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The Mathematical Modeling of Back-Wheel 
Steering 

1. Introduction 

J. MOLENAAR 

Institute for Mathematics Consulting 
Faculty of Mathematics and Computing Science 

Eindhoven University of Technology 
P.O. Box 513 

5600 MB Eindhoven 
The Netherlands 

In this chapter we shall deal with the modeling of back-wheel steering. It will turn out, that 
we have to face the general question which path is followed by the back-wheels of a vehicle 
when the front-wheels are steered along a given path. The model to be developed is not only 
of importance in car industry. It answer can be used to determine, e.g., the position of ve
hicles while turning and this knowledge is necessary in designing road plans, parking-places, 
etc. Furthermore, in most countries long vehicles have to meet certain requirements with 
respect to their kinematical behaviour. Instead of meeting these requirements by trial and 
error, it is often cheaper and quicker to apply mathematical modeling. 

We wish to give this chapter a wider scope than that of a mere case-study. We therefore 
present in §2 a general introduction on mathematical modeling. There, we argue that the 
process of mathematical modeling has, irrespective of the case under consideration, a general 
structure. See also references [1,-,6]. This structure consists of a sequence of stages, which 
is followed again and again. In §3 the case-study of back-wheel steering is dealt with and at 
the same time the different stages of mathematical modeling are illuminated. In Appendix A 
we present the main ideas of dimensional analysis, which is nearly always an important 
ingredient of the modeling process. 
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2. Mathematical Modeling 

If real-life problems are attacked using mathematics, a "translation" is needed to put the 
subject into a mathematically tractable form. A possible definition of this process, usually 
called mathematical modeling, reads: mathematical modeling is the description of an exper
imentally verifiable phenomenon by means of the mathematical language. The phenomenon 
to be described will be called the system, and the mathematics used, together with its in
terpretation in the context of the system, will be called the mathematical model. In most 
mathematical models we find two classes of quantities: 

Variables 
Within this class we distinguish dependent from independent variables. E.g., one may be 
interested in the temperature (dependent variable) of a system as a function of time and 
position (independent variables). Or, one may look for the position (dependent variable) 
of an object as a function of time (independent variable). If the dependent variables are 
differentiable functions of the independent ones, the model might comprise a set of dif
ferential equations. The number of independent variables then determines whether one 
has to do with ordinary differential equations (one independent variable) or with partial 
differential equations (more than one independent variables). 

Parameters 
In this class we distinguish parameters, which are practically constant, from parameters, 
which can be adjusted by the experimenter. The acceleration of gravity and the decay 
time of radio-active materials are examples of the first kind. The temperature of chemical 
reactions is an example of the second kind: the experimenter can often control the reaction 
by means of the environmental temperature, because in many systems the reaction rates 
strongly depend on this parameter. 

A mathematical model is said to be solved if the dependent variables are in principle known 
as functions of the independent variables and the parameters. The solution may be obtained 
either analytically or numerically. 

The process of mathematical modeling generally consists of the following steps: 

1: Orientation 
2: Formulation of relations between variables and parameters 
3: Non-dimensionalization 
4: Reduction 
5: Mathematical analysis 
6: Verification 
7: Reiteration of steps 2-6 
8: Implementation 

We discuss these stages separately: 

Step 1: The modeling process always starts with an orientation stage, in which the modeler 
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gets acquainted with the system under consideration by means of observations and/or infor
mation from experts and the literature. Large scale experiments are not yet relevant at this 
stage. In fact, most experiments are premature if they are not based on some model. E.q., 
a common mistake in the field of statistics, is that much energy is spent on gathering data 
before any model is developed. Testing of models developed afterwards frequently leads to 
the conclusion that some essential parameter is unfortunately not measured. 

