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Abstract 

In this paper, we show how the problem of verifying liveness properties is related to 
terminat ion of term rewrite systems (TRSs). vVe formalize liveness in the framework of 
rewriting and present a sound fUld complete transformation to transform liveness problems 
into TRSs. Then the tnmsformed TRS terminates if and only if the original liveness 
property holds. This shows that liveness and termination are essentially equivaJent. To 
apply our approach in practice, we introduce a simpler sound transformation which only 
satisfies the 'only if' -pa.rt. By refining existing techniques for proving termination of TRSs 
we show how liveness properties can be verified automatically. As exmnples, we prove a 
liveness property of a waiting line protocol for a network of processes and aliveness 
property of a protocol on a ring of processes. 

1 Introduction 

Usually, livene88 is roughly defined as: "80mething will eventually happen" [1] and it is often 
remarked that "termination i8 a particular ca8e 0/ livene88". In this paper we present liveness 
in a general but precise setting and study the relationship between liveness and termination. 
To this end, we use the framework of abstract reduction and term rewrite systems. Classically, 
TRSs are applied to model evaluation in programming languages. Our aim is to use rewrite 
systems to study also liveness questions which are of high importance in practice (e.g., in 
protocol verification for distributed processes). In particular, we show how to verify liveness 
properties by existing termination techniqueB for TRSs. 

In Sect. 2 we define a suitable notion of liveness using abstract reduction. Then in Sect. 
3 this notion is specialized to the framework of term rewriting and we show how liveness 
can be expressed as a rewrite relation. Afterwards we discuss how actual liveness properties 
can be verified. To this end, in Sect. 4 we inveBtigate the connection between liveness and 
termination. More precisely, we present a sound and complete transformation which allows 
us to express liveness problems as termination problems of ordinary TRSs. This shows that 
techniqueB for proving termination of TRSs can also be used to infer liveness properties. In 
order to apply this approach in practice, based on our preceding results we present a sound 
(but incomplete) technique to perform termination proofs for liveness properties in Sect. 5, 
which is significantly easier to mechanize. In contrast to model checking and related methods, 
our technique does not require finiteness of the state space. \Ve demonstrate our approach 
on case studies of networks with shared resources and on a (token) ring protocol in Sect. 6. 
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2 Liveness in Abstract Reduction 

In this section we give a formal definition of Iiveness using the framework of abstract reduction. 
\Ve assume a set S of states and a notion of computation that can be expressed by a binary 
relation -7 c;: S X S. So "t -7 n" me.ans that a computation step from t to n is possible. A 
computation sequence or reduction is defined to be a finite sequence t J, t2,' .. , tn or an infinite 
sequence t J, t2, t3, ... with t; -7 tHJ. \Ve write -7* for the reflexive transitive closure of-7, 
i.e., ---+* represents zero or more computation steps. 

To define Iiveness we assume a set G c;: S of 'good' states and a set I c;: S of initial states. 
A reduction is maximal if it is either infinite or if its last element is in the set of normal 
forms NF = {t E SI,::In: t -7n}. The Iiveness property Live(I,-7,G) holds if any maximal 
reduction starting in I contains an element of G. 

Definition 1 (Liveness) Let S be a set of states, -7 c;: SxS, and G, I c;: S. Let 'tJ, t2, t3, ... " 
denote an infinite sequence of states. Then Live(I, -7, G) holds iff 

1. 'ift J, t2, t3, . .. : (tJ E I 1\ 'ifi : t; -7 tHJ) =? ::Ii : t; E G, and 

2. 'ift J, t2"'" tn : (tJ E II\ tn E NF 1\ 'ifi : t; -7 tHJ) =?::Ii : t; E G. 

For example, termination (or strong normalization SN (I, -7» is a specialliveness property 
describing the non-existence of infinite reductions, Le., 

SN(I, -7) = ,(::ItJ, t2, t3, . .. : t J E II\ 'ifi : t; -7 tHJ). 

Theorem 2 The property SN(I, -7) holds if and only if Live(I, -7, NF) holds. 

Proof: For the 'if'-part, if SN(I, -7) does not hold, then there is an infinite reduction t J -7 
t2 -7 ... with t J E I. Due to NF's definition, this infinite reduction does not contain elements 
of N F, contradicting Property 1 in Def. l. 

Conversely, if SN(I, -7) holds, then Property 1 in the definition of Live(I, -7, NF) holds 
trivially. Property 2 also holds, since G = NF. 0 

Thm. 2 states that termination is a special case of Iiveness. The next theorem proves a 
kind of converse. For that purpose, we restrict the computation relation -7 such that it may 
only proceed if the current state is not in G. 

Definition 3 (-7G) Let S, -7, G be as in De/. 1. Then -7G c;: S X S is the relation where 
t -7G n holds if and only if t -7 nand t rf; G. 

Now we show that Live(I, -7, G) is equivalent to SN(I, -7G). The 'only if'-part holds 
without any further conditions. However, for the 'if'-part we have to demand that G contains 
all normal forms NF(I) reachable from I, where NF(I) = {n E NF I ::ItEI: t -7* n}. 
Otherwise, if there is a terminating sequence t J -7 ... -7 tn with all t; ¢ G, we might have 
SN(I, -7G) but not Live(I, -7, G). 

Theorem 4 Let NF(I) c;: G. Then Live(I, -7, G) holds iff SN(I, -7G) holds. 
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Proof: For the 'if '-part assume SN(I, --70). Property 2 of Def. 1 holds since NF(I) C;; G. If 
Property 1 does not hold then there is an infinite reduction without elements of G starting 
in I, contradicting SN(I, --70). 

Conversely assume that Live(I, --7, G) holds and that SN(I, --70) does not hold. Then there 
is an infinite sequence t l , t2, ... with t l E I 1\ 'ifi : t; --70 tHI' Hence, t; rf; G and t; --7 tHI for 
all i, contradicting Property 1 in Def. 1. 0 

Thm.4 allows us to verify actualliveness properties: if NF(I) C;; G, then one can instead 
verify termination of --70. If NF(I) [ G, then SN(I, --70) still implies the liveness property 
for all infinite computations. In Sect. 4 and 5 we show how techniques to prove termination 
of TRSs can be used for termination of --70. 

3 Liveness in Term Rewriting 

Now we focus on liveneBs in rewriting, i.e., we study the property Live(I, --7 R, G) where --7 R 

is the rewrite relation corresponding to a TRS R. For an introduction to term rewriting, the 
reader is referred to [3], for example. 

Let E be a signature containing at least one constant and let V be a set of variables. \Ve 
write T(E, V) for the set of terms over E and V and T(E) is the set of ground terms. For a 
term t, V(t) and E(t) denote the variables and function symbols occurring in t. Now T(E, V) 
represents computation states and G C;; T(E, V). 

By Thm. 4, Live(I, --7, G) is equivalent to SN(I, --70), if NF(I) C;; G. In order to verify 
liveness, we want to prove SN (I, --70) by approaches for termination proofs of ordinary TRSs. 
However, depending on the form of G, different techniques are required. Therefore, in the 
remainder we reBtrict ourselves to sets G of the following form: 

G = {t I t does not contain an instance of p} for some term p. 

In other words, G contains all terms which cannot be written as C[PCT] for any context C and 
substitution CT. As before, t --70 1L holds iff t --7R 1L and t ¢ G. So a term t may be reduced 
whenever it contains an instance of the term p. 

A typical example of a liveneBs property is that eventually all processes requesting a re
source are granted access to the resource (see Sect. 6.1 and 6.4). If a process waiting for the re
source is represented by the unary function symbol old and if terms are used to denote the state 
of the whole network, then we would define G = {t I t does not contain an instance of old(x)}. 
Now Live(I, --7 R, G) means that eventually one reaches a term without the symbol old. 

However, for arbitrary terms and TRSs, the notion --70 is not very useful: if there is 
a symbol f of arity > 1 or if p contains a variable x (i.e., if p can be written as C[x] for 
some context C), then termination of --70 implies termination of the full rewrite relation --7 R. 
The reason is that any infinite reduction t 1 --7 R t2 --7 R ... gives rise to an infinite reduction 
f(t l ,p, ... ) --7R f(t2,p, ... ) --7R ... or C [t J] --7R C [t2] --7R ... where in both cases none of 
the terms is in G. Therefore we concentrate on the particular case of top rewrite systems in 
which there is a designated symbol top. (These TRSs can be regarded as special forms of 
typed rewrite systems [9, 10].) 

Definition 5 (Top Rewrite System) Let E be a signature and let top ¢ E be a new unary 
function symbol. A term t E T(E U {top}, V) is a top term if its root is top and top does 
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not ocwr below the root. Let Ttop denote the set of all ground top terms. A TRS R over the 
signature E U {top} is a top rewrite system iff for all mles I -7 r E Reither 

• I and r are top terms (in this case, we speak of a top rule) or 

• I and r do not contain the symbol top (then we have a non-top rule) 

Top rewrite systems typically suffice to model networks of processes, since the whole 
network is represented by a top term [5]. Clearly, in top rewrite systems, top terms can only be 
reduced to top terms again. In such systems we consider Iiveness properties Live(Ttop , -7 R, G). 
So we want to prove that every maximal reduction of ground top terms contains a term without 
an instance of p. 

