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1. IWTROVUCTION, SURVEY ANO CONCLUSTONS 

1.1. I~oduetion 

Many managerial and industrial problems encountered in practice show a 

total or partial network flow character. Most of them can be modelled ade

quately as linear models, in which both continuous and integer activities 

may play a role. 

With respect to the continuous case such roodels are Linear Programming 

roodels which of course can be solved by standard LP-programs. However, such 

programs do not take full advantage of the network structure. This is one 

of the reasens why in the past decades much research was done on how a 

specific netwerk structure can be employed more efficiently in solving such 

problems. 

Knowing structure is essential for getting insight in the problem at hand. 

Exploiting structure is important, not only for the development of salution 

procedures which are faster or require less memory capacity than the pres

ent day standard procedures, but also for the design of a proper data base 

anó for adequate manipulation and reporting instructions of LP-based deci

aion support systems. 

This monograph is concerned with an important type of network problems 

of ten encountered in practice. They are called processing nework problems. 

Befere explaining in Subsectien 1.1.2 what processing networks are, where 

they arise and how we intend to analyze and solve processing network prob

lems, the history of netwerk problems is briefly sketched, focussing prima

rily on so-called pure and generalized networks. These two types play an 

important role in the subsequent discussions. 
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1.1.1. Bistorical background 

The real interest in netwerk models started from the work of KANTOROVICH 

[1939], HITCHCOCK [1941] and KOOPMANS [1947] who studied transportation 

problems. The more general transshipment problem was stated somewhat later, 

in fact already by KANTOROVICH & GAVURIN [1949]. 

In the 1950's and 1960's the emphasis lay on solution techniques to solve 

such problems and on the development of more general netwerk models and 

associated procedures. 

Three classes of models are: 

A. Pure Networks 

DANTZIG [1951] presented a specificatien of the Simplex algorithm for the 

transportation problem, in which the basis structure is exploited. ORDEN 

[1956] extended these results to the transshipment problem. only slightly 

different from the transshipment problem is the so-called minimal cost,flow 

problem in a pure network (see LAWLER [ 1976]) • The la.tter, often just called 

a pure network problem, can be stated as follows: 

Given a netwerk, consisting of nodes and directed arcs between certain pairs 

of nodes, 

the cost for transporting a unit of flow along each are, 

the demands and supplies in each node, 

determine flowsin the netwerk such that they satisfy the demands from.the 

supplies at minimal total cost, 

whenever 

1 • the flow is conserved throughout the network, that is to say, both in , 

nodes and on arcs (nolosses or gains in transporting flow along arcs)~ 

2. the flow in each are is in between given lower and upper bounds for 

that are (capacity bounds). 

A well-known and useful proparty of pure networks is total unimodularity, 

which guarantees that basic solutions are integer valued, provided that the 

demands, supplies and capacity bounds are integers. 

In its most general setting, pure network problems can be seen as LP-prob

lems in which the coefficient matrix has at most two nonzero elements in 

each column, with the additional requirement that the column sum of each 

column with two nonzero entries equals zero. 
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Some relevant solution procedures developed in this period are: 

primal-dual FORD & FULKERSON (1957] , 

out-of-kilter FULKERSON [1961], 

dual BALAS & HAMMER [1962] , 

negative cycle: KLEIN [1967]. 

B. Generalized networks 

Generalized networks are also known as networks with gains. They differ in 

only one aspect from pure networks: in transporting flow through the network 

flow may be lost or gained. Usually one considers networks where flow is 

conserved in nodes, but not on arcs. Associated with each are is a so-called 

multiplier or gain. In physical processes mainly losses occur (leakage, 

damage}, whereas true gains are found in certain business applications (e.g. 

cash flow models). Among the pioneersin this field are KANTOROVICB [1939], 

FERGUSON & DANTZIG [1954], MARKOWITZ [1954], EISEMANN [1964] and BALAS 

[1966]. Theyconsidered generalized transportation problems. JEWELL (1962] 

proposed a primal-dual approach for the general case, allowing positive as 

well as negative multipliers. In its most general setting generalized net

work problems can be considered as LP-problems in which the coefficient 

matrix has at most two nonzero entries in each column. 

C. Mul ticommodi ty networks 

Multicommodity networks arise when several items (commodities) share capaci

tated arcs in a network. They can be regarded as pure or generalized net

works with generalized upper bounds. 

Some of the solution procedures for multicommodity network problems are: 

decomposition ROBACKSR [1956], 

FORD & FULKERSON [1958], 

TOMLIN [1966], 

primal-dual JEWELL [1966], 

primal basis partitioning: SAIGAL [1967]. 

In the 1970's and early 1980's much work was done on: 

(a) implementation·and computational testing of known algorithms, 

(b) exploring the field of applicability, 

{c) new theoretica! developments, 

(d} problems with embedded pure or generalized network structure. 
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These aspects are discussed next in some more detail. 

(a) implementation and computational testing of known algorithms. 

With respect topure networks in the early 1970's codes were developed by 

a.o. BENNINGTON [1972], BARR, GLOVER & KLINGMAN [1974], out-of-kilter I 

primàl-dual, GLOVER, KLINGMAN & NAPIER [1972], dual, and GLOVER, KARNEY & 

KLINGMAN [1974], primal. Computational comparisons, described a.o. in the 

latter reference, led to a quite general believe that primal Simplex solu

tion procedures are superior to other approaches, both with respect to time 

and storage requ:irements. Until then out-of-kil ter I primal-dual procedures 

were thought to perform best. The "Primal Revolution" had begun. 

Primal Simplex codes for generalized networks were developed as well: 

MAURRAS [1972], GLOVER, KLINGMAN & STUTZ [1973]. 

In implamenting such algorithms much attention was paid to finding efficient 

datastructures a.o. to store the basis, finding good starting bases, pivot 

selection criteria, the use of mirror arcs, distance labels, etc. Raferences 

are: GLOVER, KARNEY & KLINGMAN [1974], BRADLEY, BROWN & GRAVES [1977], 

GLOVER & KLINGMAN [1978a], GLOVER, HULTZ, KLINGMAN & STUTZ [1978], ELAM, 

GLOVER & KLINGMAN [ 19 79] • 

The current primal codes for pure and generalized netwerk problems have 

several appealing advantages over standard LP approaches (see the just men

tioned papers) : 

1. they perform much faster, for pure networks up to 200 times, for general

ized networks about 50 times faster than APEX III; 

2. they require much less storage capacity; 

3. because of the special basis structure they work with the original data, 

thus eliminating or reducing round-off errors. 

(b) exploring the field of applicability 

In itself the applicability potential of pure and generalized networks has 

been known for a long time, but the success of the primal codes opened up 

the possibility to consider many real-life, large size problems. currently 

systems are developed which challenges one's imagination, see e.g. BARR & 

TURNER [1981] who consider a file merging solution system designed to ac

commodate problems with up to 50.000 constraints and 65 million activities. 

To mention some ether fields of applicability: 
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Pure networks: transportation of goods, design of communication and pipeline 

systems, assignment of men to jobs, bid evaluation, production planning. 

Generalized networks: the "multiplier facility" is capable to model two 

types of situations (see GLOVER, HULTZ, KLINGMAN & STUTZ [1978]): 

1. to modify the amount of flow of some item. In this way situations in

volving evaporation, seepage, deterioration, breeding, interest rates, 

sewage treatment, purification processes, machine efficiencies and 

structural strength design can be modelled. 

2. to transferm the flow from one type of good to another: processes of 

manufacturing, conversionsof fuel to energy, blending, crew scheduling, 

allocating manpower to job requirements, currency exchanges, production. 

For a further discussion of the applicability of pure and generalized net

works, see e.g. JEWELL [1962] and GLOVER & KLINGMAN (1977, 1978a]. 

By now, both pure and generalized netwerk roodels are more or less accepted 

as fundamental modelling tools. This is not only due to the advantages men

tioned under (a) but to a large extent also because "netwerk roodels are more 

visually informative and intuitively appealing than other OR-models", 

GOLDEN, BALL & BODIN [1981], see also GLOVER & KLINGMl\.N [1975, 1977]. 

(c) new theoretica! developments 

Just a few new theoretical developments are mentioned. 

EDMONDS & KARP [1972] discussed the pure netwerk problem from a computation

al complexity point of view. Moreover, they proposed the first polynomial 

algorithm for the maximal flow problem in a pure netwerk. For further 

developments on max flow problems, see GLOVER & KLINGMAN [1980]. 

BALACHANDRAN, SRINIVASAN & THOMPSON (see - [ 1981]) developed an "operator" 

theory of parametrie programming for pure and generalized transportation 

problems. 

In pure and generalized networks degeneracy was taken into consideration. 

CUNNINGHAM [1976, 1979] and ELAM, GLOVER & KLINGMAN [1979] presented "pivot 

row" selection rules which prevent cycling in pure networks and generalized 

networks with positive multipliers, respectively. Implementation of such 

rules in actual codes show some reduction in required solution ~imes. 

ADOLPHSON (1980], building on the workof FONG & SRINIVASAN [1977], recently 

proposed a nondegenerate primal Simplex metbod for pure networks. A!though 

degenerata steps are excluded, the steps of this algorithm require shortest 

path information and are therefore more time consuming than in the usual 

procedures. 
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It is stressed that these degeneracy considerations are not only of theoret

ica! importance. Degeneracy is a severe practical problem: up to 90% of the 

Simplex steps in large scale applications are degenerata in the current 

codes. 

(d) problems with embedded pure or generalized netwerk structure 

The success of pure and generalized networks led to a general belief that 

for LP's as well as for (mixed) integer LP's with embedded pure or general

ized netwerk structure good computational results could be obtained by ex

tanding the ideas on which the primal approaches for pure and generalized 

network problems are based. An increasing interest can be observed for the 

following questions: 

1. how to exploit embedded pure or generalized netwerk structure. 

Basis partitioning, rather than decomposition or ether approaches, seems to 

be the right way to do this (cf. KENNINGTON [1978]). Primal basis partition

ing procedures were suggested for different types of problems: 

Multicommodity networks, HARTMAN & LASDON [1972], KENNINGTON [1977]. 

Pure networks wi th si de constraints: KLINGMAN & RUSSELL [ 1975], CBEN & 

SAIGAL [1977]. 

Generalized networks with side constraints: HULTZ & KLINGMAN [1976]. 

Pure networks with side constraints and side activities: GLOVER & KLINGMAN 

[1981]. As they put it: "Side constraints arise for instanee from economies 

of scale, limitations on shared resources, multiple criteria or from the 

outputs of tomeet overall demands. Side activities (columns) 

arise from actlvities which involve different time periods, production 

alternatives (e.g. refinery activities) or which involve different subdivi

sions (e.g. assembly) ." 

REMARK 1.1.1. In the above lines words as "subdivisions, refinery activities 

and assembly" are underlined because such type of processes fall exactly 

within the scope of this monograph. D 

It is characteristic for these approaches that the pure or generalized net

werk part is extracted from the basis. In each step of the Simplex algorithm 

there is an interaction between this "transportation" part and the so-called 

werking basis. Sametimes the size of this werking basis is fixed, a~ other 

times it varies dynamically and then one tries to keep it as small as pos

sible. 



Since in solving (mixed) integer problems, the continuo~s LP-formulation 

plays an essential role as a subproblem (e.g. Branch & Bound, BENDERS' 

[1962] decomposition) there is a great interest in netwerk formulations and 

netwerk solution techniques, see e.g. GEOFFRION & GRAVES [1974], GLOVER & 

KLINGMAN [1978a], GLOVER &.MULVEY [1980], VAN NONEN & BENDERS [1981]. 

Preliminary computational results on these embedded netwerk problems are 

encouraging, but much work has to be done before general conclusions can be 

drawn. 

2. how to detect hidden pure or generalized network structure, see BIXBY 

[1981), BROWN & WRIGHT [1981], GUNAWARDANE, HOFF & SCHRAGE [1981] and 

SCBRAGE [ 1981J. 

3. how to create pure or generalized netwerk structure, GLOVER [1981]. 
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Future research directions in netwerk optimization are indicated by CBARNES, 

KARNEY, KLINGMAN & STUTZ [1975] and GOLDEN, BALL & BODIN [1981]. Finally, it 

is remarked that surveys on networks are written by ELMAGHRABY [1970] and 

BRADLEY [ 1975]. 

1.1.2. Scope of this monograph 

With the above mentioned developments in mind, we consider an important 

class of netwerk problems, called proeessing network problems. They carry 

this name because they are able to model certain refining and blending 

processas which a.o. arise in production planning environments in the proc

ess industry. Processing networks are more general than pure or generalized 

networks in these twó respects: 

1. they allow the possibility that a given flow splits up in several com

ponents in given proportions. For quite obvious reasens such a process 

is called a refining process. Schematically it is depicted in Figure 

1.1.1. 

Figure 1.1.1. A refining process (L a
1 

i 
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2. they allow the possibility that several components are blended in given 

proportions. This is called a blending process; it is depicted in Figure 

1.1.2. 

Figure 1.1.2. A blending process (f ai= 1; ai> 0, Vi). 

Arcs in a processing netwerk which do not take part in some proportionality 

requirement can beseen as descrihing a simple "transportation process". So 

there are three types of processes in a processing netwerk: refining, blend

ing and transportation. 

Two classes of processing networks are distinguished: 

a. Pure Processing Networks, where the same conditions hold as in pure net

works: conservation of flow and capacity bounds on arcs. 

,b. Generalized Processing Networks, where the same conditions hold as in 

generalized networks: conservation of flow in nodes, but not necessarily 

on arcs, and capacity bounds on arcs. 

The processing netwerk structure comes up in quite a number of situations: 

1. in production planning in the process industry. In the petrochemical 

industry both refining (destillation) and blending "on receipt" takes 

place. Also reference is made to the milk industry where, e.g., raw milk 

is split in proportional amounts of consumption milk, butter and cheese, 

GEURTS [ 1980]. 

2. in assembly models the fact that parts are "blended" in given proportions 

is essential. STEINBERG & NAPIER [1980] describe a mixed integer network 

model for a lot sizing problem in material requirements planning (MRP) • 

3. in energy models not only conversion processes (generalized networks) 

take place, but also blending (for instance, different types of gas 

must be mixed in given proportions) and refining (oil sector:) occur. 

Examples of network energy models are BOONEKAMP, KOENDERS & VAN OOSTVOORN 

[1979], model SELPE and the models PIES and BESOM, a.o. described in 

MANNE, RICHELS & WEYNANT [1979]. 



4. in economie models, such as input/output models, the outputs from each 

industry are directly proportional to its inputs. 
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It is remarked that generalized networks with positive multipliers can 

readily be seen as a special type of pure processing networks. This observa

tion is already described in SCHAEPER [1978]. 

Let (i,j) denote an are from node i to node j in a generalized network, the 

associated multiplier is given by gij > 0. Three cases with corresponding 

processas can be distinguished: 

(a) 0 < gij < 1, refining process 

(1- gij) x outside 

(b) gij = 1, pure transportation process 

x 0--.... 1>-----Q) 

(c) gij > 1, blending process 

In many of the sketched practical situations (relatively few) additional 

requirements must be satisfied, which lead to additional linear constraints 

(side constraints) in the model (cf. Bubseetion 1.1.1). 

From the description of processing networks given thus far it is immediately 

clear that they can be seen as pure or generalized natworks with side con

straints, which arise from the preportionality requirements of the refining 

and blending processes. Therefore, procedures of CHEN & SAIGAL [1977] and 

HULTZ & KLINGMAN [1976] can be used to solve them, thus exploiting the em

bedded pure or generalized network structure. 
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~nother possibility is to view processing networks as pure or generalized 

networks with side activities, which reprasent the refining and blending 

processas (cf. remark 1.1.1).Pure processing netwerk problems formulated in 

this way can be solved by the recent Simplex SON approach of GLOVER & 

KLINGMAN [1981], which exploits again the embedded pure netwerk structure. 

In doing this, in genera!, a smaller werking basis would be required than in 

applying CHEN & SAIGAL's algorithm to the side-constraints-formulation. For 

generalize~ netwerk problems with side activities (and side constraints) no 

special algorithms are known. 

Here the side-activities-formulation will be used in developing solution 

procedures for processing netwerk problems. It appears that these procedures 

are related to the Simplex SON appraoch. Similarities and differences will 

be discussed in Chapter 6. The only aspect emphasized here is that the 

typical feature of processing networks, i.e., proportionality of flow in 

certain subsets of the are set, is not considered in the above mentioned 

procedures of CHEN & SAIGAL, HULTZ & KLINGMAN and GLOVER & KLINGMAN. 

It is quite surprising that the processing netwerk structure is hardly 

analyzed quantitatively in the literature. Some werk has been done in the 

economie field. SCHAEFER [1978] studied the maximal flow problem in pure 

processing networks with only refining processas or only blending processes. 

His main intention was to solve input/output type problems and the approach 

he used was an extension of FORD & FULKERSON's [1962] labeling approach for 

maximal flow problems in pure networks. Befere 1978 graph theoretic analysis 

of economie roodels were presented by, e.g., PETER [1954] and CZAYKA [1972], 

but these studies dealt with qualitative rather than quantitative aspects. 

In the Operatiens Research oriented literature no special studies on pro

cessing networks are known. It should be said, however, that processing 

networks are closely related to so-called networks with homologous arcs. 

Such problems were posed by BERGE & GHOUILA-HOURI [1965] and MAYEDA (1968]. 

Special solution procedures for such problems are not known, only GHOUILA

HOURI [1960] studied a special case. Of theoretica! importance is ITAI's 

[1978] werk. He proved that the problem of finding a maximal flow in a pure 

netwerk with homologous arcs is polynomially equivalent to general LP. 

Processing networks can be seen as more general structures than pure and 

generalized networks. On the ether hand they can be considered (at least at 

first sight, cf. Chapter 5) as more special problems than general LP's. 

In view of the historica! developments this thesis aims to extend the known 
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results for pure and generalized networks by using primal basis partitioning 

approaches. An important aspect is that the typical processing rietwerk 

structure is analyzed and exploited. 

Three types of processing netwerk problems are taken inte censideration: 

1. pure, 

2. generalized, 

3. pure or generalized with additional linear censtraints. 

We will call the selution procedures, developed fer these types of problems, 

Simplex PRON procedures (from ~cessing lietworks). 

1.2. SUII.ve.y 

In order to make this thesis self-contained and to make it possible to 

describe formulations and results in a unified format, some background in

formation is given in Chapter 2. The backbene of all procedures censidered 

is the primal Simplex algorithm foi LP-problems with simple upper bounds. 

It is briefly summarized in section 2.2. Moreover, an overview is given of 

well-known results on pure and generalized network problems. 

The statements: 

"a basis in a pure netwerk is a rooted spanning tree" 

and 

"a basis in a generalized netwerk is a forest of quasi-trees" 

are proved in a quite unusual fashion, namely by using a condition much 

alike or the same as one which arises in a theorem due to HALL [1935], 

which deals with sets of distinct representatives. This is done because 

HALL's theerem plays an important role in Chapters 3 and 4. 

Chapter 3 is concerned with pure processing networks. In sectien 3.1 two 

mathematica! formulations are given fer the minimal cost flow problem. The 

·first one states the problem as a pure netwerk with additional linear con

straints. The second one is more compact and can be viewed as a pure netwerk 

with side activities, where each of the side activities reprasent either a 

refining process or a blending process. This compact formulation is used 

for the solution procedure. 

In section 3.2 the basis structure is analyzed and described in terma of 

the so-called basis graph, that is the subgraph of the original network 

which corresponds to a basis matrix. The basis structure is exploited in a 

specificatien of the primal Simplex algorithm (section 3.3). The main 

characteristics of this approach are: 
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1. the transportation part of the basis is extracted. In each iteration 

there is an interaction between this transportation part and the so

called working basis. 

2. the size of the working basis varies dynamically and is equal to the 

number of basic refining and blending processes. 

3. a simple labeling process determines which basic processas can take part 

at a nonzero level in the representation of the procesa which enters the 

basis. 

4. a certain substructure of the basis graph, namely some specific spanning 

tree, i~ kept stored and is updated after each basis change by means of 

the previously given labels. 

5. the labeling procedure provides a block triangular form of the working 

basis (with two blocks on the main diagonal) • 

A somewhat different view on solving pure processing network problems is 

presented in section 3.4. Perhaps this approach is intuitively less appeal

ing then the one in section 3. 3 , but i t has certain advantages • 

Some remarks, for instanee on implementation considerationa, are made in 

section 3.5. Bere also the relation between BALL's theorem, the exploited 

structure of the basis graph and the possibility to block triagularize the 

working basis further by applying an algorithm of TARJAN [1972] is pointed 

out. See also DUFF & REID [1978a]. 

Chapter 4 conaiders generalized processing networks. Indeed, it appears 

possible to generalize the results of Chapter 3 to generalized processing 

networks, except for some small details. 

Where in the previous two chapters processing networks were considered as 

more general structures than pure and generalized networks, Chapter 5 looks 

in the other direction: What about the relation between processing networks 

and general LP's? 

It appears that any LP-problem can readily be interpreted as a generalized 

processing network problem in which both positive and negative multipliers 

may occur. So the procedure:of Chapter 4 can in principle be applied to general 

LP's, leading to an approach in which the (working) basis is block triangu

larized. It stands to reaeon that this approach is most efficient for 

generalized network problems with relatively few side activities. 

The relation between this approach and other sparse matrix approaches known 

in the literature will be discussed. 



Furthe:rmore, it is possible to give· an "almost" pure processing network 

interpretation to general LP's. Moreover, the approaches of Chapter 3 can 

easily be adapted to solve' general LP-problems, althóugh soms of the 

properties which hold for pure processing networks are no longer valid. 
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It is important to cbserve that any LP can be transformed to a pure process

ing netwerk, possibly at the expense of blowing up the size of the problem 

in a polynomial way. The relevanee of this result is net that a transforma

tion yields a problem which can be solved easier but rather 

1. it shows that a (pure) processing netwerk structure is not as special as 

it seems at first sight. 

2. it gives a certain reassurance that the problem structure is indeed ex

ploited adequately in the procedures presented in Chapters 3 and 4. 

3. it gives the opportunity to visuali:z:e the struct:ure of a certain LP by 

drawing processing netwerk diagrams. 

Finally it is shown that there are classes of próblems which can right away 

be interpreted as pure processing networks or generalized processing net

works with positive multipliers, for instance, the multicommodity netwerk 

problem. 

Chapter 6 deals with pure or generalized processing networks with additional 

linear constraints. In applying the approaches of Chapters 3 and 4 to such 

problems the embedded single commodity netwerk structure would net be ex

ploited fully. That is why bere a different basis partitioning approach is 

proposed .to solve these problems. In a broader context this approach can be 

used to solve general LP/embedded netwerk problems and, as a matter of fact, 

the pure case is an alternative for the Simplex SON approach of GLOVER & 

KLINGMAN [1981]. It appears that both procedures use similar ideas at some 

points, but at other points they are different • 

. Finally, in Chapter 7, the applicability and expected computational results 

are discussed. 
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1.3. Ccncta6~on& 

The first result of this study is deeper insight in the processing network 

structure itself, in the basis structure, and in the relation to LP. Insight 

also in the way this structure can be exploited in primal basis partitioning 

solution procedures. 

The solution procedures developed have several desirable properties; they 

use the embedded pure or generalized network structure, they employ special 

labeling and updating procedures to accelerate computations and they main

tain a block triangular version of the working basis. 

Furthermore, the theory developed in this study provides a bridge between 

pure and generalized networks at one hand and (sparse matrix) LP at the 

other. 

Processing networks have a wide range of applicability. They may become 

efficient real-world modelling tools. The fact that their structure can be 

completely pictured in netwerk diagrams may tend to increase the nonanalyst's 

(management's) level of acceptance. 

This thesis provides a complete theory on processing networks. Bowever, it 

is stressed that much work has to be done on implementation and subsequent 

computational testing of our methods before conclusions can be drawn on 

their efficiency. 



2. PREL1M1NAR1ES 

2.1. 1~oduction 

In order to make this monograph self~contained and to make it possible to 

describe formulations in a unified format some background information is 

given in this chapter. 

The backbene of all solution procedures considered in the subsequent 

chapters is the primal Simplex algorithm for LP-problems with simple upper 

bounds. It is briefly described in Sectien 2.3. 

Furthermore, many of the results known in pure and generalized netwerks 

will be used as basic tools in dealing with processing netwerks. Pure net

works are considered in sectien 2.4, generalized networks in Sectien 2.5. 
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In this sectien some ramarks are made concerning the notatien used. Further

more, the most important concepts which arise in netwerk flow programming 

are defined. 

Matrices and sets will be denoted by uppercase Roman characters (A, B, etc.), 

veetors and scalars by lowercase Roman or Greek characters (a, b, a, S, etc.) • 

The transpose of a matrix A is gi ven by A' • All veetors considere'd are 

assumed to be column vectors. 

Finally we denote by; 

ei , the i-th unit vector, 

e , a vector with all elements equal to 1, 

lsl , the number of elements in some sets, 

r(Á), the rank of a matrix A. 

A direated graph G(N,A) consiste of a set N {1,2, ••• ,m}, of which the 

elements are called nodes and a set A s N x N of ordered pairs (i,j), 

i,j É N, called aras. 
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Are (i, j) e: A is dir>eated trom node i to node j. 

An are (i,i), i e: N, is called a sel[-loop. 

Are (i, j) e: A is said to be incident to nodes i and j . 
( 

In reverse: both nodes i and j are said to be incident to are (i,j) e: A. 

REMARK 2.2.1. Note that the above definition of a directed graph does not 

allow the existence of more than one are from node i to node j, where 

i,j e: N (so-called multiple aras). However, the exclusion of multiple arcs 

is: 

- not restrictive, since the occurrence of multiple arcs can always be 

circumvented by introducing dummy nodes and arcs, 

- not essential: the ideas developed in the sequel remain valid when a 

broader definition of a directed graph is used in which multiple arcs are 

allowed. 

The reason for adopting the present definition of a directed graph is, that 

it gives rise to a convenient notatien (i,j) to denote an are from node i to 

node j. 0 

Nodès i and j are said to be adJacent iff (i,j) e: A (so a node i is adjacent 

to itself iff the self-loop (i,i) e: A). 

A network is a directed graph with one or more real valued functions defined 

on the are set. 

The after set A(i) and the befare set B(i) of a node i e: N are defined as: 

2.2.1. A(i) := {j e: N (i,j) € A} I 

2. 2.2. B(i) := {j e: N (j,i) e: A} 

Suppose that {ik I ik e: N, k = 1,2, •.• ,i}, with i~ 2, is a set of distinct 

nodes and wk is either are (ik,ik+l) E A or are (ik+l'ik) E A, k = 1,2, .• 

•. ,i-1, then the sequence 

2.2.3 

is called a path from i 1 to ii. The arcs (ik,ik+1> are called forward arcs, 

arcs (ik+1,ik) baakward arcs. 

If i 1, ••• ,ii_1 are distinct nodes and i 1 = i 1 , then sequence 2.2.3 is called 

a cyaZe (i~ 2). Note that a self-loop is a cycle. 

If in G(N,A) a path exists from every node to every other node, G(N,A) is 

said to be aonneated. 



A tree is a connected directed graph whlch contains no cycles. 

Some arbitrary node i 0 of the node set of a tree is designated as the root 

of the tree. If the root are (i0 ,i0), which is a self-loop, is attached to 

a tree, we speak of a rooted tree. 

The unique path from node i to node j in a tree will be denoted by P ..• 
. l.J 

A spanning tree in G(N,A) is a tree with node set N and are set s A. 

A quasi-tree is a connected graph with exactly one cycle. 

A forest of trees (respectively quasi-trees) is a set of disjunct trees 

(respectively quasi-trees). 
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A spanning forest of (quasi-) trees in G(N,A) is a forest of (quasi-) trees 

with are set S A, such that each node of N belongs to this forest. 

2. 3. The S.lmp.tex a.tgoJLi:thm ~oJt LP-pJtob.tem6 wU:h uppeJt bound6 

The Revised Simplex algorithm for LP-problems with (simple) upper bounds 

provides the backbone for all network flow algorithms considered in the 

sequel. Only a brief description is presented here. A more elaborate traat

ment can be found in, e.g., DANTZIG [1963], LASDON [1970], and BAZARAA & 

JARVIS [ 1977]. 