Step 2: The next step is to formulate relations between variables and parameters. Forcer
tain classes of systems these relations have been established already long ago. We mention, 
e.g., the laws of Newton in classical mechanics, the Maxwell equations in electromagnetism, 
and the N a vier-Stokes equations in fluid mechanics. In many other cases rules of thumb are 
in use, which do not have the same status as the well-accepted fundamental laws. These 
rules may certainly be reliable and useful, but always only in a restricted context only. It 
may also happen that the modeler has to start from scratch. An important condition is that 
of consistency: the proposed relations may not contain contradictions. E.g., in case of dif
ferential equations one has to specify not too few and not too much boundary and/or initial 
conditions in order to ensure that the model has a unique solution. 

Step 3: This step is extensively discussed in Appendix A. See also, e.g., references [7,8]. 

Step 4: Most models are in the first instance not tractable. It therefore makes nearly 
always sense to look for reduced models, that are still reliable but only under certain re
strictions. Such simplified models are often very useful. E.g., a simple model can already 
make clear that it is possible to bring a rocket into an orbit around the moon, whereas 
the complexity of the calculations needed to evaluate the full model is extremely high. The 
technique of reducing a model requires much experience, because one has to neglect many de
tails meanwhile retaining the essential aspects. E.g., friction is often neglected in mechanical 
models, but in a model for the clutch or the brakes of a car it might be the heart of the matter. 

Step 5: In the mathematical analysis of a model one tries to find the solution by means 
of one of the methods from the huge reservoir of mathematical knowledge developed in his
tory. If no existing method applies, one either has to develop new mathematical tools or one 
has to go back to step 4. 

Step 6: If an analytical or numerical way has been found to solve the (reduced) model, 
it remains to explore the solution as a function of the independent variables and the ad
justable parameters. Not all possibilities are of practical use. In most cases only certain 
tendencies or special points are relevant. These features have to be checked against data. At 
this stage the modeler may propose to perform specific experiments. A model that is too 
complex to be verified experimentally is useless. Also, a model that contains so many parame
ters that nearly all kinds of data can be fitted is not interesting from a practical point of view. 

Step 7: After having compared the measured data and the calculated solution, one of
ten has gained enough insight to improve the model and to reiterate steps 2-6. In view of 
this iteration process it is convenient to follow a modular approach from the very beginning; 
i.e., one rather should start with the most simple, but still relevant model, gradually adding 
more and more aspects. 
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It scarcely happens that a. model describes a.ll dependent variables equa.lly well. Of course, 
the specification of the "value" of a. model is a. subtle matter, which may vary from modeler 
to modeler. In practice, the user and not the designer of a. model will determine when the 
iteration process may be stopped. 

Step 8: If a. model suffices for a. specific application, the implementation phase starts. In 
general the results are used by non-mathematicians, who need instruction about the power 
and the poverty of the model. The appropriate presentation of the results is an important 
part of each project, and the attention and time it requires should not be underestimated. 

We close this section with some general remarks: 

- One and the same system may be described satisfactorily by different mathematical mod
els. These models may complement each other, as is the case e.g., with the particle and 
the wave models for light and elementary particles. Identification of a system with one 
particular model is a serious misunderstanding of the character of "modeling". Another 
misinterpretation, often met in popular scientific publications, is the statement that a 
phenomenon is "understood" if a satisfactory model exists. Mathematical models are con
cerned about "how" things happen, and not "why" things occur. 

Not a.ll systems can be suitably modeled by means of mathematics. Outspoken examples 
of systems appropriate for this approach are those studied in physics and chemistry. This 
is less and less the case with the systems studied in, e.g., biology, economy, social sciences, 
and politicology, respectively. Many, if not most, real-life systems are governed by laws, 
which can hardly be put into mathematical form. 

- Mathematical modeling is, in the first instance, merely descriptive and it therefore comes 
under fundamental research. However, all successful models will, sooner or later, be used 
in technical applications for the design and control of similar systems. 