Example 6 (Simple Iiveness example) Consider the following two-rule TRS R. 

top(e) -7 top(e) f(x) -7 X 

Clearly, R is not terminating and we even have infinite reductions within Ttop : 

top(f(f(e») -7 R top(f(e» -7 R top(e) -7 R top(e) -7 R ... 

However, in every reduction one eventually reaches a term without f. Hence, ifp = f(x), then 
the Iiveness property is fulfilled for all ground top terms. Note that for E = {e, f}, we have 
NF(Ttop ) = 0 and thus, NF(Ttop ) c;: G. Hence, by Thm. 4 it is sufficient to verify that -70 is 
terminating on Ttop • Indeed, the above reduction is not possible with -70, since top(e) is a 
normal form w.r. t. -70. 

4 Liveness and Termination 

In this section we investigate the correspondence between Iiveness and termination in the 
framework of term rewriting. As in the previous section, we consider Iiveness properties 
Live(Ttop , -7 R, G) for top rewrite systems R where G consists of those terms that do not 
contain instances of some subterm p. Provided that NF(Ttop ) c;: G, by Thm. 4 the Iiveness 
property is equivalent to SN(Ttop , -70). 

Our aim is to prove termination of -70 on Ttop by means of termination of TRSs. In 
this way one can use all existing techniques for termination proofu of term rewrite systems 
(including future developments) in order to prove Iiveness properties. A first step into this 
direction was taken in [5], where the termination proof technique of dependency pairs was 
used to verify certain Iiveness properties of telecommunication processes. However, now our 
aim is to develop an approach to connect Iiveness and termination in general. 

Given a TRS R and a term p, we define a TRS L(R,p) such that L(R,p) terminates 
(on all terms) if and only if SN(Ttop ,-7o), A transformation where the 'only if'-direction 
holds is called sound and if the 'if'-direction holds, it is called complete. The existence of 
the sound and complete transformation L(R,p) shows that for rewrite relations, Iiveness and 
termination are essentially equivalent. 

The construction of L(R,p) is motivated by an existing transformation [6, 7] which was 
developed for a completely different purpose (termination of context-sensitive rewriting). \Ve 
introduce a number of new function symbols resulting in an extended signature Eo. Here, 
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proper(t) checks whether t is a ground term over the original signature E (Lemma 9) and 
match(p, t) checks in addition whether p matches t (Lemma 10). In this case, proper(t) and 
match(p, t) reduce to ok(t). To ease the formulation of the match-rules, we restrict ourselves 
to linear terms p, i.e., a variable occurs at most once in p. Moreover, for every variable x in 
p we introduce a fresh constant denoted by the corresponding upper-case letter X. \Ve write 
p for the ground term obtained by replacing every variable in p by its corresponding fresh 
constant and in this way, it suffices to handle ground terms p in the match-rules. The new 
symbol check investigates whether its argument is a ground term over E which contains an 
instance of p (Lemma 11). In this case, check(t) reduces to found(t) and to find the instance 
of p, check may be propagated downwards through the term until one reaches the instance of 
p. 

Finally, active(t) denotes that t may be reduced, since it contains an instance ofp. There
fore, active may be propagated downwards to any desired redex of the term. After the 
reduction step, active is replaced by mark which is then propagated upwards to the top of the 
term. Now one checks whether the resulting term still contains an instance of p and none of 
the newly introduced function symbols. To this end, mark is replaced by check. If an instance 
of p is found, check is turned into found and found is propagated to the top of the term where 
it is replaced by active again. The TRS L(R,p) has been designed in such a way that infinite 
reductions are only possible if this process is repeated infinitely often and Lemmata 1214 
investigate L( R, p) 's behavior formally. 

Definition 7 (L(R,p» Let R be a top rewrite system. over E U {top} with top ¢ E and let 
p E T(E, V) be linear. The TRS L(R,p) over the signature 

Ee: = E U {top, match, ok} U {X I x E V(p)} 

consists of the following mles for all non-top mlesl --7 r E R, all top mles top(t) --7 top(n) E 
R, all fEE of arity n > 0 and 1 :s; i :s; n, and all constants c E Ee:: 

active(l) --7 mark(r) 
top(active(t) ) --7 top(mark(n» 
top(mark(x» --7 top(check(x» (1) 

check(f(x I, .. , xn» --7 f(proper(x I), .. , check(xi)' .. , proper(xn» 
check(x) --7 start( match(p, x» 

match(f(x I, .. , xn), f(YI , .. , Yn» --7 f( match(x I, YI), .. , match (xn, Yn», if f E L:(p) 
match(c, c) --7 ok(c), ifc E E(P) 
match(c,x) --7 proper(x), if c ¢ E and c E E (P) 

proper(c) --7 ok(c), if c E E 
proper(f(x I, ... , xn» --7 f(proper(x I)", ., proper(xn» 
f(ok(xil, ... , ok(xn» --7 Ok(f(XI"'" xn» 

start(ok(x» --7 found(x) 
f( ok (x I), .. , found(xi), .. , ok (xn» --7 found(f(x h", xn» 

top(found(x» --7 top(active(x» (2) 
active(f(x I, ... , Xi, ... , xn» --7 f(x h· .. , active(xi), ... , xn) 
f(XI,"" mark(xi)"'" xn) --7 mark(f(xh'" ,xn» 
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Example 8 (Transformation of simple liveness example) Recall the system from Ex. 
6 again. Here, the transformation yields the following TRS L( R, p). 

active(f(x» -7 mark(x) proper(c) -7 ok(c) 
top(active(c) ) -7 top(mark(c» proper(f(x» -7 f(proper(x» 
top(mark(x» -7 top( check (x» f(ok(x» -7 ok(f(x» 

check(f(x» -7 f(check(x» start(ok(x» -7 found(x) 
check(x) -7 start( match(f(X), x» f(found(x» -7 found(f(x» 

match(f(x), f(y» -7 f(match(x, V»~ top(found(x» -7 top(active(x» 
match(X,x) -7 proper(x) active(f(x» -7 f(active(x» 

f(mark(x» -7 mark(f(x» 

Note that it is really necessary to introduce the symbol proper and to check whether the 
whole term does not contain any new symbols from Ee: \ Eo If the proper-rules were removed, 
all remaining proper-terms were replaced by their arguments, and in 

f(ok(x I)" .. , found(xi)'" . , ok(xn » -7 found(f(x h ... , xn » 

the terms Ok(Xi) were replaced by Xi, then the transformation would not be complete any 
more. As a counterexample, regard E = {a, b, f} and the TRS 

top(f(b, x, V»~ -7 top(f(y, y, y» 

top(f(x,y,z» -7 top(f(b,b,b» 

top(a) -7 top(b) 

and let p = a. The TRS satisfies the liveness property since for any ground top term, after 
at most two steps one reaches a term without a (one obtains either top(b) or top(f(b, b, b»). 
However, with the modified transformation we would get the following non-terminating cydic 
reduction where n is the term found(b): 

top( mark(f(n, n, n») 
top(f(n, check (n), n» 
top( active( f( b, check (n), n) ) ) 

-7 top(check(f(n,n,n») -7 

-7 top(found(f(b,check(n),n») -7 

-7 top(mark(f(n,n,n») -7 

To prove soundness and completeness of our transformation, we need several auxiliary 
lemmata about reductions with L(R,p). The first lemma states that proper really checks 
whether its argument does not contain symbols from Ee: \ Eo 

Lemma 9 (Reducing proper) For t E 7(Ee:) we have proper(t) -7i(R,P) ok(n) if and only 

if t, n E 7(E) and t = n. 

Proof: The proof is identical to the one in [6, Lemma 2] and [7]. o 

Now we show that match(p, t) checks whether p matches t and t E 7(E). 

Lemma 10 (Reducing match) Let p E 7(E, V), let q E 7(E(P), V) be linear, and let t E 

7(Ee:). We have match(q,t) -7i(R,P) ok(n) ifft =n E 7(E) and qu=t for Hom.e u. 
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Proof: For the 'if'-direction, note that if q if a variable, then q = c for a constant c ¢ Eo 
Hence, match(q, t) -+L(R,p) proper(t) -+1

f
R,P) ok(t) by Lemma 9. Otherwise, we use an easy 

induction on the structure of the term t. ft is a constant c, then qu = t implies q = q = c and 
hence, we have match(q,t) = match(c,c) -+L(R,p) ok(c) = ok(t). Otherwise, t has the form 
f(tl,"" tn). Since q matches t, we obtain q = f(ql,"" qn) and q = f('lI, ... , qn) where qi 
matches ti for all i. Note that the induction hypothesis implies match(q;, til -+1(R,P) Ok(ti).1 
Thus, we obtain 

match(q, t) 

-+ L(R,p) 
-++ L(R,p) 

-+ L(R,p) 

match(f('lI, ... ,qn), f(t I, ... , t n» 

f(match('lI, tl),"" match(qn, tn » 
f(ok(tJ, ... ,ok(tn» 

ok(f(tl, ... , tn » 
ok( t). 

