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Summary

The plasticity models that are generally adopted to predict the response of e.g. a deform-
ing piece of metal assume that the material behaves like a true local continuum. This
implies that the evolution of a state variable in a single material point only depends on
the material state of that particular point itself and is not influenced by the value of the
state variables in the surrounding material. Although this is a valid assumption for ho-
mogeneous deformation and stress fields it is inappropriate to properly capture e.g. the
localised deformation in case of shear bands or size effects that are observed when the im-
pact of the underlying microstructure becomes apparent at the global scale. The proper
modelling of these phenomena requires the addition of spatial or nonlocal interactions
into the continuum framework, which is achieved by considering either the gradient of a
state variable or a nonlocal state variable field besides the usual local fields. An internal
length parameter determines the global scale at which these nonlocal effects are mani-
fested. The objective of this research is to develop a continuum plasticity-damage model
that accounts for the nonlocal interactions of the underlying micromechanical mecha-
nisms during ductile failure up to a satisfactory extent.

In the developed framework ductile failure is introduced to the plasticity model by the
concept of plasticity-induced damage, i.e. with ongoing plastic deformation microvoids
initiate that weaken the material’s resistance to plastic deformation. In the model this
is achieved by the gradual reduction of the material strength by a damage variable that
is governed by a nonlocal effective plastic strain. This implies that the elastic material
properties are not affected by the ductile damage. The nonlocal field acts as an additional
degree of freedom which is determined by solving an additional partial differential equa-
tion that is equivalent to the integral definition of a nonlocal quantity. In the current
implementation the additional differential equation is solved in a coupled fashion with
the equilibrium equation, which permits the derivation of a consistent tangent operator
which is beneficial for the convergence of the numerical solution scheme. Furthermore,
this framework resolves a number of issues that are encountered when introducing alter-
native gradient-enhanced formulations to plasticity.

xi



xii SUMMARY

Both small and finite strain variants of the plasticity-induced nonlocal damage model are
presented. Various finite element simulations show the capability of these frameworks to
properly deal with localised deformations and vanishing stress states at complete failure.
The results indicate that the softening behaviour is not sensitive to the size of the mesh
discretisation, but is governed by the value of the internal length parameter instead. Al-
though a constant length parameter is adopted the limit behaviour of the model towards
complete failure reveals the convergence towards a displacement discontinuity, which
is beneficial for the transition from continuum failure to discrete cracking. Within the
context of large deformations the nonlocality can be defined either on the undeformed
(material) configuration or the deformed (spatial) configuration, which affects the inter-
pretation of the internal length scale and leads to less or more ductility in case of large
strains.

These computational findings are substantiated by the analytical assessment of a number
of competing models, which represent the entire range of higher-order models that are
currently available in literature. These models are evaluated for two diverse fields of ap-
plication. First, their capability to display a size effect in hardening is considered, which
is investigated by means of the predicted moment that is required for the pure bending
of a thin sheet as a function of the internal length scale. Although the current model
does predict an increased strengthening effect for a smaller length scale, the quantitative
effect for the Fleck and Hutchinson models are in better agreement with experimentally
observed values. Second – and more important for this particular research – the ability to
undergo the transition from hardening to localised softening behaviour is investigated.
This is analysed by means of a one-dimensional bifurcation problem of an initially ho-
mogeneous bar under uniform straining. The result reveals the finite nontrivial wave
numbers for which the particular rate equilibrium equation is able to accommodate a har-
monic incremental solution. It is concluded that only the current model properly handles
the transition from hardening to localised softening and shows the desired behaviour in
the limit of complete failure.

In order to improve the accuracy of the evolution law for the damage-governing variable
the underlying micromechanical mechanisms of ductile failure in metals are considered.
In particular the growth and deformation of micro voids that nucleate within the metal
matrix is regarded. Homogenisation of the response of voided unit cell simulations,
which consider the entire scope of the deformation modes of micro voids ranging from
volumetric growth to pure isochoric elongation, reveal the impact on the global material
response of both the void volume fraction and the void shape. For both these variables
evolution laws are presented, where the evolution of the void shape is obtained from
a kinematical micromechanical model that describes the non-confocal evolution of two
ellipses, which represent the void surface and the outer boundary of the cell respectively.
It is shown that these evolution laws yield a good prediction of the results obtained with
the unit cell simulations for the entire range of applied global loads between volumetric
and purely deviatoric modes.



Notation

In the following definitions, a Cartesian coordinate system with unit vector base
{~e1, ~e2, ~e3} applies and repeated indices are implicitly summed over ranging from 1 to 3

following the Einstein summation convention.

Quantities

scalar α, a, A

vector ~a = ai ~ei

second order tensor α = αi j ~ei~e j, A = Ai j ~ei~e j

second order unit tensor I =~ei~ei

fourth order tensor 4 A = Ai jkl ~ei~e j~ek~el

fourth order unit tensor 4 I = 1
2

[

~ei~e j~ei~e j +~ei~e j~e j~ei

]

higher (nth) order tensor nA = Ai j...n ~ei~e j . . . ~en

column a
~

matrix A
¯

xiii



xiv NOTATION

Operations

multiplication c = ab, ~c = a~b, C = aB

dyadic product C =~a~b = aib j ~ei~e j

cross product ~c =~a ×~b

inner product c =~a ·~b = aibi, C = A · B = Ai jB jk ~ei~ek

double inner product C = 4 A : B = Ai jklBlk ~ei~e j, c = A : B = Ai jB ji

conjugate / transpose C
T = C ji ~ei~e j

inverse A
−1

determinant det(A) = (A ·~e1) · (A ·~e2) × (A ·~e3)

trace tr(A) = A : I = A :~ei~ei = Aii

deviatoric part A
d = A − 1

3
tr(A) I

gradient operator ~∇ =~ei
∂

∂xi

Laplacian operator ∇2 = ∑
i

∂2

∂x2
i

tensor derivative
dA

dB
=

dAi j

dBlk
~ei~e j~ek~el

absolute value |a|

euclidean norm ‖~a‖ =
√

~a ·~a

time derivative ȧ

Any notation which has not been explicitly defined in the previous paragraphs, will be
explained at their first point of use.



CHAPTER ONE

Introduction

Abstract / The impact and importance of the growth of ductile damage within a metallic mate-
rial is explained, as a motivation for the introduction of damage evolution into the framework
of continuum plasticity. The objective of this research, the modelling and the outline of this
thesis are introduced.

1.1 Ductile damage in porous materials

The intense deformation of engineering materials during forming processes is often
accompanied by a substantial degradation of their material properties, which may ulti-
mately lead to failure of the component due to fracture. The modelling of the underlying
process that is responsible for this degradation during the initial stages of failure, the so-
called evolution of ductile damage, is the main subject of this thesis. As opposed to brittle
damage this process takes place in a relatively large plastic zone within the material. Cer-
tain forming processes (blanking, cutting, etc.) rely on the ductile failure and fracture to
obtain the desired shape and quality of the final product, whereas for other processes (e.g.
deep-drawing and wall-ironing) it’s vital the material is not deformed beyond its forming
limits (geometrical instabilities, damage and fracture). Obviously, the accurate prediction
of the evolution of ductile damage can be beneficial for the design of these processes.

The origin of ductile damage in polycrystalline engineering materials, such as metal
and aluminium alloys, is the mechanism of formation, growth and coalescence of mi-
cro voids. Generally, the nucleation of these voids is the result of decohesion or fracture
of the hard and often brittle second-phase particles that are initially present in the metallic
matrix (impurities or particles that have been added to improve engineering properties).
During subsequent deformation these voids tend to grow to sizes on the order of several
microns before they coalesce and formmicro cracks. The propagation of these cracks due
to the ongoing coalescence with micro voids at their tips results in ductile fracture, and
thus leads to the complete failure of the material.

1



2 1/ INTRODUCTION

Despite the presence of micro voids within the material due to the evolution of ductile
damage it is still reasonable to consider the material as a continuum at the process level.
The typical length scale of the phenomena that occur during the forming processes are
on the order of millimetres and above, which is thus considerably larger compared to the
dimensions of the micro voids. Nevertheless, the presence of these voids has a consider-
able effect on the global mechanical response of the material, which cannot be captured
by standard continuum plasticity models.

1.2 Objective, modelling strategy and outline

The objective of this thesis is stated as follows:

The development of a continuum plasticity-damage model which is capable of simulating

the transition from hardening to softening behaviour up to the point of complete fail-

ure, and which captures the most important underlying micromechanical mechanisms of

ductile damage.

This thesis presents a continuum plasticity-damage model that is capable of simulating
the transition from hardening to softening behaviour due to the initiation and evolution
of ductile damage up to the point of complete failure. The softening is limited to an
isotropic reduction of the yield stress on top of the isotropic hardening of the plasticity
model. As a consequence there is no influence of the plastic degradation on the elastic
response of the model. In order to regularise the softening behaviour the formulation
adopts the concept of nonlocal (scalar) damage. As a result the extent of ductile damage
in a point is influenced by the damage in the surroundingmaterial as well, the intensity of
which is regulated by an internal length scale. This length scale sets the scale at which the
ductile damage and hence the softening occurs, which is vital to obtain a reliable softening
response. It will be shown that the particular type of nonlocality that is presented in this
thesis is able to successfully deal with the above mentioned, something which is not
commonly the case for alternative gradient-enhanced formulations.

In first instance, the underlying material description is kept sufficiently general (or flexi-
ble), to allow its use (or modification) for a large class of materials. Although the con-
stitutive description is restricted to isotropic material behaviour, the incorporation of
anisotropic effects should be feasible too. In a later stage, damage evolution laws are
derived to predict specific mechanisms of ductile failure that are commonly observed at
the micromechanical level of polycrystalline materials such as metal and aluminium al-
loys. In this case the damage is based on a micromechanical model that predicts the
growth and elongation of existing microvoids for an imposed deformation. The initial
and final stages of ductile damage, i.e. void nucleation and coalescence are not consid-
ered. The structure of the damage evolution laws is fairly uncomplicated and agreement
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with finite element simulations for a specific material behaviour are achieved in a rather
straightforward way, in contrast to methods that are adopted in other porous plasticity
frameworks.

In Chapter 2, the gradient-enhanced plasticity-damagemodel is presented within the con-
text of small deformations, which incorporates the evolution of ductile damage and cou-
ples it to the hardening behaviour. The main focus lies on the numerical implementation
and the ability of such a model to deal with the transition from hardening to softening,
the localisation phenomena that may occur due to softening and the limit behaviour up
to the point of complete failure. These are illustrated using one- and two-dimensional
finite element simulations.

In Chapter 3 the extension of this plasticity-damage model to a framework that is capable
to deal with finite strains and large deformations is discussed. The introduction of the
concept of nonlocal ductile damage into a plasticity framework that is based upon the
model of Simo (1988a) can be achieved in a straightforward fashion. It will be shown
that the regularising effect and other characteristics of its infinitesimal counterpart are
preserved. In addition the finite strain framework permits to define different types of
the intrinsic length scale, the impact of which is considered for the evolution of ductile
damage into the geometrically nonlinear regime.

In Chapter 4, an evaluation of various competing higher-order models that are available
in literature is performed. Here, the performance of the plasticity-damage model from
Chapters 2 and 3 is compared to a number of other models, which form a representative
set for the entire range of higher-order formulations that are presently available in liter-
ature. The models are assessed on their capability to display a size effect in hardening
– due to their intrinsic length scale – that is representative for the response experimen-
tally observed for many polycrystalline materials. Furthermore, the ability to undergo the
transition from (uniform) hardening plasticity to softening and localised plastic defor-
mation is investigated theoretically. For this purpose a study has been performed of the
harmonic incremental deviation from a uniform reference state for the various models,
which shows the ability to capture a localised strain state.

In Chapter 5, attention is focussed on the derivation of evolution laws that are more re-
alistic and accurate for the micromechanical mechanisms of ductile failure. Simulations
of a voided unit cell illustrate the set of damage variables that is required to capture both
volumetric and elongated void growth. A micromechanical model is formulated in terms
of this set of damage variables that predicts their evolution for an imposed deformation.
The resulting evolution laws are assessed by means of comparison with micromechanical
unit cell simulations of void growth, which shows that qualitative predictions are feasible
that represent the effect of the matrix material on the ductile damage as well.

Finally, in Chapter 6 the main conclusions are recapitulated and some recommendations
for future developments are discussed.
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CHAPTER TWO

Ductile damage in association with
gradient-enhanced plasticity1

Abstract / An improved gradient-enhanced approach for softening elasto-plasticity is pro-
posed, which in essence is fully nonlocal, i.e. an equivalent integral nonlocal format exists.
The method utilises a nonlocal field variable, but in contrast to the integral models computes
this nonlocal field with a gradient formulation. This formulation is considered ’implicit’ in the
sense that it incorporates the higher-order gradients of the local field variable indirectly, unlike
the common (explicit) gradient approaches. Furthermore, this implicit gradient formulation
introduces an additional partial differential equation of the Helmholtz type, which is solved
in a coupled fashion with the standard equilibrium equation. Such an approach is particularly
advantageous since it combines the long-range interactions of an integral (nonlocal) model
with the computational efficiency of a gradient formulation.
Although implicit gradient approaches have been successfully applied within damage me-
chanics, e.g. for quasi-brittle materials, the first attempts were deficient for plasticity. On the
basis of a thorough comparison of the gradient-enhancements for plasticity and damage this
chapter rephrases the existing formulations, which leads to a format that overcomes most
reported problems. The two-dimensional finite element implementation for geometrically
linear plain strain problems is presented. One- and two-dimensional numerical examples
demonstrate the ability of this method to numerically model irreversible deformations, ac-
companied by the intense localisation of deformation and softening up to complete failure.

2.1 A length scale in continuum plasticity

In recent years intensive research has been performed on the numerical modelling of fail-
ure phenomena in many engineering materials. One field of interest is the characteristic
softening response that ductile materials exhibit in shear-dominated forming processes,

1This chapter is based on Engelen et al. (2003).

5



6 2/ DUCTILE DAMAGE IN ASSOCIATION WITH GRADIENT-ENHANCED PLASTICITY

which is often accompanied by the localisation of deformation into a narrow zone. The
main focus of this chapter is on the incorporation of ductile damage for these shear-
dominated processes and, in first instance, neglects dilatational effects that may appear
under the influence of high hydrostatic stress. However, this will be accounted for in
Chapter 5. For shear-dominated softening, the numerical solution that is obtained from
finite element analyses employing standard continuum elasto-plasticity, where a local de-
scription of the softeningmaterial is used, reveals a pathological dependence on the direc-
tion and the fineness of the finite element mesh (Pijaudier-Cabot et al. (1988)). Accord-
ingly, upon mesh refinement no convergence to a physically meaningful solution exists.
This problem is now well-known and it has been shown that it is not purely of a numer-
ical kind, since the mesh-dependence is only the direct consequence of the ill-posedness
of the underlying mathematical problem, i.e. the boundary value problem (BVP) loses
ellipticity in statics or hyperbolicity in dynamics. At the onset of softening this change
allows discontinuities in the strain distribution to appear and all deformation tends to
localise into a zone of zero width.

In the literature many enhanced physical or phenomenological models are proposed to
overcome this deficiency, which has led to various numerical solution strategies. An
overview of these methods is given in De Borst et al. (1993) and its references. Among
these, the higher-order continuum based models are probably best motivated from both
the physical (Aifantis, 1987, 1992) and the computational point of view. A common fea-
ture of the higher-order formulations is the incorporation of an intrinsic length scale,
which is related to the microstructure and the failure mechanisms during plastic slip
(granular deformations, inter-granular cleavage, dislocation dynamics, void nucleation,
growth and coalescence, etc.). Examples of the experimental validation and determina-
tion of such a length scale for plasticity, crystal plasticity and damage mechanics can be
found in Stölken and Evans (1998), Shu and Barlow (2000) and Geers et al. (1999) re-
spectively.

Nonlocal plasticity models (Strömberg and Ristinmaa, 1996; Nilsson, 1998) incorporate
a nonlocal quantity that is defined as the spatially weighted average of the correspond-
ing local field quantity over a finite volume surrounding the point under consideration.
Commonly, the nonlocal quantity is computed with an integral format, in which the as-
sociated intrinsic length scale influences the weight amplitude in the vicinity of a ma-
terial point. Gradient-enhanced plasticity formulations (e.g. De Borst and Mühlhaus,
1992) avoid this integral format by approximating the nonlocal kernel with a Taylor se-
ries expansion, which yields a differential format. These gradient formulations are in fact
higher-order extensions of the local plasticity theory.

A first subclass of the gradient-enhanced formulations are based on the direct use of
higher-order gradient terms of a local quantity in the constitutive framework. They are
therefore referred to as ‘explicit’. The use of a yield function to which the Laplacian of an
equivalent plastic strain measure is added (Mühlhaus and Aifantis, 1991; De Borst and
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Mühlhaus, 1992) has been analysed thoroughly from a numerical point of view by Pamin
(1994). The proposed method is based on a numerically rather expensive C1- continuous
two-field interpolation or a C0- continuous three-field formulation. With the work of
Pamin (1994) considerable progress has been made in restoring the well-posedness of
the BVP. Nevertheless several problems persisted. The adopted softening relation is only
characteristic for the evolution of the local yield stress and the total gradient-enhanced
yield stress may behave quite differently, which makes it difficult to model complete
failure in a physically relevant way (convergence to an infinite strain in the presence
of material separation). Numerical problems have also been reported when the total
gradient-enhanced yield strength approaches zero. The most severe inconvenience re-
sides in the fact that the gradient-enhanced consistency condition – which is solved as
an additional partial differential equation (PDE) – is only valid in the plastic domain, and
no direct (mathematical) long-range interactions (i.e. at finite distances) with the elastic
region exist. As a consequence, the evolving elasto-plastic boundary (EPB) depends on
the solution, which complicates the numerical calculations considerably.

In a first attempt to circumvent the limitations of the existing explicit gradient regulari-
sation for softening plasticity, Meftah et al. (1998) rephrased the problem. They adopted
a differential approximation of a nonlocal quantity as an additional PDE. Unlike the con-
sistency condition that is commonly used within the explicit gradient-enhanced formu-
lations, this additional PDE is defined throughout the entire body, whereas it implicitly
incorporates a similar gradient regularisation. As a result, this method only requires
boundary conditions on the external boundary and not on a moving EPB and it benefits
from a straightforward C0- continuous two-field interpolation. Nevertheless, several in-
conveniences (no complete failure, numerical instabilities) persisted and the numerical
solution strategy required rather small loading increments.

A second subclass of the gradient-enhanced methods consists of the so-called implicit ap-
proaches. These formulations adopt a differential approximation of a nonlocal variable,
which involves the higher-order derivatives of a nonlocal variable rather than of a local
field variable, which is the case for the explicit models. Both the explicit and implicit gra-
dient approximations are easily derived from the nonlocal integral format, see Peerlings
et al. (1996). For the implicit case, the resulting relation is a PDE of the Helmholtz type,
from which the nonlocal quantity is solved in a coupled fashion with the equilibrium
equation. Similar to the formulation of Meftah et al. (1998) this necessitates only bound-
ary conditions on the external boundary and not on the moving EPB. The dependence of
the yield function on the nonlocal field ensures the gradient regularisation in an implicit
manner. Moreover, the true nonlocal character of the implicit gradient-enhancement en-
ables long-range interactions into the elastic region. Although these approaches have
already been successfully applied to damage mechanics for quasi-brittle materials (Peer-
lings et al., 1996, 1998a), the application to elasto-plasticity has not been satisfactory yet,
which is precisely the subject of the improvement presented in this chapter.
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2.2 Concept of nonlocality

In order to fully understand the consequences of and the differences between the various
gradient approximations of the nonlocal kernel, it is convenient to recall their derivation.
We start from the definition of a nonlocal quantity that is commonly used in integral non-
local formulations (Pijaudier-Cabot and Bažant, 1987; Strömberg and Ristinmaa, 1996).
The nonlocal variable in a material point ~x, i.e. the nonlocal effective plastic strain ε̄p for
softening in shear-dominated plasticity, is mathematically defined as a weighted average
of the local values εp in all material points of the body Ω:

ε̄p(~x) =
1

Ψ(~x)

∫

Ω

ψ(~y; ~x) εp(~y) dΩ(~y) (2.1)

where ~y is the position vector of the infinitesimally small volume dΩ and ψ(~y; ~x) is the
weight function, e.g. of the Gaussian type:

ψ(~y; ~x) =
1

8 π3/2 ℓ3
exp

(

−|~x −~y |2
4ℓ2

)

(2.2)

The length parameter ℓ determines the size of the volume which effectively contributes to
the nonlocal quantity and is related to the scale of the microstructure. The above integral
nonlocal kernel holds the property that the local continuum is retrieved if ℓ → 0. Note
that ε̄p equals εp for homogeneous strain states, since a normalising factor Ψ(~x) is used
in Equation (2.1) given by

Ψ(~x) =
∫

Ω

ψ(~y; ~x) dΩ (2.3)

2.2.1 Explicit gradient approximation

From the integral format Equation (2.1) a relation in terms of gradients of εp can be de-
rived making use of the following Taylor series expansion:

εp(~y) = εp(~x) +
∂εp

∂xi
(yi − xi) +

1

2!

∂2εp

∂xi ∂x j
(yi − xi)

(

y j − x j

)

+
1

3!

∂3εp

∂xi ∂x j ∂xk
(yi − xi)

(

y j − x j

)

(yk − xk)

+
1

4!

∂4εp

∂xi ∂x j ∂xk ∂xl
(yi − xi)

(

y j − x j

)

(yk − xk) (yl − xl) + . . .

(2.4)

where Einstein’s summation convention applies to the indices i, j, k and l. Substitution
of this expansion into Equation (2.1) and evaluation of the integral yields on R

3:

ε̄p(~x) = εp(~x) + c(ℓ) ∇2εp(~x) + d(ℓ) ∇4εp(~x) + . . . (2.5)
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where the Laplacian operator is defined by ∇2 = ∑i
∂2

∂ x2
i
and ∇2n = (∇2)n. Note that

the gradient parameters c and d have the dimension of length to an even power and
that the odd derivatives vanish due to the isotropy of the Gaussian weight function of
Equation (2.2). The importance of the Laplacian term for restoring the well-posedness of
the mathematical problem in case of localisation has been shown both computationally
and analytically by e.g. Askes (2000) and Wang (1997). Other gradient formulations, on
the contrary (see e.g. Zbib and Aifantis, 1992; Aifantis, 1999), are constructed on the
basis of first order gradients, which may be relevant when dealing with size-effects in
hardening plasticity, see also Chapter 4.

Finally, it is rather straightforward to approximate the nonlocal kernel by disregarding
terms of order four and higher, which results in the following explicit gradient approxi-
mation:

ε̄p(~x) = εp(~x) + c(ℓ) ∇2εp(~x) (2.6)

where the gradient parameter c(ℓ) that is in agreement with the definition of
Equation (2.1) and the Gaussian weight function of Equation (2.2) reads

c(ℓ) = ℓ2 (2.7)

The gradient approximation of Equation (2.6) is considered ‘explicit’ in the sense that
the (approximated) nonlocal field ε̄p can be directly calculated from the local field εp.
Note that this approximation respects some of the properties of the integral for-
mat Equation (2.1), e.g. the local field is recovered if either ℓ → 0 or homogeneous strain
fields are considered. Although the length parameter ℓ governs the intensity of the spa-
tial interactions, the explicit gradient approximation is only weakly nonlocal (interactions
limited to an infinitesimal neighbourhood), as is shown in Peerlings et al. (2001).

2.2.2 Implicit gradient approximation

The weakly nonlocal character of the explicit gradient approximation Equation (2.6) can
be improved by taking into account more higher-order derivatives of the local quan-
tity in Equation (2.5). However, from a computational point of view this is clearly un-
favourable. Alternatively, the explicit approximation can be improved upon in a different
fashion according to Peerlings et al. (1996). For the sake of clarity, this approach is out-
lined here.

First, the Laplacian of Equation (2.5) is taken:

∇2ε̄p(~x) = ∇2εp (~x) + c(ℓ) ∇4εp (~x) + . . . (2.8)

This equation is substracted from Equation (2.5) after multiplying it by c(ℓ):

ε̄p(~x) − c(ℓ) ∇2ε̄p(~x) = εp(~x) +
[

d(ℓ) − c2(ℓ)
]

∇4εp (~x) + . . . (2.9)
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If all coefficients of the higher-order terms on the right-hand side, starting with
d(ℓ)− c2(ℓ), are set zero, the following expression is obtained

ε̄p(~x) − c(ℓ) ∇2ε̄p(~x) = εp(~x) (2.10)

This relation is the implicit gradient formulation of the nonlocal integral equa-
tion Equation (2.1), which is a PDE in terms of the nonlocal variable ε̄p of the Helmholtz
type.

It is emphasised that the influence of the higher-order terms on the right-hand side of
Equation (2.9) vanishes since the resulting weighting function satisfies d(ℓ)− c2(ℓ) = 0,
as will be shown further on. The gradient approximation given by Equation (2.10), requir-
ing the solution of this PDE, still represents a truly nonlocal variable from amathematical
point of view. In fact, the solution of the implicit gradient PDE for an arbitrary local field
εp(~x) can be determined with the method of Green’s functions and is given by (Peerlings
et al., 2001):

ε̄p(~x) =
∫

Ω

G(~y; ~x) εp(~y) dΩ(~y) (2.11)

Although the above expression adopts the Green’s function G(~y; ~x) associated with
Equation (2.10) as the weight function instead of the common Gauss function, it
clearly has the same format as the definition of a nonlocal quantity for the integral
model Equation (2.1). Hence, from a mathematical point of view the implicit gradient
approximation Equation (2.10) is strongly nonlocal (interactions within a finite neigh-
bourhood).

On R
3 the Green’s function for Equation (2.10) and c(ℓ) = ℓ2 is given by (Zauderer,

1989):

G(~y; ~x) =
1

4πρℓ2
exp

(

−ρ

ℓ

)

(2.12)

where ρ = |~x −~y | is the distance between two points. As shown in Appendix A, for
this weight function it indeed holds that d(ℓ) − c2(ℓ) = 0, etc. for an arbitrary local
field εp(~x). Therefore, when equating these coefficients to zero in Equation (2.9) actu-
ally no higher-order terms are neglected when the Green’s function is used as a weight
function. Furthermore, the implicit gradient approximation Equation (2.10) respects the
other properties of the integral format i.e. the local field is recovered if either ℓ → 0 or
homogeneous strain fields are considered.

2.3 Gradient-enhanced plasticity-damage

The gradient approximations which have been derived in the previous section can be em-
ployed to incorporate a length scale into the continuum framework of local plasticity. In
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consequence, it is possible to both model a microstructural influence on the macroscopic
level and restore the well-posedness of the BVP during softening. In order to point out
the advantages of the implicit gradient methods, the framework and some algorithmic
consequences of the explicit gradient formulations are first elucidated (see also Lorentz
and Andrieux, 1999).

2.3.1 Explicit model

The main characteristic of the explicit gradient-enhanced formulation is the addition of
the Laplacian of an local equivalent strainmeasureκ to the yield function F of the classical
plasticity theory:

F
(

σ , κ, ∇2κ
)

= σe(σ) − σy(κ) + g(κ, ℓ) ∇2κ (2.13)

where σ denotes the second-order Cauchy stress tensor, σe is an equivalent stress mea-
sure, and σy the local yield stress obeying a standard (local) softening rule, e.g. linear
softening. The variable g governs the gradient influence and is a function of the inter-
nal length scale ℓ. The above yield function is a general representation and includes
the explicit gradient approximation of the nonlocal variable from Equation (2.6). This
becomes clear for a constant gradient influence g = −hℓ2 and a linear softening be-
haviour σy = σy0 + hκ, where h < 0 is the softening modulus. In this case the yield
function Equation (2.13) can be rewritten as follows:

F(σ , κ̄) = σe(σ) − σy(κ̄) (2.14)

where

κ̄ = κ + ℓ2 ∇2κ (2.15)

defines the nonlocal strain measure κ̄.

Based on the yield function (2.13) and the consistency condition in plastic flow, a
variational approach has been proposed (Mühlhaus and Aifantis, 1991; De Borst and
Mühlhaus, 1992), which besides the classical weak satisfaction of the equilibrium equa-
tion incorporates the weak satisfaction of the yield condition in the entire continuum Ω

at the end of each loading step ( j):
∫

Ω

δκ F
(

σ , κ, ∇2κ
)

( j)
dΩ = 0 ∀δκ (2.16)

where δκ is a variation of the equivalent strainmeasure. Although the yield condition only
applies to the plastic domain of the body, Ωκ, the integration is commonly extended over
the whole domain by fulfilling the following set of Kuhn–Tucker conditions for loading
and unloading:

κ̇ ≥ 0 ∧ F ≤ 0 ∧ κ̇ F = 0 (2.17)
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Applying Green’s theorem to the last term of Equation (2.13) in order to solveσ andκ that
satisfy Equation (2.16), the following non-standard boundary conditions arise (De Borst
and Pamin, 1996) on the moving EPB Γκ:

δκ = 0 or ~∇κ · ~n = 0 on Γκ (2.18)

where~n is the unit outward normal to the EPB and the dot · denotes the inner product of
two vectors (~a ·~b = ai bi).