One and the same model may be useful with respect to different systems. This may become 
apparent after non-dimensionalization. See for this point Appendix A. 
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§3. Rear-Wheel Steering 

Why is it difficult to drive a long vehicle backward into a gate? Why is parking a hard 
job if the parking space is limited? Is rear-wheel steering favourable when driving around a 
corner? These questions have one central theme in common: what is the relation between 
the rear-wheel and the front-wheel trajectories of a vehicle? To answer this question, we shall 
work out a model system. We start here modeling steps 1: Orientation, and 2: Formulation 
of relations between variables and parameters. 
In case of long vehicles it seems reasonable to assume that the number of front and rear 
wheels is of only minor importance, and hence we restrict our model to have only one front 
and one rear wheeL Both are free to turn. The model vehicle is sketched in Fig. 1. The 
front and back wheels touch the ground at the points A and B respectively, and the distance 
between these points is l. To simulate rear-wheel steering, we assume that the rear wheel 
turns through an angle a<p, where -1 <a< +1, ifthe front wheel turns through an angle <p 
to the right or the left. For a > 0 front and rear wheels both steer to the same side, whereas 
for a < 0 they turn in opposite directions. For a = 0 the vehicle resembles a bicycle. 

Given the trajectory of the front wheel, the derivation of the equation of motion of the 
rear wheel requires the application of some differential geometry in the plane. General in
troductions to differential geometry are references [11,12,13]. The equation of motion will be 
obtained from the observation that the velocity of the rear wheel must always be tangential 
to the trajectory of the rear wheel. 

We denote the path of the front wheel by x( s ), where s is the arc length. In x( s) we choose a 
local, orthonormal coordinate system (t, n), where tis the tangent and n the normal vector. 
The reader's attention is drawn to the difference between time t and tangent t. To fix the 
orientation we take the direction of n pointing to the left hand side of the driver. This implies 
that the front-wheel path has positive curvature if the driver turns to the left. 

/ 

/ 
/ 

/ 

V.B _.: 
/ ' 

\O.<P 

The tangent t and normal n are given by 

Fig. 1. 
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1 d 
n = k ds t' II nil= 1. 

with k the (a-dependent) curvature of the path x( s ). 
The velocity VA (with absolute value VA) of the front wheel satisfies the equation 

where dsfdt = s = VA· In the theory that follows we shall need the time derivatives i and 
n. Because t and n are unit vectors, they satisfy the (2-dimensional) Serret-Frenet formulae 
dtfds = kn and dnfds = -kt. We then obtain the expressions 

The position XB of the rear wheel is given by 

(3.2a) XB = -l(cos cpt +sin cpn), 

in which cp is taken to be positive in the first quadrant of (t, n). By differentiating with 
respect to timet we find an equation for the velocity VB: 

The equation of motion is obtained from the condition that this velocity is tangential to the 
path of the rear wheel, i.e., VB should be parallel to tB. From Fig. 2 we see that tB is given 
by 

tB = cos(1- a)cpt + sin(1- a)cpn. 

In this way we arrive at the autonomous equation of motion 

(3.3) lj:l =- v: (sin cp- tan acp cos cp + lk) . 

Let us turn now to modeling step 3: Non-dimensionalization. 
The dimensional quantities in this equation are timet, length l, velocity VA and curvature k. 
By means of the dimensional analysis presented in Appendix A we may derive the following 
dimensionless parameters: 

{ 

t* =VA tj[ 

k* = lk. 
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Note, that t* = sfl if VA is constant. In that case t* stands for arc length measured in units 
of length l. In the following we shall restrict ourselves to this case for convenience. This 
implies that the model becomes independent of VA· 

Omitting the * superscript the dimensionless equation of motion reads 

{ 

cp = -(sin c,o- tan ac,o cos c,o + k) 
(3.4) 

c,o(O) = C,Oo • 

To get a feeling for the behaviour of its solution we shall analyse (3.4) for some special cases. 
So, we now enter modeling steps 4: Reduction and 5: Mathematical analysis. 

Straight line 

We :first consider the case that the front wheel is driven along a straight line, so k = 0. At 
t = 0 the vehicle forms an angle c,o0 with this line. 

