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Preface 

This thesis describes my research on coded modulation and related topics. The work was 
done at the Eindhoven University of Technology where I started in 1991. Most of the 
material in this thesis is based on the papers published during this period. In the order 
of appearence as preprints they are: 

1. Feng-Wen Sun and H. C. A. van Til borg, "A pproaehing Channel Capacity by 
Equiprobably Signaling on the Gaussian Channel", IEEE Trans. on Infonnation 
Theory, September. 1993. 

2. 0. Amrani, Y. Be'ery, A. Vardy, Feng-Wen Sun and H.C. A. van Tilborg, "The 
Leech Lattice and the Golay Code: Bounded-distance Decoding and Multilevel 
Constructions", To appear in IEEE Trans. on Information Theory; this paper is 
based on independent studies by Feng- Wen Sun and H. C. A. van Tilborg and by 
0. Amrani, Y. Be'ery, A. Vardy. 

3. Feng-Wen Sun and H. C. A. van Tilborg, "Improved Decoding Algorithms for 
MTCM Based on Certa.in Lattices", submitted for publication. 

4. Feng-Wen Sun and H. C. A. van Til borg, "Bounded-distance Decoding of the 
Nordstrom-Robinson Code", To appear in the collected papers in honour of J. L. 
Massey 

5. Feng-Wen Sun and H. C.A. van Tilborg, "More Efficient bounded-distance De-
coding of the Leech Lattice and the Golay Code", submitted for publication. 

Paper [1) discusses the design of signal sets for band-limited channels. The topics of [2) 
and [5), as indicated by their titles, concern the decoding of the Leech lattice; Papers (3) 
and [4) discuss the decoding of multidimensional trellis coded modulation schemes and 
soft decision decoding of the Nordstrom-Robinson code. 
The algorithm devised in [5) for decoding the Leech lattice is nearly two times more 
efficient than the previously best known algorithm. 
The modulation scheme proposed in [1) can, in principal, fully realize the potential shap
ing ga.ins without using any kind of shaping code and without causing any time delay. The 
algorithms proposed in [3) can reduce the cqmplexity of decoding MTCM by 8%- 48% 
depending on the specific MTCM. In [4), a bounded-distance decoding algorithm for the 
Nordstrom-Robinson code is presented, which is two times more efficient than the state 
of art decoder. The introduetion further expla.ins these topics. 

September 1993, Eindhoven 

Fengwen Sun 
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Chapter 1 

Introduetion 

In designing an efficient communication system, the most important consideration is 
optimum use of power and bandwidth to deliver message information reliably to users. 
Conventional channel coding increases the power efficiency by adding extra bits to the 
transrnitted sequence. This procedure requires the modulator to operate at a higher data 
rate and hence requires a larger bandwidth. For this reason, coding for error correction 
was once not popular on band-limited channels. The development and application of 
coded modulation as initiated during the past decade dramatically altered this situation. 
Channe! coding now is fully recognized as a practical technique for achieving dependable 
communications in power-lirnited, as well as in band-limited, channels. In present system 
design, co ding for error correction is an effective scheme to increase transmission efficiency 
in virtually all kinds of communication environments. 

The basic idea of coded modulation is to introduce redundancy into signa! space for 
the purpose of error correction. For a larger signa! set, a larger signa! power would be 
needed to maintain the same signa! separation. The gains achieved by coding offsets 
this penalty. In this way, very simple schemes can yield remarkable 'net' gains at no 
price in bandwidth [51]. In this thesis, as all the papers in this field, coding gain wil! be 
used to refer to the gain in signa! to noise ratio of coding system versus that of uncoded 
system with the same bandwidth and the same transmission rate. Since the publication 
of Ungerboeck's paper [51], the interest in this field has been growing explosively. A large 
number of papers are publisbed every year. There arealso some overview papers [25, 50, 
52]. In this introduction, only topics related to this thesis are reviewed. 

1.1 Leech lattice codes 

Both trellis coded modulation and multilevel block coded modulation are by now well 
known techniques. What is less known, however, are lattice codes. In a block coded 
modulation scheme, coded signals in Euclidean N-space can be regarcled as points in an 
N-dimensional space separated by at least the minimum squared Euclidean distance ofthe 
scheme. The object of the code design then becomes to pack as many points as possible 
into the N-dimensional space while still maintaining this ·minimum elistance between 
them. Therefore, it is not surprising that densest packing lattices can be employed to 
design coded modulation schemes. 

A N-dimensional latticeis a.n array of discrete points in Euclidean N-space that form an 
a!gebraic group under vector addition. A lattice code may be defined as the set of all 
points in a particular lattice that lie in soine beunding region. The asymptotical coding 
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when who how how good how many 
1986 Conway and Sloane Turyn construction optima! 55,968 
1988 Forney 256-state trellis decoder optima! 15,167 
1989 Lang and Longstaff Wagner decoding rule optima! - 10,000 
i989 Be'ery,Shahar,Snyders generalized Wagner rule optima! 6,129 

and look-up tables 
1993 Vardy and Be'ery Projection on hexacode optima! 3,595 
1989 Forney BD decoding of H,. with -0.1dB -2000 

ML Golay decoder of [44] 
with Golay decoder of [54] -1500 

1992 Sun, van Tilborg multilevel construction -O.ldB -1000 
Of er, Be'ery, Vardy 

1993 Sun, van Tilborg decoding 16 cosets -0.3dB 829 

Table 1.1: Decoding of the Leech lattice 

gain1 of a lattice code is determined by the sphere packing density of the associated 
lattice. It is rather easy to construct lattices with large asymptotical coding gains. 
Although the effective coding gains for dense lattices are degraded significantly by the 
large number of nearest neighbors to each lattice point, it has been shown [11] that 
channel capacity can be achieved by lattice codes. 
In lattice theory, there is one very exceptional entity, namely, the Leech lattice. The 
Leech lattice is the unique laminated lattice in 24 dimensions. All the best known lattices 
in dimensions up to 24 may be obtained as sections of the Leech lattice. Partitioning 
the space into the Voronoi regions of the Leech lattice produces the best known 24-
dimensional quantizer. Taking the points of the Leech lattice to be the centers of equal 
nonoverlapping spheres yields an extremally dense packing in its dimension, which is 
conjectured to be the densest possible packing in 24 dimension (18) . When used as a 
codefora band-limited AWGN channel, the Leech lattice offers a 6.02 dB asymptotical 
coding gain, while the effective coding gainis about 4 dB at the error probability around 
10-6 . In view of its prominence, it is not surprising that the Leech lattice was proposed to 
be used for communication over the Gaussian channel shortly afterit was discovered (9). 
However, it was the coded modulation schemes developed in recent years that inspired 
intensive research in the coding community. Finally, a 19.2kbits/s commerical Leech 
lattice modem was developed by Motorola in 1989. 
Motivated by its practical significance, the problem of decoding of the Leech lattice was 
intensively investigated in the last few years. In fact, the Leech lattice has become a kind 
of benchmark for decoding algorithms [21]. Conway and Sloane devised a decoder that 
requires approximately 56000 operations (17). Forney (19) used a 256-state trellis diagram 
to decode the Leech lattice with 15167 operations. In (36], Lang and Longstaff presented 
an algorithm that requires around 10000 operations. Lang and Longstaff's algorithm 
was employed by the Motorola modem. Their algorithm was the best known decoding 
algorithm when the modem was developed. Later, Be'ery, Shahar and Snyders (3) further 
reduced the decoding complexity to 6129. The latest Vardy and Be'ery algorithm involves 
3595 operations (53). In Table 1.1, we summarize these algorithms, which also provide 
an indication of the specific decoding technique employed in each case. All previously 
mentioned algorithms are maximum-likelihood decoding. Although maximum-likelihood 
decoding is interesting in its own right, in practice, it is advantageous to use a slightly 

1 Coding gain of a lattice code means the ga.in in signa! to noi.se ratio relative to rectangular cubic 
lattice and 'asymptotical ga.in is the ga.in when signa! to noise ratio tends to infinity. 
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when who how how good how many 
1986 Conway,Sioane [17] 128 cosets optima! 1614 
1986 Be'ery,Snyders [4] Fast Hadamud Transfarm optima! 1551 
1988 Forney [19] 64-state trellis decoder optima! 1351 
1989 Snyders,Be'ery [44] generalized Wagner rule optimal 827 
1991 Vudy, Be'ery [54] Projection on hexacode optimal 651 
1992 Sun, van Tilborg multilevel construction -0.1dB 455 

Ofer,Be'ery,Vardy using ML hexacode decoder 
1993 Sun, van Tilborg decoding 8 cosets -0.3dB 343 

Table 1.2: Soft-decision decoding of the Golay code 

suboptimal but much more efficient decoding algorithm. Forney was the first to present 
such a decodJng algorithm [21]. His decodJng algorithm involves only around two times 
the complexity of decoding the binary Golay code. 
In Chapter 2 and 3 of this thesis, multilevel constructions of the Golay code and the 
Leech lattice are devised. The standard definition of the Leech lattice (see Section 2.3.2) 
does have the flavour of multilevel constructions. Our construction appears to be the 
first nontrivial decomposition of the Leech lattice into a truly multilevel structure. Thus, 
besides the associated decodJng algorithms to be presented, these constructions should 
be also interesting in their own right. 
The algorithm in Chapter 2 involves only around 1000 operations. The algorithm in 
Chapter 3 requires 829 operations in the worst case, 709 operations on the average. 
The Leech lattice was known to be closely related to the Golay code from the original 
construction by Leech. Therefore, it is not surprising that reduction in the complexity 
of decoding of the Leech lattice was always accompanied by a comparable reduction in 
the complexity of soft-decision decodJng of the Golay code. Soft-decision decoding of the 
Golay code is also interesting in its own right. The binary Golay code itself has been 
reported to be employed in several existing communication systems, e.g., satellite control 
channels [54]. Thus, a table (Table 1.2) has also been included to show the progresses in 
decodJng the Golay code. 
Note that following the well-established convention in the liter at ure [17, 19, 23, 44], these 
algorithms are compared in terms of the total. number of real operations involved. To 
quote Blahut [7, p.278], "in the era oflarge-scale integrated circuits, structural simplicity 

· is at least as important as the number of arithmetic operations". We shall see that our 
new Golay code and Leech lattice decoders have very simple parallel structures. 