By introducing artificial variables, any LP-problem can be cast into the 

so-called canonical form: 

2.3.1. minimize c'x 

2.3.2. Ax = b 

2.3.3. 0 s x :;; u , 

where c,u,x € En, b € Em and A is an m x n matrix. In the literature same

times the eenstraint 

2.3.4. 

with i ~ 0 is used instead of 2.3.3. In that case by using the transforma

tion x:== x-! the form 2.3.1-2.3.3 is obtained. Intherest of this 

monograph we always consider lower bounds equal to zero. 

The dual problem of 2.3.1- 2.3.3 is 
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2.3.5. maximize b 1 rr u 1 V 

2.3.6. A1rr- v:<;c 

2.3.7. V ~ 0 

where 11 E JRm and v E JRn. 

ASSUMPTION 2.3.1. The rank of matrix A equals m. 

1 This assumption is standard and not restrictive since in practice artificial 

variables are added such that the extended coefficient matrix has full row 

rank. 

Let B be a square nonsingular submatrix of A of order m; then B is called a 

basis. 

Suppose that matrix A, after permuting the columns, is written as: 

2.3.8. 

t I [ I I I J Le x . ", XB•xN1,xN2 be the partitioning of x 1 compatible with 2 .3.8 (u and 

c are partitioned sirnilarlyl, which satisfies: 

2.3.9. 

2.3 . 10. 

2.3.11. 

~1 =0 

~2 = ~2 

-1 -1 
~"' B b- B N2 ~ I 

2 

then x is said to be a basic solution ; ~ denote s the basic variables, xN1 
the nonbasic variables at their lower bound, xN2 the nonbasic variables at 

their upper bound. 

If, in addition, x satisfies 2.3.3, x is called a basic feas i bZe soZution. 

The value of the objective function will be denoted by z. 

The Simplex algorithm is discussed next. 

Simplex algorithm for LP-problems with upper bounds 

Initialization 

As starting basis the idertity matrix, corresponding to artificial variables, 

can be chosen. By applying the "Big-M" method or Phase I of the "Phase I, 

Phas e II" me thod, a basic feasible solution is determined if it exists. If 

no (basic) feasible solution exists the algorithm stops. 

I I 



1. Determine the Simplex multipliers 

The Simplex multipliers, also called dual variables. or shadow prices, are 

obtained from: 

2.3.12 -1 
1r' = c~ B 

2. Calculate the reduced costs 

-This oparation is sometimes called pricing. The reduced cost vector c can 

be found from: 

2.3.13 ë• = 1r'Á - c' , 

where, according to 2 • 3 • 12 : ë~ = 1r 'B - eB = 0 • 

3. Perferm the optimality test 

If cj ~ 0 for all nonbasic variables xj at their lower bound, 

and ëj ~ 0 for all nonbasic variables xj at their upper bound, 

then the current solution is optimal and the algorithm stops. 

4. Choose the nonbasic variable to enter the basis 

19 

Let I denote the index set of all nonbasic variables which violate the 

optimality test in step 3. As variable to enter the basis can be chosen any 

x.,j€I. 
J 

Suppose Xk is chosen. In Simplex tableau terms a.k is the pivot column. 

5. Find the representation of the entering column in terms of the basis 

The representation vector yk of a.k in terms of the basis is calculated from 

2.3.14. 

6. Perform the minimal ratio test 

Consider the two possible cases: 

(a) Xk is at its lower bound. Define àk as: 
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2.3.15. { ~i -~i } 
Ak :=min min , yik < 0 

i -yik 

(b) ~ is at its upper bound. Define Ak as: 

2.3.16. 

If Ak = m, the solution is unbounded and the algorithm stops. 

Otherwise, choose a row index s for which the minimum is obtained. Row s is 

said to be the pivot row. 

7. update the activity levels and the basis inverse 

In updating the objective function value and the activity levels, again the 

two cases of step 6 are considered. 

(a) ~ is at its lower bound zero. 

2.3.17. 

2.3.18. 

other activity levels remain what they are. 

2.3.19. 



(b} ~ is at its upper botind ~· 

2.3.20. 

2. 3.21. 

other activity levels remain what they are. 

2.3.22. 

If àk ~ ~· variable ~ shifts from its lower bound to its upper bound (or 

the other way round) and the basis remains the same. rn this case preeeed 

with step 3. 

Otherwise the basis inverse is updated by: 

2.3.23. 
--1 -1 
B = E.B 1 

where E is an elementary matrix given by: 

2.3.24. E = 

+ 
s 

• 1 

with n a vector with elements: 

2.3.25. 1 
=--

2.3.26. n. = - Yjk 1 

J Ysk 
j I' s . 

Matrix Edescribes the pivot operation. Continue with step 1. 
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-1 As can be seen from this description, the basis inverse B plays an essen-
-1 tial 'role in steps 1 and 5. In actual implementations B is usually stored 

either in product form or in eliminatien form (see e.g., BASTIAN [1980]) 

and reinverted after a number of iterations in order to reduce cumulative 

round-off errors and storage requirements. 

Furthermore, it is quite usual to replace the nonbasic variables, which 

are at their upper bound, by their complement xN2 : = ~2 - xtl2 • 0. This 

transformation makes the computation somewhat easier1 since one only has to 

deal with nonbasic variables which are at their lower bound zero. 
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· 'l'he theory of Pl.lre networlts plays an important role in Chapter 3, whicb 

deals with pure processinq networlts. several relevant aspects of pure net

. worlts are discuseed bere. 

Let G(N,A) denote a directed and connected qraph, with N the set of nodes 

and A the set of arcs. 'l'he number of nodes is m, the number of arcs n. If 

self-loops (i,i), i € N, are present in G(N,A) they can be replaced by 

eommon arcs (i,m+1), where {m+l) is an additional node (cf. BAZARAA & 

JARVIS [1977, pp. 419, 420]). 

ASSOMPTION 2.4.1. G(N,A) dOes not oontain any self-loop. 

'l'he LP-formulation of the minimal coat flow problem in a pure network is1 

2.4.1. minimize l: c x 
(i,j) eA ij ij 

2.4.2. I x ij + I xji "' bi , i E N 
jeA(i) jeB (i) 

2.4.3. 0 s x1j s u1 j , (i, j) e A 

Equations 2.4.2 are the conservation of flow equations, where bi (i e N) 

denotes: 

- the external demand (bi > 0) , 

- the external supply (bi < 0) , or 

- no external àemand or supply (bi= 0), 

Capacity bounds are qiven by 2.4,3, where ui:! is not necessarily finite. 

'l'he coefficient matrix of the left-hand sides of 2.4.2 is denoted by 

. Á • [a.t,ijJ. 
'l'he dual problem of 2,4.1-2.4.3 is qiven by 

2.4.4. maximize tb1T- I uv 
!eN i 1 (i,j)eA ij ij 

2.4.5. - 1Ti + 'lf:t - "ij s cij , (i,j) e A 

2.4.6. "d i!: 0 (i,j) e A • 



23 

Properties of matrix A 

Row at• of A is associated with node i € N, column a•ij of is associated 

with are (i,j) € A and has exactly two nonzero elements, namely 

- 1 in row i, and 

+ 1 in row j, 

The column sum of each column in A is zero: e•A = 0. 

REMARK 2.4.2. As noted befare any LP-problem with a coefficient matrix A, in 

which 

- each column has at most two elements ~ 0, 

- each column with two nonzero elements has column sum zero, 

can be regarded as a pure network problem. 

By using positive column scales it can be accomplished that all nonzero 

elements of such a matrix A are equal to ± 1 • 

A column of A with on.ly one nonzero element in some row i, which is equal to 

-1, can be thought to repreaent a self-loop or an are from node i to outside 

the netwerk (see e.g., BAZARAA & JARVIS [1977]). 

A column of A with only one nonzero element in some row i, which is equal to 

+ 1, can be thought to represent an are from outs i de the netwerk to node i. 0 

THEOREM 2. 4. 3. The ronk of A equale m- 1. 

PROOF. Because e•A 0, the rank of A must be smaller than or equal to m- 1. 

Since G(N,A) is connected, a submatrix of A can be constructed which cor

responds toa spanning tree in G(N,A). It can easily be shown that this 

matrix has rank m-1, see e.g., BAZARAA & JARVIS [1977]. 

we introduce a single artificial variabie Xioio with a•ioio = - ei0 li0 
arbitrarily ohosen from {1, ••• ,m}). It is easy to prove that matrix 

2.4.7. * A = [-e. ,AJ 
l.o 

has rank m. 

Properties of a basis 

Let B denote a basis of A*. Column a.ioio always belongs toB and can be 

thought to represent the self-loop (i0 ,i0J. Assume column a,
1010 

to be the 

first column of B. 

0 
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Let B denote the m x (m-1) matrix, consisting of the last (m ~ 1) co.lumns of 

B. So: 

2.4.8. B = [a i i ,B] • 
• 0 0 -

We de fine the basis (J!'aph associated wi th matrix B as the subgraph of 

G(N,A) with node set N and arcs in A which correspond to the columns in !• 

and .the self-loop Ci0 ,i0 ) •. 

Next a lemma is stated, which is generalized in a certain sensein Chapter3. 

To avoid notational difficulties we denote the elements of B by b 0 (instead 
- - .. p 

of b •.. ) • 
- ... ,1) 

Lets be a nonempty subset of {1,2, .•• ,m-1}, associated with the columns 

of!· Furthermore, let R{S) be defined by: 

2.4.9. R(S) := {.t ' .tE: {1,2, ••• ,m}, :=! 5 : b 0 :JO} • 
pE: - .. p 

So R{S) is related to those rows of B which have at least one nonzero ele

ment in the columns associated with s. 

LEMMA 2.4.4. Given a aalteation of Is I ao'lwrtnB of mat'l'i::c! ther>e ar>e at 

'leaet Is I + 1 !'CMB in ! l!)hiah have a nonzer>o e tement in these ao lwrtnB: 

2.4.10. la<s> I ~ lsl +1 • 

PROOF. Suppose that !R(S) Is lsl. Then, because e'! = 0, the columns of·! 

associ~ted with S would clearly be linearly dependent. This contradiets the 

fact that B denotes a basis. 

REMARK 2.4.5. Note that the only argument used in proving Lemma 2.4.4 is 

0 

that B is an m x (m-1) matrix of rank {m- 1) with the proparty that e'B = 0. 0 

.We can use Lemma 2.4.4 to prove the well-known theorem: 

THEOREM 2.4.6. A baeis {J!'aph in a pure netl!)or>k is a r>ooted spanning tree. 

PROOF. Suppose the basis graph contains a cycle besidee the self-loop 

(i0,i0). LetS denote the columns in B associated with the arcsin this 

cycle. Then R(S) corresponds to the set of nodes incident to the arcs in 

the cycle. In a cycle the number of nodes equals the number of arcs, so 

IR(S)I = lsl. This is in contradietien with Lemma 2.4.4. Since the basis 

graph contains (m-.1) "real" arcs these arcs form the are set of a spanning 
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tree in G(N,A). The self-loop (i0 ,i0) is usually called the root-are, and 

node 10 € N the root of this spanning tree. 

This completes the proof. 

The reverse of Theorem 2.4.6 is true too: 

THEOREM 2 .4. 7. EvePy Pooted spanning tPee tJith are set .s A is a basis gmph. 

PROOF. See BAZARAA & JARVIS [1977]. 

A square matrix is said to be (upper) t!'ianguZaP if the rows and columns 

can be permuted such that all elements below the main diagonal are zero. 

THEOREM 2.4.8. B is (uppep) t!'ia:nguZap 

PROOF. A constructive proof is given. The permuted B matrix wil! be denoted 

* by B • 

* * 1. Take a•ioio as the first column of B and row i 0 as the first row of B • 

Put w"' fi0J. 
* 2. If W = N then stop, B is found. 

Otherwise, let (i,j) be an are in the basic spanning tree, such that either 

i € W or j € w. such an (i,j) always exists, since a spanning tree is a 

connected graph which contains no cycles. 

* Take a•ij as the next column in B • 

If i I w make row i the next row of s*, set W = W u {i} and goto 2. 

!f j I w take row j as the next row of e*, set w = w u {j} and goto 2. 

It is obvious that this constructive schema provides a matrix B* with all 

elements below the main diagonal equal to zero • 

D 

D 

0 

. EXAMPLE 2.4.9, For the rooted spanning tree in Figure 2.4.1, B* is a possible 

realization. 
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11 12 42 31 53 49 36 84 37 

-1 -1 1 1 

2 

-1 -1 4 

-1 1 -1 -1 3 
* B ." -1 5 

1 9 

1 6 

-1 8 

7 

Figure 2.4.1. A rooted spanning tree and an associated triangularized basis. 

The properties of a basis and associated basis graph, mentioned in Theorema 

2.4.6 and 2.4.8, make it possible to perform the steps of the Simplex 

algorithm by using the basis graph (a rooted spanning tree) instead of the 

basis inverse B-l. The advantages of such an approach are already mentioned 

in Subsectien 1.1.1. 

Before we give an outline of the Simplex algorithm for pure netwerk problems 

a clarification of some of the calculations, which have to be carried out, 

is presented. 

Solving ~·s = eB 

In order to determine the Simplex multipliers ~ the system 

2.4.11 

'must be solved (cf. 2.3.12). In netwerk terms this can be done in the 

following way (cf. the constructive proof of Theorem 2.4.8): 

1. Take ~io = 0 (it can be assumed that cioio = Ol. Set w = {i0}. 

2. If W = N, stop. 

Otherwise, take an are (i,j) such that either i E W or j t. w. 
If i t. W then ~i has already been determined and 1r j can be found from 

2.4.12. 

Make W = W u {j} and goto 2. 

If j E w, 1f. is known and 1fi can be evaluated from 2.4.12. Set W = W u {i} 
- J 
and goto 2. 
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Informa1ly speaking the Simplex multipliers are determined in some sequence 

"from the root towards the Zeaves (i.e., those nodes of N which are incident 

to only one are in the basic spanning tree)". 

It is noted that, in the subsequently discussed Simplex algorithm, the 

Simplex multipliers are evaluated in this way only in the initialization 

step. In all other steps they can be found by updating the previous vector u. 

* Solving Bx = b 

In order to find the activity levels of the basic variables, the system: 

2.4.13. 

* where b 

* B~ = b 

= b-N2 ~2 (formula 2.3.11), must be solved. 

In a similar way as the Simplex multipliers are evaluated, these activity 

levels (flow levels in the basic arcs) are calculated "from the leaves 

towards the root". 

They are determined in this way only in the initialization step. In all 

other steps they can be found, as usual, by updating the previous vector x. 

* Equations of the type Bx = b must also be solved in determining the 

representation yk~ of the entering column, say a·k~' in terms of the basis: 

2.4.14. 

This can be done in an easier way than indicated above, simply because the 

right-hand side of 2.4.14 has a special form. 

Associated with column a.k~ is are (k,~). 

Let Ck~ denote the set of arcs in the basic (rooted) spanning tree, which 

beleng to the unique cycle induced in this spanning tree by the entering 
f 

are (k,~). Ck~ is given an orientation consistent with (k,~). Denote by Ck~ 
b the set of forward arcs in Ck~' by ck~ the set of backward arcs. It is easy 

to cbserve that a.k~ can be written as: 

2.4.15. 

or in words: in the representation of a,k~ in terms of the basic columns, 

the columns associated with forward arcs in Ck~ have coefficient -1, 

the columns associated with backward arcs in Ck~ have coefficient + 1, and 

all other basic columns have coefficient 0. 
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For obvious reasons, vector yk1 .will be called the oyàZe vectoP, induced by 

are (k,t) in the basic spanning tree. 

I~ view of the theory of generalized networks (Section 2.5), it is instruc

tive to consider the representation of a•kt in terms of B in a slightly 

different fashion. 
f Denote by P. j the set of forward arcs on the unique path from node i to 
1 b 

node j in the basic spanning tree and by Pij the set of backward arcs. Then: 

2.4.16. a•kt = - ek +et 

2.4.17. ek =- l a•ij + t a•ij - e. 
f b 10 

Pkio pki 
0 

2.4.19. e.t r a•ij + I a•ij - ei 
f b 0 

PH PR.i 
0 0 

Using these formulae, one observes that the root are plus all arcs which 

belong to Pkio n Pt10 have a zero coefficient in the representation and in 

fact 2.4.15 results (see Figure 2.4.2). 

Vector B-
1 e . is called the :root-path vector of node j since i t describes 

J 
the path from node j to the root of the basic spanning tree. 

Figure 2.4.2. Illustration of the representation of a•kt in térms of B. 

Cbserve from 2.4.15 that one of the arcs in Ck! must leave the basis graph, 

consequently a new basic rooted spanning tree arises. 

In the following specification of the SiDPlex algorithm it is assumed that 

the basic rooted spanning tree is stared and updated in some convenient 

way. 
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Simplex algorithm for tbe minimal oost flow problem in a pure network 

Initialization 

A simple way to findastarting basis is: introduce an additional node {m+l) 

and arcs (i,m+l) if bi ~ 0, i EN, and (m+l,i) if bi < 0, i EN. These added 

arcs form the are set of a spanning tree in tbe extended network. Take an 

arbitrary root i 0 with root are (i0,i0). Let B denote tbe matrix reprèsenting 

tbe rooted spanning tree. B is taken as a starting basis. Take all nonbasic 

variables at tbeir lower bound zero. Determine tbe flow levels x8 and tbe 

Simplex multipliers v as indicated above. Use tbe Big-M metbod or Phase I of 

a two phase metbod to find a basic feasible solution (if it exists) • 

Alternative ways to determine a starting basis can be found in BAZARAA & 

JARVIS [ 1977] and in GLOVER, KARNEY & KLINGMAN [ 1974]. 

1. Determine tbe Simplex multipliers 

The Simplex multipliers can be evaluated as described above. aowever, after 

each basis change it is possible to update tbe previous vector v. This i~ 

discussed at the end of step 7. 

2. Calculate tbe reduced costs 

The reduced costs are determined from: 

2.4.19. (i, j) € A • 

3. Perform tbe optimality test 

This is standard (see Section 2.3). 

4. Choose the nonbasic variable to enter the basis 

See Section 2.3. Suppose a•k! is selected to enter the basis (are (k,!) 

enters the basis graph). 

5. Find tbe representation of a•kt in terms of B 

Determine tbe cycle vector yk! from 

as explained above. 
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6. Perferm the minimal ratio test 

See Sectien 2.3. Suppose a•st leaves the basis. 

, 7. ·Update 

Updating the objective function value and flow levels is standard. 

By dropping are (s,t) in the previous basic spanning tree, two subtrees, 

say T1 and T2 , remain with s E T1 and t E T2 • The Simplex multipliers can 

easily be updated: 

2.4.20. 

2.4.21. 

· Adding subsequently are (k,t) results in the basic rooted spanning tree for 

the new situation. 

~ontinue with step 2. 

Generalized networks play an important role in solving generalized processing 

netwerk problems (Chapter 4). Some relevant aspects of generalized networks 

are discussed here. 

Suppose G(N,A) is a directed and connected graph, with node set N and are 

set A. The number of nodes is m, the number of arcs n. Self-loops are allowed 

to be present. 

The essential difference with pure netwerk flow problems (Section 2.4) is 

that flow is not necessarily conserved in transporting it along arcs. In 

every are (i,j) E A it is assumed that, whenever the flow in (i,j) is xij' 

·upqn arrival in node j the flow has value gij xij. The factor gij, (i, j) E A 

is called the mu~tip~ier or gain of are (i,j). 

The multipliers are assumed to be arbi trary re al numbers. 

' However, negative multipliers are intuitively not as appealing as positive 

opes. Nevertheless the following interpretation can be given: 

If gij < 0 and the flow in are (i,j) is xij' necessarily a flow of magnitude 

-gij xij must arrive at node j. (See also Sectien 5.5.) 
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The LP formulation of the minimal cost flow problem in a generalized network 

is stated as: 

2.5.1. minimize r c ij x i . 
(i,j)C::A J 

2.5.2. I i e N 
jeA(i) 

2.5.3. (i, j) E A , 

Equations 2.5.2 are the conservation of flow equations in the nodes of the 

network, where bi, if unequal to zero, denotes the external demand (bi> 0) 

or supply (bi < 0) in node i. 

The coefficient matrix of the left-hand sides of 2.5.2 is denoted by 

A"' [aR.,ij]. 
The dual problem of 2.5.1-2.5.3 is given by: 

2.5.4. maximize L bi '11 • - I ui . \Ji . 
i eN 1 (i, j) eA J J 

2.5.5. (i,j) E A 

2.5.6. (i Ij) E A • 

Before discussing some properties of matrix A, an important concept, the 

cycle factor of a cycle, is introduced. This cycle factor plays a role both 

in theoretica! and computational considerations. 

Let c denote a cycle in G(N,A) with arbitrary orientation. Cf is the set of 

forward arcs in C, ~ the set of backward arcs. The cya Ze faator a (C) is 

defined as: 

2.5.7. 

Properties of matrix A 

Row a. of A is associated with node .t € N, column a .. of A is associated 
~· 'l.J 

with are (i,j) e A and has either two nonzero elements, namely 

- 1 in row i, and 

gij in row j, 

or only one nonzero element, namely 

- gii in row 1, if i = j (so (i,j) is a self-loop). 
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Note that an are (i,j) with multiplier gij = 0 bas the same representation 

in matrix A as self-loop (i,i) with multiplier g
11 

= 1. Therefore the 

following assumption is not restrictive. 

ASSUMPTION 2.5.1., In G(N,Al no aPas aPe present l!Jith a muUipUe1' equal to 

REMARK 2.5.2. Any LP-problem with a coefficient matrix A in which each 

column has at most two elements ~ 0, can be regarded as a generalized net

work problem. If we replace 2.5.2 by 

2~5.8. i € N , 

2.5.1, 2.5.8 and 2.5.3 formulate such an LP-problem. 

By using positive column scales it can always be aeeomplished that hij in 

2.5.8 equals ± 1. 

THEOREM 2 .5.3. The ronk of matl"i:x: A equals (m- 1) 01' m. 

The proof of this theorem is similar to that of Theorem 2. 4. 3. See also 

Figure 2.5.1. 

Onder strong conditions a generalized network problem can be reduced to a 

pure network problem by means of sealing. In this respect the following 

theorem is valid: 

0 

THEOREM 2. 5. 4. Let G (N ,Al denote a aonnected genemUzed netl/Jork. P:rob Zem 

2.5.1-2.5.3 can be scaled toa pUl"e netl/Jork probZem iff one of the follaJing 

equivalent conditions is vaUd: 

(a) r(A) = m-1 

(b) a(C) = 1# for.every cycle c in G(N,A) '1/Jhich is nota seZf-loop. 

PROOF. See GLOVER & KLINGMAN [1973] and TRUEMPER [1976]. 

Both GLOVER & KLINGMAN and TRUEMPER developed simple sealing procedures. 

Sealing generalized networks to networks with positive multipliers is dis

cussed in TRUEMPER [1976]. Sealing generalized networks to networks in 

whieh all multipliers gij satisfy 0 < gij ~ 1 (so-ealled lossy networks) or 

gij ~ 1 (gainy networkal is discussed in KOENE [1979b]. 

0 



Theerem 2. 5. 4 implies that, if r (A) - = m - 1 , the generalized network problem 

can be solved as a pure network problem, after a suitable sealing has been 

performed. 

In the remaining part of this chapter the following assumption holds: 

ASSUMPTION 2.5.5. The mnk of A equals m. 

Properties of a basis 

Let B denote a basis of A. 
Define the basis g~aph associated with matrix B as the subgraph of G(N,A) 

with node set N and are set the arcs associated with the columns in B. 

A similar lemma as Lemma 2.4.4, which deals with pure networks, is stated. 

Suppose B = [btp]. 

LetS be a nonempty subset of {l, ••• ,m}, associated with the columns in B. 

Similarly as in 2.4.9, R(S) is defined as: 

2.5.9. R(S) = {t I tE {l, ••• ,m}, 3pES: btp ~ O} . 

LEMMA 2.5.6. Given a colZeetion of Is I colwnns of B there a~e at least as 

many ~ows in B which contain a nonse~ element in these columns: 

2.5.10. IR (S) I :!: Is I • 

PROOF. If IR(S) I s: Is I- 1 the columns of B associated with S are linearly 

dependent. This contradiets the fact that B denotes a basis. 

REMARK 2.5.7. Note that the only argument used in proving this lemma is the 

fact that B is a square nonsingular matrix. 

It is remarked that the relation 2.5.10 also arises in a theorem due to 

'HALL [1935] in dealing with systems of distinct representatives, see also 

FORD & FULKERSON (1962, p. 67]: Let V= {V1, ••• ,Vm} be a family of subsets 

of a givèn set W = {w1 , ••• ,w }. A list of distinct elementsof W, say 

0 

0 

* q 
W = {wt , ••• ,wt } is a system of distinct representatives for V if w1 E Vj1 

1 m j 
wtj is said to repreaent Vj. 

THEOREM 2.5.8 {HALL). A system of distirzat ~epresentatives fo~ 

v = {v1, ••• ,v } e:cists iff eve111 u:nion of Is I sets of v aontains at least . m 
lsl distinat elements~ 181 = l, ••• ,m. 
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'!'he condition in this theorem is the same as that in Lemma 2. 5. 6, only a 

different terminology is used. 

An immediate consequence of Lemma 2.5.6 and 'l'heorem 2.5.8 is (cf. remark 

2.5.7): 

COROLLARY 2.5.9. The l'OIJ)s (or the cotumna) of a square nonaingutar matn:c 

can be permuted auch that the main diagonaZ of this permuted matri:c ia 

zero-free. 

Hall's theorem will appear to play an important role in Chapters 3 and 4. 

THEOREM 2.5.10. A basis graph in a (JeneraUzed nework ia a (spanning) 

foreat of quaai-trees. 

PROOP'. Conside:i: a connected component of the basis graph. Suppose this 

comp9nent contains q arcs, then Lemma 2.5.6 shows that this component con

tains at most q nodes. 

Since the number of arcs in the basis graph equals the number of nodes this 

implies that each connected component must be a quasi-tree. 

'!'he reverse of 'l'heorem 2.5.10 is in general not true (compare with the 

situation in pure networks: Theorem 2.4.7): 

.THEOREM 2. 5. 11. A forest of quaai-trees wi th node set N and are set s A is 

a basis graph iff a(C) # 1 for every cycte c .. üJhich is not a seZf-Zoop. 

PROOF. See TRUEMPER [1976] and also Figure 2.5.1. 

Whether a subgraph of G(N,A) is a basis graph or not does not only depend 

on 'the topology of this subgraph but also on the values of the multipliers. 

A square matrix is said to be one-tnanguZar if the rows and columns can be 

permuted such that all elements below the first lower diagonal are zero. 

THEOREM 2. 5. 12 • B is one-triangutar. 

Before proving this theorem it is remarked that B has a block diagonal 

form: 

0 

0 



2.5.11. B 

B q 

Each block Bi corresponds to a quasi-tree Qi in the basis graph {each 

quasi-tree has as many nodesas arcs). Therefore, it is sufficient to show 

that each block a1 has a one-triangular structure. A constructive proof is 

given. 

PROOF of Theerem 2.5.12. Consider quasi-tree Qi of the basis graph and its 

associated block Bi of the basis. 
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If the cycle in Qi is a self-loop, Bi is triangular as shown in the previous 

section. 

Consider the case that the cycle ei of Qi is not a self-loop and suppose 

are (v,w) belongs to the are set of ei. omitting (v,w) from Qi turns Q1 
into a tree. 

First, sequence the rows and columns which correspond to the nodes and arcs 

in ei {except the column associated withare {v,w)) in the way nodes and 

arcs are passed in traversing the unique path from v to w in the tree. 

Next, add the column corresponding to are (v,w). The submatrix of Bi which 

now has been obtained is one-triangular. 

The remaining part of Q1 has a tree structure and, as shown in Sectien 2.4, 

can be written in triangular form. 

EXAMPLE 2.5.13. 

2 

3 

4 

5 

7 

6 

12 32 

-1 

--

13 14 

-1 J -1 
! 

I 

J 

53 75 

-1 

Figure 2.5.1. A quasi-tree and a corresponding one-triangular 

matrix representation. 