For a= 0 (3.4) reduces to 

cp = -sin c,o 

with stationary points c,o = 0, 1r. From the Jacobian J( c,o) = -cos c,o we :find directly that 
c,o = 0 is a stable point and c,o = 1r an unstable point. Driving backwards is an unstable 
activity! The solution c,o(t) is readily obtained by separation of variables: 

'P(t) d¢ t 

J sin 1/J = - J dr = -t · 
'Po 0 

Thus (see, e.g., reference [15]) 

c,o(t) = 2 arctan(e-t tan(~ c,oo)). 

For a :f: 0 we have 

(3.5) cp = -sin c,o +tan ac,o cos c,o • 

The stationary points satisfy the equations 

tan c,o = tan ac,o • 

or 

sin(l-a)c,o=O. 
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If a 1 each cp is stationary, but for a f:. 0 the situation is quite complex. In that case the 
points cpi = i 1r /(1 a) mod(27r) , i = 1, 2, ... are stationary. If a is rational, the number of 
cpt, is finite, but for a irrational this number is infinite. 

These results make it clear that we must interpret our model anew. It appears that the 
model - as it stands - admits quite peculiar solutions due to the fact that the front wheel 
may turn around without limit. We therefore add the restriction 

with cpm < 7r a given maximum angle. Under this restriction the only stationary point is 
cp = 0. The situation now is that for some initial conditions cp0 (with lcpol < cpm) the solution 
cp(t) will tend to zero fort--+ oo, while for other values of cp0 the solution cp(t) will reach the 
upper bound cpm and the vehicle will stop abruptly. 

Circle 

In this case the path of the front wheel is a circle with (constant) curvature k. If the radius 
of the circle is denoted by R, we have k = lf R. 

For a= 0 (3.4) reduces to 

(3.6) rp = -(sin cp + k) . 

No stationary point exists if k > 1, i.e., l > R. For k < 1 the system has two stationary 
points 1{)1 and cp2 where -7r/2 ~ cp1 ~ 0 and cp2 = 21r- cp1. If lcp1l < cpm < lcp2l, then cp1 is a 
global attractor. If cpm < lcp1l the vehicle will get stuck at a certain moment. The cases k = 1 
and <Pl = cp2 = -1r /2 deserve special attention. Clearly, in this case we assume that cpm ;::: f· 
In the stationary situation the rear wheel remains in the centre of the circle while the frpnt 
wheel turns around. The corresponding picture of the phase space is given in Fig. 2. Note, 
that cp = -1r /2 is a global attractor only if cpm = oo. It is not a stable point in the sense of 
Lyapunov (see, e.g., reference [5]), because an orbit starting at cp0 = -7r/2- e (e > 0) will 
always reach cp = +1r /2 regardless of the value of e. The vehicle completely turns around its 
own front wheel and then approaches the stationary situation cp = -1r /2. 
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Turning 

v 
I 
I 
I 
I 
I 
I 

• <p 

Fig. 2. Faseplane for a = 0, k = 1. The vehicle follows the curve drawn. 

We now consider the effect of rear-wheel steering while the vehicle is turning. For the path of 
the front wheel we take parts of a straight line, a circle and again a straight line respectively. 
This path is drawn in Fig. 3. At t = 0 we take ifJo = 0 and the vehicle just enters the turn. 
The radius of the (circular) turn is R, measured in units of l. As mentioned earlier, the 
dimensionless parameter tis equal to the arc length along the front wheel path if the velocity 
is constant. This means that the front wheel has finished turning at t = 1r R/2. During 
turning the angle lfJ( t) is given by 

t 

(3.7a) rp(t) = j f(lfJ(r))dr 
0 

where 

{ 

-(sin ifJ- tan arp cos ifJ + 1/ R) ; 0 :5 t < 1r R/2 
(3.7b) f(lfJ)= 

-(sin ifJ- tan ai{J cos rp) ; t ;::: 1r R/2 . 