\Ve now prove the 'only if'-direction by induction on the length of the reduction. In 
other words, we prove "for all q, t, and n: match(q, t) -+1(R,P) ok(n) implies that t = n E 

7(E) and that q matches t". Thus, as induction hypothesis we have "for all q', t', and n': 
match(q', t') -+1(R,P) ok(n') implies that t' = n' E 7(E) and that q' matches t'" provided that 

the reduction match(q',t') -+1(R,P) ok(n') is shorter than the reduction match(q,t) -+1(R,P) 

ok(n). 
If the first reduction step is in t, then match(q, t) -+ L(R,p) match(q, t') -+1(R,P) ok(n) for a 

term t' with t -+L(R,p) t'. The induction hypothesis states t' = n E 7(E) and qu = t'. Note 
that t' E 7(E) implies t = t' which proves the lemma. 

Otherwise, the first reduction step is on the root position (since q is in normal form). If q 
is a variable, then q obviously matches t and we obtain match(q, t) -+L(R,p) proper(t) -+1(R,P) 

ok(n) and t = n E 7(E) by Lemma 9. If q is a constant c, then a root reduction is only 
possible if t = c. We obtain match(q,t) = match(q,c) -+L(R,p) ok(c). So in this case the 
lemma also holds. 

Finally, if q = f(ql, ... , qn), for a root reduction we have t = f(tl, ... , t n ). Then 
match(q, t) = match(f('lI, ... ,qn), f( t I, ... , t n» = f( match('lI, t I), ... , match( qn, tn» -+1(R,P) 

ok(n). To reduce f( ... ) to ok( ... ), all arguments of f must reduce to ok-terms. Hence, 
match(qi, til -+1(R,P) ok(ni) for all i where these reductions are shorter than the reduction 

match(q, t) -+1!R,pl ok(n). !he induction ?ypoth.esi~ implies that ti = .ni E 7(E) and that 
there are substitutIOns Ui wIth qWi = ti' Smce q IS lmear, we can comb me these Ui to one U 
such that qu = t. Moreover, this implies n = f(nl, ... ,nn) which proves the lemma. 0 

The next lemma proves that check works properly, i.e., it checks whether its argument is 
a term from 7(E) which contains an instance of p. 

Lemma 11 (Reducing check) Let p E 7(E, V) be linear and t E 7(Ec:). Then we have 
check(t) -+1(R,P) found(n) ifft = n E 7(E) and t contains a s!Lbterm. pu. 

Proof: The 'if'-direction is again an easy structural induction proof on t. \Ve prove the 'only 
if'-direction by induction on the length of the reduction. 

1 Forrnally, ~"C prove (\match(q,t) -+1(R,P) ok(t) f01' all q"/J by induction on t. Hence, for all ti which arc 

smaller than t w.r.t. the induction relation, we have the induction hypothesis (\match(q, td -+ 1(R,P) ok(t) f01' 

all q"/J. So in the induction hypothesis, q can be instantiated to arbitrary terms (e.g., to qd. Similar forms of 
induction arc used throughout the paper. 
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If the first reduction step is in t, then the proof is analogous to Lemma 10. Other
wise, let check(t) --7L(R,p) start(match(p,t» --7i(R,P) found(n). By the start-rule, this implies 

match(p,t) --7i(R,P) ok(q) and q --7~(R,p) n for some term q. By Lemma 10, p matches t, 
t = q E 7(E), and therefore, q = n. 

Now let t = f(tl, ... , tn) and 

check(f( t I, ... , tn » --7 L(R,p) f(proper( t J), ... , check(ti)' ... , proper(tn» --7i(R,P) found( n). 

The only way to reduce an f-term to a found-term is if one argument of f reduces to 
found( ... ) and all others reduce to ok( ... ). Therefore, there must be terms n J, ... , nn such that 
check(ti) --7i(R,P) found(ni) and proper(tj) --7i(R,P) ok(nj) for allj l' i. Since the length of the 

reduction from check(ti) to found(ni) is shorter than the length of check(t) --7i(R,P) found(n), 
the induction hypothesis yields ti = ni E 7(E) and that ti contains pu for some u. Lemma 9 
implies tj = nj E 7(E). Hence, we have n = f(nJ, ... ,nn) and the lemma is proved. 0 

Lemma 12 shows that the top-rules (1), (2) are applied in an alternating way. 

Lemma 12 (Reducing active and check) For all t, n E 7(Ec:) we have 

(a) active(t) f+i(R,P) found(n) and active(t) f+i(R,P) ok(n) 

(b) check(t) f+i(R,P) mark(n) and proper(t) f+i(R,P) mark(n) 

Proof: 

(a) By induction on n E IN, we show that there is no reduction from active(t) to found(n) 
or to ok(n) o£length n. If the first reduction step is in t, then the claim follows from the 
induction hypothesis. Otherwise, the reduction starts with a root step. This first step 
cannot be active(t) --7L(R,p) mark(n), since the root symbol mark can never be reduced 
again. Hence, we must have t = f(t I, ... , ti, .. . , tn) and 

active(t) =active(f(tJ, ... ,ti, ... ,tn» --7L(R,p) f(tJ, ... ,active(ti), .. ·,tn). 

In order to rewrite this term to a found- or ok-term, in particular active(ti) must be 
rewritten to a found- or ok-term which contradicts the induction hypothesis. 

(b) As in (a), we use induction on the length of the reduction. If the reduction starts 
inside t, then the claim is obvious. The reduction cannot start with check(t) --7 L(R,p) 

start(match(p, t», since start( ... ) can only be reduced to a found-term and found cannot 
be reduced any more. If t is a constant, then we obtain a similar contradiction if 
the reduction has the form proper(t) = proper(c) --7L(R,p) ok(c), since ok can never be 
reduced any more either. 

Otherwise, t = f(tJ, ... ,ti, ... ,tn) and check(t) = check(f(tJ, ... ,ti, ... ,tn» --7L(R,p) 

f(proper( t I), ... , check(ti)' ... , proper(tn» or proper(t) = proper(f(t J, ... , t n » --7 L(R,p) 

f(proper(tl)"'" proper(tn». But in order to reduce these terms to a mark-term, one of 
the arguments must be reduced to a mark-term which is a contradiction to the induction 
hypothesis. 

o 

\Ve now prove that the top-rules are crucial for L(R,p)'s termination behavior. 
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Lemma 13 Let L'(R,p) = L(R,p) \ {(I), (2)}. Then L'(R,p) is terminating. 

Proof: Termination of L' (R, p) can be proved by the recursive path order [4] using the 
precedence active> check > match > proper> start> f > ok > found > mark for all 
fEEU{XlxEV(P)}. 0 

Before relating L(R,p) and -+c:, we study the connection of L(R,p) and -+R. 

Lemma 14 Let t,n E T(E). Then we have active(t) -+i(R,P) mark(n) ifft -+R nand 

top(active(t» -+i(R,P) top(mark(n» ifftop(t) -+R top(n). 

Proof: The 'if'-direction is again easy by induction on t. For the 'only if'-direction, we 
first prove that active(t) -+ i(R,P) mark(n) implies t -+ R n by induction on the length of 
the reduction. Since t E T(E), the first reduction step must be on the root position. If 
active(t) -+L(R,p) mark(n) on root position, then t = Iu and n = TU for a rule I -+ T E Rand 
thus, t -+R n. Otherwise, t = f(tJ, ... ,tn) and active(t) = active(f(tl , ... ,tn» -+L(R,p) 

f(tJ, ... ,active(t;), ... ,tn ) -+i(R,P) mark(n). Thus, active(t;) -+i(R,P) mark(n;) and n = 
f( tJ, ... , n;, ... , tn ). The induction hypothesis implies t; -+ R n; and hence, t -+ R n. 

Now we show that top(active(t» -+i(R,P) top(mark(n» implies top(t) -+R top(n). Since 
t E T(E), the first reduction step must be on the root position or on position 1 (i.e., 
on the root of active(t». If top(active(t» -+L(R,p) top(mark(n» on root position, then 
top(t) -+ top(n) is an instance of an R-rule. If top(active(t» -+L(R,p) top(mark(n» on p(r 
sition 1, then t = Iu and n = TU for a rule I -+ T E R and thus, t -+ R nand top( t) -+ R 

top(n). Otherwise, t = f(tl, ... ,tn ) and top(active(t» = top(active(f(tJ, ... ,tn») -+L(R,p) 

top(f(tl, ... ,active(t;), ... ,tn» -+i(R,P) top(mark(n». Thus, active(t;) -+i(R,P) mark(n;) and 

n = f(tJ, ... ,n;, ... ,tn ). As shown above, active(t;) -+i(R,P) mark(n;) implies t; -+R n; and 
hence, top(t) -+R top(n). 0 

Theorem 15 (Soundness and Completeness) Let R be a top rewrite system over E U 
{top} with top ~ E and let p E T(E, V) be linear. The TRS L(R,p) is terminating (on all 
terms) iff the relation -+c: is terminating on Ttop . 

Proof: \Ve first show the 'only if'-direction. If -+c: does not terminate on Ttop then there is an 
infinite reduction toP(tl) -+c: toP(t2) -+c: ... where t l , t2,'" E T(E). By Lemma 14 we have 
top(active(t;» -+i(R,P) top(mark(tHd)· Lemma 11 implies check(tHd -+i(R,P found(tHd, 
since each tHI contams an instance of p. So we obtain the following contra(lktion to the 
termination of L(R, p). 

top(active(td) -+i(R,P) top(mark(t2» 
top(found(t2» 

-+ L(R,p) top(check(t2» 

-+ L(R,p) top(active(t2» 

-++ 
L(R,p) 
+ -+ L(R,p) ... 