56 

--
-1 

I 
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The properties of a basis and associated basis graph, mentioned in Theorems 

2.5.10 and 2.5.12, make it possible to perform the steps of the Simplex 

algorithm by using the basis graph (a forest of quasi-trees) instead of the 

basis inverse B-l. 

A clarification of the calculations, to be carried out in the distinct steps 

of the Simplex algorithm, is presented. 

Solving 11'B = eB 

In order to determine the Simplex multipliers the system 

2.5.12 

must be solved (cf. 2.3.12). In netwerk terms this can be done in the 

following way (cf. the constructive proef of Theerem 2.5.12): 

Consider each quasi-tree in the basis graph separately and distinguish the 

two cases: 

(al Th~!! cycle of the quasi-tree is a self-loop, say are (v,v). Then 

11v .. - 0~9vv• 
The remaining part is dealt with as described in Sectien 2.4, where for 

each basic are (i,j) the following relation holds: 

2.5.13. 

(b) The cycle of the quasi-tree contains two or more arcs. Suppose are 

Cv ,w) belengs to the cycle. P vw denotes the path from v to w in the quasi

tree in which are (v,w) is not contained. First, calculate all 11i for all 

nodes ie Pvw in termsof 11v using 2.5.13. Next, 11v is found from 

and the 11i (i e Pvw) are known too. 

The remaining part of the quasi-tree has a tree structure and the Simplex 

multipliers of nodes in that part are determined as in Sectien 2.4. using 

2.5.13 insteadof 2.4.12. 

The close relationship with the pure netwerk situation is obvious. Bere the 

Simplex multipliers are determined in some sequence "from the cycle towards 

the leaves". In actual implementations the cycle factors are used to speed 

up these calculations. 

The Simplex multipliers are determined in this way in the initialization step 

of the Simplex algorithm. In all ether steps the previous vector 11 is updated. 



Solving Bx = b* 

The activity levels of the basic variables (the flow levels in the basic 

arcs) can be found by solving the system: 

* 2.5.14. BXB = b 

* where b = b-N2 uN
2 

(formula 2.3.11). 

In a similar way as the Simplex multipliers are evaluated these activity 

levels are calculated "from the leaves towards the cycle". 
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They are determined in this way only in the initialization step. In all 

other steps they can be found, as usual, by updating the previous vector x. 

Equations of the form Bx = b* must also be solved in determining the 

representation of the entering column, say a•kt' in terms of the basis: 

2.5.15. 

This can be done in an easier way than indicated above, because the right

hand side of 2.5.15 has a special form. Associated with a•kt is are (k,t). 

Since a•kt can be written as 

2.5.16. 

if (k,t) is nota self-loop, or as 

2.5.17. 

if (k,t) is a self-loop (k = t), the essential question is to find the 
-1 -1 

representation of ek (and et) in terms of B (vectors B ek and B e~~,l • 

Denote by Wi the set of arcs, which belong to the path from node i ~ N to 

the cycle in the quasi-tree in which node i is contained, plus all arcs in 

this cycle. 

THEOREM 2.5.14. All columns of B which are not aaaociated with area in wi 
-1 have a zero coefficient in the repreaentation B ei of e

1 
in terms of the 

basic columns (i ~ N). 

PROOF. See ELAM, GLOVER & KLIN("',MAN [ 19 79] • 0 

-1 For this reason the vector B ei is called the cycle-path vector of node i. 
-1 

An explicit formula for the representation B ei of e 1 , i ~ N, in terms of 
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the basic columns can be found in ELAM, GLOVER & KLINGMAN [ 1979]. Regarding 

2.5.15-2.5.17, vector y •kt ,is found from: 

2.5.18. -1 -1 
Yk.t = - B ek + gkt B et 

if (k,t) is not a self-loop, or from 

2.5.19. 

;!.f , (k, .t) is a self-loop (k = .t) • 

Theorem 2.5.14 does not imply that all columns of B associated with arcs in 

Wk u w1 have a nonzero coefficient in the representation vector yk.t' 

This is illustrated in Figure 2.5.2 where the set of arcs in Wk u w~, is 

depicted by heavy lines for one of the cases which may occur. In case 

gOk gk.t /g01 • 1 only arcs (O,k) and (O,.t) have a nonzero coefficient (cf. 

the situation in pure networks and theorem 2.5.11). 

Figure 2.5.2. A possible union of Wk and w~,. 

Finally, an outline is given of the Simplex algorithm for generalized 

network problems. 

Simplex algorithm for the minimal cost flow problem in a generalized network. 

· Ini tialization 

The same starting basis as described in Section 2.4 can be used. Alternatives 

can be found, e.g., in GLOVER, HULTZ, KLINGMAN & STUTZ [1978]. 

1. Determine the Simplex multipliers 

The Simplex multipliers can be evaluated as described above. However, after 

each basis change it is possible to update the previous vector 11. Thi.s is 

discussed in step 7. 



2. Calculate the reduced costs 

The reduced costs are found from 

2.5.20. 

3. Perferm the optimality test 

This is standard (see Sectien 2.3). 

(i, j) € A , 

4. Choose the nonbasic variable to enter the basis 

Standard. Let a.k~ enter the basis. 

5. Find the representation of a•kt in terms of B 

Determine the vector Ykt from 

as indicated above. 

6. Perferm the minimal ratio test 

See Sectien 2.3. Suppose a·st leaves the basis. 

7. Update 

updating the objective function value and flow levels is standard. 
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The new basis graph is obtained from the previous one by omitting are (s,t) 

and adding are (k,t), The Simplex multipliers associated withnodes in 

unchanged quasi-trees or cycles remain the same. 

Only in case a new cycle is formed or tree parts are attached to another 

quasi-tree, the associated Simplex multipliers must be calculated in the 

way described before. 

Continue with step 2. 
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3. PURE PROCESSING NETWORKS 

3.1. 1nttoduetion 

This chapter is concerned with pure processing networks. In Section 3.2 we 

discuss two distinct LP-formulations of the minimal cost flow problem in 

such a network. 

The basis structure will be explained in terms of the network (Section 3.3) 

and subsequently exploited in a specificatien of the primal Simplex algo

rithm, discussed in Section 3.4. 

A somewhat different specificatien of the primal Simplex algorithm for pure 

processing networks is presented in Section 3,5, 

Finally, in Section 3.6, some remarks are made. 

A verbal description of a processing network is given in Subsectien 1.1.2. 

The present section provides two distinct LP-formulations of the minimal 

cost flow problem in a pure processing network. 

The first formulation is that of a pure network problem with side con

straints. 

The second one is more compact and can be seen as a pure network problem 

with side activities. 

Consider a directed and connected graph G(N,A), with node set N, containing 

m nodes and are set A, consisting of n arcs. 

If self-loops (i,i), ie N, are present in G(N,A) they can be replaced by 

arcs (i,m+l), where (m+l) is an additional node. 

ASSUMPTION 3.2.1. G(N,A) does not aontain any eeZf-loop. 



It is convenient, and in many practi~al situations natural, to assume that 

G{N,A) satisfies some special topoloqical properties (cf. the discuesion at 

the end of this seetion) • These properties will show up in the subsequent . 

discuesion and are summarized in remark 3.2.2. 

The node set N ean be partitioned into three subsets: 

· RN: refining nodes 

BN: blending riodes 

TN: transportation nodes. 

A pefln-lng node i (i e RN) is a node with one incoming are and at least two 

outgoing arcs. The flow on each outgoing are (i,j}, je A(i), is required 

to be a given fraction aij of the total flow entering node i (see Fiqure 

3.2.1a). 

It is assumed that 

3.2.L 

and 

3.2.2. 

0 < aij < 1 , j E A(i) 1 i E RN 

Î ai. = 1 , iE RN • 
jeA(i) J 

(a) (b) 

Fiqure 3.2.1. A refining node i. 

A bZending node i (i e BN) is a node with at least two incoming arcs and 

only one outgoing are. The flow on each incoming are (j,i), je B(i), is 

required to be a given fraction ajt of the total flow leaving node i (see 

Fiqure 3.2.2a). 

In analoqy with refining nodes we have: 

3.2.3. 0 < aji < 1 , j E B(i) 1 i E BN 

and 



3.2.4. l Clj" 
jeB (i) ~ 

(a) 

1 , i E BN • 

(b) 

Figure 3.2.2. A blending node i. 

All nodes of N which are neither refining nodes nor blending nodes are 

called tPansportation nodes. 

It is assumed that, if i is a refining node or a blending node, all nodes 

j e A(i) u B(i) are transportation nodes. 
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REMARK 3.2.2. Note that in G(N,A) the following topological pr~perties hold: 

(a) if node i e N is a refining node (blending node) proportionality of 

flow is assumed on all outgoing (incoming) arcs of i; 

(b) if node i e N is a refining node (blending node) there is exactly ~ 

incoming (outgoing) are of node i; 

(c) if node i e N is a refining node or blending node all nodes 

j e A(i) u B(i) are transportation nodes. 

Finally, it is convenient to introduce the set of processing nodes PN: 

3.2.5. PN := RN U BN • 

A Pefining proaees i is formed by the outgoing arcs of a refining node i. 

Such arcs are called refining arcs. 

The set of refining arcs contained in A is denoted by RA. 

A btending pPocess i is formed by the incoming arcs of a blending node 1. 

Such arcs are called btending arcs. 

The set of blending arcs s A is denoted by BA. 

All arcs in A which are neither refining arcs nor blending arcs are called 

tPanepoptation aPcs. 

The set of transportation arcs s A is denoted by TA. 

D 
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·We will say that a tra.nsportatiön are (i,j) e A describes a tmnaportati.on 

process (i,j). 

Note tha.t the incoming (outgoing) are of a refining (blending) nod~ describes 

a transportation process. 

Also note that the are set A is truely pa.rtitioned into the subsets RA, BA 

and TA. 

'l'he set of processing arcs PA is defined by: 

3.2.6. PA := RA U BA • 

The coefficients aij in 3.2.1 or 3.2.3 are called processing coefftcients. ' 
A network with at least one processing node is called a processing network. 

Conservation of flow is assumed in every node i € N. If, in addition, flow 

is conserved on the are set A (no losses or gains in transporting flow 

along arcs), the networkis addressed as a p~ processing network. 

Otherwise it is called a genemliaed processing network. Such networks will 

be discussed further in Chapter 4. 

Before passing over to the ma.thematical formulations of the minimal cost 

flow problem in a pure processing network, some other notation and 

definitions are introduced. 

PA(!) denotes the set of processing arcs incident to node i E PN. 

In other words: PA(i) describes the set of arcs which correspond to refining 

or blending process 1. 

N(i) is the set of nodes which are incident to the arcs in PA(!), i € PN. 

The number of arcs in PA(!) is called the order of process i and is denoted 

by ni. Note that n
1 

~ 2, V i e PN. 

Finally, it is rema.rked that in drawing diagrams of processing networks, it 

,is conventent to distinquish the three types of nodes. Refining nodes and 

blending nodes will be represented as in Figure 3.2.1b and Figure 3.2.2b, 

transportation nodes are given by a small circle. An example of a processing 

network is presented in Figure 3.2.3. 



Figure 3.2.3. An example of a processing network. 

Fo:rmulation I 

The proportionality requirements in a refining or blending proeess can be 

stated in several ways. 

Consider a refining process i with its corresponding refining node i. 
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A quite natural way to capture the proportionality requirements would be to 

express the flows on the outgoing arcs of node i in terms of the flow on 

the incoming are. However, in view of the subsequent discussions, the 

following way will appear to be more appropriate: 

Choose an arbitrary outgoing are (i,r), r € A(i), of node i. It is clear 

that if the flow in (i,r) is known, flows on all outgoing arcs of node i 

are known too. For this reason are (i,r) is called the representative are 

. of process i (or also of the set PA(i)). 

The flows on all other outgoing arcs of i een be expreseed in terms of the 

flow on are (i,r): 

r € A(i) , j € A{i) \ {r} 

or 

3.2.7. r € A.(i) , j € A(i) \ {r} 

where allaij's satisfy 3.2.1 and 3.2.2. 
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'Perhaps it would be more apprQPriate· to write r(i? instead of r, but for 

notational simplicity this has not been done. 

In a similar way the proportionality requirements in a blending process can 

'be stated; 

Consider a blending process i with its corresponding blending node i. 

Choose a representative are (r 1 i) of process i (r ~ B(i)) and formulate the 

blending requirements as: 

3.2.8. r e B(i) 1 j e B(i) \ {r} 

where all the aj
1

•s satisfy 3,2.3 and 3.2.4. 

The LP-formulation of the minimal cost flow problem in a pure processing 

netwerk G(N,A) is: 

3.2.9. 

3.2.10. 

3.2.11. 

3.2.12. 

3.2.13. 

minimize r c x 
(i,j)eA ij ij 

r 
jEA(i) 

0 

i ~ N 

i ~ RN , r E A (i) 

j ~ A(i) \ {r} 

i E BN 1 r E B (i) 

j E B(i) \ {r} 

· Equations 3.2.10 are the conservation of flow equations in which bi > 0 

denotes the external demand and bi < 0 denotes the external supply in 

node i.· 

Formulae 3.2.11 and 3.2.12 are the refining and blending requirements. 

Capacity bounds are given by 3.2.13. The next assumption is not restrictive. 

ASSUMP'l'ION 3.2.3. For each Pefining proesse i: 

cij = uij = aij 

cir uir air 

and for each b tending proaeee i: 

r e A(i) 1 j E A(i) \ {r} 
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r e :i3(i) , j e: B (i) \ {r} • 

Formulation 3.2.9-3.2.13 is in fact one of a pure network problem {3.2.9, 

3.2.10 and 3.2.13) with side constraints 3.2.11 and 3.2.12. Therefore CHEN & 

SAIGAL's algorithm [1977] can be used to solve 3.2.9-3.2.13; see also Sub

sectien 1.1.1. For this problem a workinq basis of fixed size: riEPN(ni- 1), 

i.e., the number of constraints in 3.2.11 and 3.2.12, would be required. 

However, the solution procedures, developed in Sectiens 3.4 and 3.5 (based 

on formulation II), use a workinq basis of variable size q, with 

0 s q s riEPN 1 (: IPNI) I which is in general much smaller than ri€PN(ni -1). 

The structure of the coefficient matrix of the left hand sides of 3.2.10-

3.2.12 is clarified in Fiqure 3.2.4. In this figure pR and p8 denote the 

number of refining and blending processes. Moreover, the matrices Ri 

(i"' 1, ... ,pR) and Bi (i= 1, ••• ,p8) are (n1 -1) x n1 matrices with the 

following structure: 

ai. aj . 
J1 

-1 
1~ 

-1 
air ari 

Ri ai. 
J2 

B. aj . 
~ 2~ 

air ari 

-1 -1 

i 
conservation of flow 

t R1 

~--:~~-----
refining requirements 

t ! ' ·. 
: ~ 
' . blending req~rements ! • 
; ~ • 

ITAI RA I --*-1 BA I__". 

Figure 3.2.4. Structure of the coefficient matrix. 
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Note that in this formulation each refining or blending process i has ni 

associated columns in the coefficient matrix. 

Formulation II 

An alternative, more compact, formulation is obtained from formulation I if 

the expresslons for x1 j (formula 3.2.11): 

i € RN , r € A(i) , j € A(i} \ {r} 

and for xji (formula 3.2.12): 

i € BN 1 r € B(i) , j € B(i) \ {r} 

are substituted into 3.2.10. 

Then each refining process and each blending process is represented by a 

single column in the resulting coefficient matrix A. Of course, the variable 

'associated with this column in A describes the flow level in the represen

tative are of this process. 

Matrix A bas m rows and each row i of A can be identified by node i in the 

network. Each column of A describes one of the three possible types of 

processas (a column of A associated with refining or blending process i is 

den~ted by a. 1 , a column of A associated with transportation process (i,j) 

is denoted by a•ij): 

(a) refining process 1. The elements in column a.i are: 

- 1/a . ir in row i, 

ai/air in row j, j € A(i), 

0 otherwise. 

(b) blendin9: 2rocess i • The elements in column a.i are: 

1/ari in row i, 

-aji/ari in row j, j € B(i), 

0 otherwise. 

(c) transportation process (i,j). The elementsin column a•ij are: 

-1 in row i, 

1 in row j, 

0 otherwise. 



Figure 3,2,5 clarifies the structure of A. 

m 

1 
41<---ITAI~PR-- P8 ~ 

Figure 3.2.5. Structure of coefficient matrix A. 

REMARK 3.2.4. It can easily be observed that matrix A has the following 

properties: 

1. the sum of elements of each column in A is zero; 
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2. if there is more than one positive (negative) element in some column of 
I 

A, there is only one negative (positive) element. 0 

Note that a column a,1 as meant under (a) or (b) has a unique representation 

except for some sealing factor (this sealing factor depends on the choice 

made for the representative are). 

In the rest of this monograph it is assumed that all columns of A are 

scaled such that the only negative (or positive) element in a column is , 

equal to -1 (+1, respectively). So a refining process i has elements: 

-1 in row i. 

a
1

j in row j, je A(i), 

0 otherwise , 

and a blending process i has elements: 

+1 in row i, 

-'aij in row j, j e B(i), 

0 otherwise. 

After sealing the variabie associated with column a. 1 describes the total 

throughput of process i. 

The solution procedures of this chapter will use the compact formulation: 
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3.2.14. minimi.ze c' x 

3.2.15. Ax = b 

3.2.16. 

where A satisfies the properties mentioned above. 

Note that this formulation is one of a pure netwerk problem with side activi

ties. Therefore 3.2.14-3.2.16 can be solved by the Simplex SON approach of 

GLqVER & KLINGMAN [1981]. Their procedure would employ a werking basis of 

the same size as the Simplex PRON procedures of Sectiens 3.4 and 3.5. However, 

Simplex SON does not make any specific use of the typtcal processing network 

structure. 

The dual problem of 3.2.14-3.2.16 is given by: 

3.2.17. maximize b'n - u'v 

3.2.18. - ni + wj - vij :::; cij , (i, j) € TP 

3.2.19. - wi + i: ai.wj - "1 :::; ei i € RP 
j€A(i) J 

3.2.20. 1f - L aji 1T. - vi :::; ei i € BP 
1 j€B(i) J 

V ~ 0 

where TP denotes the set of transportation processes, RP represents the set 

of refining processes and BP the set of blending processes. 

It is emphasized that formulation 3.2.14-3.2.16 should merely be eensidared 

as a compact way of writing 3,2.8-3.2.13. The network interpretation remains 

. the same: 

Column a,1 , associated with refining process i, cari be written as 

3.2.21. '\' * a = L a a , 
•i j€A(i) ij •ij 

where a* •. denotes the vector representation of are {i,j) (see Beetion 2.4). 
'J.J 

Formula 3.2.21 makes clear that the set of processing arcs PA(i) can still 

be. associated with refining process i. 

Of course, a similar statement can be made for a blending process i. 

Note that a pure network (Section 2.4) can be considered as a "degenerate" 

case of a pure processing network (with processes of order 1). 
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The remaining part of this sectien discussas the possibility to define 

processing networks in a more general way 1 namely as a network in which the 

following three properties hold: 

1, For generalized processing networks: conservation of flow in nodes, 

for pure processing networks: conservation of flow,both in nodes and on 

arcs. 

2. Proportionality of flow in subsets of the are set A. In each such a sub

set the arcs are incident to·one co~n node and they are all directed 

either from or towards this node. 

3. Capacity bounds on arcs. 

An example of a processing netwerk in this more general sense is presented 

in Figure 3.2.6, The subsets of arcs on which proportionality of flow is 

required are: SI= {(1,4),(1 1 6)}, SII = {(1,8) ,(1,10)}, SIII = {(4,6),(4,7)} 

and SIV = {(7,10),(8,10)}. The aij's beside the arcsin SI' SII' SIII and 

SIV are the proportionality coefficients. 

Figure 3.2.6. A processing netwerk in the more general sense. 

It is remarked that, after adapting the a
1
j•s in an obvious way, the 

processing netwerk in Figure 3.2.6 is in fact equivalent to the one drawn 

in Figure 3.2.3. 

If we would define: 

a refining node i as a node of N for which a subset of the set 

{(i,j) I j € A(i)} exists with proportionality of flow on the arcsin this 

subset, 



52 

a blending node i as a node of N for which a subset of the set 

{(j,i) Ij € B(i)} exists with proportionality of flow on the arcsin this 

subset 

and 

a transportation node i as a node of N which is not a refining or blending 

node, 

then it is immediately clear that none of the properties mentioned in 

Remark 3.2.2 have to hold. 

Yet, in the remaining part of this monograph it is assumed that a processing 

netwerk satisfies the properties mentioned in Remark 3.2.2. 

The motivation for doing this is: 

~1. In many practical situations it is natura! to assume one incoming (out

going) are Óf a refining (blending) node and proportionality of flow on 

all outgoing (incoming) arcs (for instance, a destillation column in an 

oil refinery) • 

2. The netwerk diagrams which can be drawn have a simpler structure (compare 

Figure 3.2.3 with Figure 3.2.6) and are therefore easier to interpret. 

Visualization is an important aspect which will be discussed further in 

Chapter 5. 

3. The assumptions simplify the way to think about processing networks as 

well as the notation. 

We emphasize the following facts: 

1. It is in no way restricti ve to assume that the properties in Remark 3. 2. 2 

are satisfied in a processing netwerk: by introducing additional trans

portation nodes and/or transportation arcs an arbitrary processing net

werk can be cast into this framework. 

2. The special topological properties will not be used in an essential way 

in the subsequent discussions (only for notational convenience). 

Consequently, the solution procedures developed in the sequel can easily 

be adapted to suit processing network problems in the more general sense. 

As shown above, a pure processing network problem can be formulated as in 

3.2.14-3.2.16, where matrix A has the properties mentioned in Remark 3.2.4. 

Conversely, a LP-problem 3.2.14-3.2.16 in which A has the properties 

described in Remark 3.2.4 can be considered as a pure processing network 

problem in the more general sense. 
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EXAMPLE 3.2.5. Let A be given by: 

-1 -1 1 

a14 -1 -1 4 

A= a16 "46 -1 6 

"47 -a7, 10 7 

"ta 1 -as, 10 8 

"1, 10 1 1 10 

where allaij's are positive and e'A = 0. 

Then A resembles the pure processing network structure of Figure 3.2.6. 

The basis structure will be explained in terms of the pure processing net- ; 

work. Both formulations of Section 3.2 can be used, leading to essentially 

the same results. Here we use the compact formulation (formulation II) 

considering the fact that this formulation will also be used for the 

salution procedures of Sectiens 3.4 and 3.5. An explanation of the basis 

structure in terms of the first formulation can be found in KOENE [1981a]. 

The rank of matrix A in 3. 2 .15 is obviously smaller than or equal to (m - 1) , 

since e•A = 0. 

' ASSUMPTION 3.3.1. The rank of A equa'ta (m-1). 

· REMARK 3,3,2. A sufficient (not necessary) condition, to let A have rank 

(m- 1), is that the directed graph . with node set N and as are set the set 

of transportation arcs TA 5 A, is connected. In that case a spanning tree, 

containing transportation arcs only, can be constructed in G(N,A). As 

mentioned in Section 2.4 the submatrix of A which describes such a spanning 

tree bas rank (m- 1). Note that dummy transportation arcs can always be 

introduced such that this is the case. 

As in pure networks (section 2.4) we introduce a single artificial variable 

xi i wi th a i · = - ei (10 arbi trarily chosen from { 1, ••• ,m} • Again it 
0 0 • 0~0 0 

is easy to prove that matrix 

0 
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~.3.1 

has r.ank m. 

[-e A] 
io 

Let B denote a basis 

thought to represent 

*' of A • Column - ei0 always belengs to B and çan be 

the self-loop (i0 ,i0l. 

Suppose B contains q processing columns (i.e., the columns of A associated 

with a refining or blending process), 0 s q s m-1, and, consequently, m-q 

transportation columns (columns of A associated with a transportation 

~rocess), including the slack column - ei0 . 

Matrix B can be partitioned as: 

3.3.2. 

where BT is an m x (m-q-1) matrix denoting the structural basic transporta

tion processes, and BP is an m x q matrix repreaenting the basic refining 

and blending columns. 

Let B denote the matrix: 

3.3.3. 

The set of basic refining and blending processes is given by BAP. 

Define the basis graph associated with B as the directed graph with node 

set N and as · are set: 

the self-loop (i0 ,i0), 

the transportation arcs s A associated with the columns in BT, and 

a·ll processing arcs sA associated with the columns in BP, i.e., all arcs 

in PA(i), i € BAP (cf. formula 3.2.21 and the definition of PA(i) given in 

the previous section) • 

· The purpose of the subsequently stated lemmas is to explain the structure 

of the basis graph. 

The are set of a basis graph consists of a number of transportation arcs 

and . a number of processing arcs. 

LEMMA 3.3.3. Exaept for the sel~loop !i0 ,i0 l the basis graph aontains no 

ayale with only transportation aras. 

PROOF. This fact fellows immediately from the theory of pure networks 

(Section 2.4). 0 
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Knowing this, consider for a moment the basis graph in which all processing 

arcs and the self-loop (i0,i0) are left out. Thi,s graph consiste of a 

number of connected components, each of which cannot contain any cycle. 

Such a connected component must therefore have a tree structure and is 

called a tl"a1'!8por-tation tr-ee. A transportation tree may consist of a single 

node. 

The next lemma gives a relation between the number of basic refining and 

blending processes (i.e., the number of elements in BAP) and the number of 

transportation trees contained in a basis graph. The number of basic 

refining and blending processes is given by q (0 s q s m-1). 

LEMMA 3.3.4. A basis groph aontains (q + 1) tra:nepor-tation tr-ees iff the 

nwrber- of basic r-efining and blend:lng proaeeees equale q, 

PROOF. If there are q basic refining and blending processes the basis graph 

must contain m- (q+l) transportation arcs apart from the self-loop (i
0
,i

0
). 

Considering the following two facta: 

- the number of arcs in a tree is exactly one less than the number of 

nodes in a tree, 

- each of the m nodes of N belongs to some transportation tree, 

it is immediately clear that the basis graph must contain (q + 1) transporta

tion trees. 

The other part of the proof is obtained by reversing the argument. 

According to Remarke 2.4.5 and 3.2.4 Lemma 2.4.4 of the previous sectien is 

also valid for pure processing networks, with ! as in 3.3.3. 

In addition, it is also possible to state a lemma closely related to Lemma 

2.4.4. 

Suppose BAP ~ ~. 

Let SP be a nonempty subset of BAP. 

If a node of the set N(i), iE BAP, belengs tosome transportation tree T
1

, 

process i and transportation tree T.t are said to be incident to each other. 

Let T(SP) denote the set of transportation trees which are incident to the 

processes i € SP. 

0 

LEMMA 3.3.5. Any set SP of basia refining and blend:lng pPoaeeeee is incident 

to at least I SP I + 1 tl"a1'!8porlation trees: 

3.3.4. 
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PROOF. Suppose the transportation trees in T(SP) contain in total t nodes 

· and, consequently, t- IT(SP) I arcs. These t- IT(SP)l arcs plus the lspl 
refining and blendinq processas in SP oorreepond to t- IT(SP) I+ lsp I .columns 

in the basis B. Àccording to the definition of T(SP), these columns contairt 

only nonzero elements in the t rows of B which correspond to the nodes in 

T(Sp)• 

Since the columns in a basis must be linearly independent and the column 

sum of each of the t - I T (SP) I + I SP I columns is zero, a necessary condition 

is: 

or 

Accordinq to Lemma ~.3.4 equality in formula 3.3.4 clearly holds if 

SP = 'BAP, but there may also be proper (nonempty) subsets of BAP for which 

equality holds too. 

An immediate consequence of Lemma 3.3.5 is that every transportation tree 

must be incident to at least one process i, i € BAP. For suppose there is 

some transportation tree for which this is not true, then the q processas 

in BAP would'be incident to the remaining q transportation trees,which is 

impossible because of Lemma 3.3.5. 

Lemma 3.3.5 can be used to prove that the representative arcs of the basic 

refining and blendinq processas can be ohosen in a special way: 

LEMMA 3.3.6. The l'ep:ttesentative al'aS of the basia l'efining and blending 

pl'O!Jesses aan be ahasen in such a 'b)ay that · the basw tl'anSpol'tation al'cs 

associated'b)ith matl'i~ BT plus these l'epl'esentative al'IJS form the aPaset 

of a spanning tl'ee in G(N,A). 

such a spanning tree will be called a l'epPesentative spanning tl'ee of the 

basis graph. 

