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1 INTRODUCTION 

The aim of the research described in this thesis was to obtain a 

better understanding of shear thickening in concentrated dispersions. 

This goal followed from previous work on the rheological behavior of 

concentrated coagulating and non-coagulating dispersions of relatively 

large (20-100 ~) spherical particles (van Diemen et al., 1985; 

Schreuder and Stein, 1987). In these studies it had become clear that 

highly concentrated dispersions can show flow blockage. This 

phenomenon was observed especially in measurements of the viscoelastic 

properties (Schreuder et al. , 1986) . Because these types of flow 

blockage phenomena were probably closely related to the severe shear 

thickening effects reported in the literature on smaller particles 

(e. g. Hoffman, 1972), and because the reasons for shear thickening 

were still not completely clear, it seemed promising to study shear 

thickening and flow blockage more closely. In order to provide a good 

connection between most of the literature presenting measurements on 

smaller (<1 ~m) particles and the previous work on larger particles, 

particles in the size range 1-5 ~m were chosen in this work. Moreover, 

with these particles Brownian motion can be neglected in rheological 

measurements and shear thickening occurs in a shear rate range readily 

accesible with current commercial rheometers. 

After starting the research described in this thesis it soon 

became clear that the "rheological area" above the shear thickening 

transition was still fairly unstudied. Altough some research had been 

performed (Hoffman, 1972; Barnes, 1989) the state of the dispersion in 

this region was still open to discussion and few measurements had been 

reported. 
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Finally, next to experiments, computer simulations have proven in 

recent years to be a very useful tool in describing the relation 
, 

between the dispersion microstructure and the macroscopic properties 

of the dispersion, as e.g. viscosity. One of the methods that seemed 

to be promising was the Stokes ian dynamics method (e . g. Brady and 

Bossis, 1988). With this method shear thickening had already been 

observed and, unlike most other methods that can be used to detect 

structural changes and phenomena such as shear thickening, in addition 

to repulsive and attractive interparticle forces, hydrodynamic 

interactions between the particles could also be taken into account. 

The combination of experiment, theory and simulation seemed to be 

the best way to tackle the problems of shear thickening, and this is 

what is described in this thesis. First in chapter 2, a short overwiew 

of the colloidal, rheological and computational background necessary 

for understanding this work is given. After which in chapter 3, the 

basis of this research is described. Measurements on shear thickening 

dispersions are presented and a theoretical consideration of shear 

thickening in concentrated stabilized dispersions is given. It is 

shown that from this theory a criterion for the occurence of shear 

thickening can be deduced. In chapter 4 we then present measurements 

above the shear thickening transition and show what are the 

difficulties in measuring in this region. We also indicate the reasons 

for this. Interesting phenomena around the shear rate at which shear 

thickening starts are also discussed here. In chapter 5 we present 

measurements of the viscoelastic properties of shear thickening 

dispersions. The phenomena observed here are closely related to the 

previous work discussed above (Schreuder at al., 1986) and give 

insight in the structural changes in the dispersion. Finally in 

chapter 6 the computer simulations of shear thickening dispersions are 

presented . It is seen that they compare very well with the experiments 

and the developed theory and that insight can be obtained in the 

microstructure and the mechanisms determining shear thickening. The 

work presented in chapter 3 has been published (Boersma et al. , 

1990a,b), while the work presented in chapters 4,5 and 6 is or will be 

submitted for publication in this or slightly revised form. 
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2 GENERAL CONSIDERATIONS AND THEORETICAL BACKGROUND 

The intention of this chapter is to give a general background and 
some fundamental formulae applicable to the research described in this 
thesis. It is, however, impossible to give a broad coverage of all the 
fundamental knowledge necessary for a thorough understanding of this 
work. Therefore an attempt is made to give a quick overview of the 
background needed and to provide good references in which the 
interested reader can find more information. When dealing with a 
certain topic the interest is always focused on the app l ication of the 
topic to this thesis, but other aspects are mentioned and an attempt 
is made to explain why a certain approach has been used. 

In the next section first some general reflections on rheology 
and dispersions are given, after which the subject of dispersion 
rheology is treated. Then a short review on shear thickening is 
presented, following which computer simulations and especially 
Stokesian Dynamics are introduced. 

2.1 Rheology 

Although the roots of rheology lie with the anc i ent Egyptians, 

who studied flow phenomena already around 1600 B. C., the recognition 

of rheology as a specific field of reasearch took place only in the 

third decade of the 20th century. At that time the mechanical behavior 

of industrial materials such as rubbers, plastics , paints and a number 

of biological liquids became of increasing importance . To study this 

behavior it was necessar y to perform, among other experiments, 

accurate viscosity measurements. This led, in 1929, to a meeting of 

scientists from various disciplines who established the society of 

rheology. At that time also E. C. Bingham gave the first official 

definition of rheology : "Rheology is the study of the deformation and 

flow of matter". Thereby the flow of heat and electrons were excluded, 

and, because the rheologists were interested in the properties and 
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composition of the substance 

aerodynamics and the classical 

under investigation, hydro- and 

theory of elasticity were excluded 

(Scott Blair , 1969) . Nowadays, where all sciences become increasingly 

multidisciplinary, the borderline between the different areas of 

research is fastly fading . This will become clear , for instance , in 

this study. 

There are numerous works in which the principles of rheology are 

explained and in which the basic relations governing the flow of 

matter are elucidated (e . g . Sherman, 1970; Tanner , 1985; Barnes et 

al . , 1989) , but one of the most useful is the series edited by Eyrich 

(1956), in which a broad range of topics is covered by experts in that 

specific field . For more information the interested reader is referred 

to these works . 

There are two general approaches to rheology , the first being to 

set up mathematical expressions which describe rheological phenomena 

without or with very few reference to their causes . In this approach 

the so called constitutive equations are composed . The second 

approach, which will be followed in this work, is to correlate 

observed mechanical behavior with the detailed microstructure of the 

material in question. Especially when dealing with dispersions this 

second approach is mostly followed because 1t gives good insight in 

how to influence the rheological properties of a dispersion by 

adjusting the parameters of the dispersion . 

Different ways exist to measure the rheological properties of a 

material . First of all there are capillary flow methods . The pressure 

under which the liquid flows furnishes the shearing stress . This type 

of viscometer can be used under gravity for fluids such as water, 

polymer solutions or very dilute. dispersions , and under an applied 

pressure for very viscous fluids such as polymer melts . A serious 

disadvantage of the capillary method is that the shear rate varies 

over the diameter of the capillary. An apparent shear rate is 

determined from the average velocity of the fluid and for fundamental 

investigations the capillary rheometer is , in most cases, not well 

suited . 

Another 

elongational 

method 

flow . 

which is sometimes employed is 

Elongational flows are, however, 

to measure 

relatively 
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difficult to achieve in the laboratory, in part because end effects 

are difficult · to eliminate (Middleman, 1977). Nevertheless, a 

reasonable number of experiments on polymer solutions and melts have 

been done (Dealy, 1971; Stevenson, 1972), but only very few 

measurements of the extensional viscosity have been performed with 

dispersions (Patzold, 1980). 

In a large number of scientific studies where the flow behavior 

of non-Newtonian fluids is studied, rotational methods are used for 

determining flow curves. The most frequently used systems are the 

concentric cylinder (or Couette geometry) and cone and plate 

instruments. In these systems an approximation of uniform rate of 

shear throughout the sample is achieved. The cone and plate 

instruments are especially useful in studying the flow behavior of 

hihgly viscous liquids, such as polymer melts . For concentrated 

dispersions they are less well suited because the distance between the 

top of the cone and the plate is very small and can even be on the 

order of the radius of the particles in the dispersion. Single 

particles or small clusters can then block the cone and good, 

reproducible measurements are difficult to obtain. For this and other 

reasons the measuring instruments used in this study will always be of 

the concentric cylinder type. 

When measuring flow curves of non-Newtonian fluids (i.e. fluids 

whose behavior cannot be described on the basis of the Navier-Stokes 

equation), different types of flow behavior are found. For the sake of 

clarity we define here the phenomena which appear in this study. First 

of all there are the shear thinning and shear thickening behavior of a 

fluid. These are, respectively, the decrease and increase of the 

viscosity with increasing shear rate. In the rheological literature 

often the word 'dilatancy' is used instead of shear thickening. It is 

becoming more and more common, however, to reserve the use of the word 

'dilatancy' to the increase in volume of a material on which a force 

is exerted, and in the present work this separation between dilatancy 

and shear thickening is accepted. Two other important phenomena often 

observed when studying non-Newtonian fluids are thixotropy and 

rheopexy, by which we mean in this study, respectively, the reversible 

decrease and increase of the stress (and thus the viscosity) at a 
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fixed shear rate in time. Finally the definition of the viscosity 

itself is important. In this study it is the quotient of the measured 

shear stress and the shear rate applied. So even if for instance wall 

slip interferes with the measurement and the measured stress is not 

the true stress in the fluid the resulting quotient is still called 

the viscosity. 

The most straightforward rheological behavior is exhibited on the 

one hand by Newtonian viscous fluids and on the other by Hookean 

elastic solids. However, most materials exhibit mechanical behavior 

which is intermediate between these two extremes, with both viscous 

and elastic characteristics. Such materials are termed viscoelastic. 

It is important to note that all viscoelastic fluids are 

non-Newtonian, but not all non-Newtonian fluids show viscoelastic 

behavior (within the time scale of a realistic experiment). 

Viscoelasticity is usually divided in two distinct cases, linear 

and non-linear viscoelasticity. The linear viscoelastic region is the 

region where the response (e. g. strain, deformation) at any time is 

directly proportional to the value of the initiating signal (e. g. 

stress). In the linear viscoelastic region the material parameters, 

such as the elastic (or storage) modulus G' and the viscous (or loss) 

modulus G" are not allowed to change with changes in the strain. This 

makes the mathematics describing the viscoelastic behavior much more 

simple than in the non-linear case. In this thesis, however, we will 

consider viscoelastic effects both in the linear and in the non-linear 

region, because some very interesting phenomena (e.g. flow blockage) 

can only be investigated in the non-linear region. We will see also 

that the response to a sinusoidal deformation is not always sinusoidal 

itself. A good reference book on linear viscoelasticity is the 

textbook by Ferry (1980). 

Two different types of methods are available to determine 

viscoelastic behavior, static (e.g, the imposition of a step change in 

stress and the observation of the subsequent development in time of 

the strain) and dynamic (the application of a harmonically varying 

strain). Information about these methods can be found, for example, in 

the textbooks by Ferry (1980) , · Walters (1975) and Whorlow (1980). In 

this thesis we will only be concerned with dynamic methods, and more 
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specificly oscillatory strain method in a Couette geometry . In this 

method an oscillatory strain - is imposed on the cup (the outer 

cylinder) and the motion of the bob (the inner cylinder), which is 

constrained by a torsion bar, is recorded. From the amplitude ratio of 

the motions of the cup and the bob and from the phase lag it is 

relatively simple to determine the viscous and loss moduli as 

functions of the imposed frequency in the linear viscoelastic region. 

In the non-linear region one has to account also for the imposed 

deformation. The maximum frequency that can be reached with these 

methods is around 100Hz (in this thesis SO Hz). We will not deal with 

wave propagation techniques with which much higher frequencies can be 

reached (up to 100 GHz). The interested reader is referred to e . g. 

Ferry (1980) and Whorlow (1980) . 

2.2 Dispersions 

2. 2. 1 General 

In general a dispersion is any two-phase system. This means that 

there is a dispersed phase (the particles) and a dispersion medium (in 

which the particles are distributed). Both phases can be gas, liquid 

or solid. In practice however, most dispersions are liquid in liquid 

dispersions, named emulsions, and solid in liquid dispersions, named 

sols (Shaw, 1980). It is, however, more common practice to restrict 

the term sols for particles under approximately SO nm and to simply 

name a medium containing solid particles above this size a dispersion. 

Sometimes also the term suspension is used but this term is usually 

reserved for particles above approximately 10 ~m i n a liquid. However, 

the use of the different terms is often mixed and one always has to be 

aware of the context in which a term is used . In this thesis we will 

be concerned with solid particles having a radius of around 1 ~ in a 

liquid, and we name these systems dispersions . 

The industrial use of dispersions is widespread and without 

knowledge about dispersions our daily life would be much more 

primitive . Only a few of the numerous examples of dispersions and 

processes in which dispersion play a role are : Cement, (industrial) 
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ceramics, detergents, drilling muds, dyestuffs , foodstuffs, 

heterogeneous catalysts, inks, lubricants, medicines, paints, paper, 

plastics, water clarification and many other industrial slurry 

processes. 

2.2. 2 Preparation 

Of course, the first step one has to take to perform research on 

dispersions is to prepare a dispersion . Basically there are two 

possible ways to do this : degradation of bulk matter or aggregation of 

small molecules . Examples of degradation are grinding or the formation 

of small glass particles by blowing grinded glass particles with high 

speed through a hot flame, hereby melting the glass into small drops , 

which cool down and form small glass spheres . These particles have to 

be dispersed in a liquid and this dispersion step can then cause its 

own problems again (see below) . This dispersing step can be achieved 

in such different ways as vigorous stirring, ultrasonlfication or 

gentle shaking. 

Aggregation of molecules into larger particles gives particles 

which can be highly monodisperse and are usually already dispersed in 

a liquid (altough sometimes for cleaning purposes , or redispersion in 

another medium, they have to be dried). In general, these particles 

are smaller ( < -5 Jim) than the particles prepared by degradation. 

Examples of such a preparation method are metal hydrous oxide sols 

(Matijevic, 1976), polymer particles prepared by emulsion 

polymerization (Fitch, 1975; BarreH, 1975) or other types of 

polymerization (see Chapter 3),and silica particles (Stober, 1965, see 

also Chapter 3). For performing well defined experiments with these 

particles they have to be thoroughly cleaned . Cleaning procedures can 

be washing (sometimes by centr lfuga tion) , dialysis or ion-exchange 

(see e . g . Hearn et al . • 1981) . 

2. 2. 3 Particle size determination 

When dealing with dispersions the characterization of the 

specific dispersion is very important. Next to · relatively obvious 
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characteristics such as particle size, particle shape and volume 

fr~ction of solid phase, also less easily . characterizable parameters 

as surface-surface and surface-liquid interaction play a major role in 

determining the properties of a dispersion. In the following we will 

briefly review the different characteristics of a dispersion and will 

mention some ways to determine them. We will always focus, however, on 

the relevance of the subject to this thesis. Good reference books on 

dispersions and, more generally, on Colloid Science include Kruyt 

(1949), Matijevic (1969), Shaw (1980), Hunter (1987) and Russel et al . 

(1989). 

For determining the size, size distribution and shape of the 

particles in a dispersion a large number of different methods are 

available (Allen, 1968) . A few important ones are : 

Taking (electron) micrographs and determining a particle size 

distribution from them (Goodhew, 1975). This is a rather inaccurate 

and very elaborate method. Also one has to take care that a 

representative sample is being looked at. It gives, however, immediate 

insight in the shape and gives a good estimate of the average size and 

the size distribution. 

• Dynamic and static light scattering techniques (Kerker, 1969). These 

techniques are widely used, and especially applicable to particles 

with a diameter below 1 ~m. 

• The Coulter Counter (Coulter, 1956) . In this technique a highly 

diluted dispersion is used. The dispersion is forced to flow through a 

small hole (the radius of which varies between 30 and 1000 ~m) over 

which a difference in voltage is applied. Every time a particle flows 

through the hole the current is broken and from this a particle size 

can be deduced. Within less than a minute several thousands of 

particles can be measured and thus a very good average is obtained. 

Disadvantage is that one has to take care that the particles are not 

coagulated. The method is applicable to particles above approximately 

1 ~· No information is obtained about the particle shape. 

• Numerous other techniques are available, such as sed i mentation, 

(Sedigraph particle analyzer), digitizing techniques (Hewlett Packard 

Digitizer, useful when sizing irregulary shaped particles) and l aser 

diffraction spectroscopy (LDS). 
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In this study we used the Coulter Counter together with electron 

micrographs . This provided a flexible, quick and accurate sizing 

procedure whereby good insight was gained on size distribution and 

possible irregularities of the particles (most particles were 

spherical) . As a check on a few samples light scattering and sedigraph 

analyses were also performed , but since this provided no additional 

information these techniques were not used systematically. 

2.2. 4 Determination of the volume fraction of the dispersed phase 

For determining the volume fraction of a dispersion a few 

possibilities exist . First of all, when preparing the dispersions from 

a dry solids fraction and a liquid, when the densities are known from 

the weight fractions it is easy to determine the volume fractions . The 

density of the liquid can be determined with a pycnometer method , 

whereby an accuracy of ±0 . 001 g/cm3 can be obtained or with other , 

more sophisticated , methods , such as the PAAR DMA 55 calculating 

density meter , which operates by measuring the change in natural 

resonance frequency due to a liquid sample, whereby the accuracy is ± 

10-s g/cm3 . The density of the solid can again be obtained by 

pycnometry (accuracy ±0 . 001 g/cm3 ) or with e . g . a Quantachrome stereo 

pycnometer. employing Archimedes principle of fluid displacement to 

determine the volume of a sample, with a maximum accuracy of ±0. 01 

g/cm3 . All of these methods were used in this study and as can be seen 

the inaccuracy due to these methods of density measurement in volume 

fraction is about 0 . 1 %. 

However, when the particles are porous all these methods 

determine the density of the pure material , while for determining a 

"hydrodynamic volume fraction" the hydrodynamic density is needed, 

i . e . the density of the sphere plus the enclosed liquid . This 

hydrodynamic density of hard spheres can be obtained from Ubbelohde 

capillary viscometer measurements on disperions with low weight 

fractions (c < ± 0 . OS g/cm3 , for particles with a density between 1 

and 2 g/ cm3 ) , using Einsteins well known result for the relative 

Viscosity of diluted hard sphere dispersions (Einstein, 1906) . By 

fitting 2/S(l) -1) versus c the specific volume and thus the 
r 
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hydrodynamic density can be obtained . The accuracy of this measurement 

is of course less high, resulting in a final inaccuracy in volume 

fraction of ±0.7 r.. 
A last way to determine the volume fraction of a dispersion also 

used in this research is to dry a known volume of dispersion and then 

determine the weight fraction solids. This is applicable to 

dispersions in volatile liquids, such as water. In order to calculate 

the volume fraction with this method, however, the densities have to 

be known. The advantage of this method is that when the particles are 

synthesized in a liquid (such as in an emulsion polymerization in 

water) the particles have not to be dried and mixed with liquid again, 

so wetting and dispersing problems can be avoided. For the 

determination of the density only a small amount of particles (a few 

grams) is dried and used. 

2.2.5 Vander Waals attraction 

More difficult to characterize, but at least as important as the 

above mentioned 

particle-particle 

parameters 

interaction. 

are the particle-liquid 

Particle-liquid interaction 

and 

is 

expressed by the difficulty of wettability of the particle surface by 

the liquid, often characterized by the contact angle (Johnson and 

Dettre, 1969), and influence on dispersion properties of the 

hydrophilic or hydrophobic character of the dispersion medium, 

sometimes captured in the hydrophile-lipophile balance (the HLB-value) 

(van Diemen et al., 1985). Both the contact angle and the HLB-value 

have a pronounced influence on the properties of the dispersion and 

manifest already when preparing a dispersion by mixing solid and 

liquid fraction. When the wettability is good (contact angle ~ low, ~ 

-+ 0) and the medium and solid are both polar (hydrophilic, high 

HLB-value, HLB -+ 20) or both apolar (lypophilic, HLB -+ 0) the solid 

fraction can easily be mixed with and dispersed into the liquid 

fraction. On the other hand, when the wettability is bad (contact 

angle high, ~-+ 180°) and the medium is polar while the particles have 

an apolar surface (or vice versa) it is very difficult to disperse the 

dry solid fraction in the liquid. Large "dry" aggregates of particles 
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stay in the dispersion and air is included very easily. Even when very 

rigorous stirring or ultrasonification are exerted on the dispersion 

sometimes the particle clusters continue to exist , and it is then very 

difficult to perform reliable experiments with this type of 

dispersion. 

Solid-Solid interactions of particles dispersed in a liquid 

medium have been extensively described (e.g . Kruyt ; 1952, Shaw, 1980). 

The reader of this thesis only has to be familiar with a few of these 

results and these are mentioned here . All solid particles attract 

each other through the van der Waals forces due to the polarization of 

one molecule by fluctuations in the charge distribution in a second 

molecule , and vice versa. These universal attractive forces (also 

known as dispersion forces) were first explained by London (1930) . 

For two spherical particles of equal size (radius a) separated in 

vacuo by a shortest distance h, Hamaker (1937) derived the following 

expression for the London "dispersion" interaction energy, VA 

v 
A 

where x = h/(2a). If h « 2a this equation simplifies to 

v 
A 

A a 

12 h 

(2. 1) 

(2.2) 

In these equations A is a constant, d~pendent on the material, known 

as the Hamaker constant. Hamaker constants for single materials 

usually vary between 10-19 and 10-21 J (Gregory, 1969) . 

Values of VA calculated from the above equations will be 

overestimated at large distances, owing to neglection of the finite 

time required for propagation of electromagnetic radiation between the 

particles . This results in a weakening of VA , also known as the 

retardation effects (Casimir and Polder, 1948) . When this retardation 

effect is taken into account the attractive force FA (FA = 8VA/8h) 

between to equally sized spheres becomes (Schenkel and Kitchener, 

1960): 



F 
A 

F 
A 

A a 

12 h2 

A a 

12 h2 

[ 
+ 3.54 p 

+ 1. 77 p) 2 (1 

[ 0~ 0.434 
---+ 

2 p 
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l p<l 

0 ~74] 
(2.3) 

p>l 

Here p = 2nhiA and A is the London wavelength, a characteristic 

wavelength for dispersion interaction, corresponding to the intrinsic 

electronic oscillation of the atoms. The value of A is usually taken 

to be in the range 50-250 nm. (Schenkel and Kitchener, 1960; Gregory, 

1966; Kruyt, 1952). From eq. 2. 3 it can be seen that as a first 

approximation of the magnitude of ' the attractive force, for e. g. 

dimensional analysis (see below) the value of Ala can be taken. 

In practical systems there is no vacuum (or air) between the 

particles, but there is a liquid medium. This results in replacement 

of the Hamaker constant A in the above equations by an effective 

Hamaker constant (Gregory, 1969; Vincent, 1973). This will lower the 

van der Waals interaction energy. When the particles and the 

dispersion medium are chemically similar the interaction will be 

weakest. 

2. 2 .. 6 Electrostatic double-layer repulsion 

Another very important type of interparticle interaction is 

electric double-layer interaction (mostly repulsion). This interaction 

arrises from the fact that most substances acquire a surface electric 

charge when brought into contact with a polar (e.g. aqueous) or apolar 

(e. g. organic) medium (Shaw, 1980; Lyklema, 1968). Possible charging 

mechanisms are ionisation, ion adsorption and ion dissolution. The 

theory of electric double-layer interaction combined with van der 

Waals attraction and the influence of these interactions on colloidal 

stability was independently developed by Derjaguin and Landau (1940, 

1941) and by Verwey and Overbeek (1948), and is therefore often called 

the DLVO-theory. Again there are different possible cases (double 
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layers large or small compared to the particle radius, particles of 

the same or different size, etc.) and we restrict ourselves to the 

case important for this thesis, 1. e. large equally sized particles 

with thin double layers (relative to the particle radius). Also we 

assume that the Debye-HUckel low-potential approximation is 

applicable . This means that (ze0l/10 /kT)« 2. Although this is a quite 

stringent limitation 1t is often used because it gives a closed 

solution for the repulsive force . For the repulsive force between two 

such particles the following result was _ found (Verwey and Overbeek, 

1948): 

[ 
Ka exp(-Kh) l 

F = 2nc c l/12 · 
R r 0 0 1 ± exp(-Kh) 

Ka»10 (2.4) 

where c0 is the permittivity of vacuum, cr is -the relative dielectric 

constant, kT is the thermal energy, e0 is the elementary unit of 

charge, z is the valence of the ions, and a and h are again the 

particle radius and surface to surface distance . 1/K is the Debye 

double layer thickness, which, for a symmetrical electrolyte, can be 

given by (Kruyt, 1952) : 

K = 
c c kT 

0 r 

(2 . 5) 

In this formula C is the concentration of electrolyte, NAY is 

Avogadro's constant, k is Boltzmann's constant, and T is the absolute 

temperature . 

In eq. 1.4 the+ and -correspond to constant surface potential 

l/10 and constant surface charge density on the spheres (where l/10 is now 

the surface potential at h=co). Which approximation has to be chosen 

for a given dispersion is uncertain, but it is possible to estimate 

the time necessary for the double layer to adapt its potential to a 

new situation and then one can choose one of the extremes (Frens and 

Overbeek, 1972) . The reality, as usual, often lies in between these 
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two extremes. 

When using the constant surface potential approximation t/10 is 

often approximated by the /;;-potential of the particle, which is the 

potential at the surface of shear between the charged surface and the 

electrolyte solution (Shaw, 1980). There are a number of ways of 

determining the /;;-potential, most of which make use of the 

electrophoretic mobility of a particle (a charged surface) relative to · 

a stationary liquid by an applied field (Hunter, 1981; Overbeek, 1942; 

Shaw, 1969). The motion of the particle can be observed by such 

diverse techniques as the human eye (Rank-Brothers Mk. II) or 

laser-doppler diffractometry (Malvern Zetasizer Mk. I I I), these being 

the techniques used in this study. 

Most of the techniques for measuring /;;-potentials, however, 

require very diluted dispersions and it is obviously questionable 

whether the values obtained can be used for the concentrated 

dispersions studied here. The same can be said for the value of K 

determined from eq. 1. 5 . Russel and Benzing (1981) suggested a 

modification to allow for changes in counterion concentration in a 

latex sample of finite volume fraction. In Chapter 3 we show, however, 

that for the dispersions used in this thesis, their theory (if 

applicable to these specific dispersions) does not predict significant 

changes because of the high volume fraction. 

2.2.7 Sterle interaction 

A final interaction between two particles is steric interaction, 

mostly resulting from polymer chains grafted or adsorbed on the 

particle surface (Napper and Netschey, 1971; Napper, 1983). This 

interaction can be attractive as well as repulsive. Some quantitative 

theories have been developed (Napper, 1977; Osmond and Waite, 1975), 

but the parameters used in these theories (e. g. thickness of the 

stabilizing layer) are sometimes very difficult to determine and the 

use of these theories for practical purposes is still limited. In this 

light the theory of Scheutjens and Fleer (1982) also has to be 

mentioned. This theory uses a segmental approach to calculate 

interactions between polymer chains and thus sterically stabilized 
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particles. A good reference on the general influence of polymers on 

dispersion properties is Tadros (1982) . 

2.2. 8 Brownian motion 

When dealing with dispersions, and especially when dealing with 

the rheology of dispersions, often a balance between different forces 

acting on the particles in the dispersion is made to get a first 

estimate of the important effects. Before we can do this here first a 

few other forces that can act on a particle have to be mentioned. In 

the first place there are the Brownian forces. These forces, induced 

by the thermal motion of all particles, result in a continually 

changing direction of motion of individual particles due to collisions 

with molecules of the suspending medium, walls or other particles . The 

mean Brownian displacement of a particle after a given time t is given 

by Einstein's (1906) equation : x = (2Dt) 112 , where D is the diffusion 

coefficient , which, for spherical particles, is given by 

[) 

k T 
B 

(2.6) 

where , 1)0 is the viscosity of the dispersion medium and k8T is the 

thermal energy. A first estimate of the Brownian force is therefore : 

k T/a . 
B 

2.2. 9 Hydrodynamic liquid-solid interactions 

When a dispersion is sheared, hydrodynamic shear forces act on 

the particles. When the dispersion is very dilute and the (spherical) 

particles have no interaction with each other, the shear force is 

given by the Stokes drag force : 

F (2 . 7) 
s 

where r is the shear rate and ra is often used as an approximation for 
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the particle velocity . When the dispersion is more concentrated and 

the particles "feel" each others presence the motion of one particle 

results in a force on the other particles. This type of interaction is 

called hydrodynamic interaction and will be discussed more extensively 

later in this chapter. The influence of hydrodynamic interactions on 

the shear force in eq. 2.7 is to provide a correction factor, which, 

for two particles, depends on the interparticle distance h (Happel and 

Brenner, 1963 l . 

2.2.10 Relative importance of the interactions 

Now that we determined the forces acting on the particles in a 

dispersion it is possible to analyse the balance between these forces 

in dimensionless terms (Probstein and Sengun , 1987; Russel, 1980) . 

Here we mention the most important ones for this thesis . First of all 

there is the Peclet number, which gives the ratio between viscous (or 

shear) and Brownian forces : 

Pe 
2• 

a 7/ID (2.8) 

Then there is the particle Reynolds number : 

Re (2.9) 

giving the balance between inertia and shear forces. Re has to be much 

smaller than unity for neglection of inertia effects . A measure of the 

importance of shear forces compared to electrostatic repulsion can be 

determined as : 

2• 2 
61rl) a 7 /2nc c t/J 

0 0 r 0 
(2. 10) 

The definition of NSR can be refined, as is done in Chapter 3 of this 

thesis. In a similar way we can define dimensionless numbers for the 

balance between shear and attraction forces, the balance between 

Brownian and attraction forces, the balance between repulsion and 

attraction forces and the balance between repulsive and Brownian 
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forces. These can be given by, respectively: 

N 
SA 

N 
RA 

2nc c lj/a/A 
0 r 0 

N 
RB 

N 
BA 

k T/A 
B 

2nc c lj/a/k T 
0 r 0 B 

(2.11) , (2.12) 

(2. 13). (2. 14) 

For sterically stabilized dispersions the interaction force can be 

approximated by: 

F 
ST 

(2 . 15) 

where ~ is the thickness of the stabilizing layer, x is the 

Flory-Huggins interaction parameter and u is the volume of a solvent 
s 

molecule. With the use of F5T a similar range of dimensionless numbers 

can be given. 

2.3 Dispersion Rheology 

If one studies the rheology of (especially concentrated) 

dispersions, it is very unsatisfying to determine only the rheological 

behavior of the dispersions and give empirical or macroscopic 

relations for the measured behavior and not to deal with the structure 

of the dispersion. One is, however, always attracted by the challenge 

to establish the relation between the macroscopic properties of the 

dispersion (the viscosity) and the microstructure (the structure of 

the dispersion) underlying them. Very·often changes in viscosity can 

be understood from and attributed to changes in the dispersion 

microstructure. One of the ways to describe the degree of organisation 

in a dispersion is by way of particle distribution functions, such as 

the well known radial distribution function g(r), which . gives the 

probability of finding a second particle at a distance r from a chosen 

particle (Lee, 1988). This distribution depends on the interplay 

between all of the forces mentioned in the last section and can be 

highly asymmetrical (e . g . for ordering in layers) for a flowing 

dispersion. 