1.2 Signal constellations 

Signal constellation selection is of fundamental importance in the design of communi
cation systems. TradJtionally, the principle of designing signal constellations for the 
additive white Gaussian noise channel is to maximize the squared minimal Euclidean 
distance between signal points under power constraints. This principle yields asymptot
ically optimal constellations for uncoded systems as the signal to noise ratio tends to 
infinity. lt is well known that for the addJtive white Gaussian noise channel capacity can 
only be achieved by Gaussian distributed input. Thus, the aforementioned principle can
not be optimal for coding systems over a Gaussian channel. The gap is 1.53 dB [25](also 
see Chapter 6 of the thesis). 
The conceptually simplest solution would be to use nonequiprobable signaling. lt has 
been shown [25] that nonequiprobably signaling can easily achieve one dB gain. How-
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ever, the authors in [25) immediately commented:"the fact that the number of data bits 
transmitted per unit time is a random variable leads to system problems (e.g., buffering, 
delay) that may outweigh any possible improverneut in signal to noise margin". 
By going to higher dimensions and choosing signal points on an N -dimensional reetangu
lar lattice from within an N -sphere rather than an N -cube, the gap can be red u eed. As 
the constellation becomes more spherical, it implies a nonequiprobable distribution on 
the projective one-dimensional constellation. The gains obtained in this way are called 
shaping gains. It has been shown [25) that in the limit as N -+ oo an N -sphere can 
achieve 1.53 dB of shaping gain, and enforces a truncated Gaussian distribution on the 
projective one-dimensional constellation. 
Obviously, when N increases, directly addressing an N-sphere soon becomes impractical. 
Therefore a considerable amount of effort has been put into developing an algorithmic 
approach to generate high-dimensional sphere-like constellations which forma good com
promise between the complex.ity and energy efficiency. A typical example is a Voronoi 
constellation [23). Forney further extended the Voronoi shaping to constellations con
structed from trellis codes [24). This turned out to be a very effective way of shaping. 
Calderbank and Ozarow propos.ed achieving shaping gains by directly using lower di~ 
mensional constellations and enforcing a nonequiprobable distribution on the signal 
points [15). Their method divides the constellation into several subconstellations of 
equal size. A skaping code is employed to select subconstellations according to the de
sired probability distribution. The shaping codes result in an equiprobable signal set in 
high dimension. For instance, if the basic signal constellation is two-dimensional and a 
length 8 shaping code is used, it generates a 16-dimension equiprobable signaling scheme. 
Therefore Calerbank and Ozarow's method can also be viewed as an algorithmic way of 
generating higher dimensional shaping constellations. Since Calderbank and Ozarow, 
Forney's work, much further research has been stimulated [14, 31, 32, 35, 38, 37, 56, 58]. 
This field remains active. 
Certairily the most direct way of signaling is tó use a fixed low-dimensional signal set 
equiprobably. But the current view in the literature is that it is impossible to obtain 
channel capacity with this kind of signaling. In Chapter 6, we present a proof that chan
nel capadty can be achieved by equiprobable signaling in low dimension. The proof is 
constructive in that it also describes the nonuniform signal set that can achieve capacity. 
The signal set in use presents a Gaussian-like shape. We c·all this kind of shaping geo
metrical shaping. This result implies that it is possible to obtain shaping gains without 
using any kind of shaping codes and without causing any time delay. 

1.3 Other topics 

In Chapter 4, more efficient decoding algorithms for decoding lattice partitions are de
vised. They apply to the Viterbi decoding of multidimensional trellis codes based on 
these partitions. In (19, 20], trellis-based algorithms were presented for decoding the 
lattice partitions. The new algorithms can achieve about 50% reduction of the complex
ity of decoding the lattice partitions in terros of real additionsjcomparisons compared 
with the algorithms of (19, 20]. The complex.ity of the resulting overall Viterbi decoding 
algorithms still shows 8%-48% improverneut depending on the specific MTCM code. 
Chapter 5 discusses the soft-decision decoding of the Nordstrom-Robinsion code. The 
Nordstrom-Robinson code (see Chapter 5 fora definition) is a practical nonlinear double
error-correcting code. It can also be used as a vector quantizer for encoding random 
waveforms. Based on the two-level squaring construction of the Reed-Muller code, a 
bounded-distance decoding algorithm for the Nordstrom-Robinson code is given. This 
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algorithm involves 199 real operations, which is less than one half of the computational 
complexlty of any known maximum-likelibood decoding algorithm for this code [1). The 
algorithm also has exactly the same effective error coefficient as the maximum-likelibood 
decoding, so that its performance is degraded only by a negligible amount. 
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Chapter 2 

The Leech lattice and the Golay 
code: Multilevel Constructions 
and Decoding Algorithms 

2.1 Introduetion 

The present workis concerned with the Leech lattice and the binary Go!ay code. Both 
entities are quite exceptional. The Golay code C24 is the unique [24,12,8] binary code. It . 
is an extended perfect doubly-even self-dual code. In fact, it is the only binary extended 
perfect code with minimum distance greater than 4. 
The Leech Jattice A24 occupies an even more remarkable place among Jattices than the 
Golay code arnong the binary codes. It is the unique laminated Jattice in 24 dimensions. 
all the best known lattices in dimensions up to 24 may be obta.ined as sections of A24· 

The center density of A24 is 1, which is exceptionally high for its dimension(see [18]). 
The asymptotic coding ga.in of the Leech Jattice on the AWGN channel is 6.02 dB [19]. 
Both the Golay code and the Leech Jattice have been extensively studied [18]. There 
is huge amount of literature ava.ilable. The book by Conway and S!oane[18], which is 
devoted to the Leech Jattice, conta.ins more than fifty pages references! 
In view of their prominence, maximum-likelihood decoding of the Golay code and the 
Leech lattice has been intensively investigated. Various algorithms for maximum-likelibood 
soft decision decoding of the Golay code have been proposed by Conway and Sloane [17], 
Forney [19], Snyders and Be'ery [44], and Vardy and Be'ery [54], with complexities rang
ing form 1614 operations in [17] down to 651 operations in [54]. Since the Golay code 
and the Leech Jattice were known to be closely related from the original construction of 
Leech, it is not surprising that each successive reduction in the complexity of soft-decision 
decoding of the Golay code was often foliowed by a oomparabie reduction in the complex
ity of maximum-likelibood decoding of the Leech Jattice. Efficient maximum-likelibood 
decoders for the Leech Jattice have been devised by Conway and Sloane [17], Forney [19], 
Lang and Longstaff [36], Be'ery, Shahar and Snyders [3], and Vardy and Be'ery [53], with 
complexities ranging from 55968 operations in [17] down to 3595 operations in [53]. 
While the problem of maximum-likelihood decoding of the Golay code and the Leech 
lattice is interesting in its own right, in practice it may be rewarding to use slightly 
suboptimal but more efficient decoding algorithms. · 
In this Chapter, we wiJl derive new constructions of the Golay code and the Leech Jattice. 

0 This chapter is based on the paper with Amrani, Be'ery, Vardy and van Tilborg [2], "The Leech 
lattice and the Golay code:bounded-distance decoding and multilevel constructions". 
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Based on these constructions, a suboptimal soft-decision decoder for the binary Golay 
code is presented in Section 2.5. The proposed decoder requires only 455 operations on 
real values, as compared to 651 such operations for the best known maximum-likelihood 
decoder. The error-correction radius of the suboptimal decoder is equal to that of the 
maximum-likelihood decoder, thus, it will be called bounded-distance decading as usual. 
The error-coefficient increases by a factor of 1.47 from 759 to 1119, which implies a 
performancelossof less than 0.1 dB at error rates of the order of 10-6 .. 

A suboptimal decoder for the Leech lattice was first developed by Forney in (21). The 
computational complexity of Forney's original algorithm is somewhat less than 2000 op
erations. Since Forney's decoder is based on maximum-likelihood soft-decision decoding 
of the Golay code, the latest maximum-likelihood Golay decoder of (54) implies that its 
complexity may be reduced to about 1500 operations. This will be further reduced to 
about 1000 operations by directly using the bounded-distance decoder of Section 2.5. 
This increases the effective error-coefficient of the resulting decoder to 385872, which 
degrades the performance by less than 0.2 dB1 . 

To be clear on this topic, we note that the complexity of decoding is measured in terms of 
the total number of real additions and comparisons. In compliance with the convention 
established in the literature (17, 19, 36, 44, 54], we shall ignore such operations as memory 
addressing, negation, taking the absolute value, and multiplication by 2, as well as the 
checking of logica! conditions and modulo 2 additions. 

2.2 Basicsof Multilevel Coding and Multistage Decoding 

Multilevel coding was first introduced by Blokh and Zyablov (10] and called "generalized 
concatenated codes ." Zinov'ev generalized their coding scheme and obtained many of 
the best known block codes by using Reed-Solomon codes as component codes (61). 
Let a set partition chain be formed from At, A2 · · ·, Am+I, where A; is a linear code over 
an abelian group G ofblock length n1 , A;~ A;+l, IA;/Ai+tl = q; for i= 1,···,m. Let 
G; be a group isomorphic to A;/ A;+I and let 'Pi denote an isomorphism: 

'Pi : G; ,___,. A;/ A;+I; 

say, 'Pi maps G; to a set of coset representatives of the partition A;/ Ai +I· In the sequel, 
if the coset representatives are not specified, any choice of coset representatives will 
have the same effect. We will see examples in the next section in which the choice of 
coset representatives does lead to different multilevel codes . Using this notation and the 
linearity of the codes, the partition can be expressed as 

A;= U"(i)EG;(cp;(a(i)) + Ai+t) · 

Using the terminology of generalized concatenated codes, the partition codes A;(i = 
1,···,m) are called inner codes. 
We use m codes C;(i = 1,···,m) oflength n2 as component (outer) codes to forma 
multilevel code, where C; is a code over group G;. Taking one codeword from each 
component code, an array is formed as follows 

a1n
2 

) 
a2n2 ... ' 
amn2 

1 Computer simuition by Amrani Be'ery and Vardy shows that the actualloss is less than 0.1 dB over 
wide range of SN R's [2] 
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au a12 aln2 

a21 a22 a2,n2 

• • • 

antl ant2 anln2 

Figure 2.1: Diagram of an encoder fora multilevel code (see (60]). 

where each row (ail, a;z, · · ·, a;n2 ) is a codeword of the ith component code C;. The 
multilevel code is obtained by mapping each column a1ja2j · • • amj to a coset represen
tative of the Am+l (see Figure 2.1 ). Therefore, the multilevel code can be expressed as 
(Sb Sz, · · ·, Sn2 ), where 

The minimum distance is bounded by (60] 

dmin ~ 4 = min{d~m+l), d~i)d~i); 1 :$i:$ m}, 

where d~i) and d~i) is the minimum distance of the inner code A; and outer code C;, i= 
1, 2, · · ·, m. We will call 4 the designed minimum distance of the multilevel code. 
If each component code can be easily decoded, the multilevel code can aJso be easily 
decoded by means of the usuaJ multistage decoding. Let (S\, ···,Sm) be the received 
vector of the channel. The multistage decoding procedure can be described as follows . 

