes zijn, hebben we
gekeken naar de dynamica op verschillende schalen. Er zijn twee belangrijke scha-
len, namelijk de domeingrootte en kleinste schaal in de stroming waar kinetische
energie wordt verwijderd door frictie. Tussen deze beide schalen in is de dynamica
van de turbulentie onafhankelijk van de schaal. De vergelijkingen die de stromin-
gen omschrijven zijn namelijk invariant onder schaling. Het resultaat is dat turbu-
lentie gelijkvormig is, onafhankelijk van de schaal waarop je kijkt ziet de stroming
er hetzelfde uit. Dichtbij de wand is dit echter niet meer geldig. Het loslaten en
vervolgens oprollen van de grenslagen zorgt ervoor dat er hier meer kleine wervel-
structuren zijn. Dit mechanisme werkt alleen op deze kleine schaal en de dynamica
is dus niet meer schaalonafhankelijk.

Kijken we naar de grootschalige structuren dan zien we dat er een patroon van
circulatiecellen ontstaat die even breed zijn als het kanaal (figuur 4.3, p. 109). De
vloeistof in zo een cel draait links- of rechtsom, de buurcellen hebben dan weer een
tegengestelde draaiingsrichting. De cellen worden niet altijd veroorzaakt door grote
wervels. Ze kunnen ook bestaan uit een clustering van een aantal kleinere wervels
met dezelfde vorticiteit.

Transport van tracermateriaal door de stroming

Als laatste is onderzocht hoe tracermateriaal (bijvoorbeeld een kleurstof) wordt ver-
voerd door de stroming. Hierbij is vooral gekeken naar een kleurstof die zich in een
dunne laag bij de wand bevindt. Als een wervel deze kleurstoflaag aan de wand
nadert, komt de kleurstof gelijktijdig met de vloeistofgrenslaag los van de wand.
De grenslaag rolt op tot een wervel en de kleurstof wordt daardoor in de wervel
gevangen (figuur 3.17, p. 101).

De grootschalige cellen in het turbulente snelheidsveld zijn belangrijk voor het
verder transporteren van de vloeistof. De kleine wervel die loskomt van de wand
draait namelijk mee met de rest van de vloeistof in zo’n grote circulatiecel. Daardoor
beweegt de wervel met de vloeistof dus eerst naar de tegenoverliggende wand. Het
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kan ook voorkomen dat de grenslaag na het loslaten niet oprolt maar als een lang
filament wordt meegevoerd door de stromingen. Dit is vooral zichtbaar als lange
slierten van kleurstof die loodrecht de wand verlaten (figuur 4.10, p. 122).

De vergelijking die het transport van tracermateriaal beschrijft is identiek aan de
vergelijking die het bewegen van vorticiteitsstructuren beschrijft. Omdat tracermate-
riaal op dezelfde manier door stroming wordt verplaatst als wervelstructuren, blijft
tracermateriaal in de wervels gevangen. Tracermateriaal dat zich buiten wervels
bevindt kan dus ook niet eenvoudig een wervel binnenkomen. Tijdens de botsing
van de dipolaire wervel komt dan ook bijna geen tracermateriaal in de wervelkern-
en van de dipool. Tracermateriaal word alleen ingevangen in wervels die gevormd
worden uit de losgekomen grenslagen.

De overeenkomsten tussen vorticiteit en tracerconcentratie doen vermoeden dat
statische eigenschappen ook identiek zijn. In het binnengebied van de stroming is
dat ook het geval, concentratie- en vorticiteitsvelden zijn sterk chaotisch en gelijk-
vormig. Bij de wand verstoort de productie van kleinschalige vorticiteitsstructuren
de gelijkvormigheid van het vorticiteitsveld, terwijl de gelijkvormigheid van het con-
centratieveld in stand blijft.
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