When dealing with the rheology of dispersions it is often 
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practical to consider different regimes in particle concentration . 

Mostly then the choice is made to consider a very diluted regime where 

hydrodynamic interactions between particles can be neglected (volume 

fraction ~<-0.05), a slightly less concentrated regime where two 

particle interactions have influence on the rheology but many body 

interactions can still be neglected (~<-0 . 15) and finally the highly 

concentrated regime (~>0.15), where many particle interactions have to 

be taken into account . Sometimes also theories are developed which are 

only applicable to the high volume fraction limit where almost closely 

packed structures exist (~>-0. 5). Hereby usually uncharged, solid , 

neutrally buoyant spherical particles are .assumed . 

For the low volume fraction range Einstein's (1906) result is 

almost universally valid. It gives the relative viscosity ~ as : 
r 

~r = ~~~O = 1 + 2 . 5 ~ (2 . 16) 

One of the few effects that can influence (usually increase) the 

coefficient of the 0(~) term in eq. 2.16 arises from the deformation , 

by a shearing flow, of the ion cloud attracted by a surface charge on 

the particle. The Maxwell stresses due to the asymmetric electrical 

field then tend to restore the equilibrium double layer, thereby 

opposing the flow (Booth, 1950; Sherwood, 1980) . 

When the influence of two particle interactions is taken into 

account this leads to higher order terms in ~- For extensional flow 

Batchelor (1977) succeeded in deriving a relation for the relative 

viscosity 

1 + 2.5 ~ + 6.2 ~2 (2 . 17) 

In this expression the effects of weak Brownian motion have also been 

taken into account; when contributions due to Brownian motion are not 

considered the coefficient of the ~2 term is 7.6 (Batchelor and Green, 

1972). In the same paper Batchelor and Green also gave an estimate of 

the coefficient for a random hard-sphere microstructure, independent 

of the type of flow, the value being 5. 2. Others, using different 

theoretical approaches arrived at similar values (Bedeaux et al., 
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1977; Kim and Mifflin, 1985). 

This work on dilute dispersions 

giving results for some limiting 

is, although interesting and 

cases, of little industrial 

importance. Therefore a number of theories have been developed to 

predict the viscosity of more concentrated dispersions. In all these 

theories (which are sometimes, but not always, limited to spherical 

particles), however, the viscosity is only dependent on the volume 

fraction and not on the shear rate . This assumes Newtonian behavior 

which is often not the case for co.ncentrated dispersions. The 

influence of particle interactions is one of the factors that often 

induce non-Newtonian behavior, but also concentrated hard sphere 

dispersions show marked non-Newtonian behavior around Pe = 1 (de Kruif 

et al, 1985). The derived equations are therefore often employed to 

predict the viscosity of a Newtonian plateau that can be seen in the 

flow curve. 

An additional parameter that can be determined in this way is the 

maximum packing fraction, i . e. the volume fraction at which particles 

are packed so close that flow is not possible anymore and the 

viscosity goes to infinity. This maximum packing fraction is often 

employed in equations predicting the relative viscosity of a 

dispersion and is sometimes employed as a fitting parameter to make 

the equations agree with the data. The value of the maximum packing 

fraction depends on the arrangement of the particles (e.g. hexagonally 

packed sheets of spheres that are just touching give~ =0. 605 while 
max 

face centered cubic or hexagonally close packed give ~ =0. 74), the 
max 

particle size distribution and the particle shape. 

Among the large number of empirical equations the most well known 

are probably those of Krieger and Dougherty (1959) and of Mooney 

(1951). both extensions of Einstein's equation. Other semi -empirical 

or mean- fi e ld treatments include those by Quemada (1977) and Saito 

(1952). For the exact form of these equations the reader is referred 

to the specific publications . It is however interesting to compare the 

form of the different equations. In fig . 2.1 some of them are plotted 

for the s ame maximum packing fraction of 0 . 605. As is clearly seen the 

differences can be quite large, and although most of the equations fit 

the experimental data quite well it is dangerous to extract values for 
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fig. 2.1 Comparison of different equations for the relative viscosity 
as a function of volume fraction 

1/>max from them, because using a different equation can lead to a 

totally different value of 1/> 
max 

Also plotted in fig. 2.1 is the curve following from the relation 

of Frankel and Acrivos (1967). This equation is not empirical but was 

derived on the assumption that the large viscosities in concentrated 

dispersions can be attributed to high dissipation rates in the 

squeezing flow (the motion along the line of centres) in the narrow 

gaps between approaching particles. The authors hereby used results 

from conventional lubrication theory (Brenner, 1961 ) . Note that by 

lubrication theory we mean in this thesis the theory describing the 

motion of a fluid in a narrow gap between two surfaces, where narrow 

means in the case of two approaching spheres less than approximately 

one percent of the particle radius . Frankel and Acrivos stated that 

dissipation due to sliding flow (the motion normal to the line of 

centres) can be neglected. These assumptions have been criticized by 
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Marrucci and Denn (1985), who showed that contributions from the 

sliding motion to the dissipation is probably even more important than 

that from the squeezing motion and that dissipation associated with 

correlated motions over distances significantly larger than a single 

particle must be a major factor in determining the high dispersion 

viscosities . Nevertheless the equation is still often used (also in 

this work) because it compares very well with experimental data and 

gives estimates of the maximum packing fraction. In this respect it 

should then be considered more as an empirical equation. 

When considering the above presented results it can be concluded 

that the theoretical description for the low concentration regimes of 

dispersions is well developed, but that in the higher concentration 

regimes one has to fall back to empirical equations. This is mainly 

due to the fact that at these volume fractions contributions to the 

effective viscosity from interactions of three and more particles have 

to be taken into account . 

To fill this gap, in the last decade a number of authors have 

tried to perform calulations of multiparticle interactions and the 

influence of these on transport coefficients such as the effective 

viscosity. Very different approaches have been used. Examples are an 

effective medium theory, whereby the finite size of the spheres is 

neglected ( Bedeaux, 1983}, an approach based on thermodynamic 

considerations (Russel and Gast , 1986; corrected by Wagner and Russel, 

1989) and a formal solution which fully accounts for the hydrodynamic 

interactions between an arbitrary number of spheres (Beenakker, 1984). 

The last analysis is based on a general scheme, developed by Mazur and 

van Saarloos (1982), to solve the hydrodynamic many-sphere interaction 

problem. But while all methods give very interesting theoretical 

results and provide food for thought, the agreement with experimental 

results for high volume fractions of any of them is not particularly 

satisfactory. In this light Bedeaux (1983; et al., 1977) derived a 

modification of the formula first given by Saito (1952) to which a 

function of the volume fraction is added containing the effects due to 

correlations and the hydrodynamic interactions between the spheres. 

This equation is valid for high Peclet numbers, where Brownian motion 

can be neglected, and leads to a maximum packing fraction of 0.585 . It 
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compares well with experimental results on hard spheres (van der Werff 

and de Kruif, 1989). In fig. 2.1 this equation is also plotted. For 

low Peclet numbers Bedeaux also provides a good fit with experiments. 

This equation is, however, not based on a solid theoretical basis. 

To gain more theoretical insight in the rheology of concentrated 

dispersions in the last few years computer simulations have become 

increasingly popular. These simulations, which will be discussed below 

can also simulate non-Newtonian behavior, something that was not taken 

into account in the above correlations. Generally this non-Newtonian 

behavior results from a balance between different interaction forces, 

such as Brownian and shear forces or electrostatic and shear forces . 

In chapter 4 it will be discussed what are the possible forms of the 

flow curves when Brownian, electrostatic repulsion and shear forces 

are taken into account (see fig. 4. 3). It must be mentioned that 

different, (semi-)empirical equations have been proposed to describe 

non-Newtonian (mostly shear-thinning) behavior in concentrated 

dispersions. Some well known examples are the equations. proposed by 

Krieger and Dougherty (1959), Quemada (1985) and Casson (1959). These 

equations can be used to fit experimental data, but do not provide 

much information from a theoretical point of view. 

Since a large part of this thesis will deal with rheological 

experiments on concentrated dispersions it seems appropriate to 

conclude this section with some remarks about the experimental 

problems that can occur. A short list, which is surely not complete, 

but gives some illustrative examples, could contain: 

• Sedimentation/flotation of particles. Due to density differences a 

phase separation between liquids and solids can occur. Especially when 

the particles are large and dense (e.g. glass particles of 100 ~m) and 

the medium is not very viscous sedimentation can take place and 

measurements have to be done within a few minutes. In the experiments 

presented in this work, however, sedimentation did not cause problems. 

• Centrifugal effects, causing the particles to move to the outside of 

the cup. This can take place in Couette systems at high shear rates 

(and thus high rotational speed). The result is a layer of liquid with 

a relatively low viscosity at the bob and the measurement can be 

severely disturbed. Also this effect was not seen to interfere with 
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the measurements presented in this thesis. 

• Concentration changes by e.g. evaporation of the dispersion medium. 

This occurs when volatile liquids (e.g. benzene) are used as 

dispersion medium and can have large effects on the viscosity, 

especially with highly concentrated dispersions, where a change of 1~ 

in volume fraction can easily result in doubling the dispersion 

viscosity. In this work evaporation was noted sometimes with 

dispersions in water. To prevent this the measuring geometries were 

covered with a teflon seal, hereby preventing evaporation. 

Shear induced diffusion (Leighton and Acrivos, 1987, see also 

chapter 4). This is the phenomenon that particles can diffuse, due to 

the imposed shear, into the reservoir below the cup in a concentric 

cylinder system. Thereby the concentration of particles in the gap 

decreases, resulting in a lower dispersion viscosity. Checks for this 

phenomenon can be made by filling the reservoir with mercury, thereby 

avoiding diffusion. This was done in this work, but had no influence 

at all on the results showing that no shear induced diffusion took 

place. 

Wall slip (see also chapter 4). Especially in concentrated 

dispersions, the dispersion can show slip at the wall whereby measured 

stresses can be reduced dramatically and the results become very 

difficult to interprete. In chapter 4 we will discuss the occurence of 

wall slip in our dispersions and we will show that it can even be 

visualised. 

• Homogeni ty of the dispersion. This can be influenced by mixing 

problems, air bubbles etc. Especially with concentrated dispersions 

care has to be taken to follow well defined preparation and system 

filling procedures and one has to always be aware that inhomogenities 

can occur and disturb the measurements. In this respect some 

rheological experience proves very worthy. 

• The (shearing) history of the dispersion. This point is closely 

related to the last point because also here it is important to 

standarize treatment of a dispersion before measuring. Otherwise the 

buildup or breakdown of structure during e.g. mixing or filling of the 

rheometer can cause large differences in measured viscosity. This is 

especially the case with coagulated dispersions. In this study, 
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however, it was checked that coagulation did not interfere with our 

measurements, which also was proved by the good reproducibility of the 

presented measurements . 

Finally, it has to be mentioned that a large amount of good 

interesting measurements were presented in the literature in the last 

three decades. References on these and on theories can be found in 

review articles as written by e.g. Batchelor (1974, theoretical), 

Jinescu (1974, more qualitaive), Jeffrey and Acrivos (1976, combining 

experiments and theories), Krieger (1972, monodisperse latices), 

Metzner (1985, mainly suspensions in polymeric liquids), Mewis (1979, 

on thixotropy), Mewis and Spaull (1976, showing the relation between 

rheology and colloidal stability), Kamal and Mutel (1985, on 

suspensions in Newtonian and non-Newtonian liquids) and van de Ven 

(1985, differences between spheres and rod or disk-shaped particles). 

2.4 Shear Thickening 

Although shear thickening is the main topic of this research in 

this section we will not deal with it very extensively because in the 

introduction of chapter 3 we provide most of the necessary 

information. A few points important for this work, will, however, be 

made here. 

First of all there is the definition of shear thickening. As 

mentioned before we will always use "shear thickening", by which we 

mean "shear rate thickening". The use of the word "dilatancy" will be 

avoided, because it should be reserved for a volume increase. The rise 

of the viscosity in time will be named rheopexy. One has to note, 

however, that often dilatancy and shear thickening are closely 

related. To our knowledge this relation has not been carefully studied 

until now, and also in this thesis we do not consider volume increase 

of the dispersion. 

Shear thickening has been investigated mainly qualitatively in 

the first seven decades of this century with a few of the most famous 

publications being those of Bagnold (e . g . 1966), Freundlich (e.g. 

Freundlich and Jones (1936)), Metzner and Whitlock (1958) and Verwey 

and de Boer (1939). They were mainly initiated due to the problems 
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shear thickening can cause in industrial applications. Altough this is 

still a major reason for research, in recent years also some useful 

applications of shear thickening have gained interest (Laun et al., 

1987, European patent, 1982). Here the shear thickening effect is used 

as e. g. speed 1 imi ter or ski shoe cushioning. Finally the academic 

interest in shear thickening increased strongly because it is an 

example of how the balance between interparticle forces can have a 

severe effect on macroscopic flow properties. Recently an extensive 

review on shear thickening has been published by Barnes (1989). This. 

review gives a wealth of references to experiments performed in the 

last fifty years on the subject . 

The parameters that control shear thickening have been found 

through the years to be almost all suspension and flow parameters, 

such as the particle shape, size , size distribution, volume fraction, 

and interaction, the continuous phase viscosity and the type, rate and 

time of deformation. This means that shear thickening has been 

observed over a wide range in e . g. volume fraction (although mostly 

4>>0. 5), particle size (0 . 1-200 j..lm) and that also the cr itlcal shear 

rate where shear thickening starts to occur can vary considerably for 

different dispersions (observed between 5 •10-3 s - 1 and 2 •104 s - 1 , i.e. 

the whole measurable shear rate range). From these data Barnes 

concludes that all dispersions will show shear thickening, if measured 

in the approriate shear rate range. Although this statement is perhaps 

a bit exaggerated (do aggregated dispersion also show shear thickening 

?), an overview of measured data surely shows that shear thickening is 

more common than most researchers think. 

The shear thickening transi tlon has been explained in the last 

twenty years by a number of authors from a force balance between 

electrostatic repulsion, van der Waals attraction and shear forces 

(e . g. Hoffman, 1974; Berezov, 1982; see also Chapters 3 and 6). 

Recently, however, computer simulations indicated that also a balance 

between Brownian and shear forces can cause shear thickening (Bossis 

and Brady, 1989), although the increase in viscosity does not seem to 

be as strong as when an interparticle force is present. A final 

mechanism that could cause shear thickening is particle inertia. 

Especially with large particles one can imagine that particles jam 
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into each other, thereby causing shear thickening. Due to our 

knowledge, however, this has not yet been investigated. 

One of the best ways to investigate shear thickening is to use 

light or neutron diffraction while shearing the dispersion . One can 

then study the structure dependence on shear rate and compare this to 

the viscosity dependence. Care has to be taken, however, that the 

geometries in which viscosities are measured are the same as the ones 

in which the diffraction experiments are performed, because system 

size and form can have a pronounced effect on the shear thickening 

transition. Among the authors who studied the structure of shear 

thickening dispersions some of the most well known are Hoffman (1972), 

Patzold (1980) and Laun (1988). Hoffman observed a transition from a 

layered structure to a disordered structure at the same shear rate 

where the viscosity showed a discontinuous jump. At much higher shear 

rates the ordered structure returned again. Laun., however, mentions 

that he only observed flow in strings at shear rates below the 

transition and that the transition was accompanied by large density 

fluctuations . Patzold observed that the layers seen in his experiments 

may be due to wall effects . Others (e . g . Ackerson et . al. 1986) also 

suggest caution in interpreting shear induced order in dense colloidal 

suspensions based solely on light scattering measurements . It seems 

clear, however, that some kind of an order-disorder transition can be 

held responsible for shear thickening in non-Brownian concentrated 

dispersions. 

2.5 Computer Simulations 

A very useful tool for studying the flow behavior of dispersions 

is computer simulation . As mentioned before, at the moment it seems to 

be the most promising method to tackle the challenging problems of the 

flow of concentrated dispersions . In this respect it is best to see 

simulations as the youngest party in the trinity of experiment, theory 

and simulation, standing in between of the first two. 

As was discussed recently by Barnes et al. (1987) in a very broad 

review article on the application of computer simulations to dense 

dispersion rheology there exist a few different categories into which 
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the simulations can be divided . In the view of the present author the 

two most important are : (1) Non-Equilibrium Molecular Dynamics (NEMD) 

simulations on atomic liquids and (2) simulation methods closely 
' related to NEMD, but now incorporating also hydrodynamic interactions 

and/or Brownian forces (e . g . Stokesian or Brownian dynamics). Mostly 

in the last types of simulations the interparticle forces are adapted 

to model colloidal dispersions (e . g . DLVO theory), while in the NEMD 

simulations it is more common to use a Lennard-Jones type of 

interparticle force (see e.g. Lee, 1988). 

Stokesian dynamics (used in this work) will be discussed below. 

Brownian dynamics s i mulations wi 11 not be discussed here since they 

mostly do not take into account hydrodynamic interactions. Especially 

these hydrodynamics are probably of large importance for shear 

thickening to occur and therefore Brownian dynamics is less well 

suited for simulating shear-thickening dispersions. A "classical" 

example of Brownian dynamics can be found in Ermack and McCammon 

(1978). It is interesting, however, to briefly discuss the simulations 

on atomic liquids. An extensive description of this topic is given, 

together with other simulation techniques (e . g . Monte Carlo 

simulations) , and examples of how to work out the data and tricks of 

the trade in a book by Allen and Tildesley (1987) . The principles of 

NEMD are also described in the works of Evans (Evans and Morris, 1984, 

Evans and Hoover, 1986). 

In NEMD simulations a number of phenomena characteristic for 

colloidal dispersions have been observed. Examples are shear thinning 

and ordering (Loose and Hess , 1989; Heyes, 1986) and shear thickening 

(Woodcock, 1984) . Also slip and plug flow have been observed (Hess and 

Loose, 1989) . Most of these simulations have been performed on models 

of liquid gases, like Argon, but also simple model fl~ids have been 

chosen, with an interaction potential suited for the specific 

simulations . All these interaction potentials show, however , close 

relationship to the Lennard-Jones potential given by: 

u(r) (2 . 18) 
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where u is the collision diameter, r the center to center separation 

and c is an energy parameter. u is larger than the particle diameter 

and this gives a steep repulsive barrier close to the particle and an 

attractive part at a distance (2) 116•u, the minimum value of u(r) 

being given by c . 

Since this potential shows a number of agreements with the common 

colloidal interaction potentials (van der Waals at traction combined 

with electrostatic repulsion) it is not extremely surprising that 

computer simulations on Lennard-Jones liquids show phenomena observed 

experimentally with colloids, especially when the dynamics are 

dominated by these pair interactions. Problems with the simulations 

are, however, that some results like layer formation can result from 

improper thermostatting (Hanley et al., 1988). Moreover, when the 

dispersion dynamics are not governed by the pair interactions anymore, 

but also the multiparticle hydrodynamic interactions play an important 

role, these simulations are not capable of simulating the rheological 

behavior and other methods have to be used. An example of such a 

method is the Stokesian dynamics method, discussed in the next 

section. In this context one other method that was recently developed 

and which is gaining interest fast has to be mentioned. This is the 

cellular automata method, which is especially suited for . the 

application of parallel computers. F'or a description of this method 

and the first results on dispersion rheology we refer to the 

literature (Frisch at al., 1986; Ladd et al . , 1988) . 

2.6 Stokesian Dynamics 

In the Stokesian dynamics simulation method an NEMD-like approach 

is used to describe the flow behavior of dispersions. The method is 

capable to dynamically simulate the behavior of many particles 

dispersed in a fluid medium. The particles may interact through both 

hydrodynamic and nonhydrodynamic (e. g. colloidal interparticle, 

Brownian, or external) forces. Thereby an approximation to many-body 

hydrodynamic forces is made. This approximation proves to be quite 

satisfactory. Interparticle forces are taken into account as the sum 

of two-body forces. The simulation method is capable of predicting 



32 Chapter 2 

both static and dynamic properties of concentrated as well as dilute 

dispersions and can be used on a large number of applications. 

Examples are sedimentation, flocculation, diffusion, transport in 

porous media and, as in this work, the rheology of concentrated 

dispersions. For a more extended review we refer to Brady and Bossis 

(1988). Here only the basic principles and the application for this 

work will be discussed. 

The method was introduced in 1984 by Bossis and Brady. The 

authors then used a still relatively primitive simulation method in. 

which they took into account only a rather rough approximation of the 

many-body hydrodynamic interactions. It was shown, however, that very 

good results could be obtained. In 1987 Durlofsky et al. presented an 

improved version of the method in which a better approximation to the 

many-body hydrodynamics was made . Both of the methods simulated, 

however, monolayers of particles (mostly named 2-dlmensional 

simulations, but in reality 2. 5 D) . It is this last approach that is 

also used in this work. Still more recently the method was adapted to 

also simulate dispersions in three dimensions. To avoid convergence 

problems the Ewald summation method (Beenakker, 1986) had to be used. 

This method gives very good results but is computationally very 

demanding. Since the results were seen to compare well with the 

monolayer simulations these last were chosen in this work. 

Starting points of the method are the Navier-Stokes equation (see 

e.g. Bird et al, 1960) and the coupled N-body Langevin equation : 

dU 

!;! • (2 . 19) 
dt 

where !;! is a generalized mass/moment of inertia matrix (dimension in 

3D 6Nx6N, in 2D 3Nx3N), ~ is the particle translational/rotational 

velocity vector (6N in 3D, 3N in 2D), and the force vectors ~ (6N in 

3D, 3N in 2D) represent the hydrodynamic forces ~. the interparticle 

or external forces ~ and the Brownian forces ~- For this work now 

the following assumptions are made : 

• The fluid phase is incompressible. 

• Inertia effects are assumed to be negligible. Re (eq. 2.9) . « 1. 
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• The disperse phase consists of hard spheres. 

There are no external forces . 

• Brownian forces are assumed to be negligible . Pe (eq. 2.8) » 1. 

• There is laminar flow on a macroscopic scale . 

This leads to the use of the Stokes equation together with the 

continuity equation: 

p (2 . 20) 
at 

0 (2 . 21) 

For linear flow eq. 2 . 20 and the Langevin equation (eq. 2.19) become: 

0 (2 . 22) 

0 (2.23) 

where p is the pressure, ~ is the velocity in the fluid and FP are now 

only the interparticle forces . 

There exist different ways to find a solution of eq . 2 . 22. 

Examples are the expansion of the pressure and velocity fields in a 

series of solid spherical harmonics (Lamb, 1932), various numerical 

methods (e . g. the flni te element method) and the development of an 

integral representation of eq . 2 . 22. This last method is used to 

develop the Stokesian dynamics formalism. It can be shown that an 

integral representation of eq . 2.22 for a dispersion with N particles 

is given by (Happel and Brenner, 1963; Oseen, 1927; Ladyzhenskaya, 

1963 (very mathematical); Sagis, 1990 (in Dutch)): 

~ (a:) 
1-

~"'(a:) 
l-

J (a:-y) f(y) dS 
lj -- j - y 

(2 . 24) 

The deduction of this equation can be performed in different ways, 
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such as with the aid of Fourier-transforms or by using the Green's 

function technique. In eq. 2. 24 the Einstein summation convention 

(e.g. Bird et al, 1960) is assumed. 

In eq. 2. 24, .u1 (a:) is the velocity at any point in the fluid or 

within the rigid particles, .u~(a:) is the velocity field in the absence 
I 

of particles, Sa is the surface of particle «, y is the location on 

the particle surface, and a: is a field point in the fluid-particle 

continuum. J is known as the Oseen tensor and is given by: 
IJ 

J (r) 
IJ -

cS r r 
I J I J 

+ 
3 

r r 
(2. 25) 

where r =a:- y, r = lrl . f(y) is the force density at pointy on the 
- J 

surface of the particle. 

In principle it is now possible to solve eq. 2. 24 numerically 

(Youngren and Acrivos , 1975; Baets, 1989 in Dutch) but especially when 

particles come close together this leads to convergence pr oblems and 

calculations become computationally inefficient . As is shown in 

Durlofsky e t al. (1987) for the Stokesian dynamics method eq. 2.24 is 

now expanded in moments about the centre a:« of each particle. This is 

done for the zeroth moment (corresponding to the total force · F«) and 
I 

the symmetric and antisymmetric parts of the first moment 

(corresponding to respectively the total torque T« and the stresslet 
I 

s« ) . Highe r moments are all induced moments and will not be taken 
I J 

into account here, except two which are not induced but result from 

the finite size of the particle. It · is then possible to write an 

equation for the velocity at any point in the fluid in terms of the 

f orces, torques and stresslets on the particles. To combine these 

forces , torques and stresses with the translational and rotational 

velocities and with the imposed strain rate , Faxim' s laws (Faxlm, 

1924, Batchelor and Green, 1972) for spheres can be used. If this is 

done , for every particle we get an equation of the form (Sagis , 1990): 

a« 
I 

(2. 26) 

where e« i s t he translation or rotational velocity or the rate of 
I 



General Considerations .. ·. 35 

strain imposed on particle a. For N particles one can now write eq. 

2.26 in a matrix formulation. This matrix~· relating the velocities 

etc. to the forces etc. is called the grand mobility matrix and is of 

dimension 11N in three dimensions and 6N in two dimensions . The 

equation reads: 

(2.27) 

Here U-U~ is a vector containing the translational and angular 

velocities of the particles relative to the imposed flow, -E~ is a 

vector that represents the imposed rate of strain for all particles 

(this is the same for all particles), !:: is a vector containing the 

forces and torques exerted by the particles on the fluid and S 

contains the particle stresslets. ;! is symmetric and, due to the 

dissipative nature of the system, positive definite and can be 

partitioned into four submatrices: 

(2.28) 

M is, at the level of approximation used here, a far field 

approximation of the real mobility matrix and includes t erms up to 

O(r-5 ). The coefficients to fill M have been obtained in a number of 

different ways but are now well known for equally sized spherical 

particles (Arp and Mason, 1977; Jeffrey and Onishi, 1984; Kim and 

Mifflin, 1985; Cichocki et al., 1988). The heart of the Stokesian 

dynamics method lies now in the inversion of :!• hereby approximating 

multiparticle hydrodynamic interactions (see Dur lofsky et al. , 1987). 

The inverse of M is called the grand resistance matrix ~ and contains 

now the far field many body resistance coefficients . ~ relates !:: and ~ 

to U-U~ and -E~ and can be partitioned in the same way as :! in eq. 

2.28. It is now necessary to include the near field lubrication 

interactions. This is done in a pairwise additive fashion by using the 

equations for the specific coefficients of !! (Arp and Mason , 1977; 

Jeffrey and Onishi, 1984; Kim and Mifflin, 1985; Jeffrey and Corless, 
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1988). To avoid calculating the far-field part of the resistance 
Q) 

functions twice this part, ~28 (found by inverting a two body mobility 

matrix containing terms to the same order in 1/r as ~) is subtracted 

from the two-body lubrication coefficients contained by ~28 . Thus the 

final grand resistance matrix is given by: 

(2 . 29) 

When simulations of a monolayer of particles are performed first 

a starting configuration is generated. Then for this configuration the 

mobility matrix is formed . This matrix is then inverted and the 

lubrication terms are added . Then from eq . 2 . 23 (with ~ given by 

~ru. (U-Um)-Bn: : ~m) the particle velocities are solved. Note that now 
= -- = - FE a> 
we adopted a slightly different way of representing § and ~ , by 

writing them not as a matrix and a vector, but as an order-three 

tensor and the rate-of-strain tensor (order two) . With these 

velocities a new configuration can be generated and the whole 

calculation starts again . In this way it is possible to follow the 

evolution of the microstructure and to detect ordering or clustering 

effects. It is also possible to calculate the stresslets from : 

(2 . 30) 

(2 . 31) 

where s" is the hydrodynamic contribution to the stress (also 

containing a contribution due to the interparticle forces due to the 
. ) p velocities resulting from these forces and ~ is a contribution 

resulting completely from the interparticle forces . x is the particle 

position. From the stress, the viscosity and normal stress differences 

can be calculated using the well known formulas (Brady and Bossis, 

1985), as e . g . for the viscosity in simple shear flow: 
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1) = 
r 

((]' ·> 
xy 

211 E 
0 xy 

1 + 
N 

{ <SH > + <SP > } 
xy xy 

1) 7 v 
0 

where V is the volume occupied by the dispersion. 

(2 . 32) 

For a more extensive treatment of these calculations the reader 

is reffered to Brady and Bossis (1985). In that publication and in 

chapter 6 of this thesis it is shown that with simulations on 

relatively few particles in a monolayer (25 or 49) good results of the 

viscosity can be obtained and that also structural changes as observed 

with light or neutron scattering are visible in the simulations. This 

makes the Stokesian dynamic method, though computationally relatively 

expensive, probably the only method which gives results that can 

immediately be compared with experiments and which can take into 

account all the important forces that play a role in dispersions . 
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3 SHEAR THICKENING <DILATANCY> IN CONCENTRATED DISPERSIONS 

3.1 Abstract 

A new criterion is introduced for the onset of shear thickening 
in a concentrated dispersion. The criterion follows from the 
assumption that shear thickening occurs when the shear forces overrule 
the interparticle forces. A force balance at small interparticle 
distances is used to predict the dependence of this critical shear 
rate on the volume fraction. It is deduced that . the critical shear 
rate is proportional to the interparticle distance, has a linear 
dependence on the magnitude of the stabilizing force, an inverse 
linear dependence on the dispersion medium viscosity, and an inverse 
linear dependence on the particle radius . The model is confirmed 
experimentally with viscosity measurements on various 
electrostatically stabilized dispersions . The validity of the model is 
also checked with data obtained from the literature. Experiments 
indicate that polydisperse dispersions exhibit pronounced shear 
thickening but with a less dramatic increase in viscosity than 
monodisperse dispersions. 

3.2 Introduction 

Colloidal dispersions are used in various industries, of which 

the food, paint, and ceramic industries are only three examples. For 

processing the dispersions , knowledge of the flow behavior is one of 

the main aspects that must be understood. This applies especially to 

concentrated dispersions. 