Step 1: Decode C1 with respect to the metrics ( distances) defined as 

where a E G1,d(·) is the squared Euclidean distance and the distance between two 
sets is defined as the minimum distance of any two points taken from different sets. 
Thus, a codeword (au, a12, · · ·, a1~) E C1 has metric 

(2.1) 

A decoding aJgorithm of C1 will find the codeword which minimizes (2.1). 

Step i: (i = 2, · · ·, m ). Let ( iin, ii12, · · ·, ii1n2 ) be the decoded codeword of C1( I = 1, · · ·, i-1) 
frorn Step I. Decode C; with respect to the metrics 
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In order to obtain x;.~:, actually we have to decode a coset of Ai+t· Thus, an efficient 
decoding algorithm of A; is also required in order to achleve fast decoding of the overall 
multilevel code. However, in all the cases concerned in thls thesis, the inner codes are 
extremely short so that they can be decoded trivially. 
In genera!, multistage decodingis not maximum-likelihood. However, it can guarantee to 
decode correctly whenever the received vector has distance to the transmitted codeword 
less than half of the designed minimum distance [28, 60). Thus, if the designed minimum 
distance is equal to the true minimum distance of the code, multistage decoding becomes 
bounded-distance decoding. Note that multistage decoding always produces a codeword 
as the output. We would like to remind the reader here that even if the received codeword 
drops out the error-correction radius, in general multistage decoding still has chance to 
emit the correct estimation. 

2.3 Multilevel Constructions of the Golay code and Leech 
lattice 

In thls section, we will present the new constructions of the Golay code and the Leech 
lattice. We shall start with the binary Golay code [24,12,8). 

2.3.1 The Golay code 

Our construction is basedon the partition chain [4,4, 1)/[4,3,2],[4,1,4]/(4,0,oo), where 
[4, 0, oo) is the code with only the all-zero codeword, [4,1,4) is the repetition code, [4,3,2) 
is the even weight code and [4,4,1) is the universial code. Let G{4,4)/(4,3)• G(4,3)/{4,1) and 
G(4 ,t)/(4 ,o) denote the generator matrices for the coset representatives in their respective 
partition links. They may be specified as 

G(4,t)!{4,o) = 1 1 1 1 

G(4,3)!(4,t) = 1 1 0 0 
1 0 1 0 

G(4,4)!{4,3) = 1 1 1 0. 

Evidently, the group partition [4, 3, 2)/[4, 1,4) has cardinality 4 and the others have car
dinality 2. We will call them four-way and two-way partitions respectively. It is possible 
to establish a one-to-one correspondence between the cosets of the partition and the 
elements of GF( 4), the quaternary field. 
Let 0, 1,w,w be the four elements of GF(4). They satisfy that w = w\w2 = w, and 
w = 1 +w. A one-to-one mapping between binary two-tuples and the elementsin GF(4) 
is given by the vector structure of GF( 4), 

(0, 0) +-----+ 0 
(0, 1) +-----+ 1 
(1, 0) +-----+ w 
(1, 1) +-----+ w. 

The product between an element over GF( 4) and the matrix G(4,3)/(4,1) can .be defined 
as the product of the corresponding two-tuple and G(4,3)/(4,1). For instance, 

wG(4,3)!(4,t) = (1, 1)G(4,3)!{4,t) = (0, 1, 1,0). 
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C2 C2 

C1C3 0 1 w w C1C3 0 1 w w 
00 0 2 2 2 00 0 2 2 2 
01 4 2 2 2 01 4 2 2 2 
10 3 1 1 1 10 1 3 3 3 
11 1 3 3 3 11 3 1 1 1 

Table 2.1: Weight location of (2.2) and (2.3): the left part is for (2.2) and the right part 
is for (2.3). 

Let b be a four-tuple defined by: 

b = c1 G(4,4)/(4,3} + c2G(4,3)/(4,1) + c3G(4,1}/(4,0)• (2.2) 

where c1oc3 EGF(2), c2 EGF(4), and '+'is the componentwise roodulo 2 addition. 
When c1 , c2, c3 run over all the possible values, b runs over all the binary four-tuples. 
The entries in Table 2.1 (the left part) show exactly what the resulting weights are. The 
following lemma is a direct consequence of Table 2.1. 

Lemma 2.1 The binary four-tuple b defined by (2.2} has weight 1 iJ and only iJ c1 is 
one, and exactly one of c3 and c2 is zero. · 

The coset representative for the code partition [4,4,1]/[4,3,2] can be chosen as 

G(4,4)/(4,3) = 0 · 0 0 1. 

Now let b denote the binary four-tuple defined as follows. 

b = c1 G(4,4)/(4,3) + c2G(4,3)/(4,1} + c3G(4,1)/(4,0)· (2.3) 

The weights of b defined by (2.3) are given by Table 2.1 (right part). We also present a 
lemma similar to Lemma 2.1. 

Lemma 2.2 The vector b defined by (2.3} has weight 1 if and only if c1 is one, and c2 

and c3 are both zero or both nonzero. 

Our multilevel constructions of the Golay code and the Leech lattice will utilize the 
quaternary hexacode [6,3,4] code as a component code. Many interesting properties of 
the hexacode can be found in [18]. The hexacode is an even weight maximum distance 
separable (MDS) code. It is unique up to the permutation of the coordinates. The matrix 

can be taken as generating matrix. 

0 0 1 w :::.) 
1 0 1 w w 
0 1 1 1 1 

For any two binary six-tuples ïh,ïh and one quaternary six-tuple fh, the following 3 x 6 
matrix can be formed: 

( ~~ ) = ( :~:~ ~~:: :~:: :~:: :~:: ~~:: ) . 
'ih Y3,1 Y3,2 Y3,3 Y3,4 Y3,~ Y3,6 

(2.4) 

11 



Yl,iG(4,4)/(4,3) + Y2,iG(4,3)/(4,1) + Y3,iG(4,1)/(4,o), 1 :::; i :::; 5, 
Yl,sG(4,4)J(4,3) + Y2,6G(4,3)/(4,1) + Y3,6G(4,1)/(4,o)· 

We are now able to give the following description of the extended Golay code. 

(2.5) 

Theorem 2.1 Let C1 be the binary repetition code {6,1,6}, C2 the quaternary hexacode 
{6,3,4}, and C3 the binary even weight code {6,5,2}. Then the set of veetors 

(2.6) 

is the extended binary {24,12,8} Golay code, where b(y1 ,y2,y3 ) is defined by (2.5). 

Proof. Clearly, the code is a linear code and has the right dimension since the indepen
dency of the rows of G and G* guarantees that different choices of Yii lead to different 
codewords. What needs to be proved is the distance property. First when the top row 
of (2.4) is the nonzero codeword of C1, all the b; 's are nonzero and each of them must have 
odd weight, i.e., either 1 or 3. If all of them have weight 1, by Lemma 2.1 and 2.2, the 
total number of zeroes in {Y2,1, Y2.2, Y2,3, Y2,4, Y2,s, Y2,6, Y3,1, Y3,2, Y3,3> Y3,4, Y3,s, Y3,6} would 
be odd, which contradiets the fact that both C2 and C3 are even weight codes. Thus, in 
this case the weight of (b1, b2, b3, b4, bs, bs) must be greater than or equal to 8. When y1 
is the zero codeword of C1 and y2 is nonzero, at least four of b;'s are nonzero. Each of 
them must have weight at least two, so that the resulting vector b cannot have weight 
less than 8. In the case that both y1 and y2 are zero, at least two b;'s are nonzero and 
each of them has weight 4. Thus, the minimum weight of the code is 8. The fact that 
the binary code with parameters [24,12,8] is unique proves the theorem. 0 

In the terminology of Sectien 2.2, the codes [4, 0, oo] C [4, 1, 4] C [4, 3, 2] C [4, 4, l.] can 
be called inner codes and eb c2, c3 outer codes with mappings as fellows. 

Cfll :a E GF(2) .......... aG(4,4)/(4,3)• 

Cfl2 :a E GF( 4) .......... aG(4,3)/(4,1)• (2.7) 
cp3 :a E GF(2) .......... aG(4,1)/(4,o)· 

Si nee cp1 is viewed as a mapping to the cosets of [4, 4, 1]/(4, 3, 2], it can be equally defined 
as 

cp1 :a E GF(2) .......... aG(4,4)/(4,3)· (2.8) 

However, Cfll in (2.7) and (2.8) does map the same binary digit to different coset repre
sentatives. Thus, Theerem 2.1 gives a multilevel construction of the Golay code, which 
is illustrated in Figure 2.2. 
In the presented multilevel construction of the Golay code, two sets of the coset repre
sentatives are used for the first level code. Evidently, the designed minimum distance of 
the code is six, whereas the true lninimum distance of the code is eight as proved. If only 
one set of coset leader is used, the resulting code will have true lninimum distance only 
si x. 
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[6,1,6] 

[6,3,4] 

[6,5,2] 

Figure 2.2: Multilevel construction of the Golay code. 

[24,1,24] 

[24,12,8] 

[24,23,2] 

Figure 2.3: One of the standard definitions of the Leech lattice. 