The finite element implementation of this explicit formulation results in a two-field
approach, which discretises κ using a C1- continuous interpolation. The necessity to
use this discretisation can be understood by realising that the first boundary condi-
tion Equation (2.18)1 can be violated on the current EPB, when the EPB moves due to
an evolving plastic zone. Consequently, the second boundary condition Equation (2.18)2
has to hold, and continuity of the gradient of κ must be ensured. In order to avoid the
cumbersome C1- continuous interpolation a method that only requires C0- continuity can
be obtained with the use of a penalty-constraint for the gradient of the strain measure
(Pamin, 1994). However, since this results in a three-field approach the obtained reduc-
tion of interpolation order is accompanied by an increase of the total number of degrees
of freedom.

Another drawback of the explicit gradient approach is the inability to properly model
complete failure. This is illustrated in Figure 2.1, which depicts both the usual local
softening contribution and the explicit gradient contribution to the yield stress for the
one-dimensional case. For the sake of clarity the magnitude of the gradient contribution
is exaggerated. Although the gradient contribution −g ∇2κ can be positive or negative,
it will have a positive contribution in the centre of the localisation zone. The left part
of Figure 2.1 depicts a linear softening contribution, while the right part displays the sit-
uation for an exponential softening relation. Clearly, in both situations it is impossible

σy

κ

σy0

σy(κ)

− g ∇2κ

σy(κ) − g ∇2κ

(a) linear relation for σy(κ)

σy

κ

σy0

σy(κ)− g ∇2κ

σy(κ) − g ∇2κ

(b) exponential relation for σy(κ)

Figure 2.1 / Schematic representation of the softening behaviour in a material
point.
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to reach zero stress values due to a persistent explicit gradient contribution to the stress,
which is e.g. desired in order to allow for a smooth transition to fracture mechanics to
describe a physical crack. If on the other hand the explicit gradient contribution is nega-
tive, which will be the case for points close to the EPB, another unwanted situation arises
that is mentioned by De Borst and Pamin (1996). The gradient enhanced yield stress
σy(κ) − g ∇2κ either becomes zero while the local yield stress σy is still positive, or the
gradient enhanced yield stress even becomes negative. In order to avoid this situation De
Borst and Pamin (1996) propose to keep the values of the gradient enhanced yield stress
and the gradient coefficient g constant at the value of κ = 0.98κu for κ > 0.98 κu.

Furthermore, it appears that for an explicit gradient-enhanced plasticity model theoreti-
cally no (nonlocal) interaction with the elastic region (excluding the elasto-plastic bound-
ary) is feasible. This is a direct consequence of adopting the local effective plastic strain
εp as the equivalent strain measure κ, which is a common choice for softening plasticity
in shear-dominated problems. Due to its definition εp = 0 in the elastic region, which
theoretically prevents any interaction with the elastic region. However, it is believed that
in numerical practice limited interactions into the elastic region do exist due to the dis-
cretisation and the weak formulation.

A first step towards an improved formulation for gradient plasticity was achieved by Mef-
tah et al. (1998). Instead of using the consistency condition Equation (2.16), their formu-
lation adopts a Helmholtz gradient equation as the additional PDE besides the classical
equilibrium condition:

{

~∇ ·σ + ~f = ~0
σy + ℓ2 ∇2σy = σ̄y

(2.19)

where ~f represents the body force vector. In contrast to Equation (2.10) for the equiv-
alent plastic strains, a stress formulation has been proposed, where the nonlocal yield
strength σ̄y acts as the source term in the second PDE. This nonlocal source term is
defined by the following nonlocal yield function:

F
(

σ , σ̄y

)

= σe(σ) − σ̄y (2.20)

Now, the corresponding consistency condition Ḟ = 0, which is implicitly satisfied by
the return-mapping of the stress, enables the coupling between both PDEs. Compared
to the explicit gradient format, presented in the previous section, this format has the
major advantage that it avoids boundary conditions on the moving EPB since the sec-
ond PDE holds in the entire domain Ω. In consequence, a straightforward two-field
C0- continuous finite element implementation can be derived. Nevertheless, this formu-
lation leaves some numerical difficulties unresolved, e.g. the inability to reach near-zero
stress states.



14 2/ DUCTILE DAMAGE IN ASSOCIATION WITH GRADIENT-ENHANCED PLASTICITY

2.3.2 Implicit model

In agreement with the concepts from both the preceding model and the gradient-damage
formulations (Peerlings et al., 1996, 1998a), an alternative gradient-enhanced plasticity
framework is now introduced, which copes with most of the mentioned difficulties. It
will be presented and further analysed in the remainder of this chapter.

Solving the nonlocal field quantity

The following set of governing equations is the starting point for implicit gradient-
enhanced elasto-plasticity:

{

~∇ ·σ + ~f = ~0
ε̄p − ℓ2 ∇2ε̄p = εp

(2.21)

Instead of the explicit gradient approximation in Equation (2.19)2, now the implicit for-
mat of Equation (2.10) is used. The additional PDE is specified in terms of plastic strains
rather than stresses. This is a more convenient choice than that made by Meftah et al.
(1998) (see Equation (2.19)) because the effective plastic strain can only increase in the
plastic zone. Besides the standard boundary conditions for the first set of equations, addi-
tional boundary conditions are required in order to uniquely compute the solution of the
second PDE (2.21)2. The corresponding boundary conditions apply to the external bound-
ary Γ rather than to the EPB, since for the implicit gradient formulation the solution ε̄p is
continuous in the entire domain Ω. Consequently, the previously mentioned difficulties
with respect to the moving EPB, as observed for the explicit formulation, are no longer
present.

The additional boundary condition specifies either the value of ε̄p, its normal derivative, or
a linear combination of these quantities. A homogeneous Neumann boundary condition
is used here:

~∇ε̄p · ~n = 0 on Γ (2.22)

where~n is the unit outward normal to the external boundary Γ . This boundary condition
is consist with the integral Equation (2.1) in the sense that ε̄p equals εp for homogeneous
deformations and for the limit case of a vanishing length scale ℓ. Furthermore, the solu-
tion of Equation (2.21)2 in combination with the Neumann boundary condition preserves
the total amount of plastic deformation:

∫

Ω

ε̄p dΩ =
∫

Ω

εp dΩ (2.23)

Another effect of the Neumann boundary condition is the increased contribution of
points to the nonlocal effective plastic strain when approaching the external boundary.
This is shown by Peerlings et al. (2001) and can be motivated by the increased sensitivity
to surface defects of the material.
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Introducing ductile damage into hardening plasticity

The constitutive behaviour determines the coupling between both PDEs. In analogy with
the explicit gradient model, it is straightforward to incorporate the following yield func-
tion:

F(σ , κ̄) = σe(σ) − σy(κ̄) (2.24)

where the nonlocal effective plastic strain ε̄p is used as the equivalent strain measure κ̄.
The von Mises definition is taken for the equivalent stress measure:

σe(σ) =

√

3

2
σd :σd (2.25)

where σd = σ − 1
3

tr(σ) I denotes the deviatoric part of the stress tensor, in which I is
the second-order unit tensor.

However, the equilibrium equation is often too restrictive in combination with the yield
condition corresponding to Equation (2.24), which can be made plausible by the follow-
ing one-dimensional reasoning. Consider a localised softening problem in a tensile bar
with a constant cross-sectional area, where the plastic deformations are initially confined
to a certain width by means of a reduced initial yield strength. Due to equilibrium, the
stress has to be constant throughout the whole bar. Likewise, enforcing the plastic con-
sistency corresponding to the yield function (2.24) with the additive gradient influence,
the yield stressσy has to be constant too, which requires a constant ε̄p in the plastic zone.
Naturally, the higher-order term in Equation (2.21)2 vanishes in the plastic zone, which
inevitably leads to physically unattractive oscillations at the EPB (Meftah et al., 1998).

In order to resolve this inconsistency we propose a multiplicative composition of the
classical local yield stress with a nonlocal ductile damage, which yields the following yield
function:

F(σ , κ, κ̄) = σe(σ) −
[

1 −ωp(κ̄)
]

σy(κ) (2.26)

It is clear that this yield function exhibits two differences with respect to the gradient
enhancements in both Equation (2.24) and the explicit gradient plasticity theories. First,
the gradient influence contributes through κ̄ to the stresses in a multiplicative fashion,
in contrast with the additive manner with which the gradient terms are added to the
yield function for the other gradient-enhanced plasticity formulations. Second, in the
plastic domain the stresses typically depend on a product of local variables (i.e. the local
hardening rule as a function of κ) and related nonlocal quantities (i.e. the amount of
ductile damage as a function of a nonlocal equivalent measure κ̄). It will be shown that
the proposed yield function indeed inherits the desired properties (also see the implicit
gradient-enhanced (quasi-brittle) damage theories (Peerlings et al., 1996, 1998a)), while
at the same time it is clearly less restrictive than the additive formulations.
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The yield function (2.26) incorporates a standard (local) hardening rule, e.g. linear
isotropic hardening:

σy(κ) = σy0 + h κ with h > 0 (2.27)

in which h denotes the (positive) constant hardeningmodulus and where the scalar plastic
strain measure equals the effective plastic strain: κ = εp. This choice seems suitable to
describe ductile damage in shear-dominated problems. The local effective plastic strain
is defined as:

εp =

t
∫

τ=0

ε̇p(τ) dτ with ε̇p =

√

2

3
ǫ̇

p : ǫ̇p (2.28)

where ǫ̇
p denotes the plastic strain rate tensor, for which an associative plastic flow rule

is considered:

ǫ̇
p = γ̇ N (2.29)

In here, γ is the plastic multiplier, which represents the amount of plastic flow, while
the tensor N = ∂F

∂σ is the direction normal to the yield surface. Note that, for the yield
function (2.26) in combination with the Equations (2.25), (2.28) and (2.29), the following,
relation between the rate of the plastic multiplier and the rate of the local effective plastic
strain exists:

γ̇ = ε̇p (2.30)

The strain-hardening hypothesis rules out the decrease of εp during deformation, and
thus of κ. The nonlocal effective plastic strain is obtained by solving the implicit gradient
approximation Equation (2.21)2 and generally is nonzero outside the plastic zone as well.
In order to rule out the decrease of κ̄ in the elastic region, it is defined as:

κ̄(t) = max
{

ε̄p(τ) | 0 ≤ τ ≤ t
}

(2.31)

Alternatively, this can be mathematically expressed by the following set of Kuhn-Tucker
relations that have to be fulfilled within the numerical algorithm:

˙̄κ ≥ 0, ε̄p − κ̄ ≤ 0, ˙̄κ
[

ε̄p − κ̄
]

= 0 (2.32)

Unlike continuum damage formulations, the constitutive relation for the stresses in
terms of the elastic strains remains unaffected:

σ̇ = 4C : ǫ̇e = 4C : ǫ̇ − γ̇ 4C : N (2.33)

The softening originates from the term
[

1 −ωp(κ̄)
]

in Equation (2.26), which resembles
the format adopted in damagemechanics. It reduces the local yield stress and depends on
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a ductile damage variable ωp that gradually increases from 0 to 1, where the latter value
represents complete failure of the material. The evolution of this damage is governed by
the nonlocal strain measure κ̄. In the present framework this relation is chosen purely
phenomenologically, e.g. linearly dependent on κ̄:

ωp(κ̄) =

{

κ̄
κ̄c

if κ̄ ≤ κ̄c

1 if κ̄ > κ̄c
(2.34)

or exponentially:

ωp(κ̄) = 1 − e−β κ̄ (2.35)

In these equations κ̄c is the critical value of the nonlocal effective plastic strain at which
the material is completely damaged due to ductile failure. Both the parameters κ̄c and β

influence the slope of the ductile damage evolution law:

∂ωp

∂κ̄
=

{

1
κ̄c

if κ̄ ≤ κ̄c

0 if κ̄ > κ̄c
(2.36)

for the linear damage evolution Equation (2.34) and

∂ωp

∂κ̄
= β

[

1 −ωp

]

(2.37)

for the exponential evolution law Equation (2.35).

2.4 Finite element implementation

The presented implicit gradient-enhanced formulation for elasto-plasticity based on duc-
tile damage permits a straightforward C0- continuous discretisation within a finite ele-
ment framework. The deformations are assumed to remain small, so all derivatives and
integrals are formulated with respect to the initial configuration of the considered body.
An extension to large deformations is proposed in the next chapter, see also Geers et
al. (2003); Geers (2004). Furthermore, the consistent tangent stiffness operator will be
derived, which allows for a quadratic convergence of the numerical solution procedure.

2.4.1 Weak formulation

The set of governing Equations (2.21) is recast into a weak form using the weighted resid-
uals approach. Therefore two spaces of weight functions are defined in the n-dimensional
space:

Wu =
{

~wu |~wu ∈
[

C0
]n

}

Wε̄p =
{

wε̄p |wε̄p ∈
[

C0
]}

(2.38)
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where ~wu are the displacement weight functions and wε̄p are the strain weight functions.
Premultiplying the equilibrium equiation with the displacement weight functions ~wu and
integration over the domain Ω yields

∫

Ω

~wu ·
{

~∇ ·σ + ~f
}

dΩ = 0 ∀~wu ∈ Wu (2.39)

Applying the divergence theorem and taking into account the symmetry of the stress
tensor gives

∫

Ω

[

~∇~wu

]T

:σ dΩ =
∫

Ω

~wu · ~f dΩ +
∫

Γ

~wu ·~t dΓ ∀~wu ∈ Wu (2.40)

where~t = σ ·~n. The implicit gradient approximation is treated in a similar way, which
results in:

∫

Ω

{

wε̄p ε̄p + ℓ2~∇wεp · ~∇ε̄p

}

dΩ =
∫

Ω

wε̄p εp dΩ ∀wε̄p ∈ Wε̄p (2.41)

Note that the natural Neumann boundary condition Equation (2.22) has been substituted
and the boundary condition vanishes as a result.

2.4.2 Incremental-iterative solution procedure

At iteration (i) the following linearisations are carried out in order to enable a full Newton
Raphson incremental-iterative solution procedure:

σ
(i) = σ

(i−1) + dσ , ε(i)

p = ε(i−1)

p + dεp , ε̄ (i)

p = ε̄ (i−1)

p + dε̄p (2.42)

where ‘d’ denotes an iterative contribution to the considered quantity. For implicit gra-
dient plasticity all these iterative contributions can be expressed in terms of changes of
the total strains, dǫ, and the nonlocal effective plastic strains, dε̄p, making use of the
variations derived by the consistent linearisations in Appendix B. Substitution of these
expressions into Equations (2.40) and (2.42) yields the following consistently linearised
weak form of the equilibrium equation in the absence of any body forces ~f :

∫

Ω

{[

~∇~wu

]c

: 4H
(i−1)

uu : dǫ
}

dΩ −
∫

Ω

{[

~∇~wu

]c

: H
(i−1)

uε̄p
dε̄p

}

dΩ =

−
∫

Ω

[

~∇~wu

]c

:σ (i−1) dΩ +
∫

Γ

~wu ·~t(i) dΓ ∀~wu ∈ Wu

(2.43)

in which the fourth-order tensor 4Huu and the second-order tensor Huε̄p are defined
according to Equations (B.11) and (B.12) of Appendix B respectively. The consistently
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linearised expression for the weak format of the implicit gradient approximation from
Equation (2.41) reads:

−
∫

Ω

{

wε̄p H
(i−1)

ε̄pu : dǫ
}

dΩ +
∫

Ω

{

wε̄p

[

1 − H(i−1)

ε̄pε̄p

]

dε̄p + ℓ2 ~∇wε̄p · ~∇dε̄p

}

dΩ =

∫

Ω

wε̄p ε
(i−1)

p dΩ −
∫

Ω

{

wε̄p ε̄
(i−1)

p + ℓ2 ~∇wε̄p · ~∇ε̄(i−1)

p

}

dΩ ∀wε̄p ∈ Wε̄p

(2.44)

making use of the definitions given by Equations (B.13) and (B.14) for the second-order
tensor Hε̄pu and the scalar Hε̄pε̄p respectively. This linearised set of governing equations
only requires a C0- continuous interpolation of the displacements and the nonlocal effec-
tive plastic strain ε̄p.

2.4.3 Discretisation

Starting from the weak form in tensor notation given by Equations (2.43) and (2.44), the
finite element discretisation is straightforward. Using a vectorial base ~e

~
in R

n and the
Galerkin approach, the displacement vector ~u, the nonlocal effective plastic strains ε̄p and
the corresponding weight functions can be discretised in each element Ωe according to:

~u | Ωe
= [ N

¯ u u
~

]
T ~e
~

∧ ~wu | Ωe
= [ N

¯ u w
~ u ]

T ~e
~

(2.45)

ε̄p | Ωe
= N

¯ ε̄p
ε̄
~p ∧ wε̄p | Ωe

= N
¯ ε̄p

w
~ ε̄p

(2.46)

The columns u
~
and ε̄

~p contain the assembled nodal values of the displacements and the
nonlocal effective plastic strain respectively. Likewise, the columns w

~ u and w
~ ε̄p

represent
the nodal values of the corresponding weight functions. N

¯ u and N
¯ ε̄p

are matrices contain-
ing the interpolation functions for u and ε̄p respectively. For the strains and the gradient
of the nonlocal effective plastic strain the following equations hold:

ε
~

= B
¯ u u

~
∧ ∇ε̄p = ∇N

¯ ε̄p
ε̄
~p = B

¯ ε̄p
ε̄
~p (2.47)

in which the relevant components of the strain are assembled in the column ε
~
. For a two-

dimensional problem under plane strain conditions ε
~

= [ε11 ε22 γ12]
T where the super-

script ‘T’ stands for the transposed of a column. The matrix strain operator is represented
by B

¯ u and B¯ ε̄p
denotes the matrix gradient operator for the nonlocal effective plastic strain.

The transformation of the weak forms (2.43) and (2.44) into matrix notation using the
introduced spatial discretisation is rather elaborate but straightforward. The outcome is
a system of governing equations with the following structure:





K
¯

(i−1)
uu K

¯
(i−1)

uε̄p

K
¯

(i−1)

ε̄pu K
¯

(i−1)

ε̄pε̄p









du
~

dε̄
~p



 =





− f
~

u, (i−1)

int
+ f

~

u, (i)

ext

− f
~

ε̄p , (i−1)

int



 (2.48)
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The tangential stiffness operator comprises four distinct sub-matrices. These are pre-
sented below for the two-dimensional case under plane strain conditions and are there-
fore formulated with respect to the relevant 11-, 22- and 12-components of the stress
and strain. The tensorial products in the first term of Equation (2.43) can be written as
w
~

T
u K
¯

(i−1)
uu du

~
in which

K
¯

(i−1)

uu =
∫

Ω

B
¯

T
u

4H
¯

(i−1)

uu B
¯ u dΩ (2.49)

and where the different tensor products are recast into a matrix format with the following
structure

4H
¯ uu = 4H

¯
⋆
(3x3) −

4H
¯ (3x5) N

~
[N
~
]
T 4H

¯
⋆
(5x3)

h
[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

(2.50)

in accordance with the result of the consistent linearisations presented in Appendix B.
The column N

~
contains the components [N11 N22 N33 N12 N21]

T from the tensor N as
defined in Equation (2.29). Only the relevant components of the fourth-order tensor 4H

are assembled in a two-dimensional matrix 4H
¯ (5x5), which is next used to define the re-

maining matrices in Equation (2.50):

4H
¯ (5x5) =

















H1111 H1122 H1133 H1112 H1121

H2211
. . .

...

H3311
. . .

...

H1211
. . .

...
H2111 · · · · · · · · · H2121

















(2.51)

4H
¯ (3x5) =





1 0 0 0 0
0 1 0 0 0
0 0 0 1 0





4H
¯ (5x5) (2.52)

4H
¯

⋆
(3x3) = 4H

¯ (3x5)













1 0 0
0 1 0
0 0 0
0 0 0.5
0 0 0.5













(2.53)

4H
¯

⋆
(5x3) = 4H

¯ (5x5)













1 0 0
0 1 0
0 0 0
0 0 0.5
0 0 0.5













(2.54)

Note that a matrix with the superscript ‘⋆’ is corrected for the difference between the
shear component of the engineering and the true strain, i.e. γ12 = 2ε12.
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In a similar way the other sub-matrices in the set of governing equations (2.48) can be
derived. The off-diagonal matrices read:

K
¯

(i−1)

uε̄p
= −

∫

Ω

B
¯

T
u H

¯
(i−1)

uε̄p
N
¯ ε̄p

dΩ (2.55)

K
¯

(i−1)

ε̄pu = −
∫

Ω

N
¯

T
ε̄p

H
¯

(i−1)

ε̄pu B
¯ u dΩ (2.56)

with

H
¯ uε̄p

=
σy

[

∂ωp

∂κ̄

] [

∂κ̄
∂ε̄p

]

4H
¯ (3x5) N

~
h

[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

H
¯ ε̄pu =

N
~

T 4H
¯

⋆
(5x3)

h
[

1 −ω
(i−1)
p

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

The fact that K
¯

(i−1)

uε̄p
6= K

¯
(i−1)

ε̄pu
T
shows that a non-symmetrical global tangent stiffness opera-

tor is obtained in Equation (2.48). The final sub-matrix reads:

K
¯

(i−1)

ε̄pε̄p
=

∫

Ω

{

N
¯

T
ε̄p

[

1 − H(i−1)

ε̄pε̄p

]

N
¯ ε̄p

+ ℓ2 B
¯

T
ε̄p
B
¯ ε̄p

}

dΩ (2.57)

where

H ε̄pε̄p =
σy

[

∂ωp

∂κ̄

] [

∂κ̄
∂ε̄p

]

h
[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

The part of the right-hand side of Equation (2.48) which is related to the equilibrium
equation, consists of the columns f

~

u, (i)

ext
and f

~

u, (i−1)

int
that denote respectively the external

and internal nodal forces given by

f
~

u, (i)

ext
=

∫

Γ

B
¯

T
u t
~

(i) dΓ ∧ f
~

u, (i−1)

int
=

∫

Ω

B
¯

T
uσ

(i−1) dΩ (2.58)

The column f
~

ε̄p , (i−1)

int
is associated with the nonlocal averaging part and is defined as

f
~

ε̄p , (i−1)

int
= K

¯
(i−1)

ε̄p
ε̄
~

(i−1)

p −
∫

Ω

N
¯

T
ε̄p

ε(i−1)

p dΩ (2.59)

where

K
¯

(i−1)

ε̄p
=

∫

Ω

{

N
¯

T
ε̄p
N
¯ ε̄p

+ ℓ2 B
¯

T
ε̄p
B
¯ ε̄p

}

dΩ
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The previously discretised system is only valid for an evolving plastic strain. In case
of purely elastic material behaviour, i.e. F(i) < 0, the variations of both the stresses in
Equation (B.9) and the local effective plastic strain in Equation (B.10) change to:

δσ = 4C : δǫ ∧ δεp = 0 (2.60)

As a consequence there is no plastic contribution to the element stiffness matrix in these
points due to which e.g. for an entirely elastic element the off-diagonal sub-matrices van-
ish in the set of governing equations:

[

K
¯

e
uu O

¯
O
¯

K
¯

e
ε̄pε̄p

] [

du
~

e

dε̄
~

e
p

]

=

[

f
~

u, (i)

ext

e − f
~

u, (i−1)

int

e

− f
~

ε̄p , (i−1)

int

e

]

(2.61)

where the superscript e denotes that the concerning quantity is considered only for one
single element. It should be noted that although behaviour of the particular element is
elastic there is still a contribution to dε̄

~
e
p involving the element sub-matrix K

¯
e
ε̄pε̄p

K
¯

e
ε̄pε̄p

=
∫

Ω

{

N
¯

T
ε̄p

N
¯ ε̄p

+ ℓ2 B
¯

T
ε̄p

B
¯ ε̄p

}

dΩ (2.62)

which is constant. Hence Equation (2.62) reflects the influence of neighbouring plastic
zones on the nonlocal variable in the considered element.

2.4.4 Stress update

The system of equations (2.48) is incorporated in a full Newton–Raphson incremental-
iterative solution strategy, which makes use of a return-mapping scheme with an elastic-
predictor plastic-corrector procedure that only slightly differs from the commonly adopted
scheme by the addition of the nonlocal damage term

[

1 −ωp

]

. In order to distinguish
between elastic (⋆F ≤ 0) and plastic behaviour, the yield function is evaluated in every
iteration (i) with the following expression:

⋆F = F
(

⋆
σ , εp ( j−1), ε̄(i)

p

)

= ⋆σ e − σy, ( j−1)

[

1 −ω(i)

p

]

for increment ( j) (2.63)

where ⋆σ denotes the trial elastic prediction of the stress, i.e. the stress obtained if the
entire increment is considered to be elastic:

⋆
σ = σ ( j−1) + 4C : ∆ǫ (2.64)

Note that in Equation (2.63) the converged value of the local effective plastic strain from
the previous increment εp ( j−1) is used for the computation of the trial ⋆F in order to avoid
an erroneous decision on the current state (elastic or elasto-plastic).
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In case of elasto-plastic behaviour (⋆F > 0), the elastic prediction ⋆σ has to be corrected.
Making use of Equations (B.1) and (2.64) one can derive the following relation after some
mathematics:

σ
(i) = [4 A(∆γ(i) , ⋆σ e)]

−1
: ⋆

σ (2.65)

where

[4 A(∆γ(i) , ⋆σ e)]
−1

= a1
4 I + a2 I I

in which

a =
3E

2(1 + ν)

∆γ(i)

⋆σ e
∧ a1 = 1 − a ∧ a2 =

1

3
a (2.66)

Note that, since ⋆σ e is known for every iteration, the stress update is fully settled by the
amount of plastic deformation during the present iteration ∆γ(i), which is determined
from the yield condition F(i) = 0:

∆γ(i) =
⋆F

h
[

1 −ω
(i)
p

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

(2.67)

such that the consistency condition Ḟ = 0 is automatically satisfied during plastic flow.

A remark should be made on the unloading behaviour of the material in the vicinity of
the process zone. Nonlocal constitutive models which are capable of dealing with soften-
ing may have problems in passing from damage or plasticity to the unloading state. The
damage-elastic step in quasi-brittle damage or the plasto-elastic step cannot be taken triv-
ially since the point at which the damage-dependent yield surface is released, is unknown.
The entire increment is then treated as elastic which is not entirely correct. In the case of
nonlocal models, this error inevitably leads to a bad ∆γ in that increment, which in turn
disturbes the nonlocal field in its environment. The fact that only elastic, elasto-plastic
or fully plastic increments are well captured by conventional return-mapping schemes,
seems to be a fundamental problem. Plasto-elastic increments do exist for softening ma-
terials and a ‘release mapping’ algorithm is not yet at hand in the literature. The influence
of these partial unloading steps is most apparent for nonlocal constitutive models, and
other researchers probably have noticed similar convergence problems that may appear
in an increment of the softening branch in nonlocal damage or plasticity.

In the current implementation, the problem is circumvented by a step size reduction,
which is applied if such an increment renders the convergence troublesome. Again, this
problem is first reported here, but it is not inherent to plasticity in general or the current
formulation but solely to nonlocal softening constitutive models.
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2.5 Numerical Results

First one-dimensional simulations are carried out in order to demonstrate the ability of
the presented implicit gradient-enhanced elasto-plasticity model to cope with softening
behaviour. For these simulations the tensile experiment that is schematically depicted in
Figure 2.2 is used. Region d possesses a 10% reduced initial yield strength σy0 in order

x u
d

L

(a) boundary conditions and dimensions;
the initial yield strength σy0 is reduced in
region d

Variable Value

Length of bar L 100 [mm]

Length of imperfection d 20 [mm]

Cross-sectional area A 100 [mm2]

Young’s modulus E 20 [GPa]

Hardening modulus h 6.0 [GPa]

Initial yield stress σy0 2.0 [MPa]

(weakened part) 1.8 [MPa]

Length scale ℓ 5.0 [mm]

(b) numerical values for both dimensions
and material parameters of the simula-
tions

Figure 2.2 / One-dimensional bar in tension.

to trigger the onset of localisation from within this region.

2.5.1 Intrinsic hardening/softening behaviour

Some characteristics of the presented framework of gradient-enhanced elasto-plasticity
are highlighted. The influence of the adopted ductile evolution law on the global softening
behaviour becomes clear after solving the homogeneous problem (d = 0 m). Figure 2.3
displays the resulting force-displacement curves for both the linear and the exponen-
tial evolution of the ductile damage ωp as given respectively by Equations (2.34) and
(2.35). Evidently, the character of the global softening behaviour is greatly influenced by
the adopted evolution law. The influence of the hardening modulus, which is apparent
through the (local) hardening part of the formulation as given by Equation (2.27), is visu-
alised in Figure 2.4. The hardening modulus h mainly influences the slope at the onset
of plastic deformation. However, this influence propagates into the subsequent softening
regime, in which it gradually vanishes.