The rheology of concentrated dispersions has been the subject of 

continuing research since the beginning of this century. In the last 

twenty years interest in the subject increased greatly and more 

attention was paid to the description and understanding of shear 

thickening in concentrated dispersions. It was discovered, for example 

(Hoffman, 1972), that concentrated plastisols of monodisperse 
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polyvinylchloride particles show discontinuous viscosity behavior. In 

this case the flow curve shows a sudden jump in viscosity at a certain 

critical shear rate. With other dispersions such a jump, or a more 

gradual increase in viscosity over a range of shear rates, occurs 

(Alince and Lepoutre, 1982; Hoffman, 1982; Metzner and Whitlock, 1958; 

Patzold, 1980; Strivens, 1976; Wagstaff and Chaffey, 1977; Willey and 

Macosko, 1978) . Different explanations have been given for the 

phenomenon of shear thickening in monodisperse dispersions but it is 

now almost generally accepted that an order-disorder transition is 

responsible for the rise in viscosity. This can be concluded from 

light scattering experiments as well as from computer simulations. 

With polydisperse, shear thickening dispersions the situation is less 

clear. 

Hoffman (1972) showed with light scattering that when shearing 

well-stabilized monodisperse polyvinylchloride dispersions in 

dioctylphtalate, a transition occurred from a two-dimensional ordered 

state of hexagonally packed layers to a disordered state. This 

transition appeared at the same shear rate at which the sudden jump in 

viscosity took place. More recently 1 t was a l so shown with light 

diffraction techniques (Tomita and van de Ven, 1984) that , under 

shear, monodisperse latices can flow in an ordered two-dimens i onal 

lattice structure up to relatively high shear rates. In the syst ems 

investigated only the distance between the layers of particl es 

increased slightly with increasing shear rate. The authors were able 

to give a qualitative explanation of their observations by considering 

the hydrodynamic and colloidal forces · acting on a particle. They did 

not observe, however, an order-disorder transition with their 

dispersions in the shear rate range measured. 

Most of the computer simulations that show an order-disorder 

transition have involved atomic fluids (Barnes et al., 1987; Denisov 

et al., 1985; Heyes, 1986; Loose and Hess, 1989) but recently a method 

was introduced by Durlofsky et al. (1987) to perform simulations on 

concentrated colloidal dispersions. In these simulations hydrodynamic 

interactions and interparticle forces are taken into account . From the 

simulations on stabilized dispersions it can be seen that the 

viscosity increases with inc reasing shear rate (Brady and Boss is, 
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1985). This increase is, however, by far not as severe as is seen in 

experiments. The reason for this difference may be that the simulated 

dispersions were not concentrated enough, that the simulations were 

two-dimensional, or that the level of the interparticle forces was 

different from practical situations. However, in the simulations it 

appeared that the state of the dispersions changed from a certain 

degree of order to clusters of particles that were formed because of 

the shear forces. These clusters were responsible for the increase in 

viscosity. Woodcock (1984) showed by molecular dynamics calculations 

that shear thickening occurs in classical dense fluids . He derived a 

scaling of the flow curve with diameter to the 2.5 power. 

Recently, Barnes (1989) published a review article on shear 

thickening in which he concluded that shear thickening takes place in 

all dispersions. But only with some well-chosen dispersions does it 

occur at a shear rate measurable in the current commercial rheometers. 

According to Barnes the parameters that control shear thickening 

behavior are : particle size and particle size distribution, particle 

volume fraction, particle shape, particle-particle interaction, 

continuous phase viscosity, and the type, rate, and time of 

deformation. All of these parameters have been studied to some extent. 

Using some well-described data from recent experiments, Barnes showed 

that a consistent description of the phenomenon is now possible. 

However, very few calculations have been performed to predi c t flow 

curves of shear thickening dispersions and the shear rate at which 

shear thickening starts. 

Hoffman (1974) presented a torque and kinetic energy balance in 

which he included shear forces, van der Waals-London attraction 

forces, and electrical double layer repulsion. On the basis of optical 

diffraction patterns, he started from the supposition of hexagonally 

packed layers of particles sliding over each other. He considered a 

doublet in a layer and calculated at which shear rate the 

above-mentioned forces made the doublet rotate out of its layer. At 

that shear rate the layered structure is unstable and the viscosity 

increases strongly. After elaborate calculations he was able to 

predict the onset of instability. Because of the limitations of his 

approximations, however, he did not make a rigorous test of the 
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theory. But from experiments he concluded that especially the shear 

stress and the electrical double layer repulsion are very important in 

the process of shear thickening. 

Berezov et al. (1982) concluded that changes in the balance 

between hydrodynamic and interparticle forces were responsible for the 

complex thixotropic-dilatant properties of the plastisols they 

investigated. But they did not perform a rigorous test of their theory 

either and their criterion is rather complicated to use as well. 

In this article we present an easy to handle criterion that can, 

with reasonable accuracy, predict the shear rate at which shear 

thickening starts for different dispersions and which gives insight 

into the physical behavior of the system. It contains aspects from 

Hoffman's analysis and from the force balance of Berezov but is 

mathematically much more simple. The dependences on particle size, 

continuous phase viscosity, and particle-particle interaction are 

taken into account. We further indicate how the critical shear rate 

for shear thickening depends on the volume fraction of the solid 

phase. Experimental results confirm the model. Finally, it is shown 

that polydisperse dispersions can also exhibit pronounced shear 

thickening. 

3.3 Theory 

A general criterion is developed that can predict the shear rate 

at which shear thickening occurs as a function of volume fraction. 

This criterion is applicable to sterically or electrostatically 

stabilized dispersions. The critical shear rate is indicated by r . 
" We assume that when shearing a concentrated stabilized 

monodisperse dispersion at relatively low shear rates, repulsive 

interparticle forces (electrostatic or steric) keep the particles in a 

layered structure. At a certain higher shear rate, however, the shear 

forces that push the particles together become larger in magnitude 

than the interparticle forces . As a result of this , the particles are 

moved from their equilibrium position. This leads to a transition from 

a layered to a disordered structure, causing an inc rease of the 

dispersion v i s cosity, 
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In a more thorough treatment of the phenomenon, van der Waals 

attraction and Brownian motion should be taken into account . At a 

distance determined by a fixed volume fraction the energies of these 

two mechanisms are independent of particle size. On the other hand the 

energy of electrostatic repulsion scales more or less with particle 

size (see below). Thus neglecting van der Waals attraction and 

Brownian motion restricts the applicability of our theory to larger 

particles. 

Within the limits indicated, the critical shear rate, r , at 
s 

which shear thickening starts, is the shear rate at which the 

magnitudes of the interparticle and the shear forces balance. From 

experiments it is seen that the magnitude of r decreases with 
s 

increasing volume fraction. We will develop an equation for ~ at high 
s 

volume fractions (and thus small interparticle distances h) by using 

the formulas for the electrostatic interaction between two particles 

and for the hydrodynamic interaction between two particles approaching 

each other along their line of centers. 

For the electrostatic repulsion this formula is (Verwey and 

Overbeek, 1948): 

F 
rep 

2n:c c t/12 
0 r 0 

K. a exp(-K. h) 

± exp(-K. h) 
(3. 1) 

Here c is the relative dielectric constant of the medium and c is 
r 0 

the permittivity of vacuum; t/10 is the surface potential, which can be 

approximated by the (-potential of the particles in the medium; ~0 is 

the medium viscosity; a is the particle radius; and K is the 

reciprocal Debye double layer thickness. For a symmetrical electrolyte 

the value of K is given by (Kruyt, 1952): 

K. = 
2 C N 

AV 
2 z 

c c k T 
0 r B 

In this formula C 
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is 
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N 
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is 

is 

the 



48 Chapter 3 

elementary unit of charge, k8 is Boltzmann's constant, and T is the 

absolute temperature. 

In eq. 3.1 his the distance between the two particles. The+ and 

-in eq. 3.1 correspond to constant surface potential ~0 and constant 

surface charge density of the spheres. If we assume constant surface 

potential for small h eq. 3.1 reduces to: 

F 
rep 

2nc c ~2K.a/2. 
0 r 0 

(3.3) 

The choice for constant surface potential is based on the fact that in 

a concentrated dispersion the particles are continuously at relative 

small distances to neighbors . These distances vary with time. Given 

enough time, the particles will adjust their surface potential to this 

situation until the equilibrium value is reached. Frens and Overbeek 

(1972) showed (on the assumption that the transport of ions from the 

absorbed to the dissolved state is determined by diffusion in the 

liquid) that in water the diffusion time estimated for adjusting the 

surface potential to a change in particle distance is on the order of 

one second. In glycerol/water, with a viscosity 140 times that of 

water, this would be on the order of a few minutes. But since we are 

shearing, the time for the adaptation of the surface potential will be 

significantly shorter due to convection. 

For the hydrodynamic interaction between two spheres approaching 

each other along their line of centers, Frankel and Acrivos (1967) 

showed that the formulation of Brenner (1961) for a sphere approaching 

a free surface could be used. For small values of h this gives for two 

spheres of equal size: 

F 
hydrodyn. 

If now these two forces are equated, one obtains for ~ 
s 

~ 
s 

2 J[ C C ~2 K h 
0 r 0 

2 6 n 1)0 a 2 

(3.4) 

(3.5) 
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Eq. 3. 5 indicates that in this model r is proportional to the 
s 

distance between the particles. 

The simplification in the limit of small h in eqs. 3.3 and 3.4 in 

principle restricts the validity of eq. 3. 5 to hla < 0 . OS (±25% 

error), which, as _we shall see, equals ~ ~ 0 . 56. However, the 

expression for the relative viscosity derived by Frankel and Acrivos 

on the basis of this simplification of eq. 3.4 is seen to compare well 

with experimental results down to volume fractions of about 0.4, which 

suggests that the limi.t for small h is usable in a wider range. It 

must be noted that the method of Frankel and Acrivos has been 

criticized (Marrucci and Denn, 1985). One of the criticisms is that 

the use of two particle interactions in a concentrated dispersion is 

questionable. For electrostatic interactions this is probably a 

reasonable assumption but for the hydrodynamic interactions it is 

known to be a very crude one. It is, however, the most usable 

approximation and we think that for a simplified analysis like ours it 

is reasonable. 

Since we are also interested in the relationship between r and ~ 
s 

we must deduce the relationship between the interparticle distance h 

and ~. This can be done in various ways. In appendix A the results of 

different analyses are presented. We choose a method based on the 

assumption that the smallest distance between two particles in a 

hexagonally packed layer is equal to the smallest distance between 

particles in two adjacent layers. This distance is a function of 

volume fraction and is given by: 

1/3 

h/a = [---------8 n l - 2 
3v'3 ~ 

(3 . 6) 

Considering eq. 3. 5, we see that r depends on the volume fraction 
s 

according to: 

7 (~ > = h(~ )lh(~ > • 7 (~ > s 1 1 2 s 2 
(3.7) 

where h(~1 ) and h(~2 ) are respectively related to ~1 and ~2 through 
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eq. 3.6. Eqs. 3.5-3. 7 are referred to henceforth as the refined model. 

It is sometimes convenient to have an even more simple estimate 

of the shear rate at which shear thickening will appear, for example a 

dimensionless number from which it can be seen very easily at what 

shear rate range shear thickening is to be expected for a given 

dispersion. This is then independent of the volume fraction. For this 

it is sufficient to use the characteristic magnitudes of the 

interparticle and shear forces (Russel, 1980; Bossis and Brady, 1984). 

Then the following dimensionless number i.s found: 

N 
d 

2 • 
6 rr 110 a 71 

2 ll c c 1/12 
0 r 0 

(3. 8) 

Shear thickening will occur at values of Nd larger than approximately 

one. This dimensionless number is equal to the dimensionless shear 

rate defined by Bossis and Brady (1984) for their computer 

simulations. In Appendix 8 a short discussion of this simple model is 

presented together with a choice of a volume fraction at which it is 

best used. We also show there the close resemblance between the simple 

model and an approach based on the assumption of constant surface 

charge. In Appendix C the simple model is presented for sterically 

stabilized dispersions, together with a discussion of the problem of 

the cooperation of different types of stabilization on one particle. 

The following sections describe model testing with experiments 

carried out with electrostatically stabilized concentrated 

dispersions. 

3 . 4 Experimental Method 

Rheological measurements were performed on dispersions of: 

• Polyvinylchloride (PVC) in dioctylphtalate (DOP) 

Polystyrene (PS) in water 

Polystyrene in a glycerol/water (86 . 1/13.9 w/w) mixture 

Silica (Si02 ) in glycerol/water (86.1/13.9 w/w) 

Glass particles in glycerol/ water (86.1/13.9 w/w) 
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Measurements were carried out with a Contraves Rheomat 115 shear 

rate controlled rheometer, supplied with a personal computer, using 

various concentric cylinder systems in order to cover a wide range of 

shear stresses. During all measurements the rheometer was kept at 

20. 0±0. 1 ·c. except for the measurements of PVC in OOP (25. 0±0. 1 ·c) 
and the series of measurements investigating temperature dependenc·e. 

Measurements were made as quickly as possible. This means that a value 

for the torque at a constant shear rate was taken as soon as the 

torque reached its maximum value, in order to minimize thixotropic 

effects. 

After the measuring system was filled, with care being taken not 

to include air in the system, the system was fitted into the 

rheometer . There it was first kept at rest for 30 min in order to 

equilibrate thermally and to restore possible structures that might 

have been destroyed during the filling of the system. The system was 

closed by a teflon cover in order to prevent evaporation of the 

dispersion medium. Checks for wall slip were made by using the Couette 

two-measurement method (Yoshimura and Prud'homme, 1988) but no 

significant wall slip was measured. Checks were made at the highest 

volume fractions and up to the onset of shear thickening. 

Dispersion samples were prepared in 100 mL. wide-neck sample 

bottles by mixing the constituents by hand during addition of the 

particles until the correct volume fraction was reached. Then the 

samples were stirred mechanically with a two-blade propel l er stirrer 

(blade dia. : 3 em) at 2, 000 rpm. Stirring was continued until, after 

careful dilution of the sample with dispersion medium, no aggregates 

could be seen under the microscope . The only exception to this were 

the polystyrene in water samples, which were prepared by evaporation 

of the liquid in a vacuum oven until approximat ely the desired volume 

fraction was reached. After a measurement the exac t volume fraction 

was determined by drying a sample of known weight at 50°C in a vacuum 

oven and calculating the volume fraction from the weight fraction. 

These dispersions were also checked for aggregates under the 

microscope but none could be observed. For the dispersion of 

polystyrene in the glycerol/water mixture dried polystyrene was used 

and the normal procedure was followed. After preparation of the 
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dispersions all samples were left for 2 h to equilibrate before 

measurement. 

Particle sizes were determined with a Coulter Counter ZM 256, 

~-potentials were measured with a Rank Brothers MK II, all densities 

were measured with pycnometers, and conductivities were measured with 

a Philips PW9505 conductivity tester. The concentration of electrolyte 

in the liquid was estimated by comparison of the conductivity of the 

supernatant of a dispersion with conductivities of solutions of KCl in 

the standard glycerol/water mixture with known concentrations. Only 

the measurements on PS in water were compared to measurements on 

solutions of sodium dodecylsulfate in water. 

Glass particles were obtained from Potters Ballotini (soda lime 

glass). They were washed twice with concentrated nitric acid and then 

washed twelve times with double-distilled water until the pH was 

constant (±9. 5). Washing was performed by centrifugation, decanting 

the liquid, and resuspending in new liquid. After washing the 

particles were dried in a vacuum oven at 150°C. The density of the 

particles was 2, 550 kg/m3 . The particle size distribution, shown in 

fig. 3.1a, was rathe r wide. Electron microscope photographs revealed 

that some particles (about 5%) were aspherical, although the majority 

were spherical. The number-averaged diameter was 2 . 4 ~m and the ratio 

of the particle weight average to the number-average diameter was 

2 . 08. 

Polyvinylchloride (PVC) particles (Vinnol P70F) were obtained 

from Wacker Chemie and used as supplied. From fig . 3.1b it can be seen 

that the size distribution was polydisperse. From electron micrographs 

it could be seen that the particles were spherical. The number-average 

diameter was 1.4 ~m and the density was 1, 390 kg/m3 . The ratio of the 

weight-average to number-average diameter is 1. 41. 

Silica (Si02 ) particles were prepared by the method of Tan et al. 

( 1987) at -20°C. in a 10 L. vessel stirred with a magnetic stirrer. 

N-propanol (Fluka AG) was used as solvent. Tetramethylorthosilicate 

(98%, Janssen Chimica) was distilled before use . The mixture was kept 

at -20°C for 16 h and the reaction yielded approximately 75 g of 

silica. 
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fig. 3.1. Particle size distributions. a: Glass and Si02 ; b: PS and 

PVC. 
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The silica particles were first washed five times with 

double-distilled water and then washed and dried in the same way as 

the glass particles. As can be seen from fig. 3.1a they were fairly 

monodisperse. In electron micrographs it could be seen that a few 

particles were not completely spherical, but were slightly oval or 

showed small surface irregularities. The great majority, however, were 

spherical . The number-average diameter is 1.91 ~and the ratio of the 

weight average to the number-average diameter was 1. 06. The densl ty 

was 2, 026 kg/m3 . However, from Ubbelohde viscosity measurements on 

dispersions of the silica particles in water at low volume fractions, 

using the Einstein relation for the relative viscosity, a hydrodynamic 

density of 1,457 kg/m3 was obtained. This suggests that the particles 

are porous and that water can fill the pores. In mercury porosimetry 

measurements no pores could be observed with a pore diameter above 10 

nm. In electron micrographs the particle surfaces appeared to be 

smooth. We conclude therefore that there are very small pores in the 

particles which fill with water and that in determining the volume 

fraction we must use the hydrodynamic density. 

Polystyrene (PS) particles were prepared according to the method 

of Almog et al. (1982). We used 300 mL styrene (Merck, zur Synthese, 

stabilized with 20 ppm 4-tert-butylpyrocatechol), 40 g 

polyvinylpyrrolidone (PVP, Merck, MW:25000) as steric stabilizer, 12 g 

sodium dodecylsulfate (50S, Merck) as emulsifier, and 2 . 8 g. 

4,4'-azo-bis(4-cyanopentanoic acid) (ACPA, Fluka AG) as initiator. The 

polymerization was carried out in a 2 L vessel filled with 1,300 mL 

ethanol (chemical grade) at 10"c. The mixture was stirred by a 

six-blade propeller stirrer at 200 rpm. After 8 h the reaction was 

terminated by lowering the temperature. This yielded approximately 210 

g of PS particles. The particles were then washed six times in ethanol 

and twice in water by centrifugation. Finally they were redispersed in 

water and stored. Part of the PS was dried in a vacuum ove.n at so"c. 

Later on this part was used for dispersions in glycerol/water. As can 

be seen from fig. 3 . 1b the particles were monodisperse. From electron 

micrographs it could be seen that all the particles were spherical. 

The number- average diameter was 1. 61 ~ and the density was 1, 051 

kg./m3 . The ratio of the weight-average to number-average diamete r was 
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1. 005. 

Dioctylphtalate p.a. (DOP) was obtained from Fluka AG and used as 

supplied. The density was 985 kg. /m3 and the viscosity at 25°C was 

54.0 mPa. s. Glycerol (Merck, reinst) was used as supplied. It was 

mixed with double distilled water to give a 86. 1/13. 9X w/w mixture 

with a density of 1.224 kg/m3 and a viscosity of 140 mPa.s , both at 
0 

20 c. 

3.5 Results and Discussion 

In fig. 3. 2 to 3. 5 relative vlscosi ties as a function of shear 

rate are shown for the different dispersions investigated. All 

dispersions were stabilized by electrostatic stabilization. This can 

be concluded from <-potential measurements (see below). It can be seen 

that both the dispersions of monodisperse and the dispersions of 

polydisperse particles show strong shear thickening. 
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The effect of polydispersi ty can be judged from comparison of 

results for polydisperse PVC particles with Hoffman's (1972) results 

for monodisperse PVC particles. Fig. 3.6 shows that with polydisperse 

dispersions the increase in viscosity at the critical shear rate is 

still drastic but less dramatic and more gradual than with 

monodisperse dispersions. The measurements at low shear rates indicate 

a Newtonian region, suggesting absence of a yield stress with all 

dispersion systems except the PVC in DOP system, for which the 

Newtonian plateau is not clear. Care must be taken, however, with this 

conclusion because concentrated dispersions often show a 

quasi-Newtonian region that is preceded by a shear thinning region at 

lower shear rates. At high shear rates it was not possible to check 

the existence of a Newtonian plateau due to excessively high stress 

levels and because measurements are less accurate as a consequence of 

time dependent effects. Therefore in this investigation we stopped 

measuring at values of the shear rate at which time-dependent effects 
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fig. 3.6 Relative viscosities for dispersions of polydlsperse PVC in 
DOP compared to Hoffman's (1972) monodisperse results. 
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started to appear. These effects might be due to shear-induced 

diffusion as · reported by Leighton and Acrivos (1987), but more 

investigations are needed to clarify this point. 

From the results presented it is possible to determine the shear 

rate at which shear thickening starts as judged from experiments (we 

define this shear rate as ~ ) for the different dispersions as a 
s,mea.s 

function of volume fraction. In fig. 3. 2 the location of ~ 
s,mea.s 

is 

indicated at the curve for;= 0.60. An accurate determination of the 

value of ~ obviously is very difficult, especially at lower volume 
8 

fractions . This problem can be solved partially by determining ~ from 
s 

a plot of the shear stress against the shear rate. This is shown in 

fig. 3 . 2b for. the highest and lowest volume fraction of our PVC 

dispersions. It can be seen that the curves for the shear stress can, 

in the neighborhood of ~ , qe approximated by two straight lines. From 
s 

the interception of these two lines the critical shear rate can be 

determined with much higher accuracy than from the viscosity plots. In 

fig. 3.7 values of 7 for all dispersions investigated are 
s,meas 

plotted against both volume fraction and dimensionless interparticle 

distance hla as calculated with eq. 3.9. Values of ~ as deduced 
s,meas 

from the results of Hoffman (1972) are indicated as well. 

The theoretical values of ~ (denoted by ~ l are calculated 
s s,calc 

both at the appropriate volume fraction ; (simple model, eqs. 3.B.2 
c 

and 3. B. 3) and as functions of the volume fraction (refined model, 

eqs. 3.5 and 3.7). For the systems investigated the parameters 

required in this calculation are shown in Table 3.1. Some data for our 

system of polydisperse PVC particles in DOP are not presented in the 

table because of lack of values for the ~-potential and the 

concentration of electrolyte in this system. 

In Table 3. 2 results from the simple model are compared with 

experimental results. Here too we g1ve only the results for Hoffman's 

monodisperse PVC and not those for our polydisperse samples. As can be 

seen, the agreement between ~ 
s,meas 

and ~ is remarkably good. 
s,calc 

The values for ~ at ; are also 
a,calc c 

shown in fig. 3.7. These are the 

symbols surrounded by circles. The refined model indicates that 

~ is proportional to the interparticle distance, eq. 3. 7. This 
s,calc 

theoretical dependence is expressed in the solid lines (with slope 1 
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Table 1. 

Parameters for the various dispersions 

dispersion a 1)0 c 
r 

T 1/10(=() c K 

(1Jm) (Pa•s) (K) (mV) (mol·m- 3 ) (107m-1) 

PVC in DOP 0.7 0.054 5.2 298.2 - - -

Our sample 

PVC in DOP 0.625 0.054 5.2 298.2 90 0 . 01 4.02 

Hoffman 

Glass in 1.2 0. 140 48.65 293.2 75 0.05 2.96 

gly. /wat. 

SiD in 0.955 0. 140 48.65 293.2 50 0.01 1. 32 
2 

gly. /wat. 

PS in 0.805 0. 140 48.65 293.2 31 0.2 5. 92 

gly. /wat. 

PS in water 0.805 0.001 80.37 293.2 37 0.3 5.64 

c is taken from the Handbook of Chemistry and Physics. 
r 

in the double log plot) in fig. 3. 7. The broken lines represent the 

experimentally determined dependences. 

From the results for r at different volume fractions it can 
s,meas 

be seen that generally speaking the agreement is very good, both for 

the absolute magnitude of '1 and for the slope of log(r ) versus 
s s 

log(h/a). The agreement is less only for the slope in the case of 

polydisperse PVC dispersions. A possible explanation for this is that 

the polydisperse dispersion has a larger value of the maximum packing 

fraction ~max than 0. 605, as used in the calculations. A larger ~max 

in the calculations would increase this slope and improve the 

agreement with the theoretical dependence. In principle this 

correction should also be applied to the polydisperse glass 
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Table 2. 

Comparison between calculated and measured critical shear rate 

dispersion t/1 c 
'1 a, calc 

(s-1) '1 (s -1) 
a,aeas 

PVC in DOP, Hoffman 0.538 5.9 5 

Glass in gly./wat. 0.557 4.0 3.2 

SiO 
2 

in gly. /wat. 0.481 2.8 1.0 

PS in gly. /wat. 0.568 1.5 1.2 

PS in water 0.567 504 480 

dispersions, leading to a change in slope. However, this is not 

supported by the experimental results. This can be due to the presence 

of non-spherical particles, which in principle leads to a reduction of 

the maximum volume fraction. Experimentally 1 t was found that the 

glass dispersions could not be prepared at volume fractions above 

approximately 0. 6. The PVC dispersions, on the contrary, could be 

filled up to volume fractions above 0.6. 

To get another check of our model we performed some experiments 

at different temperatures on the dispersions of polystyrene particles 

in a glycerol/water mixture . By changing the temperature the viscosity 

of the medium could be varied and so the influence of ~ on 7 could 
0 s 

be studied. Here we assume that in the limited temperature range 

studied, the influence of temperature on the parameters characterizing 

the electrostatic stabilization (<-potential, dielectric constant, and 

double layer thickness) is negligible compared to the influence of 

temperature on the viscosity of the dispersion medium. From thermal 

expansion coefficients (Perry and Chilton, 1973) it follows that the 

difference in thermal expansion between polystyrene and glycerol/water 

does not lead to significant changes in solid volume fraction. The 

results are given in fig. 3.8. To make the graph more clear, for a few 

temperatures only smooth lines are shown. But also for these 

temperatures the spread of the measurements was comparable to the ones 
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100 

function of shear rate 
(86 . I 7. wlw), 4> = 0.57, 

for 
at 

that are shown in fig. 3.8. The influence of temperature is mainly on 

'1 and, as far as the measurements indicate, hardly on 71 (~~) 
s.meas r 

and on the maximum value of 71 . Horizontal shifting results in a 
r 

fairly good covering of the curves. From these measurements values of 

log(r l can be obtained. In fig. 3. 9 these values are plotted 
s,meas 

against log(l)0 ). From this figure it can be concluded that r is 
s,meas 

proportional to the inverse of 710 , in accordance with our theoretical 

model. 

Some final remarks must be made about the uncertainty in the 

determination of several of the parameters. In this investigation the 

~-potentials were determined in dilute dispersions. It is questionable 

to use these ~-potentials for the characterization of surface 

potentials in concentrated dispersions. For lack. of better data, 

however, they can serve as a reasonable approximation. Another point 

is the determination of K. The ion content of the dispersions in 

glycerol/water was determined from a comparison of the conductivity of 

the supernatant with the conductivity of solutions of KCl in 
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fig. 3. 9 Dependence of critical shear rate on the inverse of the 
dispersion medium viscosity. 

glycerol/water. The influence of the type of reference salt was 

checked by measuring conductivities of BaC12 in glycerol/water as 
3 well. Equivalent amounts of BaC12 and KCl (e.g. , 0 . 05 and 0.1 mol/m, 

respectively) showed almost the same conductivities. This means that 

we do not make a large error when determining the value of K from the 

conductivities of KCl solutions. 

Note that we did not take into account the self-screening effect 

as done, for example, by Russel and Benzing (1981). They performed an 

approximate, self-consistent field treatment of multiparticle 

interactions and showed that in ordered concentrated dispersions the 

value of K is underestimated when determining the ion content from the 

supernatant and using the dielectric constant of the pure fluid. Their 

theory is limited to situations in which the charge clouds around the 

particles are only very slightly disturbed by the small oscillatory 

shear imposed. This condition is fulfilled at frequencies much smaller 
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than (c c 11 k2T2 )/(a2e 2z 2 ). With all our dispersion systems the 
0 r 0 B 0 

magnitude of this parameter is of the same order as the magnitude of 

the critical shear rate, which implies that the applicability of their 

theory is questionable. If one nevertheless uses their theory for 

obtaining a rough estimate of the influence of the suspension 

concentration effect on the extension of the electrical double layer 

in our systems, then one can calculate the value of the critical 

parameter for deviations of K from the equilibrium value. This 

parameter varies between 2•10-4 and J•to-2 , indicating that the Debye 

double layer thickness would not have been changed by double layer 

overlap. Thus we think that the use of the definition of K in eq. 3 . 2 

is applicable to our concentrated dispersions. 

3.6 General Discussion 

The model that we derived provides us with a criterion for the 

onset of shear thickening that gives remarkably good comparison with 

experimental results and gives insight into the physical mechanisms 

responsible for shear thickening. For most dispersions the shear rate 

at which shear thickening starts (at a volume fraction dependent on 

the thickness of the stabilizing layer) was predicted very well. The 

error in r in most cases was not more than 25% which is 
s,calc 

acceptable in view of the uncertainties in the values of the 

<-potential and the concentration of electrolyte . For almost all 

dispersions of spherical particles with stabilizing layers small 

compared to the particle radius, at volume fractions close to the 

maximum packing fraction (~ = 0.605 for a freely flowing dispersion 
max 

of monodisperse spher leal particles with negligible Brownian motion) 

the dependence of r on ~ could also be predicted very well. It was 
s 

shown that r is proportional to the interparticle distance, which in 
s 

this case is equal to the shortest distance between two layers of 

particles sliding over each other. This dependence follows from the 

balance between shear and interparticle forces when two particles are 

close together . The experimental results confirm this dependence. 

For large double layers, irregularly shaped particles, and 

dispersions of polydisperse particles the method can be adapted by 
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using another approach to the interparticle forces, adjusting the 

modified Stokes law in eq. 3.4, or by taking another maximum packing 

fraction for a free flowing dispersion. 

Additional proof for the validity of the model also comes from 

the measurements of 7 for the dispersion of PS in glycerol/water at 
s 

different temperatures and thus at different medium viscosities. 