For the 'if'-direction assume that L(R,p) is not terminating. By type introduction [9, 10] 
one can show that there exists an infinite L(R,p)-reduction of ground top terms. Due to 
Lemma 13 the reduction contains infinitely many applications of the rules (1) and (2). These 
rules must be applied in alternating order, since active(t) can never reduce to found(n) and 
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check(t) can never reduce to mark(1L) by Lemma 12. So the reduction has the following form 
where all reductions with the rules (1) and (2) are displayed. 

... -7~(R.p) top(mark(tl » -7L(R.p) top(check(tl » -7+ 
L(R.p) 

top( found( 1L il ) -7L(R.p) top(active(1LI) ) + 
-7 L(R.p) 

top(mark(t2» -7L(R.p) top(check(t2» + 
-7 L(R.p) 

top(found(1L2» -7L(R.p) top(active(1L2) ) + 
-7 L(R.p) 

By Lemma 11 we have t; = 1L; E T(E) and that t; contains an instance ofp. Lemma 14 implies 
top(1L;) -7R toP(tHI). Together, we obtain toP(tl ) -7G toP(t2) -7G ... in contradiction to the 
termination of -7G on Ttop • 0 

Example 16 (Termination proof for simple live ness example) By Thm. 15, one can 
now use existing techniques for termination proofs of TRSs to verify Iiveness of systems like 
the one in Ex. 6. For instance, termination of the transformed TRS from Ex. 8 can easily be 
shown with dependency pairs [2]. The dependency pairs on cycles of the estimated dependency 
graph are 

Top(active(c» -7 Top(mark(c» 

Top(mark(x» -7 Top(check(x» 

Top(found(x» -7 Top(active(x» 

Check(f(x» -7 Check(x) 

Match(f(x), fry»~ -7 Match(x, y) 

Proper(f(x» -7 Proper(x) 

F(ok(x» -7 F(x) 

F(found(x» -7 F(x) 

Active(f(x» -7 Active(x) 

F(mark(x» -7 F(x) 

The dependency pair (4) is narrowed to 

Top(mark(f(x») -7 Top(f(check(x») 

Top(mark(x» -7 Top(start(match(f(X),x») 

Then (14) is narrowed further to 

Top(mark(f(x») -7 Top(start(match(X,x») 

(3) 
( 4) 

(5) 
(6) 
(7) 
(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

Now (3) is no longer on a cycle of the estimated dependency graph. Hence, (5) can be 
narrowed to 

Top(found(f(x») -7 Top(mark(x» 

So to summarize, the Top-dependency pairs are replaced by 

Top(mark(f(x») -7 Top(f(check(x») 
Top(mark(f(x») -7 Top(start(match(X,x») 

Top(found(f(x») -7 Top(mark(x» 
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(13) 
(15) 
(16) 

(16) 



Note that due to Lemma 12, every cycle of Top-dependency pairs contains the pair (16). 
Hence, it suffices if just (16) is strictly decreasing, whereas (13) and (15) only have to be 
weakly decreasing. 

We use an argument filtering which maps start(x) to x and which maps match(x,y) to 
match(y). Then all resulting constraints are satisfied by the recursive path order using a 
precedence where active, mark, check, match, proper, ok, found, and f are considered equal. 

5 Proving Liveness 

In Sect. 5.1 we present a sound transformation which is more suitable for mechanizing liveness 
proofS than the complete transformation from the preceding section. The reason is that for 
this new transformation, termination of the transformed TRS is much easier to show. On the 
other hand, the approach in this section is incomplete, i.e., it cannot succeed for all examples. 
Subsequently, in Sect. 5.2 we introduce a preprocessing technique based on semantic labelling 
[11] to simplify these termination proofS further. In this way, rewriting techniques can be 
used to mechanize the verification of liveness properties. 

5.1 A Sound Transformation for Liveness 

The goal of a sound transformation for liveness properties Live(7iop , -7 R, G) is to transform 
the original TRS R to another TRS LS(R,p) such that the required property SN(7iop ,-7o) 
can be concluded from termination of the transformed system. The idea is to introduce a 
new symbol check after every application of a top rule. If check finds an instantiation of p 
then check may be removed. Otherwise, check remains in the term where it may block further 
reductions. 

Definition 17 (LS(R,p» For a top rewrite system Rover E U {top} with top ~ E and 
p E T(E, V), let LS(R,p) consist of the following mles. 

I -7 r 

top(t) -7 top(check(n» 
check(f(x] , .. , xn » -7 f(x ], .. , check(x;), .. , x n ) 

check(p) -7 p 

for all non-top mles I -7 r in R 
for all top mles top(t) -7 top(n) 
for' f E L: of ar'ity n 2: 1, i = 1, ... , n 

Example 18 (Simple example revisited) To illustrate the transformation, reconsider the 
system from Ex. 6. Here, LS(R, f(x» is the following TRS whose termination can be proved 
by dependency pairs and the recursive path order, since the dependency pair Top(c) -7 
Top(check(c» is not on a cycle of the dependency graph. 

top(c) -7 top(check(c» 

f(x) -7 x 

(17) check(f(x» -7 f(check(x» (19) 

(18) check(f(x» -7 f(x) (20) 

Now we show that this transformation is indeed sound. In other words, the above termi
nation proof verifies the liveness property of our example. 

Theorem 19 Let R be a top rewrite system over E U {top} with top ~ E, let p E T(E, V), 
and let G = {t it does not contain an instance ofp}. If LS(R,p) is terminating then there 
is no infinite -7o-red!Lction of top terms. 
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Proof: Assume there is an infinite -7o-reduction of top terms toP(tl) -70 toP(t2) -70 ... 

Since top does not occur in p, every ti has the form Ci [PUi] for some context Ci and substitution 
Ui. To prove the theorem, we show that top(ti) -7iS(R.P) toP(tHJ) for every i, by which we 
obtain an infinite LS(R,p)-reduction. 

If top(ti) -7R toP(tHJ) by the application of a non-top rule I -7 r then we also have 
top(ti) -7LS(R.p) toP(tHJ) since I -7 r is also contained in LS(R,p). Otherwise, top(ti) -7R 

toP(tHJ) by a top rule top(t) -7 top(n). Hence, ti = tu and tHI = nu for some u. Since 
LS(R,p) contains the rules check(f(xl, ... , xn)) -7 f(xl, . .. , check(xi)' ... , xn) for all f with 
arity :::: 1, we obtain 

top(ti) = top(tu) -7LS(R.p) top(check(M)) 
-7~S(R.p) tOP(CHI [check(p)uHd) 

-7LS(R.p) tOP(CHI [PUHJ]) 

top( check( CHI [puHd)) 

o 

Example 20 (Sound transformation is not complete) However, the transformation is 
incomplete as can be shown by the following top rewrite system R 

top(f(x, b)) -7 top(f(b, b)) a -7 b 

where E = {a, b, f} and p = a. In this example, normal forms do not contain a any more and 
every infinite reduction of top terms reaches the term top( f(b, b)) which does not contain the 
symbol a either. Hence, the Iiveness property holds. However, LS(R,p) admits the following 
infinite reduction: 

top(f(b, b)) -7 top( check(f(b, b))) -7 top(f(check (b) , b)) -7 top( check(f(b, b))) -7 ... 

Thus, the transformation of Def. 17 is incomplete, because even if check remains in a term, 
this does not necessarily block further (infinite) reductions. 

5.2 A Preprocessing Procedure for Verifying Liveness 

The aim of our sound transformation from Def. 17 is to simplify (and possibly automate) 
the termination proofs which are required in order to show Iiveness properties. Since the 
TRSs resulting from our transformation have a particular form, we now present a method to 
preprocess such TRSs. This preprocessing is especially designed for this form of TRSs and in 
this way, their termination proofu can often be simplified significantly. The method consists 
of four steps which can be performed automatically: 

(a) First one deletes rules which cannot cause non-termination. 

(b) Then one applies the well-known transformation technique of Hem.antic labelling [11] 
with a particularly chosen model and labelling. (This restricted form of semantic la
belling can be done automatically.) 

(c) Then one again deletes rules which cannot cause non-termination. 

(d) Finally one use", an existing automatic technique (e.g., the recursive path order or 
dependency pairs) to prove termination of the resulting TRS. 
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To delete rules in Step (a) and (c) we use the following lemma. For a function symbol fEE 
and a term t E T(E, V), let # j(t) be the number of f-symbols occurring in t. For 0 l' E' C;; E 
let #'B,(t) = EjE'B'#j(t). 

Lemma 21 Let R be a TRS s!Lch that 

• R is non-duplicating, i.e., for every mle I --7 r, no variable OCC!Lrs more often in r than 
in I, and 

• #'B,(I) :c: #'B'(r) for all mlesl --7 r in R. 

for some E' C;; E. Let R' consist of those mlesl--7 r from R which satisfy #'B,(I) > #'B'(r). 
Then R is terminating if and only if R \ R' is terminating. 