PROOF of LBMMA 3.3,6. A simple induction argument will be used. 

If BAP "' ~ the statement is trivially true. 

Suppose BAP ~ ~. 

Let s0 be a nonempty subset of BAP such that: 

D 



3.3.5. 

3.3.6. 

Such a subset s0 of BAP must clearly exist: it is either BAP itself or a 

proper subset of BAP. 

Furthermore, consider a subset s
2 

of BAP such that s
0 

n s
2 

16. 
Since s0 n s2 = 16 Lemma 3.3.5 implies 

3.3.7. 

Consequently, using formula 3.3.5: 

3.3.8. 

57 

Verbally stated: the set s2 must be incident to at least ls21 transportation 

trees which are not contained in T(S
0
). Because s 1 is a subset of s

0 
the 

following is also true (using 3.3.6): 

3.3.9. 

After these preparatory observations consider an arbitrary process i* in s0 
and suppose the associated processing node i* belongs to transportation 

tree Tk. Lemma 3.3.5 guarantees there is at least one node, say j*, in 

* N(i ) which belongs to some transportation tree 'l't (t ,P k). 
* * * Take the are incident to i and j as the representative are of process i • 

This representative are transforms the (transportation) trees Tk and Tt into 

one new tree. 

Leave process i* out of the set BAP and consider the new situation: 

there is one basic refining or blending process less and one tree less. 

The statements in 3.3.6, 3.3.8 and 3.3.9 guarantee that in the new situation 

every nonempty subset of basic refining and blending processes again satis

fies the condition of Lemma 3.3.5. 

By induction the statement in Lemma 3,3,6 fellows. 

Lemmas 3.3.3-3.3,6 provide the following essential theorem. 

THEOREM 3.3.7. A basis gPaph in a pure proaessing network G(N,A) aonsists 

of a rooted spanning tree forrned by the selj'-loop Ci0 ,i0), the basia 

0 
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tt'anBpo!'tation al'CB in A and the p:ropel"'ty chosen repl"esentative al"cs of the 

basic l"ef'Îmng and b'tsnding p:rocesses~ p'tus alt nonrepresentative al"CB of 

the basic refimng and b'tsnding pl"ocesses. 

An illustrative example is given in Fiqure 3.3.1, where the representative 

spanninq tree is drawn wi th heavy lines. The associated basis matrix is 

9iven by: 

11 12 13 2 3 

-1 -1 -1 1 

1 -1 2 

3.3.10. B 1 -1 3 

11 24 1134 4 

1125 1135 5 

where a24 ,P 1134• 

Figure 3.3.1. Bxample of a basis graph in a pure processing network. 

,This example demonstrates several important aspects: 

1. The re verse of the statement in Theorem 3. 3. 7 is not necessarily true: 

a qraph satisfying the properties mentioned in Theorem 3. 3. 7 is not 

necessarily a basis graph. 

If a 24 • a 34 , B would be sinqular (recall that a 24 + a 25 = 1 and 

1134 + «35 = 1) and, consequently, the qraph drawn in Figure 3.3.1 would 

not be a basis graph. 

The same conclusion can be drawn as in generalized networks (Section 2.5): 
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Whether a subgraphof G(N,A) is a_ basisgraphor notdoes not only depend 

on its topoloqy but also on the values of the processing coefficients 

(the · a ij's) • 

2. The proper choice of the representative arcs need not be unique: arcs 

(2,5) and (3,4) could also have been ohosen to reprasent processas 2 and 

3, respectively. 

Considering Theorem 3.3.7 it is quite natural to give special attention to 

the representative spanning tree of the basis graph. 

Let T be the matrix representation of the rooted representative spanning 

tree, such that each column T,j of T corresponds to column B•j of B 

(j = 1, ••• ,m). Then basis B can also be written as: 

3.3.11. B = TP • 

Matrix P in 3.3.11 can be specified as: 

3.3.12. 

in which 

I is the identity matrix of order (m- q), 

Q is an (m- q) x q matrix, and 

R is a square nonsingular matrix of order q. 

For matrix B in 3.3.10 equation 3.3.11 becomes: 

11 12 13 2 3 

1 -1 -1 -1 

2 1 -1 

3.3.13. 3 1 -1 

4 (J24 a.34 
5 a.25 a35 

11 12 13 24 35 

-1 -1 -1 1 

1 -1 1 

1 -1 
I 

1 I 

-(J25 (J34 

(J25 -a34 
1 --- - _,_----

(J24 (J34 
1 

I 
I a.25 a35 
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REMARK 3.3.8. Let P•j be the j th column of matrix P {m-q < j s; m) and B•j 

the j th column of B, which is associated with refining or blending process 

k =ij. According to 3.3.11: 

3.3.14. -1 
P.j=T B.j· 

Suppose process k is a refining process, then B•j can be written as in 

3.2.21: 

3.3.15. 

* ~bere ~·kt denotes the vector representation of are {k,t) as in pure net-

works {see Sectien 2.4). 

Using 3.3.14 and 3.3.15, P . can be written as: 
•J 

3.3.16. -1 * ~ -1 * p = a.. T a + i. ak" T a•k" , 
•j Kr •kr 1€A{k)\{r} ~ ~ 

where are {k,r) denotes the representative are of process k ij. 

In the example presented, column P. 4 can be written as: 

-1 -1 -1 
' -1 -1 3.3.17. p•4 a24 T + a25 T a24 + a25 1 

1 1 

1 

If process k ij is a blending process, in a similar way it can be derived 

that: 

3.3.18. -1 * L a a * p 
•j ark T a•rk + 

!€B {k) \ {r} tk • tk 

with are {r,k) the representative are of process k = ij. 

From 3.3.16 and 3.3.18 one observes that P.j is in fact some positive linear 

combination of the j th unit vector {which results from the representative 

are of process i.) and the cycle veetors {defined in Sectien 2.4) of the 
J 

nonrepresentative arcs of process ij. 

This observation plays an important role in the Simplex algorithm of the 

néxt section. 0 
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REMARK 3.3.9. If the first column of· B and T is - e 1 (i0 = 1), then the 

first row of Q in 3.3'.12 is a row of zeros. This is immediately clear from 

3.3.16 and 3.3.18, considering the fact that the self-loop associated with 

column - e 1 never takes part in a cycle induced in the representative 

spanning tree by a nonrepresentative are of a basic refining or blending 

process. 

The aqgregated graph of the basis graph 

Reeall that Lemma 2.4.4, which is not only valid for pure networks, but 

also for pure processing networks, gives a relation between the basic 

processas {including the basic transportation processes) and the nodes in 

the network. The basis graph describes the interaction between the basic 

processas and the nodesof G(N,A). 

Lemma 3.3.5 provides a similar relation between the basic refining and 

blending processas and the transportation trees. Bere the aggregated graph 

of the basis graph, which will be introduced next, describes the interaction 

between the basic refining and blending processas and the transportation 

trees. 

Consider a basis graph as described in Theorem 3.3.7 and let there be 

(q + 1) transportation trees (0 ~ q ~ m-1) • 

The aggregated eraPh of the basis graph is defined as the directed graph 

with 

* node set N = { 1, ••• ,q+l}, where each node i corresponds to transportation 

tree Ti (i= 1, ••• ,q+1), and 

are set A*, which eonsistsof all arcs (u,v), u,v € N*, for which in the 

. basis graph a processing are exists with begin point in Tu and end point 

in Tv. 

Figure 3.3.2 illustrates the aggregated graph of the basis graph in Figure 

3.3 •. 1. There are three transportation trees T1, T2 and T3 of which the node 

sets are given by {1,2,3}, {4} and {5}, respectively. Beside each are in 

Fiqure 3.3.2 the eorresponding processing are in the basis graph is denoted. 

0 
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Figure 3.3.2. The aggregated graph of the basis graph in Figure 3.3.1. 

Note that the ~es in the aggregated graph, which correspond to the repre

sentative arcs of the refining and blending processes in the basis graph, 

form the are set of a spanning tree in the aggregated graph (in Figure 

3.3.2 drawn with heavy lines). 

Let the matrix representation of this spanning tree be given by T. Clearly, 

T is a (q + 1) x q matrix. 

Consider the m x (q + 1) matrix V [v .. ], where 
l.J 

{ 

v ij = 1 , if node i of N is 
3.3.19. 

contained in transportation tree T j, 

vi:;j == 0, otherwise. 

Let B be written as in 3.3.2: 

3.3.20. 

and suppose that node i 0 € T1• Then the product V'B can be written as: 

3.3.21. V'B • [-e1 0 R*] 

+m-q++q+ 

* . * where R • [rij] is some (q + 1) x q matrix. Note that, given the basis B, 

R* is unique except for row permutations. 

Considering the structure of V in 3.3.19, BP in 3.3.20 and the fact that 

each basic refining or blending process is incident to at least two trans-

* portation trees (Lemma 3.3.5) it can be observed that rij ~ 0 iff the 

process associated with column j in R is incident to transportation tree 

* Ti. Furthermore, is is easy to verify that R satisfies the properties of 

a matrix as described in Remark 3.2.4. 
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Properties of matrix R 

Not only the representative spanning tree plays an important role in the 

subsequently discussed Simplex algorithm, but also matrix R in 3.3.12. 

R will be used as a working basis. We discuss some properties of R. 

'I'HEOREM 3.3.10. The main diagonal of R in 3.3.12 is str>iatly positive. 

PROOF. It must be proved that each element Pjj (m-q < j $ m) of matrix P is 

strictly positive. 

According to Remark 3.3.8 we can state the following facts: 

A positive contributton to pjj is given by the j th unit vector, which 

results from the representative are of process ij. 

Each cycle vector of a nonrepresentative are of proeess ij gives 

a zero eontribution to pjj if the representative are of ij is not contained 

in this cycle, and 

a positive one if the representative are is contained in this cyele. 

The latter statement follows from the fact that, if the representative are 

is present in such a cycle, it must be present as a backward are, which has 

a "+1" in the cycle vector (see Section 2.4). 

This completes the proof. 

considering 3.3.11 and 3.3.12 we may expect that R depends on the specific 

ehoice of the representative arcs of the basic refining and blending 

processes. We will show that matrix R depends only on the specific form of 

matrix T, which represents the spanning tree in the aggregated graph 

assoeiated with. the representative spanning tree in the basis graph. 

THEOREM 3. 3 • 11. Gi ven a basis B ~ matr>i:x: R in 3 • 3. 12 depends on 1;y on the 

pa:l'tiaular form of matr>i:x: T. 

PROOF. First evaluate the product V'T: 

3.3.22. 

suppose we write (see Remark 3.3.9): 

ro] + row 1 
Q = ~* I 

then Pin 3.3.12 can be written as: 

0 
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3.3.23. 
P = [ I ~l 

From 3.3.22 and 3.3.24 it can be seen that: 

V'TP = [- e
1 

0 TR] 

In view of the fact that B = TP (formula 3.3.11), comparison of 3.3.21 and 

3.3.24 results in 

3.3.25. * R = TR 

* Since R is unique (except for row permutations) the theorem has been proved. 0 

The basis structure will be exploited in a specificatien of the primal 

Simplex alqorithm, presented in the next section. 

3.4. The Slmptex al.ga!LU:.hm 6011. .the rn.bWnal c.a.&:t 6law pJWb.tem -Ln a. pwr.e 

pJWc.uûng netJAJOJr.k. 

~n Section 2.3 an outline is given of the Simplex algorithm for general 

LP-problems with simple upper bounds. The present section discusses a 

specificatien of this algorithm for the minimal cost flow problem in a pure 

processing network, formulated by 3.2.14-3.2.16. The basis structure, dis

cussed in the previous section, will be exploited in this specification. 

It is assumed that the rooted representative spanning tree and the inverse 
-1 R of R in 3.3.12 are stored insome convenient way. 

In several steps of the Simplex algorithm we will have to evaluate equations 

* of the form TX = b or w'T = eB, where T describes the rooted representative 

spanning tree. This can be done in the way explained in Section 2.4. In the 

text we will simply state that the required quantities are determined by 

prire-network techniques. 

At some places we will need (a submatrix of) matrix Q in 3. 3. 12 or a row of 

Q. According to formulae 3.3.11 and 3.3.12 1 Q can be determined directly 

from the original data by means of pure-network techniques (Section 2.4). 

Therefore, it is not necessary to store Q: the information required is 

determined when needed. 
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For expository reasons we first discuss the representation of the entering 

column in terms of the basic columns (step 5 in the algorithm of Section 

2.3). 

3.4.1. The representation öf the entering column in terms óf B 

Let the column which enters the basis be given by a. Column a represents 

either a transportation process or a refining process or a blending process. 

In order to find the representation vector y of a in terms of the basis B 

we must solve the system: 

3.4.1. By =a • 

According to 3.3.11, y can be found from 

3.4.2. TPy ... a. 

Hence the calculation of y can be split up in two portions: 

First,determine the vector y from: 

3.4.3. T:Y=a, 

using pure-network techniques (T denotes a rooted spanning tree). 

secondly,calculate y from 

3.4.4. Py = y • 

In general, this two-step procedure involves less arithmetical operations 

than a direct evaluation of y from 3.4.1, as can be seen from the structure 

of P in 3.3.12. 

These calculations can be accelerated even further by using the following 

labeling procedure, which determines 

the basic processes which have in any case a zero coefficient in the 

representation vector y, and 

the basic processas which possibly have a nonzero coefficient in y. 

The labeling procedure attaehes a two-index label to some of the arcs in 

the representative spanning tree. For deteeting the struetural zeros and 

nonzeros in vector y, it is only relevant whether an are in the representa

tive spanning tree is labeled or not. The labels themselves will be used 

later on in order to reestablish a representative spanning tree when the 

leaving processis known (that is after the minimal ratio test). 

In the subsequent labeling procedure we consider a proeess labeled whenever 

its (representative) are in the representative spanning tree bas a label. 
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We consider a basic refining or blending process scanned if all the arcs 

contained in the cycles, induced by the nonrepresentative arcs of this 

process in the representative spanning tree, are labeled. 

Labeling procedure 

1. If the enteringprocessis a transportation process, say (i*,j*), its 

corresponding are (i*,j*l induces a single cycle in the representative 

spanning tree. Trace this cycle and attach the label [i*,j*] to all 

the ~rcs in this cycle. Continue with step 3. 

·* Otherwise the entering process is a refining or blending process, say ~ • 

Put W = PA(i*). 

2. Determine all the cycles, induced in the representative spanning tree by 

the arcs (i,j) € W, one by one. Start tracing a cycle from node j if i 

is a refining node and from node i if j is a blending node and stop 

tracing a cycle as soon as a labeled are is encountered. Label the arcs 

in these cycles in the following way. 

If i is a refining node, the arcs in the cycle induced by (i,j) in the 

representative spanning tree get the label [i,j]. 

!f j is a blending node, the arcs in the cycle induced by (i,j) in the 

repre~entative spanning tree get the label [-j,i]. 

3. List all basic refining and blending processas which are labeled, but 

not scanned. 

If this list is empty, then stop: the labeled processas are the only 

ones that may have a nonzero coefficient in the representation vector 

y (see Theorem 3.4.3). 

Otherwise let W denote the set of all nonrepresentative arcs of the 

labeled, but not scanned, refining and blending processes. Continue 

with step 2. 

* * REMARK 3.4.1. Note that, if a transportation process (i ,j ) enters the 

* basis, which is incident to only one transportation tree (i.e., both i and 

* j belong to the same transportation tree), the same situation occurs as in 

pure networks. 

EXAMPLE 3.4.2. Figure 3.4.1 shows the labeled part of a representative 

spanning tree, assuming that transportation process (4,5) enters the basis. 

0 



FiguEe 3.4.1. The labeled part of a representative spanning tree. 

RYAN & CHEN [1981] discuss how cycles induced in a spanning tree can be 

traced. 
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Let us reexamine the relations 3.4.3 and 3.4.4 which have to be solved in 

order to find the representation vector y. 

After completion of the first pass through step 3 of the labeling procedure 

vector y in 3.4.3 can easily be determined as in pure .networks (see Beetion 

2.4). Onemay verify that y has entries unequal to zero in all the roW5 (and 

only in those rows) which correspond to the then labeled arcs. 

After completion of the labeling procedure the columns and rows of P can be 

partitioned symmetrically into four classes: 

I columns (rows) associated with labeled transportation processes, 

II columns (rows) associated with unlabeled transportation processes, 

III columns (rows) associated with labeled refining and blending processes, 

IV columns (rows) associated with unlabeled refining and blending 

processes. 

Then equation 3.4.4 can also be written as: 

I II III IV 

I 

r 
Ql 

Q']!'] ~:] 3.4.5. 
II I Q4 Q3 y2 
III R1 R2 Y3 
IV R4 R3 Y4 

THEOREM 3.4.3. AZZ nonZabeZed pPocesses have a zePo coefficient in the 
PepPeeentation veetoP y of the entePing coZumn a. 
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PROOF. The basic observation which provides the proof is that Q4 and R4 in 

~.4.5 must be zero matrices. For suppose Q4 f: 0. 'l'hen, according to Remark 

3.3.8, there must be an unlabeled transportation are which is contained in 

some cycle induced by a nonrepresentative are of a labeled refining or 

blending process. Bowever, this is impossible since all those cycles are 

traeed and labeled in the labeling procedure. Consequently, Q4 = 0. 

Similarly it is proved that R4 = o. 
Sine~ R3 must be a square nonsingular matrix, it fellows from equation 

3.4.5-IV that y4 = O, and, consequently, from 3.4.5-II that y2 = 0. 

This completes the proof. 

System 3.4.5 reduces to (with y2 0 and y4 = 0): 

3.4.6. 

-1 Since R is kept stored, y3 immediately follows from: 

3.4.7. -1 -
Y3 = Rl Y3 • 

Furthermore,, y 1 can be found from 

3.4.8. 

where Q1 can be determined by pure-netwerk techniques (Section 2.4). 

A more appropriate way to determine y 1 is the following: let the column 

partitioning of B, compatible with 3.4.5, be 

3~4.9. 

'l'hen y 1 can be determined from 

3.4.10. BI y 1 = a - BIII y 3 • 

Since B1 and BIII are known, and BI has a tree structure (BI denotes the 

labeled transportation processes) this system can be solvad by pure-netwerk 

techniques. 

From the above discuesion it is clear that R can be written in block 

triangular form: 

D 



3.4.11. 

The inverse of R is qi ven by: 

3.4.12. 

where 

3.4.13. 

The followinq theorem plays an essential role in proving Theerem 6.2.3 in 

Chapter 6 and may also be important for implementations of the present 

Simplex alqorithm (see Section 3.6). 
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THEORBM 3.4.4. The number of basia refining and bLeruiing proceesee 'll)ith a 

nonzero aoeffi,cient in the repreeentation vector y3 ie zero iff the entering 

proceee is incident to only one transportation tree. 

PROOF. if. If the entering process is incident to only one transportation 

tree, no refininq or blendinq process is labeled in the above described 

labeling procedure. Accordinq to Theerem 3.4.3, the number of basic 

refining and blending processes with a nonzero coefficient in the represen

tation vector is zero. 

only if. Suppose the entering process is incident to at least two trans

portation trees. Then obviously there must be at least one basic refining 

or blending process labeled after the first pass through step 3 of the 

labeling procedure. As noted befare all entries in vector y which corre

spond to these labeled processes are nonzero. In ether words: y3 ~ 0. 

Then relation 3.4.7 implies that also y3 ~ 0, or: there is at least one 

basic refining or blendinq process which bas a nonzero coefficient in 

vector y. 0 
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3.4. 2. Dete:rmining the prooess which. leaves the basis 

The J:lrocess which leaves the basis is dete:rmined by means of the standard 

minimal ratio test (see Sectien 2.3). 

Let s be the pivot row. The elementary matrix E, required to update the 

basis inverse, can be calculated in the way described in Section 2.3. 

Note that E must have one of the following structures: 

.. 
'1 

3.4.14. E 

I 

T111 

112 

t 
s 

···.1 

II III IV 

I 

I II 

I III 

I IV 

in case a transportation process leaves the basis, and 

I 

I 

3.4.15. E 1 ... . , 

nt 

n2 

t 
s 

···1 

I 

in case a refining or blending process leaves the basis. 
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3.4.3. Basis change 

The leaving, say the s th, column of B is replaced by the entering column. 

The main questioris of this subsectien are: what is the inverse of the werking 

basis in the new situation and how can we determine a representative 

spanning tree for the new situation. 

Let B = TP denote the basis befere the change, where P is given in 3.4.5 
-1 with Q4 = 0 and R4 = 0. Write P as: 

I 51 52 

-1 I s3 
3.4.16. p = 

-1 
R1 Ro 

-1 
R3 

where R0 is given by 3.4.13 and 5
1

, 5
2 

and s 3 by: 

3.4.17. l' ::] ··- L' 
Let B-1 denote the basis inverse after the change. Then (see Sectien 2.3): 

3.4.18. ~-1 -1 -1 -1 
B =EB =EP T. 

We want to write B as: 

3.4.19. 

where T describes a rooted representative spanning tree, such that column 

T j of T corresponds to column B . of B (j = 1, ••• ,m). 
• 'J 

A representative spanning tree for the new situation can be obtained by 

updating the previous representative spanning tree, using the labels 

attached to the arcs of the previous representative spanning tree. 

Reestablishing a representative spanning tree 

The enteringprocessis either a transportation process (i*,j*l or a 

refining or blending process 1*. 

Let the label attached to the leaving process be given by [i 1,j 1J. 
Put k = 1. 
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1. If I ik I = i*, then 

* if i is a refining node make (ik,jk) the representative are of 

process i*, 

* if i is a blending node make (jk'-ik) the representative are of 

process i*. 

Stop: there is a representative spanning tree for the new situation. 

Otherwise, inspeet the representative are of process likl. Let this are 

have label [ik+1,jk+1J. 

2. If ik > 0 make (ik,jk) the representative are of refining process ~· 

Otherwise, make (jk,-ik) the representative are of blending process likl. 

Put k = k + 1 and goto 1 • 

EXAMPLE 3.4.5. Suppose that in Figure 3.4.1 are (4,7) leaves the basis 

graph. The representative are of process 8 becomes (7,8), that of process 3: 

(3,6). See Figure 3.4.2. 

Figure 3.4.2. The reestablished part of the representative spanning tree. 

Considering a single basis change, the labeling procedure of Bubseetion 

3.3.1 'and the reestablishing procedure of this subsection were developed in 

such a way, that the number of changes in the previous representative 

spanning tree, required to obtain a representative spanning tree for the 

new situation, would be as small as possible. 

THEOREM 3.4.6. The nwrU:Jer of ahanges of representative azoas of the basia 

refining and bZending p~aesses~ required to obtain a new representative 

spanning tree j'l'om the pzoevious one~ is minimat üJhen the above desal'ibed 

ZabeZing and reestabZishing proaeduzoes are used. 



73 

PROOF. We consider a single basis change. Regard the labeling procedure of 

Subsectien 3.4.1. All processes which are labeled after the first pass 

through step 3 of the labeling procedure are said to have distance 0 (to 

the entering process). All processes which are labeled after the k th 

(k ~ 2) pass through step 3 of the labeling procedure, but not labeled 

af ter the (k - 1) th pass , are said to have di stance k - 1 • 

The reestablishing procedure is such that, if the leaving process has dis

tanee ~ (~ = 0,1, ••• ), exactly ~ representative arcsof basic refining and 

blending processes are chosen different from the old situation. 

In order to prove the theerem it is sufficient to show that at least ~ 

replacements are required to accomplish a new representative spanning tree 

from the old one (~ ~ 1). 

Consider the old representative spanning tree. Add the (c.q. an arbitrary 

representative) are associated with the entering process. Leave out the 

(representative) are associated with the leaving process. 

This graph clearly contains a cycle in which all labeled arcs have dis

tanee 0. 

In order to achieve a representative spanning tree in the new situation 

obviously a representative are, currently contained in this cycle, has to 

be chosen in a different way. In doing this, a new cycle arises in which 

all labeled arcs have distance 0 or 1. Again this cycle must be breken, 

i.e., one of the representative arcsin this cycle must be chosen in a 

different way, leading to a new cycle in which all labeled arcs have dis

tanee 0, 1 or 2. 

By repeating this process it is seen that at least ~ replacements are 

required, which completes the remaining part of this proef. 

Now that we have a new representative spanning tree, T is 3.4.19 is known 

and P-1 can be evaluated from (see 3.4.18 and 3.4.19): 

3.4.20. 

It is assumed that the s th column of matrix ! corresponds to the (repre

sentative) are of the entering process. 

Matrix (T-1 !) has a simple structure. Using the same partitioning as for P 
-1 ~ 

in 3.4.5 the product T T can be written as: 

0 
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I II III IV 

I,· . . , I 

. 1 

I II 

3.4.21. T-1 'Î' = rt-. 1 

1.,1 III 
···1 

I IV 

where the shaded columns denote cycle veetors (see.Section 2.4). 

In column set I there is one cycle vector in position s if a transportation 

~rocess leaves the basis. There is no cycle vector in this set in case a 

refininq or blendinq process leaves the basis. 

Column set III has zero or more cycle veetors in case a transportation 

process leaves the basis and one or more if a refininq or blending process 

leaves the basis. 

T-l 'Î' has at least one cycle vector (in position s) 1 if there is more than 

one cycle vector this is caused by the chanqed representative arcs. 

-1 ft 

REMARK 3.4. 7. The s th row of T T is a unit vector (or a neqative unit 

vector). This fact follows immediately from the way labeling and reestab

lishinq of a representative spanninq tree is performed. 

-1· For ease of notation denote T T in 3.4.21 by: 

-·- r· 
T2 

I 
3.4.22. T T= 

T4 T3 J 
-1 ... 1 • Note that post-multiplying EP by T T modifies only a few columns of 

-1 
EP • The modified columns can be Obtained by addition and subtraction of 

Column. s of EP-1 since T-l T. is tri 1 i 1 i ti f 1 t a ma x exc us ve y cons s ng o e emen s 

equal to 0 or ± 1. 
·-1 Using 3.4.14-3.4.17 and 3.4.22 the expression for P in 3.4.20 can be 

evaluáted. 

0 
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Four cases can be distinguished: 

1. A refining or blending process enters the basis, a refining or blending 

process leaves the basis. 

2. A transportation process enters the basis, a refining or blending process 

leaves the basis. 

3. A transportation process enters the basis, a transportation process 

leaves the basis. 

4. A refining or blending process enters the basis, a transportation process 

leaves the basis. 

Cases 1 and 2. In these cases a refining or blending process leaves the 

basis. The matrix product in expression 3.4.20 becomes: 

I El I s1 s2 I T2 

ii-1 I I s3 I 
3.4.23. -1 

E2 R1 Ro T4 

I 
-1 

R3 I 

where the first matrix after the equality sign denotes matrix E given in 

3.4.15. 

Consequently: 

I 
-1 

T2+(S1+E1R1 )T4 S2+E1Ro 

s3 
3.4.24. 

~-1 p .. 
I 

In case 1 the dimension of the working basis does not change and the new 

working basis inverse R-1 can be written as: 

3.4.25. 

with 
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3.4.26. --1 
Rl 

-1 = E2 R1 T4 

3.4.27. Ro • E2 RO 

3.4.28. ·-1 -1 
·~ .. R3 . 

In case 2 the cUmeneion of the working basis is reduced by one, because the 
-- ·-1 

s th column of P is the s th unit vector (cf. 3.3.11 and 3.3.12). 

By droppinq the s- (m-q) th column and row of R-l in 3.4.25 the new working 

basis inverse has been obtained. 

Cases 3 and 4. In these cases a transportation process leaves the basis. 

Ex,pression 3.4.20 becomes: 

El I st s2 Tl T2 

' ·-1 
I I s3 I 

3.4.29. p .. 
-1 

E2 I R1 Ro T3 T4 

I 
-1 

R3 I 

where the first matrix after the equality siqn denotes matrix E in 3.4.14. 

This leads to: 

I 
3.4.30. 