The position XA.(t) of the front wheel is given explicitly by 
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XA(t) 

R ( sin(t/R) ) ; O~t<?rR/2 
- cos(t/R) 

( t - (: R/2) ) ; t ?. 1r R/2 . 

For 0 ~ t < 1r R/2 the basis vectors (t, n) are represented by 

t(t) = ( c?s(tj R) ) 
sm(t/R) 

n(t) = ( - sin(t/ R) ) 
cos(tf R) ' 

and for t ?. 1f' R/2 by 

t(t) = ( ~ ) 

n(t) ( ~l ) 

The position xs(t) of the rear wheel follows from 

xs(t) = XA(t)- (cos <,?(t) t(t) +sin <,?(t) n(t)). 

Fig. 3 illustrates the trajectory xs(t), -1 ~ t ~ 2.31f' R for the cases a = -0.1, 0.0, and 
0.3. For convenience we set R = 1.0. The numerical integration in (3.7a) is performed with a 
Runge-Kutta procedure. From Fig. 3 it is clear that the trajectory of the rear wheel is quite 
sensitive to the value of a. A small, negative value of a( a ~ -0.1) has already the effect that 
the trajectories of front and rear wheels almost coincide. 

We shall not work out here modeling steps 6: Verification, 7: Reiteration, and 8: Implemen
tation. The verification would imply that we compare measured and calculated trajectories. 
It might appear that the model describes the experiments very well, but only if the vehicle 
is very long or if a is relatively small. One might come to the conclusion that it is absolutely 
necessary to take into account that real trucks have not two wheels but four or more. These 
details would require an extension of model (3.4). The implementation might vary from cus
tomer to customer. It will always comprise a computer program, in which the differential 
equations are numerically solved. The set-up of the input and output of this program can 
only be organized effectively in close interaction with the customer. 
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Fig. 3. The paths of the front wheel (solid line) and the rear wheel (dotted lines) while 
taking a turn of 90 degrees. 

11 



Appendix A. Dimensional Analysis 

The variables and parameters in a mathematical model have in general physical dimensions. 
The dimensions of most of them will be obvious (time, length, mass, temperature, etc.), and 
the dimensions of the remaining ones can be deduced from the rule that all terms in one 
equation must have the same dimensions. This rule stems from the condition that no equa
tion may depend on the units used to measure the dimensions. From these considerations 
the dimensionality of constants of proportionality follow directly. E.g., if a friction force is 
introduced with its strength linearly proportional to the velocity of the object under consid
eration, then the constant of proportionality will have the dimensions of the quotient of force 
and velocity. 

Concise introductions into dimensional analysis are references [7,8]. 
Non-dimensionalization of a model first implies that a (non-linear) transformation is applied 
to the set of variables and parameters, which yields dimensionless combinations of them. 
Next, the model is made dimensionless by rewriting all equations in terms of these dimen
sionless quantities. It is by no means clear in advance that this always possible, but the 
existence of such a transformation is proved by the theorem given below. In this theorem it 
is at the same time pointed out how such transformations can be found. The technique of 
non-dimensionalization is an extremely powerful tool in mathematical modeling. Its impor
tance is appreciated best when one applies the method. We therefore present several examples 
at the end of this appendix. First, we wish to summarize some striking advantages: 

- The number of variables and parameters decreases. 

Dimensional analysis may yield insight in the general scaling properties of the system. In 
Example 1 underneath this point is illustrated by deriving the famous theorem of Pythago
ras by means of arguments from dimensional analysis. 

- Mathematical models that describe completely different systems look like quite different 
in the first instance. However, sometimes such models appear to be identical if being put 
into dimensionless form. 

- The reduction of a model (Step 4 in the modeling scheme of §2) is often accomplished by 
neglecting those terms in the model equations which are much smaller than the remaining 
terms. It should be realized, however, that comparison of the magnitudes of terms only 
makes sense if the model is in dimensionless form. 

Quite often it is attractive to perform experiments on systems that have been scaled down 
in size. Only non-dimensionalization of the model can make clear whether the results of 
such experiments are still meaningful with respect to the original system. We illuminate 
this point in Example 3 underneath. 