Laun (1988) measured the change of 7 with change in pH (which 
B 

implies change in (-potential). He showed that the onset of shear 

thickening moved to lower shear rates when the pH was lowered (and. 

thus the magnitude of the (-potential decreased). Unfortunately there 

is not enough information to accurately calculate the 7 , but the 
s 

trend is as would be expected; that is, the value of 7 decreases when 
s 

the (-potential (and thus the stabilization) decreases. The same 

dependence of r on (-potential was observed by Umeya and Kanno 
s 

(1979), who concluded that the shear thickening behavior results from 

the shear-induced association or flocculation of particles at a shear 

rate large enough to overcome the repulsive force between the 

particles in suspension. A similar conclusion was reached previously 

by Morgan (1968), who showed that shear thickening and colloidal 

stability are closely related. 

Barnes (1989) concluded from all the data he collected on shear 

thickening dispersions that 7 has inverse , quadratic dependence on 
" particle size . This would support our simple and our constant surface 

charge models. However, when replotting his graph of r vs. a in a 
s 

graph of ~7 vs. a the quadratic dependence is much less clear. The 
s 

data show, within experimental error, a linear relationship between 

~78 and a. This supports our constant surface potential model applied 

at a fixed volume fraction. 

The observation that latices, without shear thickening, can slide 

in layers up to very high shear rates (Tomita and van de Ven, 1984) is 

not contradictory to our model. When the dimensionless number Nd is 

calculated, eq. 3.8, for the dispersions of Tomita and van de Ven, we 

get a maximum value of approximately 0.26 for Nd. We used their data 
• 4 -1 -3 

of a = 249 nm, 1/10 = 100 mV, 7 = 10 s , 110 = 10 Pa•s, and cr 

80. 37. However, for the transition of an ordered to a disordered state 

it is required that Nd be larger than one. Additionally they used 
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dispersions of relatively low volume fractions, below the volume 

fraction ~c in eq. 3.B. 3, which will make the shear rate necessary for 

disorder even higher (our refined model). 

Numerous other results in the 1 iterature seem to support the 

validity of our criterion for dilatancy. Unfortunately the authors 

almost never mentioned the parameters necessary to calculate '1 . 
s,calc 

Nevertheless, with larger particles 1 moves to lower shear rates 
s,meas 

(Patzold, 1980) and with sterically stabilized particles the 

dependence of 1 on particle size is present as well (Wagstaff and 
8 

Chaffey, 1977). 

A last confirmation of our model is found in the results from 

computer simulations on sheared systems of particles that interact 

purely hydrodynamically (Bossis and Brady, 1984; Brady and Bossis, 

1985). It is seen in these simulations that cluster formation takes 

place. No layer formation is detected. This agrees with our theory 

because eq. 3.7 indicates that in this case Nd becomes infinite. This 

means that ordered flow in layers will not occur, irrespective of the 

shear rate. 

When comparing the results of our model with the force and torque 

balance presented by Hoffman (1974), a few striking differences 

appear. He predicted the dependence of '1 on volume fraction (his 
s 

Table I) to be much stronger than the dependence predicted by our 

model. Also the dependence of 1 on the concentration of electrolyte, 
8 

according to his model, is stronger than in our model (his fig. 5). 

The dependence of r on the viscosity of the dispersion medium, 
8 

however, is the same in both models. We tested how Hoffman's 

prediction of 1 depends on the particle size and found (keeping all 
8 

other parameters constant at representative levels) a maximum of r at 
s 

particle sizes of - 0.2-1.0 ~· The fact that according to Hoffman '1 
s 

decreases with decreasing particle size at the smaller size range is 

due to the van der Waals forces, which he took into account. However, 

at smaller particle sizes Brownian motion also is important. Because 

the energies of both effects scale identically with particle size, an 

improved model for smaller particles should analyze both effects. From 

the above discussion it can be concluded that, apart from the simpler 

scaling procedure in our model, there are also quite large 
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quantitative differences between the two models. 

We do not claim our model to be rigorous. However, the model 

gives a good indication of the parameters important in shear 

thickening and gives insight into the processes occurring in a 

concentrated dispersion, especially with particles larger than -o.s 
J.llll. The right trends are predicted and the model can be useful to 

anyone who wants a quick estimate of the shear rate range in which a 

dispersion might show shear thickening. Ways to influence its 

occurrence in a practical situation may then be deduced from the. 

model. 

3.7 Conclusion 

A model has been developed for the occurrence of shear thickening 

on the basis of a balance of hydrodynamic shear forces and stabilizing 

interparticle forces (either electrostatic or steric). The latter 

induces layer formation. In case the repulsive forces are of 

electrostatic nature, a dimensionless number, Nd, could be defined 

which characterizes the occurrence of shear thickening: shear 

thickening takes place if Nd is comparable to or larger than one. 

Experimental results on different dispersion systems confirm the 

validity of the model, especially the dependence of the critical shear 

rate 78 on the medium viscosity, the particle radius (literature 

results), and the volume fraction. Polydispersity hardly influences 

the critical value of Nd but has a pronounced effect on the rise of 

the viscosity at T . 
s 

Appendix A 

There are different methods of arranging particles in a layered 

dispersion and thus different ways of relating the volume fraction ~ 

to a distance between particles h . 

One method is to keep the distance between two layers equal to 

the characteristic distance between two particles in a layer. This 

characteristic distance h is defined in the unit cell in fig . 3. A. 1, 

with h = h 
1 

h . The volume of particles in the unit cell is 2/3na3 . 
2 
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The volume of the unit cell is: 1/2•(2a+h)•1!2v'3•(2a+h)•(2a+h). This 

gives: 

1/4 (2a+h) 3 V3 
(3 . A. 1) 

or 
1/3 

h 
[ :; :' ]- 2• 

(3.A.2) 

A second method is to keep the particles closely packed ln a 

layer while the distance between the layers is adjusted to ~ . We set 

h = h 1 and h 2 = 0 and get for the volume of the unit cell : 

1/2•2a•l/2v'3•2a•(2a+h). This gives: 

LAYER 
ONE 

«-UNIT 
CELL 

fig. J.A.l Unit cell for the determination of the relation between the 
volume fraction and the distance between two particles. 
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213n 
3 2 a n a 

4> 2 .f'Ja (2a+h) J.f'J (2a+h) 
(3.A.3) 

or 

2n a 
h - 2a (3. A. 4) 

J,f'j 4> 

A third possibility is keeping the particles in a layer at 

shortest distance 2/tt.: while adjusting the distance between layers. 

Then h2 = 2/tt.: and only the distance between the layers (h1 = h) varies 

with varying volume fraction (as long as there is still space between 

two layers). For 4> and h this gives: 

J,f'j (2a+2/K) 2 (2a+h) 
(3.A.S) 

or 

h - 2a (3.A.6) 

The last method is less suitable because it can only be used for h1 > 

h2 = 2/K, thus at relatively low volume fractions. At higher volume 

fractions we must use one of the other approaches. 

To decide which of these is the best approach the following facts 

must be noted. From computer simulations (Bossis and Brady, 1984) it 

can be seen that the distance between particles in a layer is 

approximately equal to the distance between layers . Additionally, 

Tomita and van de Ven (1984) showed experimentally that the layers of 

particles are not closely packed. Also they found that the distance 

between layers and thus the distance between particles in a layer 

varies with shear rate. On the other hand, Hoffman (1972) concluded 

from diffraction data that particles are closely packed within a 

layer. So there is uncertainty about the way particles are packed. Any 
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of the three models mentioned above could be realistic . In view of 

these arguments we favor the first method, because it is the most 

flexible one. But it has to be mentioned that use of either of the 

other two approaches also signals the right trend and that the 

differences between the three approaches are quite small in comparison 

with the accuracy of the determination of K. 

Appendix 8 

. 
We here present a simple model for the prediction of r . by 

s 

considering simplified expressions for the magnitudes of the 

electrostatic and hydrodynamic forces. In doing this we neglect the 

dependence of r on the volume fraction. 
s 

For electrostatically stabilized dispersions, equating the 

characteristic magnitudes of the interparticle and shear forces gives : 

2llC c 1/12 
0 r 0 

(3 . B.l) 

This gives as a first estimate for the critical shear rate 71 
s 

(3.8.2) 

Another way of writing eq. 3 . B. 2 is in the form of the dimensionless 

number in eq. 3 . 8. 

Actually, measured values of 71 are dependent on the particle 
B 

volume fraction~. Only if we know for which volume fraction eq. 3.B. 2 

is the correct expression can we reasonably well compare the 

theoretical value of r with measurements. To assess the volume 
B 

fraction involved in the theoretical calculation we assume a specific 

regular packing of particles and then calculate the maximum volume 

fraction at which layers of particles still can slip along each other. 

A cubically stacked hexagonal packing seems a reasonable choice in 

view of the observation that its closest packing, where ~max equals 

approximately 0.605, well matches experimental evidence of ~ 
max 

for 
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dispersions of monodisperse particles (Schreuder and Stein, 1988). In 

addition, light scattering by shear thickening dispersions suggests 

hexagonal packing (Hoffman, 1972, Tomita and van de Ven, 1984). 

Theoretically, pronounced shear thickening should also be observed in 

monodisperse dispersions with volume fractions above 0.605. The 

ordered structure in these dispersions could then be a different one. 

However, these dispersions are not able to flow freely anymore and a 

continuous rearranging of the packing would have to take place. This 

was confirmed by our experiments. We were not able to make a 

well-flowing monodisperse dispersion with a volume fraction above 

0. 605. In view of this we limit the applicability of our model to 

volume fractions for monodisperse dispersions below 0.605. 

If we now have a sphere with a diffuse double layer 

(electrostatic repulsion) the maximum repulsive forces manifest at an 

interparticle distance of the order of the double layer thickness, 

often captured in 1/K. The value of K is given by eq. 3.2. 

We assume that the balance between hydrodynamic . and stabilizing 

forces, eq.. 3. B. 2 is not applicable to the volume fraction 

corresponding to touching spheres in a closest packing arrangement, 

but should be applied at a volume fraction with interparticle 

distances 2/K. The new, corrected radius of the sphere then becomes 

a + 1/K. The volume fraction that corresponds to a really free-flowing 

layered structure is: 

~ = [ c a 

3 

: 1/K]• 0. 605 (3 . B. 3) 

This is the volume fraction at which we have to compare the measured 

and calculated i- . Note that the choice for a fixed double layer 
8 

thickness 1/K is an approximation, leading to simple relationships. In 

reality the distance at which the maximum repulsive force is found 

depends on ~0 • K, and the van der Waals forces. 

Another way of arriving at eq. 3 . B. 2 is by way of the method 

presented in the Theory section, but with an equation for the 

interaction force under constant surface charge conditions. For small 

h eq. 3.1 then reduces to: 
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rep 

2nc c ljJ2alh 
0 r 0 
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(3.8.4) 

Together with eq. 3.4 this leads again to eq. 3.8.2. According to this 

equation the critical shear rate does not depend on the volume 

fraction. The systems we investigated by all showed dependence on 

volume fraction. 

Appendix C 

For particles that are sterically stabilized the shear rate at 

which shear thickening starts can be calculated in a way analogous to 

that of electrostatically stabilized particles. The balance between 

stabilizing and shear forces can be written as (Russel, 1980; Osmond 

and Waite, 1975 J: 

4/3 1f !:.2 ( ! - X ) k T 
2 B 

2• 
6nl)0a 11 (3. c. 1) 

v 
s 

leading to 

4/3 1l !:.2 ( ! - X )k T 
2 B 

11 "" s 
6 1l 

2 
1)0 a v 

s 

(3.C.2) 

Here t. is the thickness of the stabilizing layer, X is the 

Flory-Huggins interaction parameter, v is the volume of a solvent 
8 

molecule, and 0.605 is the maximum packing fraction for a free-flowing 

dispersion of spherical particles. The volume frac tion at which eq. 

3.C.2 is applicable is given by: 

(3.C.3) 

A problem with the formulas for steric stabilization is that 
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measurement of the different variables involved is much more difficult 

than measurement of those involved in the case of electrostatic 

stabilization. 

Another complication that may arise is the swelling of particles, 

leading to volume fractions not well defined but higher than 

anticipated. Additionally, some polymer chains from the particle can 

dissolve. This behavior was reported by Willey and Macosko (1982) for 

the system PVC in DOP. The solvated polymer chains raise the viscosity 

of the dispersion medium by about 20Y. and cause steric stabilization. 

However, Merinov et al. (1981) carefully measured the (-potential of 

PVC in DOP and concluded that the electric double layer forces are 

responsible for the stabilization of the particles. Also, Lyklema 

(1968) reported that in media with low dielectric constants double 

layer forces can sti 11 be of considerable importance. Therefore we 

will use these forces in our calculations. So when more than one type 

of stabilization occurs in a system, the strongest one has to be taken 

for the calculations. Another example of this is the PS in water 

system we investigated. This is stabilized electrostatically as well 

as sterically. From the measured (-potential and double layer 

thickness and the length of the stabilizing PVP chains it can be 

estimated that the electrostatic stabilization is the strongest type 

of stabilization and so all the calculations must be done with this 

type of stabilization. 
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4 TIME DEPENDENT BEHAVIOR AND WALL SUP IN CONCENTRATED SHEAR 

THICKENING DISPERSIONS 

4.1 Abstract 

The viscosity of concentrated shear thickening dispersions was 
measured as a function of shear rate, Couette cylinder size and time . 
The level of the low shear rate viscosity, which was found to be 
independent of system size and time, could be predicted by the 
equation of Frankel and Acrivos. At shear rates above the critical 
shear rate for shear thickening in highly concentrated (,P > 0 . 57) 
dispersions of monodisperse particles strong viscosity instabilities 
were detected, together with a dependence on cylinder size. The 
instabilities are attributed to reversible order-disorder transitions, 
e.g. from strings to clusters. With photographic techniques it could 
be shown that the dependence on cylinder size is due to wall slip, 
slipping planes in the dispersion and eventually plug flow in the gap. 
Calculations indicate that the slip velocity is very high. With less 
concentrated or polydisperse dispersions the effects are much less 
severe but there is still strong thixotropy, probably due to a 
reordering of the dispersion. 

4.2 Introduction 

Concentrated dispersions, with volume fractions close to their 

maximum packing fraction, are found in a wide variety of industrial 

processes. These include the molding of ceramics, the manufacturing of 

foodstuffs and paints and the processing of composites. For a better 

understanding of these processes knowledge of the rheolog i cal behavior 

of dispersions is very important. One can then improve the processing 

of these materials and provide more safety at less costs. So it is not 

surprising that in the last fifty years the interest on this subject 

has been increasing continuously. Considerable effort was put into 

understanding the connection between the macroscopic rheological 
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properties and the microstructure of a dispersion. It was discovered, 

for example, that an order-disorder transition can have a very 

pronounced effect on the viscosity of a dispersion1 . 

Recently the rheological behavior of dilute as well as 

concentrated dispersions has been the subject of several reviews. 

Experimental data were reviewed among others by Jinescu2 and Metzner3 . 

The latter mainly dealt with suspensions in polymeric liquids. Other 

reviews include those by Jeffrey and Acrivos4 , who considered 

experimental and theoretical work, by Mewis and Spaull5 , who showed 

the relation between rheology and colloidal stability and a 

comprehensive review by Kamal and Mutel6 on suspensions in Newtonian 

and non-Newtonian fluids . 

In some studies on the rheology of concentrated dispersions time 

dependent behavior is reported. Often the phenomena associated with 

this behavior are called thixotropy or rheopexy, which are 

respectively the recoverable decrease and increase of the viscosity 

with time. An extensive review on thixotropy was written by Mewis7 . 

Often this time dependent behavior is related to the breakdown or the 

buildup of structure in the dispersion, e.g. the disruption of 

aggregates. But in concentrated dispersions these phenomena may 

originate from other mechanisms. Examples of these are shear induced 

diffusion8 , the occurence of stick-slip9 of the dispersion in the 

measuring assembly and flow blockage10• 

A special type of time dependent behavior is encountered with 

dispersions which show shear thickening (or, more exactly, shear rate 

thickening, also named rheological dilatancy, which is probably 

related to, but has not to be confused with, volumetric dilatancy). A 

recent very broad review on shear thickening is given by Barnes11 . 

Shear thickening dispersions usually show a gradual but distinct 

increase of the viscosity with increasing shear 

concentrated dispersions of monodisperse particles, 

rate. With 

however, a 

discontinuous jump in the viscosity can occur with increasing shear 

t 1,12,13 
ra e . 

critical 

Especially at shear rates 

shear rate rheopectic14 as 

in the neighborhood of this 

well as thixotropic13' 15' 16 

behavior is observed. In measurements of flow curves this time 

dependency is sometimes avoided as much as possible by performing fast 
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measurements13' 17. 

It is now almost generally accepted that some kind of an 

order-disorder transition is responsible for the shear thickening 

behavior in concentrated dispersions of monodisperse particles15. In 

this transition a free flowing, relatively ordered, arrangement of the 

particles (for example layers or strings) breaks up to form a 

disordered state, which can even consist of particle clusters. Such a 

layering and clustering phenomenon can also be used as an explanation 

for the observed time dependent behavior. However, shear induced 

diffusion or wall slip can not be excluded beforehand as explanations 

of the time dependent behavior. Therefore light and neutron scattering 

techniques are sometimes employed to get direct information on the 

structure of a flowing dispersion1 ' 18. 

A way of studying suspension dynamics that became increasingly 

popular the last ten years is computer simulation. These simulations 

offer a powerful tool for studying macroscopic properties of a 

dispersion (e. g. viscosity) while at the same time the evolution of 

the microstructure can be observed. This can be performed dynamically 

as well as statically. A review on the applications of computer 

simulations to dense suspension rheology and their relation to 

experiments is given by Barnes et. al. 19 . Most computer simulations 

which are of interest for concentrated dispersions of interacting 

particles are non equilibrium molecular dynamics (NEMD) simulations on 

simple liquids. In these simulations both shear thinning20 ' 21 and 

shear thickening22 can be seen. 

For the simulation of colloidal dispersions the Stokesian 

Dynamics method, as presented by Bossis and Brady23 and improved by 

Durlofsky et al. 24 is of interest. In this method many-body 

hydrodynamic interactions as well as two-body interaction forces (e . g . 

electrostatic repulsion or Van der Waals attraction) are taken into 

account. In these simulations order-disorder transi lions, shear 

thickening25 and time dependent effects26 have been observed. 

In this study we present measurements of time dependent 

viscosities of shear thickening dispersions as a function of shear 

rate and volume fraction. Also we show the influence of polydispersity 

and discuss wall slip. We discuss which mechanisms are responsible for 
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the reported behavior and compare our experimental results to other 

experiments and to computer simulations. 

4.3 Background 

4.3.1 Dispersion Rheology 

For the viscosity of a dispersion of hard, undeformable spheres 

in a Newtonian liquid numerous relations are given in the literature .. 

Some of the most well known are Einstein's classical result for a 

dilute dispersion27 and the extension of Krieger and Doughert/8 of 

this result to higher volume fractions by using an effective medium 

theory. The latter also introduced the concept of a maximum volume 

fraction for close packing, ,Pmax In general ,P max depends on the 

degree of polydisperslty and the particle packing. The latter can 

sometimes be altered when a suspension is subjected to shear . 

For concentrated suspensions of spheres Frankel and Acrivos29 

derived an expression for the relative viscosity as a function of 

volume fraction. Only hydrodynamic interactions were taken into 

account . Although the assumptions they made have been criticized30, 

their result compares very well with experimental data. Their 

equation, in which again the concept of a maximum packing fraction is 

used, reads : 

l) 
r : . [ (,PI,P ) 1/3 

_•a_x l 
1 - (,PI,P )1/3 

a ax 

(4. 1) 

Here 11 is the relative viscosity of the dispersion and ,P is the 
r 

volume fraction of the dispersion. In this and several similar 

equations it is assumed that the viscosity of a dispersion is 

independent of shear rate. In experiments, however, often a different 

Newtonian region is found at low and high shear rates. In such cases, 

the above mentioned equations are usually applied to either the low or 

high shear rate limit of the viscosity. 

When dealing with the rheology of dispersions several 



Time Dependent Behavior... 81 

dimensionless numbers can be introduced, a few of which have to be 

mentioned here. In the first place there is the particle Reynolds 
• 2 • 

number : Re p7a /1)0 , where p is the dens! ty of the medium, '1 is the 

shear rate, a is the particle radius and 1)0 is the medium viscosity. 

If Re << 1 inertia effects can be neglected. Another important number 
2• is the Peclet number : Pe = a 7/D0 , where D0 is the particle diffusion 

coefficient. In the case of sperlcal particles, introduction of the 
J· 

Stokes-Einstein result for D0 leads to Pe = 6nl)0a 7/k8T, where k8T is 

the thermal energy. The Pe-number expresses the ratio between shear 

forces and Brownian forces.· If Pe >> Brownian motion can be 

neglected. When characterizing the dominating forces in a dispersion 

the stabilization forces have to be taken into account as well. One 

can then think of a dimensionless number representing the balance of 

electrostatic repulsion and Brownian forces : N = 2nc c ~2a/k T. 
EB r 0 0 B 

Finally, when measuring liquids in a Couette geometry one has to 

consider the possiblli ty of Taylor vortices. The value of the Taylor 

number31 

Ta (4.2) 

determines whether Taylor vortices will occur. Eq. 4. 2 is valid for 

systems in which the bob is rotating and in which the gap width is 

much smaller that the bob radius . If Ta is smaller than 1708 Taylor 

vortices will not take place. Rc and Rb are respectively the cup and 

bob radius, n is the angular velocity and v = l)lp is the kinematic 

viscosity of a (Newtonian) liquid . 

4.3.2 Shear Thickening 

Shear thickening in concentrated dispersions is generally 

associated with some kind of an order-disorder transition. One of the 

best ways to study such a transi lion is through light or neutron 

scattering. Results of the different studies performed until now do 

not, however, always agree on the exact structure of a dispersion 
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under shear. 

Hoffman1 , for example, concluded from light scattering 

experiments on monodisperse polyvinylchloride dispersions which 

exhibit severe shear thickening, that at low shear rates particles 

flow in a two-dimensional ordered state of hexagonally packed layers. 

At a certain shear rate, corresponding to the sudden rise in 

viscosity, the ordering disappears. At even higher shear rates he 

found that the· order returns again. Ackerson et. al. 18, however, found 

with neutron scattering from charge stabilized suspensions undergoing 

shear that at low shear rates an even higher, three dimensional, 

degree of order exists than that found by Hoffman. At the highest 

shear rates they did not observe layers anymore but concluded from 

their experiments that the particles can be arranged in strings. In 

view of the discrepancy of their results with light scattering results 

they suggest caution in interpreting shear induced order in dense 

colloidal suspensions based solely on light scattering experiments 

because surface induced effects can have a pronounced influence on the 

measurements. The dispersion with which they performed their 

experiments was, however, not very concentrated (14 wt. Yo solids), and 

so it is not clear whether this dispersion showed shear thickening in 

the shear rate range observed. Laun32 mentions SANS experiments on 

shear thickening dispersions and reports that in these experiments no 

layer formation is detected but only the shear induced formation of 

particle strings. In the shear thickening regime SANS indicates only 

minor changes in the arrangement of adjacent particles but a strong 

increase of density fluctuations. 

So although there is no general agreement about the exact 

structural changes that take place it can be concluded that there is a 

certain transition from a free flowing structure to another structure 

which is much less regular, probably through the formation of shear 

induced aggregates. On the basis of this assumption we have recently 

deduced a criterion for the onset of shear thickening in a 

concentrated disperslon13 • Like others in the past33' 34 we started 

from a force balance between the different forces working · on the 

particles. We stated that when the shear forces overcome the repulsive 

interparticle forces there is a transition to shear thickening. For 
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high volume fractions and thus small interparticle distances this 

leads to the following formula for the critical shear rate at which 

shear thickening starts 

2 'If C C t/12 IC h 
0 r 0 

6 n: "1)0 a 2 a 
(4.3) 

where c is the relative dielectric constant of the medium and c is 
r 0 

the permittivity of vacuum; t/10 is the surface potential, which in many 

cases can be approximated by the <-potential of the particles in the 

medium; "1)0 is the medium viscosity; a is the particle radius; 1/K is 

the Debye double layer thickness; and h is the distance between the 

particles. Note that it is also possible to write this critical shear 

rate in the form of a dimensionless number N HE 
(12n:l) a2r)/(2n:c C t/J2Kh), Which 

0 0 r 0 
represents the balance between 

hydrodynamic and electrostatic forces. Shear thickening occurs when 

NHE becomes larger than one. The ratio h/a is a function of the volume 

fraction and can be determined from13 : 

hla = [ 2 (4. 4) 

In the .derivation of equation 4 . 3 we assumed constant surface 

potential on the particles. 

As can be seen from eq. 4. 3 the critical shear rate for shear 

thickening depends on a number of parameters of a dispersion. A very 

important parameter is the volume fraction. As we showed13 , the volume 

fraction does not only influence the critical shear rate but has a 

pronounced influence on the amount of increase in viscosity as well . 

At lower volume fractions the increase is much less severe and 

eventually disappears completely. The volume fraction at which shear 

thickening disappears is dependent on the dispersion. Polydispersity 

also has a large influence on the increase in viscosity. A larger 

degree of polydispersity decreases the severity of the rise in 
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viscosity. Also the transition is more smooth and spread over a wider 

range of shear rates. 

4.3.3 Shear Induced Dlffuslon 

Leighton and Acrivos8 reported on the decrease with time of the 

viscosity of a concentrated dispersion of polystyrene spheres in 

silicone oil. After shearing for in some cases as long as twenty hours 

the viscosity decreased by approximately a factor two. They showed 

that this was due to shear induced migration of the particles from the 

gap between the cylinders in their Couette geometry to the reservoir 

below the cylinders. This was verified by sealing the bottom of the 

Couette gap with a layer of mercury. There was no longer an observed 

decrease in viscosity. From the theory they developed it was deduced 

that the diffusion coefficient responsible for the shear induced 
'• 2 migration of the particles was proportional to ra . This implies that 

with smaller particles the time necessary for the decrease in 

viscosity, at a given shear rate, is much longer. 

4.3.4 Wall Sllp 

A number of materials, among which are concentrated dispersions, 

sometimes exhibit "true" or "apparent" wall slip. True wall slip is a 

phenomenon often found with polymer melts and consists of a 

discontinuity in velocity at the wall. In concentrated dispersions, 

however, mostly apparent slip occurs caused by a region of higher 

velocity gradient adjacent to the wall. This is because the effective 

concentration of suspended particles is lower at the wall than in the 

bulk. When the dispersion is sheared this low viscosity layer results 

in apparent slippage of the bulk fluid35' 36• The first thorough 

analysis of wall slip is due to Hooney37. For determining wall slip in 

a Couette geometry his method requires three measurements on cups and 

bobs with different inner and outer radii. Recently, however, 

Yoshimura and Prud'homme36 presented a method requiring only two 

measurements on geometries with different gaps but equal ratios of 

radii. For a Couette geometry they deduced that the angular velocity 
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due to fluid deformation can be calculated from 

n 
F 

R n - R n 
2 2 1 1 

R - R 
2 1 

(4.5) 

Here R1 and R2 are respectively the radii of the two different bobs 

and 01 and n2 are the two angular velocities of the two systems which 

produce the same stress. In this analysis the slip velocities are 

assumed to be functions of stress only. The viscosity is given by : 

1) 

T £: 
m 

n 
F 

:: . [ (4. 6 ) 

and the slip velocity which corresponds to the stress T from two 

angular velocity measurements by : 

• u (y ) 
s [ 

n - Q 
0 l 

1 2 

0 + 1 
R R . 1 2 

(4 . 7) 

where 
T + T 

T 
[ •' .: I l b c 

T = mean stress = 
m 

2 4rrLR2 

o = ratio of cup and. bob radius 
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4.3.5 Computer Simulations 

In recent years computer simulations have become an important 

tool in studying the rheological behavior of gases, liquids and 

dispersions. When comparing the simulations on different systems (e.g. 

non equilibrium molecular dynamics simulations of liquid argon38 and 

Stokesian dynamics simulations on colloidal dispersions23 ) it is 

striking how much the results have in common. Very often a transition 

to structural ordering is observed and at a higher shear rate 

sometimes large density fluctuations can be observed. These 

fluctuations can eventually lead to disorder again. When plotting the 

shear viscosity usually shear thinning behavior is observed, in some 

cases followed by shear thickening20•21 • 22. 

In Stokesian dynamics monolayer simulations on colloidal 

dispersions between two moving walls it has been observed that at high 

areal fractions (~,.> - 0. 35) large fluctuations in the viscosity time 

trace can be observed39• These fluctuations are due to cluster 

formation. At higher concentrations (~,. = 0. 6), very large, compact 

clusters form, resulting in extremely high suspension viscosities as 

well as in plug-flow-like behavior, where all particles translate with 

nearly the average velocity of the planes26' 39• 

Finally, Hess and Loose40 were able to treat velocity slip of a 

dense fluid undergoing a plane shear flow by a NEMD method. The flow 

was driven by moving walls. From their simulations it can be seen that 

there is a well defined slip at the wall which depends linearly on the 

velocity gradient in the bulk. The authors mention that at higher 

shear rates layer formation and plu~-11ke flow can be observed but 

they present no results. 

4.4 Experimental 

4.4.1 Haterials 

Rheological measurements were performed with dispersions of 

polystyrene (PS) particles in water and in a glycerol/water mixture. 

Also some other dispersions were used, the preparation of which was 
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described elsewhere13 . 

Polystyrene particles were prepared according to a slight 

modification of the method of Almog et al. 41 . This is a polymerization 

method in which in addition to the emulsifier a steric stabilizer 

{polyvinylpyrrolidone) is employed. The exact preparation procedure is 

described. elsewhere13 . The particles were washed six times in ethanol 

and twice in water by centrifugation. Then the particles were 

redispersed in water and stored. Samples with a required concentration 

were prepared by evaporating the appropriate amount of water in a 

vacuum oven at 50 °C. After a measurement the exact volume fraction 

was determined by drying a sample of known weight at SO •c in a vacuum 

oven and calculating the volume fraction from the weight fraction . In 

this investigation two batches of particles were used, with different 

particle sizes (diameters 1. 61 j.Lill, referred to furtheron as PSl, and 

2.60 ~m. referred to as PS2). The particle sizes were determined with 

a Coulter Counter ZM 256. From electron micrographs it could be seen 

that all particles were spherical. The density was determined by 

pycnometry to be 1051 kg/m3 and the ratio of the weight average to the 

number average diameter was in both cases smaller than 1.008, 

indicating a high degree of monodispersity. 