2.3.2 The Leech lattice 

One of the standard definitions for the Leech lattice expresses it as the union of a sub
lattice H24 and a coset H24 +a of H24• Here H24 is the Leech half lattice defined by the 
code formula 

H24 = 2[24, 121 + 4[24, 23] + 8Z2
\ 

where (24, 12] is just the binary Golay code and [24, 23] is the binary even weight code. 
The translation is given by a = ( -3, 123). This expression can be rephrased in the 
following way. Let Z denote the lattice consisting of all the integèrs. Consider the 
partition chain Z/2Z/4Z/8Z. Each partition has cardinality 2 so that a one-to-one linear 
mapping between the cosets and binary digits can be uniquely established. This standard 
construction, denoted by A24, can be viewed as a multilevel construction with inner 
partition chain Z/2Z/4Z/8Z and with the component outer codes [24,1,24], [24,12,8] and 
[24,23,2]. The binary [24,1,24] code chooses the coset of the partition Z/2Z, (24,12,8] 
and [24,23,2] choose the cosets of the partitions 2Z/4Z and 4Z/8Z respectively. One of 
the coset representatives for the nonzero coset of the partition ZJ2Z is taken as -3 and 
twenty-three of them are taken as ones. This structure is illustrated in Figure 2.3. 
What can we get if the multilevel construction of the Golay code in Section 2.3.1 is incor
porated into the Leech lattice? To answer this question, some four dimensional iattices 
need to be introduced. Let D4 be the four-dimensional checkerboard lattice consisting 
of the integer value points in which the sum of the coordinates are even. Note that D4 

mod 2 is isomorphic to [4,3,2] even weight code. Let R denote the normal doubling linear 
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[6,1,6] 

[6,1,6] 

[6,3,4] 

[6,5,2] 

[6,5,2] 

Figure 2.4: New multilevel construction of the Leech lattice. 

transformation (19]. In Euclidean two-dimension, Ris defined by the 2 x 2 matrix 

and R2 maps a real two-tuple x to R2x. A 2N-dimensional R2N is defined as IN® R2, 
where IN is the N-dimensional identity matrix and '®' represents the Kronecker product. 
As usual [19], the subscript of R2N is omitted since no confusion is possible. 
It is straightforward to check that RD4 is the lattice with code formula 

RD4 = (4, 1,4] + 2Z4. 

Note that RD4 mod 2 is isomorphic to the (4,1,4] binary repetition code. Since Z 4 mod 
2 is isomorphic to the [4,4,1] binary code, it is easy to see the following correspondence 
between the code partitions and the lattice partitions, 

[4,4,1]/[4,3,2] 
[4, 3, 2]/[4, 1, 4] 
(4, 1, 4]/[4, 0, oo] 

corresponds to 
corresponds to 
corresponds to 

Z4/D4, 
D4/RD4, 
RD4 /2Z4 • 

(2.9) 

Trivially, the binary [24,1,24] code has the one level 'multilevel construction' with inner 
partition chain [4, 1, 4]/[4, 0, oo] and outer code [6,1,6] binary repetition code. The binary 
[24,23,2] code has also a one level construction with inner partition chain [4, 4, 1]/[4, 3, 2] 
and with outer code the [6,5,2] binary even weight code. From (2.9), one can readily 
check that when incorporating the multilevel constructions of the Golay code into the 
Leech lattice, the right lattice partition chain should he 

where RD4 /2Z4 corresponds to the inner partition of the multilevel construction of the 
[24,1,24], 2Z4 /2RD4/4Z4 and 4Z4 /4D4 corresponds to the inner partitions of the mul
tilevel constructions of the Golay code and the binary [24,23,2] code respectively. In 
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[6,1,6) 

[6,3,4) 

[6,5,2) 

Figure 2.5: Multilevel construction of the Leech lattice. 

thls way, a multilevel construction of the Leech lattice is obtained which is illustrated in 
Figure 2.4. The binary [6,1,6] and [6,5,2) codes are used twice as component outer codes 
and the quaternary [6,3,4) is used once. The coset representatives of the inner partition 
chain are: 

GRD,j2Z' = [ 1 1 1 1 ] , 

G2Z'J2D, = [ 2 2 2 0 ] , 

G2D,j2RD, [ ; 2 0 ~ ] ' = 0 2 

G·mD,f4Z' [ 2 2 2 2 ] ' 

G4Z'/4D, = [ 4 0 0 0 ] . 

Two 'nonstandard' coset representative matrices are: 

G* RD,j2Z, = [ -3 1 1 1 l , 
G* 2Z,j2D, = [ 0 0 0 2]. 

In the multilevel construction, one set of the coset representatives is taken as the 'non
standard' and the other five as the standard ones. 
Note that the two-way partition RD4/2Z4 (resp. 2RD4/4Z4 ) and 2Z4 f2D 4 (resp. 
4Z4 /4D4 ) can be combined into a 4-way partition RD4f2D4 (resp. 2RD4/4D4) with 
quaternary [6,1,6) (resp. [6,5,2)) as component outer code. In this way, we derive an
other multilevel construction of the Leech Jattice such that all the partitions are 4-way 
and all the outer codes are quaternary as illustrated in Figure 2.5. 

2.4 Properties of the Hexacode; its Decoding 

In [19], Forney presented a 16-state three~section trellis diagram for the hexacode (see 
Section 2.3.1). Thus, the code can be decoded by the Viterbi decoding. Let g0 = (w,w), 
g 1 = ( 1, 1) and a, b, c be elements over GF( 4 ). The hexacode consists of (ego+ bg1lcgo + 
ag1 + bg1lcgo + ag1 ) [19). When cis zero, a subcode of the hexacode is obtained, whlch 
contains the 16 codeworcis (bg1 lag1 + bg1 lagi). The hexacode consistsof four cosets of 
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Figure 2.6: A subtrellis of the hexacode: each label a on the branches corresponds to 
ag1. 

thls subcode. The trellis diagram of the subcode is shown in Fig 2.6. The four nodes 
at the fi.rst section corresponds to the possible choices of b and the nodes at the second 
sections classify the sum of a + b. The entire trellis diagram of the hexacode has three 
more subtrellises, each of which is identical to Fig 2.6 with different labels. 
Assume that the distances (metrics) between each coordinate of the received point and 
the elements over GF(4) are available. Thè hexacode can be decoded by the standard 
Viterbi decading as follows . 

• Compute the metrics of the branches in the trellis diagram. Clearly cg0 + bg1 

(similarly in the other two sections) can have only 16 different values. The metrics 
of the branches in each segment can be calculated in 16 additions, so that this step 
involves 16 x 3 = 48 real additions. 

• Search the four subtrellis diagrams of the hexacode for the path with the smallest 
metric. Searching one of the subtrellises involves 7 x 5 = 35 additionsfcomparisons. 
In total, thls step requires 35 x 4 = 140 operations. 

• Compare the four survivors to find the one with smallest metric. This involves 3 
operations. 

Therefore, the trellis decoding of the hexacode involves 48 + 35 x 4 + 3 = 191 operations. 

Before ending this section, we would like to employ the properties of the hexacode to 
find the locations of the weight 8 codewords in our multilevel construction of the Golay 
code. This knowledge will be useful for calculating the effective error coeffi.cient of the 
Golay code decoding algorithm to be presented. 

a). First, consider the case that the first component codeword is zero and the second 
component codeword is nonzero. Evidently, to get a weight 8 codeword, the second 
component codeword must have weight 4 and y2,i = 0 :::? y3 ,i = 0. The number 
of codewords of C3 containing zeroes at two specified positions is 8. In total, the 
hexacode has 45 weight 4 codewords. Therefore, in this case the number of weight 
8 codewords of the Golay code is 45 x 8 = 360. 

b ). Secondly, if both the first and second component codewords are zero, in order to 
get a weight 8 codeword of the Golay code, the third component codeword has to 
have weight 2. So (~) = 15 codewords of weight 8 occur in this case. 
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c). When the first component codeword is nonzero, we have weight(li;) is one or three. 
To get a weight 8 codeword, only one of them can have weight 3, say weight(lii) = 3 
and weight(li;) = 1 for i:/: j. When the second component codeword is fixed, the 
thlrd component vector is uniquely determined from Lemma 2.1 and 2.2. lt is not 
difficult to verify that the thlrd vector must !ie in C3 , the even weight code. So in 
thls case, 6 x 64 = 384 weight 8 codewords of the Golay code are obtained. 

Therefore, the total number of weight 8 codewords of the Golay code is 360 + 15 + 384 = 
759 as well known. 

2.5 Soft-decision Decading Algorithm 

When the first level component outer code of the Golay code takes the all-zero vector, 
a subcode C' of the Golay code is obtained, which is a two-level multilevel code with 
designed minimum distance eight. Thus, the standard multistage decoding can decode 
up to half minimum distance of this subcode. 
The decoding strategy to be presented here for the Golay code is as follows: first apply 
the multistage decoding to this subcode and its coset. Then use the general coset code 
decoding method of Conway and Sloane [17] to accomplish the decoding, i.e., compare 
the two survivors and choose the one dosest to the received word as the final decoded 
codeword. 

Theorem 2.2 The coset code decoding described above will correctly estimate all trans
mitted digits as long as the received vector 'F is within half of the minimum distance of 
the code to the transmitted codeword. 

Proof. Let d be the minimum distance between the codewordsin Euclidean space. Since 
'F has distance less than d/2 to the code. It must have distance less than d/2 to one of 
the cosets. Multistage decoding of the subcode can correct up to half of the minimum 
distance. Thus, one of the cosets will give the correct estimation. By the triangle 
inequality, the output of the other cosets must have distance to the received vector 
larger than d/2. This guarantees that the final comparison will choose the transrnitted 
codeword. D 

Let us look at the complexity of the decoding algorithm. lt is known from [4, 54], that 
for an AWGN channel the following quantity can equally well serve as metric to decode 
a binary code: 

24 

M(ë) = L( -1)";r;, 
i=l 

where 'F = (rbr2,-- ·,r24 ) is the observed vector at the output. For any two binary 
vector ë and ë1

, M(ë) ~ M(ë') means that the likelibood of ë is. larger than that of ë'. 
Following [54], M( ·) will be called confidence value. At the precomputation stage, the 
confidence values for all the b;'s are calculated. For each i, b; can take 16 different values. 
No te that the complement of a vector must have corifidence value of the same magnitude 
but with opposite sign. So, for each i, in fact, weneed to calculate the confidence values 
of only 8 vectors, for example, r1 ± r2 ± r3 ± r4 when i = 1. Three additions find 
r 1 + r2 + r3 + r4. The remaining confidence values can be recursively calculated in 7 
additions by using the appropriate Gray code such as the one in Table 2.2. Each row of 
the Gray code differs from its adjacent rows only in one position. Thus, the confidence 
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+ + + 
+ + 
+ 
+ + 

+ 

+ 
+ + 

Table 2.2: The 8 points Gray code. 