Proof: The 'only if'-part holds since R \ R' C;; R. For the 'if'-part assume that R \ R' is 
terminating and that we have an infinite R-reduction. Due to the conditions of the lemma 
we have #'B' (t) :c: #'B' (n) for every step t --7 R nand #'B' (t) > #'B' (n) for every step t --711' n. 
Hence, due to well-foundedness of the natural numbers, the infinite R-reduction contains only 
finitely many R'-steps. After removing the finite initial part containing all these R'-steps, the 
remaining part is an infinite R \ R'-reduction, which gives a contradiction. 0 

The application of Lemma 21 is easily automated as follows: for all sets E' C;; E with 
IE'I :s; n for some (small) n E IN, it is checked whether #'B,(I) :c: #'B,(r) for all rules 1--7 r. 
If so, then all rules I --7 r satisfying #'B' (I) > #'B' (r) are removed. This process is repeated 
until no rule can be removed any more. 

As a first example, we apply Lemma 21 to the TRS from Ex. 18. By counting the 
occurrences of f, we note that the number of f-symbols strictly decreases in Rule (18) and it 
remains the same in all other rules. Hence, due to Lemma 21 we can drop this rule when 
proving termination of the TRS. It turns out that in this case repetition of this process does 
not succeed in removing more rules. 

In our termination procedure, in Step (b) we apply a particular instance of semantic 
labelling [11]. Before describing this instance we briefly explain how semantic labelling works 
as a tool to prove termination of a TRS R over the signature E: One starts by choosing a 
model for the TRS R. Thus, one defines a non-empty carrier set lvl and for every function 
symbol fEE of arity n, an interpretation /J" : 111n --7 lvl is chosen. As usual, every variable 
assignment a : V --7 M can be extended to terms from T(E, V) by inductively defining 
a(f( t I, ... , tn)) = /J" (a(t I)' ... , a( tn)). The interpretation is a model for R if a(l) = a( r) for 
every rule I --7 r in R and every variable assignment a: V --7 lvl. 

Using this model, the TRS R over the signature E is transformed into a labelled TRS R 
over the labelled signature E. Here, every function symbol fEE of arity n may be labelled 
by n elements from M, i.e., E = {fa, ..... an If E E, n = arity(f), ai E M} where the arity of 
fa, ..... an is the same as the arity of f. For any variable assignment a: V --7 lvI, we define a 
function lab" : T(E, V) --7 T(E, V) which labels every function symbol by the interpretations 
of its arguments: 

lab" (x) = x, for x E V 
lab,,(f(tJ, ... ,tn)) = f,,(tl)""'''(tn)(lab,,(tl),'''' lab,,(tn)) 

Now the TRS R is defined to consist of all rules lab,,(l) --7 lab,,(r) for all variable assignments 
a : V --7 M and all rules I --7 r in R. The main theorem of semantic labelling states that R 
is terminating if and only if R is terminating. 
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In general, semantic labelling permits a lot of freedom and is hard to automate, since one 
may choose arbitrary models. Moreover, in full semantic labelling one may also use arbitrary 
labellings. However, we will restrict ourselves to the case where AI = {O, I}. Now there are 
only finitely many possibilities for the interpretations 1M in the model. This means that with 
this restriction the termination method consisting of the steps (a) - (d) is fully decidable. 

To improve efficiency and to avoid checking all possibilities of a two-element model for 
semantic labelling, we now propose heuristics for choosing the interpretations h>1 in such a 
model. These heuristics are adapted to the special form of TRSs resulting from our trans
formation in Def. 17 when verifying Iiveness properties. The main objective is that we want 
to distinguish between terms that contain instances of p and terms that do not. Therefore, 
our aim is to interpret the former terms by 0 and the latter terms by 1. Since the intention 
of check is that an occurrence of p should be found, check(x) will be interpreted as the con
stant function O. Since top only occurs at the top, for top(x) we may also choose a constant 
function. Having these objectives in mind, we arrive at the following heuristic for choosing 
the operations 1M in the model M = {O, I}: 

• tOPM (x) = checkM (x) = h>1 (XI, ... , Xn ) = 0 for x = 0, 1, where I is the root symbol of 
p; 

• CM (x) = 1 for every constant c, except if p = C; 

• h>1 (X I , .. . , xn ) = min(x l '" . , xn ) for all other symbols I as long as this does not conflict 
with the model requirement a(l) = a(r). In particular, for the remaining unary symbols 
lone tries to choose h>1(x) = x. 

Applying these heuristics to our example results in the following interpretation: 

tOPM(X) = checkM(x) = fM(X) = 0 for x E M = {O, I} and CM = 1 

One checks that this is a model for the TRS. Here it is essential that we first removed Rule 
(18), since fM (x) = 0 l' x if x = 1. The labelling results in the TRS 

tOPI (C) --+ topo(check l (c)) 
checko(f;(x)) --+ fo(check;(x)) 
checko(f;(x)) --+ f;(x) 

for i E {O, I} 
for i E {O, I} 

In Step (c) of our termination procedure, we apply Lemma 21 again. By counting the 
occurrences of tOPI, we can drop the first rule. By counting f l , the second rule can be removed 
if i is 1, and by counting checko we can delete the third rule. So the remaining TRS just 
contains the rule checko(fo(x)) --+ fo(checko(x)) whose termination is trivial to prove by the 
recursive path order. 

This example indicates that preprocessing a TRS according to Steps (a) - (c) often simpli
fies the termination proof considerably. For the original TRS of Ex. 18, one needs dependency 
pairs for the termination proof, whereas after the transformation a very simple recursive path 
order is sufficient. 

6 Case Studies of Liveness 

To demonstrate the applicability of our approach, we now regard four examples of Iiveness 
properties for networks of processes. To model protocols with TRSs, we use the approach to 
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represent the state of a whole network of processes by a top term. In Sect. 6.4 we also discuss 
a straightforward extension of our approach: instead of one unary top symbol, the framework 
can easily be extended to several2 top symbols of arbitrary arity. 

6.1 A Shared Resource With a Single Waiting Line 

The following case study is motivated by protocols similar to the bakery protocol [8]. We 
describe a network of processes which want to gain access to a shared resource. The processes 
waiting for the resource are served one after another. Since the maximal size of the waiting 
line is fixed, a new process can only enter the waiting line if a process in the current line has 
been "served" (i.e., if it has been granted access to the resource). In this example the state 
space is infinite since the maximal length n of the waiting line is arbitrary. In other words, 
we show that the liveness property holds for all n E IN. Hence, techniques like classical model 
checking are not applicable here. 

The processes in the line are served on a "first in - first out" basis (this corresponds to 
the serving of clients in a shop). So at the front end of the waiting line, a process may be 
served, where serving is denoted by a constant serve. If a process is served, its place in the 
line is replaced by a free place, denoted by free. If the place in front of some process is free, 
this process may take the free place, creating a free place on its original position. If the line 
has a free place at its back end, a new process new may enter the waiting line, taking over 
the position of the free place. Apart from new processes represented by new we also consider 
old processes represented by old, which were already in the line initially. \Ve want to verify 
the liveness property that eventually all old processes will be served. Introducing the symbol 
top at the back end of the waiting line, this network is described by the following top rewrite 
system R: 

top(free(x)) 
new(free(x)) 
old(free(x)) 

-7 top( new(x)) 
-7 free(new(x)) 
-7 free(old(x)) 

new (serve) -7 free(serve) 
old (serve) -7 free(serve) 

Note that the above TRS admits infinite reductions of top terms. For instance, 

top(new(serve)) -7R top(free(serve)) -7R top(new(serve)) -7R ... 

describes that the protocol for serving processes and for letting new processes enter may go on 
forever. But we will prove that after finitely many steps one reaches a term without the symbol 
old, i.e., eventually all old processes are served. In our terminology this liveness property 
is represented by Live(Ttop ,-7R,G) where G = {tit does not contain an instance ofold(x)}. 
Note that this liveness property does not hold for various variations of this system. For 
instance, if processes are allowed to swap by new(old(x)) -7 old(new(x)), or if new processes 
are always allowed to line up by top(x) -7 top(new(x)), then liveness is destroyed. 

Since top(serve) is the only ground top term that is in normal form, we conclude that 
NF(Ttop ) C;; G. Hence by Thm. 4 the required liveness property is equivalent to SN(Ttop , -7(;). 

To prove this termination property of -7(;, according to Thm. 19 we may prove termination 
of the TRS LS(R,p): 

2Sirnilarly, an extension to livcncss w.r.t. several terms PI, ... ,Pn instead of just one p is also casily possible. 
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top(free(x)) -7 top(check( new(x))) (21) check (free(x)) -7 free(check(x)) (26) 
new(free(x)) -7 free(new(x)) (22) check(new(x)) -7 new(check(x)) (27) 
old(free(x)) -7 free(old(x)) (23) check(old(x)) -7 old(check(x)) (28) 
new (serve) -7 free(serve) (24) check(old(x)) -7 old(x) (29) 
old (serve) -7 free(serve) (25) 

\Vhile standard techniques for automated termination proofS of TRSs do not succeed for this 
TRS, with the preprocessing steps (a) - (c) termination can easily be shown automatically. 

