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Abstract Systems of superconducting coils can buckle whenever the
electric current through the coils exceeds a certain critical value.
A variational method which uses as admissible magnetic fields the
so-called Biot-Savart fields is presented. An evaluation for slender
systems of curved beams is given. The method is applied to a con
ductor in the shape of a flat spiral coil.

INTRODUCTION

A superconducting body in the shape of a slender curved
beam is placed in a vacuum and carries a prescribed current 10 • The
own field of the conductor, generated by 10 , causes large Lorentz
forces between the seperate parts of the conductor. Due to this the
system can become mechanically unstable and buckle whenever 10

becomes too large (10 > IOcr). In a series of earlier papers, [1] 
[3], the present author together with his co-workers presented two
methods for the calculation of the buckling current IOcr' The first
one is a variational method, the second one a more direct one start
ing from a formula for the Lorentz force on a conducting slender
coil that is derived from the law of Biot and Savart in a way as
shown in [4], Sec. 2.6. Both methods have been applied to calculate
IOcr for systems of parallel rods and rings ([2] - [3]). Comparison
of the results shows that under certain (moderate) restrictions the
agreement between the two methods is good. Since exact fields are
needed for the variational method as employed in our earlier papers
this is a mathematically exact but also very complicated method.
On the other hand the Biot-Savart method is less precise but easier
in use. An approach that combines the advantages of both methods
is presented here. This combined method is a variational one. How
ever, in this formulation an admissible set of fields is chosen on the
basis of the law of Biot and Savart. Since the differences between
our two previous methods were so small it seems logical to expect
that the combined method will also yield good results. Some of our
results indeed show that the correspondence becomes even better
when using the combined method. The combined method becomes
extremely simple when applied to slender spiral or helical coils. An
example of such a calculation will be given, but first we shall present
the main lines of the variational method and show how this leads to
the combined method.



MAIN LINES OF VARIATIONAL METHOD

The fundamental quantity in the variational method as pre
sented in [1] is the functional J, which is equal to

J=W-IlK, (1)

where W is the elastic energy of the deformed (buckled) body and
(/.Lo is the permeability in vacuum; we use summation convention
and ,i = 8j8xi)

I~K = - 2:0 f [(1/J + B 1c U1c),j (BjUiNi +1/JNj)]dS. (2)
8G

according to [3], Eq. (2.22) (here, we have already neglected some
terms that become small for slender systems). In (2), 8G represents
the boundary of the conducting body and N is the unit normal on
it. Furthermore, U is the displacement in buckling of the conductor,
B is the rigid-body magnetic field in the vacuum G+ and 1/J is the
perturbed (due to U) magnetic potential in G+. The displacement
U must be chosen in such a way that it is characteristic for the
deflection of the specific slender body under consideration and for
the type of buckling that is assumed to take place. The field B and
the potential 1/J have to satisfy the constraints (fields that satisfy
these constraints are called admissible)

i) curl B = 0 , x E G; B - 0 , Ix 1- 00;

ii)

(and Ampere's law) !(B, t)ds = /.Lolo
c

81/J =0, x E G+ i 1/J - 0 , I x 1- 00.

CEG+', , (3)

(4)

Our variational principle as presented in e.g. [3] states that
the first variation of J with respect to admissible U, Band 1/J must be
zero. On this basis we proceed as follows: we first choose admissible
fields Band 1/J and thereafter we take the first variation of J with
respect to U equal to zero. This leads us to an eigenvalue problem
from which Iocr can be calculated.



(6)

(5)

ADMISSIBLE FIELDS FOR SETS OF PARALLEL STRAIGHT
CURRENT CARRIERS

Consider one infinitely long straight current carrier (with e3
along the axis and x = xet + ye2 + ze3). Let R be a characteristic
measure of length for the cross-section of the rod and suppose that
the rod is periodically supported over lengths l. The rod is called
slender if 0 < 6 := RJI < 1. We only consider slender rods and
we neglect terms that are 0(62 ) with respect to unity. Finally, we
assume that the rod buckles in the et-direction, so that U = U(z let.

Application of the law of Biot and Savart to the undeformed
(for B) and to the linearly deformed rod (for 'l/J) yields the following
two admissible fields

B(x) = _J.loIo (yet - xe2) ,
21r (x2+ y2)

'l/J(x) = J.loIo ( 2
2y

2) U(z) [1 +0 (62)]
41r X +Y

It can be easily checked that Band 'l/J satisfy the constraints (3) and
(4), however 'l/J only up to O(62)-terms.