E1S2 

s3 

E2S2 +RO 

-1 
R3 

·-1 In ~ the s th column of P is again the s th unit vector. The new 

working basis inverse becomes: 

3.4.31. 

with 

3.4.32. 
--1 
R1 

-1 
• E2T2 + (E2S1 +R1 )T4 • E2T2 + 

-1 
(I -E2Q1)R1 T4 

3.4.33. R.o = E2S2 + Ra • (I-E2Ql)RO 
-1 

- E2 Q2 R3 

3.4.34. ·-1 
R3 

-1 
= ~ • 



In case 4 the dimension of the working basis increases by one. The new 

working basis inverse is given by: 

3.4.35. 

~-1 where R is given by 3.4.31, 

* the element in ~-1 
Pss is the sth column and s-th row of P in 3.4.30, 

* is the part in column regions III and IV of the s ·-1 
Ps• th row of P , 

* is the part in row regions III and IV of the s ·th ·-1 
P,s column of P • 
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* Observe from 3.4.30 that the part of vector P,
8 

in row region IV is a zero 

vector. 

From the expresslons in 3.4,30, p:s' P:, and p:s can be determined, taldng 

advantage of the facts that 

- T1, T2, T3 and T4 contain only elements 0 and ± 1. 

- T2 is possibly a zero matrix and T4 a unit matrix (this is the case if .no 

representative arcs are replaced by others in the reestablishing 

procedure) • 

- The s th row of [T1 T2] is a (negative) unit vector. 

REMARK 3.4.8, In cases 1 and 2 we do not need matrix Q in 3.3.12 in order 

to determine the new working basis inverse. 

It can easily be verified that in cases 3 and 4 we only need the s ·th row 

of Q in 3. 3. 12. As noted before, this can be done by means of pure-network 

techniques • 

. A special way to find the s th row of Q (s = 2, ••• ,m-q), or in other words 

the elements psj' j = m-q+l, ••• ,m, of P (see 3.3.12) is the following. 

Suppose the j th column of P describes the refining process k = ij. Then 

P . can be written as (see 3.3.16): 
•J 

-1 * i: -1 * P =a.. T a + a T a 
•j xr •kr teA(k)\{r} kt •kt 

where a~k.t is the vector representation of are (k,t) as in pure networks 

(see Section 2.4). 

We see that the s th element of P,j can be considered as a linear combination 
-1 * of the s th elements of the cycle veetors T a•k.t' 1 e A(k) \ {r}. 
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SuppÓse that are (11 ,j1) correspondS· to the s th column of T (the matrix 

representation of the rooted representative spanning tree). 

An are (k,.t), .t e A(k) \ {r}, induces the cycle '1t.t in the representative 

· spanning treè. From the theory of pure networks we know that the s ·th 
-1 * element of T a. k.t is 

+1 if are Ci1,j1) is a backward are in Ck.t' 

-1 ir are Ci1,j 1) is a forward are in ck.t' 

0 otherwise. 

We can de termine whether are (i 1' j 1) is a forward or backward are in '1t.t in 

'the following way: 

Leave out the are (i1 ,j 1) from the representative spanning tree. 

'l'hen two trees arise, say T1 with 1 1 e T
1 

and T
2 

with j 1 e T2• Determine to 

which of these two trees each node i e N belongs. 

'l'he reader may verify that the following is true: 

if k e T1 and .te T2 then (i1,j1) is a backward are in Ck.t• 
if k e T2 and .t e T1 then Ct 1,j1) is a forward are in Ck.t' 

otherwise (i 1,j 1) is not contained in ck.t' 

Based on these observations we state an algori thmic way to de termine element 

, psj' where column P.j corresponds to refining process k = ij. Put psj = 0 • 

.!! k e T1 
then ~ for all nodes v e A(k) \ {r} 

if V é: T 2 ~ psj = psj + ~V 
If k e T

2 
· 

then do for all nodes v e A(k) \ {r} 

if v e T1 ~ psj = psj - akv 

In~an completely analoqous way psj can be determined if k 

blending process. 

The above discussion reveals several important aspects: 

ij denotes a 

- It is sufficient to maintain a working basis of the size equal to the 

number of basic refining and blending processes. 

- After each basis change the working basis inverse bas a block trianqular 

form with two blocks on the main diagonal. 
-1 - Both s3 and R3 remain what they ·are in performing the basis change (see 

0 

3.4.24 and 3.4.30). This fact will be exploited in determining the Simplex 

multipliers. 
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3.4.4. Finding thé S!!Plex multipliers 

Assume we have a basis B, which can be wri tten as in 3. 3. 11 : 

3.4.36. B = TP , 

with P-l as in 3.4.16: 

I II III IV 

I s1 s2 I 

p-1 
I s3 II 

3.4.37. 
-1 

Rl Ro III 

-1 
R3 IV 

The Simplex multiplierscan be determined from (cf. 2.3.12): 

3.4.38. 

De fine 

3.4.39. e• := 1f 1 T I 

then, according to 3'.4.36 and 3.4.38, e can be found from: 

3.4.40. -1 e• = c~ p • 

-1 
Aftera partitioning of e and c8 , compatible with the one of P in 3.4.37, 

3.4.40 can be written as 

I sl s2 

3.4.41. [El' e• a• e•J = [c' c' c' c•] 
1 2 3 4 1 2 3 4 

I s3 
-1 

Ro R1 
-1 

R3 

which reduces to: 

3.4.42. e• 1 "' ei 
3.4.43. e, 

2 = c2 

3.4.44. e• = c;_ s 1 
-1 

3 + cjR1 

cj R0 
-1 

3.4.45. e• = c;_ s 2 + c2S3 + + c,4R3 . 
4 
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Usinq 3.4.17 &3 a.nd 84 ca.n also be written as: 

3.4.46. 

and 

3.4.47. 

Thematrices Q1, Q2 and Q3 can be found usinq pure-netwerk techniques 

(Section 2.4). 

After determination of B, usinq 3.4.42, 3.4.43, 3.4.46 and 3.4.47, n in 

3.4.39 can also be evaluated by means of pure-network techniques. 

we conclude this subsectien by pointing out that, after each basis change, 

,e4 in 3.3.45 can be found in an alternative way. 

COnsider the basis B = TP after the basis change and assume i>..; 1 is parti

tioned in the way obtained in the previous section. 

we must solve: 

3.4.48. 

or in the same way as befere, we first determine 

3.4.49. 

a.nd secondly solve 

3.4.50. 

~ ·-1 Let 11 and ~ be part! tioned compatible wi th P • 

COnsider the two possible cases: 

(a) A refining or blendinq process bas left the basis. Then e1 = c 1, 

e:2 = c2, e3 differs in one element from c3, e4 = c4• 

According to 3.4.24, 64 can be written as: 

3.4.51. 

SUbtraction of 3.4.51 and 3.4.45 c:rives: 

3.4.52. 
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Considering the structure of E1# E2, e3 and c3 the right-hand side of 

3. 4. 52 denotes the product of a scalar with the s- (m-q) th row of R0 • 

(b) A transportation process has left the basis. Then e
1 

differs in one 

element from c1, e2 = c 2, e3 = c3, and e4 = c4• 

According to 3.4.30, ê4 can be written as: 

3.4.53. 
A -1 
e 4 = e1 CE1s 2> + e2s 3 + e3 <E2s 2 +Rol + e4 R3 = 

-1 
= el El s2 + c2s3 + c3 E2 s2 + c3 Ro + c4 R3 • 

Subtraction of 3,4.53 and 3.4.45 gives: 

3.4.54. 

In order to determine the s-th row of s 2 we see .from the fact that 

(formula 3.4.17): 

3.4.55. 

we only need the s th row of Q. 

The above discussion makes clear that 6 4 can be determined in the following 

way: 

Given w determine e4 from 3.4.39 - another possibility is of course to 

store [e3 e4J in every iteration - and ê4 is found from 3.4.52 or 3.4.54. 

Note that the only parts of Q, required to determine the Simplex multipliers, 

are Q1 in order to evaluate e3 in 3.4.46 and the s th row of Q in case a 

transportation process has left the basis in the basis change. 

3.4.5. Calculating the reduced costs 

Assuming that the current Simplex multipliers are denoted by w, the reduced 

costs can be found from: 

3.4.56. cij wi + nj - cij (i, j) ! TP 

3.4.57. - L a n i e RP ei ni + - ei 
jeA(i) ij j 

3.4.58. - }: a w i € BP • ei = n - - ei i jt::B(i) ji j 
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Using the standard rules of the Simpl"ex algorithm (Section 2.3):, it is 

determined whether the current salution is optimal. If not, a nonbasic 

process is selected to enter the basis. 

3.4.6. Initialization 

An easy way of finding a starting basis for pure netwerk problems is 

described in Section 2.4. This starting procedure can also be applied to 

pr?blem 3.2.14-3.2.16. The starting basis is then simply a rooted ~panning 

tree with transportation arcs only. MatrixPin 3.3.12 is the identity 

matrix and the working basis has size 'zero. 

In the previous section a specification of the primal Simplex algorithm has 

béen developed, in which the basis structure, in particular the representa

tive spanning tree, is exploited. For each process i E BAP - t~e set of 

basic refining and blending processes - a representative are was ohosen 

from PA(i), i~ such a way that the arcsin the tran~portation trees plus 

these representative arcs form the are set of a spanning tree in G{N,A). 

In this section we discuss an alternative way to regard and solve pure 

processing netwerk problems. Instead of choosing a represeritative are for 

each process i E BAP we here discuss the possibility to choose a represen

tative node for each process i E BAP in a special way, namely, we çan select 

a node from each set N(i), iE BAP,, in such a way that thesenodes belang 

to different transportation trees. This way of looking at pure processing 

networks gives rise to several modifications in the Simplex algorithm of 

Sectien 3.4. These modifications will be discussed. 

Assume again that a basis B is given by: 

3.5.1. 

where BT is an m x (m-q-1) matrix denoting the structural basic transporta

tion processes, and BP is an m x q matrix representing the basic refining 

and blending processes. 

Suppose that the slack column - ei
0 

in 3. 5. 1 has i ts nonzero en try in a row 

which corresponds toa node in transportation tree T1• 
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Lemma 3.3.5 says that every subset SP of the basic refining and blending 

processes is incident to·at least lspl transportation trees from the set 

{T2, ••• ,Tq+l}. ~call that this is essentially HALL's condition (see section 

2.5). Considering the definition of T(SP) in the previous section, HALL's 

theerem (Theorem 2.5.8) implies the following lemma. 

LEMMA 3. 5. 1. For each proaess i E: BAP a node can be ahoeen from the set 

N(i) in such a UJay that these nodes beZong to different transportation 

trees from the set {T2, ••• ,Tq+l}. 

Suppose that for each process i E: BAP a representative node is chosen from 

N(i) in the way of Lemma 3.5.1. Attach a self-loop toeach of these nodes. 

These self-loops can be considered as the root-arcs of the transportation 

trees T2, ••• ,Tq+l' Then the self-loop (i0,i0l, the basic transportation 

arcs associated with BT in 3.5.1, and the self-loops attached to the 

representative nodes of the basic refining and blending processes form the 

are set of a "representative spanning forest of rooted transportation trees" 

(abbreviated to representative forest in the sequel). 

In matrix terms the self-loops are represented by negative unit columns. 

It is quite clear that we can use a representative forest instead of a 

representative spanning tree in the Simplex PRON procedure of the previous 

section. 

EXAMPLE 3.5.2. In the example of Figure 3.3.1 nodes 4 and 5 can be thought 

to repreaent the processes 2 and 3, respectively. The corresponding 

representative forest is drawn in Figure 3.5.1. 

Fie! 3. 5 .1. A representati ve forest for the basis graph in Figure 3. 3.1. 
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Aqain the. representative forest is not necessarily unique. 

Let T be the matrix representation of the representative forest such that 

each column T•j of T corresponds to column B.j of B in 3.5.1, j = 1, ••• ,m. 

Obviously T is a square nonsingular matrix with the last q columns a set of 

negative unit vectors. 

As in Sectien 3.3 we can write 

3.5.2. B = TP , 

with 

3.5.3. p 

where 

I is the identi ty matrix of order (m - q) , 

Q is an (m-q) x q matrix, and 

R is a square nonsingular matrix of order q. 

For matrix B in 3.3.10 formula 3.5.2 specifies to: 

11 12 13 2 4 

1 -1 -1 -1 

2 -1 

3.5.4. 3 1 -1 

4 a24 a34 
5 a25 a35 

11 12 13 44 55 

-1 -1 -1 1 

1 

1 1 

-1 

-1 

1 1 

-1 

-1 

-a24 -a34 

-a25 -a35 

REMARK 3. 5. 3. Consider a column P. j (m::<I < j :;; m) of P and column B. j of B 

which corresponds to process k = ij. According to 3.5.2: 

3.5.5. 

If B.j denotes the refining process k = ij we can write: 
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3.5.6. 

Consequently, using 3.5.5 and 3.5.6, 

3.5.7. 

Similarly, if B.j denotes the blending process k = ij, column P.j can be 

written as: 

3.5.8. 

-1 -1 The veetors 'I' ek and T et in 3. 5. 7 and 3. 5. 8 describe ei ther a neg a ti ve 

unit vector or a more general root-path vector (see Section 2.4). 

Consequently, each column P•j (m-q < j s m) can be considered as a linear 

combination of the j th unit vector (which results from the representative 

node of process ij) and the root-path veetors which describe the path from 

a nonrepresentative node t e N(ij) to the root of the transportation tree 

to which node t belongs. 

In the example presented, column P. 4 can be written as: 

-1 

1 

-1 

-1 

This observation will again be used in the Simplex algorithm. 

REMARK 3.5.4. If the first column of B and T is -e1 Ci0 = 1), then one 

easily proves that the first row of Q in 3.5.3 is rtot a row of zeros (cf. 

Remark 3.3.9). 

As in Section 3.3 we can introduce an aggreqated graph and prove several 

important properties of matrix R in 3.5.3. 

0 

0 
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ASSUMPTION 3.5.5. 'J!he tronspo7'tation tX'eeB (r# T1J azoe 1'1.UJ'fiJeNd ir, suah a 

'I.V~y .that the 7'ep7'esentative node of p!'oaess ij (aasoaiated 'I.Vith aol:umn B,j 

in B~ j = m-q+l, ... ,m) beZongs to tronspo7'tation t!'ee Tj- (m-q-1) • 

. The àggregated graph 

The agg!'egated gPaph 1 associated wi th basis B in 3. 5. 1 , is the directed 

* * graph G(N ,A), with 

* N* = {2, ••• ,q+1}; node i corresponds to transportation tree T1 ,* ~ 

A as fellows. The self-loops {i,i), i= 2, ••• ,q+1, belengtoA Further

more, if the nonrepresentative nodes of process i. beleng to transportation 
J 

trees Tj 1 ~ ••• ,Tjs (r# T1), ~en also the arcs (k,j 1), ••• ,(k,j
8

) with 

k • j - (m-q-1) beleng to A • 

This statement holds for all processes i. 1 j = m-q+1, ••• ,m. 
J 

Similarly as in Section 3.4 we introduce the m ~ q matrix V = [vij] (note 

that in this sectien also the transportation tree T1 has been tàken into 

account) , with 

3.5.9. 

vij = 1 if node i belengs to transportation tree Tj+l, 

(i= 1, ••• ,m; j = 1, ••• ,q), 

= 0 otherwise. 

Suppose B is written as in 3.5.1, then the product V'B satisfies: 

3.5.10. V'B = (0 0 R*J , 

+l++m-q-l++q+ 

* * where R [ri .J is a q x q matrix. 
* J * Note that R in 3.5.10 is identical tothelast q rows of R in 3.3.21 if 

in Sectien 3,3 the transportation trees are numbered in the same way as 

indicated in Assumptien 3.5.5. Consequently, we can immediately state the 

following three facta for matrix R* in 3.5.10 (cf. the properties of matrix 

* R in Sectien 3.3): 

* 1. R is unique, given the basis B (considering Assumption 3.5.5 no row 

permutations are possible). 

2. An element r;j of R* is unequal to zero iff the process associated with 

the j-th column of R* is incident to transportation tree Ti+l' Bence, 

each column of R contains as many elements unequal to zero as the number 
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of transportation trees in the set {T2, ••• ,Tq+l} to which the associated 

refining or blending process is incident. 

* 3. The main diaqonal of R is zero-free. This follows immediately from 

point 2 and Assumption 3.5.5. 

** ** If we define the matrix R • [rij] by: 

3.5.11. ** * rij • 1 , if rij .;. 0 

• 0 , if rij .. 0 , 

then one can easily observe from the definition of the aqgregated graph, 

** .that matrix R is the adjacency matrix of the aggregated graph. 

* For simplicity we will say that R describes the adjacency structure of the 

aggregated graph. 

Properties of matrix R 

TBEOREM 3.5.6. FoP matl"lcee R in 3.5.3 and a* in 3.5.10 the fol'L<:Ming 

Pelation holds: 

3.5.12. * R • -R • 

PROOF. We can write the prod~ct V'T as: 

3.5.13. V'T = [O 0 -I] 

(see the definition of V in 3.5.9 and Assumption 3.5.5). 

Since P is given as in 3.5.3 we also have: 

3.5.14. V'TP = [0 0 -R] • 

Considering 3.5.2, 3.5.10 and 3.5.14: 

* R == -R • 

.* 
Hence the ahove discussion on the properties of matrix R makes clear that 

the following theorema are valid. 

TBEOREM 3.5. 7. Matm R in 3.5.3 is unique. 

TBEOREM 3.5.8. An element rij of R ie unequal to ze!'o iff the pPooee ae

sooiated lilith the j-th column of R ie incûient to tl'anspoPtation t!'ee Ti+1 • 

0 
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This theorem implies that.matrix Ris at least as ·sparse as matrix BP in 

3.5.1 in the following sense: each column of R does not contain more 

elements unequal to zero than its oorreeponding column in Bp• 

In the next section we discues the possibility to permute matrix R to a 

block triangular matrix with irreducible bloclts on the main diagonal. In 

this respect the following theorema are important: 

'l'BEOREM 3.5.9. The min diagona't of Ris sePO-f,ree. 

'l'HEOREM 3. 5.10. Matm R desePibes the adjacency st!'UCture of the ag(}l'egated 

gro:ph. 

Thus far we have discussed that we can describe the basis structure in a 

pure processing network in a somewhat different way than in Section 3.3. 

The present specificatien of the basis structure gives rise to a specifica

tion'of the primal Simplex algorithm, which is different from the one in 

Section 3.4 in several aspects. What has been said in Beetion 3.4 remains 

valid except for the modifications discuseed next. 

Modifications of the Simplex alqorithm in Beetion 3.4 

A. Instead of a representative spanning tree a representative forest is 

kept stored in some conventent way. 

B. In finding the representation y of the entering column a in terms of the 

basis B (Subsection 3. 4.1) , the labeling procedure beoomes slightly 

di.fferent. 

Let the set of arcs on the path from a node j e: N to the root of the 

transportation tree to which node j belongs, plus the self-loop attached 

to this root, be denoted by P j. 

NOw a basic refining or blendinq process i is considered labeled when

ever the self-loop attaohed to the representative node of i has a label. 

A basic refining or blending process i is considered soanned if all aros 

on the paths Pj, je: N(i), are labeled. 
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Labeling proCédure 

* * say (i ,j ), then 1. .!! the entering process is a transportation process, 

* * label all arcs in Pi* by [i ,i l and label all arcs * * in Pj* by [i ,j ], 

provided they do not have yet a label. 

If the enteringprocessis a refining or blending process, say i*, then 

* de termine the paths P j for all j € N (i ) , one by one. Stop tracing 

a path as soon as a labeled are is encountered. Label the arcs in P j 

by [i* ,jl. 

If the entering process is incident to only one transportation tree, then 

stop. 

2. List all basic refininq and blending processes which are labeled, but 

not scanned. 

If this list is empty, then stop. 

Otherwise, let W denote the set of all nonrepresentative nodes of the 

labeled, but not scanned, refining and blending processes. 

3. De termine the paths P • for all nodes j € W, one by one. Stop tracing a 
J 

path as soon as a labeled are is encountered. Wilenever node j belengs 

to N(i), label the arcsin Pj by [i,j]. 

Continue with step 2. 

EXAMPLE 3. 5. 11. Figure 3. 5. 2 shows the labeled part of a representati ve 

forest, assuming that transportation process (4,5) enters the basis. 'l'he 

situation in Figure 3.5.2 corresponds to the one in Figure 3.4.1. It is 

assumed that node 5 is the representative node of process 3, node 6 is the 

representative node of process a. 

3 

[3,6] 

[4,5] ~ 

Fiqure 3.5.2. The labeled part of a representative forest 
in pure processing networks. 



90 

BEMARK 3.5.12. Note that possibly s®le, more arcs are labeled than in the 

labeling procedure of Subsection 3.4.1. To be precise: let the set of 

labeled processas which would arise in the labeling procedure of Subsection 

3.4.1 be given by L. 

If the labeled processes in BAP contain some process i for which some node 

j E N(i) belongs to T1, then the labeled part of the representative forest 

consists of L plus all arcs on the path from the root of T 1 to L (including 

the root-are of T1). Oompare in this respect Fiqure 3.4.1 and Fiqure 3.5.2. 

If the entering process is: incident to only one transportation tree, say T
1

, 

1 then the labeled part of the representative forest consists of L plus all 

arcs on the path from the root of T1 toL {including the root-are of T1 ). 

In both cases we may just as well consider the arcs on such paths as not 

being labeled (cf. Subsection 3.4.1 and Section 2.4, Fiqure 2.4.2). 0 

Theorems 3.4.3 and 3.4.4 also hold in the present view on pure processing 

networks. 

c. In the basis change (cf. Subsectien 3.4.3) a representative forest is 

reestablished as follows. 

Reestablishinq a representative forest 

Let the label attached to the leavil).9' process be gi ven by [ 11, j 1 J. The 

enteringprocessis either a transportation process, say (i*,j*), or a 

* refining or blendinq process, say i • Put k = 1. 

1. !!. ik = i* then 

* 'if i is a refining or blending process, take jk as the representative 

node of process i*. 

Stop •. There is a representative forest for the new situation. 

* Otherwise (ik~ 1 ), let the self-loop attached to the representative 

node of processik have label [ik+1,jk+l]. 

Make jk the representative node of process ik. 

Put k = k + 1 and goto 1 • 

EXAMPLE 3.5.13. Suppose that in Fiqure 3.5.2 are (4,7) leaves the basis 

qraph. The representative node of process 8 beoomes node 7, that of 

process 3: node 6. see Fiqure 3.5.3. 
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Figure 3. 5. 3. The reestahlished part of the representati ve forest. 

Theorem 3.4.6 holds in the present view on pure processing networks too. 
-1-

We note that the shaded columns in the matrix product T T in 3.4.21 now 

denote root-path veetors. The reader may verify that matrices T 3 and T 4 in 

3.4.22 in general have a somewhat easier shape than in the solution 

procedure of Beetion 3. 4. For instanee, if a transportation process leaves 

the basis, T 4 is a permutation matrix. 

Bence, the expressions in which T3 and T4 appear (formulae 3.4.26, 3.4.30 

and 3.4.32} can usually be evaluated in a somewhat easier way than in the 

solution procedure of Section 3.4. 

The statement in Remark 3.4.8 on determining the s th row of Q in 3.3.12 

can easily be adapted. 

A comparison of the Simplex PRON procedures of Sections 3.4 and 3.5 will be 

given in the next section. 

3 • 6 • Re.maJI.fu 

In this section some remarks are made with respect to pure processing 

network problems. 

!mplementation considerations 

The development of efficient implementations of the Simplex PRON procedures, 

described in the previous two sections, is a field of future study. Here 

we only want to point out several aspects that may be important in this 

respect. 
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J;n the solution procedure of Section 3.4 (PRON 1) both the rooted represen-
. -1· --

tative spanning tree and matrix R play an important role. 

The rooted representati ve spanning tree 1 which has the matrix representation 

Tin 3.3.11, is used in: 

1. Solving equations of the form 

* Tx = b 1 

as in 3.4.3, 3.4.10, or of the form 

1T'T • e• , 

as in 3.4.39. 

2. Determining the processes which take part in the representation of the 

enteringprocessin termsof the basis (Subsection 3.4.1). The labeling 

procedure described in that sectien can be seen as tracing a number of 

cycles induced in this tree. 

3. Finding a representative spanning tree for the situation after a basl,s 

change. This process can be regarded as makinq and breakinq cycles a 

number of times consecutively. 

4. Updating the werking basis inverse (see Bubseetion 3.4.3). 

Such operations also arise in solving pure network flow problems (Section 

2. 4) or LP-problems wi th an embedded pure network structure, e.g. GLOVER · & 

KLINGMAN [1981]. Therefore the techniques developed for those problems can 

be applied here. Relevant references are given in Bubseetion 1.1.1. 
-1 Matrix R can be stored explicitly, but, if its size is large, a product 

form or elimination form would be more appropriate. A product form can be 

developed by the same kind of reasoning as in HELGABON & KENNINGTON [1977]. 

GLOVER & KLINGMAN [1981] use a product form of the werking basis inverse in 

their Simplex SON procedure. 

About the solution procedure of Sectien 3.5 (PRON 2) similar things could 

be said. 

Both in PRON 1 and in PRON 2 an important question is how to choose the 

.Process which enters the basis (i.e., selecting the pivot column). 

It is worthwhila to test whether (and if so, how) priorities should be 

given to the following four possible cases (cf. Theorem 3,4.4). 



1. A transporta:tion · process, · incidènt · to · exactly · one · transportation tree 

enters the basis • 

Characteristics: 

the representation vector y in 3.4.1 is as in the pure network 

situation; 
-1 

- R does not change, as can be verified by inspeetion of 3.4.30, 

considering the fact that E2 = 0, T2 = 0 and T4 = I. 

2. A transportation process, incident to two transportation trees enters 

the basis. 

Characteristics: 
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- at least one basic refining or blending process bas a nonzero coeffi

cient in the representation vector y; 
-1 -1 

- R changes. The size of R reduces by one or remains the same. 

3. A refining or blending process, incident to exactly one transportation 

tree enters the basis. 

Characteristics: 

- the representation vector y can be found by pure-network techniques 

(Section 2.4); 

- the size of R-l increases by one. R-1 bacomes as in 3.4.35 with R~ 1 

unchanged and P,s = o. This follows from 3.4.30, considering that 

E2 = O, T2 = 0, T3 = 0 and T4 = I. 

4. A refining or blending process, ·incident to at least two transportation 

trees enters the basis. 

Characteristics: 

- at least one basic refining or blending process bas a nonzero coeffi

cient in the representation vector y; 
-1 -1 - R changes. The size of R remains the same or increases by one. 

By recording in each iteration to which transportation tree each node in 

the network belongs, the number of transportation trees, to which a 

certain process is incident, can easily be determined. 

A comparison of PRON 1 and PRON 2 

Althouqh PRON 2 (Section 3.5) is perhaps less intuitive than PRON 1 

(section 3.4), PRON 2 may be preferred because of saveral reasons: 

1. Matrix R, the working basis, is unique in PRON 2 (Theorem 3.5.7), 

indèpendent of the specific choice of the representative nodes. 
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.In PRON 1, matrix R depends on the specific choice of the representative 

arcsof the basic refining and blending processes (see 3.3.25). 

·2. In PRON 2 matrixRis at least as sparse as matrix BP in 3.5.1 in the 

sense that the number of nonzero elements in each column of R is not 

greater than the number of nonzeros in the corresponding column in BP. 

In PRON 1 this need not be (and in many instances is not) the case. 

3. The ideas of PRON 2 are easier generalized to generalized processing 

network problems than those of PRON 1 (see Section 4. 3). 

4. All other advantage of PRON 2 over PRON 1 is explained in the subsequent 

discussion on block triangularization of matrix R. 

In our opinion the pure processing network structure is exploited as far as 

possible in the Simplex PRON procedures of Sections 3.4 and 3.5. 

Bowever, in many applications the working basis R will be a sparse matrix 

and the question arises whether it is possible to reorder R in some 

desirable form using sparsity considerations. Some of these forms are 

discussed in DUFF [1977a]. 

In the sequel the possibility to block triangularize R (and consequently 

R:" 1) further than the block triangular form wi th two blocks on the main 

diagonal, obtained from the labeling procedure in Bubseetion 3.4.1, is 

pointed out. 

Block trianqularization of thé working basis R 

Consider an arbitrary square nonèingular matrix A. The essential question 

in block triangularizing Á is to find permutation matrices P1 and P2 such 

that: 

3.6.1. 

where A
1

i (i = 1, ••• ,N) are square irreducible matrices. 