For ductile materials the value of the hardening modulus h can be obtained from experi-
ments in a classical way, mostly prior to the occurrence of ductile damage. In most cases
the ductile damage initiates in a later stage, which can be trivially captured by the incorpo-
ration of a larger value forκi (the initiation threshold) within the ductile damage evolution
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(b) exponential evolution

Figure 2.3 / Influence of the constitutive law for the evolution of ductile damage
and the parameters κ̄c andβ on the global softening response; one-dimensional
tensile bar without imperfection (d = 0).

law. In some cases, softening can be very strong while deformations are irreversible, as
seen in the right part of Figure 2.3. The softening curve then mainly depends on β. Note
that the hardening parameter h in this case has a negligible influence, although it must
be larger than zero in order to prevent 4H

¯ uu in Equation (2.50) from vanishing. Clearly,
the proper choice of an evolution law and the correct material parameters must fit the
experimentally observed material behaviour. It is shown however, that within the present
formulation various shapes for the hardening/softening branch are easily recovered with
an elementary evolution law that depends on only two parameters.
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(b) exponential evolution (β = 3e3)

Figure 2.4 / Influence of the hardening modulus h on the global softening re-
sponse; one-dimensional tensile bar without imperfection (d = 0).
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Figure 2.5 / Mesh-independency of the numerical solution for the one-
dimensional tensile bar with imperfection; force-displacement curves for an
increasing number of equidistantly spaced elements (d = 20 mm).

2.5.2 Regularising effect of gradient-enhancement

Next, the width of the imperfection d is given a finite value, which triggers a solution with
localisation of the deformation in the centre of the bar. In this situation the gradient-
enhanced model, unlike local plasticity formulations, produces a mesh-independent nu-
merical solution, as can be concluded from Figure 2.5, which only shows the tails of the
force-displacement curves obtained with different element sizes as the entire curves coin-
cide. This figure reveals the convergence towards one unique solution with a finite energy
dissipation for several discretisations using an increasing number of equally spaced ele-
ments.

The regularising effect of the gradient-enhancement becomes clear by looking at the ef-
fective plastic strains in Figure 2.6. The left part of this figure shows the distribution
of the local effective plastic strain εp as well as that of its nonlocal counterpart ε̄p for a
specific load increment. Initially, the plastic deformation will start in the weakened re-
gion d, which causes the local effective plastic strain to increase. Due to the implicit
gradient approximation in Equation (2.21)2, its nonlocal counterpart ε̄p will spread out
into the neighbouring elastic regions. Consequently, the softening term

[

1 −ωp

]

in the
yield function of Equation (2.26) reduces the yield strength of the material in the region
with nonzero values of ε̄p. As a result, the increase of stresses (due to εp) within the
initial plastic region is reduced. Moreover, the yield strength of the elastic material in the
neighbourhood of the elasto-plastic boundary decreases, which enables the plastic region
to expand. The extent to which this plastic region expands is governed by the length pa-
rameter ℓ, as can be seen in the right part of Figure 2.6, where nonlocal plastic strain
distributions obtained with different internal lengths have been plotted.
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(b) distributions of the nonlocal effective
plastic strain prior to final failure for vari-
ous values of the length parameter ℓ

Figure 2.6 / Regularising effect of the implicit gradient-enhanced model for the
one-dimensional tensile bar with imperfection (d = 20 mm).

2.5.3 Mesh-independency

Next, a two-dimensional plane strain analysis of a plate in biaxial compression is per-
formed to further evaluate the performance of the implicit gradient method with respect
to localisation. The material properties of the theoretical material as well as the boundary
conditions are presented in Figure 2.7. Localisation is initiated by decreasing the initial
yield strength in the lower-left corner of the plate. The global response for several quadri-
lateral meshes is depicted in Figure 2.8. The used elements are 8-node quadrilaterals
with quadratic interpolation for the displacements and 4-node (corner nodes) quadrilat-

vv

w

w

H

W

(a) boundary conditions and dimensions;
the initial yield strength σy0 is reduced in
w × w

Variable Value

Height H 120 [mm]

Width W 60 [mm]

Size of imperferction w × w 10 × 10 [mm]

Thickness T 1.0 [mm]

Young’s modulus E 20 [GPa]

Poisson’s ratio ν 0.49 [ - ]

Hardening modulus h 2.0 [MPa]

Initial yield stress σy0 20 [MPa]

(weakened part) 18 [MPa]

Length scale ℓ 10 [mm]

(b) numerical values for both dimensions
and material parameters of the simulation

Figure 2.7 / Two-dimensional plate in biaxial compression (plane strain).
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Figure 2.8 / Independency of the numerical solution with respect to the fine-
ness of the mesh for the two-dimensional biaxial compression test; force-
displacement curves for several quadrilateral mesh discretisations consisting
of 72, 288 and 1152 elements respectively.

erals with linear interpolation for the nonlocal effective plastic strain. Moreover, the entire
system of equations is solved with a reduced numerical integration scheme, i.e. 4 inte-
gration points per element. The fact that the global responses for the various meshes
almost coincide and that they converge towards one unique solution, shows the expected
independency of the numerical solution with respect to the size of the used element dis-
cretisation. This is visualised by plotting the deformed meshes for the distinct element
discretisations in Figure 2.9.

In two-dimensional analyses another aspect of the mesh-independency arises, i.e. the de-
pendency of the numerical solution on the direction of the element discretisation. For lo-
cal plasticity formulations it can be observed that in localisation problems the orientation
of a shear band is influenced by the direction of the finite element mesh. Therefore, the
simulations of the biaxial compression test have been repeated for various orientations of

(a) 12 × 6 Â (b) 24 × 12 Â (c) 48 × 24 Â

Figure 2.9 / Influence of element size: deformed meshes for several quadrilat-
eral element discretisations (∆v = 0.15 mm; magnification 50×).
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(a) 576 ¾ (b) 576 ¿ (c) 1152 ⊠

Figure 2.10 / Influence of mesh bias: deformed meshes for several triangular
element discretisations (∆v = 0.15 mm; magnification 50×).

a mesh consisting of triangular elements. The used elements are 6-node triangles with
quadratic interpolation for the displacements and 3-node (corner nodes) triangles with
linear interpolation for the nonlocal effective plastic strain. Moreover, the entire system
of equations is solved with reduced numerical integration, i.e. 3 integration points per
element in order to avoid locking effects. The deformed meshes for the various biased
element discretisations are depicted in Figure 2.10. It is clear that the global displace-
ments, and hence the orientation of the localisation zone, are insensitive to the preferred
direction of the finite element mesh. This is substantiated by the corresponding force-
displacement curves in Figure 2.11 that underline the insensitiveness of the numerical
solution with respect to the orientation of the element discretisation. The dashed line
corresponds to the numerical solution obtained with the 48 × 24 quadrilateral mesh,
which is plotted as a reference.
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Figure 2.11 / Independency of the numerical solution with respect to the ori-
entation of the mesh for the two-dimensional biaxial compression test; force-
displacement curves for several triangular biased mesh discretisations consist-
ing of 576 and 1152 elements.
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2.5.4 Evolution of ductile damage

Besides the expected independency with respect to the chosen element discretisa-
tion these simulations reveal the important features of the proposed implicit gradient-
enhanced elasto-plasticity framework. Unlike the explicit gradient formulations this
model is able to converge up to near-zero stress states.

The existence of a shear band becomes more apparent by looking at the local effective
plastic strain in the lower part of the plate. Both the local and the nonlocal effective plas-
tic strain are visualised in Figure 2.12. The local effective plastic strain in the left part of

(a) local effective plastic
strain εp

(b) corresponding nonlocal
effective plastic strain ε̄p

0

2

4

6

8

10

x 10
−4

(c)

Figure 2.12 / Presence of a shear band in the lower part of the plate (24× 12 Â,
∆v = 0.15 mm).

this figure clearly reveals the existence of strong localisation into a narrow band, which
emanates from the lower-left corner of the plate. From the picture on the right-hand
side it follows that the nonlocal effective plastic strain spreads out into the neighbouring
elastic region. This effect will be hardly present for an explicit gradient formulation, as
the width of the localisation zone does not evolve if κ ≤ κc (Pamin, 1994; De Borst and
Pamin, 1996). However, for the implicit gradient-enhanced model the resulting reduc-
tion of the yield strength near the EPB permits the plastic region to expand to a certain
width, which is associated with the length parameter ℓ rather than the used element size.

Although the width of the localisation zone is initially determined by the value of the
length parameter ℓ, further localisation upon subsequent compression is still possible.
This becomes clear from the evolution of the local effective plastic strain, which is de-
picted in Figure 2.13. As can be seen from the top part of this figure, which shows the
initial softening stage, the plastic region gradually evolves and reaches a maximum area,
which can be related to the value of the length parameter ℓ. Nevertheless, the lower
part of the figure shows that upon further compression all irreversible deformation is
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0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 2.13 / Evolution of the local effective plastic strain εp in the lower part of
the plate for the 24 × 12 Â mesh; the top row shows the initiation of the shear
band and the bottom row the subsequent localisation within the plastic zone.

confined to this area and the shear bands continue to localise until complete failure has
occurred. During this process the width of the localisation zone actually decreases, which
may provide a smooth transition to the modelling of a physical crack. In contrast, the in-
corporation of the Laplacian as the higher-order term in explicit gradient models results
in shear bands with a constant width, which become wider when κ > κc (Pamin, 1994;
De Borst and Pamin, 1996). However, it is argued by Zbib and Aifantis (1992) that the
incorporation of the first-order strain gradient permits a localisation width that decreases
exponentially with increasing deformation, although it is not explicitly shown that this
width goes to zero.

2.6 Conclusions

A new approach in gradient-enhanced plasticity is proposed. Rather than explicitly in-
corporating higher-order derivatives into the yield function like the explicit gradient for-
mulations, this method implicitly regularises the localisation using a nonlocal effective
plastic strain measure. The constitutive behaviour is determined by a classical local Von
Mises yield function with linear hardening. The capability to model softening behaviour
arises from the reduction of the yield strength using a scalar ductile damage variable,
which is determined from the nonlocal effective plastic strain field. This nonlocal vari-
able acts as an additional degree of freedom and is determined from an additional PDE of
the Helmholtz type, which is solved in a coupled fashion with the equilibrium equation.

A direct consequence of the alternative formulation is that within a finite element frame-
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work this method allows for a two-field discretisation, in which a C0- continuous interpo-
lation of both fields suffices. This is beneficial for the computational efficiency in com-
parison with other gradient-enhanced formulations that usually require C1- continuity.

Since the nonlocal effective plastic strain is defined throughout the whole body and the
governing PDE is formulated in this domain, the required additional boundary conditions
apply to the outer boundary of the entire body. Hence, boundary conditions on a moving
EPB are not needed, which avoids certain numerical difficulties experienced in explicit
gradient-enhanced models.

The independency of the numerical solution with respect to the fineness and direction
of the element discretisation is demonstrated with both one- and two-dimensional finite
element simulations. Modelling ductile failure within the material up to near-zero stress
states, in the presence of strong localised deformations, is now well possible.

During the evolution of the ductile damage, the model behaviour can be divided into two
stages. First, at the onset of softening, the plastic zone gradually evolves into a shear
band. The width of the shear band is initially related to the intrinsic length scale that is
associated with the nonlocality in the model. Second, upon further softening the local-
isation is confined within this plastic region and the localisation width decreases. The
choice of the nonlocal effective plastic strain as the damage governing variable appears to
be suitable to describe shear-dominated processes like localisation due to the formation
of shear bands.

Ductile failure with intense localisation is mostly accompanied by large deformations,
which requires a geometrically non-linear approach. For this reason the next chapter
focuses on the elaboration of a gradient-enhanced hyperelasto-plasticity formulation for
large deformations (see also Geers et al., 2003; Geers, 2004). Another point of interest
is to link up the theory to the underlying processes that govern the ductile damage in
the material, e.g. the influence of void growth and coalescence (Li et al., 2003) on the
assumed equivalent strain measure and the damage variable. A first attempt in this di-
rection is made in Chapter 5 where, besides the evolution of damage in shear-dominated
problems, dilatational effects are considered as well. It is expected that this will lead to
physically better motivated laws, which are well capable to describe the evolution of the
material behaviour in the presence of ductile damage.



CHAPTER THREE

Gradient-enhanced damage-plasticity
for finite strains1

Abstract / The gradient-enhanced damage-plasticity model of Chapter 2 is extended to a finite
strain framework preserving the structure of the nonlocal damage. The intrinsic length scale
may now be defined as constant on either the (undeformed) material or the (deformed) spatial
configuration, which leads to opposite effects in the response for large deformations.

3.1 Introduction

It has been shown in the previous chapter how a gradient-enhanced damage-plasticity
model allows for the evolution of ductile damage up to the point of complete failure. How-
ever, the specific implementation into a Von Mises type plasticity framework is capable of
dealing with small deformations only. This is clearly unsatisfactory for the modelling of
damage in forming processes, that are intrinsically accompanied by large deformations
and rotations. The limitation to infinitesimal strains is removed in this chapter by the
extension of the gradient-enhanced damage-plasticity framework to finite strains.

It will be shown that the concept of a nonlocal damage variable that gradually reduces
the yield strength conform the small deformation framework is applicable to the context
of finite strain plasticity as well. The resulting framework inherits the attractive charac-
teristics of its infinitesimal counterpart, such as the regularising effect in the softening
regime, the ability to model complete failure and the possibility to obtain a consistent tan-
gent operator for the numerical solution scheme. The geometrical nonlinearity appears
in a standard way for the equilibrium equation and can enter the nonlocal averaging
equation in two alternative ways. As a consequence, the interpretation of the intrinsic

1This chapter is based on Engelen et al. (2001); Geers et al. (2003).
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length scale is broadened, since it may be taken relative to the material or the spatial
configuration.

First, the choice of the finite strain elasto-plastic basis model is motivated and its consti-
tutive framework is outlined. Subsequently, the incorporation of nonlocal damage and
the computational solution strategy are outlined. These mainly follow the procedure for
the small strain framework. Numerical simulations confirm that the large strain model
displays the same favourable characteristics for the evolution of damage as observed for
its infinitesimal counterpart. Furthermore, the impact of the type of nonlocality on the
evolution of ductile damage, and hence on the overall response, is demonstrated.

3.2 Finite strain hyperelasto-plasticity

Many plasticity theories are available in the literature within a finite deformation context,
as well as models that deal with coupled damage-plasticity (e.g. Voyiadjis and Kattan,
1992; Mikkelsen, 1999; Steinmann, 1999). However, the nonlocal damage incorporation
from Chapter 2 is known to be the only one that properly deals with the regularisation of
the softening response and the transition from hardening to softening, as will be shown
in Chapter 4 and is also observed by Jirásek and Rolshoven (2003). The framework that
will be adopted here as basis for the introduction of nonlocal ductile damage, is the rate-
independent hyperelastic J2-plasticity framework that was introduced by Simo (1988a,b),
taking into account some improvements presented later (Simo and Miehe, 1992). The
main reasons for this choice are:

• The elastic predictor is obtained by direct evaluation of the hyperelastic relations such
that the complication of formulating a proper objective elastic constitutive relation in
rate form is avoided.

• The kinematic tensors which are associated with the intermediate stress-free configu-
ration are easily obtained by an incremental update which follows from the flow rule.

• The applied return mapping algorithm can be linearised exactly in closed form, which
leads to a consistent tangent operator, even after the introduction of the nonlocal dam-
age.

• The volumetric and deviatoric responses are decoupled by an exact multiplicative de-
composition of the deformation gradient in a volumetric part and an isochoric part.

• The unknown rotation, up to which the intermediate configuration is defined, is totally
arbitrary and has no influence. Therefore, no controversial kinematic assumptions on
the plastic spin (Dafalias, 1998) are required.

• Plastic incompressibility can be enforced rigorously by a volume-preserving update as
shown by Simo and Miehe (1992).
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It should be noted that the applied flow as derived by Simo (1988a), emanating from the
principle of maximum plastic dissipation, was derived for a strain-based yield function.
A similar structure of the flow rule has been adopted here for a stress-based yield func-
tion, which results in a non-associative flow rule that is typically valid for small elastic
deformations (e.g. metals). For stress-based yield functions the flow rule presented in
(Simo, 1992) is the associative one. From a computational point of view, this will become
apparent from the non-symmetry of the tangent operator. This is here not considered as
a major drawback, since the global tangent operator loses symmetry anyway through the
coupled damage-plasticity enhancement as seen in Chapter 2.

A refined version of the damage-plasticity framework as presented here, based on the
hyperelasto-plastic theory proposed by Simo (1992) has been published in Geers (2004).
This framework rigorously satisfies the principle of maximum dissipation and its imple-
mentation follows the small-strain case more closely. Here, however, we follow Engelen
et al. (2003) and Geers et al. (2003) for consistency with the following chapters. For large
deformations the associative character of the plastic flow is only preserved if the elastic
deformations are very small in comparison to the plastic deformations (cf. Simo, 1992),
which is a valid assumption for e.g. metals. Furthermore, this is not considered as a ma-
jor drawback for the sake of constructing the present damage-plasticity framework, where
symmetry of the tangent operator is lost anyway through the coupled approach as seen in
Chapter 2.

3.2.1 Multiplicative split and kinematic framework

Motivated by the micromechanical distinction between crystallographic slip (plastic de-
formation) and lattice distortion (elastic deformation) the conventional multiplicative de-
composition of the deformation gradient tensor F is used, according to

F = Fe · Fp (3.1)

Fe and Fp are defined up to an arbitrary rigid bodymotion of the (stress-free) intermediate
state, as depicted schematically in Figure 3.1. This figure shows the material configura-
tion, Ω0, the intermediate configuration, Ωp, and the spatial configuration, Ω, along with
their associated kinematic tensors.

3.2.2 Constitutive behaviour

The isotropic hyperelastic stress-strain relation is adopted from Simo (1988a). It relates
the Kirchhoff stress tensor τ = Jσ to the elastic deformation tensor be = Fe · F

T
e by

τ =
K

2

(

J2 − 1
)

I + G b̃
d

e (3.2)
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Figure 3.1 / The multiplicative split and associated deformation tensors.

where J is the determinant of the deformation gradient tensor, b̃e = J−2/3be represents
the isochoric elastic left Cauchy-Green deformation tensor and K and G are the bulk and
shear modulus respectively. The elastic stored-energy function per unit of volume in the
reference configuration that corresponds to this hyperelastic relation reads

W =
K

2

[

1
2

(

J2 − 1
)

− ln(J)
]

+
G

2

[

tr
(

b̃e

)

− 3
]

(3.3)

The yield function is the classical Von Mises-Huber yield function, which in terms of the
Kirchhoff stress reads:

Φ
(

τ ,εp

)

= τeq(τ) − τy

(

τy0,εp

)

≤ 0 (3.4)

where τy represents an arbitrary isotropic hardening law with an initial yield stress τy0

and an effective plastic strain measure εp as the hardening variable. The equivalent von
Mises stress τeq is defined as

τeq(τ) =
√

3
2

τd : τd (3.5)

The effective plastic strain is obtained by integration over the loading history of the effec-
tive plastic strain rate ε̇p

εp =

t
∫

0

ε̇p (t′) dt′ (3.6)

The flow rule follows from that of Simo and Miehe (1992) with tr(be) ≈ 3

[

▽

be

]d

= −3 γ̇ N
d with N

d =
τd

τeq
(3.7)
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where N
d sets the direction of plastic flow and the plastic multiplier γ is a measure for

the amount of plastic flow. It may seem unusual that an elastic tensor appears in the flow
rule (3.7). However, it should be noted that the elastic left Cauchy-Green deformation
tensor be is related to the plastic right Cauchy-Green deformation tensor Cp = F

T
p · Fp by

a push-forward of its inverse with the deformation tensor F:

be = F · Cp
−1 · F

T (3.8)

The objective and covariant derivative of be, which is called the Lie derivative (seeMarsden
and Hughes, 1994), is obtained through the push-forward of the material time-derivative
of the pull-back of be (cf. Equation (3.8)), i.e.

∇
be = F · ˙[C−1

p ] · F
T (3.9)

Furthermore, it is noted that de deviatoric part of this derivative is related to the material
configuration as follows

[∇
be

]d

=
∇
be − 1

3
tr

(∇
be

)

I = F ·






˙[

C
−1
p

]







D

· F
T (3.10)

where the superscript D stands for the correct definition of the deviatoric part in the
material state (Simo, 1988a), i.e. for a material tensor A it holds that A

D equals

A
D = A − 1

3 (A : C) C
−1 (3.11)

Combining the deviatoric flow rule (3.7) with Equation (3.5), yields the following relation
for the effective plastic strain rate

γ̇ = ε̇p =

√

1

6

[

▽

be

]d

:

[

▽

be

]d

(3.12)

In order to complete the description of plastic deformation, the spherical part of be is
calculated from the condition of isochoric plastic flow (det Fp = 1), which results in the
following kinematic constraint

▽

be : b
−1
e = 0 (3.13)

From this constraint the spherical part tr(be) is determined in a volume-preserving up-
date scheme in an identical way as in Simo and Miehe (1992), which is also outlined in
Geers et al. (2003). A polynomial equation in terms of tr(be),

[tr(be)]
3 + 9 Jd

2 tr(be) + 27
[

Jd
3 − J2

]

= 0 (3.14)

must be solved where Jd
2 , and Jd

3 are the second and third invariants of b
d
e , which follows

from the deviatoric flow rule.
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The formulation of the hyperelasto-plastic model is completed with the standard Kuhn-
Tucker loading-unloading conditions

γ̇ ≥ 0, Φ
(

τ ,εp

)

≤ 0, γ̇ Φ
(

τ ,εp

)

= 0 (3.15)

and the consistency condition

γ̇ Φ̇
(

τ ,εp

)

= 0 (3.16)

Note that in the limit of infinitesimal deformations it holds that
[

▽

be

]d

≈ −2 ǫ̇p (3.17)

and thus the flow rule (3.7) in the infinitesimal limit case would read

ǫ̇p ≈ −γ̇
3σd

2σeq
(3.18)

which is exactly the associative flow rule (2.29) of the small deformation framework of
the previous chapter.

3.3 Gradient-enhanced plasticity-damage for finite strains

3.3.1 Damage-sensitive yield function

Like in the small strain theory of the previous chapter, ductile damage is introduced
through a progressive reduction of the yield stress. In order to achieve this, an isotropic
ductile damage variable 0 ≤ ωp ≤ 1 is introduced, which leads to the following damage-
sensitive yield function:

Φ
(

τ ,εp,ωp

)

= τeq −
[

1 −ωp

]

τy

(

τy0,εp

)

≤ 0 (3.19)

Note that this equation can also be rewritten in terms of an effective stress, as is com-
monly done in the case of combined damage and plasticity. Here, the influence of dam-
age on the elastic response is neglected and the ductile damage variable thus does not
enter the hyperelastic constitutive relation.

From Equation (3.19) it is clear that for undamaged material (ωp = 0) the hardening
behaviour fully determines the plastic response. Due to the evolution of ductile damage,
the influence of the hardening will diminish and will eventually vanish upon complete
failure (ωp = 1). The ductile damage variable is a function of a history parameter κ

ωp = ωp (κ) (3.20)

where κ represents the plastic straining history.
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3.3.2 Nonlocal damage

Analogous to the infinitesimal framework, the history parameter κ is obtained from the
nonlocal effective plastic strain field with an additional set of Kuhn-Tucker relations

κ̇ ≥ 0, ε̄p −κ ≤ 0, κ̇
[

ε̄p −κ
]

= 0 (3.21)

and on an initial valueκ(0) = κi. This dependence on the nonlocal field ε̄p introduces the
concept of nonlocal damage into the framework. The nonlocal damage-driving variable
ε̄p is determined from its local counterpart εp by solving the following equation:

ε̄p − ℓ2 ∇2ε̄p = εp (3.22)

Again this partial differential equation is solved in combination with a homogeneous
boundary condition that is applied to the outer boundary of the material with the outward
normal vector~n:

~∇ε̄p ·~n = 0 (3.23)

However, in order to solve the nonlocal averaging (3.22) within the context of large defor-
mations, a distinction has to be made between the (undeformed) material and (deformed)
spatial configuration (see Figure 3.1). Contrary to the infinitesimal theory, the length pa-
rameter ℓ and the Laplacian ∇2 can be specified on either the material or the spatial
configuration. Accordingly, the normal ~n in Equation (3.23) should be interpreted as the
normal on the undeformed or deformed boundary respectively.

Spatial nonlocality

The formulation is said to be spatially nonlocal if Equation (3.22) is considered to be
defined in the current (deformed) configuration. The nonlocal averaging then involves a
volume and length scale that are constant in space. The spatially nonlocal effective plastic
strain is determined by

ε̄p − ℓ2
s ∇2

sε̄p = εp (3.24)

where the subscript s stands for spatial and ∇2
s = ~∇s · ~∇s is the spatial Laplacian. The

Neumann boundary condition ~∇sε̄p ·~ns = 0 is applied on the deformed boundary.

The main difference with the nonlocal averaging of the infinitesimal framework is that
within the geometrically nonlinear context the averaging depends on the applied defor-
mation. This can be illustrated by showing the impact of the spatial nonlocal averaging in
the material configuration. Within a one-dimensional context the pull-back of the spatial
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nonlocal averaging (3.24) to the undeformed configuration yields for a uniform stretch
ratio λ (Geers et al., 2003)

ε̄p − [ℓm (λ)]
2 ∂2ε̄p

∂X2
= εp (3.25)

where X is the material coordinate, the subscript m stands for material and

ℓm (λ) =
ℓs

λ
(3.26)

This shows that a spatially constant length scale ℓs leads to a material length scale that
depends on the stretch ratio λ. This implies that in case of tension (λ > 1, which is
typically the case with tensile cracks) the material volume over which the nonlocal ker-
nel acts decreases as λ increases, whereas it becomes larger in the case of compression
(0 < λ < 1).

Material nonlocality

Alternatively, the formulation is said to be materially nonlocal if Equation (3.22) is consid-
ered in the undeformed configuration. The nonlocal kernel then involves a volume and
length scale that are constant for the undeformed state. The material nonlocal effective
plastic strain is determined by

ε̄p − ℓ2
m ∇2

mε̄p = εp (3.27)

where ∇2
m = ~∇m · ~∇m is the material Laplacian. The Neumann boundary condition

~∇mε̄p ·~nm = 0 is now applied on the undeformed boundary.

In the one-dimensional case the material nonlocality (3.27) reduces to

ε̄p − ℓ2
m

∂2ε̄p

∂X2
= εp (3.28)

In this case the nonlocal kernel shows no difference between tension and compression
in the material configuration.

In order to visualise what the material nonlocal averaging implies in the spatial con-
figuration, the push-forward of Equation (3.27) into the spatial configuration reads in a
one-dimensional setting and in the case of uniform stretching (Geers et al., 2003)

ε̄p − [ℓs (λ)]
2 ∂2ε̄p

∂x2
= εp (3.29)

where x is the (deformed) spatial coordinate and

ℓs (λ) = ℓm λ (3.30)
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This shows that a materially constant length scale ℓm leads to a non-constant spatial
length scale that increases monotonically with the deformation. This means that in the
case of compression the spatial length scale decreases with λ, whereas in tension the
spatial volume of nonlocality increases.

Although the above one-dimensional analyses do not capture all the aspects of the nonlo-
cality within a multi-dimensional context, the following conclusions can be drawn:

• spatial and material nonlocal formulations behave quite differently in tension and
compression.

• a spatially nonlocal formulation yields a nonlocal variable which tends to the local vari-
able with increasing tensile deformation, as noticed by Steinmann (1999) as well. This
is unfavourable since the modelling of a softening response requires the regularising
effect from the nonlocality as already mentioned in Chapter 2.

• a materially nonlocal formulation leads to an equivalent spatially nonlocal formulation
where the coefficient in the governing spatial differential equation evolves monotoni-
cally with the deformation.

Consequently, from these observations amaterial nonlocal approach seemsmore relevant
than a spatial nonlocal formulation. However, it is not clear whether the nonlocal kernel
should be totally independent of the deformation, since e.g. a non-constant length scale
has already been successfully applied within a small-strain damage-mechanics context
(Geers et al., 1998, 2000b).

3.4 Computational solution strategy

Simulations using the finite strain gradient-enhanced damage-plasticity framework re-
quire the (coupled) solution of two partial differential equations, i.e. in the case of mate-
rial nonlocality

~∇ ·σ = ~0

ε̄p − ℓ2
m ∇2

mε̄p = εp

(3.31)

Implementing this coupled problem in a finite element program for finite deformations
follows standard arguments: elaboration of the weak form of the governing equations,
linearisation and discretisation. The result can then be incorporated into an incremental-
iterative solution scheme. The procedure is rather straightforward and completely anal-
ogous to the strategy that has already been presented for the small strain formulation in
Chapter 2 and is therefore not repeated here. For details concerning the discretised set
of equations, the consistent tangent operator and the elastic predictor-plastic corrector
algorithm one is referred to Geers et al. (2003).
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3.5 Computational analyses

The simulations in this section were done with C0-continuous elements with (serendip-
ity) quadratic shape functions for the displacements and bilinear shape functions for the
nonlocal effective plastic strain field. Reduced numerical integration has been adopted in
order to avoid locking effects.