For a set of n parallel rods the admissible fields can be found
from (5) and (6) by simple superposition. Using these fields in (2)
we obtain for a set of n equidistant rods (distance between two rods
is 2a, a < I)

2 n n 1

I~K = J.loIo~ LL . 1 . 21 [U(i)(z) - UU)(z)f dz, (7)
321ra i=t ;=1 CJ - t) -I

j:f:.i

where U(i) is the lateral deflection in the plane of the rods (Le. in
the et-direction) of the ith rod, and

_ ( ) _ t-4m2 +!mf
_ 2 ._ R t

K - K m - (t_m2'2 - 1+O(m ),0< m .- 20 < '2 ' (8)

for a circular cross-section, radius R.
For W we can use the familiar expression for the elastic bending
energy of a slender beam. For n = 2 this yields a value for Iocr'
which is just in between the values from the Biot-Savart-method
(for which K = 1) and the exact variational method (cf. [2]).



SLENDER CURVED BEAMS

Let us consider a superconducting coil in the shape of a
slender curved beam like a (flat) spiral or a (straight or toroidal)
helix. We call the total structure slender if the distance 2a between
two branches is much smaller then some global measure of length b
of the structure (e.g. a radius of curvature of the central line or the
total length of the coil). Take two distinct branches (or turns) of the
spiral or helix, let Pl be a point on one branche and P2 that point
on the other branche that has the shortest distance to Pl. For the
structures we consider here, the tangent lines on the central lines in
Pl and P2 are (nearly) parallel. For slender systems, i.e. under the
neglect of terms of O(a/b) with respect to unity, this has the following
consequence: The contribution to the K -integral from a line-element
in Pl and due to the interaction with the other branche through P2

is equal to the one found for the case of two straight parallel rods
through Pl and P2 and tangent on the curve.

This statement was already checked in [3] for systems of two
rings and there proven to be true for small values of (a/b), where b
is the radius of the ring. With this we now have the disposal of an
easy algorithm to calculate the K -integral for such complex systems
as a helical or spiral conductor.



SPIRAL CONDUCTOR

A flat spiral of n turns is given by the following relation for its central
line

b(ep) = Ro + hep, 0 ~ ep ~ 2,m .

The distance between two adjacent turns is

2a = b(ep + 211") - b(ep) = 211"h •

The system is called slender if

a 1I"h
\1cpE[O,211'n] b(ep) = b(ep) ~ 1 .

(9)

(10)

(11)

When relevant, we take the cross-section circular, radius R(R < a).
We assume that the coil buckles in its plane and that the

pertinent displacement is given by (in polar coordinates)

u =u (ep) = U (ep)e,. +V (ep )ecp .

The spiral is taken inextensible, yielding

(12)

U(ep) +V'(ep) = 0 , ('=~) .
dep

(13)

The elastic energy due to in-plane bending is then (EI is the bending
stiffness)

211'n

1 J 1W = "2E1 b3 (ep)[U"(ep) +U(ep)]2dep.
o

(14)

A value for the K-integral can be obtained from the assumed
analogy with formula (7). To this end we introduce for ep E .ci, i E
[1, n], where .ci stands for the ith turn of the spiral, the pole angle ()
by

ep = 211"( i - 1) +() , 0 ~ () < 211" ,

and the displacement of .ci by

U(ep) = UCi)«()) = U(8 + 211"(i - 1)) ,

and, analogously,

beep) =bi(8) = b(O + 211"(i - 1)) =

= Ro{ 1 + ~o [211"( i - 1) +O]}

Replacing in (7): dz -+ bi(0)d8 and a -+ 1I"h we thus obtain

2 n n 211'

12K = J-LoloK. "" 1 f[UCi) _ U(j)]2b.dO
o 3211"3h2~~ (j _ i)2 ' ,

,=1,=1 0
j#:.i

(15)

(16)

(17)

(18)



where the integral must be taken with respect to L.i.
To obtain a numerical value for IoCf' we have followed the

following procedure:

i) We have discretized the displacement U (<p) in N + 1 points, the
nodal displacements being Ulc , k E [O,N], with Uo = UN = 0
(the spiral coil is simply supported in begin and end points).

ii) We have calculated the first variation 6J of J with respect to UTe
and put this equal to zero, yielding a linear eigenvalue problem
for UTe of the form

AIcl(IO)Ul=O, k,lE[1,N-1]. (19)

iii) The lowest eigenvalue 10 (following from det A = 0) is the looked
for buckling current 10 •

We worked out this scheme for a spiral coil for which hiRo =
0.01 and for some values of n. The results are shown in the Table
below in which

J.LoI5K~
A:= 481l"3 h2EI • (20)

More numerical results will be published in the forthcoming paper
IS].

TABLE 1. Normalized buckling currents for hiRo = 0.01 and for
some numbers of coils.
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