value of the corresponding vector can be obtained by adding/subtracting 2v; for some i. 
Therefore, the confidence values of the veetors b; can be obtained in 6 x (3 + 7) additions. 
The first level of C' ( corresponding to the second level of the Golay code) is the hexacode. 
In order to get the metric of an element a over GF(4), weneed to decode the inner code 
(4,1,4), the repetition code (see Section 2.2) . Clearly, complementary veetors must have 
metrics with the same magnitude but opposite sign. Therefore, the metrics for decoding 
the hexacode can be obtained by choosing positive confidence values. The hexacode can 
be decoded in 191 real operations by the trellis decoding presented in Section 2.2. 
The second level code of C' is the even weight code. lts decoding is particularly simple. lf 
bit-by-bit hard detection fails to pass the parity check, the most unreliable bit is reversed. 
Note that the decoding of(4,1,4) corresponds to the bit-by-bit hard detection ofthe second 
level code of the subcode (the third level code of the Golay code). Five comparisons are 
needed to find the most unreliable bit. It involves one addition to update the metric of 
the output. Thus, C' can be decoded in 191+6=197 real operations. Similarly, the coset 
of C' can be decoded in 197 operations. One comparison between the two survivors finds 
the dosest codeword to the received point. 
In total, the Golay decoder involves 60 + 2 x 197 + 1 = 455 real operations. 
The number of nearest neighbors can be calculated similarly as in Section 2.2. Actually, 
the removal of the restrietion on the third component veetors causes the increase of the 
number of nearest neighbors in the first case (see Section 2.2) from 45 x 8 to 45 x 16. In 
all the other cases, the number of nearest neighbors remains unchanged. Therefore, the 
number of nearest neighbors of the bounded-distance decoding algorithm is 1119. 
Forney uses the following rule of thumb as a measure of the effective coding gain of trellis 
codes: an increase by a factor of two in the number of nearest neighbors reduces the 
coding gain by a bout 0.2 dB (at error rates of the order of 10-6 ). When a binary code 
is used over a Gaussian channel, its error probability has a form similar to that of trellis 
codes, so that here this rule is applied to evaluate the performance of the binary code. In 
this way, we find that the effective coding gain is reduced only by 0.1 dB when compared 
to the maximum likelihood soft-decision decoding. 

2.6 Decoding the Leech Lattice 

The reduction of the complexity of decoding of the binary Golay code has immediate 
consequences for decoding the Leech lattice. Forney (21) presented a bounded-distance 
decoding for the Leech lattice whose complexity is about that of decoding the binary 
Golay code twice. Substituting the proposed algorithm into Forney's enables bounded-
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distance decod.ing of the Leech lattice with around 1000 operations, whereas about 1400 
operations are required when Vardy and Be'ery's maximum likelibood decoding aJgorithm 
ofthe Binary Golay code is applied. Hence, it yields a reduction of about one third. Now, 
it will be shown that the performance degrades only by 0.08 dB at the error rates of the 
order of 10-6 • 

Since the aJgorithm is bounded-d.istance decod.ing, it has exactly the sameerror exponent. 
In order to evaJuate the performance of the aJgorithm, the number of nearest neighbors 
needs to be known. 
Forney's algorithm utilized A24/2, where A24 is the standard deficition of the Leech lattice 
in Section 2.3.2, i.e., express it as the union of a sublattice H 24 and a coset H 24 +a of 
H24. Here H24 is the Leech half lattice defined by the code formula 

Hz4 = (24, 12] + 2(24, 23] + 4Z24 

where [24, 12] is just the binary Golay code and [24, 23] is the binary single párity check 
code. The translation is given by a = ( -3, 123)/2. As shown in Figure 2.3, the su blattice 
H24 has a two-level construction. The designed distance (squared Euclidean d.istance) 
H24 is equaJ to its true minimum distance. Thus, H 24 can be decoded by the standard 
multistage decod.ing. Forney's decoder first decodes G24 = [24, 12] + 2Z24 and its·coset. 
If the twos-coefficients of the decoded point of G24 in its binary representation fail to 
pass the parity check, the most unreliable twos-coefficient is reversed [21]. Suppose that 
r = (r1,r2,:··,r24) is received vector. We will call a reaJ number u half-integer if u is 
not an integer but 2u is an integer. Let k;o and k;1 be the dosest even and odd integers 
tor; respectively, and let k:o and kh be the dosest even and odd half-ii:J.tegers tor;. 

Precomputation: Find 2 

These numbers are assumed to be available directly from the geometry of the signa.ling 
constellation. These metrics constitute the input to the decoder. · 

Remark: Let C be a binary code and let m;j( i = 1, · · ·, n; j = 0, .1) be reaJ numbers. 
Wh en we say " decode C with respect to m;j, we will mean to find the codeword of C 
w hich rninimizes 

Let 
m; := m;o- m;1 and m(c) := z)-l)0;m;. 

i 

It follows that for c, 7! E C, 

1 
d(c, r) - d(t, r) = ~( di,c; - d;,c:) = '2( m(c) - m(t) ) . 

• 
In other words, m(ë) can equally well serve as metric for decoding a binary code. 

We ·shall caJculate the decoding complexity of H 24. Following the rem ark, decod.ing G24 
is equivalent to decoding the binary Golay code with respect to the metrics 

2In termsof A2<, this precomputation corresponds to finding the dosest point to the received vector in 
each of the cosets of Z f 4Z and to calculating the associated metrics. So the precomputation is cernparabie 
to that of [2]. 

19 



Since Ir;- k;ol is assumed to be ava.ilable, 2lr;- k;ol- 1 can be obtained in one addition 
(multiplication by 2 is not counted as mentioned). Thus, this step requires 1 x 24 real 
operations. Let (Ct, c2, · · ·, C24) be the decoded codeword of the Golay code. Then the 
decoded point in G24 wil! be (21] 

xo = (ktc1 , kt 02 , • • ·, k24c2.). 

If xo is in H 24, accept it as the decoded point of H 24 . Otherwise, change one of coordinates 
of Xo by ±2 in the coordinate k;0 , where such a change will increase the squared distance 
by the least possible amount-i.e, where Ir;- k;0 , I is greatest (such change will make the 
metric increase by the amount of 4- 4lr;- k;0 , I· This requires 24 opera ti ons at the worst 
case, 23 for cernparing Ir; - k;0 , I and one addition for calculating 4 - 4lr; - k;0 , I of the 
chosen i. In order to get the metric of the decoded vector in H 24 , 23 more additions are 
needed. Thus, the complexity of Forney's Leech lattice decoder will be that of decoding 
the Golay code twice plus 2 x (24 + 24 + 23) + 1 = 143 at the worst case. The last 
single operatien is for comparing the metric of the survi~or of H24 and that of its coset. 
On the average, it wil! be twice the average complexity of decoding the Golay code plus 
143 - 24 = 119 real operations. 

Proposition: The additional complexity in Forney's algorithm beyond decoding the 
Golay code twice is 143 real operations at the worst case and 119 on the average. 

The minimum distance of the Leech lattice in this representation is 8. The number 
of nearest neighbors of the Leech lattice is 196560. Among them, 98256 come from 
H24. The other 88304 come from H24 +a (21]. The number of nearest neighbors of 
Forney's algorithm is 293712 when maximum likelihood decoding of the Golay code is 
employed (21]. Clearly, if bis a weight eight binary vector, b + 2Z24 will have 28 = 256 
norm-8 veetors of type (±18 , 016). When the proposed algorithm is substituted into that 
of Forney, the number of nearest neighbors in the coset H24 is increased by (1119-759) x 
256 = 92160. In H24 +a, the points of Euclidean norm 8 must have one coordinate of 
magnitude 3/2 and 23 of 1/2. Thus, the bounded-distance decoding does not increase the 
number of nearest neighbors for this coset. Therefore, the number of nearest neighbors 
of the algorithm is 293712 + 92160 = 385872, which implies a performance loss of only 
about 0.08 dB at the error rates of the order of 10-6 • 

2.7 Condusion 

Based on the multilevel construction derived in this work, a multistage decoding algo
rithm of the Golay code is presented. The complexity of the algorithm is not much more 
than twice that of decoding the quaternary hexacode. Furthermore, any improvement 
on decoding the hexacode will further reduce the complexity of this decoder3 • Nota.bly, 
the procedure of decoding the 'two' hexacode is essentially independent. The trellis de
coding of the hexa.code also presents predominantly parallel structure. In addition, the 
precomputation stage can be divided into six independent parts. Therefore, the proposed 
algorithm is very suitable for pipelining. 
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3 In (2], a logically more complicated decoder for decoding the hexacode is employed, which reduces 
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Chapter 3 

More Efficient Bounded-distance 
Decading of the Golay Code and 
Leech Lattice 

3.1 Introduetion 

In recent years, various soft-decision decoding algorithms for the Golay code and Leech 
lattice have been devised. A comprehensive survey can be found in [2]. These studJes 
were motivated by the practical significanee of the Golay code and the Leech lattice, 
but also by the theoretica] interest from the point of view of codJng, lattice theory and 
combinatorics. 
The binary [24,12,8) Golay code is a self-dual extended perfect code. Associated with 
it are the S(5, 8, 24) Steiner system and the Mathieu group, which are important com
binatorial objects full of structure and with many applications. The Leech Jattice gives 
the densest lattice packing in its dimension. It contains all densest packing Jattices in 
Jower dJmensions as sublattices. There is considerable amount of literature available on 
the Leech Jattice(see [18]). 
In Section 3.2, new multilevel constructions of the Golay code and the Leech lattice are 
derived, that are closely related to the "Turyn construction". Based on these construc
tions, improved soft-decision decodJng of both the Golay code and the Leech lattice wiJl 
be destribed in Section 3.3. The proposed Golay code and Leech lattice decoders are of 
bounded-distance type, which means that they can correct all the errors guaranteed by 
the error correction radius of the code and the lattice. The new Golay decoder involves 
295 real operations on the average and never more than 343, whereas the previously best 
known bounded-distance decoding required 426 operations on the average and 432 at 
most [2) . The best known maximum-likelihood decodJng involves 651 operations [54). 
The new Leech lattice decoder involves 709 on the average and 829 at most, whereas 
the previously best known bounded-distance decodJng required 953 operations on the 
average and at most 1007 [2). However, the best known maximum-likelibood decodJng 
of the Leech Jattice involves 3595 operations [53). 
In Section 3.4, some general results on the effective error coefficient ( defined as in [21]) 
wiJl be presented. By applying these results to our decoders, it wiJl be shown that the 
effective error coefficient of the proposed Golay decoder increases by a factor of almost 10 
from 759 to 7471. For the Leech lattice decoder, it increases from 196,560 to 2,011 ,984. 