Usually P1 and P2 are determined in two stages (see DUFF [1977a]): 

(1) Determine a row permutation matrix P3 such that A1 := P 3 A is a 

matrix with a zero-free diagonal. 



(2) Find a permutation matrix P 4 such that P 4 A1 P4 has the desired form 

of 3.6.1, SUch a permutation is called a symmetrie permutation. 
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After performing these two steps, we have for P1 and P2 in 3.6.1: P1 = P4 P3 
and P2 = P,à· 
The problem under (1) is known under several nam.es, a.o. "findinq a maximal 

transversal" or "findinq a set of distinct representatives" (HALL [1935]). 

GUSTAVSON [1976] and DUFF (1981] present alqorithms, based on HALL's ideas, 

which require 0 (n T) computations in the worst case, where n is the order of 

matrix A and 1' the m1mber of nonzeros in A. 
Well-known algorithms to solve a problem as under (2) are those of SARGENT 

& WESTENBERG (1964] and TARJAN (1972] {see also GUSTAVSON [1976], DOFF & 

REID [1978a, 1978b]). TARJAN's algorithm appears to be efficient in practice 

and also has the lowest computational complexi ty of all algorithms known to 

solve problems as under {2) 1 namely 0 (n + T) • 

TARJAN's algorithm is based on the following ideas: Associate with matrix· 

A = [aij] a directed graph. Each row i of A corresponds to a node i in this 

graph. Are (i,j) is present in this graph iff aij ~ 0. So matrix A is 

essentially the adjacency matrix of this graph. 

Using depth-first search, the so-called stronq components (see DUFF & REID 

[1978a]) of this graph are detected, which correspond to the irreducible 

blocks Ai! (i= 1, ••• ,N) in 3.6.1. 

This two-staqe approach is justified by the fact that the obtained block 

trianqular form P 4 P3 A P4 is unique in the sense that the mm1ber of blocks 

and the rows and columns lying in each block is fixed, independent of the 

particular choice for P3• This is proved in HOWELL (1976] and DUFF [1977b]. 

If a matrix A has one or more zero elements on the main diaqonal, it may 

· very well be that there exists no symmetrie permutation which leads to a 

block trianqular form of A with irreducible blocks on the main diaqonal 

(see HOWELL's example [1976]). 

These statements give new insight in the Simplex PRON procedures discussed 

in Sectiens 3.4 and 3.5. By choosing the representative arcs (Section 3.4) 

or the representative nodes (Section 3.5) in a special way, it has been 

accomplished that the main diagonal of the working basis R is always zero

free (see Theorema 3.3.10 and 3.5.9). Conclusion: in block triangularizing R 

only the second stage is required. Applying TARJAN's alqorithm to matrix R 

implies that the qraph, of which R describes the adjacency structure, is 

available. In PRON 2 this is implicitly the case if for each basic refining 
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and blending process i it is known to which trensportation trees the nodes 

in N(il belong, Reeall that R is in fact the adjacency matrix of the 

aggreqated graph (Theorem 3.5,10). In PRON 1 the structure of Ris not 

directly available (the elements in each column of R are found by tracing 

the nonrepresentative cycles of the corresponding process). So here is 

another argument in favor of PRON 2. 

It is suggested to block triengularize R in every iteration of the Simplex 

algorithm. Since the nonlabeled part (Rj1 in 3.4.24 or 3.4.30) remains 
-1 unchenged in the basis change, only the labeled part (R
1 

) has to be 

updated. 

, The adventages of a block triangularized version of R -i are obvious: reduc

tion of storage requirements end computation time (see for further discus

sion DUFF [ 1977a]) • 

Is'it necessary to use a working basis (inverse)? 

In the algorithms of Sections 3.4 and 3.5 it is assumed that a working basis 
: -1 
inverse R is used. Is it necessary to do this or is it also possible to 

-1 work without R ? This question is inspired by the situation in pure end 

qeneralized networks where all the information required is obtained by 

menipulating on the basis graph (in generalized networks some alqebraic 

work has to be done but this only comes up to solving a number of single 

equations with one unknown). The main advantage of such en approach is that 

it is possible to work with the original data, thus reducing (cumulative) 

round-off errors end storage requirements. 

'1'he enswer to the question posed primarily depends on whether a basic 

system as Bx • b or 'II'B = eB can be solved, using the structure of the 

basis graph in such a way that i t does not require , too much work, The hard 

part in solving Bx = b is, considering the enalysis in Sections 3.3 end 3,5, 

ultimately: solve a system Rx = b* (where Ris given in 3.3.12 or 3.5,3). 

Although we tried to work out several intuitive ideas no satisfactory 

results were obtained. Considering the facts known about matrix R end after 

reading Chapter 5 this should not cause too much astonishment. 



Degeneracy 

Degenerate steps in the Simplex algorithm are likely to occur frequently 

and theoretically the possibility of cycling exists. Of course techniques 

known for general LP problems (perturbation, lexicographic ordering, 

BLAND's [1977] rule) can be applied to prevent cycling. An interesting 

subject for further study is to investigate whether finite modifications 

can be developed using similar ideas as in CUNNINGBAM [1976, 1979], ELAM, 

GLOVElt & KLINGMAN [1979] and ADOLPBSON [1980]. 
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4. GENERALIZEV PROCESSING NrnJORKS 

4.1. 1ntJwduc.:tion 

In the previous chapter networks have been considered in which flow is 

conserved. Bowever, in practice, there are many situallons in which flow is 

not conserved due to leakaqe, damaqe, conversion losses, growth, etc. 

Sametimes is is natural to say that the decrease or increase of flow take$ 

place on an are, sametimes it is more appropriate to state that the 

decrease or increase takes place in a node. For the purpose of descrihing a 

mathematica! framework for such networks it is sufficient to regard only 

one of these possibilities. Bere we have chosen for a description in which 

flow is conserved in nodes, but possibly not on arcs. In the literature the 

same approach is usually followed, simply because in general it gives rise 

to more compact formulations than in the case where flow is not necessarily 

conserved in nodes. 

The concept of a "generalized processing network" has already been intro

duced in Section 3.2. 

Again it is assumed that the special topological properties, mentioned in 

Remark 3.2.2, hold. 

The main intent of this chapter'is to show that the ideas of Chapter 3 can 

easily be generalized to generalized processing network problems. 

Proofs of lemmas and theorems are omitted since they are either completely 

analogous to the ones of oorrasponding statements in Chapter 3 or simple to 

provide. 
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As in Beetion 3. 2, we present two distinct LP-fo:rmulations of the minim~l 

cost flow problem in a generalized processing network. 

Consider a directed and connected graph G(N,A) with node set N, containing 

m noqes, and are set A, consisting of n arcs. Self-loops are allowed to be 

present., 

Suppose that with each are (i,j) ~ A a multiplier gij is associated. The 

meaning of this multiplier is the same as in generalized networks, described 

in Section 2.5. 

, Using the notation, definitions and assumptions of Sections 2.5 and 3.2, 

the,LP-formulation of the minimal cost flow problem in a generalized 

processing network is 

Formulation I 

4.2.1. minimize L c x 
(i,j)eA ij ij ' 

4.2.2. 

4.2.3. 

4.2.4. 

4.2.5. 

- l xij + L gji xji .. bi 
j j 

aij x 
air ir 

aji x 
ari ri 

i € N , 

i € RN, r € A(i), 

j e A (i) \ {r} , 

i € BN, r € B(i), 

je B(i) \{r}, 

(i,j) € A • 

Cbserve that this formulation is only slightly different from 3.2.9-3.2.13. 

It reflects the fact that the minimal cost flow problem can be considered 

~s ~ qeneralized network flow problem (4.2.1, 4.2.2 and 4.2.5) with side 

constraints 4.2.3 and 4.2.4. If equations 4.2.2 are linearly dependent, the 

problem can be reduced to a pure processing network problem by means of 

sealing. This is immediately clear from the way TROEMPER's [1977] sealing 

procedure performs. For this reason we take the following assumption. 

ASSUMPTION 4. 2. 1. The equations in 4. 2. 2 a:tte Unea:z>ty indepen<kmt. 
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Problem 4.2.1-4.2.5 can be solved by an algorithm of HOLTZ & KLINGMAN [1976]. 

Then, under the given assumptions, a working basis of fixed size: 

tie:PN (ni- 1), i.e., the number of constraints in 4.2,3 and 4.2.4, would be 

required. 

However, the solution procedure developed in Section 4.4 (based on the 

subsequently discussed tormulation II) uses a working basis of variable 

size q, with 0 ~ q s tie:PN1 (= IPNI), which is usually much smaller than 

tie:PN (ni- l)' 

Formulation II 

After substitution of the expressions for xij in 4.2.3 and xji in 4.2.4 

into 4.2.2 and a suitable sealing of the columns a compact formulation 

results (cf. tormulation II inSection 3.2): 

4.2.6. minimize c 'x 

4.2.7. Ax = b 

4.2.8. 0 $ X $ U 1 

with A an m x n matrix, b E: xn and c,x,u E: Rn. 

Each row i of A is associated with node i e: N. 

Each column of A describes one of the three types of processes: 

(a) refininq process 1. The elements in column a,i are: 

-1 in row i, 

«ij gij in row j, j e: A(i), 

0 otherwise. 

(b) blending process i. The elements in column a,1 are: 

+1 inrowi, 

-aji gjiin row j, je: B(i), 

0 otherwise. 

(c) transportation process (i,j). The elements in column a•ij are 

-1 in row i, 

gij in row j, 

0 otherwise. 
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The variable associated with a column a. i, corresponding to a refining or 

blending process i, describes the total throughput of process i. 

' Formulation 4.2.6-4.2.8 isone of a generalized network flow problem with 

side activities. For such problems no special (network oriented) algorithms 

are known. 

The dual problem of 4.2.6-4.2.8 is given by: 

4.2.9. maximize b'11 - u 'v 

4.2.10. - 11i + gij 11j - \)ij 5: cij (i,j) € TP , 

4.2.11. - 11 i + I a ij gij 11 j - \), 5: ei i € RP , 
jEA(i) ~ 

4.2.12. 11 - I aji gji 11 j -"i s ei i € BP , 
i j€B(i) 

4.2.13. \) ~ 0 , 

' where TP denotes the set of transportation processes, RP represents the set 

of refining processes and BP the set of blending processes. 

If column a.i describes a refining process i, a.i can also be written as 

(cf. 3.2.21): 

4.2.14. L ai. ai*j 
j€A(i) J . 

* where aij denotes the vector representation of are (i,j) with multiplier 

gij (see Sectien 2.5). Formula 4.2.14 makes clear that thesetof processing 

arcs PA(i) can he associated with refining process i. A similar statement 

as in 4.2.14 can be madefora blending process ·i. 

Note that if all multipliers gij are positive, (i,j) € A, matrix A in 4.2.7 

satisfies the following property (cf. Remark 3.2.4): 

if there is more than one negative (positive) element in a column of A, 
then there is only one positive (negative) element. 

REMARK 4.2.2. If we would have taken the eenstraint 

4.2.15. - I h x -
jEA(i) ij ij 

i € N 

insteadof 4.2.2, then problem 4.2.1-4.2.5 could still beregardedas a 

generalized processing netwerk problem (cf. Remark 2.5.2) and the contents 

of this chapter also holds for such problems after a few obvious adaptations. 



Then the columns of A in 4.2.7 woul~ have the following shape: 

(a) column a•i' repreaenting refining prooess 1: 

- L a h in row i, 
jEA(i) ij ij 

in row j, j € A(i), 

otherwise. 

(b} column a,
1

, reprasenting blending process i: 

r a h in row i, 
jEB (i) ji ji 

in row j, j € B(i) 

otherwise. 

{c) column a•ij' repreaenting transportation process (i,j): 

in row i, 

in row j, 

otherwise. 

Note that if hij and gij' (i,j) € A; are allowed to be arbitrary real 

numbers, formulation 4.2.6-4.2.8 is in fact one of a general LP-problem. 

This aspect is discussed further in Chapter 5. 
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Pormulation II will be used for the Simplex PRON procedure of Sectien 4.4. 

In the next sectien the basis structure in a generalized processing netwerk 

problem is explained. 

It is not restrictive to take the following assumption. 

ASSUMPTION 4.3.1. The ~ank of A in 4.2.7 equats m. 

Let B denote a basis of A, partitioned as: 

4.3.1. 

where 
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BT is an m x (m-q) matrix denotinq the (generalized) transportation 

processes, and 

BP is an m x q matrix repreeenting the basic refining and blending processes 

(0 $; q :;;. m). 

Let the set of basic refining and blending processes again be denoted by 

BAP. BAP contains q elements. 'l'he basis graph associated with B is defined 

as the directed graph with node set N and as are set: all transportation 

arcs associated wi th the columns in BT in 4. 3. 1, and all processing arcs 

associated wi th the columns in BP in 4. 3. 1, i.e. , all arcs in PA (i) , 1 e: BAP 

(éf. 4.2.14). 

Consider the graph which arises if in the basis qraph all processing arcs 

are left out. Let thiS graph be denoted by G(N,BT). 

LEMMA 4.3.2. Eaoh connected component of G(N,BT) contains at most one cycZe. 

A connected component of G(N,BT) which contains no cycle is again called a 

t~po~tation tree. 

If a connected component of G(N,BT) contains a cycle (possibly a self-lopp) 

it. is called a t~po~tion quasi-tree. 

So Lemma 4.3.2 states that G(N,BT) consiste of a number of transportation 

trees and a number of transportation quasi-trees. 

LEMMA 4.3,3. A basis g'l'aph contains q t~po~tation trees iff the nwrbe~ 

of basic refining and btending processes equats q. 

Cbserve that Lemma 2.5.6 is valid because B denotes a square nonsingular 

matrix (see Remark 2.5.7). It is possible to state a lemma, closely related 

to Lemma 4.5.6. 

Suppose BAP ~ ~. 

Let SP be a nonempty subset of BAP. 

Furthermore, let T(SP) denote the set of transportation trees which are 

incident to the processes 1 e: SP. 

LEMMA 4.3.4. Any nonempty subset SP of basic ~e.fining and bZending processes 

is incide.nt to at least I SP I t~~tion trees: 

4.3.2. 



Using this lemma the following lemma can be proved: 

LEMMA 4.3.5. The representative ares of the basic refining and b'Lending 

processes aan be chosen in swh a T/Jay that the basic transportation arcs 

plus these representative arcs fom the are set of a spanning torest of 

quasi-trees in G(N,A). 

Such a forest is called a representative forest. 

The four stated lemmas prove: 

,THEOREM 4.3.6. A basis graph in a generatized processing netf/Jo~ G(N,A) 

consiste of 

a forest of quasi-trees fo'1!'rmd by the basic trunsportation' arcs and the 

property chosen representative arcs of the basic refining and blending 

processes ~ and 

aU nonrepresentative arcs of the basic refining and b'Lending processes. 

The structure of a basis graph is illustrated in the following example. 

EXAMPLE 4.3. 7. Consider the basis B: 

12 13 15 2 3 

-1 -1 -1 1 

2 -1 2 

4.3.3. B = 1 -1 3 

a24 a34 4 

1 a25 a35 5 

The associated basis graph is drawn in Fiqure 4. 3. 1 , where the represen

tative forest is indicated by heavy lines. 
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Figure 4.3.1. An example of a basis graph in a 
generalized processing network. 

Let T be the matrix representation of the representative forest with the 

convention that each (representative) are (i,j) has multipliers gij as 

p~eviously defined. This convention is plausible if it is tried to set up a 

salution procedure in the samespirit as,in Section 3.4 (PRON 1). Bowever, 

now there is no guarantee that T is nonsingular. For the example presented 

T would be: 

12 13 15 24 35 

-1 -1 -1 1 

2 -1 2 

4.3.4. T= -1 3 , 

1 4 

1 1 5 

which is seen to be singular since the cycle factor of the cycle formed by 

the arcs (1,3)1 (3,5) and (1,5) is equal to one (see Section 2.5). It is 

still an open question whether there exists, for every basis B 1 a particular 

choice of the representative arcs such that T would be nonsingular. In any 

case it is clear that a labeling procedure and a reestablishing procedure 

as in Beetion 3.4 alone might not be sufficient. 

Considering this observation an approach as proposed in Section 3.5 would 

be more appealing. 

'SUppose that for each process i E BAP a node j is chosen from N(i) 1 which 

belongs to some transportation tree. This is possible because of Lemma 

4.3.4. such a node j is called the ~presentative node of process i. 
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Furthermore, suppose that BAP (: 16. The condition mentioned in Lemma 4.3.4 

together with HALL's theorem (Theorem 2.5.8) implies the following lemma: 

LEMMA 4.3.8. For eaah proaess i E BAP a node aan be ahosen jrom the set N(i) 

in suah a way that these nodes beZong to different transportation trees. 

Attach, as in the procedure of Section 3.5, a self-loop to each of these 

representative nodes. In matrix terms such a self-loop is again represented 

by a negative unit column (it has multiplier 1). Now a basis is represented 

by a number of transportation quasi-trees and a number of rooted transporta

tion trees. The collection of these quasi-trees and rooted trees is again 

called the representative forest. 

EXAMPLE 4.3.9. In the example of Figure 4.3.1 nodes 4 and 5 can be thought 

to reprasent the sets N{3) and N(2), respectively. The corresponding 

representative forest is drawn in Figure 4.3.2. 

Figure 4.3.2. A representative forest for the basis graph in Figure 4.3.1. 

Let T be the matrix representation of the representative forest. The sequence 

of the columns in T corresponds to the sequence of columns in B. Then B can 

be written as 

4.3.5. 

with 

4.3.6. p 

where 
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I is the identity matrix of order (m.-q), 

Q is some (m-q) x q matrix, and 

R is a square nonsi,ngular matrix of order q. 

For matrix B ·in 4.3.3 formula 4.3.5 specializes to: 

12 13 15 2 3 

1 -1 -1 -1 

2 2 -1 

4.3.7. 3 1 -1 

4 a24 a34 
5 a25 a35 

12 13 15 55 44 

-1 -1 -1 1 -i 
2 -1 

1 1 I 1 

-1 -a25+i -a35+1 
1 -1 -a24 -a34 

REMARK 4.3.10. Consider a column P•j (m-q < j ~ m) of Pand a column B,j of 

B which corresponds to process k = ij. Suppose process k is a refining 

process. Since B,j can be written as: 

4.3.8. B =-e + l a.. 9 e 
•j k t€A(k) d U R, 

relation 4.3.5 makes clear that P.j can be written as: 

4.3.9. 

Similarly, if process k =ij is a blending process, P,j can be written as: 

4.3.10. 

Thevectors T-1 e
1 

U € N(ij)) in 4.3.9 or 4.3.10 are the cycle-path veetors 

of the nodes 1 € N(ij) in the representative forest (see Beetion 2.5). 

Formulae 4.3.9 and 4.3.10 express the fact that each column P,j can be 

considered as a linear cómbination of the j th negative unit vector, which 
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results from the representative node.of process ij' and the cycle-path 

vectors, originated by the nonrepresentative nodesof N(ij). This observa

tion is used in the Simplex algorithm of Section 4.4. 

We can define an aggregated graph associated with basis B in almost the 

same way as in Section 3.5. The following assumption is stmilar to Assump

tion 3.5.5. 

ASSUMPTION 4.3.11. The transportation trees are numbered in such a ~ that 

the representative node of proceas i . ( aasociated 'll.rith column B . in B., 
J • J 

j = m-q+ 1, ••• ,m} be Zongs to transpor-tation tree T. ( l . 
J- m-q 

The aggregated graph 

The aggregated graph, associated with basis B in 4.3.1, is the directed 

graph G (N*, A*) wi th N* = { 1 , ••• ,q} in which node i corresponds to transporta

* tion tree Ti, and A as follows. The self-loops (i,i), i= l, ••• ,q, belong 

* toA • Furthermore, if the nonrepresentative nodes of prooess ij, which are 

not contained in some transportation quasi-tree, belong to transportation 

trees Tj , ... ,Tj , then also the arcs {k,j 1), ... ,(k,js) with k = j- (m-q) 
1 * s 

belong toA. This statement holds for all processas ij, j = m-q+l, ••• ,m. 

EXAMPLE 4.3.12. In Figure 4.3.1 node 5 is the representative node of process 

2, node 4 the representative node of process 3. Transportation tree Ti has 

node set {1,2,3,5} and T2 has node set {4L The aggregated graph, associated 

with B in 4.3.3, is drawn in Figure 4.3.3. 

Figure 4.3.3. The aggregated graph associated with B in 4.3.3. 

Properties of matrix R 

With respect to matrix R in 4.3.6 the following can.be said (of. Theorems 

3.5.7-3.5.10 in the pure processing network situation). 
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.TBEOREM 4. 3. 13. If .B in 4. 3. 5 denotes a basis in a generolized pr>oaessing 

network and Ris given in 4.3.6, mat'l'i:r; Ris unique. 

THEO:REM 4.3 .14. Eaah aolumn of mat'l'i:r; R aontains at most as many elements 

unequaZ to zero as the number of transportation trees to ~hiah its aarre

sponding proaess is inaident. 

The main diagonal of R is not necessarily zero-free, as can be seen from 

the example presented, whenever a 24 = a 25 = l (see formula 4.3.7). 

REMARK 4.3.15. In Beetion 3.5 matrix R describes the adjacency structure of 

the there defined aggregated graph (Theorem 3.5.10). We note that this 

statement no longer holds for generalized processing networks. 

Observe from 4.3.9 and4.3.10 that not only the cycle-path veetors and the 

processing coefficients aij influence the structure of R (this is the case 

in Beetion 3.5), but also the multipliers gij' These multipliers may cause 

some element of matrix R to be zero although there may be an are in the 

aggregated graph which corresponds to this element. We will call this 

phenomenon "multiplier degeneracy". 

In the examplè presented r 11 = 0 if a 24 = a
25 

= l, although there is an are 

in the aqgregated graph which corresponds to element r 11 , namely the self

loop (1,1), see Figure 4.3.3. 

We will say that matrix R describes the adjacency structure of the aggregated 

graph, except for "multiplier degeneracy". 

4.4. The Simplex al..goiLi.thm b"OII. :the mi.nhna1.. eo.&.t 6.tow pMbtem in tt 

genCI.Ir.ILUzed pMee.&.&-iYIB ne:lloo!tk. 

The minimal oost flow problem in a generalized processing network can be 

solyed in almost the same way as described in Section 3.4, with the 

adaptations of Section 3.5. Bence, in this section we only point out some 

important aspects and discues the differences with the procedures developed 

in Sections 3,4 and 3.5. 

we assume that the representative forest and the inverse of R in 4.3.6:are 

kept stored in some conventent way. 
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In every instanee where in Section 3.4 or 3.5 pure-network techniques are 

used these should be replaced by generalized-network techniques (matrix T 

now describes a forest of quasi-trees and rooted transportation trees as in 

generalized networks). 

In finding the representation y of the entering column a in terms of the 

basis B (see Bubseetion 3.4.1), the labeling procedure becomes different 

from the one in Section 3.5 at two points: 

1. The statement af ter the third if in step 1 is left away, i.e. , we do not 

stop the labeling procedure at that point, even if the entering process 

is incident to only one transportation tree. 

2. If a node j e N belongs to a transportation quasi-tree, Pj now denotes 

the set of arcs contained in the cycle of this quasi-tree, plus all arcs 

on the path from node j to this cycle. 

EXAMPLE 4.4.1. Figure 4.4.1 shows the labeled part of a representative 

forest assuming that transportation process (4,5) enters the basis. It is 

assumed that node 5 is the representative node of process 3, node 6 is the 

representative node of process 8. Oompare this situation with Figure 3.5.2. 

Figure 4.4.1. The labeled part of a representative forest 
in a generalized processing network. 

Theorem 3.4.3 holds for generalized processing networks too. 

The following two theorems may be important for implementations of the 

present Simplex PRON algori thm. Moreover, Theorem 4. 4. 3 plays a role in the 

discuesion on generalized processing networks with additional linear 

constraints in Section 6.3. 
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THEOREM 4.4.2. The nwrber of basic refining ar.d blending processes 'üJith a 

nonzero coefficient in the representation vector y of a in te~ of the 

basis B~ is zero f:i. the entering process is incident to only transportation 

quasi-trees. 

'THEOREM 4.4.3. If the vector a roepresente a transportation process~ say 

(i* ,t>~ then the nwrber of basic refining and blending processes 'üJith a 

nonzero coefficient in the representation vector y of a in te~ of the 

basis B~ is zero i:if. one of the foUO'üJing t'üJo statem1mts hold: 

1. (i*,j*) is incident to only transportation quasi-trees. 

2, (i*,j*) is nota sel~loop (i.e •• i*~ j*J. 

both i* and j* beZong to one transportation tree~ say Tt~ and 
the eycle factor of the eycle~ induced by (i*, j*) in Tt~ equals 1. 

In the basis change (cf. Subsectien 3.4.3 and Section 3.5) we can reestablish 

a representative forest in the same way as in Section 3.5. 

Theorem 3.4.6 holds for generalized processing networks too. 

We note that the shaded columns in the matrix product T-1 T in 3.4.21 now 

denote cycle-path veetors (see Section 2.5). 

The s th row of (T- 1 T) has only one element unequal to zero (cf. Remark 

3.4. 7). 

Furthermore, the statement in Remark 3.4.8, on determining the s th row of 

Q in 3.3.12, can easily be generalized. 

The reduced costs (cf. Subsectien 3.4.5) can be found from: 

4.4.1. cij 1Ti + gij 1Tj - cij (i, j) E TP , 

4.4.2. - r i E RP , ei - 1Ti + aij gij 'lrj - ei 
jEA (i) 

4.4.3. c. 'Ir - r aji gji 'lrj - ei i E BP • 
1 i jEB (i) 

A starting basis can be taken in the same way as in Bubseetion 3.4.6. 
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4.5. Remall.lu 

Similar remarks as in Sectien 3.6 can be made on implementation questions. 

One, important difference with pure processing networks is the fact that the. 

main diagonal of the matrix R in 4.3.6 is not necessarily zero-free (see 

Sectien 4.3). Se perhaps there exists no symmetrie permutation of R such 

that a bleek triangular ferm arises with irreducible bleeks on the main 

diaqonal. However, it is important to note that the intention of the solution 

procedure is to exploit the netwerk structure. Particular values of coeffi

cients a1 j or gij have not been eensidared in the labeling procedure or in 

the reestablishing procedure. It is noted that this is alse cemmonplace in 

the primal Simplex selutien procedures for generalized networks, described 

in the literature. Therefore it is not stranqe to do just the same in bleek 

triangularizing the werking basis: disregard "multiplier deqeneracy" (see 

Remark 4.3.15) and only use the structure of the basis graph. More precise: 

use the structure of the agqreqated graph, which is implicitly available if 

it is known to which transportation trees each refining or blending process 

is incident. 
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5. PROCESSING NETIJJORKS AN1J GENERAL LINEAR PROGRAMMING 

5.1. !~dUetten 

On one hand processing network problems are more general than pure or 

generalized network problems, on the other hand they seem more special than 

general Linear Programming problems. 

In the previous chapters attention has been paid to the relation between 

processing networks and pure or generalized networks. Here we investigate 

the relation between processing networks and general LP-problems of the 

form: 

5.1.1. 

5.1.2. 

5.1.3. 

minimize c'x 

Ax = b 

0 s x s u , 

where A is an m x n matrix, b e JRm and c,x,u e E.n. 

It will appear that a processing network structure is not as special as it 

seems at first sight. 

In this section we show that an arbitrary LP-problem of the form 5.1.1-5.1.3 

can readily be interpreted as a generalized processing network problem in 

which both positive and negative multipliers may appear. A direct conse

qtience is that, in principle, the solution procedure of Chapter 4 can be 

applied to general LP-problems, leading to a specification of the primal 

Simplex algorithm in which the (working) basis is kept stored in block 

triangular form. The relation between this approach and other sparse matrix 

prima! Simplex procedures proposed in the literature will be discussed. 
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'l'BEOREM 5.2.1. The fo'l'II1U'tation 5.1.1-:-5.1.3 of an a:l'bitroJ.>y LP-problem can 

be conaidered as the aompact fo'l'II1U'tation (fo'l'frt:U'tation II in Beetion 4.2) of 

a generaUzed proaessing nework problein in rAhich both positive and negative 

multipliers ma,y ~ear. 