Now we turn to the central theorem of dimensional analysis. In this theorem we only deal 
with scalar variables and parameters. The components of vector-valued variables and param
eters are thus treated separately. 

Theorem {Buckingham). We consider a system with (scalar) variables x1 , ••• ,x,., and 

12 



(scalar) parameters p1 , ••• , Pl· The associated dimensions are denoted by dt, ... , dm. Each 
relation 

can be rewritten in the equivalent, dimensionless form 

with q1, ... , qn dimensionless products of (powers of) the x 's and p 's. The number n is given 
by 

n=k+l-m. 

Proof. We write M = k + l. Let us introduce the set V with elements v of the form 

(a.l) 

with ri E JR, i = 1, ... , M. There is an obvious one-to-one correspondence between the 
elements of V and the vectors ( r1 , ••• , rM) E JRM. The corresponding mapping is denoted 
by T1 : JRM -+ V. If the x's and p's in the right hand side of (a.l) are replaced by their 
associated dimensions, a set W is obtained with elements w of the form 

d•l d'm W= 1 ... m 

with Si E JR, i = 1, ... , m. This replacement procedure induces a mapping T2 : V -+ W. 
This mapping is surjective, because each dimension occurs in the system. There is an obvious 
one-to-one correspondence between the elements of W and the vectors ( St, ... , Sm) E JRm. 
This mapping is denoted by T3 : W -+ JRm. The composite mapping 

is linear and surjective. Its null space No c JRM has dimension n = M- m = k + l- m. 
The elements of N0 just correspond to the dimensionless elements of W. We choose a basis 
q1, ... , qn in N0 and extend it to a basis in JRM by adding linearly independent elements 
qn+l, ... , qM. All x 's and p's can be written as unique, linear combinations of these ba
sis elements. This implies that every relation f(xt, ... , Xk, Pl, ... ,pl) = 0 can uniquely be 
rewritten in the form J( q1 , .•. , qM) = 0. However, the function J has to be independent of 
the units used to measure the dimensions. This can only be the case if J does not contain 
any of the basis elements qn+l, ... , qM, because their values may attain any value if the units 
are varied. Thus J = /(q1 , ... , qn), and this completes the proof. 0 

The following points should be realized if this theorem is applied in practice: 
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- The choice of the q's is not unique in most systems. Different choices may lead to quite 
different dimensionless models and the mathematical analysis of one model (Step 5 in §2) 
may be much more convenient than that of another. 

- A relatively simple version of non-dimensionalization is often already quite effective. In this 
approach a transformation is applied which makes each variable dimensionless by dividing 
it by a convenient combination of parameters. E.g., all variables with the dimension of 
length are divided by a characteristic length of the system, all variables with the dimension 
of time are divided by a characteristic time of the system, etc. Non-dimensionalization is 
then nothing else but a scaling of the variables by means of the parameters, and the number 
of q's is equal to the number of the variables. We illustrate this in Example 4. 

- Dimensional analysis yields more insight if it is possible to find a set of q's such that 
at least one q contains more than one variable. The corresponding transformation is 
sometimes called a similarity transformation. See also references [9,10]. In Example 4 
such a transformation is explicitly shown. 

Example 1. 
From [7] we take the following, remarkable example. The theorem of Pythagoras can be 
derived by means of arguments from dimensional analysis. We consider a right-angled triangle 
ABC as drawn in the figure. 

c 

b 

A 
.-------~-------. 

Such a triangle can be fixed by specifying two of its sides, say a and c. This system has 
no variables and two parameters, both with the dimension· of length. So,· there is only one 
dimensionless quantity, and an obvious choice is 

q = afc. 

The area 0 of the triangle is a function of a and c and we may write 

Because both 0 and c2 have the dimensions of length squared, we conclude that the quotient 
f fc2 is dimensionless and can only depend on q. So, we may introduce the notation 
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f/c2 = /(q) ; 0 = c2 J(q). 