0 This chapter is based on the paper with H. C. A. \"an Tilborg (48], "More efficient bounded-distance 
decoding of the Golay code and the Leech lattice". 
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Computer simulations (see Section 3.5) show that the performance loss is less than 0.3 
dB over a wide range of SNR's for both decoders. 

3.2 A New Approach to the Golay Code 

Let g1 ,g2,~ denote the binary veetors (1,1,1),(1,1,0),(0,1,1) respectively and let 
a 1 , a 2 , a3 be binary digits. The linear combination 

has weight 3 if and only if (al> a2 , a3 ) = (1, 0, 0). It has weight 2 iff a1 = 0 and at least 
one of a2 , a3 is nonzero. Let C1 be the (8, 4, 4) extended binary Hamming code with 
generator matrix 

( 

0 1 1 1 1 0 0 0 J 
1 0 0 1 1 1 0 0 
0 1 0 1 0 1 1 0 . 
1 1 1 1 1 1 1 1 

(3.1) 

Let C2 be the extended Hamming code generated by 

( 

1 1 1 1 1 1 1 1 J 
1 1 1 1 0 0 0 0 
1 1 0 0 1 1 0 0 . 
1 0 1 0 1 0 1 0 

(3.2) 

Notice that the rows of the above two generator matrices together generate the (8, 7, 2) 
even weight code [19]. Let c; = (ci,l> .. ·, c;,s) for i= 1, 2, 3 be three binary eight-tuples. 
We shall consider the following concatenations of eight binary veetors of length 3: 

(3.3) 

We have the following therorem. 

Theorem 3.1 The extended Golay code consistsof the 212 codewordsof the form (3.3), 
where C1 is a COdeword of C1 and C2 and C3 are codewordsof C2. 

This construction clearly falls into the category of multilevel codes, although the true 
minimum distance of the resulting [24, 12, 8] code does oot follow directly. For the ter
minology of multilevel coding, the reader is referred to Section 2.2. 
The partition of the inner codes of length 3 is based on the chain 

[3, 3, 1]/[3, 2, 2]/[3, 1, 2]/[3, 0, oo]. 

The three outer codes are the [8, 4, 4] Hamming code C1 and C2 ( twice ). N ote that these 
two versions of the Hamming codes are also used in Turyn's construction [39, Ch. 18, 
Sec. 7.4] of the Golay code. So, the construction above is closely related to Turyn's 
construction. Turyn's construction expresses the Golay code in the following way: 

( c1 + c2, c1 + c3, c1 + c2 + c3) 

where c1 , c2 and c3 are as in Theorem 3.11 • After permuting the coordinates in an obvious 
way, one can easily see the equivalence of the above construction and Turyn's. In this 

1This particular choices of the generators of C1 and C2 are actually due to Forney (19] . These are 
chosen. fortheir inner product propert.ies. 

22 



way one obtains a simple proof of Theorem 3.1. In spite of the similadty, there is one 
conceptually significant difference. The new construction can be classified as niultilevel 
coding, whereas Turyn's cannot. 
The minimum Hamming distances of the first level inner code and outer code in The
orem 3.1 is 1 and 4 respectively. Thus, the designed minimum elistance of the overall 
code is only 1 x 4 = 4, which is far from the true minimum distance of the overall code. 
This drawback prevents direct use of multistage decoeling because multistage decoeling 
can only guarantee to decode up to the designed minimum elistance rather than the true 
minimum distance of the code [13, 60]. 
If the first level outer code would just be the binary repetition code, (3.3) gives a binary 
linear code with parameter [24,9,8], which wil! be denoted as the SG code. Evidently, 
the Golay code consists of the SG code and seven of its cosets. The SG code is a 
multilevel code whose designed minimum elistance roeets its true minimum distance. 
Thus, multistage decoding can elirectly be applied to SG to achleve bounded-distance 
decoding. 
The decoding strategy to be presented here for the Golay code is as follows: first apply 
a bounded-distance decoeling algorithm of the SG code to its eight cosets. Then use 
the general coset code decoeling method of Conway and Sloane [17] to accomplish the 
decoeling, i.e., compare the eight survivors and choose the one ciosest to -the received word 
as the final decorled codeword. It is rather straightforward to prove that the property 
of bounded-elistance deco<J.ing remains true for the coset code whenever the subcode 
decoding is bounded-elistance {see Theorem 2.2). 

3.3 Decoding Algorithm 

In the description ofthe binary Golay code in Theorem 3.1, the inner codes used are com
pletely trivial and the outer codes are just the extended [8,4,4] Hamming code. Therefore 
the efficiency of decoeling the Golay code certainly relies on that of [8,4,4] code. Many 
efficient decoders for the [8,4,4] code can be found in the literature [19, 41, 44]. We 
choose algorithm in [41] (Al) as an ingreelient of our Golay decoder. For the sake of 
completeness, we briefly review the algorithm. Without loss of generality the generator 
matrix of the [8,4,4] code is of the form (3.2). Clearly, the code generated by the fust 
three rows of (3.2) is isomorphic toa length 4 even weight code. The [8,4,4] code consists 
of two cosets of the code. Let (x1 ,x2 , ••• ,x8 ) be the real-valued metric of a received 
vector (we assume that +1 is transrnitted for a zero and -1 for a one). The algorithm 
consists of the two following steps. 

Al-l. Calculate u; = x2;_1 +x2; and v; = x2;_1 -x2; for i = 1, 2, 3, 4 with 8 real operations. 

Al-2. If the number of negative componentsin u is odd, invert the sign of the component 
with smallest absolute value (this component can be found with three real opera
tions ). Do the same for v. Denote the result by u• and v• . . Replace each positive 
coordinate in u• and v• by 11 and 10 respectively , and each negative coorelinate 
in u• and v• by 00 and 01 respectively. One of the two obtained binary veetors 
is the most likely transmitted codeword. The optimal choke between these two 
can be obtained with 3 real additions 2 • Note that the maximum number of real 
operations in this step is 9 and the expected number is 6. 

2 The difference between the metric of a and that of b is equal to the metric of a$ b. From the results 
of the first step of the algorithm, the metric of length 8 vector can be obtained in 3 additions. 
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Note that only real operations are counted above. According to well-established conven
tions [17, 19, 21], checkinga sign, taking the absolute value, multiplication by 2, checking 
logica! conditions, as wellas modulo 2 additions are ignored when evaluating complexlties 
(as longastheuse of these operations is moderate). 
As mentioned before, the Golay decoder to be presented here first decodes with respect to 
the eight cosets of the SG code. The SG code will be decoded by the standard multistage 
decoding technique (see Section 2.2). 
Let x be a received vector and let ILi( c1,i, c2,i, CJ,i), 1 ::; i ::; 8 denote the confidence value 
of the ith segment c1,ig1 + c2,ig2 + CJ,i~ of the codeword. A simple calculation shows 
that 

Following the general principal of multistage decoding in Section 2.2 and the remark in 
Section 2.6, the first level (outer) component code of SG code (the [8,1,8] repetition code) 
and its cosets will be decoded with respect to the metric (x1, x2, ... , x8 ) defined by 

(3.5) 

Let Ct be the decoded codeword in the first level code. The second level code ( Hamming 
code) will be decoded with respect to the metric (y1, y2, ... , y8 ) defined by 

2y;(c1,i) = ~axpi( Ct,i, 0, c~,;) - ~axp;( Ct,i, 1, c~,;). 
"'3,i c3,i 

(3.6) 

Let c2 be the codeword in C2 obtained in this way. Finally, decode the third level code 
(Hamming code) with respect to the metric (zt,Z2, .. . ,za) defined by 

(3.7) 

where c1,;, c2,; take the estimated codewords of the first and second level decoding re
spectively. Specifically, our Golay decoder consists of following steps. Assume that 
(r1,· ··,r24) is output of AWGN channel. 

GD-1 Calculate TJi-1 ± r3;, 1::; i::; 8, in 2 x 8 = 16 operations. 

GD-2 Each x; as defined in (3.5) can be calculated with one real operation. Indeed, x; takes 
on the value ± min{lrJï-21, hï-11, !TJ;I}, since Xï is the difference between the metric of 
ciosest even-weight vector to (rJi-2, TJi-b TJi) and that of dosest odd-weight vector to it. 
If an even number of TJi-2, r3;_1, TJi are negative, take the '+' sign, otherwise take the '-' 
sign. Asanexample,ifrt > r2 > TJ > Oonegets2xt = ((r1+r2+r3)-(r1+r2-r3) = 2r3. 

Since TJi-1 ±TJi is known,lrJi-11-lrJil is also known and thus one knows which of lrJi-1l 
and lr3;l is the smallest. Therefore, -in order to obtain x;, we only need to compare the 
real-valued hi-2l with the smallest of hi-tl, lrJ;I. This involves one real operation. 

GD-3 Calculate y;(O) and y;(1) (i = 1, · · ·, 8) in 2 x 8 = 16 real operations. From (3.4) and 
(3.6) 

2y;(c1,;) = ( -1)01 ·'2 x TJi-2 + lrJi-1 + TJ;I-IrJi-1- TJil 

and lrJi-1 + r3;l - hi-1 - TJil is equal to either ±2TJi-1 or ±2r3i and that this only 
depends on the signs of TJi-1 ± TJi· So, just one real addition is needed when calculating 
y;(O) or y;(1). 
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GD-4 With the relation 

(3.8) 

the va.lues of z;( c1,;, c2,;), 1 ~ i ~ 8, can be directly obtained from the va.! u es obtained 
. in Step GD-1. Calculate 

(3.9) 

for i = 1, 2, 3, 4 in 32 real operations. For this, one has to notice that for each i, 1 ~ i ~ 4, 
the 16 values of (3.9) take on the va.lues ±(r2 ± r3) ± (r5 ±ra). Thus we only need to 
calculte 8 values (r2 ± r3) ± (rs ±ra), which involves 8 real operations. 

GD-5 Compute Y2i-l(ct,2i-l) ± Y2i(cl,2i) in 8 x 4 = 32 operations. 