The main characteristics of the gradient-enhanced damage-plasticity formulation are il-
lustrated using the necking of a cylindrical bar accompanied by a progressive degradation
of the material upon plastic flow. The bar, with a radius of 6.4 mm and a length of 53.3

mm, is subjected to uniaxial tension and was also treated by Simo (1988b). The geome-
try, boundary conditions and finite element discretisation are shown in Figure 3.2. Other
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Figure 3.2 / The necking of a cylindrical tensile bar.

finite element discretisations have been considered as well, and as expected for a regu-
larised model the results converge upon mesh refinement.

The material parameters that have been used are given in Table 3.1. For the hardening
law a linear relation has been used:

τy = τy0 + hεp (3.32)

in which τy0 is the initial yield strength and h denotes the hardening modulus. Alterna-
tively, a more general nonlinear hardening law can be used

τy = τy0 + h εp +
[

τy∞ − τy0

] [

1 − exp
(

−α εp

)]

(3.33)

in whichα is the saturation exponent and τy∞ is the residual flow stress. For the evolution
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Variable Value

Shear modulus G 80.19 [GPa]

Bulk modulus K 164.21 [GPa]

Initial flow stress τy0 0.45 [GPa]

Residual flow stress τy∞ 0.715 [GPa]

Hardening modulus h 0.129 [GPa]

Saturation exponent α 16.93 [ - ]

Damage threshold κi 0.05 [ - ]

Critical damage κc 1.5 [ - ]

Intrinsic length ℓ 1.0 [mm]

Softening slope β 1.0 [ - ]

Table 3.1 /Material properties for the cylindrical tensile bar problem

of ductile damage the following phenomenological relations are used

ωp = 1 − exp(−β [κ −κi]) (3.34)

ωp =
1

2 tanh(3)

[

tanh

(

6
κ −κi

κc −κi
− 3

)

+ tanh(3)

]

(3.35)

where κi is the threshold for ductile damage, β determines the rate of ductile damage
evolution and κc the critical amount of damage. The main difference between these evo-
lution laws resides in the slopes of the initial growth of material softening, as well as their
asymptotic behaviour. An illustrative example is given in Figure 3.3.

3.5.1 Hardening and plastic degradation

The interpretation of the material parameters that enter the nonlocal constitutive model
can be illustrated by means of the cylindrical bar. The force-displacement curves in
Figure 3.4 show the influence of an increased hardening modulus h and the effect of the
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Figure 3.3 / Characteristic behaviour of different damage evolution laws.
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(a) Equation (3.32) with h = 0.13, 0.26
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(b) Equation (3.33) withα = 8.5, 16.9 and
33.9

Figure 3.4 / Influence of the hardening behaviour on the necking response.

saturation exponentα. An increased hardening is observed prior to necking of the bar for
an increase of both h and α, while in the softening regime mainly the onset of softening
is influenced. The influence of the parameters β, κi and κc on the plastic degradation
is shown by the force-displacement curves in Figure 3.5. From these global responses it
can be seen that, without affecting the hardening behaviour prior to necking, a higher β
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(b) delayed plastic degradation for
Equation (3.35) for κi = 0.0, 0.2, 0.5
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Figure 3.5 / Influence of the ductile damage on the necking response.
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Figure 3.6 / Increased material nonlocality with ℓ = 0.5, 1.0 and 2.0 mm.

increases the steepness of the material degradation,κi delays the onset of plastic degrada-
tion and κc increases the point of complete failure. The influence of the intrinsic length
scale ℓ that is adopted for the materially nonlocal kernel is depicted in Figure 3.6. Smaller
values of ℓ lead to a more brittle post-peak behaviour. The evolution of the plastic degra-
dation, i.e. the amount of ductile damage, is shown in Figure 3.7. In this figure the onset
of damage, the extension of the damage zone and the subsequent progressive localisation
are clearly visible.

An important aspect of the nonlocal damage introduced in Chapter 2 is its limit behaviour
towards complete failure. In view of the use of the gradient-enhanced model to capture
the transition from continuum failure to discrete cracking, its response has to converge to
a displacement discontinuity. This particular property is also preserved for the extension
of the model to large deformations, as can be seen in Figure 3.8. This figure illustrates
the evolution of the plastic strain profile along the central axis of the bar, which clearly
tends to a delta peak at the centre of the specimen. Most competing gradient plasticity
formulations lack this behaviour. This can be shown using a dispersion analysis (Sluys
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Figure 3.7 /Ductile damage evolution in the cylindrical tensile bar during neck-
ing at a global elongation of 0, 5.46, 5.74, 5.88, 6.16 and 6.30 mm.
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Figure 3.8 / Evolution of the axial equivalent plastic strain profile along the
central bar axis.

and De Borst, 1994; Peerlings et al., 1998b). For these formulations localisation takes
place in a band which remains finite, i.e. a non-zero final critical wave length is observed
in a dispersion analysis and hence it never reaches a discrete crack. In Chapter 4 the
localisation behaviour of the gradient-enhancement proposed in this thesis is investigated
further and compared to competing higher-order formulations.

From the simulations presented in this section it can be concluded that the properties
of the formulation for large deformations are completely analogous to the behaviour of
the small strain model of Chapter 2. Furthermore, it has been verified that the behaviour
of the finite strain model matches that of the small deformation framework for small
deformations, whereas considerable differences arise for large deformations.

3.5.2 Material versus spatial nonlocality

As was already pointed out in Section 3.3.2, there is a difference in the interpretation of
the nonlocality defined on either the material or the spatial configuration. A comparison
of the global responses obtained with both approaches is made on the basis of the cylin-
drical bar of the previous section. The material parameters are again taken from Table 3.1
and the ductile damage evolution is adopted from Equation (3.35).

The force-displacement curves for both the spatial and material nonlocality are displayed
in Figure 3.9(a). From this figure it is clear that the spatially nonlocal case is somewhat
more brittle than the material case. For small deformations these differences almost
vanish and they only tend to be large in material points that are close to failure (ωp ≈ 1)
as can be seen from Figure 3.9(b) that shows the evolution of ductile damage in the centre
of the necking zone. These figures confirm the one-dimensional analysis that has been
made in Section 3.3.2. In the case of tension, a spatial length scale has a smaller material
support compared to the same material length scale, which explains its slightly more
brittle character.
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Figure 3.9 /Material versus spatial nonlocality within the geometrically nonlin-
ear context.

Themore ductile behaviour in tension for the case of material nonlocality is also apparent
from the damage patterns in the necking zone, depicted in Figure 3.10 for an elongation
that is close to failure.
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Figure 3.10 /Damage patterns in the necking zone of the cylindrical tensile bar
close to failure for the material and spatial nonlocal model.

3.6 Conclusions

In this chapter the concept of nonlocal damage has been extended to a plasticity frame-
work for large deformations. The model is a natural extension of one of Simo’s ear-
lier plasticity frameworks, preserving most characteristics of this particular hyperelasto-
plasticity model. The nonlocal damage model influence degenerates the yield stress con-
form the infinitesimal model of Chapter 2. It should however be remarked that the pro-
posed gradient-enhancement is not limited to this particular plasticity framework, and
can also be combined with alternative plasticity theories, see Mediavilla et al. (2005a,b)
for examples.
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The introduction of the nonlocal damage to the finite strain plasticity framework is
achieved in a similar fashion as for the small deformation formulation. Computational
examples illustrated the influence of the material parameters and the limit behaviour.
Like for the infinitesimal formulation, the extended gradient-enhanced damage-plasticity
framework allows for the convergence of the ductile damage to a discrete crack at the
final stage of failure. This is a property that has not been observed for the majority of
gradient-enhanced softening plasticity formulations. The localisation behaviour will be
investigated further in Chapter 4 where a theoretical analysis will compare various com-
peting gradient-enhanced plasticity formulations. Furthermore, these examples reveal
the effect of the material and spatial nonlocality on the global response, which has also
been theoretically highlighted. At this stage a material nonlocality gains preference as the
spatial nonlocality tends to a local formulation for increasing deformation.

The gradient-enhanced damage-plasticity model shows a large degree of freedom with
respect to its hardening behaviour and plastic degradation. Although in this chapter
the damage-driving variable has been limited to the nonlocal effective plastic strain field,
which naturally accounts for damage due to shear failure, plastic degradation can be easily
associated to other fields and different evolution laws for ductile damage can be imple-
mented without many restrictions (see also Mediavilla et al. (2005c) for examples). It
should also be possible to incorporate plastic degradation within a non-isochoric context
similar to Gurson type models. For this purpose improved damage evolution laws are
constructed in Chapter 5 with a strong emphasis on the micromechanics of the damage
mechanisms.



CHAPTER FOUR

An evaluation of
higher-order plasticity theories1

Abstract / Conventional plasticity theories are unable to capture the observed increase in
strength of metallic structures with diminishing size. They also give rise to ill-posed boundary
value problems at the onset of material softening. In order to overcome both deficiencies, a
range of higher-order plasticity theories have been formulated in the literature. The purpose
of this chapter is to compare existing higher-order theories for the prediction of a size effect
and the handling of localisation effects. To this end, size effect predictions for foils in bending
are compared with existing experimental data. Furthermore, a study of one-dimensional har-
monic incremental solutions from a uniform reference state allows one to assess the nature
of material localisation as predicted by these competing higher order theories. These analyses
show that only one of the theories considered – the Fleck-Hutchinson strain gradient plastic-
ity theory based upon the Toupin-Mindlin strain gradient framework (Fleck and Hutchinson,
1997) – allows one to describe both phenomena. The other theories show either nonphysical
size effects or a pathologically localised post-peak response.

4.1 Scope and approach

Over the past few decades intensive research has been conducted on the development
and application of higher-order plasticity theories.

4.1.1 Length scale and strengthening

The need for these higher-order formulations originates from the inability of the classical
plasticity framework to account for observed size effects in plasticity. These effects usually

1This chapter is based on Engelen et al. (2005).
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manifest themselves as an increase of the apparent flow strength with diminishing size
of specimen or structure when the typical length scale of the specimen or structure is
on the order of microns. For example, the indentation hardness of metals and ceramics
increases with diminishing indenter size for micron-size indents (Ma and Clarke, 1995;
Poole et al., 1996; Begley and Hutchinson, 1998). Micro-torsion tests on copper wires
show that the inferred shear strength increases with decreasing radius (Fleck et al., 1994).
Micro-bending tests on high-purity nickel reveal that the material strength increases with
decreasing foil thickness (Stölken and Evans, 1998). Classical plasticity formulations do
not contain a material length scale, and so their predictions are independent of the size
of the structure.

Discrete dislocation simulations further support the notion of a material length scale: cal-
culations of a constrained layer subjected to simple shear have been performed recently
(Shu et al., 2001). The glide of dislocations out of the top and bottom faces of the layer
is blocked by an elastic coating, and consequently a boundary layer emerges of reduced
plastic slip. Phenomenological plasticity laws are only able to predict such boundary lay-
ers when a higher-order formulation is invoked, which allows one to impose additional
boundary conditions such as the enforcement of vanishing slip on the constrained faces
of the strip.

The experimental investigation of size effects and discrete dislocation simulations indi-
cate that plasticity laws should include a material length scale on the order of microns.
A natural way to incorporate such a length scale into the constitutive law is to postulate
that the yield strength depends upon both strain and strain gradient. When the length
scale associated with the deformation field is comparable to the material length scale, the
strain gradient contributes significantly to the yield strength.

Two sources of strain gradient strengthening may be identified within a plastically de-
forming solid: strengthening due to the formation of a boundary layer at a constrained
boundary, such as the strip in shear, and strengthening due to strain gradients in in-
homogeneous plastic flow in the bulk of the solid. In both instances the generation
of geometrically necessary dislocations, resulting in significant internal stresses as well
as short-range interactions with mobile dislocations, gives rise to an increase in flow
strength.

4.1.2 Length scale and localisation

A material length scale also emerges in the development of shear bands and fracture. In
a shear band the deformation is localised within a confined region as a result of strain
softening or strain-rate softening. The thickness of the shear band is finite and is set by
themicrostructure of thematerial. In general, this length scale may be different from that
associated with the size effect. Standard plasticity models cannot describe the localisation
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of plastic deformation in a finite band because they lack a length scale which sets the
width of the shear band. Indeed, the presence of material softening leads to ill-posed
boundary value problems in conventional continua (Benallal et al., 1989; De Borst et al.,
1993).

A generally applicable remedy is to incorporate higher-order strain gradients within the
constitutive framework. The higher-order theories provide a length scale that sets the
shear band width and provide well-posed boundary value formulations (Aifantis, 1984;
Coleman and Hodgdon, 1985). Note that another size effect emerges in the localisation
(post peak) regime, since the collapse response depends upon the ratio of shear band
width (set by the material length scale) and the size of the overall structure. The reader is
referred to Bažant (2000) for a full discussion of this topic.

4.1.3 Objective and outline

The purpose of the present chapter is to review a number of recently developed higher-
order theories in order to assess their ability to predict size effects and to handle localisa-
tion events. Our interest in theories which perform well in both aspects is not only aca-
demic, but is also motivated by the miniaturisation trend which can be observed for many
components and manufacturing processes. Reliable failure predictions on the micron-
scale require theories which are scale-sensitive and which can describe localised plastic
flow and damage. Here the size effect for a beam in bending and the one-dimensional lo-
calisation for a bar in tension are addressed as prototype problems for a representative set
of gradient theories. For the purpose of comparing different formulations, the material
length scales in each of the theories are taken to be the same. Furthermore, we neglect
elasticity where possible in order to model behaviour deep in the plastic range, where the
physical origin of the relevant effects is the most prominent.

Section 4.2 gives a brief overview of the three higher-order plasticity theories which will
be considered in this chapter. The following sections are devoted to a study of the size
effects predicted by these theories (Section 4.3) and their ability to handle softening mate-
rial behaviour (Section 4.4). Based on the insight acquired in these analyses, conclusions
on the capability of these formulations to describe both size effects and localisation events
are drawn in Section 4.5.

4.2 Review of higher-order plasticity theories

Before embarking on our study of size effects and localisation behaviour, the higher-
order plasticity theories which we consider will be briefly reviewed. It is emphasised that
many more theories can be found in the literature, but the theories considered here form
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a representative subset. In particular, gradient theories with and without higher-order
stresses are considered, as well as strongly and weakly nonlocal theories. Where relevant,
the flow theory versions will be used, but strains and rotations are assumed to be small
so that finite strain effects can be neglected.

4.2.1 Strain gradient plasticity – Fleck-Hutchinson 1997

The strain gradient plasticity theory presented in its full form by Fleck and Hutchinson
in 1997 is an extension of the Toupin-Mindlin higher-order framework (Toupin, 1962;
Mindlin, 1964, 1965) into the plasticity regime. It was developed in order to explain ex-
perimentally observed size effects in plastic yielding. The full theory and simpler versions
of it have been used to fit such effects in e.g. torsion of thin wires, bending of foils and
micro-indentation (Fleck and Hutchinson, 1993; Fleck et al., 1994; Fleck and Hutchin-
son, 1997; Stölken and Evans, 1998). A preliminary analysis of shear localisation using
this theory is given by Fleck and Hutchinson (1998).

The kinematics of the theory take into account the usual first-order gradient of the dis-
placements in the form of the symmetric strain tensor

εi j = 1
2

(

ui, j + u j,i

)

(4.1)

(where i, j = 1, 2, 3 and a comma indicates partial differentiation) as well as the second-
order displacement gradient

ηi jk = uk,i j (4.2)

An earlier version considers only the rotational part of the second-order displacement gra-
dient, leading to a couple-stress theory (Fleck and Hutchinson, 1993). Here, we need to
use the full gradient theory, including stretch gradients, because no rotations are present
in the one-dimensional localisation study presented in Section 4.4.

Still following the Toupin-Mindlin strategy, a second-order stress tensor σi j and a third-
order, ‘double stress’ tensor τi jk are introduced as work-conjugate quantities to εi j and ηi jk

respectively. These stresses must satisfy the higher-order equilibrium equations

σik,i − τi jk,i j = 0 (4.3)

where body forces have been neglected.

In addition to appearing in the equilibrium equations, the higher-order stresses also con-
tribute to the surface tractions, which read (Fleck and Hutchinson, 1997):

Tk = ni σik − ni τi jk, j + ni n j τi jk Dq nq − D j

(

ni τi jk

)

(4.4)

Here, ni is the outward unit normal to the surface and the surface gradient operator Di

is defined as Di = (δi j − nin j) ∂/∂x j. Note that in a standard continuum only the first
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term in Equation (4.4) is present. The traction given by Equation (4.4) is work conjugate
to the boundary displacement uk in the usual way. In addition to this standard surface
traction, a ‘double-stress’ traction tk must be defined, which is conjugate to the normal
displacement gradient on the boundary uk,qnq. This higher-order traction is related to the
double stress τi jk by

tk = ni n j τi jk (4.5)

When the surface of the body contains edges an additional line load appears; see Fleck
and Hutchinson (1997) for details.

Plasticity is introduced by assuming an additive split of both εi j and ηi jk into elastic and
plastic parts. The elastic deformation and stress measures are related through an as-
sumed elastic strain energy density (cf. Toupin, 1962; Mindlin, 1964, 1965). The elastic
limit is given by a yield criterion defined in the generalised stress space spanned by σi j

and τi jk:

Φ = Σ
(

σi j, τi jk

)

− σy

(

Ep

)

≤ 0 (4.6)

In this relation Σ is a nonstandard effective stress, and is taken by Fleck and Hutchinson
to be a function of σi j and τi jk (Fleck and Hutchinson, 1997). The current yield strength
σy depends upon an accumulated effective plastic strain Ep, and this is obtained by time
integration of an overall effective plastic strain rate Ėp. The overall effective plastic strain
rate is defined in terms of the plastic deformation rates ε̇

p
i j and η̇

p
i jk. In the most general

form of the isotropic theory, the definitions of Σ and Ėp feature three separate length
scales. In the limiting case of uniform fields the influence of these length scales vanishes
and the generalised quantities reduce to the standard vonMises stress and effective plastic
strain. Alternatively, when the strain gradients are large the overall effective strain is
larger than the local effective plastic strain, and increased hardening results. Plastic flow
is assumed to be normal to the yield surface in the extended stress space of σi j and τi jk.

4.2.2 Strain gradient plasticity – Fleck-Hutchinson 2001

A second strain gradient plasticity theory was proposed by Fleck and Hutchinson in 2001
in order to reduce the complexity of the modelling, while preserving the ability to predict
size effects. Inspired by earlier work of Aifantis, Mühlhaus, De Borst and co-workers
(Aifantis, 1984; Mühlhaus and Aifantis, 1991; De Borst and Mühlhaus, 1992), the sim-
plified model considers only gradients of the effective plastic strain rather than gradients
of the complete strain tensor. Note that this also implies that gradient effects in the elas-
tic regime are neglected. Furthermore, the standard flow rule is assumed to be valid. A
vectorial higher-order stress τi is assumed as work conjugate to the effective plastic strain
gradient εp,i. Inserting this extra contribution into the virtual work statement yields the
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standard equilibrium equation

σi j,i = 0 (4.7)

and an additional, scalar equation in terms of the higher-order stress which reads

Q = σe + τi,i (4.8)

where Q is defined as the work conjugate to εp and σe is the usual von Mises equivalent
stress. The yield condition reads Q ≤ Qy(Ep), where the generalised yield stress Qy is a
function of a generalised effective plastic strain Ep defined in a similar fashion as in the
1997 Fleck-Hutchinson theory.

Associated with the field Equations (4.7) and (4.8) are the standard displacement/traction
boundary conditions plus a condition in terms of the effective plastic strain or the scalar
higher-order traction t = ni τi. The latter, nonstandard condition must be applied at the
elastic-plastic boundary and at that portion of the external boundary which has yielded.
Note that this is different from the Fleck-Hutchinson 1997 theory, where the additional
boundary conditions are always imposed at the external boundary. This difference with
the previous theory arises as a consequence of neglecting higher-order contributions to
the elastic behaviour in the Fleck-Hutchinson 2001 theory. Free boundaries and internal
plastic boundaries are usually assumed not to be able to generate a higher-order traction,
so that t = 0 is usually employed. Physically, this means at external boundaries that
dislocations can freely move out of the material. If dislocation movement is obstructed,
for instance by the presence of a hard coating, a more appropriate boundary condition is
εp = 0 (Fleck and Hutchinson, 2001).

Evolution relations have been derived for Qy and τi in the plastic regime:

Q̇y = h
(

Ep

)

(

ε̇p +
1

2
Bi ε̇p,i + C ε̇p

)

(4.9)

τ̇i = h
(

Ep

)

(

Ai j ε̇p, j +
1

2
Bi ε̇p

)

(4.10)

with h the usual hardening variable, which is considered to be a function of a generalised
effective plastic strain Ep. The factors Ai j, Bi and C depend on the flow direction and on
three independent length parameters, see Fleck and Hutchinson (2001) for details.

If Ai j, Bi and C are set to Ai j = δi j ℓ2, Bi = C = 0, with ℓ the single remaining length
parameter, the equivalent stress rate can be rewritten in the plastic regime as

σ̇e = h
(

Ep

)

ε̇p −
(

h
(

Ep

)

ℓ2ε̇p,i

)

,i
(4.11)

This expression is very similar to the one originally proposed by Aifantis (1984) and used
later by others (Mühlhaus and Aifantis, 1991; De Borst and Mühlhaus, 1992). Indeed,
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for constant h it reduces to the expression used by these authors, except for the absence
of an influence of the first gradient of εp, which is used in some of the work of Aifantis
and co-workers. In the following the Fleck and Hutchinson 2001 theory is taken as rep-
resentative of a wider class of theories which use gradients of the effective plastic strain,
but which are based upon the standard equilibrium equation (4.7).

4.2.3 Nonlocal plasticity

Nonlocal theories use nonstandard measures of plastic strain in order to introduce spa-
tial interactions at a certain length scale. These interactions are strongly nonlocal, i.e.
they act over finite distances, unlike the infinitesimal distances implied by including only
gradients of plastic strain or total strain. This appears to be particularly important when
modelling fracture, where strong nonlocality is needed to deal with the singularities at a
crack tip (Peerlings et al., 2002).

Most nonlocal plasticity theories have been developed for the purpose of regularising lo-
calisation of deformation as a result of material softening. The link between nonlocality
and regularisation was first made by Bažant, Pijaudier-Cabot and co-workers (Bažant et
al., 1984; Pijaudier-Cabot and Bažant, 1987). Most of their developments were done in
a continuum damage context, in which they proposed to replace the variable which con-
trols damage growth by a moving, weighted average of this variable in order to smear
out damage growth and thus avoid pathological localisation. Following this principle,
nonlocal plasticity theories have been proposed, among others, by Leblond et al. (1994),
Strömberg and Ristinmaa (1996), Needleman and Tvergaard (1998) and Polizzotto et al.
(1998).

Nonlocal models of the above integral type lead to a set of integro-differential equations,
which do not fit very well into the numerical solution strategies commonly used in solid
mechanics. It has been realised more recently, however, that very similar properties can
be obtained by replacing the integral averaging by an approximate, partial differential
equation. If this differential approximation is chosen properly, the strongly nonlocal
character of the integral formulation is preserved (Peerlings et al., 2001). In the dam-
age mechanics context such a formulation was first developed by Peerlings et al. (1996).
A coupled damage-plasticity formulation of this type has been developed by Engelen et
al. (1999, 2003). Large-strain versions of the latter theory have recently been published
(Geers et al., 2003; Geers, 2004, see also Chapter 3). All of these theories aim at regular-
ising localisation of deformation due to strain softening; we have not been able to trace
any applications to size effects in hardening.

In this study, we will take the small-strain theory of Engelen et al. (1999, 2003) as rep-
resentative of the class of nonlocal models. As in the Fleck-Hutchinson 2001 theory, it
uses the standard equilibrium equation and the standard flow rule. The yield condition,
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however, is nonstandard and reads in a general form

σe ≤ σy

(

εp, ε̄p

)

(4.12)

where εp denotes the usual effective plastic strain and ε̄p is a nonlocal effective plastic
strain. The original theory of Engelen et al. (1999, 2003) was aimed at describing the
influence of ductile damage on the flow behaviour of metal alloys. The nonlocal effec-
tive strain therefore enters the yield stress via a damage variable, which degrades the
undamaged hardening behaviour in a multiplicative way. In order to also have a gradient
influence on the undamaged hardening regime, the yield condition has been generalised
here to Equation (4.12).

The nonlocal effective plastic strain ε̄p follows from an additional partial differential equa-
tion

ε̄p − ℓ2 ε̄p,ii = εp (4.13)

and an associated boundary condition, which is usually defined as

ni ε̄p,i = 0 (4.14)

The length parameter ℓ in Equation (4.13) represents the scale at which the nonlocal in-
teractions take place. As in the Fleck-Hutchinson 2001 theory, Equation (4.13) is coupled
with the equilibrium equations. An important difference, however, is that Equation (4.13)
is valid over the entire domain, rather than only in the plastic zone, and the above bound-
ary condition must therefore be applied on the full external boundary of the body.

4.3 Size effects in hardening: the bending of a beam

We will now compare the magnitude of the size effect predicted by the various higher-
order plasticity theories. For this purpose, the micro-bending experiments of Stölken
and Evans (1998) are taken as a prototypical case. In these experiments, nickel foils
of different thicknesses were subjected to bending. As the thickness of these foils was
reduced to a fewmicrons, the bendingmoment generated in the test became significantly
higher than that predicted by standard continuum mechanics. The authors also showed
that this effect can be described by using a higher-order plasticity theory of the Fleck-
Hutchinson 1997 type with linear hardening and a length scale on the order of a few
microns. Below, we will perform similar analyses using each of the three higher-order
theories and power-law hardening.

Following the analysis of Stölken and Evans (1998), a pure bending deformation is as-
sumed, as well as a plane strain state in the x3-direction, see Figure 4.1. Furthermore,
the deformation is assumed to be deep in the plastic range, such that elastic strains can
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Figure 4.1 / Geometry of the bending specimen.

be neglected, which means that the plastic strain tensor equals the total strain tensor. As
the total strains in the bending test (see Stölken and Evans, 1998) are small enough it
is adequate to use the linearised version of the finite deformation solution for the pure
bending problem. The non-vanishing strain components are given by

ε11 = κ x2 ∧ ε22 = −κ x2 (4.15)

where κ denotes the curvature of beam. The (plastic) strain gradient tensor of the Fleck-
Hutchinson 1997 theory is also prescribed by the kinematics; the non-vanishing compo-
nents read

η121 = η211 = κ ∧ η112 = η222 = −κ (4.16)

The above bending fields are assumed to be valid throughout the entire domain, includ-
ing the upper and lower boundary. This seems to pose a problem for the two Fleck-
Hutchinson theories, because it means that the (effective) plastic strain at this boundary
is entirely prescribed and an essential boundary condition is thus set automatically. The
higher-order tractions resulting from the bending field generally will not vanish and work
will thus be done at the free boundary, which seems questionable from a physical point
of view. A more realistic boundary condition would be the natural condition of vanishing
higher-order tractions, which can be interpreted physically as the absence of any resis-
tance to the glide of dislocations out of the material (Fleck and Hutchinson, 2001), but
our freedom to set this boundary condition has been lost by assuming the total defor-
mation field and neglecting elasticity. Note that the nonlocal model does not suffer from
this difficulty, because its additional boundary condition is formulated in terms of the
nonlocal effective plastic strain ε̄p, which is not prescribed by Equation (4.15).

We shall demonstrate below that the inability of the Fleck-Hutchinson models to accom-
modate homogeneous natural boundary conditions in pure bending is only an apparent
problem, introduced by the assumption of rigid-plastic behaviour. The correct overall size
effect for these boundary conditions can still be extracted from a rigid-plastic analysis if
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the work done at the free boundary is taken into account properly. In order to show this,
we will derive the size effect predicted by the elastoplastic solution for a particular case of
the Fleck-Hutchinson 2001 theory and then take the limit of infinite elastic stiffness. The
understanding gained from this analysis will be used in subsequent sections to determine
the size effects predicted by the two Fleck-Hutchinson theories.