PROOF. Consider the LP-problem 5.1.1-5.1.3 and let a,j be the j th column 

of ma~ix A in 5.1.2. If column a,j contains at most two nonzero elements 

it represents a transportation process (see Ramarks 2.5.2 and 4.2.2). 

If column a.j contains i (! ~ 3) nonzero elements we can easily associate a 

refininq or blendin,.. process with column a .• 
" 'J 

Suppose a.j contains a neqative element then, after an appropriate positive 

sealing of a,j and suitable row permutations, a.j can always be written as: 

/ 5.2.1. 

where all a1 j ~ 0, i = 2, ••• ,!, and 3 ~ t ~ m. 

Alternatively a.j can (for instance) be written as: 

-1 

5.2.2. 
1 

+ t -1 

-1 

+ ••• 1 
+ ! - 1 

-1 

This formulation indicates that we can associate with column a.j a bundle 

of (!- 1) qeneralized arcs - all incident and directed from one particular 

node and havinq either positive or neqative multipliers - on which propor

tionality of flow is required (cf. 4.2.14). Hence, such a column a.j cor

responds to a refininq process in a qeneralized processing network. 

If column a,j contains no neqative element we can associate a blendinq 

process to a.j in a similar way. 

The conclusion is that we can associate a transportation, refining or 

blending process wi th each column a, j of A and the theorem bas been proved. 0 

The relevanee of Theorem 5.2.1 is clear. Apparently, with the generalized 

processing network interpretation in mind, we can in principle apply the 

solution procedure of Section 4.4 to general LP-problems. We review several 

important aspects of the Simplex PRON procedure of Section 4.4 in the light 
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of well-known sparse matrix prtmal Simplex solution techniques, proposed in 

the li terature: 

- The transportation part of a basis B (i.e., those columns of B which have 

at most two nonzero elements) is included in the representative forest. 

In each iteration of the Simplex PRON algorithm of Section 4.4 there is an 

interaction between the representative forest and the working basis 

inverse R -l. 

This idea - extract the transportation part of a basis and do the rest of 

the work by means of a werking basis - also comes up in a large number of 

algorithms dealing with LP-problems with an embedded pure or generalized 

network structure, see e.g. HARTMAN & LASDON [1972], HULTZ & KLINGMAN [1976], 

CBEN & SAIGAL [1977], and GLOVER & KLINGMAN [1981]. 

- The size of the werking basis varies dynamically. 

This is, for instance, also the case in the methode proposed in HARTMAN & 

LASDON [1972] and GLOVER & KLINGMAN [1981]. 

- A labeling procedure determines which basic processas can take part at a 

nonzero level in the representation of the entering process in terms of 

the basis. 

Similar labeling procedures are used in the well-known specifications of 

the primal Simplex algorithm for pure, generalized and multicommodity 

netwerk flow problems. 

- The representative forest plays an essential role in the distinct steps 

of the Simplex PRON procedure of Beetion 4.4. 

A concept, similar to that of a representative forest, is the so-called 

master basis tree, introduced by GLOVER & KLINGMAN [1981] in their Simplex 

SON approach (see also the discuesion in Chapter 6) • 

-1 - The werking basis inverse R is kept stored in block triangular form. 

In the literature many times the suggestion is made to exploit the sparsity 

of LP-models (and perhaps a natural block structure, BASTIAN [1980]), by 

using a block triangular ferm of the basis inverse. Some references are 

DANTZIG [1955], PHILLIPS [1970], andSAUNDERS [1972]. 

A difference with the procedures known inthe literature is, that in the 
-1 present Simplex PRDN approach the working basis inverse R , rather than 

•1 the whole basis inverse B , is kept stored in a block triangular form. 

Only in case a basis does not contain any transportation column the entire 
-1 basis inverse B is kept stored in block triangular form. 
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REMARK 5.2.2. A suggestion for future research is to consider factorization 

of the bleeks on the main diagonal of the bleek triangular working basis. 

Such a suggestion is made aarlier by KEVORKIAN [1979]. All in all it would 

result in an approach in the same spirit as GRAVES & MC BRIDE [1976] and 

MC BRIDE [1978]. 0 

,In this section we give an "almost" pure processing netwerk interpretation 

tp general LP-problems of the form 5.1.1-5.1.3, to which the redundant 

constraint: 

5.3.1. - e' Ax = - e' b 

is added. 

Moreover, we will show that the Simplex PRON procedures of Sections 3.4 and 

3.5 can easily be adapted to solve LP-problems of the form 5.1.1-5.1.3, 

5.3.1, although some of the properties which hold for pure processing 

networks are no longer valid. 

By an "almost" pure processing netwerk problem we mean a network flow 

p~oblem with the following characteristics: 

- conservation of flow, both in nodes and on arcs. 

- proportionality of flow in particular subsets of the are set. In each 
1 such a subset the arcs are incident to one common node, but they may be 

directed both towards and from this common node • 

. - capaci ty bounds on ar es. 

THEOREM 5.3.1. The forrm:ulation 5.1.1-5.1.3"5.3.1 of an azibit:mry LP-pr>Oblem 

aan be conside'l'ed as a compact forrm:ulation (simila.P to forrm:ulation II i-n 

Beetion 3. 2) of an "almoat" pU'l'e p:t>oceeaing netlûo:t>k p:t>obtem. 

* PROOF. Consider the LP-problem 5.1.1-5.1.3,5.3.1 and let a . denote the 
A 'J 

j th column of the coefficient matrix A* = [-e•A] of this LP-problem. 

* Clearly column a,j has a column sum zero. 

* * If a,j contains only one positive element or only one negative element, a,j 

· corresponds to one of the three types of processas in a pure processing 

network (see Remark 3.2.4). 
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1t 
Suppose a •. contains two or moré positive elen:ents and two or more negative 

J * ones, and let us assume that column a . is scaled such that the sum of the 
* •J 

positive elements in a.j is equal to one. After a suitable inter.ehange of 

rows, a. j can be wri tten as: 

* [ * * * * ]' a.j ~ -a1j, ••• ,-~j'~+t,j'""*'a~j'o, ••• ,o 

* where a
1

. > 0, i= 1, ••• ,~, 2 ~ k s m-11 k+1 ~ ~ s m+1. 
* J Now a. j ean for instanee be wri tten as: 

1 1 -1 -1 

-1 

* -~j -1 

5.3.2. * 
a:j • ~+1,j =a~j * + ••• +~j * 1 * +~+1,j + ••• +atj 

1 

0 

Formula 5.3.2 shows that we ean assoeiate with column a~j a bundle of 

(~- 1) arcs - all incident to one particular node, some directed from this 

node and some directed to this node - on whieh proportionality of flow is 

required. 

* Since the above described interpretation can be qiven to all columns a.j of 

A*, the theorem has, been proved. 0 

In Fiqure 5.3.1 the bundle of arcs associated with the veetors in 5.3.2 is 

depieted. 
2 

k+l 

k 

* Fiqure 5.3.1. The bundle of arcs associated with column a.j in 5.3.2. 1 
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If we reexamine the proofs of lemmas· and theo:tema in Sections 3.3-3.5 we 

sèe that, except for Theorems 3.3.10, 3.4.4, 3.5.8 and 3.5.9, the only 

arguments used are: 

1. B denótes a basis. 

2. All basic nonslack columns have the zero-sum property. 

In the Simplex PRON procedures of Sections 3.4 and 3.5 Theorema 3,3.10, 

3.4.4,·3.5.8 and 3.5.9 were not used and hence these procedurescan be 

adapted to solve "almost" pure processing network próblems (we say "adapted" 

because in the discussions in Sections 3.4 and 3.5 we always assumed that 

all arcs associated with a nontransportation process were either directed to 

or from a processing node). 

For "almost" pure processing netwo:rk problems Theorema 3.3.10, 3.4.4, 3.5.8 

and 3.5.9 are no longer valid. 

We note that Theorema 3.3.10, 3.5.8 and 3.5.9 play an essential role in the 

discuesion on block triangularizing the working basis (Section 3.6) and 

conclude that, if TARJAN's algo:rithm [1972] is applied to the working basis, 

we do not necessarily obtain a block triangular form with irreducible blocks 

on the main diagonal (cf. the situation in generalized processing networks, 

especially Remark 4.3.15). Theorem 3.4.4 bas been used in the discuesion on 

implementation considerations (Section 3,6) and will be used in proving 

Theorem 6.2.3 in Chapter 6. 

We discues the possibility to transform a general LP-problem of the form 

5.1.1-5.1.3 to a pure processing network problem, at the possible expense 

of blowing up the size of the problem. 

'l'HÈoRBM 5.4.1. Any LP-probÜ!Jm of the fo:rm 5.1.1-5.1.3 can be tmnsfo:r.vned to 

an LP-problem assoaiated Mith a pure processing net'Wo!'k. 

PROOl!'. Consider the general LP-problem 5.1.1-5.1.3 and add the redundant 

constraint 5.3.1. We then haw the LP-problem 

5.4.1. minimize c'x 

5.4.2. 

5.4.3. O~xsu, 
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where 

[ A J A* -
-e•A and ••• [:.J 

Clearly the column sum of each column in A* is zero (e•A* = 0). 

* Scale the columns of A in such a way that the sum of the positive elements 

* * in each column of A is equal to 1. Next partition A as: 

5.4.4 

where A1* consists of all columns in A* which have exactly one positive 

A2* element or exactly one negative element. Bence consists of the columns 

* in A which have at least two positive elements and at least two negativ~ 

ones. 

Let [ei c2J, [xi x2J, and [ui u2J be the partitioning of c', x' and u•, ' 
compatible with the partitioning of A* in 5.4.4. 

Suppose we write: 

5.4.5. 

= 0 

= 0 

2* if a1 j > 0 

2* 
aij s 0 , 

2* 
if aij < 0 

2* . 
a1 j <!: 0 • 

Now it can easily be observed that the LP-problem: 

5.4.6. minimize ei x1 + c2x2 

Al* 3* 4* * 5.4.7. x1 +A x2 +A x3 = b 

5.4.8. - I x2 + I x3 = 0 

5.4.9. 0 s x1 
s u1 

5.4.10. 0 s x2 s u2 

5.4.11. 0 s x3 s u2 
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is equivalent to 5.1.1-5.1.3. Observe that each column of 

5.4.12. 
-I 

sa.tisfies the two properties, mentioned in Remark 3.2.4, whic:h characterize 

·a pure processing network problem, Bence the theorem bas been proved. 0 

The proof of Theorem 5.4.1 is in fac:t nothing more than an algebra:ic wa.y to 

say tha.t the picture of Figure 5.3.1 changes into that of Figure 5.4.1. 

Figure 5. 4 .1. The transformation of Figure 5. 3. 1 to a 
pure processing network form. 

The proof of Theorem 5.4.1 shows that the transformed.problem 5.4.6-5.4.11 

bas a coefficient matrix wi th (m + 1 + n) rows and 2n columns in the worst 

case (recall that the c:oefficient matrix A in 5.1.2 bas m rows and n 
1 columns) • So we see that in general we have to blow up the size of an LP

problem in order to cast it into the LP-formulation of a pure processing 

network problem, 

We have pointed out in Section 5,2 that, having the generalized processing 

network interpretation in mind, the Simplex PRON procedure of Section 4. 4 

can in principle be applied to general LP-prcblems of the form 5.1.1-5.1.3. 

Moreover, in Section 5.3, we discuseed that, having the "a.lmost" pure 

processing network interpretation in mind, the Simplex PRON procedures of 

Sections 3.4 and 3.5 can easily be adapted to solve general LP-problems of 

the form 5.1.1-5.1.3,5.3.1. 

Bence we do not believe that a transformation of a general LP-problem 

5.1.1-5.1,3 toa pure processing network problem, as described in the proof 

of Theorem 5,4.1, yields a problem which can be solved easier. 

Nevertheless Theorem 5.4.1 is important for several reasons: 

1. It shows that a pure processing network structure is not as special as 

i t seems at first sight·. 
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2. It gives a certain reassurance that we have exploited the ·processing 

network structure in an adequate way in the Simplex PRON procedures of 

Chapters 3 and 4, considering the fact that these procedures are closely 

related to well-known sparee matrix LP-approaches (see Sectien 5.2). 

3. Processing networks have the nice feature that their structure can be 

visualized by drawing netwerk diaqrams. The relevanee of visualizing a 

model has already be pointed out by GLOVER & KLINGMAN [ 1977] and by 

GLOVER, HULTZ & KLINGMAN [ 1978]. Both for model builders and management, 

a diagram can give more insight into the model structure than an alge

braic statement alone. Bence a qood visualization of a model may tend to 

increase management's confidence in such a model. 

Since a general LP-problem can be cast into a processing netwerk fitting 

a tool is available to visualize its structure. Especially in case such 

an LP-problem has a natural interpretation as a network flow problem, i t 

may be useful to draw a processing-network diagram. In Chapter 7 we 

briefly describe a bank balance problem for which we have done this. 

5. 5. Some exampte-6 

In this sectien we discuss three important classes of LP-problems which can 

be interpreted as a pure processing network problem or as a generalized 

processing netwerk problem with positive multipliers, without having to blow 

up the size of the problem. 

1. Oonsider the LP-problem: 

5.5.1. minimize c'x 

5.5.2. A1x = b1 

5.5.3. A2x :s; b2 

5.5.4. 0 s x~ u 

where A1 is a matrix with at least two elements unequal to zero. and exactly 

one negative element in each column, 

A2 is a nonnegative matrix. 

LP-problems of the form 5.5.1-5.5.4 appear in many practical situations. 

Observe that A1 may describe: 
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- a pure netwerk, 

- a pure processing netwerk with only refining nodes, 

- a generalized netwerk with positive multipliers, 

- a generalized processing netwerk with positive multipliers and ohly 

refining nodes. 

Considerinq the fact that each column of [~;] bas exactly one negati ve 

element, problem 5.5.1-5.5.4 can immediately be regarded as a qeneralized 

processing netwerk with positive multipliers and only refinlng nodes. 

A well-known merober of this class of LP-problems is the so-called mult!

eommodity netwerk flow problem, which can be stated as fellows: 

Consider a netwerk G(N,A), with node set N and are set A. Suppose we have k 

types of goeds (eommoditles) which flow through this netwerk. 

Let the demand or supply of commodity t (! = 1, ••• ,k) in node i be given by 
t 

bi. Furthermore, we assume that 

! x
1

j denotes the amount of flow of the ! th co11111odlty through are (i,j) e A, 

t 
cij denotes the cost for transporting a unit of flow of the J1. th eommodity 

through are (i,j) e A, and 

t 
u

1
j denotes the upper bound for the amount of flow of the J1, th commodity 

through are (i,j} e A. 

Fina:J,.ly, let uij denote the upper bound for the total amount of flow (i.e., 

the sum of the flows of the k commodi ties) through are (i , j} e A. Then the 

LP-formulation of the multicommodity network flow problem is: 

5.5.5. 

5.5.6. i E: N, J1. 1, ••• ,k 

5.5.7. {i,j) E A 

5.5.8. {i,j} E A, t = l, ••• ,k , 

Equations 5.5.6 are the conservation of flow equations, relations 5.5. 7 

describe the multicommodity aspect of the problem: the sum of the flows of 

the k commodities through are (i,j) has upper bound uij' The relations 
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5.5.8 simply denote the oapacity bounds for e~oh commodity in each are of 

the network. Obviously 5.5.6 is related to 5.5.2 and 5.5. 7 to 5.5.3. 

Consider the network G(N 1A) for each of the k commodities. Denote the' nodes 

of the netwerk of the t th oommodi ty by i t and the aros by (i 1 j) t 1 

t = ll•••lk. 

Figure 5.5.1 illustrates how the multicommodity network flow problem can be 

interpreted as a generalized processing network problem with positive 

multipliers and only refininq nodes of order 2. 

Suppose there is a flow of magnitude x~j in an outgoinq are of node 11 in, 

Fiqure 5.5.1. Multiply this flow with a factor 2 1 and split it up in two 

equal portions usinq a refininq node. on each of the outqoinq arcs of suoh 

a refininq node the flow equals again x~j. One of the outgoing arcs is 

attached to node j 1 of the netwerk of the i th commodity. The other one 

leads to an additional node, say v1j • we do this for all i= 1, ••• ,k. 

Finally we consider an outgoing are of node vij and assume it has a lower 

bound 0 and upper bound u1j. 

Fiqure 5. 5. 1. A processing network interpretation to the 
multicommodity network flow problem. 
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2. Consider the LP-problem: 

5.5.9. minimize c•x 

5.5.10. Ax ~ b 

5.5.11. Q:::;xsu, 

where A == [a1 j] is a nonnegati.ve matrix. Vector b is a vector with all 

elements bi > 0. Let the columns of A be scaled such that e•A = e'. 

Introduce, similarly as in 5.3.1, the redundant constraint: 

5.5.12. - e • Ax :?: - e 'b , 

t:hen-problem 5.5.9-5.5.12 can immediately be interpreted as a pure processing 

networkproblem. See Figure 5.5.2, where for convenience it is assumed that 

all a1 j > 0, 1 = l, ••• ,m, j == 1, ••• ,n. 

[O,b ] 
m 

Figure 5. 5. 2. Pure processing network diagram for the 
LP-problem 5.5.9-5.5.12. 
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3. Consider the LP-problem 5.1.1-5.1.3. Assume that each column of A in 

5.1.2 has at most two elements unequal to zero. Clearly 5.1.1-5.1.3 can be 

considered as the LP-formulation of a qenerali~ed netwerk flow problem, say 

with corresponding netwerk G(N,A} (cf. Remark 2.5.2). 

Add again constraint 5.3.1 then 5.1.1-5.1.3,5.3.1 is the LP-formulation of 

a pure processing network problem. 'l'he redundant eenstraint 5. 3. 1 corresponds 

to a node s, which is added to the original network G (N ,A) • 'l'his node s can 

be considered as a souree from or a sink to "outside" the original netwerk. 

'l'he columns of the coefficient matrix A* = [_:, J of LP-problem 5 .1.1-5 .1. 3, 

5.3.1 can be classified into seven basic cases. 

If a column of A has only one element unequal to zero, say in row i (which 

corresponds tonode i in G(N,A)), there are two basic cases: 

1. the element in row i is + 1. Then in row s of A* a "-1" appears. 

Schematically: 

i 

s 

+1 

- 1 

Such a column of A* describes a transportation proc~ss from node s to 

node i. 

* 2. the element in row i is - 1. Then in row s of A a "+1" appears. 

Schematically: 

i - 1 

s +1 

Such a column of A* describes a transportation process from node i to 

node s. 

· tf a column of A has two elements unequal to zero, say in rows i and j, the 

followinq fivebasic cases appear fora column in A*: 

3. i 

j 

s 

- 1 

a (0 < a < 1) 

1- a (> 0) 

~ 
~ - ld---+--0 

A fraction a is transported from node i to node j. The rest is lost. 

4. i 

j 

- 1 

1 

s : 0 

Transport from node i to node j. 
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5. 

6. 

i - 1 

·~ j a (a > 1) 
s a-1/a j 

s : 1-a (< 0) 

Here a true gain of flow occurs. 

i - 1 1/a+1 
j -a (a > 0) 

s l+a (> 0) a/a+l 

This process describes the possibility to extract flow from both node i 

and node j in given proportions. 

7. i 1 1/a+l 
j a 

s : -1-a 

(a > O) 

(< 0) a/a+l 

Bere flow is injected in nodes i and j in given proportions. 

Obviously a generalized network flow problem can be transformed to a pure 

processing network problem in which: 

1 • all nontransportation processes are of order 2; 

2. there exists a particular node s, such that each refining or blending 

process is incident to this node s. 

We know that any LP-problem can be transformed to a pure processing network 

problem (Section 5.4). Purthermore, it can easily be observed that any pure 

processing network can be transformed to a pure processing netwerk in which 

all nontransportation processes are of order 2. 

Bence, the essential difference between general LP and generalized networks 

. is the nonvalidi ty /validi ty of requirement 2. 
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6. PROCESSING NETWO'R.KS l.liJTH A'OOITIONA.L UNEAR CONSTRA.INTS 

6.1. I~oductlon \ 

As remarked in Bubseetion 1.1.2 the processing netwerk structure appears in 

a large number of real-life situations such as production planning, energy, 

models, assembly and input/output models. In many of such practical 

situations it occurs that additional requirements must be satisfied, for 

instanee quality requirements, multicommodity aspects, limitations on 

shared resources. For this reason we consider in this chapter LP-problems 

of the following type: 

6.1.1. minimize c'x 

6.1.2. 

6.1. 3. 

6.1.4. Q S X :S U 1 

where c, x and u EEn, b 1 E ~. b
2 

E JÎ'. 
A1 is an m x n matrix,. which corresponds to some pure or generalized 

processing network G(N,A), with node set N consisting of m nodes, and are 

set A containing n arcs. 

A2 is a general k x n matrix. 

This type of problem is referred to as a pure or generalized processing 

network problem (6.1.1, 6.1.2 and 6.1.4) with'àdditionàl linear constraints 

(6.1.3). 

Sametimes we will simply call these additional linear constraints side 

constraints. 

The dual problem of 6.1.1-6.1.4 is given by 

6.1.5. maximize bi 1r1 + b21f2 - u'v 

6 .1.6. Ai 1f 1 + A2 1f 2 - " :S 0 

6.1. 7. " <!: 0 • 
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We have noted in sections 5. 2 and 5. 3 that we can adapt the Simplex PRON 

procedures of Chapters 3 and 4 in such a way, that they can be applied to 

qeneral LP-problems. Bence this can be done for LP-problems of the form 

6. 1. 1-6. 1. 4. aowever, then the transportation part of "\ in 6 .1. 2 would not 

he ~xploited fully. For problems of the type 6.1.1-6.1.4 it is natural to 

partition the coefficient matrix in a processing network part and a non

processing network part. We note that in many practiral situations the non

processing network part is small in comparison wi th 'Çhe processing network 

part (i.e., m » k, cf. GLOVER & KLINGMAN [1981]). 

In Section 6.2 we discuss pure processing networks with side constraints. 

First, we explain the way in which we will partition a basis. Secondly, the 

basis ~tructure will be exploited in a specification of the primal Simplex 

algorithm. Similarities and differences with the Simplex SON algorithm of 

GLOVER & KLINGMAN [1981] will be discussed. 

Finally, in Section 6. 3, we briefly denote how the contents of Section 6. 2 

can he generalized to qeneralized processing networks with side constraints. 

AS~ume that matrix A1 in 6 .1. 2 is associated wi th a pure processing network 

as described in Chapter 3. 

First we will explain the structure of a basis. 

6.2.1. Basis structure 

. Without loss of generality we cán take the following assumptions. 

ASSUMPTION 6. 2. 1. The Pank of matl"i:x: A1 in 6. 1. 2 equa ls (m - 1) 

ASSUMPTION 6.2.2. The roank of matri:x: 

6.2.1. 

equals (m- 1 +k). 
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The columns of matrix Á ih 6. 2. 1 are, associated wi th the transportation, 

refining and blending processes of the processing network G(N,A). As in. 

pure networks (Section 2.4) and in pure processing networks (Section 3.3) 

we introduce a single artificial variable with associated vector - eio Ci0 
arbi trarily chosen from the set { 1, ••• ,m} l . Then i t can easily be proved 

that matrix 

6.2.2. Á] 

has rank (m + k) • 

Let B denote a basis of A*. Then B can be partitioned as: 

6.2.3. 

where s 11 is a square nonsingular submatrix of [-ei
0 

A1J of order m. Note 

that the column - eio is always present in a 11 • 

We observe that s 11 describes a basis for the pure processing network 

problem 6;1.1, 6.1.2 and 6.1.4. 

Suppose B11 contains (m- q) transportation columns, including the slack 

column, and q refining and blending columns (0 s q s m-1). 

Let matrix T denote the matrix representation of a representative forest, . 

as defined inSection 3,5. The columns of T are sequenced in the same way 

as the corresponding columns of B11 • 

According to 3.5.2 we can write: 

6.2.4. 

· with 

6.2.5. p 

where 

I is the i den ti ty matrix of order (m - q) , 

Q is a (m-q) x q matrix, and 

R is a square nonsingular matrix of order q. 

With respect to matrix a 12 in 6.2.3 we assume that it contains (k-g) 

transportation columns and, consequently, q refining and blending columns 

(0 s; q s k) • 
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Matrix B in 6. 2. 3 can also be wri tten as: 

6.2.6. 

where 

6.2.7. 

lri 
wJL 

In the,subsequently discussed Simplex algorithm we will use two working 

bases, namely R in 6.2.5 and Win 6.2.7. Ris called the processing working 

basis and W the general working basis. 

6. 2. 2 o The Simplex algori thm for thè minimal èöst flóW J(róblèlil in a pure 

processing·network with additional linear oonstraints 

In this subsectien the essential steps of the Simplex algorithm will be 

explained in the same sequence as in Section 2 o 3. 

It is 115sumed that the representative forest, associated with matrix T in 

6o2.4 and the inversesofRand Win 6,2.5 and 6o2o7 are kept stored in 

some convenient way. 

Other quantities, which are required in the steps of the Simplex algorithm, 

are determined when needed by means of pure-network techniques or pure 

processing-netwerk techniques. This will become apparent in discussing the 

distinct steps of this Simplex algorithm. 

Initialization 

Assuming that b2 in 6.1.3 satisfies b 2 ~ 0, the starting basis can be chosen 

as: 

6.2.8o 

where B11 represents a rooted spanning tree, ~taining only transportation 

arcs, as obtained by the procedure in Bubseetion 3.4.6. Needless to say 

that all columns of this matrix S may be artificial ones. Comparing 6.2.8 

and 6.2.7 we see that the general working basis is the identity matrix. 

Moreover, P in 6.2.5 is also a unit matrix: initially the processing working 

basis has size zero. 
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1. Determining the Simplex multipliers 

Let [ei c2J be the partitioning of the basic part of the cost vector c in 

6. 1. 1 , compatible wi th the parti ti on of B in 6. 2. 3. In order to find the 

Simplex multipliers we must solve the system: 

6.2.9. 

Considering 6.2.6, the computation of [~i w2] can be split up in two 

portions. 

First,determine [Si 62] from: 

6.2.10. 

Formula 6.2.10 reduces to: 

6.2.11. e• 
1 

c' 
1 

-1 Note that the expression T B12 can be evaluated by pure-netwerk techniques 

(Section 2.4). 
-1 

Moreover, ei P can be determined as in pure processing networks, in the 

way explained in Subsectien 3. 4. 4. We note that P -l can be wri tten as in 

3.4.3~ as the subsequent discussions in steps 5 and 7 will show. 

Secondly, [wi ~2] can be found from 

6.2.13. [1T' 
1 

which reduces to: 

6.2.14. ~· 2 

6.2.15. 

J = [6' 
w 1 

ap , 

The expression in 6.2.15 can be evaluated as explained in Bubseetion 3.4.4. 
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2. Calculate the reduced costs 

Th'e reduced cost vector ë can be determined from 

ë • '~~''A + '~~''A - c 1 1 2 2 

3. Perform the optimality test 

If ëj ~ 0 for all nonbasic variables at their lower bound, and 

if ëj ~ 0 for all nonbasic variables at their upper bound, 

the current solution is optimal and the algorithm stops. 

4.' Choose the nonbasic variable to enter the basis 

Let I denote the index set of all nonbasic variables which vlolate the 

optimality test in step 3. 

Choose a variable XJt• k € I, to enter the basis. The column of A associated 

with XJt is given by [:;:]. 

5. Find the representation of the entering column in tetms of the basis 

Let [~;:] denote the representation vector of [:;:] iri termsof B. This 

means that [Y1k] can be evaluated from 
Y2k 

6.2.16. 

Again we do this in two stages. 

First, solve: 

6.2.17. 

which leads to: 

6.2.18. 

6.2.19. 

The vector y lk can be determined as in pure processing networks (see Sub
-1 

section 3.4.1). Note that in doing this, matrix P is partitioned as in 

3.4.37. 
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Secondly, solve: 

6.2.20 

which reduces to: 

6.2.21. 

6.2.22. 

-1 -1 
We can evaluate the expression P T :a12 y2k in 6.2.22 from right to left. 

-1 
Note that for P the partitioned fo:rm, obtained in dete:rmining y lk in 

6.2.18, can be used. 