GD-6 Decode the first level of the SG code, by decoding with respect to the 8 cosets of the 
binary repetitioncodein the code C1 • This is equivalent to decoding 

with respect to the binary repetition code for each of the eight veetors ( c1, c2, · · · , c8) that 
are a linear combination of the top three rows of (3.1). For each, weneed to calculate 

(3.10) 

If (3.10) is positive, the first level of the SG code is decoded as the all-zero codeword, 
otherwise as the all-one codeword. Let q be the coordinate permutation which transfarms 
C2 into C1• Then (3.10) can be calculated by the standard Fast Hadamard Transfarm 
{39] in 24 operations with input 

GD-7 U se the Al algorithm to decode the second level code of SG (for each of the 8 cosets) 
with respect to the metric y;(cl,i)· Si nee the numbers Y2i-l ( cl,2i-l) ± Y2i(cl,2i) have 
already been obtained in the fifth step, we only need to perform the second step of t he 
Al algorithm, which involves an expected number of 6 x 8 = 48 real operations and at 
most 9 x 8 = 72 real operations. 

GD-8 Decode the third level code of SG code (for each of the 8 cosets) relative to the metric 
z;(c1,;,c2,;). Similarly tothelast step, this requires at most 72 real operations and 48 on 
the average. 

GD-9 Calculate the metrics of the eight survivors. First calculate r1 ± r4, r1 ± r10, r13 ± r1e 
and r19 ± r22 in 8 operations. Combining this result with the output of (3.9) of Step 
GD-4, the metric of any codeword can be obtained with 7 operations (1 x 4 operations 
for obtaining the metric of each of the four segments (re;-5, r6;_4, ... , r6;) and 3 additions 
to add them up). Thus, to get the metrics of the eight survivors one needs 7 x 8 = 56 
operations. Finally, with seven comparisons one finds the optima! choice among the eight 
survivors. 

Summarizing the above we conclude that, the complexity of the proposed Golay decoder 
is at most 343 real operations and will be 295 on the average. 
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3.4 Effective Error Coeffi.cient 

Let a linear code C be a subcode of a larger linear code, say C,upen and let d and 
d,uper denote their respective minimum distances in Euclidean space. Further, let A 
be a bounded-distance decading algorithm for C, so each received word at Euclidean 
distance less than d/2 to the code will be correctly decoded to the dosest codeword (but 
possibly also other words). The coset code decading algorithm of Conway and Sloane 
[17] associated with A will be denoted by A,uper· 
Let T be defined as the intersection of the boundary of the sphere with radius d/2 
around 0 and the boundary of the decision region of algorithm A around 0 ( decision 
region consists of those veetors in Euclidean space that are decoded into 0 by algorithm 
A [21]). We will call T the set of effective boundary points. Let T,uper be defined 
similarly for C,uper with respect to A.mper· Also, let S and S,uper be the sets of effective 
boundary points of c and c.uper when maximum-likelihood decading algorithms are 
applied. Clearly, s cT and s.uper c T.uper· Note that ITI and IT.uperl are the effective 
error coefficients of C and C,uper respectively with respect to A and A,uper and that ISI 
and IS.uperl are the effective error coefficients of C and C.uper respectively with respect 
to maximum likelibood decoding. We have the following theorem. 

Theorem 3.2 Suppose that the bounded-distance decoding algorithm A maps every re
ceived point to a codeword (iJ the algorithm fails to produce a codeword, piek one at ran
dom} and d,uper = d. Then algorithm A,uper is a bounded-distance decoding algorithm 
of c.uper with effective error coefficient 

(3.11) 

Furthermore, iJ S,uper n (T- S) = 0, equality holds in (3.11}. 

Remark: Note that (3.11) actually means that A,uper increases the effective error coeffi
cient of maximum likelihood decading by an amount no more than A does. We conjecture 
that the condition S,uper n (T - S) = 0 is always satisfied for proper algorithms A. The 
linearity of the code is not essential for this theorem. Theorem 3.2 also holds for lattices. 
In the case of d,uper > d, it can be shown that IS.uperl will be always equal to IT,uperl, 
i.e., the bounded-distance decading will never increase the effective error coefficient [46]. 

Proof: The bounded-distance property of A,uper is trivial. Without loss of generality, 
the all-zero codeword is assumed to be transmitted. Let b be an element in T,uper that 
is not inT. It follows that b has elistance d,uper/2 to the all-zero codeword. Since A is 
bounded-distance, b must be either in A's decision region around 0 or on its boundary. 
However, the condition b fiT rules out the possibility that blies on the boundary ofthis 
decision region. So when b is received, A will decode it to the all-zero codeword without 
any ambiguity. However, the assumption bis in T,uper implies that blies on the boundary 
of A,upen so there must be at least one coset of C different from C itself containing a 
word as close to b as the all-zero codeword is. This means that b has distance d/2 to 
at least two codewordsof C,uper· This simply implies that b E S,uper· Moreover, since 
Sis contained inTand bis not inT, we may conclude that b E S,uper - S. The above 
proves that (T,uper- T) C (S,uper- S). This implies (3.11). 
It readily follows that equality holds in the case that Sruper n (T,uper - S) = 0. 

0 

It is straightforward to verify that SG has 87 codewords of Hamming weight 8. They 
arise from the following cases. 
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1. 24 = 16 cases in which both c 1 and c2 are 1. 

2. 24 
- 1 = 15 cases in which both c1 and c3 are 1 but c2 f; 1. 

3. 14 cases in which c 1 = 1, neither of c 2 and c 3 is 1, but c 2 + c 3 = 1. 

4. 14 x 2 = 28 cases in which c 1 = O, wt( c 1) = 4 and c 2 is either equal to 0 or to c 1 • 

5. 14 cases in which both c1 and c2 are 0. 

Lemma 3.1 The effective eN"or coefficient of the SG code with respect to the multistage 
decading is 6799. 

Proof: We call a vector of type 1 if it can he obtained from (3.3) by taking c1 as the 
all-one vector, whereas no restrietion is placed on the second and third levels. Thus, a 
type 1 vector is not necessarily a codeword of the Golay code. Type 2 veetors are those 
that can he obtained from (3.3) by taking as first component vector the all-zero vector 
andas the second component vector one nonzero vector from C2 , whereas no restrietion 
is placed on the third level. Type 3 veetors are those with the first and second level 
component veetors as 0 and the third level veetors are from C2 • It is readily seen that 
the numbers of weight eight type 1, type 2 and type 3 veetors are 6561, 224 and 14 
respectively. In total, there are 6799. 
Let a he one of these 6799 vectors. a/2 denotes ·the point in Euclidean space that lies 
halfway between 0 and a3 ; Let 0 he transmitted. Suppose that a/2 is received. If a 
is of type 1, it will he equally well for the decoder to choose the all-zero vector or a. 
When a is of type 2 or type 3, the decoder will have ambigu.ity at the second and third 
level decoding respectively. Thus, a/2 is inT, thesetof effective boundary point of SG 
relative to the multistage decoding. On the other hand, suppose that b is in T which 
causes ambiguity when the first level component code is decoded. This means that b bas 
distance d/2 to 0 and a type 1 vector, say, a, where dis the minimum distance between 
Golay codewords in Euclidean space. By the triangle inequality, a must have distance 
at most d to 0 . However, any type 1 vector bas weight at least 8. This implies that a is 
a weight 8 vector and the triangle inequality becomes equality. This can happen only if 
b lies on the middle of the line connecting 0 and a. Thus, actually b has already been 
counted among the 6799 cases. Similarly, it can he shown that any effective boundary 
point causing ambiguity at the second or third level decoding must correspond to one of 
the weight 8 type 2 or type 3 vectors. This completes the proof. 

0 

Theorem 3.3 The decading algorithm for the eztended binary Golay code as described 
inSection 9.9, has effective error coefficient 7471. 

Proof: Suppose a is one of 6799 veetors that appeared in the proof of Lemma 3.1. If 
a is not a codeword of SG code, it is not a codeword of the Golay code either. Thus, 
the condition in Theorem 3.2 is satisfied trivially. By Theorem 3.2, the effective error 
coefficient of the decoder is 

759 + (6799- 87) = 7471. 

0 

3 Note that a and 0 are used to denol-e both the binary veetors and their representations in Euclidean 
space. From the context it will always he clear whcih interpretat-ion is used. 
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3.5 Decoding the Leech lattice; Simulations 

The reduction of the complexity of the decoding of the binary Golay code has immediate 
consequence for the decoding the Leech lattice. Forney (21] describes a bounded-distance 
decoding algorithm for the Leech lattice with a complex.ity that is twice that of the 
binary Golay code plus 143 real operations in the worst case and 119 on the average (see 
Section 2.6). Incorporating our Golay decoder into Forney's algorithm, we get a new 
bounded distance decoding algorithm of the Leech lattice with worst case complexity 
343 X 2 + 143 = 829 real operations, on the average 295 X 2 + 119 = 709 real operations. 

Theerem 3.4 The Leech lattice decoder described above has effective error coefficient 
2,011,984-

Proof: Note that Forney's original bounded-distance decoder has effective error coeffi
cient 293712. When the proposed Golay decoder is applied, there will be (7471-759)·28 = 
1, 718,272 new nearest neighbors of the type (::Ü8 016)(ref. Section 2.6). 

0 

Remark: If the parity of the twos-coefficients (see Section 2.6 or (21]) is first resolved 
for each of the eight survivors of the Golay decoder, one can get a decoder with effective 
error coefficient 1,925,968. However, this reduction is not very significant. Thus, we 
propose this logically simpler decoding algorithm described above. 

It is clear that the effective error coefficients for both decoders increase by a factor of 
around 10. By a rule of thumb [20], this would imply a performancelossof around 0.66 
dB. However, computer simulations show that the loss for both decoders is less than 0.3 
dB over a wide range of SNR. In Figure 3.1, the word error probabilities for both the 
new decoder and the maximum-likelihood decoder are given. The upper line corresponds 
to the new decoder. The performance loss is less than 0.3 dB. In Figure 3.2, the word 
error probabilities based on a 64-QAM square constellation for both Forney's original 
bounded-distance decoder and the new decoder are presented. The performance loss 
relative to Forney's original decoder is less than 0.2 dB. 

Remark: It is not surprising to see the difference between the "0.2 dB per factor of 2" 
rule and the simulation results. In the case of the Leech lattice, it has been shown that all 
the points from the Leech lattice in the 64 QAM square constellations are on the bound
ary [2]. Thus, the loss in coding-gain due to the effective error coefficient is significantly 
smaller. Furthermore, the rule of thumb came from trellis codes. Normally, trellis codes 
have much closer second nearest neighbor than a binary linear code does [42]. Thus, the 
rule for trellis codes cannot be directly applied toa binary linear code. Although the "0.2 
dB per factor of 2" rule does not give a good estimation in this case, the effective error 
coefficient is still an important parameter to know since the asymptotical behaviour of 
the performance of a code is clearly characterized by the error-correction radius and the 
effective error coefficient. 
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Figure 3.1: Performance comparison for the two Golay decoders: the horizontal a.xis is 
Eb/No(dB); the vertical axis is the word error probability. The upper curve gives the 
performance of the new decoder and the Jower curve gives that of a maximum-likelibood 
decoder. 