This reasoning holds for all triangles congruent with triangle ABC. All these triangles have 
the function J and the value of q in common. So, for these triangles is the factor /(q) a 
constant, say j 0 • As seen in the figure, triangles DBA and DAC are congruent with the 
original triangle ABC. We may thus write 

from which the famous relation a2 + b2 = c2 follows directly. 0 

Example 2. 
Here, we study the consequences of dimensional analysis if applied to a mathematical pendu
lum. We restrict the movement of the pendulum to a vertical plane. In practice the swinging 
behaviour of the pendulum will damp out because of friction. We assume the strength of the 
friction force to be directly proportional to the velocity squared. 

\ 
\ 

' ' ' ' / '....., I .,' .... .,.. tn ............ _-L.I_.,......,. ,., 
I 
I 
• 

What are the variables, parameters, and dimensions of this system? 
The independent variable is the time t. Its dimension is denoted by [t] = T. The dependent 
variable is the dimensionless angle <p, indicated in the Figure. The parameters are the length 
l of the pendulum with [l] = L, its mass m with [m] = M, the acceleration of gravity g 
with [g] = LfT2 , the dimensionless, initial angle <po (#: 0), and the friction coefficient a. 

The dimensions of a are given by the quotient of force and velocity squared, thus [a] = 
M / L. In the system, modeled this way, 7 variables and parameters and 3 dimensions are 
involved, so the number of dimensionless quantities q will be 4. Because <p and <po are already 
dimensionless, obvious choices are q1 = <p, and q2 = <p0 • To find q3 and q4 we form the 
products 

The condition [q] = 0 leads to three linear equations for rt, ... , r5 : 
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ra + r4 = 0. 

We may choose two r's freely. The natural choices (r1,r2) = (1,0) and (r1,r2) = (0,1) 
yield qg = t Jagfm and q4 = lafm respectively. Each property of this system can thus be 
expressed by an equation of the general form 

(a.2) \ 

Our first conclusion is, that all pendulums of given length and given ratio afm behave iden
tically, if started at the same tpo. 

Let us next rewrite relation ( a.2) in the form 

i.e., 

(a.3) 

We note, that this inversion will not be possible for all t. From the physics of the system we 
know, that tp is a univalued function oft, but this will hold fort as a function of tp only as 
long as the pendulum has not yet changed its direction of motion. 
Let us direct our attention to the time t112 , at which the amplitude of the pendulum has 
been halved for the first time. Thus, tp(t1t 2)= l-tp0 • From (a.3) we may write 

Our second conclusion from dimensional analysis is that, if we vary the values of lex and m, 
but keep the value of the quotient lafm fixed, t112 scales with ..;m:ra or, equivalently, with .../i. 

Let us reduce the model by neglecting the friction. This implies that r4 = 0, and thus 
rs = 0. From this a third conclusion follows: the behaviour of a frictionless pendulum is 
independent of its mass. For the reduced model we find unambiguously qa = t .Jfill, and we 
may write 

t = fij; /( tp, tpo) . 

Dimensional analysis itself does not tell us that, in the frictionless system, tp is a periodical 
function of time. If we take this for granted, our fourth conclusion is that the period r 
satisfies 
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T = Jlf9 J( l{)o) 

and thus scales with ..jf/g. It requires the explicit solution of the equation of motion to find 
that J(l{)o) is given by an elliptic integral, which reduces to 211" if ll{)ol <: 1. 