According to (a), we first delete rules which do not influence termination. By counting 
the occurrences of old, with Lemma 21 we can remove Rule (25). Then in Step (b), we apply 
the heuristics for semantic labelling and arrive at 

tOPM(X) = checkM(x) = oldM(X) = 0, newM(x) = freeM(x) = x, serveM = 1 

for x E 1'.1 = {O, I}. Indeed this is a model for the TRS. For that purpose, we had to remove 
Rule (25) since oldM (serveM) = 0 l' 1 = freeM (serveM). The corresponding labelled TRS R 
is 

top;(free;(x)) -7 topo( check; (new;(x))) (21;) 
new;(free;(x)) -7 free; (new; (x)) (22;) 
old;(free;(x)) -7 freeo(old;(x)) (23;) 

newl (serve) -7 free I (serve) (24) 
check; (free; (x)) -7 freeo (check; (x)) (26;) 
check; (new;(x)) -7 newo (check; (x) ) (27;) 
checko( old;(x)) -7 oldo(check;(x)) (28;) 
checko( old;(x)) -7 old; (x), (29;) 

for i E {O, I}. It remains to prove termination of this TRS of 15 rules. According to Step (c) 
we repeatedly apply Lemma 21. By consecutively choosing 2:;' = {f} for f being tOPI, old l , 
neWI, freel, freeo, andchecko, the rules (211), (281), (24) and (271)' (231) and (261), (210), and 
finally (290) and (291) are removed. Termination of the remaining system consisting of the 
rules (220), (221)' (230), (260), (270), and (280) is easily proved by the recursive path order, 
using a precedence satisfying checko > oldo > freeo, checko > newo > freeo, and newl > freel' 
Hence, the liveness property of this example can be proved automatically. 

6.2 Emptying Local Memories of Processes 

The following example is a variant of a process verification problem from [5]. To simplify the 
presentation, we abstract from all details and present a variant which represents the basic 
underlying problem. Essentially, a process keeps on sending messages from its local memory 
(which are removed from the memory afterwards). In general, a process can also receive 
messages which result in new items being stored in its local memory. However, in order to 
empty the local memories of the processes in the end, only the empty message is sent to 
the process while it keeps on sending the first rn messages from its memory repeatedly for 
some fixed number rn. Of course, if the memory contains less than rn items, then it can only 
send the messages that are in its memory. Moreover, if its memory is empty it sends the 
empty message. The goal is to verify that eventually the memory of the process will indeed 
be empty. In the following TRS we describe the case where rn = 1. Here, top has the value of 
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the local memory as its argument and the goal is to prove that eventually this memory will 
be empty. The memory is modelled as a list and thus, we want to prove that eventually no 
non-empty list is present any more. So our aim is to prove Iiveness w.r.t. the term p = x : y, 
where ":" is the list constructor. (More precisely, we prove that in every infinite reduction of 
ground top terms, one will eventually reach a term without ":". \Vhether there exist normal 
forms containing ":" depends on the set I of initial terms.) If x is the current local memory, 
then send(x) indicates that the local memory contains the list x of messages and that now the 
first message from x should be sent and deleted afterwards. The term sent(x) denotes that 
sending has taken place and that x is the remaining list of meBsages in the local memory. 

top(sent(x)) --7 top(send(x)) 

send(nil) --7 sent(nil) 
send(x : y) --7 sent(y) 

Our sound transformation of Def. 17 results in the following TRS LS (R, x : y). 

top(sent(x)) --7 top( check(send(x))) 

send(nil) --7 sent(nil) 

send(x : y) --7 sent(y) 

check(sent(x)) --7 sent(check(x)) 
check(send(x)) --7 send(check(x)) 

check(x : y) --7 check(x) : y 
check(x : y) --7 X : check(y) 

check(x : y) --7 x:y 

(30) 
(31) 

(32) 

(33) 
(34) 
(35) 
(36) 
(37) 

Due to Lemma 21, by counting the occurrences of ":", we can drop Rule (32). Then the 
function symbols are labelled according to our heuristic: AI = {O, 1} and 

tOPM(X) = checkM(x) = X:M Y = 0, sentM(x) = sendM(x) = x, nilM = 1 

for x, y E {O, 1}. Indeed, this is a model of the TRS. Labelling the rules results in 

top; (sent; (x)) --7 topo (check; (send; (x) )) 
send] (nil) --7 sent] (nil) 

check; (sent; (x)) --7 sento (check; (x) ) 
check; (send; (x)) --7 sendo( check; (x)) 

checko(x :;j y) --7 check; (x) :OJ Y 

checko(x :;j y) --7 X :;0 checkj(Y) 

checko(x :;j y) --7 X :;j y 

for i E {O, 1}. \Ve apply Lemma 21 and count the occurrences of top] to drop the first rule if 
i = 1. Now, by the same lemma we can drop the second rule by counting the occurrences of 
send]. Moreover, in the fourth rule, i must be O. Similarly, i must also be 0 in the third rule 
as can be determined by Lemma 21 when counting the occurrences of sent]. This allows us 
to drop the first rule for i = 0 as well by counting the occurrences of sento. By regarding the 
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occurrences of check], Lemma 21 also determines that in the fifth rule, i must be 0 and in the 
sixth rule, j must be O. Moreover, the last rule can be deleted by counting the occurrences 
of checko. So we obtain 

checko(sento(x)) -7 sento(checko(x)) 

checko(sendo(x)) -7 sendo(checko(x)) 

checko (x :OJ y) -7 checko (x) :OJ Y 

checko(x :iO y) -7 X :iO checko(Y) 

Termination is trivial to prove with the recursive path order by choosing checko to be maximal 
in the precedence. 

6.3 Communication on a Ring of Processes 

\Ve consider the following protocol on a ring of processes (similar to a token ring protocol). 
Every process is in one of the three states sent, rec (received), or no (nothing). Initially at 
least one of the processes is in state rec which means that it has received a message (token). 
Now the protocol is defined as follows: 

If a process is in state rec then it may send its message to its right neighbor which 
then will be in state rec, while the process itself then will be in state sent. 

Clearly, at least one process will always be in state rec, and this procedure can go on forever; 
we will prove that eventually no process will be in state no. This means that eventually all 
processes have received the message; a typicalliveness property to be proved. The requirement 
N F (I) C;; G and in fact N F (I) = 0 (for I consisting of all configurations containing rec) is 
easily seen to hold on the protocol level. According to Thm. 4, for proving the desired Iiveness 
property it suffices to show SN(I, -70). The protocol is encoded by unary symbols sent, rec, 
and no, where the right neighbor of each of these symbols corresponds to the root of its 
argument. To obtain a ring topology we add a unary symbol top and a constant bot. For a 
symbol with the argument bot, its right neighbor is defined to be the symbol just below top. So 
again the state of the whole ring network is represented by a top-term tOP(f1 ( ... (fn(bot)) ... )) 
and the search space is infinite since the size n of the ring is arbitrary. In order to pass messages 
from the bot-process n to the top-process 1, an auxiliary unary symbol up is introduced. 

rec(rec(x)) -7 sent(rec(x)) (38) 
rec(sent(x)) -7 sent(rec(x)) (39) 

rec(no(x)) -7 sent(rec(x)) (40) 

rec(bot) -7 up(sent(bot) ) (41) 

rec(up(x)) -7 up(rec(x)) (42) 

sent(up(x)) -7 up(sent(x)) (43) 

no(up(x)) -7 up(no(x)) (44) 

top(rec(up(x))) -7 top(rec(x)) (45) 

top(sent( up(x))) -7 top(rec(x)) (46) 

top(no(up(x))) -7 top(rec(x)) (47) 
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Now we prove that every infinite top reduction reaches a term without no, proving the desired 
Iiveness property. Applying Thm. 19 for p = no(x), this can be done by proving termination 
of LS(R,p), which consists of Rules (38) - (44) and 

top(rec(up(x))) -7 top( check(rec(x))) (48) 

top(sent( up(x))) -7 top( check(rec(x))) (49) 

top( no( up(x))) -7 top( check(rec(x))) (50) 

check(up(x)) -7 up(check(x)) (51) 

check(sent(x)) -7 sent(check(x)) (52) 

check(rec(x)) -7 rec(check(x)) (53) 

check(no(x)) -7 no(check(x)) (54) 

check(no(x)) -7 no (x) (55) 

Termination is easily proved completely automatically according to our heuristics. First , by 
respectively choosing 2:;' to be {no} and {rec, up} in Lemma 21, the rules (38), (40), (48), 
and (50) are removed. According to our heuristics we now apply semantic labelling with the 
following model: M = {O, 1} and 

tOPM(X) = nOM (x) = checkM(x) = 0, botM = 1, 

recM(x) = sentM(x) = uPM(X) = x 

for x E {0,1}. It is easily checked that for all 11 rules the left-hand side and the right-hand 
side yield the same value in this model. Now the labelled system re.ads 

rec; (sent; (x)) -7 sent;(rec;(x)) (39;) 
reci (bot) -7 UPI (senti (bot)) (41) 

rec;(up;(x)) -7 up;(rec;(x)) (42;) 
sent;(up;(x)) -7 up;(sent;(x)) (43;) 

no;(up;(x)) -7 upo(no;(x)) (44;) 
top; (sent; (up; (x)) ) -7 topo (check; (rec; (x) )) (49;) 

check;(up;(x)) -7 upo(check;(x)) (51;) 
check; (sent; (x)) -7 sento (check; (x)) (52;) 
check;(rec;(x)) -7 reco (check; (x) ) (53;) 
checko (no; (x)) -7 noo(check;(x)) (54;) 
checko (no; (x)) -7 no;(x) (55;) 

for i E {O, 1}. On this labelled TRS we apply Lemma 21: by consecutively choosing 2:;' = {f} 
for f being tOP h nOI, reC h UPh senti , sento, and checko, the rules (49J), (54J), (41) and (53J), 
(44J) and (51 J) , (52J) , (490), and (550 ) and (55J) are removed. In the remaining system of 
11 rules we get termination by the recursive path order using a precedence with 

checko > rec; > sent; > up; for i E {O, 1} and checko > noo > uPo. 