In case of the dispersions ln glycerol/water PS was dried in a 

vacuum oven at 50 ·c. This PS was then redispersed in the 

glycerol/water mixture. Dispersions were prepared in 100 ml . wide neck 

sample bottles by mixing the constituents by hand during addition of 

the particles until the required volume fraction was obtained. Then 

the sample was stirred mechanically until, after careful dilution of 

the sample with glycerol/water, under a microscope no aggregates could 

be seen. Further details can be found elsewhere13 . 

For the preparation of the dispersion double-distilled water was 

used. Glycerol (Merck, reinst) was used as supplied . It was mixed with 

double-distilled water to give a 86.1/13.9 % w/w mixture with a 

density of 1224 kg/m3 and a viscosity of 0 . 140 mPa•s, both at 20 ·c. 
For a description of the methods used in further caracterizing the 

particles we refer again to a previous publication13. 
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4.4.2 Hethods 

Rheological measurements were carried out with a Contraves 

Rheomat 115 shear rate controlled rheometer, supplied with a personal 

computer both for reading torque values as well as for applying 

certain shear rates. Various concentric cylinder geometries were used 

in order to cover a wide range of shear stresses. The dimensions of 

the various geometries are listed in table 4.1. The rheometer was kept 

Table 4.1 

Dimensions for the different systems 

R L 
c b 

System Rb 

mm mm mm 

DIN 145 22.5 24.4 80.5 

DIN 125 12.5 13. 55 44.7 

DIN 114 7 . 0 7.6 25. 0 

DIN 108 4.0 4.35 14.3 

at 20.0 ± 0 . 1 °C or at 50. 0 ± 0. 1 °C, using a thermostatic water 

circulation system. After the measuring system was filled, with care 

being taken not to include air in the system, the system was fitted in 

the rheometer. There it was first kept at rest for 30 min. in order to 

equilibrate thermally. The system was closed with a teflon cover in 

order to prevent evaporation of the dispersion medium. Two types of 

torque measurements were made; ( 1) sequences at a range of angular 

velocities, the time between individual measurements being kept as 

short as possible (only with the PS1 in glycerol/water dispersions) 

and (2) measurements in time at a fixed angular velocity (with all 

dispersions). With the latter type of measurement the dispersion in 

the system was gently stirred by hand with a spatula before every 

measurement. 

Checks for wall slip were made with, among others, a photographic 

technique. The system was filled with the dispersion up to such a 
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level that the gap between the cup and the bob was just filled. Then a 

small amount of carbon-black powder was gently pressed into the top 

layer of the dispersion. When the bob was then rotated the carbon 

powder flowed with the dispersion and the flow pattern of the 

dispersion could be observed. Photographs were taken via a mirror, 

because direct observation was difficult due to the presence of the 

thermostatic mantle of the rheometer, which also serves to centre the 

system. 

4.5 Results and Discussion 

4 . 5 . 1 Viscosity as a function of shear rate 

Viscosities of polystyrene in water dispersions were measured as 

a function of shear rate at volume fractions between 0. 44 and 0 . 6. 

Measurements were carried out in systems with different cup and bob 

diameters .- The ratio between cup and bob diameter was, however, always 

the same . Flow curves were obtained by measuring at a range of shear 

rates whereby every shear rate was measured in time for approximately 

400 seconds after which the viscosity readings were averaged over all 

the measured values . 

Table 4.2 

Parameters for the measured dispersions 

dispersion a llo c (.(E:I{Io) c K 
r 

Pa•s mV mol•m -3 107 -I 
J.lm - m 

PS1 in water 0 . 805 0. 001 80 . 37 -37 0.3 5. 64 

PS2 in water 1.3 0 . 001 80.37 -26 0 . 45 6.91 

PS1 in gly/wat 0.805 0 . 140 48.65 -31 0.2 5. 92 

20 oc 

PS1 in gly/wat. 0 . 805 0.0285 48.65 -31 0 . 2 5 . 64 

so °C 
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fig. 4. 1: Relative viscosities as a function of shear rate for a 
dispersion of PS2 in water (~ = 0.584) measured in different systems 
at 20 °C. DIN140 (.&.), DIN125 (e), DIN114 (.), DINlOB (+). 

As mentioned in the experimental section two different batches of 

polystyrene were used. The characteristics of these batches and of the 

dispersions prepared from them are SUllllllarized in table 4. 2. In fig. 

4 . 1 a typical result is shown for a dispersion from PS2 with volume 

fraction 0 . 584. It can be seen that at shear rates higher than the 

critical shear rate for shear thickening, 'l. s 
there is a strong 

dependence on measuring system. Lateron we will show that this is 

probably due to wall slip. The dispersions with other volume fractions 

gave similar results . Also the dispersions from PSl showed the same 

viscosity dependence on shear rate13. It is important to note that the 

viscosities we plot here are sometimes not the real viscosities of the 

material, due to slip effects. It is simply the measured stress 

devided by the applied shear rate. We use them because it facilitates 

comparison with other work and will continue in this work to use the 

word viscosity, even when, as in the case of slip, this is an 

underestimation of the real viscosity. 

In fig. 4 . 2 the flow curves at two different temperatures are 
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fig. 4. 2: Relative visosities as a function of shear rate for a 
dispersion of PSl in glycerol/water (86. 1 7. wlw) at 20 •c (open 
symbols) and 50 •c (closed symbols) in different systems. ~ = 0.585. 
DIN125 (-4- ), DIN114 ( 4 ), DINlOB ( 0 ). 

shown for a dispersion of PS1 in glycerol/water with a volume fraction 

of 0. 585. These flow curves were measured as fast as possible. The 

dependence of the obtained viscosity on the different measuring 

systems is also indicated. Altough less severe as with t-he polystyrene 

in water dispersions above ~ there is still a quite strong dependence 
a 

on the radius of the cup (and thus bob), indicating wall slip. The 

change in temperature results in a horizontal shift of the flow 

curves, as is expected from eq. 4.3. 

When using the data of table 4.2 it is possible to calculate the 

shear rate at the onset of shear thickening, as predicted form eqs. 

4. 3 and 4. 4. In table 4. 3 these predictions are compared with the 

measured values. As can be seen the agreement is good, especially when 

taking into account the uncertainties in the parameters characterizing 

the dispersions. 

The important dimensionless numbers for the flow of dispersions 

have been mentioned earlier. With the data from table 4.2 they can be 
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Table 4.3 

Critical shear rates for the measured dispersions 

dispersion 

PS2 in water 0.584 

PS1 in glY:/wat 0.585 

20 
0 c 

PS1 in gly/wat 0.585 

so °C 

'ls,calculated 

-1 
s 

99 . 6 

0.81 

3.8 

1 s,measured 

-1 
s 

- 115 

1.1 

- 5 

calculated. Using the critical number for Taylor vortices one can show 

that these will never interfere with our measurements. They could 

theoretically appear in the largest Couet te system at the highest 

shear rates, but at these shear rates we always measured in a smaller 

system. 

The Reynolds number varies between 6.5 • (PSl in 

glycerol/water dispersion at the lowest shear rate) and 1. 7 • 10-3 

(PS2 in water dispersion at the highest shear rate). This means that 

inertia effects are completely negligible. The Peclet number varies 

between 17.0 for the dispersion of PSl in glycerol/ water (20 
0 c. 

lowest shear rate) to >10000 for the dispersion of PS2 in water at the 

highest shear rate. This means that in most of the measurements 

Brownian motion is negligible. Measurements of de Kruif et al. 42 

indicate that for hard spheres Brownian motion is still important at 

Pe up to approximately 100 but since in our dispersions the 

electrostatic forces are much stronger than the Brownian forces (NEB > 

500) we expect that Brownian forces will not influence our viscosity 

results, even at the lowest mea~ured shear rates. 

At this stage it seems appropriate to make some remarks about the 

general shape of the flow curve of concentrated dispersions in which 

either the Brownian for ces or the electrostatic forces dominat e the 

other . 

When the Brownian forces dominate the electrostatic forces (NEB 
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<< 1) the predicted critical shear rate for the onset of shear 

thickening is located below the shear thinning transition around Pe=1. 

Shear thickening will probably be very weak and may not be observable 

at all, because the equilibrium state of the dispersed particles is 

liquid like. Only at very high volume fractions (</> > 0. 585) the 

equilibrium state can be a crystal. Unfortunately not much 

measurements have been reported on suitable dispersions in this range, 

but as far as we know shear thickening has never been observed at 

Peclet numbers lower than one. In fig. 4. 3a we show some possible 

forms of the flow curve. 

The second possible case is when the electrostatic forces 

dominate the Brownian forces (NEB >> 1). Here, the fundamental 

phenomenon is shear thickening at r (or N 1) . This may be 
s HE 

complemented by a shear thinning regime at lower r. where Pe 0(1). 

Possible shapes of the flow curve in this case are shown in fig. 4.3b. 

In our measurements no sign of shear thinning is found down to Pe~zo, 

but it is possible that it is found at lower shear rates. The flow 

behavior reported by Laun32 in his fig. 9 is an example of a flow 

curve with two transitions that may be due to this specific bahavior. 

The onset of shear thickening in that figure can be explained with our 

model if one assumes a value of ljJ0 in the order of 50 mV. The 

Pe-number at which shear thinning occurs decreases by approximately 

two decades with increasing volume fraction, starting at Pe = 0(1) for 

low </>. Qualitatively this drop in critical Pe-number is in accordance 

with the results of VanderWerff et. al. 43 who investigated systems 

with N ~ 0. 
EB 

It is · unclear what the form of the flow curve is at shear rates 

above the shear thickening transition, because, as we will indicate in 

the section about time dependent behavior, it is very difficult to 

perform reliable experiments in this range. 

For each Newtonian plateau 1t is possible to plot the relative 

viscosity as a function of volume fraction. Usually these different 

Newtonian plateaus give rise to different maximum packing fractions 
43 

</>max 
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fig. 4.3: Possible flow curves for a concentrated dispersion when (a) 
the Brownian forces dominate the elec trostatic forces and (b) the 
electrostatic forces dominate the Brownian forces . 
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4.5.2 Low shear rate viscosities as a function of volume fraction 

For all the measured flow curves it is possible to determine a 

Newtonian region at low shear rates. The values for the relative 

viscosities at low shear rates of the investigated dispersions of 

polystyrene are plotted against volume fraction in fig. 4 . 4. The 

overlap between the different particle sizes and medium viscosities is 

remarkably good. For comparison the equation of Frankel and Acrivos·, 

eq. 4.1 is plotted as well (the dotted line). We used a maximum 

packing fraction, ~ , of 0.605, which is the volume fraction for a 
max 

cubically stacked hexagonal packing. The dispersion can then just flow 

freely in layers of particles sliding over each other . It can be seen 

that the equation compares very well with the data. In previous work44 

on concentrated dispersions 

found. 1000 

100 

17r 

10 

the same maximum packing fraction was 

+ 

.~~ 

I 
+-.l + ... 

..... ~ ....... + 

........ + + 

• 

-- --.. L.... _ _ _L ____ _j_ - - - .J. •. _ 1 
0.4 0.5 0.6 

(/) 
fig. 4.4: Low shear rate relative viscosity as a function of volume 
fraction. PSl in water ( • ), PS2 in water ( & ), PSl in glycerol/water 
( 86. 1 % w/w) (a). Low Pe (+) and high Pe ( +) data of ref 43, a:::<llO 
nm. The dotted line is the equation of Frankel and Acrivos with ~ 

.... x 
0.605. 
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For comparison the low and high shear relative viscosities of 

hard sphere dispersions of Van der Werff and de Kruif43 have also been 

plotted in fig. 4.4. These are the plateau values on both sides of the 

shear thinning transition around Pe=1 (see fig. 4.3a). It can be seen 

that our viscosities lie in between of their high and low Peclet 

level. If we increase our particle radius by the double layer 

thickness (1/K) and calculate our volume fractions with this new 

particle radius our data and their high shear data show good 

agreement. 

4.5.3 Time-dependent viscosity behavior 

If viscosities (or torques) are measured at shear rates slightly 

above the shear rate where shear thickening starts, very strong time 

effects can be found. In our measurements these time effects occured 

especially with highly concentrated dispersions of monodisperse 

particles. As an example, in fig. 4.5. the viscosity trace in time is 

given for the PS2 in water dispersion with 41 = 0. 584 at different 

shear rates. When~= 131 s-1 (fig. 4.5a) the shear rate is just below 

~ and no time effects are found. At a slightly higher shear rate (144 
s 

s-1 ) , however, the viscosity starts to show peaks in time (fig. 4.5b). 

The number and height of the peaks increases with increasing shear 

rate. The maximum value of the viscosity of a peak can be more than 

twenty times the value of the low viscosity. When the shear rate is 

again slightly higher ( 156 s -I), in some cases a transition to a 

steady high viscosity level occurs after shearing for a few minutes 

(fig. 4.5c).This high viscosity level is immediately reached at a 

still higher shear rate (158 s-1 ), as is shown in fig. 4.5d. Note the 

difference in y-scaling between figs. 4. Sa, b and figs. 4. Sc, d. The 

large structural changes in the dispersion, suggested by the described 

flow behavior, take place in a narrow range of shear rates : ~ changes 

only by a factor 1.2. 

In these measurements we stirred the dispersion by hand with a 

spatula before each measurement at a certain shear rate . This was done 

to ensure that no effects from a previous measurement would interfere 

with the present one. The reproducibility of the measurements was very 
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fig. 4.5a: for caption please turn over. 
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fig. 4.5: Time dependence of the relative viscosity of a dispersion of 
PS2 in water (tJ> = 0 . 584) at 20 •c in system DIN125. ; = 131 s - 1 (a), 
144 s-1 (b), 156 s-1 (c), 158 s-1 (d). 
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good (except for the places of the peaks, which were random). The same 

sequence of results with varying shear rate was also found with other 

volume fractions (between 0.57 and 0.60) and with dispersions of PSl 

in water, all around their own critical shear r ates. The results shown 

here are all for cup and bob system DIN 125. In the other geometries 

qualitatively the same behavior was shown. Only the shear rate at 

which the peaks appeared shifted to higher values at smaller cup and 

bob diameters. This was probably due to wall slip. In fig. 4. 6 the 

regions of the flow curves where peaks could be observed are indicated 

for the dispersion of PS2 in water with volume fraction 0 . 584. 

In order to check the influence of the medium viscosity and to 

get a confirmation of the measured phenomena, time dependent 

experiments were also performed with dispersions of PSl in 

glycerol/water at 20 and SO °C. These measurements were performed in 

the same way as the measurements on PS in water . Some typical results 
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fig. 4 . 6: Flow curve of a dispersion of PS2 in water ( ~ = 0. 584), 
measured i n different systems at 20 °C. Extrapolat i on of possible flow 
curves and indicat i on of peaks in the viscosity time trace. DIN140 
(A) , DIN125 (e), DIN114 (. ), DIN108 <+ ). 
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fig. 4.7: Time dependence of the rel~tive viscosity of a dispersion of 
PSl in glycerol/water (86.1 7. w/w) w.ith 4> = 0.585 at 20 °C in system 
DIN124. 7 = 1.45 s - 1 (a), 1.5 s-1 (b). 
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are shown in fig. 4. 7 for a dispersion with ~ = 0 . .585 at 20 
0 c. In 

figs. 4 . 7a and 4 . 7b it can be seen how a very small increase .in shear 

rate gives a quite large increase in peak frequency and peak height. 

As can be seen the occurrence of peaks resembles that of the PS2 in 

water systems, only the time scale is much larger . However, in terms 

of deformation, the scales are of the same magnitude. Similarity in 

terms of amount of deformation was also found at 50 °C, where the 

viscosity of the glycerol/water i~ approximately a factor five lower. 

The observed behavior can be explained in terms of an 

order-disorder transition, accompanied by the formation of large 

clusters, which sometimes span the whole cell width. When the 

viscosity is at its low "base" level there is some type of ordered 

flow. This is due to the fact that below r electrostatic 
s 

stabilization dominates the hydrodynamic forces. Although we see the 

peaks slightly above 78 it is very well possible that there is also 

ordered flow there. This can still be due to the electrostatic 

stabilization, but even with only hydrodynamic forces in theory 

perfectly regular ordered flow is possible45 . Due to some type of 

instability the order can break up and there is a sudden severe rise 

in viscosity. This can be accompanied by cluster formation, which is 

well known to occur in dispersions with only hydrodynamic 

interactlons25 ' 46 ' 47• Then the dispersion possibly orders again, 

leading to the low viscosity after some time. 

4.5.4 Thixotropic behavior and shifting of r 
• 

When starting a measurement at a shear rate slightly above r it 
• 

was observed that first the viscosity decreased down to some steady 

level (see e. g. fig. 4. 7) . This level usually was the base level for 

the peaked time trace. Thixotropy was especially seen with the PS1 in 

glycerol/water dispersions. The same behavior was seen at the other 

medium viscosities, but the decrease was faster at lower viscosities. 

This behavior is probably due to a slow ordering of the dispersion. 

When the measurement is started the dispersion is in a disordered 

state, due to the stirring before the measurement and the introduction 

of the bob into the cup ~ontaining the dispersion. Under shear the 
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dispersion slowly orders into layers or strings sliding parallel to 

each other. When the base level is reached there is ordered flow, just 

as at shear rates below r . The only way to obtain confirmation of 
8 

these structural changes would be, however, to perform light or 

neutron scattering experiments, together with rheological 

measurements, on suitable dispersions . 

Leighton and Acrivos8 showed that thixotropic behavior of 

dispersions can be due to shear induced diffusion. We checked for 

shear induced diffusion by sealing the gap below the bob with a layer. 

of mercury. This had no influence at all on the reported behavior of 

the viscosity. Also the height of filling above the bob was of no 

influence on the results . From this it can be concluded that migration 

phenomena are not important in these dispersions . This is confirmed by 

an estimation of the diffusion time for shear induced migration. Since 

the diffusion coefficient scales with a2r the diffusion rate of our 

smaller particles is more than a factor hundred slower than the 

diffusion rate of the particles of Leighton and Acrivos. And since the 

decrease they measured took several hours, for our particles this 

would mean several weeks, which is much longer than the time scale in 

which we noticed a decrease in viscosity. 

Our measurements indicated that the amount of thixotropy could be 

influenced by the measuring procedure . In the "fast" measuring 

procedure, in which one scans the total shear rate range in quick 

equidistant (on log scale) steps, the system is not allowed to develop 

any thixotropy. However, if the system is sheared long enough then it 

attains, after a period of thixotropy, a low equilibrium viscosity. If 

then . the shear rate is slightly increased the viscosity shows a large 

increase followed by thixotropic behavior. This maximum viscosity is, 

however. lower than the corresponding value in the fast procedure, 

until fl.nally the viscosity becomes too high to measure in the 

specific system. Measuring like this we were able to measure the PSl 

in glycerol/water dispersion at 20 °C up to a shear rate of 2. 4 s-1 , 

instead of the 1. 7 s-1 that can be reached when measuring as fast as 

possible or with stirring the dispersion before every new shear rate . 

This indicates that when measuring shear thickening dispersions 

measuring procedures have to be specified with great care . Also this 
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phenomenon can be explained with a slow reordering of the dispersion 

and the break up of clusters. 

4.5.5 Wall Slip 

In order to explain the strong dependence of the viscosity on the 

size of the measuring system at shear rates above r we checked for 
& 

the occurence of wall slip. Small quantities of carbon powder were 

placed on top of the dispersion which filled the Couette geometry up 

to exactly the top of the bob. With a spatula the powder was gently 

pressed into the dispersion to make sure that the carbon would flow 

with the dispersion and would indicate the flow pattern of the 

dispersion. The Couette system was then rotated at a certain shear 

rate and photographs were taken during a certain time (typically about 

30 seconds). This procedure was applied to the dispersion of PSl in 

glycerol/water at 20 •c in system DIN 125 at several shear rates. 

Typical results at two shear rates are shown in figs . 4. 8 and 

4.9. In fig. 4.8 the shear rate is 0.572 s-1 and within the limited 

a 

fig. 4.8a: for caption please turn over. 
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b 

fig . 4 . 8: Time trace of the flow in the Couette gap of system DIN125 
for a dispersion of PSl in glycerol/water (86.1 7. wlw) with~= 0.585 
at 20 °C. The shear rate is 0.572 s-1• (a) : t = 20 s. (b) : t ; 57 s. 
The cup and bob wall are drawn in the photographs for clarity. 

a 
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b 

( 

fig. 4.9: Time trace of the flow in the Couette gap of system DIN125 
for a dispersion of PSl i n glycerol/water (86. 1 7. w/w) with ~ = 0.585 
at 20 °C. The shear rate is 1.676 s-1• (a) : t = 0 s. (b ) : t = 6 s. 
(c) : t = 9 s. The cup and bob walls are drawn in the photographs for 
c larity. The slipping pl ane is indicated by an arrow. 
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accuracy the velocity profile is linear from wall to wall, indicating 

that no wall slip takes place, as is also expected from the 

measurements. In fig. 4. 9 the shear rate is 1. 676 s-1 and a slipping 

plane in the dispersion can be observed. Also on the inside of the 

slipping plane there is a strong indication that plug flow takes 

place. At even higher shear rates we observed slip both at inner and 

outer cylinders and also plug flow over the whole gap was visible. 

These results confirm the behavior expected from the viscosity 

measurements and indicate that when measuring concentrated dispersions 

which show severe shear thickening great care has to be taken when 

measuring at shear rates above ~ . 
s 

The formulas derived by Yoshimura and Prud ' homme35 allow to 

calculate the wall slip velocity and to correct the shear rate (and 

thus viscosity ) readings. In fig . 4. 10 the stress is plotted as a 

function of shear rate (as derived straightforward from angular 

velocities) for the dispersion of PS2 in water . If the shear rate due 

to deformation in the fluid is calculated according to eq . 4 . S this 
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fig. 4.10: Stresses as a function of shear rate for the dispersion of 
PS2 in water with ~ = 0 . 584 at 20 •c. DIN140 (A), DIN125 (e), DIN114 
(II), DIN108 (~). Broken lines are extrapolations. 
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gives negative values for n,. which is unrealistic. Probably this is 

due to inaccuracies in the measurements . In fig . 4 . 6 we extrapolated 

from our measurements the probable form of the apparent flow curves in 

the different Couette systems. This form was also indicated by 

measurements on dispersions with different volume fractions, where a 

wider shear rate range was covered for the smaller Couette geometries. 

This extrapolation is indicated as well in fig. 4. 10. When the slip 

velocity is calculated from this curve this leads to positive, but 

small values for nr So, although a quantitative discussion of the 

results is not possible, one can state that the largest systems always 

give the best results and that measurements at shear rates above 7 
s 

are very sensitive to wall slip because of the extremely high 

viscosities. These high viscosities are probably due to the formation 

of large clusters, which can even be cell spanning. The latter then 

induce plug flow. 

4. 5. 6 Measurements on dispersions with lower volume fractions or on 

dispersions from polydisperse particles. 

Measurements were carried out with dispersions of PSl in water at 

volume fractions down to~= 0 . 45 and with dispersions of PSl in water 

at ~ = 0 . 57. Dispersions of polydisperse PVC in dioctylphtalate were 

measured up to ~ = 0. 60 and dispersions of polydisperse glass in 

glycerol/water up to~= 0.585 (see for some of the measurements ref. 

13). These dispersions showed much weaker time dependency of the 

viscosities, than that reported above . 

The dependence of the torque-angular velocity curves on the 

measuring geometry indicated also wall slip with the polydisperse and 

with the less concentrated monodisperse systems, but this slip was 

much less severe than with the highly concentrated monodisperse 

dispersions. The shear rate at which any slip could be observed with 

the carbon black method was far above 7 (more than twice as high) and 
s 

there is only a slight dependence on measuring geometry. 

A decrease of the viscosity in time was observed with all 

polydisperse and less concentrated monodisperse dispersions at shear 

rates above 0 . As an example in fig . 4.11 an ~(t) curve is given for 
s 
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fig. 4.11: Time dependence of the relative viscosity of a dispersion 
of glass in glycerol/water (86 . 1 7. w/w) with 4J = 0. 57 at 20 •c in 
system DIN125. The shear rate is 4 . 92 s - 1• 

a dispersion of glass in glycerol/water at 20 •c with volume fraction 

4J = 0. 57. The applied shear rate was 4. 92 
-1 

s • while 7 for this 
s 

dispersion is around 1.8 s-1 . The viscosity decreases to approximately 

half of its starting value. It was checked that no shear induced 

diffusion occured. Also it can be calculated that heating effects due 

to viscous dissipation are negligible at the shear rates applied. The 

thixotropy is considerable but will not interfere too much when a flow 

curve is taken as fast as possible. Also the decrease in viscosity is 

by far not as strong as the increase due to shear thickening, which is 

in most cases more than a decade. We think that the decrease in 

viscosity is again due to a slow reordering of the dispersion, even at 

these shear rates far above r . 
8 

The measurements indicate that with polydisperse dispersions and 

with less concentrated monodisperse dispersions small perturbations of 

the ordered regular flow probably have a less drastic influence on 

their surroundings in the dispersion and are restored more easily. At 

shear rates above r there is a more gradual transition from the 
s 
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ordered flow to a disordered flow with clusters and large density 

fluctuations. This is not unexpected as, at a given volume fraction, 

there is simply more place in the dispersion, and a small degree of 

disorder is then less effective in blocking the flow . Moreover, the 

cell spanning cluster can be expected to disappear below a critical 

volume fraction. Polydispersity breaks the spanning cluster by placing 

small particles between large ones, thereby disrupting the connection 

between the aggregates . 

4.5.7 Comparison with previously reported results. 

Almost all of the results presented in this paper can be 

explained with the concept of an order-disorder transition. However, 

the exact state of the order (layers or strings) is not clear. 

Recently scattering experiments indicated that string formation takes 

place in a sheared dispersion, while layer formation could not be 

detected32 ' 48 . In other experiments, however, both string and layer 

formation were detected18 . The latter behavior was also reported in 

NEMD computer simulations20 ' 21 ' 49 . Unfortunately, one has to take care 

in interpreting the simulation results, because some of them may 

result from the procedures used to equilibrate the system thermally50. 

The disordered state is probably characterized by the formation 

of large clusters in the dispersion . This has been observed 

experimentally46 ' 47 , as well as with computer simulations25 • Laun32 

indicates that with SANS measurements large density fluctuations were 

observed . We think that in a Couette gap sometimes even cell spanning 

clusters can form, leading to large instabilities and wall slip or 

plug flow . This behavior also resulted from Stokesian dynamics 

computer simulations26 ' 39 . NEMD simulations recently showed wall slip 

and plug flow to appear in dense fluids40 . 

Flow instabilities in shear thickening dispersions have also been 

reported by other authors . Strivens16 reported that different 

rheometers gave different results and that unstable stress readings 

interfered with his measurements. In view of our results this was 

probably due to wall slip and cluster formation . Willey and Macosko14 

mentioned that they observed time dependent dilatancy in PVC 
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dispersions in various plasticizers, but give no data, so it is 

difficult to judge their results. Plug flow and wall slip have been 

observed in a number of other experiments on concentrated dispersions. 

However, these observations were mainly done in capillary flows36. 

Finally, Heyes noted that in NEMD simulations on the 

Lennard-Janes liquid shear thickening can be seen. He also found that 

the shear rate at which shear thickening is first observed depends on 

the rate of change of shear rate up to that point20. If the system has 

more time for a structural reorganisation the shear rate at which. 

shear thickening occurs will be higher. This is in agreement with our 

experimental findings of the shifting of r . 
s 

4.6 Conclusions 

When measuring the rheological behavior of concentrated 

dispersions considerable care has to be taken in interpreting the 

results, because wall slip and other effects can strongly influence 

the results. The electrostatically stabilized dispersions investigated 

exhibit, at shear rates below the critical shear rate for shear 

thickening, a Newtonian plateau, the level of which can be described 

by the well known relation of Frankel and Acrivos. Around the critical 

shear rate there is some kind of an order-disorder transition, 

probably from ordered layers or strings to disordered clusters. 

Above the critical shear rate in highly concentrated (~ > 0.57) 

dispersions of monodisperse particles severe time dependent effects 

and thixotropy can be observed, due to cluster formation and 

structural reordering. The strong dependence of the angular velocity 

on the measuring system size, at a fixed torque, indicates wall slip. 

The occurence of slip was confirmed by photograps, which also 

indicated slipping planes in the dispersion and plug flow. 

Calculations showed that the slip velocities are very high and 

indicated that better measurements can be done in larger systems. 

With dispersions of polydisperse particles or with dispersions of 

monodisperse particles at lower volume fractions (~ ~ 0.57), viscosity 

fluctuations are almost absent and wall slip is much less pronounced. 

Considerable thixotropy still takes place, leading in some cases to a 
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reduction of viscosity with time by a factor two. This is probably due 

to structural reordering. 
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5 VISCOELASTIC PROPERTIES Of CONCENTRATED SHEAR THICKENING 

DISPERSIONS 

5.1 Abstract 

The viscoelastic properties of concentrated dispersions of silica 
and glass particles in a glycerol/water mixture are studied. These 
dispersions are shear thickening in steady shear flow. It is found 
that at a certain critical combination of deformation amplitude and 
angular velocity the response signal becomes distorted, developing 
higher harmonics. This phenomenon can be ascribed to flow blockage, 
closely related to shear thickening in steady shear flow. When 
plotting the critical deformation against the angular velocity, three 
different regions can be detected. At low frequencies there is the 
steady shear flow limit, at intermediate frequencies double layer 
overlap causes non-linearity in the response signal and at high 
frequencies there is a region where the critical deformation for flow 
blockage is independent of the volume fraction. Calculations of the 
storage modulus show that there is qualitative agreement between the 
measured values and a model based on electrostatic repulsion causing 
the elastic effects. 

5.2 Introduction 

Since the beginning of this century considerable effort has been 

put into studying the rheological properties of concentrated 

dispersions. This is mainly due to their wide occurence in industrial 

applications and to a number of interesting rheological phenomena they 

display. Examples of these phenomena are shear thinning (1,2), shear 

thickening (3-7), thixotropy (8) and yield stress (9). Until the last 

two decades investigations mainly involved the steady shear 

properties, because of lack of sophisticated rheological measuring 

instruments. But lately the viscOEilastic properties of dispersions 

received increasing attention (10-14). Reasons for this are, among 
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others, the possibill ty of elucidating the molecular structure of 

materials and the use of material parameters in quality control of 

industrial products. 