4.3.1 Elasto-plastic analysis – bending moment via virtual work statement

The full, elastoplastic bending problem can be solved analytically for the Fleck-
Hutchinson 2001 theory if we assume incompressible elastic behaviour and linear
hardening plasticity. Closed-form expressions for the relevant fields are derived in
Appendix C. Deep in the plastic range, the effective plastic strain in the top half of the
specimen is given as a function of x2 and κ by

εp =
2√
3

E

E + h
κ

(

x2 − λ
sinh

(

x2

λ

)

cosh
(

H
λ

)

)

− σy0

E + h

(

1 − cosh
(

H−x2

λ

)

cosh
(

H
λ

)

)

(4.17)

where σy0 denotes the initial yield strength and the constant λ has been defined as

λ = ℓ

√

h

E + h
(4.18)

The effective plastic strain, normalised by σy0/h, is plotted in Figure 4.2(a) versus the
normalised thickness co-ordinate x2/H for a fixed curvature κ = 0.1/H and for Young’s
moduli E = 100σy and E = 1000σy. The internal length scale ℓ equals ℓ = 1

2
H and

a hardening modulus of h = 20σy0 has been used. The dashed line in the diagram
represents the rigid-plastic case, for which εp follows directly from the total strain fields
as

εp =
2√
3

κ x2 (4.19)

Note that this rigid-plastic solution is independent of the length scale and thus holds
for gradient plasticity as well as for the standard rigid-plastic theory. Compared with
this linear profile, the gradient-elastoplastic solutions clearly show a boundary layer near
the top surface, in which the plastic strain is reduced in order to meet the higher-order
boundary condition t = h ℓ2 εp,2 = 0. Inspection of Equation (4.17) reveals that the width
of this boundary layer is set by the constant λ as defined above. For the smaller choice of
value of E in Figure 4.2(a) the constant λ is of the same order as the specimen thickness
H and the effect of the boundary condition is noticeable even near the neutral axis (at
x2/H = 0). If Young’s modulus is increased, however, λ decreases, the boundary layer
becomes thinner and the effective plastic strain profile approaches that of the rigid-plastic
case.
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Figure 4.2 / Relevant fields obtained from the elastoplastic analysis for increas-
ing Young’s modulus; the dashed lines represent the rigid-plastic fields.

In order to comply with the imposed bending deformation, the reduced plastic strain
in the boundary layer must be compensated by higher elastic strains, thus leading to
higher stresses. This is illustrated in Figure 4.2(b), where the axial stress distributions
corresponding to the plastic strain distributions in Figure 4.2(a) have been plotted. These
profiles are given by (see Appendix C)

σ11 =
2√
3

Eσy0

E + h

(

1 − cosh
(

H−x2

λ

)

cosh
(

H
λ

)

)

+
4

3

E

E + h
κ

(

h x2 + E λ
sinh

(

x2

λ

)

cosh
(

H
λ

)

)

(4.20)

The dashed line again represents the rigid-plastic case, for which

σ11 =
2√
3

σy0 +
4

3
hκ x2 (4.21)

It is evident from Figure 4.2 that the increased axial stress in the boundary layer leads to a
higher bendingmoment in the strain gradient theory than in the standard theory; we shall
show that this effect persists upon taking the limit of rigid-plastic behaviour. Consider the
virtual work done by the bending moment M through the curvature variation δκ. This
work can be written in terms of the standard and higher-order tractions as (cf. Fleck and
Hutchinson, 2001)

δW = 2 L M δκ =
∫

S

(

Ti δui + t δεp

)

dS (4.22)

where 2L denotes the length of the considered beam section and S denotes its external
surface. Now for the elastoplastic case the higher-order traction t vanishes everywhere on
S, whereas the standard traction components Ti vanish on the top and bottom surfaces.
The only remaining contribution to Equation (4.22) comes from the traction across the
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cross-section of the specimen at both ends (x1 = ±L), and is given by

δW = 8 D
∫ H

0
T1 δu1 dx2 (4.23)

or, using T1 = σ11 and δu1 = L x2 δκ,

δW = 8 L D
∫ H

0
x2 σ11 dx2 δκ (4.24)

In these expressions D denotes half of the width of the beam in the x2-direction (see
Figure 4.1). Setting the above result equal to 2 L M δκ (cf. Equation (4.22)) yields the
usual expression for the bending moment in terms of axial stresses:

M = 4 D
∫ H

0
x2 σ11 dS (4.25)

This establishes that, in the elastoplastic case, the standard expression in terms of stresses
and the virtual work statement yield the same bending moment.

We can compute the bending moment as a function of curvature by substituting the
stress field according to Equation (4.20) in Equation (4.25). After evaluating the resulting
integral terms, this yields:

M =
4√
3

Eσy0

E + h
D H2

(

1 − 2
λ2

H2

cosh
(

H
λ

)

− 1

cosh
(

H
λ

)

)

+
16

9

E h

E + h
κ D H3

(

1 + 3
E

h

λ2

H2
− 3

E

h

λ3

H3

sinh
(

H
λ

)

cosh
(

H
λ

)

)

(4.26)

The factors outside the brackets are the usual contributions from standard, local elasto-
plasticity. The additional contributions depend upon λ and stem from the boundary layers
at the centre and at the top and bottom of the specimen.

Alternatively, the bending moment can be calculated via the internal virtual work by
rewriting Equation (4.22) as (cf. Fleck and Hutchinson, 2001)

δW = 2 L M δκ =
∫

V

(

σi j δεi j + τi,i δεp + τi δεp,i

)

dV (4.27)

Using the fields derived in Appendix C it can easily be verified that this recovers
Equation (4.26).

The bending moment in the rigid-plastic limit can now be obtained from Equation (4.26)
by taking the limit E → ∞. In this limit we have λ → 0 and the width of the boundary
layers thus vanishes (Figure 4.2). Evaluation of this limit gives

M =
4√
3

σy0 D H2 +
16

9
hκ D H3

(

1 + 3
ℓ2

H2

)

(4.28)



4.3/ SIZE EFFECTS IN HARDENING: THE BENDING OF A BEAM 61

The contribution involving the internal length ℓ stems from the gradient influence. Al-
though the thickness of the boundary layer tends to zero in the rigid-plastic limit, the
boundary layer continues to deliver a finite contribution to the bending moment. As the
thickness of the specimen, H, is diminished, the relative importance of this nonstandard
term increases and the bending moment predicted by Equation (4.28) diverges from that
predicted by the standard theory. This is exactly the trend which is observed in experi-
ments by Stölken and Evans (1998).

Equation (4.28) is uncontroversial because it has been obtained from the elastoplastic
case, in which the influence of the higher-order boundary conditions is entirely clear.
Our goal is now to demonstrate that this result can also be obtained directly from a much
simpler, rigid-plastic analysis. It is immediately clear that substituting the rigid-plastic
stress field from Equation (4.21) in Equation (4.25) cannot yield the nonstandard contri-
bution to the bending moment, because the length scale ℓ does not appear in either of
these relations. The bending moment predicted by the simple mechanical relation of
Equation (4.25) thus does not show a size effect. To resolve this dichotomy, we revisit the
virtual work statement of Equation (4.22) and note that at the top and bottom surface of
the bending specimen the higher-order traction t no longer vanishes in the rigid-plastic
analysis, but is prescribed by the plastic strain field. Taking into account this higher-order
traction, as well as the symmetry and anti-symmetry properties of the relevant fields, the
virtual external work performed by a curvature variation δκ can be written for the rigid-
plastic case as

δW = 8 D
∫ H

0
T1 (x2) δu1 (x2) dx2 + 8 L D t (H) δεp (H) (4.29)

Using the kinematic relations δu1 = L x2 δκ and δεp (H) = 2/
√

3 H δκ as well as T1 =

σ11 and t = τ2, the bending moment can be extracted from this work statement as

M = 4 D
∫ H

0
x2 σ11 dx2 +

8√
3

D H τ2 (H) (4.30)

The first term in Equation (4.30) is the standard contribution of axial stresses, which also
appears in the expression for the elastoplastic case, Equation (4.25). Substitution of the
rigid-plastic stress field according to Equation (4.21) in this term yields the bending mo-
ment which would be obtained for standard plasticity without any gradient influences.
The second term, however, is nonstandard and gives rise to the size effect. This contribu-
tion gives

8√
3

D H τ2 (H) =
8√
3

D H h ℓ2 εp,2 (H) =
16

3
hκ D H ℓ2 (4.31)

which is identical to the nonstandard term in the bending moment as obtained by taking
the rigid limit of the elastoplastic solution. Thus, the correct bending moment, given
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by Equation (4.28), can be obtained from a rigid-plastic analysis by including the work
done by the higher-order traction at the free boundary x2 = ±H via Equation (4.30).
Equivalently, the correct bending moment can be obtained via the internal virtual work,
cf. Equation (4.27).

The above limiting process has the following physical interpretation. In the elastoplastic
solution, the axial stressσ11 displays a concentration near the top surface of the specimen
in order to meet the boundary condition imposed on the higher-order traction at this
surface, recall Figure 4.2. As the role of elastic strains is reduced by increasing Young’s
modulus, this concentration is limited to a smaller region but at the same time becomes
more intense, in such a way that it continues to have a finite contribution to the overall
bending moment and to the overall work, even in the rigid-plastic limit. In order to main-
tain the rigid-plastic fields in Equations (4.19) and (4.21), a higher-order traction t must
exist at the free boundary. The internal virtual work associated with a curvature variation
δκ is exactly the same in the rigid-plastic case as in the rigid limit of the elastoplastic
analysis. The extra external work which is required to maintain the plastic strain gradient
is no longer introduced via the cross-section of the specimen, but through the top (and
bottom) surfaces. The higher-order traction in the rigid-plastic solution can be taken to
represent a boundary layer of vanishing thickness. Upon including the contribution of
this traction to the virtual work statement the correct bending moment is obtained; this
correct value is identical to that obtained in the elastoplastic analysis upon taking the
rigid-plastic limit.

It is concluded that a size effect is obtained in the simplified Fleck-Hutchinson 2001
theory despite the fact that for a constant hardening modulus h the consistency condi-
tion given by Equation (4.11) contains only a second-order gradient of the effective plastic
strain. The argument of Fleck et al. (1994) and Aifantis (1999) that a first-order gradient
of plastic strain should enter this relation since all higher-order gradients vanish in the
bending fields, does not hold here because it disregards the boundary contribution to the
bending moment which we have identified above. As we will show below, the theory in
its present form, without the first-order gradient contribution used by Aifantis (1999),
shows a realistic size effect.

The expressions obtained here for the bending moment are specific to the case of the
Fleck-Hutchinson 2001 theory with linear hardening. However, the underlying principle
that the correct external loads can be obtained from a rigid-plastic analysis via a work
statement can be applied more generally. Accordingly, we will use this principle in the
remainder of this section not only for the Fleck-Hutchinson 2001 theory, but also for
the Fleck-Hutchinson 1997 theory, and for nonlinear hardening. Note that the nonlocal
plasticity theory does not require this re-interpretation of the bending moment, because
homogeneous higher-order boundary conditions can be applied in it without any diffi-
culty.
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4.3.2 Fleck-Hutchinson 1997

The virtual work principle associated with the Fleck-Hutchinson 1997 elastoplastic flow
theory can be written for the bending problem as (Fleck and Hutchinson, 1997):

δW = 2 L M δκ =
∫

S

(

Tk δuk + tk δuk,q nq

)

dS =
∫

V

(

σi j δεi j + τi jk δηi jk

)

dV (4.32)

It is convenient to compute the bending moment via the internal virtual work, i.e. via the
last part of the above equation. Assuming a rigid-plastic response, we can rewrite this
expression as

∫

V

(

σi j δεi j + τi jk δηi jk

)

dV =
∫

V
Σ δEp dV (4.33)

where Σ and Ep are the generalised equivalent stress and effective plastic strain as intro-
duced in Section 4.2.1.

To proceed, we abandon the linear hardening law of the previous section and adopt the
more realistic choice of power-law hardening in the remainder of this section. This allows
the governing field equations to be homogeneous in stress and strain. For each of the
theories the hardening relation is chosen such that it reduces to the classical Nadai power-
law

σy = Cεn
p (4.34)

for a vanishing gradient influence, i.e. for ℓ = 0. Note that this implies that the initial
yield stress vanishes. In the Fleck-Hutchinson 1997 theory the hardening relation is
generalised as (Fleck and Hutchinson, 1997)

σy = C En
p (4.35)

Following Stölken and Evans (1998) we neglect the influence of stretch gradients com-
pared with rotation gradients for the bending problem. The generalised effective strain
Ep is then given by

Ep =
2√
3

κ

√

x2
2 +

1

2
ℓ2 (4.36)

Using this expression and the generalised equivalent stress Σ = σy, with σy according to
Equation (4.35), the virtual work δW is

δW = 2 L M δκ =
∫

V
Σ δEp dV

= 8

(

2√
3

)n+1

C L Dκn δκ

∫ H

0

(

x2
2 +

1

2
ℓ2

) n+1
2

dx2

(4.37)
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Consequently, the bending moment M is

M = 4

(

2√
3

)n+1

C Dκn
∫ H

0

(

x2
2 +

1

2
ℓ2

) n+1
2

dx2 (4.38)

In the limit ℓ → 0 the integral can be evaluated analytically and the standard plasticity
result for power-law hardening is recovered for the bending moment:

M0 =
4

n + 2

(

2√
3

)n+1

C D Hn+2 κn (4.39)

We use this expression to normalise the bending moment as predicted by the strain gra-
dient theory, Equation (4.38), giving

M

M0
= (n + 2)

∫ 1

0

(

ξ2 +
1

2
α2

) n+1
2

dξ (4.40)

in terms of the dimensionless quantities ξ ≡ x2/H and α ≡ l/H. It can easily be
verified that the ratio given by Equation (4.40) is always greater than unity for ℓ 6= 0. For
thicknesses which are large compared to the internal length scale ℓ, that is for small α,
M/M0 is of order unity and the bending moment of the gradient theory reduces to that
predicted by standard plasticity. As the thickness of the specimen is diminished (and α

is thus increased), however, the second terms within brackets becomes more important
and a strengthening effect is observed.

4.3.3 Fleck-Hutchinson 2001

The generalised effective plastic strain of the Fleck-Hutchinson 2001 theory reads for the
bending problem

Ep =
2√
3

κ

√

x2
2 + ℓ2 (4.41)

The hardening relation enters this theory via the hardeningmodulus h, and for power-law
hardening this is

h
(

Ep

)

= n C En−1
p (4.42)

It can be shown that the full and simplified versions of the Fleck-Hutchinson 2001 theory
coincide for the bending problem. We can therefore use the consistency condition of
Equation (4.11) to determine the equivalent stress rate. With the effective plastic strain
given by Equation (4.19) we have:

σ̇e =

(

2√
3

)n

n Cκn−1 x2

(

x2
2 − (n − 2) ℓ2

) (

x2
2 + ℓ2

)
n−3

2 κ̇ (4.43)
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Now, multiply this expression by 2/
√

3 and integrate with respect to time to obtain the
axial stress σ11 as

σ11 =

(

2√
3

)n+1

Cκn x2

(

x2
2 − (n − 2) ℓ2

) (

x2
2 + ℓ2

)
n−3

2 (4.44)

The higher-order stress τ2 follows by time integration of the Equation (4.10), giving

τ2 =

(

2√
3

)n

Cκn ℓ2
(

x2
2 + ℓ2

)
n−1

2 (4.45)

The bending moment – based on the virtual work statement – is evaluated using
Equation (4.30) and upon substitution for σ11 and τ2 we obtain

M = 4

(
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3
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Cκn D
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0
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(4.46)

We non-dimensionalise this bending moment with respect to Equation (4.39) for stan-
dard plasticity, and write the result in terms of the dimensionless variables ξ and α as
introduced above:

M

M0
= (n + 2)

[

∫ 1

0
ξ2

(

ξ2 − (n − 2)α2
) (

ξ2 + α2
)

n−3
2 dξ

+ α2
(

1 + α2
)

n−1
2

] (4.47)

In the limit α → 0 this ratio clearly goes to unity again, whereas for large α (small H) it
becomes large.

4.3.4 Nonlocal plasticity

The bending moment as predicted by the nonlocal plasticity formulation of Section 4.2.3
requires that we solve the partial differential Equation (4.13) together with the boundary
condition in Equation (4.14) for the bending problem. Upon inserting Equation (4.19) for
the effective plastic strain in Equation (4.13) and noting that derivatives with respect to x1

and x3 must vanish, the partial differential equation reduces to an ordinary differential
equation in terms of ε̄p for 0 ≤ x2 ≤ H:

ε̄p − ℓ2 ε̄p,22 =
2√
3

κ x2 (4.48)

The solution of this equation combined with the boundary conditions

∂ε̄p

∂x2

∣

∣

∣

∣

x2=0

=
∂ε̄p

∂x2

∣

∣

∣

∣

x2=H

= 0 (4.49)
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can be written as

ε̄p =
2√
3

κ
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(4.50)

The solution in the bottom half of the specimen follows immediately by symmetry.

The stress distribution in the specimen can now be determined via the yield condition,
Equation (4.12), in which the equality holds. For this purpose we make the choice for the
yield stress as

σy = Cεn−m
p ε̄m

p (4.51)

This form is inspired by the multiplicative character of the damaged yield stress in the
original model (Engelen et al., 1999, 2003). The parameter m determines the relative
influences of the local and nonlocal effective plastic strains on the yield stress. For m = 0

note that σy depends solely upon εp and the local theory is thus retrieved; for m = n, on
the other hand, σy depends solely upon ε̄p and the multiplicative influence of both strain
measures is lost. For any value of m, it can be seen directly that Equation (4.51) reduces to
the power-law of Equation (4.34) when the internal length is set to zero and the nonlocal
and local strain fields thus coincide.

Substitution of the εp and ε̄p fields in Equation (4.51) and realising thatσ11 = 2/
√

3σe =

2/
√

3σy yields for the axial stress σ11:
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(4.52)

Since the higher-order boundary conditions are met and no work is done at the boundary,
the bending moment can be determined immediately via Equation (4.25), giving

M = 4
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(4.53)

or, normalised with respect to the classical result

M

M0
= (n + 2)

∫ 1

0
ξn−m+1

(

ξ − α
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(

ξ
α

)

sinh
(

1
α

) + α
cosh

(

1−ξ
α

)

sinh
(

1
α

)

)m

dξ (4.54)

where ξ andα have already been defined. In the limitα → 0 this ratio approaches unity
as for the other theories. But for larger α (smaller thicknesses) either a strengthening or
a weakening effect is predicted depending on the value of the parameter m, as we shall
see below.
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4.3.5 Comparison of predicted size effects

Figure 4.3 shows the normalised bending moments M/M0 predicted for each of the
higher-order plasticity theories as given by Equations (4.40), (4.47) and (4.54) as a func-
tion of the ratio H/ℓ (or 1/α). The integrals in the respective expressions for M/M0

have been evaluated numerically. A value of n = 0.5 has been used for the hardening
exponent. A change in the hardening exponent changes the quantitative results, but not
the qualitative picture. Two values were used for the parameter m in the nonlocal theory:
m = 0.25 and m = −0.25. As can be seen from the diagram, this parameter has a
significant influence upon the predicted trend. For m = 0.25, and in fact for all positive
m, the theory predicts a weakening effect for small H/ℓ. A strengthening effect can be
obtained by setting m < 0, as is illustrated by the curve for m = −0.25. However, this
effect remains rather small compared with experimental observations: the elevation in
M/M0 is less than 10% for m = −0.25, whereas strengthening by a factor of up to 5
was observed in the experiments (Stölken and Evans, 1998). The two Fleck-Hutchinson
theories predict a much stronger strengthening effect, and are in much better agreement
with the experimental results of Stölken and Evans.

It is remarkable how closely the two Fleck-Hutchinson theories match, even if no attempt
has been made to correlate the length scales of the two theories. The reduction of the full
strain gradient theory (Fleck-Hutchinson 1997) to the simpler 2001 Fleck-Hutchinson
theory seems to be quite acceptable for this boundary value problem.

4.4 Transition to softening and localisation behaviour

Having analysed the size effect in hardening for the three higher-order plasticity formula-
tions, the transition to material softening and subsequent localisation is now considered.
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Manymaterials display an overall softening behaviour after a certain amount of plastic de-
formation. For example, metals may soften due to the initiation, growth and coalescence
of voids, resulting in the localisation of deformation and eventually in failure.

It is well known that material softening within a local continuum plasticity description
may result in the loss of well-posedness of the governing equations (Benallal et al., 1989),
and homogeneous boundary value problems then have an infinite number of solutions.
For the case of inhomogeneous problems instantaneous failure is predicted within a band
of vanishing width without any energy dissipation. Numerical solutions are limited in
capturing this discontinuous solution by their finite spatial resolution and therefore show
an extreme sensitivity to the numerical discretisation. Higher-order formulations may
restore the well-posedness of the boundary value problem. As a result, deformation bands
of finite width are obtained, in which a finite amount of energy is dissipated (see e.g.
Bažant et al., 1984; Pijaudier-Cabot and Bažant, 1987; De Borst and Mühlhaus, 1992;
Engelen et al., 2003).

In homogeneous problems without imperfections, localised solutions appear as bifurca-
tions of the homogeneous solution. We shall consider the bifurcation problem next in a
one-dimensional setting. The starting point is a bar under uniform tensile straining. At
each state of this uniform solution, an incremental solution is sought of the harmonic
form

ε̇ = ε̂eikx (4.55)

where ε̂ denotes the complex amplitude of the harmonic perturbation and k its wave
number. This harmonic field is substituted into the rate equilibrium equations, assuming
a state of plastic loading on the entire domain (Hill’s linear comparison solid assumption,
see Hill (1958)). The rate equilibrium equations are then examined in order to determine
the wave numbers for which the harmonic incremental solution exists.

In a local continuum, no harmonic incremental solutions exist in the elastic regime as
well as in the hardening plasticity regime. At the onset of softening, however, a con-
tinuous spectrum of wave numbers is found for which Equation (4.55) is a solution of
the incremental equilibrium problem, including that which represents a vanishing wave-
length. This reflects the ill-posedness of the problem and the pathological localisation
which results from it (Peerlings et al., 2002). The desired behaviour of the higher-order
plasticity theories considered here is bifurcation into a finite number of solutions, each
with a finite wave number.

The ability of the Fleck and Hutchinson 1997 and 2001 theories and the nonlocal theory
of Engelen et al. (1999, 2003) to handlematerial softening is now explored by considering
the bifurcation of a bar under uniform tensile straining.
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4.4.1 Fleck-Hutchinson 1997

Consider first the prediction of bifurcation by the Fleck-Hutchinson 1997 elastoplastic
strain gradient plasticity theory. In one dimension, time differentiation of Equation (4.3)
yields the rate equilibrium equation

σ̇,x − τ̇,xx = 0 (4.56)

where the subscript , x denotes differentiation with respect to the axial co-ordinate x, and
σ and τ are the stress and higher-order stress in the direction of this co-ordinate. The
time derivatives of σ and τ follow according to

σ̇ = E
(

ε̇ − ε̇p

)

(4.57)

τ̇ = E ℓ2
(

η̇ − η̇p

)

(4.58)

with E denoting Young’s modulus.

We consider a uniform reference solution with η = ηp = τ ≡ 0 in the reference state.
This implies that the generalised effective plastic strain equals Ep = εp and the gener-
alised equivalent stress Σ = σ ; we also have Σ̇ = σ̇ and it follows from normality that
Ėp = ε̇p. Using these relations, the flow rules which govern the evolution of εp and ηp

can be written as (cf. Fleck and Hutchinson, 1997):

ε̇p =
Σ̇

h
(

Ep

)

σ

Σ
=

σ̇

h
(

εp

) (4.59)

η̇p =
Σ̇

h
(

Ep

)

τ

Σ
= 0 (4.60)

where h
(

Ep

)

= dσy/dEp describes the current hardening/softening behaviour in the
material. The second of the above relations tells us that the rate of plastic strain gradient
vanishes; combining the first with Equation (4.57) yields the relationship between plastic
and total deformation:

ε̇p =
E

E + h
ε̇ (4.61)

where the dependence of h on εp has been dropped for brevity.

Substitution of the above results in Equations (4.57)-(4.58) and of the resulting expres-
sions in the rate equilibrium equation (4.56) finally yields

E h

E + h
ε̇,x − E ℓ2 ε̇,xxx = 0 (4.62)

or, after substitution of the harmonic form of Equation (4.55),

i k E

(

h

E + h
+ k2 ℓ2

)

ε̂ ei k x = 0 (4.63)



70 4/ AN EVALUATION OF HIGHER-ORDER PLASTICITY THEORIES

Apart from the trivial solution ε̂ = 0, the above equation has only one real solution as
long as the tangent h is positive: k = 0. This solution represents a continued uniform
deformation. Once h becomes negative, however, a second solution appears:

k =
1

ℓ

√

−h

E + h
(4.64)

This means that at each uniform reference state in the softening regime the possibility
of bifurcation into a harmonic solution exists. This harmonic solution of the homoge-
neous, linear comparison solid problem corresponds to a localised solution of the under-
lying nonlinear equations for inhomogeneous problems. The wave number k given by
Equation (4.64) remains finite, which means that the corresponding wavelength 2π/k is
always positive. Full, nonlinear numerical simulations have been performed for similar
higher-order theories and confirm that the pathological solution 2π/k = 0 does not exist
(Peerlings et al., 2002). From the above it can be concluded that the Fleck-Hutchinson
1997 theory shows the desired localisation behaviour at and beyond the transition from
hardening to softening.

It is worth noting that the higher-order contribution in Equation (4.63), and therefore
the regularisation, comes from the elastic part of the constitutive modelling. This is best
seen from Equation (4.60), which states that the plastic strain gradient does not come
into play. Accordingly, although so far no distinction has been made between elastic and
plastic length scales, the internal length ℓ in Equation (4.64) should be interpreted as
the internal length associated with the elastic response of the material. This analysis is
confirmed by Rolshoven (2003), who has shown that the width of the plastic localisation
band depends mainly on the elastic length scale, with only a secondary influence of the
plastic length scale.

4.4.2 Fleck-Hutchinson 2001

The generalised effective plastic strain of the Fleck and Hutchinson 2001 theory (Fleck
and Hutchinson, 2001) coincides with εp in the uniform reference solution. The one-
dimensional version of the consistency equation (4.11) reduces to

σ̇ = h
(

εp

) (

ε̇p − ℓ2 ε̇p,xx

)

(4.65)

and the incremental form of Hooke’s law, Equation (4.57), thereby gives

(E + h) ε̇p − h ℓ2 ε̇p,xx = E ε̇ (4.66)

Since the right-hand side of this equation is taken to be harmonic, we can write the
effective plastic strain rate as (cf. Equation (4.55))

ε̇p = ε̂p ei k x (4.67)
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with ε̂p another complex amplitude. Now substitute Equations (4.55) and (4.67) into
Equation (4.66) to obtain

ε̂p =
E

E + h (1 + k2 ℓ2)
ε̂ (4.68)

The stress rate follows from Equation (4.65) as

σ̇ = E
h (1 + k2 ℓ2)

E + h (1 + k2 ℓ2)
ε̂ ei k x (4.69)

and substitution in the rate equilibrium equation σ̇,x = 0 yields the nonlinear eigenvalue
equation

i k E
h (1 + k2 ℓ2)

E + h (1 + k2 ℓ2)
ε̂ ei k x = 0 (4.70)

For h > 0 this relation again has only the trivial solution k = 0. At the transition from
hardening to softening, h = 0, however, Equation (4.70) is trivially satisfied and any
harmonic wave number k is allowed. This indicates that pathological localisation at the
peak strength is not prevented by the Fleck andHutchinson 2001 theory. Beyond the peak
strength, in the softening regime, we have h < 0 and Equation (4.70) has again only the
trivial solution. Thus, in contrast to the earlier Fleck-Hutchinson theory, no wavelength
can be identified for which the uniform reference solution may bifurcate into a harmonic
incremental solution. Although these observations do not provide irrefutable proof with
respect to the nonlinear case, they do cast serious doubt upon the ability of the theory to
handle localisation events in an adequate fashion.

It should be mentioned here that gradient plasticity models with a structure which is very
similar to that of the present one have been used with some degree of success to regu-
larise localisation in the softening regime (Aifantis, 1984; De Borst andMühlhaus, 1992).
In these theories the minus sign in Equation (4.65) is replaced by a plus sign, i.e. the
higher-order contribution to the hardening law is added to the local contribution rather
than subtracted from it. In our analysis this would result in a minus sign in front of the
k2 ℓ2 in Equation (4.70). The resulting equation does have a nontrivial solution k = 1/ℓ

in the softening regime and a nonuniform incremental solution with a finite wavelength
can thus be obtained. However, this solution is also available in the hardening plastic
regime (i.e. for h > 0), which suggests that nonuniform solutions can occur even before
the peak load. Indeed, it seems that previous applications of these theories have been
limited to situations where the plastic softening sets in immediately at the elastic limit,
without any prior hardening. In connection to this, it has been argued by Mühlhaus and
Aifantis (1991) and by Fleck and Hutchinson (2001) that such a formulation can not be
obtained from a work statement. Mühlhaus and Aifantis (1991) suggested to repair this
shortcoming by retaining the minus sign in Equation (4.65) but adding a fourth-order
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gradient contribution to it. While interesting from a theoretical viewpoint, this is not a
very attractive option in terms of numerical implementation, because it would impose
stringent continuity requirements on the interpolation functions used in the spatial dis-
cretisation of the problem.