6.4 A Shared Resource With Several Waiting Lines 

In order to handle more general protocols, our approach can easily be extended to several top 
symbols of arbitrary arity. Then we have a signature 2:; of non-top symbols and a signature 
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E top of top symbols with En E top = 0. Now top term.s are terms whose root is from E top 
and below the root there are only variables and symbols from Eo Let T'Btop denote the set of 
ground top terms. Again, a TRS is a top rewrite system. if every rule is either a top rule (i.e., 
both sides are top terms) or a non-top rule (i.e., both sides are terms from T(E, V)). 

The sound and complete transformation of Def. 7 can be adapted to such top rewrite 
systems as follows: \Ve add a new symbol top which was not pre Bent in the original signature 
E U Etop . Moreover, in addition to the symbol check which checks whether its argument 
is from T(E) and contains an instance of p, we use another symbol checktop which checks 
whether its argument is from T'Btop and contains an instance of p. So the top-rules in L( R, p) 

are top((mark(x)) --7 top(checktop(x)) and top(found(x)) --7 top(active(x)). Moreover, L(R,p) 
contains active(l) --7 mark(r) for all rules I --7 r E R (including the top rules of R). The rule 
for checktop is similar to the one for check, but now one requires that the argument starts 
with a symbol from Etop . So for every I E Etop we have the rules 

checktop(f(x] , ... , xn)) --7 I(proper(xd, ... , check(xi)' ... , proper(xn)). 

The rules for check, match, proper, and start as well as the rules I(ok(xd, ... ,ok(xn )) --7 

ok(f(x], ... , xn )) remain unchanged (i.e., in these rules we have I E E). In contrast to that, 
the ruleB 

I(ok(x ]), ... , found(xi)"'" ok(xn )) 

active(f(xl, ... , Xi, ... , xn )) 

I(x ], ... , mark(xi)"'" xn ) 

are required for all lEE U Etop . 

--7 found(f(x ] , ... , xn )), 

--7 I(x ], ... , active(xi), ... , xn ), 

--7 mark(f(x], ... , xn )) 

For this modified transformation we have a theorem corresponding to Thm. 15: L(R, p) 
is terminating iff --70 is terminating on 'FEtop • To prove this claim, one needs lemmata cor
responding to Lemma 9 Lemma 14. Lemma 9 and 10 remain unchanged. Lemma 11 is 
extended by the observation that for all t E T(Eo) we have checktop(t) --7i(R,P) found(n) iff 
t = n E T'Btop and t contains a subterm PrJ. In Lemma 12 (b), we need the additional ob
servation that for all t,n E T(Eo) we have checktop(t) f+i(R,P) mark(n). Lemma 13 remains 
unchanged, but in the proof the precedence used must be updated to active > checktop > 
check> ... 

The sound transformation of Def. 17 also has to be modified slightly. In order to handle top 
rewrite systems with many top symbols of arbitrary arity, for every top rule I(s ], ... , sn) --7 

g(t], ... , tm) in R, LS(R,p) should contain the rules I(s ], ... , sn) --7 g(t], ... , check(ti)"'" tm) 
for aliI :s; i :s; rn. The remaining rules of LS(R,p) are constructed as in Def. 17. The sound
ness of this transformation can easily be shown as in Thm. 19. 

The following case study is an example of a top rewrite system with several non-unary top 
symbols. \Ve modify the example in Sect. 6.1 by considering two waiting lines of processes 
which want to gain access to a shared resource. Again we want to prove the Iiveness property 
that eventually all old processes (which are already in the lines) will be served. This problem 
is considerably more difficult than the one in Sect. 6.1, since Iiveness only holds if the lines 
are synchronized in a suitable way. For instance, if there is no communication at all between 
the two lines and new processes may freely choose one of the two lines, it can be the case that 
in one line serving processes goes on forever while in the other line no processes are served 
at all. If then the non-serving line still contains an old process, the desired Iiveness property 
does not hold. On the other hand, every new process should be free to choose any of the two 
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lines. A subtle way to achieve this is to impose the extra requirement that both lines must 
offer free positions in an alternating way. \Ve represent two waiting lines II and 12 in one term 
tOP(II ,12). In order to keep track of the information which of the lines is allowed to generate 
a free position for a new process, instead of one symbol top we will use two symbols tOPI and 
tOP2, where tOPi(ll, 12) means that waiting line Ii is allowed to offer a free position for a new 
proceBs, for i E {I, 2}. For the behavior inside a waiting line we have exactly the same rules 
as in Sect. 6.1. We obtain the following top rewrite system where the binary symbols tOPI 
and tOP2 act as the top symbols (i.e., Etop = {tOPI ' tOP2})' 

tOPI (free(x), y) -7 tOP2(new(x), y) 
tOPI (free(x), y) -7 tOP2(X, new(y)) 

tOP2(X, free(y)) -7 tOPI (new(x), y) 
tOP2(X, free(y)) -7 tOPI (x, new(y)) 

new(free(x)) -7 free(new(x)) 
old(free(x)) -7 free(old(x)) 
new(serve) -7 free(serve) 
old(serve) -7 free(serve) 

Again we want to prove that in an infinite reduction of ground top terms, after a fi
nite number of steps a term without the symbol old will be achieved. This corresponds 
to the Iiveness property that eventually all old processes will be served. Here, NF(Ttop ) = 
{tOPI (serve, freen(serve)) In E IN} U {top2(freen(serve),serve) In E IN} C;; G and thus, it suf
fices to prove termination of -7G on Ttop • Applying the sound transformation of Def. 17 for 
p = old (x) this can be done by proving termination of the following TRS. Here, we extended 
the sound transformation to handle several top symbols of arbitrary arity as deBcribed above. 

tOPI (free(x), y) -7 tOP2( check(new(x)), y) 
tOPI(free(x),y) -7 tOP2(new(x),check(y)) 

tOPI (free(x),y) -7 tOP2(check(x), new(y)) 
tOPI(free(x),y) -7 tOP2(x,check(new(y))) 

tOP2(x,free(y)) -7 tOPI(check(new(x)),y) 

tOP2(x,free(y)) -7 tOPI(new(x),check(y)) 

tOP2(X, free(y)) -7 tOPI (check(x), new(y)) 

tOP2(x,free(y)) -7 tOPI(x,check(new(y))) 
new(free(x)) -7 free(new(x)) 

old(free(x)) -7 free(old(x)) 

new(serve) -7 free(serve) 

old(serve) -7 free(serve) 

check(free(x)) -7 free(check(x)) 

check(new(x)) -7 new(check(x)) 

check(old(x)) -7 old(check(x)) 

check(old(x)) -7 old (x) 

(56) 
(57) 

(58) 

(59) 

(60) 
(61) 

(62) 

(63) 
(64) 

(65) 

(66) 

(67) 

(68) 

(69) 

(70) 

(71) 

According to (a), due to Lemma 21, Rule (67) is removed by counting the number of 
old symbols. Then we apply semantic labelling with the following model according to our 
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heuristics: M = {O, 1} and 

tOPIM(X) = tOP2M(X) = checkM(x) = oldM(X) = 0, 
newM (x) = freeM (x) = x, serveM = 1 

for x E {O, 1}. One checks that M is a model for the TRS. It remains to prove termination 
of the labelled system consisting of the following 45 rules 

tOPl" (free;(x), y) -7 tOP20, (check; (new; (x)), y) (56;j) 
tOPl" (free;(x), y) -7 tOP2,o (new; (x), checkj(Y)) (57;j) 
tOPl" (free;(x), y) -7 tOP20, (check; (x), newj(Y)) (58;j) 
tOPl" (free;(x), y) -7 tOP2,o (x, checkj( newj(Y))) (59;j) 
tOP2" (x, freej(Y)) -7 tOPlo, (check; (new; (x)), y) (60;j) 
tOP2 .. (x, freej(Y)) -7 tOPI,o (new; (x), checkj(Y)) (61;j) 

" 
tOP2" (x, freej(Y)) -7 tOPlo, (check; (x), newj(Y)) (62;j) 
tOP2" (x, freej(Y)) -7 tOPI,o (x, checkj( newj(Y))) (63;j) 

new; (free;(x)) -7 free; (new; (x)) (64;) 
old;(free;(x)) -7 freeo(old;(x)) (65;) 

newl (serve) -7 free l (serve) (66) 
check; (free; (x) ) -7 freeo (check; (x) ) (68;) 
check;( new;(x)) -7 newo(check;(x)) (69;) 
checko (old;(x)) -7 oldo (check; (x)) (70;) 
checko (old;(x)) -7 old; (x) (71;) 

for i,j E {O, 1}. 
As a first step we apply Lemma 21 for the symbol oldl by which Rule (70J) is removed. 