In a recent study (3) we showed that the shear rate at which 

shear thickening in dispersions starts can be predicted from a balance 

of forces between the particles at small interparticle distances: 

stabilizing repulsive forces and hydrodynamic forces which induce 

disorder in the dispersion. To get some more insight in the structure 

of the dispersion in this study we measured the viscoelastic 

properties of concentrated shear thickening dispersions. Although a 

considerable amount of research was performed on the flow properti·es 

of shear thickening dispersions under steady flow conditions (see the 

recent review by Barnes (4)) very little attention has been devoted to 

studying their viscoelastic properties. 

Strivens (14, 15) studied the viscoelastic properties of 

sterically stabilized dispersions which were shear thickening under 

steady flow conditions (16) . In his results, a transition from a high 

viscosity, low elastic modulus (G') region at low frequencies to a low 

viscosity, high G' region at high frequencies can be observed. 

Strivens concludes that the transition is due to a reordering of 

particles into hexagonal sheets at low frequencies. With increasing 

shear the hexagonal sheets become increasingly closely packed until at 

close packing further increase of th~ flow leads to shear thickening. 

At high frequencies the particles have no time to reorder . The 

measurements also revealed non-linearity in the strain wave form. 

Strivens attributed this to the interpenetration of steric barriers. 

Comparison with his steady flow data suggests that the transition to 

high G' and the non-linear strain wave forms are not the same as the 

shear thickening transition (14), because this last transition takes 

place at much higher shear rates . To our knowledge also in other 

experiments the relation between shear thickening under steady flow 

and a similar phenomenon ln the measurement of viscoelastic properties 

has never been studied. 

Blockage of the flow of concentrated dispersions has, however, 

been observed in viscoelastic measurements. Schreuder et al. (17). 

showed that with highly concentrated pastes of glass particles in 
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glycerol/water the response deformation to a sinusoidal oscUlation 

shows a blockage phenomenon. A practically undeformable structure is 

formed which does not flow . It was also observed that when filling the 

apparatus by pushing the paste through a tube the flow blocked when 

the paste was pushed too fast. This probably is analogous to a shear 

thickening transition. The experimental results have been explained by 

sheet formation at low frequencies, whlle at high frequencies the 

sheets are less developed and a more closely packed structure exists. 

Gadala-Maria and Acrivos (18) found non-linear response curves 

during oscillatory experiments on suspensions of polystyrene spheres 

in silicon oil . According to them an explanation of their findings is 

that, upon being sheared, the suspensions develop a structure which 

renders them anisotropic fluids . In steady shear measurements, 

however , no sign of shear thickening was found . 

Finally, Onogi et al. (19,20) measured carbon black dispersions 

in polystyrene solutions and found that the response deformation can 

be severly distorted and shows higher harmonics. Because they did not 

present steady flow data it is difficult to judge whether this 

behavior is related to shear thickening , but since their dispersion 

media were concentrated solutions of polystyrene in diethyl phtalate 

their viscosities were very high and it is not likely that shear 

thickening will then be observed in standard rheometers (3) . Also the 

non-Newtonian character of their suspending fluid makes an analysis 

difficult. 

In this paper we present measurements of the viscoelastic 

properties of concentrated dispersions which show severe shear 

thickening in steady flow measurements (3). We show that this shear 

thickening transition is reflected in the viscoelatic properties and 

that the occurence of the transition (for a certain dispersion) 

depends on volume fraction, angular frequency and deformation 

amplitude . At higher frequencies the transition becomes independent of 

frequency . From the measurements interesting information can be 

extracted about the mechanisms in the dispersion that are responsible 

for shear thickening. 
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5. 3 Experimental. 

5.3.1 Sample preparation and characterisation 

Silica (Si02 ) particles were prepared by the method of Tan et al. 

(21) at -zo•c in a 10 L vessel (diameter 0. 2 m) stirred with a 

magnetic stirrer (stirrer diameter 5 em). N-propanol (Fluka AG) was 

used as solvent. Tetramethylorthosilicate (98%, Janssen Chimica) was 

distilled before use. The mixture was kept at -20°C for. 16 h and the 

reaction yielded approximately 75 g of silica. The silica particles 

were washed five times with double-distilled water, twice with 

concentrated nitric acid and then again with double-distilled water 

until the pH reache d a constant value (±6.5). Washing was performed by 

centrifugation, decanting the liquid, and resuspending in new liquid. 

The particles were fairly monodisperse. In electron micrographs 

it could be seen that a few particles were not completely spherical, 

but were slightly oval or showed small surface irregularities. The 

great majority, however, were spherical. The number-average diamete r 

was 1 . 91 ~m and the ratio of the weight average to the number average 

diameter was 1.06. This was determined with a Coulter Counter 2M 256. 

The density, as determined with a pycnometer, was 2,026 kg/m3 . 

However, from Ubbelohde viscosity measurements on dispersions of the 

silica partic les in water at low volume fractions, using the Einstein 

relation for the relative viscosity, a hydrodynamic density of 1,457 

kg/m3 was obtained. This suggests that the particles are porous and 

that water can fill the pores. In pycnometric density determinations 

then only the density of the solid fraction of the particle is 

measured while in Ubbelohde measurements solid and pore-filling liquid 

are measured. In mercury porosity measurements no pores could be 

observed with a pore diameter above 10 nm. In electron micrographs the 

particle surfaces appeared smooth, but BET measurements showed that 

the particles have a large internal area . We conclude therefore that 

there are very small pores in the particles whi c h fill with water and 

that in determining the volume fraction we must use the hyd rodynamic 

density. The determina tion of (-potential and Debye double layer 

thickness is discussed elsewhere (3) so here we only give the 
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resulting values . The <:-potential was -SO mV and the inverse Debye 

double layer thickness K was 1. 32 x 107 m- 1 • 

Glass particles were obtained from Potters Ballotini (soda lime 

glass) . They were washed in the same way as the silica particles . Only 

the final pH was now ±9 . 5. The denst"ty (by pycnometry) of the 

particles was 2 , 550 kg/m3 • The particle size distribution was rather 

wide . Electron microscopy photographs revealed that some particles 

(about 5%) were aspherical , but the majority was spherical . The number 

average diameter was 2 . 4 1'111 and the ratio of . the ·particle weight 

average to the number average diameter was 2 . 08 . The <:-potential was 

75 mV and K was 2 . 96 • 107 m-1 (3) . 

The dispersion medium was a 86 . 1/13. 9 % w/w glycerol/water 

mixture . Glycerol (Merck , reinst) was used as supplied and the water 

was double-distilled . The density of the mixture was 1, 224 kg/m3 and 

the viscosity was 140 mPa•s, both at 20 °C. The .relative dielectric 

constant of the medium is 48.65 (as obtained from the Handbook of 

Chemistry and Physics , 62nd ed . ) . 

Dispersion samples were prepared in 100 ml wide-neck sample 

bottles by mixing the constituents by hand until the correct volume 

fraction was reached . Then the samples were stirred mechanically with 

a two-blade propeller stirrer (blade dia . 3 em) at 2000 rpm. Stirring 

was continued until, after careful d i lution of the sample with 

dispersion medium, no aggregates could be seen under the microscope . 

After preparation of the dispersions all samples were left for 2 hours 

to equilibrate before measurement. 

5. 3.2 Steady shear rheology 

Continuous shear measurements were carried out with a Contraves 

Rheomat 115 shear rate controlled rheometer , supplied with a personal 

computer . During all measurements the rheometer was kept at 20 . 0 ± 0.1 

°C. Measurements were made as quickly as possible . This means that a 

value for the torque at a constant shear rate was taken as soon as the 

torque reached its maximum value , in order to minimize thixotropic and 

other time dependent effects (22) . 

After the measuring system was filled , with care being taken not 
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to include air in the system, the system was fitted into the 

rheometer. There it was first kept at rest for 30 min in order to 

equilibrate thermally and to restore possible structures that might 

have been destroyed during the filling of the system. The system was 

closed by a teflon cover in order to prevent evaporation of the 

dispersion medium. Checks for wall slip were made using the Couette 

two measurement method (23). Up to the onset of shear thickening no 

significant wall slip was measured. At higher shear rates dependence 

on the size of the measuring geometry was detected. The results of the 

largest geometry were taken to be the most reliable (22). 

5.3.3 Oscillatory measurements 

All oscillatory measurements were performed on a Weissenberg 

Rheogoniometer Model R-17 supplied with a concentric cylinder system. 

The amplitude and phase of the oscillation (strain) and response 

(stress) were determined using a SE Frequency Response Analyser 

SH2001A. The Couette device consl:sted of an oscillating cup and a 

concentric bob with diameters 5.5 and 5.2 em, respectively. The 

movement of the bob was constrained by a torsion bar and both the 

movements of the cup and the bob were registered in time. The system 

was kept at 20.0 ± 0.1 ·c. 
For t.he oscillations a frequency range of 0.05-50 Hz, and thus an 

angular velocity range of 0. 314- 314 s -l was used. The deformation 

amplitude was varied between 0.004 and 0.13. For the transformation of 

the measured phase and amplitude differences into rheological 

quantities use was made of the formulae given by Walters (24). The 

amplitude and phase of the higher harmonics were also determined with 

the Frequency Response Analyser. They were compared with the amplitude 

and phase of the first harmonic of the strain. From this, rheological 

quantities were calculated, using the same formulae as for the first 

harmonic of the stress. Thereby the closest passage through zero of 

the stress was taken as reference. In our Weissenberg the minimum 

oscillation amplitude at which higher harmonics in the oscillation 

input are negligible is approximately 0.002. 
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fig . 5 . 2: Relative viscosities for dispersions of glass in 
glycerol/water (86.17. w/w) at 20 °C. 
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5.4 Results 

In figs. 5. 1 and 5. 2 the flow curves for t.he various measured 

dispersions are shown. All dispersions show severe shear thickening 

behavior. The rise in viscosity is much more pronounced at the higher 

volume fractions and also the shear rate at which shear thickening 

starts is lower for the higher volume fractions. The shear thickening 

transition for the glass dispersions takes place at a higher shear 

rate than that for the silica dispersions. This can be explained using 

a force balance between hydrodynamic and electrostatic forces (3). 

The linear viscoelastic region can be determined by measuring, at 

a fixed frequency, the stress response to oscillatory deformations. 

This region is that at which the deformation is small enough for the 

moduli to be independent of the deformation. In some specific 

measurements the response signal appeared to become non-sinusoidal at 

higher deformations. Mostly this ' also marked the end of the linear 

viscoelastic region altough sometimes non-linear response signals were 

detected while the rheological quantities (G' and G") still were 

linearly dependent on the strain. This was always, however, at the 

upper end of the linear viscoelastic region. A similar behavior occurs 

if the deformation is kept constant and the frequency is increased. 

This behavior was more severe for the higher volume fractions . In fig. 

5.3 typical evolutions of the response signals are shown. These 

signals were all measured at the highest volume fraction at w = 6 . 28 

s-1 . At other volume fractions and measurements at a fixed deformation 

similar results were obtained. As will be discussed later, this 

behavior can be ascribed to the flow blocking also observed in the 

steady flow measurements (3). Sometimes the flow blockage was also 

observed in a sudden increase of G', in some cases accompanied by an 

increase in G", with increasing deformation or angular velocity. This 

was detected especially with the higher volume fractions. It has to be 

stressed again, however, that for the lower volume fractions this was 

not always the case. An example is plotted in fig. 5.4. The 

oscillation frequency was 1 Hz and it can be seen that at a distinct 

deformation amplitude (~ z 0 . 09) the moduli of the most concentrated 

dispersion suddenly increase strongly. For the two less concentrated 



Viscoelastic Properties... . 121 

~ 
a 

~ 

~ 
b 

~ 
c 

d 

fig. 5. 3 : Typical evolution of the response signal with increasing 
deformation amplitude or angular velocity. Th i s example Si02 in 

glycerol/water (86 . 17. wlw), 20 °C, if> = 0.598, w = 12.6 s-1 (2Hz). 
7=0. 01 (a) , '(=0. 07 (b) , '(=0. 08 (c), '(=0. 10 (d). Amplifications are 
different for the different signals. 

dispersions no flow blockage was observed within the deformation range 

investigated. 

In figs . 5.5 and 5.6 for two different deformations the viscous 

and elastic moduli are plotted as a function of frequency at a fixed 

deformation amplitude. For the lower deformation ( '(=0 . 03) from the 

plot of G' and G" no blockage can be extracted from the values of G' 

and G". From the shape of the response signal (same shape as e.g. in 

fig. 5.3b and 5.3c) it could be observed, however, that for all volume 

fractions there was flow blockage at w ~ - 80 s-1 (12. 5 Hz). For the 

higher def ormations flow blockag~ is more distinctly seen · with all 
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(1Hz) for dispersions of SiO ln glycerol/water (86.1% wlw) at 20 °C 
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with volume fractions;= 0.598 (A.~>. ; = 0.562 C+.+> and; = 0.524 
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dispersions of Si02 in glycerol/water (86.1% wlw) at 20 •c with volume 
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volume fractions in the range investigated . This shows especially in 

the elastic modulus G', which starts to increase more steeply at the 

same frequency where the response signal becomes deformed. The 

frequency at which the flow blocks at this higher deformation is, 

however,, different for the different volume fractions. 

Another way to detect non-linearity in the response signal is to 

measure higher harmonics . We found that with our dispersions a third 

harmonic could be observed. Sometimes also the fifth harmonic was 

detectable. In fig. 5.7a,b we show the first and third harmonic of the. 

two most concentrated dispersions at a relatively high deformation 

amplitude. Only the values of the third harmonic which were measurable 

with reasonable accuracy are shown. At lower frequencies the third 

harmonics were too small to measure . It is clear that at a certain 

frequency the third harmonic suddenly increases in magnitude. With the 

lowest volume fraction this occurs before flow blockage can be 

observed in the first harmonic . 

From the preceding results it can be concluded that with these 

concentrated dispersions there is always a specific point at which the 

flow blocks. This point is a combination of deformation amplitude and 

oscillation frequency. In fig. 5. 8 we plotted all the "critical 

deformations" that were determined by us for our dispersions. It is 

seen that at low deformations (~<-0.06) all volume fractions show flow 

blockage at the same frequency . At higher deformations, however, when 

the volume fraction increases the critical frequency for blockage 

decreases. Also at the higher deformations for the concentrated 

dispersions a small change in deformation amplitude results in a large 

change in critical frequency for blockage. With the less concentrated 

disper sions, on the contrary, a large change in deformation amplitude 

is necessary for a relatively small change in critical frequency. 

To obtain some additional information the same range of 

measurements of viscoelastic properties were also performed with the 

glass in glycerol/ water dispersions of which the flow curves are shown 

in fig. 5 . 2. The results resembled the results for the silica 

dispersions, with the exception that the combination of frequency and 

deformation where flow blockage occurred was shifted to higher 

frequencies and/or deformations. An example of the results for G' and 
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128 Chapter 5 

0. 1 

'Y {-) 

0.02 ~--~~~~~L---~-L~~~u---~_.~~~~ 
1 10 100 

W (s-1) 

1000 

fig. 5. 10: Critical deformation for flow blockage as a function of 
angular velocity for dispersions of glass in glycerol/water (86. 17. 
w/w) at 20 °C with volume fractions~= 0.54 <•> and~= 0 . 57 (e). 

G" at a fixed (relatively small) deformation amplitude ('l = 0.025) is 

shown in fig . 5 . 9 . In fig. S. 10 the critical deformation points for 

flow blockage are plotted. 

A final notice has to be made about the non-linear response 

signals not being an artifact. This can, in the first place, be 

concluded from the large range of deformations and frequencies over 

which they occur with the different dispersions. Moreover, checks were 

made with viscous calibration oils. When determining the viscoelastic 

properties of these oils no non-linear response signals were observed, 

indicating the absence of artifacts. 

5.5 Discussion 

When analyzing the values of G' and G" resulting from the 

measurements one immediately notices that the value of G" is almost 
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always higher than the value of G'. This indicates that the dispersion 

has a predominantly viscous character and it is likely that no closely 

connected structures exist in the dispersion at rest. With these well 

stabilized dispersions flocculation is not expected and the low values 

of G', compared to measurements on flocculated dispersions (25), 

indicate that our dispersions are not flocculated. Only when the 

dispersion is subjected to high frequencies or high deformations the 

magnitude of G' increases and sometimes G' even becomes higher than 

G". This only takes place above the critical deformation point. Note 

that when this happens the form of the response curve is not 

sinusoidal anymore and it is questionable whether G' and G" are 

representative parameters in this case. But from the pictures of the 

response curves it was detectable as well that the phase difference 

between oscillation and response became smaller indicating that the 

elastic component became stronger. 

The increase in magnitude of G' is probably due to a type of flow 

blockage, closely related to the shear thickening phenomenon observed 

in the steady shear measurements (figs. 5. 1, 5.2). This is also 

indicated by the form of the response curves in fig. 5 . 3. In the 

distorted response curves it can be seen that there is a sudden 

blockage of the flow, until the direction of shear is reversed (fig. 

5.3b). At higher frequencies or deformations the blockage occurs at a 

smaller deformation ("earlier" in the oscillation) and is followed by 

some kind of a relaxation process (fig. 5.3c ). At the highest 

frequencies and/or deformations the blockage can be complete and the 

oscillation and response are nearly in phase (fig. 5 . 3d), indicating a 

solid like behavior . The reported behavior can most easily be 

explained by the formation of large partic le c lusters . These clusters 

can span the whole gap and give rise to flow blockage and higher 

values of G'. In another study (22) we showed that in steady shear 

flow the presence of large clusters and plug-flow in the gap could be 

visualized using a photographic technique. 

At the lower volume fractions sometimes the response signal 

showed signs of flow blockage, as fn figs . 5. 3b and 5. 3c, while the 

value of G' showed no sudden increase. So while c l early the flow 

blocks this is probably too weak to signifi cantly influence the 
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elastic modulus. Cluster formation may take place in the dispersion, 

but these clusters are not cell spanning and do not give rise to 

strong elastic behavior. 

When comparing the results with other studies on stabilized 

dispersions it can be noticed that we do not see a transition at a 

certain volume fraction as is seen with some sterically stabilized 

dispersions (10, 13). In these studies it is observed that in the 

linear viscoelastic range at low volume fractions the loss modulus G" 

is larger than the storage modulus G'. · whilst at volume fractions 

above a certain "transition volume fraction" (which usually lies 

between 0.4 and 0.5) the storage modulus dominates the flow behavior. 

The interpretation of this transition is mostly sought in the 

interpenetration of the stabilizing steric barriers. It is clear that 

with our electrostatically stabilized dispersions in the linear 

viscoelastic region this transition is absent. This is probably due to 

the fact that even at a volume fraction of 0.6 in our dispersions the 

double layers do not overlap (see appendix A). Moreover, the gel-like 

behavior (13) of the sterically stabilized dispersions is hard to 

imagine with electrostatically stabilized dispersions. So even at the 

highest volume fractions there are no signs of flocculation with our 

dispersions. 

Strivens (14) also investigated viscoelastic properties of 

concentrated sterically stabilized dispersions. As mentioned before he 

observed non-linear response signals and a transition to a high G' 

level. Altough the phenomena he observed may be related to the 

phenomena we found, in our oppinion they are not the same, because of 

the fact that his anomalous viscoelastic results occur in the same 

w-range as ours while his dispersions only shear thicken at much 

higher 7-values (>500 s-1 ) than our dispersions. 

The phenomena observed here are probably closely related to those 

observed by Screuder at al. (17). They also observed flow blockage 

through a distortion of the form of the response signal. Also their 

explanation of sheet formation at low frequencies and a more closely 

packed structure at high frequencies seems applicable to our 

measurements . Because our dispersions contain smaller particles 

containing much higher stabil i z lng forces the effects seen in our 



Viscoelastic Properties... 131 

measurements are more severe and can also be studied in a wider range. 

It is interesting to observe, however, that the same type of flow 

blockage phenomenon can occur with dispersions that are quite 

different in particle size and interaction strength, probably 

indicating the general validity of the order-disorder concept . 

Buscall et al. (26) deduced a simple model based on the theory of 

interaction between electrical double layers for the prediction of the 

shear modulus G~ in electrostatically stabilized dispersions. The 

shear modulus is defined as : 

G 
~ 

lim G' 
~ 

(5. 1) 

As can be concluded from the results in fig. 5 . 5 in our experiments 

this high frequency limit is not reached, but in the linear 

viscoelastic region we might be able to compare the magnitude of our 

G' values at the highest frequencies with the magnitude of G , 
00 

as 

predicted by that theory, which gives : 

: [ :::· l (5.2) 

where r is the centre-to-centre separation distance of two particles, 

VT is the total energy of interac tion and a is given by a = 
(3/32 )~ n, with <I> the maximum packing fraction and n the number of 

m m 

neighbours. For e.g. a face-centred cubic structure a reduces to 0.833 

and r is given by r = 2a(O. 74/~) 113 , with a the particle radius. 

Note that .for other packings the values of a and r can change but this 

will be never more than a f ac tor two and for the estimate we intend to 

make the choice of a face-centred is just as good as any other choice, 

especially because it is not clear what is the structure at rest of 

our dispersions. 

For our dispersions (Ka>10, electrostatic stabilization 

dominating the Van der Waals attraction) in first approximation Vr can 

be taken as (3,27) 
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V = -2nc c a~2 ln{1±exp[-K(r-2a))} 
T r 0 0 

(5 . 3) 

Here cr is the relative dielectric constant of the medium and c0 is 

the permittivity of vacuum; ~0 is the surface potential, which can be 

approximated by the <-potential of the particles in the medium; 1/K is 

the Debye double layer thickness . For a symmetrical electrolyte the 

value of K ls given by (28) : 

K = 
c c k T 

0 r B 

(5 . 4) 

In this formula C is the concentration of electrolyte, NAY is 

Avogadro's constant, z is the valence of the ions, e0 is the 

elementary unit of , charge, k8 is Boltzmann's constant and T is the 

absolute temperature . Combination of eqs . 5. 2 and 5.3 gives finally 

2n«c c ~2a 
0 r 0 

r 

K2exp[-K(r-2a)) l 

{1±exp[-K(r-2a))} 2 
(5 . 5) 

The+ and- signs in eqs . 5.3 and 5 . 5 correspond to constant surface 

potential and constant surface charge, respectively . In another paper 

(3) we argued that in steady shear flow the constant surface potential 

approximation is probably the best one for these dispersions. To show 

possible differences, however, we will calculate the results for both 

cases. 

Several improvements can be made on the theory for Glh . 

"' 
An 

example is the modification suggested by Russel and Benzing (29) to 

allow for changes in the counterion concentration in a dispersion 

sample at flni te volume . Also the use of <-potentials as ~0 can be 

questioned. Elsewhere (3) we discussed that in our dispersions these 

modifications will not be of large influence and especially for a 

first estimate they can be neglected . 

When using the dispersion parameters mentioned before we arrive 

at values of Glh of 18. 5 (~ = 0. 524), 33.7 (~ = 0.562), and 53.7 (~ = 
"' 
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0.598), using the constant surface potential approximation and of 22.3 

(; = 0.524), 48.1 (; = 0.562), and 101.0 (; = 0.598). From fig. 5.5 it 

can be seen that at ~=0.03 and at 20Hz (w = 126 s-1 ) the values of G' 

are approximately 5 (; = 0.524), 32 (; = 0.562) and 800 (; = 0.598). 

Especially with the highest volume fraction we are not in the linear 

viscoelastic region anymore and the calculated value is of no meaning. 

For the other two volume fractions, however, the agreement is 

qualitatively reasonable, indicating that the theory is likely to be 

valid for our dispersions, and gives reasonable results even with our 

relatively large particles. From these measurements it is not clear 

whether the constant surface charge or constant surface potential 

model is applicable, but the difference between the two models is not 

very large. 

When discussing the results of the critical points for flow 

blockage it is useful to determine the magnitudes of some 

dimensionless numbers, in order to determine the important effects. 

First of all there is the Peclet number of the particles Pe 
3• 6n1)0 a '¥ik8T, where 110 is the dispersion medium viscosity and k8T is 

the thermal energy. If Pe » 1 the shear forces dominate the Brownian 

forces and then the Brownian forces can be ignored. It could be argued 

that for viscoelastic measurements ~ should be replaced by w, but 

since in our measurements the values of w are higher than the values 

of ~ the last one provide a more stringent criterium for neglection of 

Brownian forces. The minimum Pe-number that can be reached in our 

measurements is ~60, and so we will not consider Brownian forces to be 

of importance. Another important number is the ion-Peclet number Pelon 

= u/(mKk8T), where u is the velocity of the particle and m is the 

characteristic ionic mobility (30). If Pelon « 1 distortion of the 

double layer due to shear can be neglected. u can be approximated by 

~a which in oscillatory experiments is given by '¥ w, where '¥ is 
max max 

the deformation amplitude. If m is taken to be 5 • 109 (31) the 

maximum value of Pelon is 0 . 005, so the double layer will always stay 

intact. From these dimensionless numbers it can be concluded that 

Brownian effects will probably not play an important role in 

determining the dispersion behavior. However, van der Werff and de 

Kruif (1) showed that the critical particle Peclet number shifts to 
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lower values as the volume fraction increases. The same may be the 

case with the ion Peclet number, making it critical in our 

dispersions. 

The results of the critical points for flow blockage (fig. 5. 8} 

show some interesting phenomena. In the first place it can be seen 

that above a certain oscillation frequency (and below a certain 

deformation} the critical point for blockage seems to become 

independent of volume fraction. It is not completely clear to what 

this behavior can be described, but a possible explanation can be that 

while at low angular velocities the dispersion has time to reorder 

into an ordered arrangement, at high angular velocities there is 

immediate cluster formation. Thereby a cell spanning cluster is formed 

as soon as the high frequency oscillations start. Above a certain 

volume fraction this cell spanning cluster is always formed, 

explaining the independence of volume fraction. This cluster formation 

is in good accordance with the steady shear measurements, where cell 

spanning clusters were also observed above the shear thickening 

transition (22}. 

Another possible explanation could be that at these small 

deformations and high frequencies the particles only oscillate about 

their equilibrium positions. Non-linearity of the response signal can 

then arise from double layer effects, such as the particles moving out 

of their double layer. This in spite of the fact that , as was shown 

above, Pelon is small. At these high volume fractions , just as with 

the particle Peclet number, the critical value of the Peclet number 

could be lower than one. 

At the other end of the scale we find the low frequency, high 

deformation region , which finaily ends in steady shear flow(m 

deformation, zero frequency} . It seems reasonable to assume that there 

the critical combination of deformation and angular velocity will be 

equivalent with the critical shear rate for deformation. This 

comparison can be made by calculating the maximum shear rate attained 

in a certain experiment by 7 =I r • w, wher r is the deformation 
max max 

amplitude. In this low frequency region the behavior of the dispersion 

is probably the same as in steady shear flow. We showed in another 

paper (3} that the dispersion orders at low shear rates , due to the 
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electrostatic repulsion. At higher shear rates the hydrodynamic forces 

become larger in magnitude , inducing cluster formation and higher 

viscosities. 

From fig. 5. 8 it can be seen that especially at the highest 

volume fraction there seems to be an intermediate region were the 

critical deformation is only slightly dependent on the angular 

velocity. In the appendix we show that this can be explained by 

overlap of the double layers in ordered flow. The dispersion has no 

time for a complete order-disorder transition, but above a certain 

deformation the double layers of the particles in two adjacent layers 

start to overlap and the flow blocks. In fig . 5.11 we replotted the 

critical deformation points for all the dispersions. We also indicated 

what are, according to the above explanation, the expected locations 

of the critical points. This is done by drawing lines for the 

different dispersions. Also the points where the less steep slope of 

the curve should start according to the model developped in the 

1 
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fig. 5. 11: Critical deformation for flow blockage combined with 
calculated results from Table A.l (+)and expected form of the curves 
(drawn lines). Symbols as in figs. 5.8 and 5.10. 
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appendix are indicated and it is seen that the agreement is good, 

especially considering the approximations made . The results for the 

glass particles are also plotted in fig. 5. 11 and it can be seen that 

then at the lowest volume fraction no "linear" region is expected, 

which seems to be confirmed by the experiments. 

5.6 Conclusions 

When measuring the viscoelastic properties of shear thickening 

dispersions a transition to non-linear response signals can be 

observed which is closely related to the flow blockage observed in 

steady shear flow. Three different regions can be determined. 

1. At high deformations and low frequencies the same order- disorder 

transition as in steady shear flow occurs. 

2. In an intermediate region the flow blockage is relatively 

independent of the angular velocity. Here overlap of double layers 

from particles in adjacent layers can be held responsible for the 

non-linear response signals . 

3. At the high frequency, low deformation end the critical point for 

non-linearity becomes independent of volume fraction. Probably this is 

due to the formation of a cell spanning cluster. 

The values of the storage moduli for the different disper sions 

were found to be in qualitative agreement with the theory developed by 

Buscall et al. (26) for the high frequency limit. It was shown t hat 

the constant surface charge and constant surface potential 

approximation both give realistic results , but no definite choice 

could be made. 