4.4.3 Nonlocal plasticity

In the nonlocal plasticity model of Section 4.2.3 the nonstandard plastic strain measure
ε̄p is governed by Equation (4.13). In the one-dimensional setting considered here, the
time derivative of this equation reads

˙̄εp − ℓ2 ˙̄εp,xx = ε̇p (4.71)

Substitution for the harmonic plastic strain rate according to Equation (4.67) and the
corresponding harmonic nonlocal plastic strain rate

˙̄εp = ˆ̄εp e i k x (4.72)

allows one to establish a relation between the amplitudes of the local and nonlocal plastic
strain rates:

ˆ̄εp =
1

1 + k2 ℓ2
ε̂p (4.73)

The axial stress rate σ̇ satisfies the consistency condition, which can be derived from
Equation (4.12)) as

σ̇ = h
(

εp, ε̄p

)

ε̇p + h̄
(

εp, ε̄p

)

˙̄εp (4.74)

where h
(

εp, ε̄p

)

and h̄
(

εp, ε̄p

)

are defined as

h
(

εp, ε̄p

)

=
∂σy

∂εp
∧ h̄

(

εp, ε̄p

)

=
∂σy

∂ε̄p
(4.75)

Now invoke Hooke’s law, Equation (4.57), and upon substituting for the harmonic fields
given by Equations (4.55), (4.67) and (4.72), as well as Equation (4.73), we obtain the
following expression for the plastic strain amplitude ε̂p:

ε̂p =
E (1 + k2 ℓ2)

(E + h) (1 + k2 ℓ2) + h̄
ε̂ (4.76)

in which the arguments of h and h̄ have been dropped.

Using the above expressions, the standard rate equilibrium equation can be written as

i k E
h(1 + k2 ℓ2) + h̄

(E + h) (1 + k2 ℓ2) + h̄
ε̂ ei k x = 0 (4.77)
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Whether this equation has nontrivial solutions k or not depends upon the current values
of the hardeningmoduli h and h̄. These also determine whether the incremental response
is hardening or softening. For uniform straining, we have ε̄p = εp and the stress rate can
thus be written as

σ̇ = (h + h̄) ε̇p (4.78)

This relation shows that a hardening behaviour is observed when the sum of the twomod-
uli is positive while softening occurs when this sum becomes negative. In the plasticity-
damage formulation of Engelen et al. (1999, 2003) the local contribution h is always pos-
itive, whereas h̄ is always negative. Initially, their sum will usually be positive and a hard-
ening incremental response is thus observed. It can easily be seen that Equation (4.77)
only has the trivial solution k = 0 when the sum of the two moduli is positive. At some
stage of the uniform straining process, however, the balance between the two contribu-
tions in Equation (4.78) may change and their sum may change sign, thus resulting in a
transition to a softening response. Exactly at the peak, i.e. for h + h̄ = 0, the trivial, uni-
form solution is still the only one, but when the sum of the twomoduli becomes negative,
a second, nontrivial solution of Equation (4.77) exists, and is given by

k =
1

ℓ

√

−h + h̄

h
(4.79)

It is concluded that the nonlocal plasticity formulation allows for a transition from hard-
ening to softening, and within the softening regime it correctly predicts a localisation
band of finite width.

4.4.4 Comparison of the predicted wavelengths in the softening regime

In order to compare the localisation behaviour of the three plasticity theories, we need
to assume a specific form of the hardening/softening relations featuring in them. The
choice of these relations was motivated by the plasticity-damage theory of Engelen et al.
(1999, 2003), as this theory was developed to describe softening and localisation. Accord-
ingly, we assume the following law for the nonlocal plasticity theory:

σy = σy0

(

1 +
C

σy0
εn

p

) (

1 − ε̄p

εc

)

(4.80)

This relation can be regarded as a combination of power-law hardening (in terms of the
local plastic strain εp) and a linear degradation which depends upon the nonlocal plastic
strain ε̄p (cf. Engelen et al., 1999, 2003). When the nonlocal strain attains the critical
value εc, the yield strength vanishes and failure is obtained.
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The local and nonlocal hardening moduli h
(

εp, ε̄p

)

and h̄
(

εp, ε̄p

)

used within the non-
local plasticity theory follow by straightforward differentiation as

h = C nεn−1
p

(

1 − ε̄p

εc

)

(4.81)

h̄ = −σy0

εc

(

1 +
C

σy0
εn

p

)

(4.82)

Note that the first of these expressions is indeed always positive and the second is al-
ways negative, as assumed in the previous section. The choice of a linear damage law in
Equation (4.80) implies that the modulus h̄ does not depend upon ε̄p.

In the Fleck-Hutchinson 1997 theory, the yield stress σy depends upon the generalised
effective plastic strain Ep, cf. Section 4.2.1. For this theory we assume the following hard-
ening/softening law:

σy = σy0

(

1 +
C

σy0
En

p

) (

1 − Ep

εc

)

(4.83)

and the tangent modulus follows as

h = C n En−1
p

(

1 − Ep

εc

)

− σy0

εc

(

1 +
C

σy0
En

p

)

(4.84)

This expression for the tangent modulus is also used for the Fleck-Hutchinson 2001 the-
ory, in which it enters Equations (4.9)-(4.10) or, in the simplified model, Equation (4.11).

For the case of uniform plastic straining, with ε̄p = Ep = εp, the three constitutive
theories give identical hardening/softening behaviours along the primary loading path.
The axial stress versus plastic strain curve is shown in Figure 4.4 for the choice C = 4σy0,
n = 0.5 and εc = 1; these values are adopted in the remainder of this section. It is clear
from Figure 4.4 that the material displays a hardening response up to a plastic strain
of εp = 1

4
εc. At this value of plastic strain, the tangent to the curve is horizontal and

a transition to softening behaviour occurs. Softening continues until complete failure
occurs at εp = εc.

The nontrivial wavelengths 2π/k, normalised by the length scale ℓ, are plotted in
Figure 4.5 as a function of normalised plastic strainεp/εc for each of the higher-order the-
ories. A value of E = 100σy0 is adopted for Young’s modulus. In the Fleck-Hutchinson
2001 theory, the incremental solution can take all wavelengths at the peak load (i.e. at
εp/εc = 1

4
). Beyond this peak load, no solution exists for a finite wavelength, as was

shown in Section 4.4.2.

In contrast, the other two theories give a finite wavelength within the softening regime.
At εp/εc = 1

4
both curves have a vertical asymptote, indicating that at the peak load only

a uniform incremental solution exists. Beyond the peak, however, a finite wavelength is
obtained, and this wavelength decreases with increasing reference strain for both theo-
ries. In the Fleck-Hutchinson 1997 theory a finite wavelength is obtained at failure (i.e.
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Figure 4.4 / Hardening/softening behaviour for uniform straining as used for
all three theories in the localisation study.

at εp/εc = 1), whereas the wavelength goes to zero in the nonlocal theory. The latter
could be an advantage in situations where a gradual transition from a diffuse degradation
mechanism to a discrete crack is desired, see e.g. Simone et al. (2003). Apart from this
qualitative difference, the wavelength predicted by the Fleck-Hutchinson 1997 theory is –
for the same value of the internal length ℓ –much higher than that predicted by the nonlo-
cal theory. This difference is due to the appearance of Young’s modulus in the wavelength
of the Fleck-Hutchinson theory; for higher ratios E/σy0 than that used here the difference
becomes even more pronounced. However, it can easily be compensated for by choosing
a smaller length scale in the Fleck-Hutchinson theory. This is quite acceptable since the
relevant length scale in the theory is associated with the elastic behaviour (cf. Fleck and
Hutchinson, 1997).
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Figure 4.5 / Normalised wavelength 2π/k ℓ of the localised incremental solu-
tion vs. the normalised plastic strain εp/εc in the uniform reference state for
the three higher-order theories.
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4.5 Concluding Remarks

The relative performance of three prototypical higher-order plasticity theories has been
explored. Two extreme test cases have been considered: the prediction of size effects in
the hardening regime and the ability to remove the pathological localisation behaviour
exhibited by standard plasticity theory within the softening regime. Our findings are
summarised in Table 4.1, in which ++ denotes an excellent performance, + denotes a
satisfactory performance, and − indicates shortcomings or at least serious concerns.

Theory size effect localisation

Fleck-Hutchinson 1997 ++ +

Fleck-Hutchinson 2001 ++ −
Nonlocal − ++

Table 4.1 / Summary of the evaluation of the three theories in terms of size effect predic-
tions and localisation behaviour.

Each of the three theories have been developed with either size effects or localisation in
mind: the two Fleck-Hutchinson theories were developed to describe size effects, whereas
the nonlocal theory was originally aimed at handling softening and localisation in a reli-
able and meaningful way. It is therefore not surprising that these theories perform well
in the corresponding prototype problems. Extraction of the physically relevant size ef-
fect for a beam in bending for the Fleck-Hutchinson theories, however, requires a careful
treatment of the stress state near the free boundary, as was illustrated in Section 4.3.

As summarised in Table 4.1, the Fleck-Hutchinson 1997 theory can predict finite-sized
shear bands and degradation zones in the softening regime in addition to giving realistic
size effects in hardening. This is of particular relevance to problems where localisation
and size effects become important at the same time, e.g. in problems of large plastic
deformations leading to damage in the manufacture of small components. Although the
performed analysis only considers small deformations it is believed that the outcome is
still a valid indication for the case of large deformations. The ability to handle localisation
stems from the presence of a gradient influence in the elastic part of the constitutive
theory rather than from plastic strain gradients. Furthermore, unlike the nonlocal theory,
the localisation width predicted by the Fleck-Hutchinson 1997 theory does not vanish at
complete failure. This may not be a problem in most applications, but it is less desirable
in computational approaches which use a so-called continuum-discontinuum transition
(e.g. Simone et al., 2003).

The other two theories are incapable of describing both phenomena adequately. The
Fleck-Hutchinson 2001 theory is unable to remove the pathological behaviour of standard
plasticity when passing from the hardening to the softening regime. As indicated in
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Section 4.4.2, we believe that this conclusion holds for a wider category of weakly nonlocal
gradient theories, although acceptable results may be obtained in very specific cases. The
nonlocal plasticity theory which was modelled after the plasticity-damage framework of
Engelen et al. (1999, 2003) gives a size effect in the bending problem, but depending
upon parameter values this effect is either too small or in the wrong direction (weakening
instead of the experimentally observed strengthening). Here also we believe that a similar
weakness is present in other nonlocal plasticity formulations; additional work is needed
to substantiate this, however.
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CHAPTER FIVE

A micromechanical study of
microvoid growth in ductile media

Abstract / The micromechanical mechanisms that underly the evolution of ductile damage
in metal alloys is governed by the growth of microvoids. Micromechanical analyses of ductile
damage show the need for two damage variables to properly capture both deviatoric (elon-
gated) void growth and volumetric void growth, i.e. the void volume fraction and the void
shape. In this chapter evolution laws are derived for these damage variables that attempt to
improve the quality of the ductile damage modelling, which are assessed by comparison with
numerical simulations of a voided unit cell.

5.1 Introduction

Many forming processes of engineering materials like e.g. metal alloys entail the intense
and localised deformation of the material. One class of forming processes (blanking, cut-
ting, etc.) relies on the ductile failure and fracture to obtain the desired shape and quality
of the final product. Other processes (e.g. deep-drawing, wall-ironing) on the other hand,
should not deform the material beyond its forming limits (geometrical instabilities, dam-
age and fracture). The development of these processes may benefit from accurate predic-
tions of the evolution of ductile damage that underlies the ductile failure. Furthermore,
such predictions allow to assess the residual material properties of the product, which is
important to quantify its quality and its ability to undergo subsequent production steps.

As a first step in this direction, a micromechanical analysis is next conducted assuming
initial isotropy of the material.

79
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5.1.1 Ductile failure from a micromechanical point of view

It is well-known for polycrystalline materials that on the micromechanical level the
amount of ductile damage is governed by the nucleation, growth and coalescence of mi-
crovoids. The presence of these voids is substantiated by the Scanning Electron Micro-
scope (SEM) images in Figure 5.1, which clearly show that the deformation of the material
is accompanied by the nucleation of voids that were originally not present in the material
and which have a diameter of a few microns. It has been observed that nucleation mainly

(a) undeformed specimen (b) deformed specimen

Figure 5.1 / Scanning Electron Microscope images of void formation in pack-
aging steel due to groove forming in food can lids (Boers et al., 2005).

occurs at second-phase particles that are present in the metal matrix (Brown and Em-
bury, 1973) either by decohesion of the particle-matrix interface (Puttick, 1960; Argon et
al., 1975), or by particle fracture (Gurland, 1972). Figure 5.1 typically reflects a nucleation
mechanism at particle interfaces.

Upon further deformation of the material the microvoids have the tendency to grow and
possibly change shape, which may result in the formation of microcracks when the in-
dividual microvoids start to coalesce. This typically occurs when they reach sizes of 10
microns (Orsini and Zikry, 2001). Although the terms ‘void’ and ‘crack’ suggest other-
wise, during this stage the material can still be regarded as a continuum at the application
scale, which is typically on the order of millimetres and above. Even in the final stages
of ductile failure the overall volume that is occupied by the microvoids may be small in
comparison with the total material volume. Nevertheless, locally, the void volume frac-
tion may be significantly large such that these microvoids and microcracks have a notice-
able effect on the global material behaviour, which cannot be reproduced by conventional
plasticity models. With ongoing deformation the material ultimately can no longer be
regarded as a continuum when damage leads to ductile fracture. At this stage a disconti-
nuity emanates reflecting a macroscopic crack that emerges upon coalescence of several
microcracks. These macrocracks further grow due to coalescence with newly formed mi-
crovoids and microcracks at the crack tip, which eventually leads to the complete loss of
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integrity of the material. The present work is restricted to a continuum description of the
ductile damage process.

During ductile failure two general modes of void growth can be identified (Orsini and
Zikry, 2001). The first mode (depicted schematically in Figure 5.2) is driven by hydrostatic
tensile stress, due to which the nucleated microvoids expand more or less spherically
(Teirlink et al., 1988). This may lead to a significant increase of the void volume fraction.
When the void spacing becomes critical individual microvoids will coalesce and form
larger voids or microcracks (Magnussen et al., 1988).

(a) no damage (b) nucleation (c) expansion (d) coalescence

Figure 5.2 / Schematic representation of spherical void growth in a polycrys-
tallinematerial; themicrovoids generally nucleate at second-phase particles and
expand due to high tensile hydrostatic stresses; eventually, coalescence occurs
due to impingement of neighbouring voids.

The second mode (shown in Figure 5.3) develops in regions of intense shearing. This
shearing causes the nucleated microvoids and the matrix material around them to extend
in the direction of the major principal strain (Dodd and Atkins, 1983), whereas perpen-
dicular to this direction, i.e. in the direction of the minor principal strain, hardly any
elongation is present. Consequently, no significant increase of the void volume fraction
can be observed, in contrast with the previously discussed spherical void growth mecha-
nism. The local strength reduction by the presence of the elongated microvoids may lead
to the development of shear bands, i.e. localised zones of intense plastic shearing. Finally,
in this case coalescence is triggered by instabilities in the ligaments between neighbour-
ing voids within the shear bands rather than due to impingement by growing microvoids
(Magnussen et al., 1988).

(a) no damage (b) nucleation (c) elongation (d) coalescence

Figure 5.3 / Schematic representation of elongated void growth in a polycrys-
talline material; the microvoids nucleate at the second-phase particles and are
elongated due to shear dominated stress/strain states; eventually, coalescence
occurs due to instabilities in these shear bands.
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It is evident that the local deformation history and stress state in the material determine
which of the above void growth mechanisms is triggered. Hydrostatic tensile stresses
generally occur in structural members and during necking in sheet material, which re-
sults in a predominantly spherical void growth, as e.g. observed during deep-drawing pro-
cesses. During e.g. groove forming in food cans (Boers et al., 2005) spherical void growth
is largely prevented by compressive stresses and voids may only elongate and develop into
shear bands. However, both modes of void growth may also occur simultaneously, upon
which the microvoids increase their volume as well as change their shape. The ratio be-
tween both modes can be characterised by the ratio of e.g. the hydrostatic stress and an
equivalent shear stress, or of the volumetric and equivalent deviatoric strain.

5.1.2 Outline

This chapter focusses on the derivation of evolution laws for the void growth and
elongation during ductile failure as described before. Special attention is paid to ac-
commodating both modes of void deformation. The presented evolution laws are in-
tended for the use in continuum plasticity-damage formulations like those presented in
Chapters 2 and 3, which account for ductile damage by a reduction of the yield strength
on the basis of the evolution of internal damage variables. Up to now, the damage evolu-
tion laws that are utilised in these models have been predominantly phenomenological in
which the main emphasis was put on the incorporation of ductile damage into a plasticity
framework. On this basis, it was already possible to model ductile damage in the forming
of a groove for the lid of a food can (Boers et al., 2005), but only qualitative agreement be-
tween numerical and experimental data has been achieved. Attempts to determine these
damage evolution laws in an experimental way by means of microindentation have been
carried out with relative success (Panis, 2004). Yet, the predictive power of these empir-
ical relations is evidently restricted by the particular phenomenological format adopted.
This chapter focuses on the derivation of evolution laws based on the micromechanical
modelling of void growth in an attempt to improve their accuracy and predictive power.

In the next section a brief overview is given of micromechanical studies on void growth
and of related continuum porous plasticity formulations. In Section 5.3 finite element
simulations of a voided unit cell are employed to study the impact of voids on the global
material behaviour and to indicate some deficiencies of existing formulations to properly
model a combination of both modes of void growth as mentioned earlier. Thereafter,
damage evolution laws are derived on the basis of a simple micromechanical represen-
tation of a voided unit cell, which are finally confronted with the unit cell behaviour in
Section 5.5.
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5.2 Porous plasticity

Experiments that pointed out the importance of void growth in ductile fracture were al-
ready published in the literature in the early 1960s, by e.g. Rogers (1960) and Gurland
and Plateau (1963). The first theoretical studies that followed these observations (Mc-
Clintock, 1968; Rice and Tracey, 1969; Tracey, 1971) investigated the impact of a cavity
on the plastic response of the material. These studies concluded that for moderate to high
stress triaxialities (i.e. the ratio of the hydrostatic stress and deviatoric stress) volumetric
void growth overwhelms the shape change and that the growth rate of the cavity increases
exponentially with the triaxiality. Finite element analyses of a unit cell taken from a peri-
odic distribution of voids, among which those by Needleman (1972), Needleman and Rice
(1978) and Tvergaard (1981), permit to study the interaction between neighbouring voids
through the imposed symmetry and periodicity conditions. They reveal that at the final
stages of ductile failure the voids either coalesce (Needleman, 1972), or trigger a shear
band instability (Tvergaard, 1981).

Experimental observations and understanding gained from micromechanical analyses of
the effect of void growth on the plastic response of a material have led to the development
of several extensions to the classical Von Mises plasticity framework. These extensions
incorporate the effect of hydrostatic stress and dilatational flow. The most popular porous
plasticity theories are based on the yield criterion originally proposed by Gurson (1977),
who derived it from the volumetric growth of a spherical void in a rigid-plastic matrix.
In this framework the influence of the hydrostatic stress is governed by the evolution of
the void volume fraction f , which is defined as the ratio of the void volume and unit cell
volume, and hence constitutes a typical measure for ductile damage:

f ≡ Vvoid

Vcell
(5.1)

Although the original model by Gurson (1977) only accounts for the growth of exist-
ing spheroidal voids, several extensions by Tvergaard and Needleman allow to incorpo-
rate void initiation and coalescence as well (Tvergaard, 1982; Tvergaard and Needleman,
1984). Other noteworthy frameworks have been developed by Shima and Oyane (1976);
Lemaitre (1985); Ponte Castañeda and Zaidman (1994); Da Silva and Ramesh (1997);
Rousselier (2001). Although all these models have been derived by rather different ap-
proaches they can be cast into a similar mathematical structure cf. Mahnken (2002).

Note that the void volume fraction according to Equation (5.1) is insensitive with respect
to the shape of the cavity. Hence, a Gurson-type yield criterion is not able to capture the
impact of the change of void shape during purely elongated void growth at constant poros-
ity. Attempts to repair this were made by extensions of the Gurson model which consider
an ellipsoidal void instead of a spherical one (Gologanu et al., 1993, 1994). Besides the
void volume fraction f , an additional variable is used to characterise the elongated void
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growth, namely the void shape S, given by

S ≡ ln

(

avoid

bvoid

)

(5.2)

where a and b are respectively the major and minor semi-axes of the ellipsoidal void. The
resulting framework, however, generates poor predictions compared to microstructural
finite element simulations, which resulted in a number of ad hoc changes in order to
improve the agreement (Gologanu et al., 1997). Further extensions have been derived
that additionally consider void orientation, void distribution, and the influence of the
constitutive behaviour of the matrix material (e.g. Leblond et al., 1995; Lee and Mear,
1999; Garajeu et al., 2000; Benzerga and Besson, 2001).

As suggested by the investigations in literature, it suffices to consider the void volume
fraction of Equation (5.1) and the void shape of Equation (5.2) in order to be able to dis-
tinguish between volumetric and deviatoric (elongated) void growth.

5.3 Unit cell simulations of void growth

In this section, micromechanical unit cell simulations of void deformation will be pre-
sented that are in accordance with the findings from the aforementioned. The purpose of
these simulations is twofold. Firstly, they illustrate the impact of the void growth mech-
anisms on the global material behaviour and the shortcomings of existing formulations.
Secondly, they will serve as a basis for the damage evolution laws that are derived in
Section 5.4.

5.3.1 Unit cell geometry and boundary conditions

Simulations are performed on a two-dimensional regularly stacked square array of el-
liptical voids as depicted in Figure 5.4(a). It is assumed that the principal strain direc-
tions of the overall load are aligned with the axes of the elliptical voids, such that due
to symmetry and periodicity only one quarter of the unit cell needs to be modelled, as
shown in Figure 5.4(b), since the edges of the unit cell will remain straight during de-
formation. Consequently, there will be no rotation of the voids and the imposed defor-
mation is restricted to a proportional strain path. The boundary conditions are depicted
in Figure 5.5(a). The deformation in thickness direction is constrained by a plane strain
condition. Although the two-dimensional analysis implies that the void is an elliptical
cylinder, it has been verified with full three-dimensional calculations that a spheroid void
shape under plane strain conditions yields similar results in terms of volume averaged
stresses (see Figure 5.6).
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(a) void stacking
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(b) unit cell geometry

Figure 5.4 / Geometry of the two-dimensional plane strain unit cell.

On the undeformed outer unit cell boundary Γ0 displacement boundary conditions are
used in the direction of the outward unit normal vector~n0:

~x · ~n0 = (Fmacro ·~x0) · ~n0 with ~x0 on Γ0 (5.3)

where Fmacro is the overall deformation gradient tensor. Along the boundary, i.e. per-
pendicular to ~n0, a traction free condition holds because of symmetry. In this way the
boundary conditions are such that the following micro-macro averaging relation is satis-
fied

Fmacro =
1

Ω0

∫

Ω0

Fmicro dΩ0 =
∫

Γ0

~x~n0 dΓ0 (5.4)

in accordance with the homogenisation schemes of Hill (1984) and Nemat-Nasser (1999)

ux

ux

ux

uz uz uz

(a) boundary conditions (b) mesh for f = 0.01 and S = ln 2

Figure 5.5 / Boundary conditions and typical mesh discretisation of the two-
dimensional plane strain unit cell simulations.
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Figure 5.6 / Comparison of spherical and cylindrical void for a purely deviatoric
deformation with f = 0.01 and S = ln 1 under plane strain conditions; as a
reference the 2D response is depicted as the dashed curve.

where Ω0 is the total initial unit cell volume and ~x is the current (deformed) position
vector. The elliptical void surface, finally, is assumed to be completely traction free.

The overall deformation is characterised by the following straining mode:

α ≡ Λd

Λv
(5.5)

which is kept constant during the unit cell simulations and is defined as the ratio of the
following equivalent deviatoric and volumetric strain measures:

Λd =
√

2
3 [Λ]

d
: [Λ]

d and Λv = Λ : I (5.6)

where Λ = ln(U) is the logarithmic strain tensor which is frequently adopted in fi-
nite deformation plasticity theories (Nagdi, 1990; Simo and Miehe, 1992; Heiduschke,
1995) and the superscript d is used to denote its deviatoric part. The right stretch tensor
U = Fmacro due to the absence of (macroscopic) rotations. Note, however, that locally
within the matrix material (microscopic) rotations are still feasible. Hence, a large defor-
mation plasticity theory should be adopted in the unit cell simulations. The definition of
the strain ratio is such that the limit value α = 0 denotes a purely volumetric deforma-
tion andα = ∞ represents a purely deviatoric (and hence isochoric) deformation, which
enables to control the modes of void growth in the simulations. For the plane strain
conditions used in the unit cell simulations Λd and Λv are applied via the following log-
arithmic strains in the x- and z-direction

Λx = 1
2
Λv − 1

2

√

3Λ2
d − 1

3
Λ2

v

Λz = 1
2
Λv + 1

2

√

3Λ2
d − 1

3
Λ2

v

(5.7)

Note that due to the square roots in these relations for plane strain conditions the lower
bound for the strain ratio is α = 1

3
, which represents an equi-biaxial deformation of the

unit cell.
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Variable Value

Young’s modulus E 210 [GPa]

Poisson’s ratio ν 0.3 [ - ]

Initial yield stress σy0 395 [MPa]

Hardening modulus

(linear hardening) h 1000 [MPa]

(ideally plastic) h 0 [MPa]

Table 5.1 /Material properties for the matrix material in the unit cell of Figure 5.4(b); the
post-yield behaviour shows either linear hardening or no hardening.

As can be seen from Figure 5.5, the deformation of the void results from the matrix be-
haviour. The shape and size evolution of the void is governed by the macroscopically
imposed deformation and the constitutive behaviour of the matrix material. For the be-
haviour of the matrix material a hyperelasto-plastic model for finite strain is used con-
form Geers et al. (2000a, 2003) that has been used in Chapter 3 as well and which is
based on earlier work of Simo (1988a). Throughout this chapter the simulations use
the material properties of Table 5.1 with either ideally plastic or linear strain hardening
behaviour. Since this material model incorporates a deviatoric flow rule, the matrix ma-
terial deformation is plastically isochoric. The elastic part of the response may show a
volumetric contribution to the strain, but this contribution is generally small compared
to the amount of deviatoric straining for significant plastic strains. Hence a significant
increase of the total unit cell volume can only be achieved through an increase of the void
volume.

5.3.2 Homogenised unit cell behaviour

The impact of the void growth on the overall material behaviour can be assessed bymeans
of standard homogenisation techniques. The local stress within the unit cell is averaged
over the entire deformed unit cell volume Ω:

Σ =
1

Ω

∫

Ω

σ dΩ (5.8)

The global components of the Cauchy stress Σi j are calculated from integration point data
obtained in the finite element simulations by means of Gauss integration. Note that σ

vanishes in the void and the void thus only contributes to Σ via Ω. Based on the computed
Σ, equivalent overall stress measures are calculated analogically to the strain measures



88 5/ A MICROMECHANICAL STUDY OF MICROVOID GROWTH IN DUCTILE MEDIA

defined in Equation (5.6):

Σh = 1
3

Σ : I and Σe =
√

3
2 [Σ]

d
: [Σ]

d
(5.9)

which are the hydrostatic and equivalent macroscopic stress respectively.

The evolution of the void volume fraction f is obtained from the unit cell simulations
through the calculation of the total volume of thematrix material Vmatrix, which is equal to
the volume occupied by all finite elements in the mesh. The volume of a single element is
computed during the finite element analyses using the Jacobian associated with the shape
functions for the element displacements. The total volume of the unit cell is imposed
by the overall deformation due to the displacement boundary conditions on the outer
boundary of the unit cell and reads

Vcell = V0
cell exp(Λv) (5.10)

where V0
cell is the initial volume of the unit cell. Next, the void volume fraction is simply

computed using Vcell = Vvoid + Vmatrix as

f = 1 − Vmatrix

Vcell
(5.11)

The evolution of the void shape S is obtained from the current position of the void surface.
As the void is aligned with the principal directions of the applied global deformation, it is
assumed that its shape, which initially is elliptical, remains elliptical during deformation.
Consequently, the intersections of the void surface ~xvoid with the horizontal and vertical
axes of symmetry in the unit cell yield the values for the semi-axes a and b, fromwhich the
void shape S can be computed with the definition of Equation (5.2). It has been verified
that the actual shape of the void surface from the unit cell simulations indeed closely
matches the shape of an ellipse during the deformation.

The impact of the initial damage parameters S and f on the homogenised stress response
is shown in Figure 5.7 for ideally plastic behaviour of thematrix material. The solid curves
represent unit cell simulations of a voided unit cell whereas the dashed curves show
the reference situation without a void. An increasing value of the void volume fraction
f causes the equivalent averaged stress to drop in Figure 5.7(b), conform the original
Gurson model (Gurson, 1977). However, as can be seen in Figure 5.7(a), for an increasing
initial void shape S a distinct increase of the hydrostatic averaged stress is observed. As
all solid curves in this figure have the same value of f , this cannot be captured with the
yield criterion of the original Gurson model, but requires the incorporation of the void
shape S as an additional damage variable (Gologanu et al., 1993, 1994).

The impact of the applied global loading becomes clear from Figure 5.8, in which both
the normalised equivalent Von Mises and the hydrostatic average stress are shown for a
range of the imposed strain ratioα (Equation (5.5)). It is clear that the straining mode has
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Figure 5.7 / Impact of the damage variables S and f on the normalised equiva-
lent averaged stresses as a function of the imposed deviatoric equivalent strain
Λd for a purely deviatoric deformation (α = ∞); solid curves represent voided
unit cells and dashed curves represent the reference case of no void.

a considerable influence on the average material response as shown for an initial void
volume fraction f = 0.01 and modest initial void elongation S = ln 2.