6. Perform the lllinimal ratio test 

We can perform the minimal ratio test in the standard way, described in 

Beetion 2. 3. Buppose that x wi th eerrasponding column r a1sl leaves the 
s La2sJ 

basis. 

7. Update 

The value of the objective function and the activity levels of the basic 

variables can be updated in the standard fashion (see Beetion 2. 3) • Updating 

the working bases is more complex. 

Let the vector ~ of basic variables be partitioned as [:~] , compatible 

with the partitioning of B. 

Using the same te:rminology as in HARTMAN & LASDON [ 1972] and CHEN & BAlGAL 

[1977], we call the variables in x
1 

key variables, those in x
2 

non-key 

variables. 

In perfo:rming the basis change two cases are distinguished. 

A. the leaving variable x
5 

is a non-key variabie 

In this case the new basis B can be written as: 

6.2.23. B 

where both s12 and B22 differ from s12 and s22 by exactly one column: 

column ratsl is replaced by ralk]. 
La2sJ La2k 
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The new general working basis W satisfies (see 6.2.7): 

6.2.24. 

which differs from W in only one column. The column of W which is not 
-1 

con~ained in Wis given by a 2k- s21 s 11 a 1k. The representation of this 

column in termsofWis given by the vector y
2
k, determined in 6.2.19. This 

' ·-1 
can immediately be observed from 6.2.18 and 6.2.19. This means that W can 

-1 be found by performing the standard pivot oparation directly to w . 
Since s 11 and s21 are not changed, the representative forest and the inverse 

of the processing working basis do not change either. Note that this inverse 

can be written in block triangular form obtained in determining y 1k in 

6.2.18. 

B. the leaving variable x6 is a.key~variable 

The new basis B can be wri tten as 

6.2.25. 

where 811 and 821 differ from s 11 and s
21 

by exactly one column. 

!n this case it can happen that 811 is sinqular. Note that 8
11 

is non

sinqular iff the coefficient of Ytk in 6.2.18, which corresponds to the 

leaving basic variable 1 is nonzero. If :811 is nonsinqular 1 we ob serve that 

W satisfies the following eXpression: 

6.2.26. [ ~ ] 
t 
s 

·-1 
Hence, W cannot be found by just performing a pivot operation. 

·-1 
In order to update the basis inverse B we use a two stage approach, 

proposed earlier by a.o. HARTMAN & LASDON [ 1972] and CBEN & SAIGAL [ 1977]: 

(a) If possible, interchange column ratsl with some non-key column ratt], 
La2sJ La2t 

such that the resulting matrix s 11 is nonsinqular. 

(b) If an interchange has taken place the situation is now that a non-key 

column leaves the basis. 

Hence the rest of the work can be done according to case A described 

above. 
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We will call the step under (a) the interchange phase and explain it next 

in detail. 

Interchange phase 

The theoretical background for an interchange as meant under (a) is 

described in CHEN & SAIGAL [1977]. Here only the results are stated. 
-1 Let À' denote the s th row of B
11 

B
12

• 

Distinguish the two possible cases: 

(a) À is a zero vector. 

(B) 

Then no interchange as meant under (a) is possible. However, observe. 

from 6.2.26 that W = W, which means that the inverse of the general 

working basis does not change. 

Note that Ê11 in 6.2.25 must be nonsingular. 

The inverse of the processing working basis and the new representativè 

forest can be determined in the way of Section 3.5. 

À is not a zero vector. 

Then ralsl canbe interchanged with 
La2sJ 

ing coefficient in À is unequal to 

By interchanging ra 1 s] and ra 1 t] I 
4 La2s La2t 

shows that w- 1 can be found from 

1 

1 

any ral t] for which the correspond
La2t 

zero. 

the analysis in CHEN & SAIGAL [1977] 

6.2.27. w-1 1 -1 
r-----------------~w 

-À' 

1 

1 

-1 After determining B11 a.1t as in pure processing networks, the inverse of 

the processing working basis and the new representative forest can 1be 

updated using the procedures of Section 3.5. 

After the basis change the Simplex algorithm proceeds with step 2. 

This completes the description of the Simplex algorithm. 



138 

6~2.3. Maximizing the number of tran~portatiort proeesses·eontained in B11 , 

given B 

Concerning matrix B11 in 6.2.3 the only requirement in the previous sub

section is ~at B11 denotes a square nonsirtgular matrix. Here we discuss 

how we can maintain the number of transportation processes in B11 as large 

as possible, given the basis B. 

The desirability of keeping the transportation part of B11 , given B, as 

large as possible is quite obvious: 

- manipulating with transportation processes is easier than with refining 

or blending processes. 

- given a basis, the size of the processing working basis is as small as 

possible. 

Except for storage requirements this may save time in performing the steps 

of the Simplex algorithm of the previous section. 

We will first derive a necessary and sufficient condition under which the 

numb~r of transportation processes in B11 is maximal, given a basis B. 

Furthermore we will present some modification rules for the update step of 

the Simplex algorithm in Subsection 6.2.2, which guarantee that this con

dition is satisfied in every iteration of this Simplex algorithm. 

Consider the matrix B1: 

6':2.28. 

B11 and B12 are already introduced in formula 6.2.3. B11 is square non

singular and denotes the key part of the basis. B12 describes the non-key 

part of the basis. 

We can partition B1 in 6.2.28 somewhat further: 

6.2.29. 

with: 

T B11 an m x (m-q) matrix denoting the key transportation processes, 

p 
B11 an m x q matrix denoting the key refining and blending processes, 

T B12 an m x (k-g) matrix denoting the non-key transportation processes, 
p 

B12 an m x g matrix denoting the non-key refining and blending processes. 

For q and g the following expresslons hold: 0 s q s m-1 and 0 s g s k. 
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As made clear in Section 3.3, matrix B~1 is associated with the {q + 1) trans

portation trees of the representative forest. Using Theerem 3.4.4 of Sub

sectien 3.4.1 we can prove the following theorem; 

TBEOREM 6.2.3. Given the basis B~ and the fact that a11 is nonsingu~~ the 

nwrber of transportation processes in B~1 is ma:x:irnal iffevery transpol'tation 

process contained in B~2 is incident to only one tl'ansportation tree of the 
representative forest. 

PROOF. If q = 0 or g = k the statement is trivially true. 

Consider the case that q > 0 and g < k. We first prove the "only if" part 

and then the "if" part. 

Consider a transportation process (i0 ,j0) in B~2 which is incident 

to two transportetien trees. Let its corresponding column in the A1 part of 

A in 6.2.1 be given by a. Consider the representation vector y of a in 
-1 

terms of B11 , i.e., y = B11 a. Theerem 3.4.4 says that there is at least 

one refining or blending process in a11 which bas a nonzero coefficiènt in 

the representation vector y. Consequently, column a can be interchanged 
p 

with a column of a 11 such that the new a 11 is again nonsingular. Hence we 

see that in performing such an interchange the number of transportation 

processes in a 11 increases by one and the current number of transportation 

processes in a 11 cannot be maximal. 
T Suppose that every transportation process in a 12 is incident to only 

one transportation tree. Consider such a process (i0,j0), with corresponding 

column a in the A1 part of A in 6.2.1. Theerem 3.4.4 makes clear that a can 

be written as a linear combination of columns in B~1 only. Hence we can 

only interchange column a with a column currently contained in B~1 (that is, 

if we want to keep the new a 11 nonsingular). Note that in performing such an 

interchange the numberof transportation processas in a11 remains the same. 

Moreover, note that if we would perferm such an interchange, the nodes i 0 
and jo both still beleng to ene transportation tree. Hence there is no use 

in considering a number of subsequent interchanges in order to achieve a 

new a11 with more transportation processes then the current one. D 

We can use Theerem 6.2.3 to accomplish that, in every iteration of the 

Simplex algorithm of the previous subsection, the number of transportation 

processes in a 11 is maximal. For this purpose we only have to adapt the 

update step of the Simplex algorithm. Note that, in using the initialization 
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discussed in Subsection 6.2.2, s 11 ·initially consists of transportation 

processes only. 

Consider the described possibilities of the update step in Subsection 6.2.2. 

~performing the basis update consider the two possible cases 

(a), a transportation process has entered the basis 

Determine whether this process is incident to two different transporta

tion trees • 

.!!. so, determine its representation in terms of s 11 and perform an 
p 

interchange with a column of the s11 part. Update the working bases 

and the representative forest in the way described earlier. Obviously 

the size of the processing working basis is reduced by one. 

Otherwise, keep the partition in the way it is now. There is no use in 

inspecting the other transportation processes currently contained in 
T the s 12 part, since they all still have entries in only one trans-

portation tree. 

{b) a refining or blending process has entered the basis 

Here no favourable interchange is possible. 

B. The leaving variable xs· is a key variable 

Consider the interchange phase 

(a} -1 vector ). 1 (the s th row of s11 s 12) is a row of zeros. 

No interchange is possible, 

(b) vector À' is not a row of zeros 

(«) a transportation prooess leaves·the basis 

This leaving transportation process corresponds to a transportation 

are which is contained in some transportation tree, say T1 • In 

leaving out this are the transportation tree T1 splits up in two 
1 2 new trees, say T1 and T1 • Test whether there is any transportation 
T 1 2 

prooess in the s 12 part, which is incident to both T1 and TR. • 

.!! so, interchange the oorreeponding non-key variable with the 

leaving xs' 

Otherwise x . must be interchanged wi th a non-key refining or 
s 

blending process. 
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(8) a refining or blending process leaves the basis 

In this case xs can only be interchanged with a non-key refining 

or blending process. 

Note that in all possible cases we have to perferm at most one additional 

interchange of columns.in order to accomplish that the number of transporta

tion processes in Bi1 is maxima!, given the basis B. 

As miqht be expected, the size of the processing werking basis increases by 

one, remains the same or decreasas by one in every iteration of the Simplex 

algorithm. 

6.2.4. An extension and a·co!Parison·with'Simplex SON 

We have noted in Sectien 5. 3 that the Simplex PIIDN appraoch of Sectien 3 .• 5 

can be adapted to solve problems of the ferm 5.1.1-5.1.3,5.3,1. Hence we 

immediately see that the approach of the Subsectiens 6.2.2 and 6.2.3 can in 

fact be applied to LP/embedded- pure -netwerk problems. These are LP

problems of the ferm 

6.2.30. 

6.2.31. 

6.2.32. 

6.2.33. 

6.2.34. 

A11 x1 + A12 x2 = b1 

A21 x1 + A22 x2 b2 

where matrix A11 is an m x n matrix, which reflects a pure netwerk 

structure, and A12 , A21 and A22 are general matrices. The number of 

constraints in 6.2.32 is k. 

· GLOVER & KLINGMAN [1981] developed the Simplex SON algorithm to solve LP

problems of the form 6.2.30-6.2,34. It appears that the Simplex PRON 

approach of this sectien and Simplex SON use similar ideas at several 

points. At other points they are different. We briefly discuss the 

differences and similarities between the current Simplex PRON approach and 

Simplex SON, 

In the Simplex PRON procedure we gave a processing netwerk interpretation 

to the columns in A12 in 6.2.31. We developed a partitioning for a basis in 

such· a way that we could work with two werking bases and the representative 
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forest. The general working basis has a fixed size k (i.e. 1 the number of 

constraints in 6.2.32). The processing werking basis has a variaqle size q 

, (i.e. 1 the number of non transportation processas in B 
11

) 1 and is maintained 

in block triangular form. 

In Simplex SON however, the columns in A12 are considered as arbitrary 

columns. The partitioning of a basis is such that all the steps of this 

algorithm can be performed by a single werking basis, and the so--called 

master basis tree. In the same situation as described abeve fer the Simplex 

PRON algorithm1 the werking basis in the Simplex SON algerithm has a 

variable size (k +q). This werking basis is not maintained in block 

triangular ferm. 

The master basis tree is in fact the same concept as the representative 

forest, which we used: if we introduce an additional node (m + 1) (GLOVER & 

KLINGMAN call it the master root) and replace the root-arcs of the trans

pertation trees in the representative forest by arcs frem node (m+l) to 

the roots of these transportatien trees, we have in fact a master basis 

tree. 

Finally we note that GLOVER & KLINGMAN [1981] develeped similar ideas,as we 

did for maintaining the number of transportation processes in B11 as large 

as possible, given B (Subsection 6.2.3). 

We can easily generalize the ideas of Sectien 6.2 in order to solve 

generalized processing netwerk problems with additional linear constraints. 

Whenever pure-network techniques or pure processing-netwerk techniques were 

used in that section,they should be replaced by generalized-network 

techniques or generalized processing-netwerk techniques as explained in 

Sectien 2.5 and Chapter 4. 

such an approach can be used to solve LP/embedded-generalized netwerk 

p'roblems of the form 6. 2. 30-6. 2. 34 where matrix . A11 in 6. 2. 31 denetes a· 

generalized netwerk structure. 

Finally we note that we can keep the transportation part in s 11 as large as 

possible in a similar way as done in Subsectien 6.2.3. 

Using Theerem 4.4.3 we can prove a similar theorem as Theerem 6.2.3. 
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7. APPLICABILITV ANO EXPECTE1J COMPUTATIONAL RESULTS 

This final chapter briefly discusses where the procedures developed can be 

applied in solving real-world inqustrial or managerial problems. Also the 

expected computational performance is considered. 

7. 1 • AppUca.IJLUty 

A first class of problems to which the processing network procedures can be 

applied are of course those which have a natural meaning as a processing 

network problem {with or without additional linear constraints). 

In Chapter 1 the following fields of application are already mentioned: 

1. production scheduling in process industry, 

2. assembly models, 

3. energy models, 

4. economie models. 

With respect to the latter class we note that they often can be regarded as 

so-called ·(pre-) Leontief substitution models considered a.o. by VEINO'!'T 

[1968] and KOEHLER, WHINSTON & WRIGHT [1975]. 

A Leontief matrix has the proparty that it contains exactly one positive 

element in each column. Consequently, a Leontief substitution problem can 

be seen as a generalized processing network problem with positive multi

pliers and only refining nodes. 

Another class of problems which can be interpreted as processing network 

problems is the class of 

5. Markov-control problems, 

where quite obviously transition probabilities correspond to processing 

coefficients in a processing network. It is remarked that Markcv-control 

problems can often be considered as (pre-) Leontief substitution models, 

see KOEBLER, WBINSTON & WRIGHT [1975] 1 see also KALLENBERG [1980]. 
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~ Secondly, the procedures developed can' in principle be applied to LP/ 
' -

embedded pure or 9éneralized netwerk eróblems (see Subsectien 6.2.4 and 

Sectien 6.3), since they put an emphasis on exploiting single commodity 

netwerk structure. T)lere are many practical LP-problems which have a 

relatively large embedded network component. As GLOVER & KLINGMAN [1981] 

put it: 

"In general it is our experience that most large-scale LP-problems involving 

production scheduling, physical distribution, facility location, personnel 

assignment or persennel promotion contain a large embedded network component, 

somatimes consisting of saveral smaller embedded networks." 

Thirdly, as already pointed out in Chapter 5, the procedures of Chapters 3 

and 4 can in principle be used as a sparse matrix approach for 9éneral 

LP-problems. They fit very well in the "compact-inverse" vision of BASTIAN 

[1980]. 

Finally,we refer to a case study performed by the working group "Financial 

Planning and OR" of the Dutch OR-Society (SOR), KOENE et al. [1981]. 

This study conaiders an LP-formulation of the bank balenee problem of a 

general Dutch bank corporation. It is a multiperiod model with certain 

network flow characteristics: assets can be put out and liabilities can be 

attrac~ed for a number of periods, such that their totals are in balance in 
' .each period. However, a bank is not totally free to do this as it pleases 

but has to satisfy certain requirements wi th respect to liquidity, 

solvability etc. The study shows that it is very well possible to picture 

out the structure of this model by means of a generalized processing

netwerk diagram (cf. the discuesion on visualization in Sectien 5.4). 

7. 2 • Expeeted (!J)mputa.:ti.cmal Jtet. u..f.,U 

Unfortunately at this time no computational results can be reported, simply 

because no implementation has been carried out yet. 

Nevertheless, in view of the fact that the approaches here are much in the 

same spirit as the Simplex SON approach of GLOVER & KLINGMAN [ 1981] and the 

fact that in addition the typical processing network structure is used 

(block triangularization) we expect that the approaches developed here 

should perform better than Simplex SON. GLOVER & KLINGMAN report encouraging 

preliminary results on some special classes of. LP/embedded-pure-network 

problems, but stress that an exhausti ve computational study is required 

before any serious conclusions can be drawn. 
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SAMENVATTING 

In veel bedrijfskundige situaties komen problemen voor die neerkomen op het 

vinden van een zo goedkoop mogelijke goederenstroom door een netwerk. Soms 

geldt "de wet van behoud van stroom" in elke knoop en elke tak van het 

netwerk. Men spreekt dan van een zuiver netwerk. In andere gevallen, aange

duid als gegeneraliseerde netwerken, kan de hoeveelheid stroom door een 

netwerk tijdens het transport door een tak of knoop proportioneel afnemen 

(denk bijvoorbeeld aan lekkage, conversieverlies) of toenemen (bijvoorbeeld 

rentewinst). Bovendien gelden veelal capaciteitsbeperkingen ten aanzien van 

de hoeveelheid stroom die door een tak of knoop mag gaan. 

we beschouwen in dit proefschrift zogenaamde procesnetwerken. Het specifieke 

in een procesnetwerk is de mogelijkheid tot opsplitsing van een stroom in 

gegeven proporties in een aantal componenten {een raffinageproces), of 

omgekeerd, tot proportionele samenvoeging van een aantal componenten {een 

mengproces). Daarnaast gelden in een procesnetwerk dezelfde eisen als in 

een z~ver of gegeneraliseerd netwerk. 

Met behulp van procesnetwerken kunnen raffinage- en mengprocessen, die in 

de procesindustrie een grote rol spelen, worden gemodelleerd. Maar.niet 

allee~ in de procesindustrie komen procesnetwerken voor, het typische 

procesnetwerkkarakter treft men ook aan in energie-, assemblage- en 

economische (input-output) modellen en in Markov beslissingsproblemen. 

De vraag die wij ons stellen is: hoe kunnen we op efficiente wijze een 

optimale stroom bepalen in een procesnetwerk. Allereerst wordt opgemerkt 

dat een procesnetwerkprobleem kan worden opgevat als een Lineair Program

meringaprobleem en derhalve kan worden opgelost met behulp van standaard 

LP-technieken. De, in de praktijk voorkomende, procesnetwerkproblemen zijn 

echter van een dermate grootte dat het oplossen van dergelijke probiemen 

met behulp van standaardtechnieken veel computertijd en geheugenrui.lnte 

vergt. Daarom onderzoeken we in dit proefschrift hoe we de (proces)netwerk

structuur kunnen benutten bij het. oplossen van procesnetwerkproblemen, met 

als voornaamste doel: besparing van benodigde computertijd en geheugenruimte. 
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Voor zuivere en gegeneraliseerde net~erken zijn in de laatste jaren in dit 

opzicht zeer efficiënte specialisaties ontworpen van het primaire Simplex 

algoritme. Hierdoor gemotiveerd beschouwen wij primaire Simplex algoritmen 

voor verschillende typen van procesnetwerkproblemen, waarin de (proces) 

netwerkstructuur wordt uitgebuit. 

In hoofdstUk 1 worden procesnetwerken geïntroduceerd. Tevens wordt een over

zicht gegeven van de historische ontwikkelingen ten aanzien van netwerk

stromingsproblemen in het algemeen, en zuivere en gegeneraliseerde netwerk

problemen in het bijzonder. 

Achtergrondinformatie die van belang is voor de ontwikkeling van oplossings

methoden voor procesnetwerkproblemen wordt gegeven in hoofdstUk 2. Begrippen 

die in netwerken een rol spelen worden geïntroduceerd. Verder wordt het 

primaire Simplex algoritme voor algemene LP-problemen beschreven. Tenslotte 

wordt aangeduid hoe de netwerkstructuur in zuivere en gegeneraliseerde 

netwerken kan worden geëxploiteerd in specialisaties van het algemene 

primaire Simplex algoritme. 

Hoofdstuk 3 behandelt de zogenaamde zuivere procesnetwerken. Dit zijn 

netwerken waarin behalve aan de typische procesnetwerkeisen, ook voldaan 

moet worden aan de voorwaarden die gelden in een zuiver netwerk. Een tweetal 

LP-formuleringen voor het optimale stroom probleem in zo'n netwerk worden 

gegeven. De netwerkstructuur wordt gebruikt voor het karakteriseren en 

partitieneren van een basis. Het voordeel hiervan is dat belangrijke onder

delen van het Simplex algoritme kunnen worden uitgevoerd met behulp van 

technieken die ontwikkeld zijn voor zuivere netwerken. Tevens is echter de 

inverse van een zogenaamde werkbasis vereist, die wordt bijgehouden in 

bloktriangulaire vorm. De dimensie van de werkbasis is variabel en gelijk 

" aan het aantal raffinage- en mengprocessen in de basis. 

Vervolgens worden in hoofdstuk 4 gegeneraliseerde procesnetwerken beschouwd. 

Dit zijn netwerken, waarin behalve aan de typische procesnetwerkeisen ook 

voldaan moet worden aan de voorwaarden die gelden in een gegeneraliseerd 

netwerk. In dit hoofdstuk wordt aangetoond dat de inhoud van hoofdstuk 3 

eenvoudig gegeneraliseerd kan worden tot dit type van procesnetwerken. 

De relatie tussen algemene Lineaire Programmering en procesnetwerken wordt 

behandeld in hoofdstuk 5. Allereerst laten we zien dat een algemeen LP

probleem direkt te interpreteren is als een gegeneraliseerd procesnetwerkl 

probleem. De techniek, die in hoofdstuk 4 ontwikkeld is, kan dan ook in 

principe worden gebruikt voor het oplossen van algemene LP-problemen. De 

relatie met, uit de literatuur bekende, sparse matrix LP-aanpakken wordt 

besproken. 
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Verder wordt aangetoond dat elk LP-probleem te transformeren is naar een 

zuiver procesnetwerkprobleem, zij het dan dat de grootte van het probleem 

in het algemeen toeneemt. 

In praktijksituaties worden naast de procesnetwerkeisen vaak voorwaarden 

gesteld die niet direkt te beschrijven zijn in termen van netwerkstromen. 

Zij Vragen dan ook om een aparte behandeling. In hoofdstuk 6 worden daarom 

procesnetwerkproblemen met additionele lineaire constraints beschouwd. 

OOk voor dergelijke problemen is het mogelijk de netwerkstructuur uit te 

buiten in specificaties van het primaire Simplex algoritme. Daarbij spelen 

de in hoofdstukken 3 en 4 ontwikkelde technieken een belangrijke rol. 

Tenslotte wordt in hoofdstuk 7 ingegaan op de toepasbaarheid van de in dit 

prpefschrift ontwikkelde oplossingsmethoden. Gefundeerde uitspraken over de 

efficiêntie van de beschreven procesnetwerkalgoritmen kunnen op dit moment 

nog niet gedaan worden, eenvoudigweg omdat zij nog niet ge!mplementeerd 

zijn. 
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I 

Een gegeneraliseerd netwerk met positieve multipliers kan dan en slechts dan 

door middel van schaling getransformeerd worden tot een gegeneraliseerd 

netwerk waarin alle multipliers positief en niet groter dan 1 zijn, als 

in het netwerk geen genererende circuits voorkomen. 

[1] KOENE, J., Sealing a network with positive gains toa lossy or gainy 
network, Memorandum COSOR 79-18, Eindhoven Univarsity of 
Technology, Eindhoven, 1979. 

II 

Beschouw een gerichte en samenhangende graph G(N,A), waarin het volgende 

maximaal-flow probleem is gedefinieerd: 

maximaliseer f 

r xij + r xji "'-ai f i € No 
jtA(i} je:B (i} 

( 1) 

0 i E: N\ {NO U {t}} 

f i = t 
(2) 0 !!> xij s u ij (i ,j) e A , 

waarin N0 s N, N0 ~ ~ en voer alle i e N0 : ai > 0 met rie:Noai = 1. 

Een flow f,{xij} wordt toegelaten genoemd, indien fen xij' (i,j) e A, 

voldoen aan (1) en (2). 

Verder wordt een pad van knoop i naar knoop j - aangegeven door (i , ••• , j) -

onverzadigd genoemd, indien voor alle voorwaartse takken (k,JI.) in dit pad 

geldt l~JtJI. < ~JI. en voor alle terugwaartse takken (k,JI.): l~JtJI. > 0. Een pad dat 

niet onverzadigd is,wordt verzadigd genoemd. 

Een toegelaten flow f,{xij} is maximaal dan en slechts dan, als er een 

knoop i 0 e N0 bestaat zodanig dat elk pad (i0 , ••• ,t) verzadigd is. 



III 

Voor het in de vorige stelling geformuleerde probleem geldt de volgende 

generalisatie van het welbekende max flow - min cut theorema: 

Laat i
0 

e N0 voldoen aan de in stelling II gegeven voorwaarde voor het 

maximaal zijn van f. 

Definieer: 

X(i
0 ) := {j eN I 3 onverzadigd pad (i

0 , ... ,j)}+{i0 } 

i Ci
0

) := N \x {i
0
> • 

Dan geldt ten aanzien van de maximale f: 

[2] KOENE, J., Maximal flow throuqh a processing network with the souree as 
the only processing node, Memorandum COSOR 80-02, Eindhoven 
Uni vers i ty of Technology, Eindhoven, 1980. 

IV 

Met behulp van bekende eigenschappen van gegeneraliseerde netwerken kunnen 

de resultaten van ASPVALL & SHILOACH over het oplossen van stelsels lineaire 

vergelijkingen met twee onbekenden per vergelijking op een eenvoudige wijze 

worden afgeleid. 

[3] ASPVALL, B. & Y. SHILOACB, A fast algorithm for solving systems of 
linear equations with two variables per equation, Linear Algebra 
and its Applications 34 (1980), 117-124. 



V 

SCHAEPER bewijst dat het Lineaire Programmeringsprobleem: 

maximaliseer c'x 

Ax ::; b 

x ~ 0 , 

met A een niet-negatieve matrix, b > 0 en c > O, equivalent is met het 

vinden van een maximale stroom door een zuiver procesnetwerk, waarin alleen 

raffinageknopen voorkomen. 

Voor deze stelling kan een veel korter bewijs worden gegeven dan in het boek 

van SCHAEFER. Tevens kan worden aangetoond dat de eis c > 0 vervangen mag 

worden door: c willekeurig. 

[4] SCHAEFER, A., Netze mit Verteilungsfaktoren, Verlag Anton Hain, 
Meisenheim am Glan, 1978. 

VI 

In het algoritme dat CHEN & SAIGAL geven voor het bepalen van een optimale 

stroom voor een zuiver netwerk probleem met additionele lineaire beperkingen, 

komt het volgende deelprobleem voor: 

Beschouw een gerichte en samenhangende graph G(N,A). LaatTeen opspan

nende boom in G(N,A} weergeven en A1 een deelverzameling van A \T. 

Bepaal of een gegeven tak (i1 , j 1) t:: T voorkomt in de cycle die in T 

ontstaat door toevoeging van een tak in A1, en zo ja, bepaal dan of 

{i1,j1 l daarin als voorwaartse of terugwaartse tak voorkomt. 

De methode die CHEN & SAIGAL geven voor de beantwoording van deze vraag, doet 

kunstmatig aan en is bewerkelijker en minder voor de hand liggend dan die 

welke beschreven wordt in Remark 3.4.8 van dit proefschrift. 

[5] CHEN, s. & R. SAIGAL, A primal algorithm for solving a capacitated 
netwerk flow problem with additional linear constraints, 
Networks 7 (1977), 59-79. 



VII 

Bij de analyse van bedrijfssituaties, met behulp van Lineaire Programmerings

modellen, is het gewenst de specifieke structuur van dergelijke modellen 

te onderkennen en te gebruiken. 

VIII 

visualisering van de specifieke structuur in een mathematisch model kan een 

concreet instrument zijn om de communicatie tussen modelontwerper en be

slissingnemer te bevorderen. 

IX 

, Een christen verliest zijn identiteit,wanneer hij het gezag van de bijbel 

niet langer erkent. 

x 

Toptennis wordt als kijkspel aantrekkelijker, indien de lengte van het ser

vicevak aanzienlijk kleiner wordt gemaakt. 