Glass dispersion which shear thicken at a higher shear rate in 

steady shear flow showed the same behavior at higher angular 

velocities, indicating once more the close relation between the 

non-linearity in oscillatory measurements and shear thickening under 

steady shear. 
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Appendix 

When a dispersion undergoes oscUla tory shear at intermediate 

angular velocities the dispersion will organize itself in layers as 

depicted in fig. 5.A.la. As we showed elsewhere (3) it is most likely 

that the distance h between two layers equals the distance between two 

particles in the same layer . The relation between dimensionless 

distance and volume fraction is then given by : 

Wa = [ - 2 ( 5 . A. 1) 

In fig. 5. A. la also the double layer thickness (1 / K) is depicted, 

which is for our Si02 dispersion 0.079a and for our glass dispersions 

a 

::>~~' 
............ ··· 

a= 1+0.5h 

b=2+h 
1/2 

c = ( 5+5h+ 1.25h2 ) 

b 

1/2 
A = ( 8/ IC+4/ IC2 -4h--h2 ) 

8=2+h 

C= 2+2/IC 

fig. 5.A. 1: Typical particle confi gura tion i n r e st (a ) and under 
oscillatory s hear (b). At the deformation shown in (b) flow blockage 
occurs. 
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0.028a. The maximum packing fraction for a freely flowing structure in 

this arrangement is 0.605 (touching layers, see also ref. 17). Even 

then in the situation shown in fig. 5. A. 1a no double layer overlap 

will occur for our dispersions. When however the dispersion in 

subjected to an oscillatory deformation the situation can, for large 

enough deformation amplitudes, change to the arrangement depleted in 

fig. S.A.1b. Then double layer overlap starts to occur and the flow 

will block. In fig. 5.A.1 we also indicated the important distances in 

these structures, all scaled by the particle radius a . It is then 

possible to calculate the critical deformation for flow blockage as a 

function of h and 1/K. As can easily be checked the result is : 

)'crlt. 
(5.A.2) 

1 + O. Sh 

This is then the critical deformation amplitude where the less steep 

part of the curve for the critical points starts. At higher critical 

deformations, and thus lower frequencies, the dispersion blocks at a 

certain shear rate value. This shear rate is given by )'•w and equals 

the critical shear rate for shear thickening in steady shear flow. In 

table S.A.l we give the critical deformations and the shear rates at 

Table S.A.l 

Critical values for flow blockage 

Dispersion ~ '1 '1 w 
c c c 

SlO in glycerol/water 
2 

0.524 0.52 0.63 1. 22 

SlO in glycerol/water 0.562 0.34 0. 25 0.74 
2 

SlO in glycerollwa ter 0.598 0.21 0.06 0.29 
2 

Glass in glycerol/water 0.54 5. 6 

Glass in glycerol/water 0.57 0 . 74 1.8 2.4 
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which shear thickening starts in steady shear flow for our 

dispersions. From this it is then possible to calculate also the 

critical angular frequency where the less steep part in fig. 5.8 (see 

the section on results) starts. In the discussion section we indicate 

in fig. 5.11 the critical points from table S.A.1. 
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6 COMPUTER SIMULATIONS ON THE RHEOLOGY OF 

CONCENTRATED DISPERSIONS 

6.1 Abstract 

Stokesian dynamics computer simulations were performed on 
monolayers of equally sized spheres. The influence of repulsive 
electrostatic and attractive van der Waals forces on the rheological 
behavior and the microstructrure were studied. It was found that shear 
thickening could be observed in the simulations, mostly together with 
a change in the microstructure from ordered layers to a state with 
large clusters. These clusters are responsible for the high 
viscosities after the shear thickening transition. Hard sphere 
simulations compare well with experimenta1 results and also the shear 
thickening results are in very good agreement with the theoretically 
expected behavior and with experiments. Van der Waals forces are found 
to have a large influence on the viscosity after the shear thickening 
transition by inducing even stronger clusters and thus higher 
viscosities. 

6.2 Introduction 

Experimental knowledge of the rheological behavior of 

concentrated dispersions is of major importance for a large number of 

industrial applications. Therefore in this century a considerable 

amount of data have been obtained on this subject. Very often, 

however, the dispersions were not well characterized and the influence 

of the different dispersion parameters on the rheology was unclear . 

Reviews of the experimental data include those by Jeffrey and Acrivos1 

and Mewis and Spaull2 . Recently the influence of volume fraction and 

particle size on the rheological behavior of Brownian hard spheres has 

been studied systematically3 . 

From a more fundamental point of view in the last two decades the 
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challenge of predicting the effective viscosity of a concentrated 

dispersion has received considerable attention. Since the development 

by Einstein of the well known equation for the effective viscosity of 

very dilute dispersions4 the first important results in this field 

were (next to the development of (semi) empirical equations for the 

relative viscosity of concentrated dispersions) the calculations 

giving the coefficient for the quadratic term in the power series 

expansion of the volume fraction5 ' 6 . In these considerations 

two-particle hard-sphere hydrodynamic interactions were taken into 

account. Others have since then tried to develop schemes in which 

more-particle hydrodynamic interactions are taken into account. 

Examples are the formal solution by Beenakker7 , based on a general 

scheme by Mazur and van Saarloos8 and the modification of the formula 

first given by Saito, by Bedeaux et al. 9 ' 10 . Also the general theory 

to predict the rheology of concentrated dispersions from the combined 

effects of colloidal forces and flow on the microstructure, as 

developed by Wagner and Russel 11 , has to be mentioned here. In spite 

of the mathematical rigor of these theories only the approach by 

Bedeaux10 seems to compare well with results on hard sphere 

dispersions up to the highest volume fractions. The influence of 

colloidal interparticle forces is, however, still not clear. Also the 

connection between the different forces in a dispersions, the 

microstructure of the dispersion and the resulting rheological 

behavior is not well understood . 

In recent years, with the more ready availability of fast 

computers, computer simulation techniques have gained considerable 

interest in studying these aspects. The first simulations applicable 

to (concentrated) dispersions were non-equilibrium molecular dynamics 

(NEHD) simulations on atomic liquids, like the Lennard-Janes liquid12 . 

Phenomena, mostly 

ordering effects13 , 

observed with colloidal dispersions, such as 

shear thinning and thickening12 , and even slip 

effects14 were all found in these simulations. A review of these and 

other simulation techniques applicable to concentrated dispersions is 

given by Barnes et al. 15 . 

One of the major problems with the applicability of the original 

NEHD techniques to concentrated dispersions is the neglection of the 
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hydrodynamic interactions. As was shown theoretically, as well as 

experimentally3- 11 hydrodynamic interactions can have a large effect 

on the dispersion viscosity and microstructure. To overcome this 

problem the Stokesian dynamics method, which will be used in this 

work , was developed16 . In this method an approximation is made to take 

more-particle hydrodynamic interactions into account and also 

colloidal interparticle interactions such as van der Waals attraction 

and electrostatic repulsion can be included in the simulations. It is 

also possible to incorporate Brownian forces 17 and external forces as 

e . g . graviti8 into the simulations, but this is not done in this 

work. A review of the Stokesian dynamicS method was given by Brady and 

Bossis19 . The simulations have proven to be a good method to determine 

the dynamic evolution of the microstructure16 as well as the viscosity 

of a dispersion20 . Comparison with hard sphere viscosities showed that 

simulations of monolayers21 agree well with three dimensional 

simulations of Brownian hard sphere dispersions . 

In this light in this study an attempt was made to simulate the 

rheological behavior of highly concentrated charge stabilized 

dispersions. In experiments it was shown that these dispersions can 

show severe shear thickening when the appropriate shear rate range is 

chosen22 ' 23 . It is almost generally accepted now that this shear 

thickening transition is accompanied by some kind of an order-disorder 

transition24 ' 25 , but the exact nature of this transition is still a 

point of discussion. The ordered state is mostly thought to be a 

layered state24 ' 26 or a state in which string formation27 takes place. 

In the disordered state cluster formation can take place28 , which can 

result in severe wall 

measurements29 . 

slip and plug flow in rheological 

It was shown that the origin of the shear thickening transition 

can be found in a balance between stabilizing and destabilizing 

forces 30 , and recently a criterion was introduced for the shear rate 

at which shear thickening starts to occur22 . This criterion was based 

on the assumption that stabilizing electrostatic repulsion forces keep 

the particles in an ordered arrangement. When the destabilizing 

hydrodynamic shear forces overrule the electrostatic forces the 

ordered arrangement breaks up and cluster formation , leading to higher 
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dispersion viscosities, is induced. For highly concentrated 

dispersions the increase in magnitude of the viscosity can even be on 

the order of a thousand. 

In this work we will present Stokes ian dynamics simulations of 

monolayers of equally sized spherical particles. We will show that the 

shear thickening trans! tion can be observed in the simulations and 

will study the dependence of this transition on several parameters. 

The simulations are in good agreement with experimental results and 

with the criterion developed earlier for .the shear rate at which shear 

thickening starts22 . An order-disorder transition and cluster 

formation can be observed. This cluster formation is even more 

pronounced if van der Waals forces are included. 

6.3 Simulation Techniques 

6.3.1 The Stokesian dynamics method 

The principles of the method used here have been explained 

extensively elsewhere31 and therefore only the most important aspects 

will be mentioned here. Starting point of the method is the coupled 

N-body Langevin equation: 

dU 

~·- (6. 1) 

dt 

Here !:;! is a generalized mass/moment-of-inertia matrix of dimension 

3Nx3N in the two dimensional case, u is the particle 

translationsal / rotational vector of dimension 3N in the two 

dimensional case (u , u , w ) and the 3N force/torque vectors F 
X y Z 

represent the hydrodynamic forces FH, the interparticle forces FP (~ 

also includes the external forces, if present) and the Brownian forces 

F'. 
When external and Brownian forces are excluded 

simulations) and when the particle Reynolds number Re 

small («1) the Langevin equation becomes: 

(as in our 
• 2 

pra 1110 is 
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~ + FP = 0 (6.2) 

The exclusion of Brownian forces requires that the Peclet number Pe = 
• 2 3• 
7a /D = 6nl)0a 7/k8T is large (:.1 ) . Here p is the density of the 

medium, 1 is the shear rate, a is the particle radius, 1)0 · is the 

medium viscosity, D is the diffusion coefficient of a single isolated 

particle and k8T is the thermal energy. 

The hydrodynamic forces on . the particles in a dispersion 

undergoing a bulk linear shear flow are32: 

(6.3) 

Q) 
where ~ is the velocity of the bulk shear flow evaluated at the 

Q) ro 
particle center, ~ is the bulk rate of strain tensor and Zi (~) and 

F"E 
~ (~) are the configuration dependent resistance. matrices that give 

the hydrodynamic force/torque on the particles due to their motion 
ru F"E relative to the fluid <Zi .) and due to the imposed shear flow (~ ) . ~ 

is the generalized configuration vector specifying the location (in 

two dimensions x and y position) and orientation (in two dimensions z 

angular position) of all N particles . The interparticle forces ~ in 

this study will be DLVO-electrostatic repulsion forces and van der 
ro FE Waals attraction forces (see below) . If now ~ and ~ are known and 

Q) p 
also ~ and ~ are given, by combination of eqs . 6. 2 and 6 . J the 

Q) 
velocities of the particles ~-~ can be calculated . The configuration 

can then be changed and , with the new configuration, the process can 

be repeated, thus allowing one to follow the dynamic evolution of the 

particle configuration. 

For calculating the viscosity the bulk stress <~> is needed. This 

is defined as an average over the volume V containing the N particles 

(remember that we are discussing a monolayer here, with a thickness of 

one particle diameter) and is given by: 

<I:> IT + 21) EQ) -
0= 

N 
(6 . 4) 

v 

Here IT stands for an isotropic term of no interest for the 
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incompressible dispersion and the particle contributions to the bulk 

stress are given by: 

(6.5) 

-<x F"> (6.6) 

are again configuration dependent resistance 

matrices relating the particle "stresslet" ~ to the particle 

velocities, calculated before, and to the imposed rate of strain. 

In the Stokesian dynamics method first the far field 
CD 

approximation to the grand mobility matrix, ~ , relating the particle 

velocities and rate of strain to the forces, torques and stresslets, 

is filled with the appropriate interaction functions (given in 

Durlofsky et a1 31 ., Appendix A). Then this matrix is inverted giving 

the far-field approximation to the resistance matrix, ~CD. To include 

lubrication into this resistance matrix it is added pairwise, whereby 

care is taken not to include the far-field lubrication, already 

contained CD 
in !!, , twice. This leads to the final grand resistance 

matrix !!• given by: 

(6.7) 

~28 is formed wl th the use of the two sphere resistance functions 

given in the literature33- 37 . ~28'CD is formed by simply inverting a 

two-body mobility matrix containing terms to the same order in 1/r as 

!CD (r is the characteristic interparticle spacing). When ~ is filled 

then for a given configuration ~ru, 8FE' ~su and 8 5E are known, giving 
= = 5 -

the possibility to calculate the evolution of a configuration and the 

evolution of the viscosity. To obtain the viscosity of a certain 

dispersion under shear one has to take the time average of the 

viscosity once a steady state is reached. 

6.3.2 Interparticle Forces 

In these simulations we used two types of interparticle forces, 
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electrostatic DLVO-type repulsion forces and van der Waals attraction 

forces. The repulsive forces are given by38: 

F = 2nc c ~2 [ T exp (-Th/a) l 
R oro 1±exp(-Th/a) 

(6.8) 

where c is the permittivity of vacuum, c is the relative dielectric 
0 r 

constant, T equals Ka, with 1/K the Debye double layer thickness and a 

the particle radius, and h is the distance between the particle 

surfaces. The + and - in eq. 6. 8 correspond to constant surface 

potential ~0 (where ~0 is often approximated by the (-potential) 

and constant surface charge density of the spheres (where ~0 is now 

the surface potential at h=oo). 

The van der Waals forces, including retardation effects, can be 

given by39: 

A a + 3.54 p l F p<1 
A 12 h 2 (1 + 1. 77 p) 2 

(6.9) 

A a [ 0 89 -0 ·~· + 0 0:74] F p>l 
A 

12 h2 p p p 

where A is the Hamaker constant and p 

wavelength. 

2nhl:>., with :>. the London 

6.3.3 Computational aspects 

For the computer simulations all variables and equations were 

nondimensionalised. The elements of the grand mobility and grand 

resistance matrix were nondimensionalised by 

1, 2, 3 depending on the specific element. 

6n~ an, where n is 
0 

All lengths were 

nondimensionalised by the particle radius a . The repulsive 

interparticle forces were nondimensionalised by the amplitude of the 
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force F , given by IF I = 2nc c •l. the van der Waals forces by 
R,O R,O 0 r 0 

F , given by IF I = A/(12a). For the velocity scale there are two 
A,O A,O 

choices. The first comes from the repulsive interparticle forces and 

is IF l/(6nl) a). 
R,O 0 

If we now define a nondimenslonal shear ra t e ;• and 
• a balance between the two forces FAR as: 

2• .. 61ll)0 a r 
r 

21l£ £ I/J2 
0 r 0 

(6. 10) 

and 

• A 
F 

AR 24nc c I/J2a 
0 r 0 

(6 . lll 

then we can write the combination of eqs. 6 . 2 and 6 . 3, with all 

variables being nondimensional, as: 

!Rru • (U-Um) + ·•?3FE Eco F - F• F 
'1= : = +_R AR-A 0 (6 . 12) 

From this equation the velocities can be solved giving the 

particle velocities as: 

m-n"'l - o. s~· 

where x is they-component of the particle position. 
-y 

(6. 13) 

The other choice for nondimensionalising the veloc ity comes from 

the shear rate and is ra. If we uses this choice eq. 6.12 becomes: 

0 (6 . 14) 

· and the particle velocities can now be found as: 



U=(U-U"')+x 
-y 

n=co-n"'l-o. s 
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(6.15) 

For the calculation of the viscosities a similar nondimensionalisation 

is used, giving similar results. Eq. 6.12 and 6.13 are best used at .. 
relatively low values of 7 (~1), while eqs. 6 . 14 and 6.15 can best be .. 
used at values of 7 >1, because then the contributions from the forces 

"drop out", giving finally the hydrodynamic limit. 

Using these nondimensionalisations, the input parameters for the 

simulations are the areal fraction, defined as ~ =Nrra2/L2 , where L is 
, A . . . 

the length of the square cell used in these simulations, 7 , FAR' ;\ 

and T. An additional input parameter is the number of time steps after 

which a new mobility matrix has to be formed and inverted. Since the 

mobility matrix changes only significantly when the particle 

configuration changes significantly the filling and inverting do not 

have to be performed at every time step, thus saving calculation time. 

In these simulations the mobility matrix was inverted every 10 steps. 

It was checked that this resulted in no significant differences with 

simulations in which the mobility matrix was inverted every time step. 

Table 6.1 

Parameters of the dispersions used in the simulations 

name 

medium viscosity 

particle radius 

Hamaker constant 

relative dielectric 

constant 

permittivity of 

vacuum 

London wavelength 

surface potential 

symbol 

1)0 

a 

A 

c 
r 

value 

0.001 Pa•s . 

0.805.10-6 m. 

2.7.10- 21 J . 

80.37 

8.9.10-12 F/m. 

2•10- 7 m. 

37•to- 3 v. 
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The parameters of the dispersion used in these simulations were 

taken from the 11 terature22 ' 40 and are given in Table 6. 1. These are 

parameters for a dispersion of polystyrene in water. Use of these 

values resulted in a value of F• of 4. S4•to-5 while the value of ;,• 
AR 

becomes r·(0.002 s-1 ) . Variation of ;• is thus equivalent to variation 

of 7. 

For the time stepping a fourth order Adams-Bashford scheme was 

used. Other methods as e.g. the Gear algorithm were also tried but no 

differences were found. For inverting the grand mobility matrix and 

solving eq. 6.12 or 6.14 Cholesky methods were used, as can be found 

in any standard library (e. g. Linpack) . The use of this method is 

possible because the grand mobility and the resistance matrix are both 

symmetric and positive definite, due to the dissipative nature of the 

system. In the simulations a square unit cell was used and periodic 

boundary conditions were applied16. The particle motions were followed 

in time until a stationary state was reached. This was determined by 

plotting the development of the relative viscosity. When the average 

viscosity did not change significantly anymore over approximately 5000 

time steps this viscosity was used as the relative dispersion 

viscosity for that simulation. Runs were performed on three different 

computers: a VAX/VMS 8530 computer, an Alliant concentrix F-2800 

computer and a NEC SX-2 supercomputer. A typical run of 25 particles 

and 30000 time steps took approximately 9 minutes on the NEC SX-2. 

This was 50 times as fast as the VAX and 12 times as fast as the 

Alliant, using full vectorization and parallelization. For 49 

particles the 30000 time steps on the· NEC SX-2 took approximately 30 

minutes, showing that due to vectorization the expected increase in 

computer time of O(N3 ) (with N beihg the number of particles, see also 

ref. 31) could be drastically reduced. 

6.4 Results and Discussion 

6.4.1 General Considerations 

The proper working of the computer programs was tested by 

reproducing open and closed two-sphere trajectories, as computed by 
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Batchelor and Green41 • Agreement was found to be excellent . Starting 

configurations were generated by a Monte Carlo hard disk program. The 

influence of starting configuration on the final microstructure and 

viscosity was checked. It was found to be of almost no influence on 

the microstructure and of only small statistical error on the 

viscosity (approximately 4 % error). Without shear some particle 

configurations were left to relax from a starting configuration to an 

equilibrium configuration. A typical result is given in fig. 6.1 for a 

value of T=lO, without van der Waals forces. 

It can be seen that the particles are all at a certain distance 

from each other but that no obvious ordered structure exists. When 

this configuration was used as starting configuration for dynamic 

simulations again no marked influence of starting configuration was 

detected. 

Since we performed simulations on a monolayer of particles the 

covergence problems associated with the long-range hydrodynamic 

interactions are less important42 than in the three-dimensional case 

fig. 6. 1: Equilibrium configuration resulting from a silllJlatlon at 

zero shear rate and without van der Waals forces. T=lO. 
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and so no methods to improve convergence, like the Ewald sum43 have to 

be used. It is, however, important to check for the influence of the 

number of particles. It was found that, especially for well stabilized 

dispersions at low shear rates, the number of particles is unimportant 

down to 25 particles (lower numbers were not checked) . For higher 

shear rates and for hard sphere interactions at higher volume 

fractions this is not always the case, as will be discussed below. A 

number of particles of 49 was found, however, to be high enough to 

avoid convergence problems in these simulations. Convergence problems 

and influence of number of particles showed mostly in differences in 

the calculated relative viscosity or in the non positive definiteness 

of the mobility matrix, halting the simulations . 

The time step used was mostly on the order of 10-3 , ... 
and by r for In Tables nondimensionalised by rr 

6 . 2-6 . 5 (see below) the characteristics for the different simulations 

are given, together with the time step, the number of steps and the 

number of particles used in the specific simulations. When runs were 

performed several times from different starting configurations this is 

indicated also by e . g . a "2x" placed behind the number of steps. 

Averaging for the viscosity was done usually with the last 5000 steps . 

With this time step of 10-3 sometimes overlap of particles was seen. 

This overlap could be avoided by using a smaller time step. To avoid 

excessive computing times , howeve·r, a small amount of overlap 

(maximally 1X of the particle radius) was allowed . For the computation 

of the velocities the particles were then considered to be separated 

by a gap of 10-e times the particle radius . It was checked with 

simulations with a smaller time step that this procedure had no 

noticeable influence on particle configuration and dispersion 

viscosity. 

6 . 4.2 Hard Sphere Simulations 

In table 6.2 the characteristics of the performed runs are 

indicated. Also the calculated viscosities are shown. These 

viscosities are plotted against areal fraction in fig . 6 . 2 . The 

highest areal fraction reached in the simulations was 0.601 (49 
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particles) . When simulations were performed on dispersions with higher 

areal fractions sometimes the mobility matrix lost positive 

definiteness, indicating that convergence problems interfered with the 

simulations and that either more particles or alternative techniques, 

like the Ewald technique, must be used . 

Although it is difficult to make a quantitative comparison of 

monolayer simulations with three dimensional experimental results, an 

attempt is made here to do this by normalizing the areal fraction by a 

maximum packing fraction . The experimental results of van der Werff 

and de Kruif3 and PiHzold44 are also plotted in fig . 6 . 2 . As maximum 

packing fraction for the experiments we used the value of 0. 605 for 

freely sliding hexagonally packed layers . For the two dimensional 

simulations the corresponding maximum areal fraction is 0.785. We used 

the experimental results of the largest spheres measured in ref . 3 

(a=110 nm . ) . As can be seen the agreement is good for the lower volume 

and areal fractions, while for the higher areal fractions the 

simulations tend to give results that are slightly too high . This is 

due to either the monolayer character of the simulations or to the 

fact that at the highest volume fractions convergence problems do 

become important . It can be concluded, however, that the results from 

monolayer simulations can surely be compared qualitatively to 

experiments in three dimensions and that quantitative results give the 

right order of magnitude . 

Table 6.2 

Simulation characteristics for hard sphere simulations 

Run tP,. N /H Nsteps l) 
r 

HS1 0.349 25 10-3 20000 2. 15 

HS2 0.400 25 10- 3 20000 2.92 

HS3 0 . 465 25 10- 3 20000 4. 56 

HS4 0 . 503 25 10- 3 20000 7 . 71 

HS5 0 . 545 49 10- 3 30000 14 . 9 

HS6 0 . 601 49 10- 3 30000 28 . 3 



154 Chapter 6 

100 

r}r 

10 

............ ++ 
1 
0.00 0.25 

• 

0.50 

• • 
• • + 

••• '\-.. 

0.75 

• 
• 
• • 

++ 

+ 

1.00 

fig. 6.2: Relative viscosities from simulations (e) and experimental 
results on hard spheres from ref.3 (~and ref. 44 (+)plotted against 
scaled areal/volume fraction. ~ = 0.785, ~ = 0.605. 

A,max max 

When snap-shots of the configuration are studied it becomes clear 

that in the dispersion cluster formation can be seen. This cluster 

formation is due to the hydrodynamic forces between the particles and 

has been observed also in experiments on hard spheres28 . A typical 

configuration is shown in fig. 6.3. The clusters are clearly visible, 

but are, at this relatively low areal fraction, not very dense and 

also not cell spanning. At higher areal fractions (~A>-0.5), however, 

the cluster size increases and sometimes cell spanning clusters can be 

found resulting in temporarily very high viscosities. Generally with 

only hydrodynamic interactions the clusters become very dense. This 

cluster formation is responsible for the steep increase in the 

viscosity with increasing areal (or volume) fraction. 



Computer Simulations... 155 

0 

fig. 6. 3: Snap shot of a typical configuration for a hard sphere 
simulation at areal fraction ~A= 0.349. 

6.4.3 Influence of the Double Layer Thickness 

In table 6. 3 we give the characteristics of the runs made at 

different values of K and the relative viscosities resulting from .. 
these runs . These are also plotted against r in fig . 6. 4. In all of 

the simulations the areal fraction was 0. 5454 and van der Waals 

attraction was not taken into account . For the electrostatic repulsion 

the constant surface potential approximation (the + sign in eq. 6. 8) 

was used, as this is the most likely approximation22. 

It is immediately clear that in these simulations the dispersions 

show shear thickening. At shear rates below the shear thickening 

transition the viscosity is low compared to the hard sphere viscosity. 

This is due to the formation of a layered structure, which can be 

observed in snap shots as shown in fig. 6. Sa. Around the shear rate 

where shear thickening starts the layers start to break up. An example .. 
of this is shown in fig. 6.5b. Then at relatively high values of r 
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the hydrodynamic limit is reached again (see eq. 6. 14) and the 

viscosity of the dispersion becomes the same as the hard sphere 

viscosity. The structure is then characterised by large clusters, 

shown in fig . 6.5c. It has to be noted, however, that these snap-shots 

are for the simulations with T=10. When T=100, ( t hinner double layers) 

the order is much less pronounced, although at the lowest shear rates 

clearly visible. The order breaks up, however, at shear rates below 

the shear thickening transition. But cluster formation is still 

prevented, because of the relatively high asymptotic value of the 

Table 6.3 

Simulat i on characteristics for electrostatically stabilized 
dispersions without van der Waals attraction, ~A=0. 5454 .. 
Run N l::.t Nsteps '¥ T 1} 

r 

ES1 25 10- 2 20000 0. 1 10 2 . 33 

ES2 25 2•10- 3 30000 0.5 10 2 . 16 

ES3 49,25 10- 3 30000(3x ) 1.0 10 2 . 59 

ES4 25 10- 3 30000 2.0 10 3.35 

ES5 25 10- 3 30000 2.5 10 4.3 

ES6 49,25 5•10- 4 60000(2x ) 5.0 10 5.71 

ES7 25 10-3 30000 8 . 0 10 7.45 

ES8 49,25 10- 3 30000(3x) 10.0 10 9.67 

ES9 49 10- 3 30000 100.0 10 14.3 

ES10 49 10- 2 60000 0.01 1 4.89 

ES11 25 10- 2 30000 . 0.1 1 4.93 

ES12 25 10-3 20000 1.0 1 9.23 

ES13 49 10- 3 30000 1o. o 1 15 . 7 

ES14 25 10- 2 200000 0 . 01 100 3.01 

ES15 49 10- 2 20000 0.1 100 3. 17 

E516 49 10-3 20000 1.0 100 3.26 

ES17 49 10-3 40000 10. 0 100 3.28 

ES18 49 10- 3 35000 25. 0 100 4.87 

E519 49 10-3 30000 100. 0 100 12.34 
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repulsive force when the particle-particle separation is small 

(F =IF IKa/2). Only when the cluster formation starts the 
asymp. R,O 

viscosity increases and shear thickening takes place . 

When •=1 (large double layers) the layer formation is clearly 

present and shows interesting phenomena (also observed with the •=10 

dispersion, this is discussed in more detail below), whereby a 

transition to more layers is observed . With as well •=1 and 10 at the 

lowest shear rates the viscosity calculation becomes dominated by the 

...... "I 'I ""I I ""I 

T • • 10 • 
17 • • r T T • • 

• • • • • 
• • • 

1 
0.001 0.01 0. 1 1 10 100 

·* 'Y 

fig. 6.4: Relative viscosities plotted against dimensionless shear 
rate for different values of T. No van der Waals forces were present 
and 1/JJ.=O. 5454. + : T=l; • : T=lO; e : <=100. 
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a 

b 

fig. 6.5a+b. for caption please turn over. 
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( 

fig. 6 . 5: Evolution of the particle structure with shear rate for a 
dispersion with I/>A=0.5454, T=10 and no van der Waals attraction. .. .. .. 
'l =0. 1 (a): r =2 (b); r =100 (c). 

ever increasing contributions from the interparticle forces. When eq. 

6 . 6 is written out in nondimensional form for the monolayer 

simulations the contribution to the relative viscosity due to the 

interparticle forces becomes20 : 

71r, F 

31/> 1 N 

_A - \ \ ;IX/3 FIX/3 
•• L_ L_ r 
r N IX=2 (3<1X 2 

sin 2t)IX{3 

(6.16) 

where t)IX/3 is the angle between particles IX and (3 measured relative to 

the oc-axis with particle IX at the origin. The caret denotes 

nondimensionalisation. As can be seen the relative viscosity . . .. 
contribution scales with 1/r , so when r becomes very small, for the 

same configuration, becomes very large. In the viscosity time 
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trace this results in large oscillations, making the viscosity value 

difficult to analyze. Therefore these values have not been plotted in 

fig. 6. 4. The average viscosity value for low shear rates seemed, 

however, to be much higher that at high shear rates. This indicates 

that there might be a yield stress due to the interparticle forces. We 

intend to investigate this phenomenon in the future. The stronger 

repulsive interparticle forces are also reponsible for the higher 

viscosity value at low shear rates for the T=l simulations than for 

the T=lO simulations. The higher values [or the T=lOO simulations are 

due to the not completely developed layered structure. 

Finally it can be seen that the shear rate at which shear .. 
thickening starts shifts to higher values of '¥ as the value of T 

increases. This is due to the higher asymptotic value of the repulsive 

interparticle forces as the double layer thickness decreases. 

It is interesting to compare these simulation results with 

experiments. Recently it was shown that when performing experiments on 

electrostatically stabilized dispersions the shear rate for the shear 

thickening transition could be predicted from a force balance between 

stabilizing electrostatic and destabilizing hydrodynamic forces. When 

using the asymptotic formulae for these forces the shear rate at which 

shear thickening starts could be given as: 

'¥ 
& 

2nc c t/12 K. h 
0 r 0 

2 
(6. 17) 

where h, the distance between the particle surfaces can be related to 

the ·volume fraction by: 

1/3 

h/a = [ 
Sn l - 2 (6. 18) 

Here it was assumed that the particles are ordered in hexagonal layers 

and that the distance between the layers is the same as the distance 

between the particles in a layer. The maximum volume fraction for a 

flowing dispersion becomes then 0.605. For two dimensions this 
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equation becomes: 

h/a (6. 19) 

with an implicit maximum areal fraction of 0.785. 

We can rewrite eq. 6.17 in terms of the dimensionless shear rate .. 
'1 and then get as the critical dimensionless shear rate at which 

shear thickening starts 7": 
s 

.. K a h • h 
'1 =--=

s 2 a 2 a 

1 000 Polystyrene In 
Glycerol/water 86.1 w/w 

(/) = 0.57 

100 

r)r 
10 Simulation 

• 
1 

0.000 1 0.00 1 

CA = o.545 A 

• 

0.01 

'Y 

• + 

(6.20) 

·' 'Y • + 
I + 

+ 

1 10 100 

fig. 6. 6: Comparison of rescal ed simulation viscosities with 
experiment . Symbols as in fi g . 4 . 
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where h/a is given by eq. 6.19. For our simulations T equals 1, 10 and .. 
100 and h/a=0.400. This gives values for 1 of respectively 0.2, 2 and 

s 

20. As can be seen in fig. 6. 4 this compares very well with the 

simulations, indicating a very good agreement between experiment, 

theory and simulations for the value of the shear rate at which shear 

thickening starts. 