As a consequence of the inability of the Gurson model to capture the influence of the
void shape S, the mode of deviatoric (elongated) void growth cannot be captured correctly
by it. This shortcoming becomes not only apparent when the voids are already in an
elongated state, but also for spherical voids that are subjected to a significant amount
of shear. This can be shown by comparison of the behaviour of the Gurson model and
axisymmetric unit cell simulations using a spherical void and unit cell in contrast to the
unit cell geometry presented in Section 5.3.1. The behaviour of the Gurson model can be
obtained in a semi-analytical fashion by the numerical integration of the set of governing
nonlinear differential equations, as demonstrated in Appendix D. In Figure 5.9 the Von
Mises stress response in the unit cell simulations is compared to the response obtained
by numerical integration of the Gurson model for rigid-ideally plastic matrix material. In
this case the response of the Gurson model evidently matches the unit cell simulations
for the purely volumetric loading case (α̂ = 180

π
atan(α) = 0◦ in Figure 5.9), as expected

since the unit cell geometry and hardening behaviour of the unit cell simulations are
taken conform the assumptions of the Gurson model. Also for the purely deviatoric
deformation the numerical Gurson response matches the unit cell behaviour (α = 90◦ in
Figure 5.9). Apparently, the Von Mises stress, Σe, is not influenced by the void elongation
for the case of purely deviatoric straining. However, in this case the void elongation does
influence the course of the hydrostatic stress, Σh, as can be seen in Figure 5.7(a).

For the other strain ratios a difference is observed, where it should be noted that the peaks
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that appear in the unit cell response of Figure 5.9(a) for small deformations are mainly
caused by the elasticity of the matrix material, which is evidently not captured by the rigid
plastic analysis of the Gurson model. Nevertheless, close inspection of the response for
larger deformations – where the influence of the elastic contribution to the deformation
has become negligible in comparison to the plastic contribution – still reveals a moderate
difference between the response of the unit cell and the Gurson model that grows for
an increasing amount of shear deformation. It has been verified that these differences
become more pronounced for linear hardening material behaviour (see also Leblond et
al., 1995) and for initially elongated voids.

Nevertheless, the most prominent deviations of the Gurson model from the unit cell
response are observed for the purely deviatoric case (α = ∞). As can be seen from
Figure 5.7(a) the hydrostatic stress already gains values up to 60 percent of the initial
yield strength at 2 percent applied strain and a void shape S = ln 20 (top curve). In
this case the Gurson model predicts Σh = 0 irrespective of the value of the void shape,
which shows the importance to incorporate the elongated mode of void growth besides
the dilatational growth.

5.4 Damage evolution laws for void growth

Next, evolution laws for the damage variables f and S will be derived based on the mi-
cromechanical modelling of void growth in a unit cell. For the void volume fraction f
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Figure 5.9 / Comparison of the Gurson model with axisymmetric unit cell cal-
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ranging from purely volumetric α̂ = 0◦ to purely deviatoric α̂ = 90◦.

defined in Equation (5.1) the evolution law will be adopted that has been mostly used
in Gurson type models. For the evolution of the void shape S that has been defined in
Equation (5.2) an alternative micromechanical model will be presented.

The evolution law for the void volume fraction f can be derived by comparing the volumes
of the matrix material and of the void within the unit cell:

Vcell = Vvoid + Vmatrix (5.12)

The only assumption required is that all volume change comes from the growth of the
void whereas the volume of the matrix material remains constant (V̇matrix = 0). Conse-
quently,

V̇matrix =
d

dt
([1 − f ] Vcell) = [1 − f ] V̇cell − ḟ Vcell = 0 (5.13)

or

ḟ = [1 − f ]
V̇cell

Vcell
(5.14)

The volume change rate is equal to the trace of the deformation rate tensor, which yields

ḟ = [1 − f ] tr(D) = [1 − f ] Dv (5.15)

where D = 1
2

[

Ḟ · F
−1 + F

−T · Ḟ
T
]

denotes the global rate of deformation tensor and Dv

is the volumetric part of this tensor, for which we have Dv = Λ̇v since D = Λ̇ for the
case that we investigate, since our macroscopic principal axes do not change and hence
all global tensors commute. Evidently, the void volume fraction will only increase in case
of an applied volumetric strain and will remain constant in case of a purely deviatoric
deformation.
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In order to obtain an evolution law for the void shape S, additional information is re-
quired besides the increase of the unit cell volume. For this purpose the geometry for the
micromechanical model is idealised by two elliptical surfaces, representing respectively
the void and the unit cell, as depicted in Figure 5.10. This geometry is similar to the ones
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Figure 5.10 / Geometry used by the micromechanical model for the derivation
of the evolution law of the void shape S .

adopted in extensions of the Gurson model that incorporate void shape effects, like Golo-
ganu et al. (1993, 1994). However, unlike the model by Gologanu et al., both ellipses are
not considered confocal in the present work

cvoid 6= ccell where c ≡
√

a2 − b2 (5.16)

as indicated in Figure 5.10, reflecting the geometry used by the micromechanical model.
The motivation for this choice will be given later in this section, after the particular non-
confocal relation has been stated, and hence can be compared to unit cell data.

The following kinematical relation between the position of the inner void surface and the
outer boundary of the cell is postulated, which is assumed to hold throughout the entire
deformation that is imposed on the outer boundary of the cell:

sinh(Svoid) =
sinh(Scell)

f n
with 0 ≤ n ≤ 1 (5.17)

where the exponent n determines the degree of non-confocality. For n = 0 the shape of
the void and outer boundary are equal, whereas for n = 1 the void and outer boundary
are confocal. The latter can be shown using the definitions of f , S and c, which indeed
yields cvoid = ccell as adopted by Gologanu et al. (1993, 1994). Basically, this kinemati-
cal constraint allows to compute the void shape Svoid once the deformation of the outer
boundary Scell and the evolution of the void volume fraction f are known or prescribed.

For the present micromechanical model the value n = 1
2
will be adopted. This particular

choice can be motivated with a property of the rate of deformation of the horizontal and
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vertical ligaments of the micromechanical geometry, which is obtained from the unit cell
simulations. However, this will be shown at the end of this chapter as it involves the
evolution law for the void shape, which at this point still has to be derived. It can be easily
verified that the kinematical constraint (5.17) indeed results in a non-confocal evolution
of the void surface for n = 1

2
by the transition to elliptical coordinates (β, λ):

x = b sin(β)

z = a cos(β)
(5.18)

where

a = c(λ) cosh(λ)

b = c(λ) sinh(λ)
(5.19)

are the major and minor semi-axis of the ellipse. Again, making use of the definitions of
the void shape S, the volume fraction f and the focal distance c, the kinematical constraint
can be reworked towards the following equation, relating the focal points of both ellipses

cvoid = ccell

√

sinh(2λvoid)

sinh(2λcell)
(5.20)

Evidently, the void is generally not confocal with the outer boundary because cvoid 6= ccell

unless λ = λcell, which is only true in the limit case of a spherical void and cell geometry.

The need for a non-confocal evolution of the void can be made plausible with the unit cell
simulations from Section 5.3.2. The evolution of the focal point of an initially spherical
void that is subjected to a purely deviatoric plastic strain, is depicted in Figure 5.11. The
confocal evolution is indirectly obtained from the deformation of the outer boundary from
the unit cell simulations, which is completely determined by the initial geometry and the
imposed global deformation due to the applied displacement boundary conditions (see
Equation (5.3)). Since the shape of the unit cell used for the unit cell simulations is square
an effective elliptical shape is assumed for the initial geometry that satisfies confocality
and yields the correct initial void volume fraction, which in this case initially yields a
circular shape. Note that for a circular void the non-confocal kinematical constraint (5.17)
is initially satisfied as well. Comparison of the various predictions of the focal point
evolution for the void with the evolution obtained from the unit cell simulation shows
a better agreement for the non-confocal kinematical constraint, which points out that a
confocal evolution is questionable.

Next, an evolution equation for the void shape S is derived based on the kinematical
relation of Equation (5.17). Since this constraint is assumed to hold throughout the de-
formation of the unit cell, an evolution equation is obtained by taking the derivative with
respect to time, yielding

Ṡ =
cosh(Scell)

√

f cosh(S)
Ṡcell − 1

2 f

sinh(Scell)
√

f cosh(S)
ḟ (5.21)
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Figure 5.11 / Focal point evolution of the void surface; the grey curve is obtained
from an actual unit cell simulation, whereas the solid black curve represents the
non-confocal evolution according to Equation (5.17) for n = 1

2 and the dashed
curve the confocal evolution for n = 1 as adopted by Gologanu et al. (1993).

where the subscript void has been dropped for the sake of brevity. The time derivatives on
the right-hand side of this relation can be expressed in terms of the applied overall load
as follows. The deformation of the outer boundary of the unit cell is prescribed through
the applied global load in accordance with Section 5.3. Consequently, the elongations of
the semi-axes of the outer boundary are known as a function of the applied load as

acell = a0
cell exp(Λz)

bcell = b0
cell exp(Λx)

(5.22)

where Λx and Λz are the logarithmic strains in respectively the horizontal and vertical
direction. The rate of the shape change of the outer boundary of the unit cell then reads

Ṡcell =
d

dt

(

ln

(

acell

bcell

))

(5.23)

or, using Equation (5.22) and Λ̇x = Dx, Λ̇z = Dz

Ṡcell = Dz − Dx (5.24)

For ḟ this is simply achieved by expressing the evolution law of Equation (5.15) in terms
of Dx and Dz

ḟ = [1 − f ] [Dx + Dz] (5.25)

Note that this enforces the matrix material to deform isochorically.
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Substitution of Equations (5.24) and (5.25) in the rate equation (5.21) and using
Equation (5.17) to eliminate

√

f , yields the following format for the evolution of the void
shape S:

Ṡ =
tanh(S)

tanh(Scell)
[Dz − Dx] − 1 − f

2 f
tanh(S) [Dx + Dz] (5.26)

The shape of the outer boundary Scell can be eliminated from this relation by applying
oncemore the kinematical relation between the void shape and the outer boundary, which
yields

Ṡ =

√

1
f

+ sinh2(S)

cosh(S)
[Dz − Dx] − 1 − f

2 f
tanh(S) [Dx + Dz] (5.27)

Note that the latter relation is an evolution law for the void shape S in terms of the gov-
erning damage parameters S and f as a function of the imposed deformation Λx and
Λz. The first term in this evolution law represents the shape change due to the deviatoric
part of the applied straining and the second term represents the shape change due to the
volumetric expansion, which vanishes for S = 0.

Contrary to the approach outlined above, the extended Gurson model by Gologanu et al.
(1993) obtains an evolution law for the void shape from the construction of a velocity field
that represents incompressible flow and that corresponds to the average deformation rate
at the outer cell boundary. The resulting evolution law differs considerably from the one
derived above, but it does show both a deviatoric and volumetric contribution to the void
shape evolution. Furthermore, a number of empirical changes to their framework were
proposed to obtain a better agreement with unit cell simulations (Gologanu et al., 1997),
which complicates their framework considerably.

Although numerical integration of the evolution law (5.27) yields a prediction that already
reveals a good qualitative agreement with the void growth from the unit cell simulations,
it still has to account for the influence of the matrix material behaviour on the void shape
evolution. Quantitative agreement with the unit cell simulations is next established by
fine-tuning Equation (5.27) by the introduction of four evolution parameters c1 to c4:

Ṡ =
1 + c1

√

f −c2 sinh−2(c2 S) + 1

1 + c1 coth(c2 S)
[Dz − Dx]

− 1 − f

2 f

c3

c4 + coth(c2 S)
[Dx + Dz]

(5.28)

For c1 = c2 = c3 = 1 and c4 = 0 Equation (5.27) is retrieved. It should be mentioned that
the introduction of the evolution parameters hardly complicates the existing framework.
Furthermore, the evolution parameters are introduced in such a way that they preserve
the non-confocal void shape evolution and the isochoric deformation of the matrix mate-
rial.
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As the four evolution parameters are dependent on the matrix behaviour, the prediction
of the micromechanical model is fitted to the response of the unit cell simulations. A
strategy has been followed that only requires the input of two specific loading cases from
the unit cell simulations, i.e. purely deviatoric straining (α = ∞) and equi-biaxial strain-
ing (α = 1

3
). For the purely deviatoric case the second term in the evolution law for S

of the micromechanical model vanishes completely, and the evolution is influenced only
by c1 and c2. The evolution of S obtained from the unit cell simulation for various initial
void shapes and α = ∞ has been compared to the prediction of the micromechanical
model obtained by numerical integration of the above evolution law. Based on this com-
parison the evolution parameters c1 and c2 have been determined such that the difference
between the void shape evolution of themicromechanical prediction and the unit cell sim-
ulations is minimised in a least-squares manner. This results in c1 = 0.45 and c2 = 0.58

for the matrix material conform to Table 5.1, for which the predicted evolution of the
void shape as well as the unit cell response have been plotted in Figure 5.12(a). For the
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Figure 5.12 / Void shape evolution as a result of the fitting procedure to deter-
mine c1 to c4 using the unit cell data from only two specific loading cases and
the matrix material properties from Table 5.1.

equi-biaxial deformation, the first term in the evolution law for S of the micromechanical
model vanishes, and the evolution is only influenced by c3 and c4. The remaining two evo-
lution parameters have been determined in a similar way by minimising the difference
between the prediction of the micromechanical model and the actual unit cell behaviour
for α = 1

3
and various intial void shapes. This results in c3 = 2.20 and c4 = 0.23. This

fit is shown in Figure 5.12(b).
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Figure 5.13 / Comparison of the evolution of the void volume fraction f ob-
tained from integration of the evolution law and various plane strain unit cell
simulations; f 0 = 0.002, 0.01, and 0.05 whereasα ranges from 1

3 to ∞ and S0

ranges from ln 1 to ln 20.

5.5 Assessment of damage evolution laws

In order to determine the quality of the evolution laws for both damage parameters, i.e.
Equation (5.15) for the void volume fraction f and Equation (5.28) for the void shape S,
their prediction is compared to the plane strain unit cell simulations from Section 5.3.
These simulations are chosen such that the impact of both S and f and the applied strains
Λd and Λv are visualised, hence ensuring that both volumetric and elongated void growth
are covered.

It can be shown that the evolution of the void volume fraction f obtained from
Equation (5.15) is valid for both modes of void growth and the applied global load. In
fact, it can be shown that the evolution of the void volume fraction indeed only depends
on the initial void volume fraction f 0 and the volumetric part of the applied global load Λv

and is insensitive to the value of the void shape S and the deviatoric part of the applied
global load Λd. This is shown in Figure 5.13 where the void volume fraction obtained
from various plane strain unit cell simulations has been plotted along with the integrated
result of the damage evolution law for f . From this figure it is clear that the evolution law
for f indeed shows the expected agreement with the unit cell behaviour as was argued
before.

The situation for the evolution of the void shape S according to Equation (5.28) is more
complicated, since it depends on both the deviatoric and the volumetric part of the ap-
plied global deformation Λd and Λv, and is sensitive to the current value of both damage
parameters S and f . In Figure 5.12(a) it has been already shown that the evolution law
shows a qualitative agreement with the unit cell deformation in terms of the impact of
the initial void shape S0. In Figures 5.14(a) and 5.14(b) the ability to correctly predict the
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Figure 5.14 / Comparison of the evolution of the void shape S obtained from
integration of the evolution law and various plane strain unit cell simulations.

influence of the initial void volume fraction f 0 and the applied global load in terms of the
strain ratio α is shown. From these figures it is clear that the evolution law for S indeed
shows a reasonably good agreement with the unit cell simulations for both modes of void
growth.

Finally, the non-confocality of the evolution law (5.28) is investigated further. In this
context, it is illustrative to look at the difference in the ligament deformation rates, which
is defined for the micromechanical model depicted in Figure 5.10 as

Dligament =
∆ȧ

∆a
− ∆ḃ

∆b
(5.29)

where ∆a = acell − avoid is the vertical ligament length and ∆b = bcell − bvoid is the hori-
zontal ligament length. It has been observed for this quantity in the unit cell simulations
from Section 5.3 that

Dligament ≥ 0 (5.30)

for the entire range 1
3
≤ α ≤ ∞ and irrespective of the initial values for f and S, if

Λz ≥ Λx which is true for the applied displacement boundary conditions as can be seen
from Equation (5.7). Since the geometry of this unit cell is square, acell and bcell have
been determined as the intersections of the outer boundary with the lines of symmetry
in the unit cell (x = 0 and z = 0). The semi-axes of the void avoid and bvoid have been
determined from the current position of the void surface as outlined in Section 5.3.2.

On the other hand, the difference in the ligament deformation rates according to
Equation (5.29) can be rewritten using elliptical coordinates, and after application of the
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definitions for S and f as

Dligament = 1
2

[

acell

acell − avoid
+

bcell

bcell − bvoid

]

[Dz − Dx]

+ 1
2

[

bvoid

bcell − bvoid
− avoid

acell − avoid

]

ḟ

f

− 1
2

[

avoid

acell − avoid
+

bvoid

bcell − bvoid

]

Ṡ

(5.31)

This relation shows respectively the impact of the applied deviatoric straining, the in-
crease of the void volume fraction f and the evolution of the void shape on the difference
in ligament deformation rates. Note hat the above relation is valid for both the confo-
cal and non-confocal evolution of the void shape, and hence permits to investigate the
effect of both assumptions. For this purpose, the case of a purely deviatoric straining is
considered, i.e. Dx = −Dz ≥ 0, for which the second term in Equation (5.31) vanishes
since ḟ = 0. Furthermore, it is clear that acell ≥ avoid and bcell ≥ bvoid such that the first
term has a positive contribution to Dligament and the third term a negative contribution
as generally Ṡ ≥ 0. Evidently, the sign of Dligament depends on the balance between the
applied deviatoric strain rate and the rate of the void shape Ṡ.

For an initially spherical void and outer boundary, this balance can be written as

Dligament(S = 0, α = ∞) =
2Dz −

√

f Ṡd(S = 0)

1 −
√

f
(5.32)

where Ṡd is the deviatoric term in the evolution law for the void shape. For the non-
confocal evolution law (5.28) it can be shown that

Ṡd(S = 0) =
2 c2 Dz
√

f
(non-confocal) (5.33)

The term
√

f in the denominator of the above relation exactly cancels
√

f from the enu-
merator of Equation (5.32). As a consequence Dligament(S = 0, α = ∞) ≥ 0 irrespective
of the value for f . It has been verified numerically that this holds for an arbitrary value of
S as well. In fact, this has been the main motivation to choose n = 1

2
in the kinematical

constraint (5.17).

For a confocal evolution it can be derived in a similar way that generally

Ṡd(S = 0) =
2 Dz

f
(confocal) (5.34)

In this case the term
√

f is not cancelled from the enumerator of Equation (5.32) such
that now Dligament(S = 0, α = ∞) ≤ 0 irrespective of the value for f . It has been ver-
ified numerically that a negative Dligament is obtained for a considerable range of S as
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well, which violates the results obtained from the unit cell response. Hence, it can be
concluded that a confocal evolution of the void shape yields unrealistic predictions for a
large range of S and f , which is remedied by the use of a non-confocal evolution law like
Equation (5.28) that originates from a kinematical constraint (5.17) with 0 ≤ n ≤ 1

2
.

5.6 Conclusions and recommendations

In this chapter a micromechanical model has been presented which permits the deriva-
tion of an accurate evolution law for the void shape S. Together with the usual relation
for the void volume fraction f and the applied global load this evolution law allows for the
proper description of the evolution of ductile damage in a material due to a combination
of volumetric and elongated void growth. The accurate prediction of these mechanisms
is not only important for forming processes which utilise the ductile failure to separate
material, but also for processes in which the development of damage is in principle un-
desired. In these cases it allows to assess the influence of damage on forming limits for
subsequent deformation steps.

Themicromechanical model postulates a kinematical relation between the void shape and
the outer boundary of an imaginary cell of surrounding matrix material. This kinematical
relation in combination with the condition that the matrix material deforms isochorically
is such that an imposed deformation on the outer boundary results in an evolution of the
void size and shape. The evolution law obtained from this model shows a good qualitative
agreement with finite element simulations of a unit cell. The correct trends, as observed
in the unit cell simulations, are predicted for the influence of the damage variables S and
f and the strain ratioα of the applied global load.

The evolution law can be fine-tuned by the introduction of a set of well-chosen param-
eters, which are required to account for the influence of the matrix material behaviour
on the void shape evolution. These evolution parameters are determined by means of
a fitting strategy that only requires the input from two specific loadcases, i.e. the purely
deviatoric deformation and the equi-biaxial deformation of the unit cell. It has been ver-
ified that the resulting evolution law for the void shape S indeed shows an improved,
quantitative agreement with the unit cell simulations.

An important quality of the evolution law is the non-confocality of the deformation of the
void and the outer boundary, in contrast with evolution laws that are adopted by other
models in the literature. It has been shown by means of the data obtained from the unit
cell simulations and the typical properties of a confocal and a non-confocal evolution, that
the latter type gains preference.

The unit cell simulations reveal the need to incorporate a damage-driving variable that ac-
counts for dilational effects, besides the shear-driven damage as applied in the plasticity-
damage formulation of Chapters 2 and 3. In order to achieve this the plasticity framework
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has to be extended such that both deviatoric and plastic flow are considered. Furthermore,
the yield function has to be formulated in terms of both the hydrostatic stress and the Von
Mises stress and has to account for the influence of both damage variables. Regarding the
similar choice for the set of damage governing variables with those incorporated in plas-
ticity frameworks that adopt a homogenised yield criterion similar to e.g. the extended
Gurson model by Gologanu et al. (1993), one could suggest to directly incorporate these
improved damage evolution laws into such a framework. Although such a yield criterion
is able to represent the influence of both the void volume fraction f and the void shape
S, these may be derived based on assumptions contradictory to the ones of the presented
micromechanical model. Consequently, it is preferred to derive a custom-tailored ho-
mogenised yield criterion that respects the assumptions made during the derivation of
the damage evolution laws, which will be commented upon in the final chapter.
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CHAPTER SIX

Conclusions and recommendations

Abstract / In this chapter the overall conclusions are recapitulated and confronted with the
main objective of this thesis. Furthermore, recommendations are made for future develop-
ment of the present framework.

6.1 Conclusions

From the introduction of this thesis the objective is repeated:

The development of a continuum plasticity-damage model which is capable of simulating

the transition from hardening to softening behaviour up to the point of complete fail-

ure, and which captures the most important underlying micromechanical mechanisms of

ductile damage.

In order to accomplish this goal, in Chapter 2 a continuum gradient-enhanced plasticity-
damage formulation has been formulated. The key feature of this model resides in the
fact that damage is introduced in the plasticity framework by the gradual reduction of the
yield strength by a ductile damage variable, thus resulting in a transition from hardening
to softening behaviour. The ductile damage variable depends on a nonlocal field vari-
able, e.g. the nonlocal effective plastic strain in case of shear-dominated problems. This
nonlocal field is the solution of a partial differential equation that is solved in combina-
tion with the usual equilibrium equation. It introduces an intrinsic length scale into the
plasticity-damage framework, that governs the spatial interaction of the ductile damage
and regularises the softening response of the model. These findings have been substanti-
ated by means of various one- and two-dimensional simulations of ductile damage evolu-
tion, which also reveal the ability to reach complete local failure. It can be concluded that
this model resolves a number of inadequacies that have been encountered in the classical
plasticity framework as well as alternative gradient-enhanced formulations.

103
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In Chapter 3 an extension of the plasticity-damage model to a plasticity framework that
is suitable for handling finite strains has been presented. This can be achieved without
compromising the benefits of the method as observed in the small strain framework.
Within the context of geometrical nonlinearity the intrinsic length scale of the nonlocal
variable can be given different interpretations. A material, or Lagrangian, length scale
involves nonlocal averaging over a material domain, whereas a spatial, or Eulerian, length
scale covers a spatial domain. The impact of this choice has been illustrated by means of
a tensile test, which shows opposite effects for both choices.

The relative performance of three prototypical higher-order plasticity theories, among
which a nonlocal framework similar to the one utilised in Chapters 2 and 3, has been
explored in Chapter 4. Two typical fields of application have been considered, i.e. the
prediction of size effects in the hardening regime as observed experimentally for metallic
materials, and the ability to remove the pathological localisation behaviour as displayed
by standard plasticity theories in the softening regime. Although the Fleck and Hutchin-
son (1997) theory is the only class of higher-order models that performs well in both
cases, the nonlocal formulation presented in this thesis achieves the best results for the
transition from hardening to softening and localisation, which is also found by Jirásek
and Rolshoven (2003). The analysis of localisation behaviour reveals that the nonlocal
plasticity formulation does allow for a transition from hardening to softening, and within
the softening regime correctly predicts a localisation band of finite with. For increasing
deformation this width gradually vanishes, which allows for the convergence towards a
physical discrete crack at complete failure. The latter is considered to be an advantage
when dealing with the transition from continuum damage to discrete failure.

Finally, in Chapter 5 a micromechanical model has been presented that allows for the
derivation of ductile damage evolution laws, which capture the deformation and growth
of micro voids in the material. Both the void shape and void volume fraction are treated
as damage governing variables. The former is required in order to model the influence
of the elongated deformation of voids that mainly occurs for a shear-dominated deforma-
tion, whereas the latter captures the dilatational growth of voids in the presence of high
hydrostatic stresses. Rotation of the (elongated) voids is not taken into account. These
damage evolution laws cover the mechanisms of ductile damage for an entire range of
loading cases between shear and dilatation as long as the principal straining directions
do not change too much. This has been verified by means of comparison with the plane
strain finite element simulations of a voided unit cell for the entire range of void shapes,
void volume fractions and applied deformations. Furthermore, the damage evolution
laws could be fine-tuned to the response of the unit cell simulations such that they ac-
count for the influence of the matrix material on the ductile failure behaviour as well.

In contrast to the evolution laws that are derived for a similar set of damage-governing
variables by e.g. Gologanu et al. (1997), the micromechanical model assumes a non-
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confocal evolution of the void with respect to the outer boundary of the surrounding
matrix material. This non-confocal evolution has been confirmed by unit cell simula-
tions and can be related to the difference in ligament rate of deformations within its unit
cell geometry. Furthermore, the particular format of the evolution laws is less complex
than those adopted by alternative models for porous plasticity.

Regarding the conclusions above it can be postulated that the main objective as set forth
in the beginning of this thesis has been largely met. It has been shown that the frame-
work of gradient-enhanced damage-plasticity is well capable of simulating ductile dam-
age behaviour up to complete failure. With respect to the second part of the objective,
improved damage evolution laws have indeed been derived that are able to capture un-
derlying effects of the mechanism of ductile damage from a micromechanical point of
view. Nevertheless, combining both aspects into a single framework requires some addi-
tional steps that are commented upon next.

6.2 Recommendations

The micromechanical analysis shows the importance to incorporate both shear-
dominated and dilatational-dominated damage in order to account for the underlying
mechanisms during ductile failure in a metallic material. The incorporation of shear-
dominated damage is naturally accounted for in isochoric plasticity, whereas the incor-
poration of damage due to dilatational void growth requires a dependency of the yield
function on the hydrostatic stress and the ability to handle plastic dilatation, besides the
dependency on the Von Mises stress and plastic shear. In order to achieve this, the be-
haviour of the micromechanical model from Chapter 5 should be homogenised in or-
der to derive a pressure-sensitive yield function. This can be achieved in the fashion as
adopted by porous plasticity formulations like Gurson (1977) and Gologanu et al. (1997)
and requires the calculation of the plastic dissipation averaged over the entire unit cell.
Application of the principle of maximum plastic deformation and normality allow for the
derivation of the homogenised yield function.

Subsequently, this yield function can be incorporated into e.g. the hyperelasto-plastic
framework as used in Geers (2004), which in essence allows to incorporate both plas-
tic dilatation and plastic shear. Furthermore, this framework has already been proven
to be suitable for the gradient-enhancement of Chapters 2 and 3. Nevertheless, it is ex-
pected that nonlocality of both damage-driving variables is required in order to permit the
accurate modelling of ductile failure. This can e.g. be achieved by solving an additional
partial differential equation for the dilatational damage variable.

It has been shown that a spatial nonlocality tends to a local formulation for increasing
deformation, which evidently disturbs the regularising effect near complete failure for
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softening. Hence, a material nonlocality is preferred. Nevertheless, in theory it is not
required for the length scale to remain constant during deformation. Consequently, it is
interesting to investigate the motivation for such a non-constant length scale. This may
be linked to aspects involving the size and distribution of microvoids that influence the
interactions between the microvoids during ductile failure. This may even gain insight
in the particular length scales that are involved for both the dilatational and deviatoric
damage variable.

The damage evolution laws can be improved by considering aspects like void initiation
and coalescence as well. This can either be achieved in a more or less ad hoc fashion like
the Gurson–Tvergaard–Needleman models (see Tvergaard, 1990) or by the incorporation
of additional damage parameters like e.g. Garajeu et al. (2000).