Next we apply Lemma 21 for the symbol tOPll1 by which RuleB (5611 ), (57 11 ), (5811 ), (59u ) 
are removed. Then we use Lemma 21 for the symbol tOP211 by which Rules (60u ), (61u ), 
(62u ), (63u ) are removed. Hence in the remaining TRS the symbols tOPll1 and tOP211 do 
not occur any more. 

Next, we count the occurrences of the two symbols tOPllO and tOP2lO' In Rules (5610), 
(5810), (6010), and (6210) the number of tOPl lO and tOP21O strictly decreases, whereas in all 
other rules this number remains the same. Hence we remove Rules (5610), (5810), (6010), and 
(6210). In a similar way we remove Rules (5701), (590J), (610J), and (630J) by counting the 
symbols tOPl01 and tOP201' 

Next, we apply Lemma 21 by counting the three symbols freeo, free l , and newi ' The 
number of occurrences of these symbols decreaseB in RuleB (56oj), (5700), (5800), (59;0), (600j), 
(6100), (6200), (63;0), and (69J) for all i,j E {0,1} and it remains the same in all other rules. 
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By dropping the former rules we obtain the following system of just 15 rules. 

tOPllO(free1 (x),V) -7 tOP2lO (newl (x), checko(v)) (57 10) 
tOPIOl (freeo(x),V) -7 tOP20l (checko(x), newl (V)) (5801) 
tOP2lO(X, freeo(V)) -7 tOPllO (newl (x), checko(V)) (61 10) 
tOP20l (x, free I (V)) -7 tOPIOl (checko(x), newl (V)) (6201) 

new;(free;(x)) -7 free;(new;(x)) (64;) 
old;(free;(x)) -7 freeo(old;(x)) (65;) 

newl (serve) -7 free l (serve) (66) 
check; (free; (x)) -7 freeo (check; (x)) (68;) 

checko( newo(x)) -7 newo (checko (x)) (690) 
checko (oldo (x)) -7 oldo (checko (x) ) (700) 
checko(old;(x) ) -7 old; (x) (71;) 

for i E {0,1}. Now Lemma 21 is no longer applicable. Termination of this system can be 
proved automatically with dependency pairs. The resulting dependency pairs on cycles of the 
estimated dependency graph are 

TOPllO(free l (x), V) -7 TOP2lO(newl (x), checko(v)) (72) 

TOPIOl (freeo(x), V) -7 TOP20l (checko(x), neW 1 (V)) (73) 

TOP2lO(X, freeo(v)) -7 TOPllO(newl (x), checko(v)) (74) 

TOP20l (x, freel (V)) -7 TOPIOl (checko(x), new 1 (V)) (75) 

New;(free;(x)) -7 New;(x) 

Old;(free;(x)) -7 Old;(x) 

Check; (free; (x) ) -7 Check; (x) 
Checko( newo(x)) -7 Checko(x) 

Checko( oldo(x)) -7 Checko(x) 

for i E {0,1}. \Ve use an argument filtering which eliminates the first arguments of TOPho' 
TOP2lO' tOPl lO' and tOP2lO and which eliminates the second argument of TOPIOl' TOP20l' tOPIOl' 
and tOP20l' So every term TOPllO(S,t) is replaced by TOPllO(t), etc. Moreover, the argument 
filtering maps checko to its argument, Le., every term checko(t) is replaced by t. Then the 
resulting constraints are satisfied by the recursive path order using a precedence where all 
Top-symbols are equal, all top-symbols are equal, and also new;, free;, old;, and check I are 
considered equal for i E {0,1}. More precisely, the dependency pairs (72) and (75) and all 
rules are weakly decreasing and the remaining dependency pairs are strictly decreasing. This 
is sufficient, since only one dependency pair on each cycle has to be strictly decreasing and 
(72) and (75) do not form cycles on their own. (Dependency pair (72) is only on a cycle with 
(74) and (75) is only on a cycle with (73).) This concludes the termination proof of the TRS 
LS(R,p), and therefore the Iiveness property of the system with two waiting lines is proved. 

Similar to the above example with two waiting lines, a corresponding Iiveness property 
can be proved for any such system with n waiting lines (where n :c: 1). The n 2 top rules of 
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the TRS R would be 

tOPI (free(x l ), X2,"" xn) -7 tOP2(new(x l ), ... , xn) 

tOP2(XI , free(x2)"'" xn) -7 tOP3(new(xl), ... , xn) 

tOP2(XI , free(x2)"'" xn) -7 tOP3(X I, ... , new(xn)) 

tOPn(X I , ... , Xn- I , free(xn)) -7 tOPI (neW(XI), ... , Xn) 

tOPn(X I , ... , Xn- I , free(xn)) -7 tOPI (X I , ... , new(Xn)) 

In order to prove that this TRS satisfies the Iiveness property w.r.t. the term p = old(x), one 
can proceed exactly as in the case where n = 2. Thus, one first uses the transformation of 
Def. 17. For example, the tOPI-rules of LS(R,p) are 

tOPI (free (X I ), X2, ... , xn) -7 tOP2(check(new(x l )), ... , xn) 

tOPI (free(x1), X2, ... , xn) -7 tOP2(new(x l ), ... , check(xn)) 

tOPI (free (X I ), X2, ... , xn) -7 top2(check(xd, ... , new(xn)) 

tOP1 (free (X I ), X2, ... , xn) -7 tOP2(X I, ... , check( new(xn))) 

Now according to Step (a), we remove the rule old(serve) -7 free(serve) (Rule (67)) by counting 
the occurrences of old. Then we apply semantic labelling with the same model as before, where 
tOPj At (x) = D for all j. In the labelled system, the rules for tOPI are changed into 

tOPI' · (free; , (xd, X2,"" xn) -7 tOP2o .... ,'n (check; , (new;, (XI )), ... , xn) 
'1, ··,-n 

tOPI ' · (free; , (xd, X2, ... , xn) -7 tOP2" , ... ,0 (new; , (x d , ... , check;n (Xn)) 
' 1 , ··,-n 

tOPI· · (free;, (x d , X2,"" xn) -7 tOP20, . (check; , (xd, .. ·,new;n(xn)) 
'1, ··,-n ··,-n 

tOPI· · (free;, (x d , X2,"" xn) -7 tOP2" , ... ,o(XI , ... , check;n (new;n (xn))) 
'1, ··,·n 

for all i l , ... , in E {D, 1}, and we obtain similar rule", for the other symbols. Thus, the labelled 
system contains 2n * n3 top rules. Now Lemma 21 is applied repeatedly as in the case where 
n = 2. First, checko(old l (x)) -7 oldo(checkl (x)) (Rule (7Dd) is removed by counting oldl . 
Then Lemma 21 is used to delete all top rules where the label of the left-hand side differs 
from the label of the right-hand side. Next, by counting freeo, free l , and neW1, all remaining 
top rules can be eliminated except those where the right-hand side contains newl and checko. 

24 



So the only remaining labelled tOPrrules are 

tOPI1,0"""n (freel (X I ), X2, , , , , xn) -7 tOP21,0''''''n (new1 (XI), checko(x2), , , , , xn) 

tOPh, .. ,0 (freel (xl)"", Xn) -7 tOP21, .. ,0 (newl (xl)"", checko(xn)) 

tOPIO, .. ,1 (freeo(x l )"", Xn) -7 tOP20, .. ,1 (checko(x l )"", newl (Xn)) 

tOPI '1 , ... ,0,1 (free;, (XI)' "" Xn- 1, Xn) -7 tOP2" , ... ,0,1 (XI, "" checko(xn-1), neW 1 (Xn)) 

Termination of this TRS can be proved with dependency pairs. For all Top- or top
symbols we use an argument filtering which removes the argument positions labelled with 1. 
Moreover, the argument filtering maps checko to its argument. Now the resulting constraints 
are satisfied by the recursive path order where all Top-symbols are equal, all top-symbols are 
equal, and also new;, free;, old;, and check I are considered equal in the precedence. 

More precisely, all dependency pairs with freeo in their left-hand sides are strictly decreas
ing and all other dependency pairs are weakly decreasing. This is sufficient, since every cycle 
of dependency pairs contains a pair with freeo in its left-hand side. Otherwise, there would 
be a cycle containing dependency pairs of the form 

for all 1 :s; j :s; n in the cycle. Since the labels of the tuple symbols in a cycle do not change, 
this would imply i I = ... = in = 1. However, symbols with such a label are no longer present 
in the current TRS. Hence we proved the Iiveness property for the network with n waiting 
lines for arbitrary n 2: 1. 

7 Conclusion 

In this paper, we showed how to relate Iiveness and termination of term rewriting. \Ve 
presented a sound and complete transformation such that Iiveness holds iff the transformed 
TRS is terminating. By a simpler sound transformation and by refining techniques for proving 
termination of TRSs we developed an approach to verify Iiveness properties mechanically. \Ve 
discussed extensions of our approach and demonstrated its applicability on case studies of 
Iiveness in networks of processes. 
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