Example 3. 
We wish to model a ship sailing at constant speed. Obvious parameters are its length l with 
dimension [l] = L and its velocity v with [v] = LIT. The movement of the ships sets the 
water in motion because water is viscous. The viscosity o: has dimensions [o:J =MILT. As 
a result of the viscous friction, energy is transferred from the ship to the water. This energy 
is used partly to induce surface waves and partly to generate turbulent motion of the water. 
Because of these effects also the acceleration of gravity g, with [g] = LIT2

, and the density 
of water p, with [p]::::: MIL3 , will play a role. If we assume that the ship is streamlined such 
that its height and width are not of importance in the present analysis, the system has five 
variables and parameters. Because three dimensions are involved, the number of q's is two. 
As above, we form the products 

The condition [q] = 0 yields three equations: 

r1 - 3ra + rs + ro 0 

The choice ( r1, r2) = (1, 0) yields q1 = vi 0g. This is called the Froude number after William 
Fronde, a famous ship builder. The choice ( r1 , r 2 ) = ( 0, 1) yields q2 = pl 0g I o:. For histori
cal seasons one prefers to introduce q2 = q1q2 = vpllo:. The latter dimensionless quantity is 
called the Reynolds number, after Osborne Reynolds, a researcher in fluid mechanics. Because 
real-life experiments are hard for these systems, it is very attractive to perform experiments 
on (physical) models in which all sizes are scaled down by a certain factor. The conclusions 
from these experiments are valid for the original system only if both systems are described by 
the same dimensionless (mathematical) model. So, q1 and q2 have to remain constant upon 
scaling. In practice the values of g, p, and o: can hardly be adjusted. To keep q1 constant, 
vI Vi may not change, and to keep q2 constant, vl must be preserved. These requirements 
cannot be satisfied at the same time. So, in the first instance the conclusion is that (phys
ical) scaling has no sense. However, under certain conditions scaling may be still useful. If 
the generation of surface waves is unimportant compared to the other mechanisms of energy 
dissipation, we may reliably ignore the Fronde number. In that case one only has to keep the 
Reynolds number constant, which implies that the velocity of the scaled down model must 
be larger than the velocity of the real system. On the contrary, if the Fronde number is much 
larger than the Reynolds number, the latter may be ignored. Then, the speed of the scaled 
down model must be smaller than that of the original ship. 

Example 4. 
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We consider heat diffusion in a long rod. The rod is thermally isolated everywhere except 
one of the end points. The system acts as a one-dimensional conductor. Initially the rod is 
uniformly at temperature To. From a certain moment on the end of the rod is brought into 
contact with a heat reservoir, which keeps that end of the rod at constant temperature T1. 

We are interested in the temperature T(t,x) in the rod as a function of timet and position 
x. This well-known system is described by the heat diffusion equation 

(a.4) 

with boundary condition 

T(t,O) = T1 , t ~ 0 

and initial condition 

T(O, X) = To , 0 < X ::; l . 

The independent variables are time t with [t] = T, and position x with [x] = L. The 
dependent variable is the temperature T with [r] = TMP. The parameters are the length of 
the rod l with [l] = L, the temperatures To and T1 with [To] = [T1] = TMP, and the thermal 
conductivity k with [k] = L2 fT. An obvious way to obtain dimensionless quantities is to scale 
the variables using characteristic quantities for length, time, and temperature, respectively: 

In the mathematical model it may make sense to assume the rod to be infinitely long. In 
practice, this assumption is reasonable if 12 /k is much larger than the period during which 
we wish to observe the system. For l - oo dimensional analysis gives rise to a far reaching 
conclusion. As above, we form the products 

Because the system is linear, only the difference T1 - r 0 will play a role, and not T1 and To 

separately. From the condition [q] = 0 we obtain 
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From these equations it follows that 

Because the physics of the system is such, that the temperature r = r( t, x) will be a unique 
function of the pair (t,x), we may write 

or 

r = (rt- ro) (/(x2 fkt) + 1). 

The important conclusion is that the solution r(t,x) of (a.4) only depends on the quotient 
x2 f kt if the rod may be taken infinitely long. This implies that the partial differential equation 
( a.4) passes into an ordinary differential equation if written in dimensionless form. It appears 
that the function f(q) in (a.5) satisfies the equation 

with the boundary conditions 

f(O)=O, f(oo)=l. 

The solution is the complementary error function 

00 

f(q) = erfc(! y'q) = ~ J e-•' ds. 

t.;q 
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