APPENDIX A

Nonlocal weighting
using the Green’s function

The starting point is the definition of the nonlocal effective plastic strain, which is com-
puted on R

3 by evaluating the following integral:

ε̄p(~x ) =
∫

R3

Gf(~y ;~x ) εp(~y ) d~y (A.1)

The Green’s function Gf(~y ;~x) for the free boundary problem of Equation (2.10) and
c(ℓ) = ℓ2 is given on R

3 by:

Gf(~y ;~x) =
1

4πρ ℓ2
exp

(

−ρ

ℓ

)

(A.2)

where ρ = |~x −~y | =

√

3

∑
i

[xi − yi]
2. Substitution of the Taylor expansion of εp(~y )

around ~x into Equation (A.1) yields:

ε̄p(~x) =
∫

R3

Gf(~y ;~x) d~y εp(~x) +
∫

R3

[yi − xi] Gf(~y ;~x) d~y
∂εp

∂ xi

+
1

2!

∫

R3

[yi − xi]
[

y j − x j

]

Gf(~y ;~x) d~y
∂2εp

∂ xi ∂ x j

+
1

3!

∫

R3

[yi − xi]
[

y j − x j

]

[yk − xk] Gf(~y ;~x) d~y
∂3εp

∂ xi ∂ x j ∂ xk

+
1

4!

∫

R3

[yi − xi]
[

y j − x j

]

[yk − xk] [yl − xl] Gf(~y ;~x) d~y
∂4εp

∂ xi ∂ x j ∂ xk ∂ xl

+ · · ·
(A.3)

107



108 A/ NONLOCAL WEIGHTING USING THE GREEN’S FUNCTION

First, the integrals that vanish are excluded from the above series. Note that according
to Equation (A.2) Gf(~y ;~x) is symmetric and that the terms [yi − xi] are anti-symmetric
with respect to yi − xi = 0. Consequently,

Ii =
∫

R3

[yi − xi] Gf(~y ;~x) d~y = 0 ∀ i (A.4)

Ii j =
∫

R3

[yi − xi]
[

y j − x j

]

Gf(~y ;~x) d~y = 0 ∀i 6= j (A.5)

Ii jk =
∫

R3

[yi − xi]
[

y j − x j

]

[yk − xk] Gf(~y ;~x) d~y = 0 ∀ i, j, k (A.6)

Using the same reasoning, one can conclude that within the series of integrals in front
of the fourth-order derivatives of εp

∫

R3

[yi − xi]
[

y j − x j

]

[yk − xk] [yl − xl] Gf(~y ;~x) d~y (A.7)

the integrals are non-zero in the following cases:

(a) i = j = k = l

(b) i = j ∧ k = l ∧ i 6= k

(c) i = k ∧ j = l ∧ i 6= j (A.8)

(d) i = l ∧ j = k ∧ i 6= j

Taking into account the above and from Equation (A.2) that
∫

R3

Gf(~z ) d~z = 1,

Equation (A.3) can be simplified to:

ε̄p(~x ) = εp(~x ) +
1

2!
I(2)
m

∂2εp

∂ x2
m

+
3

4!
I(2)
mn

∂4εp

∂ x2
m ∂ x2

n

+
1

4!
I(4)
m

∂4εp

∂ x4
m

(A.9)

where with the transformation~z = ~y − ~x,

I(2)
m =

∫

R3

z2
m Gf(~z ) d~z = 2ℓ2 ∀m = 1, 2, 3

I(2)
mn =

∫

R3

z2
m z2

n Gf(~z ) d~z = 8ℓ4 ∀m, n = 1, 2, 3 (A.10)

I(4)
m =

∫

R3

z4
m Gf(~z ) d~z = 24ℓ2 ∀m = 1, 2, 3

Finally, substitution of these results in Equation (A.9) yields:

ε̄p(~x ) = εp(~x ) + ℓ2 ∇2εp(~x ) + ℓ4 ∇4εp(~x ) + · · · (A.11)

When comparing this relation with Equation (2.5), it is clear that indeed d(ℓ) − c2(ℓ) = 0

holds if the Green’s function is used as a weight function. Hence, equating the coeffi-
cients in Equation (2.9) to zero in order to arrive at the implicit gradient approximation
of Equation (2.10) is indeed fully equivalent to using an integral format adopting the
Green’s weight function in R

3.



APPENDIX B

Consistent tangent
for gradient-enhanced plasticity-damage

For the consistent linearisation of the constitutive behaviour of the implicit gradient for-
mulation, we start from the relation between the stresses and the elastic strains given by
Equation (2.33). The result of the implicit Euler backward time integration of this relation
reads:

∆σ = 4C : ∆ǫ − ∆γ 4C : N (B.1)

The consistent linearisation of this relation is:

δσ = 4C : δǫ − 4C : N
(i−1) δγ − ∆γ(i−1) 4C : δN (B.2)

where ∆γ is the total incremental contribution to the plastic multiplier, which is calcu-
lated with a standard return-mapping algorithm. Note that the variation δN only persists
for multi-dimensional problems, and that it can be written as follows for von Mises plas-
ticity:

δN =
∂N

∂σ
: δσ =

∂
∂σ

(

3

2

σd

σe

)

: δσ =
4 M − N

(i−1)
N

(i−1)

σe
: δσ (B.3)

where 4 M stands for the following constant tensor:

4 M =
3

2

[

4 I − 1

3
I I

]

(B.4)

in which 4 I and I are respectively the fourth-order and the second-order unit tensors. As
a result the stress variation in Equation (B.2) can be written as follows:

δσ = 4H
(i−1)

: {δǫ − N
(i−1) δγ} (B.5)

109



110 B/ CONSISTENT TANGENT FOR GRADIENT-ENHANCED PLASTICITY-DAMAGE

In this relation the auxiliary fourth-order tensor 4H is defined as:

4H =

{

[4C]
−1

+
∆γ(i−1)

σe
[4 M − N

(i−1)
N

(i−1)]

}−1

= h1
4 I + h2 I I + h3 NN

(B.6)

where

h1 =
2Eσe

2(1 + ν)σe + 3E∆γ

h2 =
2Eνσe + E2∆γ

(1 − 2ν) [2(1 + ν)σe + 3E∆γ]

h3 =
2E2∆γ

(1 + ν) [2(1 + ν)σe + 3E∆γ]

(B.7)

in which E denotes the Young’s modulus and ν Poisson’s ratio.

The consistent linearisation of the yield function according to Equation (2.26) for the
implicit gradient formulation reads:

δF = N
(i−1) : δσ − h

[

1 −ω(i−1)

p

]

[

∂κ
∂εp

](i−1)

δεp

+ σ (i−1)

y

[

∂ωp

∂κ̄

](i−1) [ ∂κ̄
∂ε̄p

](i−1)

δε̄p

(B.8)

With use of both the yield condition δF = 0 and δγ = δεp , the variation δεp can be
expressed in terms of the remaining variations. Finally, the following linearisations are
obtained after substitution into Equation (B.5):

δσ = 4H
(i−1)

uu : δǫ − H
(i−1)

uε̄p
δε̄p (B.9)

δεp = H
(i−1)

ε̄pu : δǫ + H(i−1)

ε̄pε̄p
δε̄p (B.10)
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where the following quantities have been introduced:

4Huu = 4H −
4H : N N : 4H

h
[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

(B.11)

Huε̄p =
σy

[

∂ωp

∂κ̄

] [

∂κ̄
∂ε̄p

]

4H : N

h
[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

(B.12)

Hε̄pu =
N : 4H

h
[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

(B.13)

Hε̄pε̄p =
σy

[

∂ωp

∂κ̄

] [

∂κ̄
∂ε̄p

]

h
[

1 −ωp

]

[

∂κ
∂εp

]

+ 3E
2(1+ν)

(B.14)

Note that Hε̄pε̄p is a scalar.

The variations in Equations (B.9) and (B.10) are substituted in the linearised weak form
of the set of governing equations and enable the derivation of the consistent tangent
operator.
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APPENDIX C

Analytical solution
for the elastoplastic bending problem

For the Fleck-Hutchinson 2001 theory, the solution for the elastoplastic bending problem
can be obtained in closed form if a constant hardening modulus h is assumed and the
elastic behaviour is assumed to be incompressible. We will do the analysis here for the
upper half of the beam (x2 ≥ 0) and assuming positive curvature for ease of notation; the
lower half can then easily be obtained by symmetry arguments.

For an incompressible elastoplastic material the total strain rate can be written in the
plastic regime as

ε̇i j =
3

2E
ṡi j +

3

2
ε̇p

si j

σe
(C.1)

where E denotes Young’s modulus and si j the deviatoric stresses. Setting these strain rate
components equal to the imposed deformation according to Equation (4.15) and using the
definition of the equivalent stress σe gives s33 = 0, s11 = −s22 = σe/

√
3 and

1

2

√
3

(

σ̇e

E
+ ε̇p

)

= κ̇ x2 (C.2)

For the beam-bending problem it can be shown that the full and simplified versions of
the Fleck-Hutchinson 2001 theory coincide. Upon substituting Equation (4.11) for the
effective stress rate the above equation becomes

ε̇p − λ2 ε̇p,22 =
2√
3

E

E + h
κ̇ x2 (C.3)

where the constant λ is

λ = ℓ

√

h

E + h
(C.4)
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It is useful to adopt x2 and κ as the independent variables and rewrite the problem in
terms of them by using ∂/∂t = κ̇ ∂/∂κ:

∂
∂κ

(

εp − λ2 εp,22

)

=
2√
3

E

E + h
x2 (C.5)

The general solution of this equation can be written as

εp (x2, κ) =
2√
3

E

E + h
κ x2 + fc (κ) cosh

(x2

λ

)

+ fs (κ) sinh
(x2

λ

)

+ g (x2) (C.6)

In this expression, fc (κ), fs (κ) and g (x2) are still arbitrary functions, which must be
determined from the boundary data.

Equation (C.5) and its general solution given by Equation (C.6) are valid in that part of
the beam which has already entered the plastic regime. This elastoplastic domain has
been sketched in the x2-κ space as a shaded area in Figure C.1, and is sub-divided into
two sub-domains II and III, as shown. At sufficiently low values of κ the beam is elastic,
and this domain is labelled I in Figure C.1. It will be shown below that the elastic-plastic
boundary, i.e. the boundary between sub-regions I and II, meets the neutral axis at a finite
value of curvatureκ, as suggested in the figure. This value ofκ indicates the onset of fully
plastic behaviour and is denoted κfp. First we will concentrate on the sub-domain II, for
which the plastic domain is sandwiched between the top of the beam (x2 = H) and the
elastic-plastic boundary. The position of this internal boundary at a given curvature is not
known a priori, but follows from the solution. The function d (κ) indicates the height of
this boundary and must be determined together with fc (κ), fs (κ) and g (x2) from the
boundary data. Four boundary conditions are thus needed: one at the top surface and
three at the elastic-plastic boundary (see the figure).

( )

x 2

0
0

H

κ

κ

κ
fp

d

I II III

1 IC

1 BC

1 BC1 BC

3 BCs

Figure C.1 / Solution domain in x2-κ space for the elastoplastic bending prob-
lem from Section 4.3.
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Since the top surface is free, it is natural to set the higher-order traction to zero here:

h ℓ2 εp,2 (H, κ) = 0 (C.7)

At the elastic-plastic boundary we have:

εp (d (κ) , κ) = 0 (C.8)

h ℓ2 εp,2 (d (κ) , κ) = 0 (C.9)

σy0 + hεp (d (κ) , κ) − h ℓ2 εp,22 (d (κ) , κ) =
2√
3

Eκ d (κ) (C.10)

withσy0 the initial yield stress. The second of these relations expresses vanishing higher-
order traction on the elastic-plastic boundary; the first and last ensure continuity of plastic
strain and equivalent stress across this boundary. The functions fc (κ), fs (κ) and g (x2)

can be solved in terms of d (κ) by substituting the general solution of Equation (C.6) into
the Equations (C.7), (C.9) and (C.10). Equation (C.6) then gives

εp =
2√
3

E

E + h
κ



x2 − λ
cosh

(

x2−d(κ)
λ

)

sinh
(

H−d(κ)
λ

) + λ
cosh

(

H−x2

λ

)

sinh
(

H−d(κ)
λ

)



 − σy0

E + h
(C.11)

An implicit relation for the position of the elastic-plastic boundary, d (κ), is determined
by the condition in Equation (C.8), with a behaviour of the form sketched in Figure C.1.
The curvatureκfp for which d (κ) becomes zero is determined by setting x2 = d = εp = 0

in Equation (C.11) to give

κfp =
1

2

√
3

σy0

Eλ

sinh
(

H
λ

)

cosh
(

H
λ

)

− 1
(C.12)

Now consider curvatures which exceed the value κfp; this is denoted sub-domain III in
Figure C.1. The bottom boundary of the plastic zone is fixed at x2 = 0 with εp = 0 there.
The boundary condition at x2 = H remains unchanged. Recall that the governing partial
differential equation, Equation (C.5), constitutes an initial value problem in κ as a time-
like parameter, and a boundary value problem in the spatial dimension x2. The initial
condition for sub-domain III is provided by the solution of sub-domain II, as given by
Equation (C.11), at κ = κfp. The general solution to Equation (C.6) can be determined for
κ > κfp as

εp =
2√
3

E

E + h
κ

(

x2 − λ
sinh

(

x2

λ

)

cosh
(

H
λ

)

)

− σy0

E + h

(

1 − cosh
(

H−x2

λ

)

cosh
(

H
λ

)

)

(C.13)

The solutions of Equations (C.11) and (C.13) for εp (x2, κ) in sub-domains II and III,
respectively, are plotted in Figure C.2. In this diagram, the effective plastic strain, nor-
malised by σy0/h, is plotted horizontally versus the vertical relative co-ordinate x2/H.
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This solution was obtained for the choice ℓ = 1
2
H, a Young’s modulus of E = 100σy0

and a hardening modulus h = 20σy0. Curves are plotted for κ = 0.02/H, for
κ = κfp ≈ 0.04/H and for κ = 0.1/H. For the first curve κ < κfp and the elastic-
plastic boundary is therefore located above the neutral axis at x2 > 0; at this boundary
the higher-order traction vanishes and so the gradient of εp vanishes. At κ = κfp, the
elastic-plastic boundary touches the neutral axis and atκ = 0.1/H > κfp, the plastic zone
extends across the full cross-section of the beam. In the latter case, on the neutral axis,
x2 = 0, a higher-order traction exists and the gradient of εp is finite. However, εp is zero
at x2 = 0 and so this traction does no work.

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

  / 

 / 

 =  ≈

x 2

H

HH

H

H κ

κκ

κ

fp

ε
p

h σ
y0

= 0.02

0.04

= 0.1

Figure C.2 / Effective plastic strain distribution in the top half of the beam for
increasing curvature κ.

The equivalent stress in each of the plastic domains II and III is obtained by integration
of Equation (4.11) and by substitution of the effective plastic strain distributions obtained
above, to give:

σe =
Eσy0

E + h
+

2√
3

E

E + h
κ



h x2 + E λ
cosh

(

x2−d(κ)
λ

)

sinh
(

H−d(κ)
λ

) − E λ
cosh

(

H−x2

λ

)

sinh
(

H−d(κ)
λ

)





for κ ≤ κfp (C.14)

and

σe =
Eσy0

E + h

(

1 − cosh
(

H−x2

λ

)

cosh
(

H
λ

)

)

+
2√
3

E

E + h
κ

(

h x2 + E λ
sinh

(

x2

λ

)

cosh
(

H
λ

)

)

for κ > κfp (C.15)

The axial stress σ11 is obtained from the above expressions via σ11 = 2s11 = 2σe/
√

3.
The only non-vanishing component of the higher-order stress vector is τ2 = h ℓ2 εp,2.



APPENDIX D

Numerical integration of the
Gurson model’s response

The yield criterion of the Gurson model (Gurson, 1977) in case of a spherical void and
unit cell reads:

Φ =

[

Σe

Σm

]2

+ 2 f cosh

(

3Σh

2Σm

)

− 1 − f 2 = 0 (D.1)

where Σe and Σh are the equivalent Von Mises and hydrostatic stress respectively, and Σm

is the flow stress in the matrix material. The location of the yield surface in the stress
space is determined by the value of the internal damage parameter, which for the Gurson
model is the void volume fraction f (cf. Equation (5.1)).

In case of rigid plasticity (conform the original Gurson model) and a linear hardening
behaviour for the matrix material (unlike the ideal plasticity in the original model)

Σm = σy0 + h εm

where σy0 is the initial yield strength, h is the hardening modulus and εm is the effec-
tive plastic matrix strain, it is possible to determine the evolution of the state variables
(εm, f , Σe, Σh) for an arbitrary imposed deformation in terms of the deviatoric rate of
deformation Dd, and the volumetric rate of deformation Dv while the strain ratio α (see
Equation (5.5)) is kept constant. This is done by numerical integration of the set of gov-
erning rate equations, as will be elucidated in the remainder of this appendix. It is em-
phasised that this solution also reflects the case of ideal plasticity by setting the hardening
modulus h to zero.

The Gurson model adopts the following set of governing equations, presented in rate
format:
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I consistency condition

Φ̇ = 0 ⇒ ∂Φ
∂εm

ε̇m +
∂Φ
∂ f

ḟ +
∂Φ
∂Σe

Σ̇e +
∂Φ
∂Σh

Σ̇h = 0 (D.2)

with

∂Φ
∂εm

= − 2h

Σm

{

[

Σe

Σm

]2

+ f sinh

(

3Σh

2Σm

) [

3Σh

2Σm

]

}

(D.3)

∂Φ
∂ f

= 2 cosh

(

3Σh

2Σm

)

− 2 f (D.4)

∂Φ
∂Σe

=
2Σe

Σ2
m

(D.5)

∂Φ
∂Σh

=
3 f sinh

(

3Σh

2Σm

)

Σm
(D.6)

II evolution of damage due to void growth

ḟ = [1 − f ] Dv (D.7)

III plastic work equivalence

Σe Dd + Σh Dv = [1 − f ] Σm ε̇m (D.8)

which states that the global plastic work rate is equal to the plastic work rate in the
matrix material of the unit cell.

Inspection of these rate equations shows that this set lacks one equation in order to fully
determine the four state variables by means of numerical integration. However, the plas-
tic flow rule

D = ε̇m
∂Φ
∂Σ

⇔ Dd = ε̇m
∂Φ
∂Σe

∧ Dv = ε̇m
∂Φ
∂Σh

(D.9)

permits to express the global equivalent stresses in terms of the other state variables by
elimination of ε̇m from the above equations, which yields

Σe = 3
2
α f sinh

(

3Σh

2Σm

)

Σm (D.10)

or rewritten for the hydrostatic stress

Σh = 2
3

asinh

(

2Σe

3α f Σm

)

Σm (D.11)
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One of the expressions (D.10) or (D.11) is used to eliminate the corresponding equivalent
stress from the set of governing rate equation, i.e. respectively the Von Mises stress or the
hydrostatic stress. As a consequence the need for an additional rate equation vanishes
and the set of governing equations can be solved for the remaining three state variables.
Afterwards, the response of the eliminated equivalent stress is determined from either
Equations (D.10) or (D.11).

In case of an applied global straining which is dilatational-dominated, i.e. 0 ≤ α < 1, it
is convenient to eliminate Σe and Equation (D.1) can be rewritten using Equation (D.10),
which yields

Φv =

[

3
2
α f sinh

(

3Σh

2Σm

)]2

+ 2 f cosh

(

3Σh

3Σm

)

− 1 − f 2 = 0 (D.12)

Starting from this yield criterion the set of governing rate Equations (D.2) to (D.8) can be
rewritten accordingly, which yields for 0 ≤ α < 1

I consistency condition

Φ̇v = 0 ⇒ ∂Φv

∂εm
ε̇m +

∂Φv

∂ f
ḟ +

∂Φv

∂Σh
Σ̇h = 0 (D.13)

with

∂Φv

∂εm
= − 2h

Σm

[

2Σh

3Σm

]







9α2 f 2 sinh
(

2 3Σh

2Σm

)

8
+ f sinh

(

3Σh

2Σm

)







(D.14)

∂Φv

∂ f
= 2 cosh

(

3Σh

2Σm

)

− 2 f +
9α2 f sinh

(

3Σh

2Σm

)2

2
(D.15)

∂Φv

∂Σh
=

3 f sinh
(

3Σh

2Σm

)

Σm
+

27α2 f 2 sinh
(

2 3Σh

2Σm

)

8Σm
(D.16)

II evolution of damage due to void growth

ḟ = [1 − f ] Dv (D.17)

III plastic work equivalence

ε̇m =
3α f sinh

(

3Σh

2Σm

)

2 [1 − f ]
Dd +

Σh

[1 − f ] Σm
Dv (D.18)
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This set of nonlinear differential equations can be cast into the following format

M
¯

(

y
~

, t
) ∂

∂t

(

y
~

)

= F
~

(

y
~

, t
)

(D.19)

for the following column of state variables

y
~

= [εm f Σh]
T

(D.20)

where

M
¯

(

y
~

, t
)

=





1 0 0
0 1 0

∂Φv

∂εm

∂Φv

∂ f
∂Φv

∂Σh



 (D.21)

and

F
~

(

y
~

, t
)

=











3α f sinh
(

3Σh
2Σm

)

2[1 − f ]
Dd + Σh

[1 − f ] Σm
Dv

[1 − f ] Dv

0











(D.22)

For a given set of initial state variables y
~b

the set of nonlinear differential equations can
be solved for the time span tb to te using standard numerical integration techniques. The
response for Σe is obtained from Equation (D.10) for the calculated evolution of the state
variables y

~
(t). An example of the evolution of the state variables is depicted in Figure D.1

for an initial void volume fraction f (t = tb) = 0.01 and a mixed loading with a strain
ratio α = 1.0. Both a linear hardening matrix material h = 1.0 · 109 N/m2 as an ideal
plastic matrix material are displayed. The derivation of the set of governing equations for
the case of shear-dominated overall strain, i.e. 1 ≤ α ≤ ∞, is straightforward and yields
a similar set of nonlinear differential equations for the state variables y

~
= [εm f Σe]

T.
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Figure D.1 /Numerical response of the Gursonmodel for f (t = tb) = 0.01 and
α = 1.0 obtained by numerical integration of the set of nonlinear differential
Equations (D.19) to (D.22); solid lines represent a linear hardening behaviour
of the matrix material and the dashed lines an ideal plastic response.
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Samenvatting

Plasticiteitsformuleringen die doorgaans worden gebruikt voor het voorspellen van het
gedrag van bijvoorbeeld de vervorming van een stuk metaal veronderstellen dat het ma-
teriaal zich als een echt lokaal continuüm gedraagt. Dit houdt in dat de evolutie van
de toestandsgrootheden in een bepaald materieel punt enkel afhangt van de toestand van
dat desbetreffende punt en niet wordt beïnvloed door de waarde van de toestandsgroothe-
den in het omliggende materiaal. Hoewel dit een geldige aanname is voor het beschrij-
ven van homogene deformatie- en spanningsvelden, is deze aanname ongeschikt voor
het modelleren van bijvoorbeeld gelokaliseerde deformatie in het geval van zogenaamde
afschuifbanden of schaal effecten, die worden waargenomen als de invloed van de on-
derliggende microstructuur een rol gaat spelen op het globale niveau. Het nauwkeurig
modelleren van dergelijke verschijnselen vereist de incorporatie van ruimtelijke of niet-
lokale interacties in het continuümmodel, wat bereikt kan worden door het gebruik van
ofwel de gradiënt van een toestandsgrootheid of een niet-lokale toestandsgrootheid naast
de gebruikelijke lokale velden. Een interne lengteschaal bepaalt de globale schaal waarop
deze niet-lokale effecten merkbaar worden. Het doel van dit onderzoek is het ontwikke-
len van een plasticiteit-schademodel dat de niet-lokale interacties van de onderliggende
microstructuur van het materiaal voldoende in rekening brengt.

Het ontwikkelde model introduceert ductiele schade in de plasticiteitsformulering via
het begrip plasticiteitsgedreven schade, wat inhoudt dat met voortschrijdende deformatie
microscopisch kleine holtes de weerstand van het materiaal tegen plastische vervorming
verminderen. Dit wordt gemodelleerd via de geleidelijke reductie van de sterkte van het
materiaal middels een schadevariabele. Deze wordt bepaald door de evolutie van een niet-
lokale effectieve plastische rekmaat, wat inhoudt dat de elastische materiaaleigenschap-
pen niet door de ductiele schade worden beïnvloed. De niet-lokale grootheid fungeert
als een additionele graad van vrijheid en wordt bepaald middels het oplossen van een
partiële differentiaalvergelijking, welke equivalent is met de integraal-definitie van een
niet-lokale grootheid. In de huidige implementatie van het model wordt deze differenti-
aalvergelijking in een gekoppelde manier met het krachtenevenwicht opgelost. Dit staat
de afleiding van een consistente tangentiële stijfheidsoperator toe, wat gunstig is voor de
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convergentie van de numerieke oplosmethode. Verder verhelpt het model een aantal pro-
blemen die bij het toepassen van alternatieve gradientformuleringen in plasticiteit zijn
geconstateerd.

Zowel een variant voor kleine als grote vervormingen van het plasticiteitsgedreven niet-
lokale schademodel worden behandeld. Verscheidene eindige elementen simulaties to-
nen aan dat deze modellen op een adequate manier kunnen omgaan met gelokaliseerde
deformaties en een afnemende spanning die bij volledige schade verdwijnt. De simula-
ties tonen aan dat het verzwakkingsgedrag inderdaad niet gevoelig is voor de grootte van
de eindige elementen discretisatie, maar dat deze wordt bepaald door de waarde van de
interne lengteschaal. Alhoewel een constante lengteschaal is toegepast, convergeert het
gedrag van het continuümmodel in de limiet van volledige schade naar een discontinuï-
teit in de verplaatsingen, wat gunstig is voor de overgang van een continuümmodel naar
een (discreet) discontinuüm breukmodel. In de context van grote vervormingen is het
mogelijk om de niet-lokaliteit te definiëren op zowel de onvervormde (materiële) confi-
guratie als de vervormde (ruimtelijke) configuratie. Hierdoor verandert de invloed van de
lengteschaal, wat tot uiting komt middels een brosser of taaier gedrag van het materiaal
in het geval van grote rekken.

Deze numerieke bevindingen worden bevestigd met een analytische beschouwing van
een aantal concurrerendemodellen, die representatief zijn voor het hele scala van hogere-
orde modellen dat tegenwoordig in de literatuur bekend is. De modellen worden beoor-
deeld op een tweetal uiteenlopende toepassingsgebieden. Allereerst is de mogelijkheid
tot het vertonen van een schaaleffect in het verstevigingsgedrag onderzocht middels het
bepalen van het moment dat vereist is om een dunne plaat te buigen als functie van de
interne lengteschaal. Ondanks het feit dat het huidige model een toenemend verstevi-
gingseffect voorspelt voor een lagere waarde van de lengteschaal, vertonen de Fleck en
Hutchinson modellen een betere kwantitatieve overeenkomst met experimenteel bepaal-
de waarden. Vervolgens – en belangrijker voor dit specifieke onderzoek – is de mogelijk-
heid onderzocht om de overgang van een homogeen verstevigend naar een verzwakkend,
gelokaliseerd materiaalgedrag te kunnen beschrijven. Dit is gedaan aan de hand van
een eendimensionale bifurcatie analyse van een initieel homogene balk onder belasting
van een uniforme rek. Het resultaat hiervan zijn de eindige en niet triviale golfgetallen
waarvoor de evenwichtsvergelijking een harmonisch incrementele oplossing kan hebben.
Hieruit kan worden geconcludeerd dat enkel het huidige model de overgang van verstevi-
gend naar verzwakkend materiaalgedrag zonder problemen kan accommoderen alsmede
het gewenste gedrag vertoont in de limiet van volledige schade.

Om de nauwkeurigheid van de evolutievergelijking voor de variabele die maatgevend is
voor de hoeveelheid schade te verbeteren, is gekeken naar de micromechanische pro-
cessen die ten grondslag liggen aan de ductiele schade in metalen. In het bijzonder is
aandacht besteed aan de groei en vervorming van de microscopische holtes die in de me-



SAMENVATTING 131

taalmatrix ontstaan ten gevolge van deformatie. De homogenisatie van het gedrag van
verscheidene microstructuren met een holte, die het hele scala aan karakteristieke defor-
maties van microscopische holtes in ogenschouw nemen variërend van volumetrische tot
isochore vervormingen, tonen de invloed aan van de volumefractie en de vorm van de hol-
tes op het globale materiaalgedrag. Voor beide variabelen worden evolutievergelijkingen
afgeleid, waarbij de evolutie van de vorm van een holte verkregen is met behulp van een
kinematisch micromechanisch model dat de niet-confocale vervorming van twee ellipsen
beschrijft, welke respectievelijk de grens van de holte en de buitenkant van de cel voorstel-
len. Het wordt aangetoond dat met beide evolutievergelijkingen een goede voorspelling
kan worden gedaan van het gedrag van de verscheidene microstructuren voor het gehele
scala aan globale vervormingen variërend van volumetrische tot isochore belastingen.
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