It is possible to rescale simulations and experiments on 

electrostatically stabilized, shear thickening dispersions against Nd .. = 2r8 a/(Th). Shear thickening should then take place when Nd becomes 

larger than one. In fig. 6.6 the results for the different simulations 

are plotted against Nd. Also an experimental result of a polystyrene 

dispersion in glycerol/water22 is plotted. Although the volume 

fraction of the experiment is much higher than the volume fraction 

corresponding to the simulations, it can be concluded that the both 

simulation and experiment show the same behavior and that shear 

thickening can be scaled very well with Nd. Also the results of the 

different translations are in good agreement with each other. 

·, 

6.4.4 Influence of van der Waals attraction 

Table 6.4 lists the characteristics of the runs made with van der 

Waals attraction. All runs were again made at an areal fraction of 

0.5454, while the value of Twas 10. The value of A was chosen to be 2 

• 10-7 (see table 6.1), giving a value of A/a= 0.2484. For the van 

der Waals forces two different levels were chosen. First of all a 
• realistic level, using the data in table 6.1, giving a value of FAR 

(eq. 6.11) of 4.54•10-5 , and secondly a value of F:R of 4.54•10-25 . 

This second level was used to check the influence of a very small 

attractive force on the results . 

In fig. 6.7 the results for the relative viscosity are shown as 

function of dimensionless shear rate . It can be seen that up to the 

shear rate at which shear thickening starts there is no difference . .. 
Only at shear rates above 1 the van der Waals attraction results in a 

s 

large increase of the viscosity. Even the very weak attraction already 

gives a viscosity increase of a factor three. The explanation of these 

high viscosity values lies in the fact that when the cluster formation 
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Table 6.4 

Simulation characteristics for electrostatically stabilized 
dispersions with van der Waals attraction, ~A=0.5454, T=10 

.. • Run N l!.t Nsteps 1 F l) 
AR r 

VW1 25 10- 2 20000 0 . 1 4 . 54·10- 25 2 . 38 

VW2 25 10- 3 20000(2x) 1.0 4.54·10- 25 3 . 24 

VW3 25 10- 3 20000 2.5 4.54*10- 25 4.51 

VW4 25 10- 3 20000(2x ) 5 . 0 4.54*10- 25 8.01 

VW5 25 10- 3 20000(2x ) 10. 0 4.54•1o- 25 13.5 

VW6 49 10- 3 30000 100.0 4.54*10- 25 29.2 

VW7 49 10- 3 40000(2x ) 1.0 4 . 54•10- 5 2 . 93 

VW8 49 10- 3 20000 2. 0 4.54*10- 5 18.3 

VW9 49 10- 3 20000(2x ) 5.0 4.54.10- 5 48 

. . .... . .. . , ..... . 'I . , ..... 
• 

A 

• 
A • 

10 • 
17 A+ 

• r • 
t • .. • 

1 .. 
0.001 0.01 0. 1 1 10 100 

·* 'Y 
fig. 6. 7 : Influence of van der Waals attraction on the relative 
viscosity. +: no van der Waals att raction; .. : F• =4. 54* 10-25 · 

AR ' • =4. 54*10- 5 • .: F 
AR 
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due to hydrodynamic forces takes place the repulsive barrier is 

overcome. and the attractive forces then pull the particles very 

strongly together. The highly connected cell spanning clusters that 

are then formed give rise to very large viscosities and also the 

viscosity time trace can show very high peaks. The clusters formed are 

much more open than the clusters formed with the hard sphere 

dispersions. They are, however, cell spanning and the connection 

between the particles in the clusters is much stronger. In fig. 6.8 an 

example of a snap shot of such a highly clustered dispersion is shown. 

In this context it is important to note that when the realistic 

values for the van der Waals attraction were used the simulations 

started to show severe particle overlap, causing the calculations to 

halt. Also the simulations became very sensitive to the magnitude of 

the time step, indicating that they loose their quantitative value. It 

seems, however, that attractive forces can very well be held 

responsible for the very strong increase in viscosity found in 

experiments on shear thickening dispersions22- 24 . 

fig. 6.8: Snap shot of a highly clustered state, due to van der Waals 
attraction. Note the relatively open structure. 
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6.4.5 Influence of the Areal Fraction 

In table 6. 5 and fig. 6. 9 the characteristics and results for 

simulations with a different areal fraction are shown. For comparison 

in fig. 6.9 also the results for the higher areal fraction are .. 
plotted. According to eq. 6.19 and 6.20 the value of~ for this areal 

s 

fraction of 0. 4647 is 3. Although it is difficult to judge it seems 

indeed that the shear thickening transition occurs at a higher shear 

rate for the less concentrated dispersion. Also the whole viscosity 

level is lower, and the high shear limit is again in accordance with 

the hard sphere viscosity. 

Also at this lower volume fraction layer formation is very 

pronounced at the lower shear rates . Just as with the higher volume 

fraction at the values of T=1 and T=10 a transition from a 

crystal-like structure to a structure with less closely packed layers 

could be observed. This transition will be discussed in the next 

section. 

Table 6.5 

Simulation characteristics for electrostatically stabilized 
dispersions without van der Waals attraction, ~A=0.4647, T=lO 

.. 
Run N !J.t Nsteps ~ 11 

r 

LV1 25 10- 2 30000 0.01 1. 98 

LV2 25,49 10-2 20000(2x) 0. 1 2. 12 

LV3 25,49 10- 3 30000(2x ) 1.0 2.27 

LV4 49 10- 3 30000 5.0 2 . 71 

LV5 49 10- 3 40000 10. 0 3. 79 

LV6 49 10- 3 40000 25. 0 3.95 
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fig. 9: Influence of the areal fraction on the flow curve . 
• : ~ =0.4647; +: rp =0.5454. -r=lO, no van der Waals attraction. 

A A 

6.4.6 Changes in the Dispersion Microstructure 

A final notice has to be made about the changes that occur in the 

structure of the dispersion. As was shown before with the 

electrostatically stabilized dispersions there is a change from an 

ordered structure to a structure in which cluster formation takes 

place. With all dispersions it was observed that at shear rates 

slightly below the shear rate at which shear thickening starts there 

was first a decrease in distance between the layers. While first the 

distance between two layers equalled the distance between the 

particles in a layer, at higher shear rates the layers became less 

close packed and the number of layers increased. An example of this .. 
phenomenon is shown in figs . 6.10a and 6 . lOb. In fig . 6. lOa r =0. 1, 

B 

while in fig. 6. lOb r =1. The areal fraction in both pictures is 
B 
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0. 5454 and T=lO. The same qualitative behavior is observed with the 

dispersion with t/>A=0 . 5454 and T=l at shear rates of, respectively, 

0.001 and 0.01 and with the lower areal fraction . 

b 

fig. 10: Transition to less close packed l ay ers. T=10, t/>A=0.5454, .. .. 
-r=O.l (a); -r = l.O (b). 
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When comparing these observations with the experimental 

observations Tomita and van de Ven made with diffraction techniques26 

it is remarkable that they observed an increase in distance between 

the layers with increasing shear rate, while in our simulations a 

decrease is seen. A possible explanation for this discrepancy is the 

two di•ensional nature of our simulations. One could easily imagine 

that these rather subtle changes in particle configuration can be 

severely influenced by the imposed two dimensional flow. To study this 

phenomenon more closely three dimensional simulations are necessary 

and no firm conclusions can be drawn at this point. 

6.5 Conclusions 

It has been shown that with the Stokesian dynamics method 

siaulations can be performed which compare very well with experiments. 

Insight can be obtained in the mechanisms determining the shear 

thickening transition with electrostatically stabilized dispersions 

and it can be concluded that the expected order-disorder transition is 

visible in the simulations . Above the shear rate at which shear 

thickening ·occurs hydrodynamic forces induce cluster formation and 

these clusters give rise to the high viscosities . These high 

viscosities compare very well with experimental results on the high 

shear limit of hard ·sphere dispersions . . When van der Waals attraction 

forces are present the clusters are more open but even more strongly 

connected and the resulting viscosties increase in magnitude . 

The simulations indicate that the scaling with volume fraction, 

and double layer thickness is as expected from the theoretical 

predictions. Also the scaling with particle size, medium viscosity and 

~-potential follows naturally from the simulations and is in 

accordance with the · expected results . Furthermore the simulations 

indicate that shortly before the shear thickening transition the 

distance between the layers decreases . This in contradiction with 

experimental results . A possible explanation is the two-dimensional 

nature of these monolayer simulations . 

Finally it can be said that these simulations have proven to be a 

powerful tool in obtaining insight in the evolution of the dispersion 
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structure and in determining the influence of the different 

parameters. Comparison with experiments is remarkably good, especially 

when taking into account the fact that only monolayers were simulated. 

With the avilability of even faster computers three dimensional 

simulations become possible and it can be expected that the 

quantitative agreement will even be higher. 
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7 CONCLUSIONS 

In this work an attempt was made to describe the shear thickening 

phenomenon in concentrated dispersions. This was done with 

experiments, theory and computer simulations. First of all a criterion 

for the shear rate at which shear thickening starts was deduced form 

theoretical considerations. It was found that the balance between 

stabilizing electrostatic and cluster-inducing hydrodynamic forces can 

be held responsible for shear thickening in concentrated dispersions. 

The derived theoretical criterion was shown to be in good agreement 

with both experimental results as and monolayer computer simulations. 

From the computer simulations and the theoretical considerations 

it was deduced that at shear rates above the shear thickening 

transition cluster formation causes the high viscosities. When van der 

Waals forces are present (as in all real dispersions) they may induce 

the formation of a large network or a cell/gap (in simulations and in 

experiments respectively) spanning cluster. This leads to extremely 

high viscosities and to measuring problems such as wall slip in a 

Couette geometry. The presence of this wall slip could be shown with a 

photographic technique, indicating that measurements in this shear 

rate range have to be performed with great care. Also in the 

experiments it was observed that the cluster formation and break down 

can cause strong viscosity fluctuations at shear rates close to the 

critical shear rate. 

When measuring the viscoelastic properties of shear thickening 

dispersions it was observed that the response signals can become 

deformed because of flow blockage. From the dependence of the critical 

deformation for flow blockage on angular velocity conclusions about 

the structure of the dispersion could be drawn that were in agreement 
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with the structures seen in the computer simulations . Since the 

dispersions showed ,mainly viscous behavior it can be concluded that in 

the rest state flocculation, even at the highest volume fractions, 

does not take place . 

In this thesis it was shown that when integrating experiments, 

theory and simulations a good description of rheological phenomena are 

possible and that from this work information on other systems (e. g. 

shear thickening in Brownian dispersions) can be obtained. Even though 

the simulations presented here were on monolayers, it was shown that a 

good desription of the phenomena such as interlayer distance and the 

influence of the double layer thickness could be given. The approach 

used in this thesis can also lead to obtaining insight in a number of 

other areas as e . g . extensional flow and the influence of Brownian 

motion and/or polydispersity on the rheology, topics that seem 

promising to study in the future. 



SUMMARY 

Aim of the research presented in this thesis was to investigate 

the phenomenon of shear thickening in concentrated dispersions . The 

questions that had to be solved were: 

When does shear thickening of concentrated dispersions take place ? 

• Why does shear thickening of concentrated dispersions take place ? 

• What are the structural changes in a dispersion when shear 

thickening takes place and how are these related to the macroscopic 

properties as the viscosity? 

To solve these questions several ways were fo.llowed. In the first 

place rheological experiments were performed on a number of different 

concentrated dispersions consisting of : 

Polyvinylchloride (PVC) in dioctylphtalate (DOP) , polydisperse . 

Polystyrene (PS) in water, monodisperse . 

• PS in a glycerol/water (86. 1/13. 9 w/w) mixture, mondisperse . 

Silica (Si02 ) in glycerol/water (86 . 1/13. 9 w/w) , monodisperse . 

• Glass particles in glycerol/water (86 . 1/13.9 w/w), polydisperse . 

These experiments were all performed in a concentric cylinder (or 

Couette) system and steady shear as well as oscillatory shear 

experiments were performed. The volume fractions of the dispersions 

studied varied between 0 . 45 and 0 . 6 . 

Next to the experiments a theory was developed that predicts the 

shear rate at which shear thickening starts to occur in a concentrated 

dispersion of electrostatically stabilized particles . The criterion 

resulting from this theory was checked with the above mentioned 

experiments . To get more insight in the structural changes 

accompanying the shear thickening transition also computer simulations 

were performed . In these simulations a monolayer of monodisperse 

particles was considered and the evolution of the configuration in 

time was followed together with the relative viscosity calculated for 

a specific configuration and shear rate . 
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In the introduction of this thesis (chapter 1) first the 

historical background from which this study follows is given. 

In chapter 2 then some general background about dispersions, rheology 

and dispersion rheology is given together with literature references 

and a literature review of important work on shear thickening of 

concentrated dispersions and on computer simulations of dispersion 

rheology. 

In chapter 3 the steady shear measurements on the concentrated 

dispersions mentioned above are presented. Also the deduction for the 

criterion for shear thickening is given and this criterion is compared 

with the experiments. It is shown that the agreement between theory 

and experiments is good and that insight can be obtained in the 

phenomena 

that at 

causing shear thickening . 

shear rates below the 

The most likely explanation is 

shear thickening transition the 

dispersion orders due to the repulsive interparticle forces. At the 

critical shear rate for shear thickening the shear forces overrule the 

interparticle forces and a small disturbance of the order will lead to 

total disorder in the dispersion and finally to cluster formation due 

to the hydrodynamic forces. This disordered or clustered state gives 

rise to the higher viscosities that cause shear thickening. 

In chapter 4 the attention is focused on rheological phenomena 

occuring in the different regimes. It is shown that the viscosity of 

the low shear rate regime can be plotted as a function of volume 

fraction and then shows very good agreement with equations given for 

the relative viscosity of dispersions as a function of volume fraction 

and with experiments performed by other investigators . In the shear 

thickening regime instable viscosity readings can be found at a fixed 

shear rate. It seems that the viscosity oscillates between different 

levels. When the shear rate is raised a bit, however, a transition to 

a high viscosity level is observed. In this high viscosity region 

severe wall slip was observed. This became clear from the strong 

system size dependence of the measurements and from observations made 

of the flow pattern of the dispersions by a photographic technique. 

Both the instable viscosity readings and the severe wall slip (and 

sometimes even plug flow) were explained by severe cluster formation 

and breakdown. 
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The measurements of the viscoelastic properties of the 

that the dispersions 

dispersions 

are reported in 

mostly show only 

chapter 

viscous 

5. It was seen 

behavior. Above a critical 

combination of deformation and frequency flow blockage takes place. 

This can be concluded form a distortion of the response signal and 

thus form the appearance of higher harmonics. Sometimes this blockage 

is accompanied by an increase of the elastic component for the 

dispersions. Above a certain frequency the critical deformation for 

flow blockage becomes independent of volume fraction. At low 

frequencies (and high deformations) the steady shear limit is reached. 

In chapter 6 finally the computer simulations are presented. 

First of all simulations on hard sphere dispersions are presented and 

compared with experiments. The agreement is good. Only at the highest 

volume fractions (or areal fractions for the monolayers) there is some 

quanti ta ti ve difference between experiments and simula lions probably 

due to the two-dimensional nature of the simulations. In the 

simulations of sheared electrostatically stabilized dispersions good 

agreement between simulations, experiments and theory was found, 

especially for the shear rate at which shear thickening starts. When 

also van der Waals attractions are taken into account the simulations 

show that above the shear thickening transition these attractive 

forces increase the strength of the clusters and cause the clusters to 

be more open and cell spanning. This leads to much higher viscosities 

again. Moreover, these strongly connected clusters provide a very good 

explanation for the wall-slip and plug-flow phenomena ovserved above 

the shear thickening transition in the experiments. 

In chapter 7 finally some conclusions are drawn, which focus 

especially on the good combination of theory, experiments and computer 

simulations in getting a complete picture of rheological phenomena in 

concentrated dispersions. 



SAMENVA TTING 

Doel van het in di t proefschrift beschreven onderzoek was het 

verschijnsel 'shear thickening' in geconcentreerde dispersies nader te 

onderzoeken. De vragen die hierbij beantwoord dienden te worden waren: 

• Wanneer treedt 'shear thickening' in geconcentreerde dispersies op? 

Waarom treedt 'shear thickening' in geconcentreerde dispersies op? 

Wat zijn de veranderingen in de microstructuur van de dispersie als 

'shear thickening' optreedt en wat is de relatie tussen deze structuur 

veranderingen en de macroscopische eigenschappen zoals de viscositeit? 

Om de ze vragen te beantwoorden we rden verschillende wegen 

bewandeld. In de eerste plaats werden reologische e xperimenten gedaan 

aan een aantal geconcentreerde dispersies die bestonden uit: 

• Polyvinylchloride (PVC) in dioctylphtalaat (DOP), polydispers. 

Polystyreen (PS) in water, monodispers. 

PS i n een glyce rol/water (86 . 1/ 13.9 w/ w) mengsel, monodispers . 

• S i lica (Si02 ) in glycerol/ water (86 . 1/ 13. 9 w/ w), monodispers. 

Glas in glycerol/ water (86.1/13.9 w/ w), polydispers. 

De experimenten werden allemaal ui tgevoerd in een concentrisch 

cylinder systeem en zowel constante afschuivings- als oscillerende 

afschuivings-experimenten werden ve rricht. De volume fractie vaste 

stof in de dispersies varieerde tussen 0.45 en 0 . 6. 

Ten tweede we rd een theorie ontwikke ld die de afschuifsnelheid 

voorspelt waarbij 'shear thickening' in een geconcentreerde dispersie 

van electrostatisch gestabilizeerde deeltjes begint op te treden. Het 

criterium dat het resultaat was van deze theorie werd gecontroleerd 

met de hierboven genoemde expe rimenten. Tenslotte werden, om meer 

inzicht te krijgen in de structuur veranderingen in de dispersie, 

computer simulatles gedaan. In deze simulaties werd een monolaag aan 
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deelljes bekeken en werden de evoluties van de configuratie en de 

viscositeit, bij een bepaalde afschuifsnelheid, in de tijd gevolgd. 
' In de introductie van dit proefschrift (hoofdstuk 1) wordt eerst 

beschreven wat de achtergrond is waaruit dit project voortkwam. Daarna 

worden in hoofdstuk 2 wat algemene beschouwingen en literatuur 

referenties gegeven over dispersies, reologie en dispersie reologie. 

Ook worden 'shear thickening' en computer simulaties aan dispersies 

behandeld. 

In hoofdstuk drie worden de lineaire afschuivingsexperimenten aan 

geconcentreede dispersies gepresenteerd. Ook wordt het criterium voor 

'shear thickening' afgeleid en vergeleken met de experimenten. De 

overeenkomst is goed en er kan aldus inzicht worden verkregen in de 

oorzaken voor 'shear thickening'. De meest waarschijnlijke verklaring 

is dat bij afschuifsnelheden beneden de 'shear thickening' overgang de 

dispersie zich ardent ten gevolge van de repulsieve krachten tussen de 

deeltjes. Bij de cri tische afschuifsnelheid voor 'shear thickening' 

worden de afschuifkrachten sterker dan de repulsieve krachten. Een 

klelne verstoring van de orde wordt dan versterkt en dit leidt 

uileindelijk tot totale wanorde en clusterformatie. Deze geclusterde 

toestand is de reden van de hogere viscosi tei ten boven de 'shear 

thickening' overgang. 

In hoofdstuk 4 worden de verschillende regimes van de flow curve 

nader bestudeerd. Er wordt geconcludeerd dat de viscosi tei t in het 

regime beneden de 'shear thickening' overgang, indien geplot als 

functie van de volumefractie, een goede overeenkomst vertoont met 

vergelijkingen voor de relatieve vlscositeit als functie van de 

volumefractie en met experimenten uit de li teratuur. In het 'shear 

thickening' gebied worden soms instabiele waarden voor de viscositeit 

als fuctie van de tijd bij een vaste afschuifsnelheid gevonden. 

Hierbij lijkt de viscositeit tussen verschillende niveaux heen en weer 

te springen. Als de afschuifsnelheid iets verhoogd wordt, is er een 

overgang naar een hoog viscositeitsniveau. In dit laatste gebied wordt 

sterke wandslip waargenomen. Dit blijkt uit een sterke meetsysteem 

afhankelijkheid en uit observaties van het stromingsprofiel van de 

dispersies. Zowel de instabiele vlscosi tei ten als de wand slip (en 

soms zelfs propstroming) worden toegeschreven aan cluster formatle en 
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cluster afbraak . 

Metingen aan de viscoelastische eigenschappen van de dispersies 

worden beschreven in hoofdstuk 5. Er werd waargenomen dat de 

dispersies voornamelijk visceus gedrag vertonen . Boven een critische 

combinatie van deformatie en frequentie treedt echter blokkering van 

de stroming op. Deze blokkering gaat soms vergezeld van een toename 

van de elastische modulus van de dispersies . Boven een zekere 

frequentie wordt de blokkering onafhankelijk van de volumefractie 

vaste stof . Bij lage frequenties (en hoge deformaties) wordt de 

lineaire afschuif limiet bereikt . 

In hoofdstuk 6 worden tenslotte de computer simulaties 

gepresenteerd . Allereerst worden de resultaten van harde bollen 

simulatles getoond en vergeleken met experimenten . De overeenkomst is 

goed, behalve bij de hoogste volume fracties (of oppervlakte fracties 

voor de monolagen) , 

waarschijlijk gevolg 

simulatles . In de 

waar er enig quantitatief verschil is . Dit is 

van het twee dimensionale karakter van de 

simulaties van electrostatisch gestabillzeerde 

dispersies werd ' shear thickening' waargenomen . De overeenkomt met 

experimenten en theorie was goed, vooral voor de critische 

afschuifsnelheid voor 'shear thickening' . Als van der Waals krachten 

in de simulaties worden meegenomen, verhogen deze de cluster sterkte 

bij afschuifsnelheden boven de ' shear thickening ' overgang. De 

clusters zijn dan ook meer open en soms overbruggen ze de hele 

simulatiecel. Dit leidt dan tot nog hogere simulatie viscositeiten. 

Deze grote clusters vormen ook een goede verklaring voor de slip- en 

propstroom-effecten die in de experimenten gevonden werden. 

In hoofdstuk 7 worden dan tenslotte enige conclusies getrokken, 

die vooral betrekking hebben op de goede combinatie van experimenten, 

theorie en simulaties als een compleet beeld verkregen moet worden van 

reologische verschijnselen in geconcentreerde dispersies . 
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a = particle radius, m 

A Hamaker constant, J 

C concentration of electrolyte, mol·m-3 

D , U = particle diffusion coefficient, m2 ·s-1 
0 

elementary unit of charge, 1.6.10-19 C e 
0 

E"' imposed rate of strain vector 

f (y) = force density at poont y on the surface of the particle, N 
J 

F force, N 

F force vector 

FA = attractive force, N 

F = hydrodynamic force, N 
hydrodyn 

F = repulsive force, N 
rep 

F8 = Brownian force vector 

FH hydrodynamic force vector 

FP interparticle force vector 
• 

FAR = dimenionless force parameter (chapter 6) 

G' elastic (storage) modulus , Pa 

G" = viscous (loss) modulus, Pa•s 

h = distance between two particles, m 

h 
1 

h 
2 

distance between two particles in different layers , m 

distance between two particles in the same layer, m 

J = Oseen tensor 
I J 

k8 =Boltzmann' s c onstant, 1.38•10-23 J·K- 1 

L = length of bob, m (chapter 4) 

or length of simulation cell (chapter 6) 

m characteristic ionic mobility, s•kg-1 (divided by e ) 
0 

~ mass/moment of inertia matrix 

! = grand mobility matrix 

n = number of neighbours 
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N = number of particles 

NAY= Avogadro's constant, 6 . 03•to23 molecules/mol 

Nd Dimensionless number indicating the balance between shear 

forces and electrostatic repulsion. 

p pressure, Pa 

p 2nh/~ 

r = center to center particle separation, m 

or, in the Stokesian Dynamics , the distance between oc and y, m 

R = radius of concentric cylinder, m 

! = grand resistance matrix 

S = surface of particle 

or stress, N•m2 

s particle stresslets vector 

time, s 

T absolute temperature, K 

or torque, N•m 

velocity of particle (chapter 5) , 
-1 

u = m•s 

u(r) = potential energy for Leonard-Jones potential , J 

U particle translational/rotational vector 

velocity of the fluid, 

V potential energy, J 

-1 m•s 

or volume occupied by the dispersion in Stokesian Dynamics 

v 
A 

v 
s 

attraction energy, J 

volume of a solvent molecule, m3 

x =particle position 

oc field point in the fluid-particle ·continuum 

y location on the particle surface 

z = valence of ions 

Creek Letters 

a (3/32)if> n 
• 

'1 deformation 

'1 shear rate, s-1 

'1
8 

= shear rate where shear thickening starts, · s-1 

7 = calculated r •. s- 1 
s , cale 
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'¥ "' measured '¥ , s - 1 
.1,meaa s 
'¥ "' dimensionless shear rate 

o ratio of cup and bob radius 

~ thickness of stabilizing layer , m 

c "' energy parameter for Lennard-Jones potential, J 

or dimensionless gap thickness (chapter 4) 

permittivity of vacuum, 8 . 854•10- 12 C·V-1 ·m-1 c 
0 

c relative dielectric constant 
r 

< zeta potential, mV 

~ viscosity, Pa•s 

~ contact angle, degrees 

~0 viscosity of the dispersion medium, Pa•s 

~ relative viscosity 
r 

K "' reciprocal Debye double layer thickness, m-1 

A London wavelength, m 

v = kinematic viscosity, m2 ·s-1 

p density, kg·m-3 

p0 = density of the dispersion medium, kg·m-3 

u "' collision diameter for Lennard-Jones potential, m 

u "'x,y component of the stress 
xy 

~ "' volume fraction 

~A areal fraction 

~c volume fraction where '¥s,calc and <rs , meas should be compared 

~max = volume fraction at max i mum pack i ng 

x "' Flory-Huggins interaction parameter 

~0 "' surface potential of sphere, here equal to <-potential , mV 

w,O "' angular velocity, s-1 

Subscripts and Superscripts 

A = attractive 

b "' bob 

c = cup 

E = rate of strain coupling 

F "' force coupling 

or due to fluid deformation (chapter 4) 
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H = hydrodynamic 

1, J, k = coordinate ( i=l, x ; 1=2, y ; 1=3, z) 

• = mean 

P = interparticle 

R repulsive 

s stress coupling 

T = torque coupling 

th = theoretical 

u = velocity coupling 

oc = particle number 

t,3 =first or third harmoni c (chapter 5} 

2B = two body 

~ = in absence of particles 

or far field approximation 

or at infinite frequency (chapter 5} 
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STELLINGEN 

behorende bij het proefschrift 

SHEAR THICKENING OF CONCENTRATED DISPERSIONS 

van 

Willem Hein Boersma 



1. Bij de beschrijving van reologische metlngen aan geconcentreerde 

dispersies is het voor de reproduceerbaarheid van groot belang 

exact te beschrijven hoe de dispersies geprepareerd werden en 

welke meetprocedures geVolgd werden. Dit proefschrift, hoofdstuk 

3,4. 

2 . De conclusie van Barnes dat onder de juiste omstandigheden alle 

suspensies van vaste deeltjes dilatantie vertonen zal, wegens de 

altijd optredende beperkingen in de reologische meetapparatuur, 

noolt gefalsifieerd kunnen worden en is daarom nietszeggend. 

H.A. Barnes: J. Rheol., 33, 329, 1989. 

3. Bij de interpretatie van zijn lichtverstrooiingsexperimenten 

houdt Hoffman ten onrechte geen rekening met wand- en 

oppervlakte-effecten. R.L. Hoffman: Trans. Soc. Rheol., 16, 155, 

1972. 

4 . Het felt dat door Jeffrey en Onishi niet verwezen wordt naar het 

werk van Schmitz en Felderhof doet geen recht aan het werk van 

deze laatste auteurs. R. Schmitz and B. U. Felderhof: Physica, 

116A, 163, 1982; D.J. Jeffrey andY. Onishi: J. Fluid Hech . , 139, 

261, 1984. 

5. De vergelijking voor de relatieve viscositeit als functie van de 

volume fractie, zoals die is ontwikkeld door Frankel en Acrlvos, 

wordt te vaak gebruikt zonder verwljzing naar de door Marrucci en 

Denn angetoonde fouten in de afleiding van de genoemde 

vergelljking. N. A. Frankel and A. Acrlvos: Chem. Eng. Sci., 2, 

847, 1967; G. Harruccl and H.H. Denn: Rheol. Acta, 24, 317, 1985; 

6. Blj de lnterpretatie van slmulatieresul taten wordt vaak 

voorbijgegaan aan de gemaakte aannames. Aan de resultaten wordt 

dan een te hoog realiteitsgehalte toegedacht. D. Chen and H. Dol: 

J. Chem. Phys., 91, 2656, 1989; 



7. Bij het ontwerp van een optimale destillatietrein kan zeer goed 

gebruik worden gemaakt van eenvoudige vuistregels. Hiermee kunnen 

lange en dure berekeningen beperkt worden. G. Stephanopoulos, B. 

Linnhoff, and A. Sophos: PT-Procestechniek, 9, 37, 1982; V. H. 

Nadgir, and Y.A. Liu: AIChE J., 29, 926, 1983. 

8. Om de gelering van zetmeel te beschrijven is het raadzaam het 

zogenaamde "cross linking" proces te beschrijven met een tweede 

orde reactie. W;H. Boersma, afstudeerverslag Technlsche 

Scheikunde, R. U. Groningen, 1986. 

9. In tegenstelling tot 

tijdschriften gewoonlijk 

wat editors van 

nastreven, dient 

wetenschappelijke 

het gebruik van 

illustraties in wetenschappelijke publikaties gestimuleerd te 

worden. 

11. Teneinde te bereiken dat de publieke discussie over economische 

vraagstukken op een gemeenschappelijke basis geschiedt, dienen 

economische grondbeginselen, zoals de vraag- en aanbod curven, 

reeds op de lagere school onderwezen te worden. 

12. Om in de Nederlandse media een meer pluriforme berichtgeving over 

concerten te verkrijgen dient het muziekcritici verboden te 

worden in de pauze en na afloop van een concert op enigerlei 

wijze contact met elkaar te hebben. 

Eindhoven, juli 1990 