Figure 3.2: Performance comparison for the two Leech lattice decoders: the horizontal 
a.xis is the average SNR of per QAM modulation symbol; the vertical a.xis is the word 
error probability. The upper curve gives the performance of new decoder; the lower curve 
gives that of the Forney's bounded-distance decoder. 
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Chapter 4 

Bounded-distance Decading of 
the Nordstrom-Robinsort Code 

4.1 Introduetion 

The (16, 256, 6) Nordstrom-Robinson code is a practical nonlinear double-error-correcting 
code. It can also be used as a vector quantizer for encoding random waveforms (see [1]). 

The Nordstrom-Robinson code consists of the [16, 5, 8] first order Reed-Muller code and 
seven ofits cosets. The [16,5,8]Reed-Muller codecan bedecocled by the (fast) Hadamard 
transferm (FHT) [39]. Based on the general coset code decoding method of [17], the 
Nordstrom-Robinson code can be decoded by performing FHT eight times. 

Recently, the Kerdock codes, and thus in particu1ar the Nordstrom-Robinson code, were 
found [26, 27] to be the images of linear codes over Z4, the set of integers mod 4. This 
new perspective leads to a soft decision decoding algorithm of the Kerdock codes by 
performing complex-valued FHT's of smaller size than that of the real-valued FHT's of 
the coset code approach. However, the two approaches essentia!ly have the same decoding 
complexity. 

By observing that during the computation of the various FHT's soine intermediate resu1ts 
can be shared, Adou1 [1] was able to reduce the computational complexity of the decoding 
procedure toa total432 real operations (304 additions and 128 comparisons). 

While the problem of maximum-likelihood decoding of the Nordstrom-Robinson code is 
interesting in its own right, it may be advantageous for practical applications to use a 
slightly suboptimal but much more efficient decoding algorithm. In the sequel such an 
algorithm wil! be described. 

The proposed method is a bounded-distance decoding algorithm, so that it has the same 
'error exponent' as maximum-like!ihood decoding. It also has exactly the same effective 
error coefficient as maximum-likelihood decoding, so its performance wil! be degraded 
margina!ly. The decoding complexity of the algorithm is only 199 real operations. 

Wh en discussing the complexity of ( decoding) algorithms only the total number of real 
additions and comparisons wil! be counted. As is quite usual in the !iterature, operations 
as memory addressing, negation, taking the absolute value, multip!ication by 2, as well 
as the checking of logica! conditions and modulo 2 additions wil! be ignored (19, 21, 44]. 

0 This chapter is based on the paper with Prof. H. C.A. van Tilborg [46], "Efficient bounded-distance 
decoding of the Nordstrorn-Robinson code". 
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4.2 Some properties of coset code decoding 

Let C be an arbitrary binary code of length n. In this section, the 0 and 1 bits in a 
codeword will beregardedas the real numbers 1 and -1 respectively. Thus, a codeword 
of C will be a vector in the n·dimensional Euclidean space. This translation is appropriate 
for the Gaussian channel and the vector quantization model with squared-error distortion. 
The Voronoi region V( c) of a codeword c, is the set of all x E R n that are at least as close 
to c as to any other codeword of C. Given a decoding algorithm of C (not necessarily a 
maximum-likelihood decoding algorithm), define as in [21) the decision region D(c) of c, 
as thesetof all x E Rn that are decoded to c. The error-correcting radius of c, denoted 
r( c), is the radius of largest sphere which can be inscribed into the decision region of c. 
The error-correcting radius of the code, denoted r is the minimum value of r( c) among 
all codewords. Evidently D(c), r(c) and r depend on the decoding algorithm. For 
a maximum-likelihood decoding algorithm the decision region and the error-correcting 
radius of the code are Voronoi regions and d/2 respectively, where d is the minimum 
distance of the code. If r of a suboptimal decoding algorithm is equal to d/2, one often 
calls it a bounded-distance decoding algorithm. 
If a point lies both on the sphere of radius r centered at c and on the boundary of D( c), 
it will be called an effective boundary point of c. The number of effective boundary points 
of c is called the effective eN'Or coefficient of c, denoted elf( c). No te that at least one of 
eff(c) must be nonzero (21). The effective error coefficient of the code, denoted eff(C), is 
the average value of elf( c), i.e., 

1 
elf( C) = TCT L elf( c ). 

cec 

In (22]; Forney introduced the concept of geometrically uniform signal sets. Fora geomet
rically uniform signa! set, the Voronoi regions of all points have exactly the same shape. 
In this situation different points have equal error probability when a maximum-likelihood 
decoding algorithm is applied. In a simHar way one may call a decoding algorithm ge
ometrically uniform if all decision regions D( c) are congruent to each other. Although 
this is an interesting concept, we shall not discuss it in this paper. Instead, we will give 
a theorem about the effective error-coefficient of the coset code decoding algorithm. 
Let the binary codes C;, 1 ~ i ~ m, have minimum distance d; and let the union C of 
these codes have minimum distance d. Further, let A; denote a decoding algorithm for 
C;, 1 ~ i~ m. Then one can apply the general coset code decoding method of Conway 
and Sloane {17) to decode C: first decode the received word with respect to each code C; 
by means of decoding algorithm A;, next compare the m survivors and choose the one 
dosest to the received word as the most likely transmitted word in C. This coset code 
decoding procedure will be referred to as Algorithm A . 

Theerem 4.1 IJ each A;, 1 ~i~ m, is a bounded-distance decoding algorithm (for C;}, 
then Algorithm A is also a bounded-distance decoding algorithm (for C ). 
Further, if the minimum distance of C is strictly smaller than all the d:s, algorithm A will 
have an effective error coefficient that is equal to that of a maximum-likelihood decoding 
algorithm. 

Proof: Let x be a point in Rn at distance less than d/2 to one of the codewords in C, 
say to e1. Withoutlossof generality, assume that c1 is in C1• Then 
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Algorithm A 1 will choose CJ as output. Assume that algorithm A;, i> 1, chooses c; as 
output. Then either c; = c or, by triangle inequality, 

d(c;,x);::: d/2. 

This proves the bounded-distance character of A. 
Let b be on the boundary of D( ct) and also on the sphere of radius of d/2 centered 
around c1• Because d1 is strictly larger than d, algorithm At will choose Ct as output 
without any ambiguity. Since b is on the boundary of D(c1), one of the algorithms 
A;, i ;::: 2, will output a vector that is as close to b as c1 is. But each A;, i ;::: 2, only 
outputs codeword in C. This ineans that b has distance d/2 to at least two codeworcis 
of C. Thus, b will also be counted when calculating the effective error coeflkient for 
maximum-likelihood decoding. The opposite assertion is trivially true. 

0 

4.3 Decoding the Nordstrom-Robinson Code 

Let v4 denote the binary vector space of dimension 4 and let v4e denote the [4, 3, 2] 
even-weight code in V4 • Further, let A be the binary code with generator matrix 

( ~ 1 
0 

0 
1 ~ ) 

and let g = (1, 1, 1, 1). Consicier the following binary code oflength 16. 

Ct= {(a+btg,a+b2g,a+b3g,a+b4g) I a E A, b E vn. (4.1) 

Clearly this code is linear with cardinality 4 x 23 = 25• Further, if a is nonzero it must 
have weight 2 and the corresponding codeword wil! have weight 4 x 2 = 8, independent of 
the choice b. When a = 0 then one gets the all-zero and the all-one vector or codeworcis 
of weight 2 x 4 = 8. Thls shows that C1 is in fact the [16, 5, 8] first order Reed-Muller 
code. The construction above is in fact equivalent to the two-level squaring construction 
of the Reed-Muller codes described in [19]. It is also a special case of multilevel codes 
(see Section 2.2). Multilevel codes can be decoded by the multistage decoding algorithm 
In stead of decoding directly with respect to C1, we shall first decode with respect to the 
code 

c~ = {(a+ b]g,a + b2g,a + b3g,a + b4g) I a E A, b E V4}· (4.2) 

Notice that q consist of C1 and a coset of C1 . Assume that a decoding algorithm for q 
applied to a vector x yields the vector 

(4.3) 

We shall accept the above estimation for ä. The next step is to find the dosest codeword 
ê E Ct to x among the eight candidates 

(4.4) 

with b E V4e. The resulting codeword wil! be taken as the final es tirnation for x by a 
word in C1 • Of course, if (b1 , b2 , b3 , b4) itself is already in V4e one gets b = b. Otherwise, 
one obta.ins b out of b by inverting the least reliable coordinate b;. This is in fact the 
idea of Wagner's decoding rule [43] applied to b. 
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 1 0 0 0 1 
0 0 0 0 0 1 1 0 0 1 0 1 0 0 
0 0 0 0 0 1 0 0 0 1 1 0 1 1 0 
0 0 0 1 0 1 1 1 0 1 0 0 0 0 1 0 
0 0 0 1 0 1 0 0 0 0 0 1 0 1 1 
0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 
0 0 0 1 0 0 1 0 0 0 0 1 1 1 0 

Table 4.1: The coset leaders of the Nordstrom-Robinson code 

As follows from the general theory of multistage decoding (see Section 2.2), the above 
decoding procedure is a bounded-distance decoding algorithm, which means that the 
algorithm always outputs the dosest codeword whenever the received point is within the 
error correcting radius of the code. 

The Nordstrom-Robinson code consistsof the [16, 5, 8] Reed-Muller code and seven cosets . 
The coset leaders are given as rows in Table 4.1. 

The strategy for decoding the Nordstrom-Robinson code is to apply the decoding algo
rithm of the Reed-Muller code that is described above to the eight cosets of the Reed
Muller code. Then one compares the metrics of the eight survivors to find the dosest 
codeword in the Nordstrom-Robinson code. The theorem in Section 4.2 guarantees that 
the bounded-distance property of the Reed-Muller code still holds for this decoding al
gorithm of the Nordstrom-Robinson code. 

Let us look at the complexity of the decoding algorithm. Let x = ( x1, x2 , • • ·, x16 ) be 
any point in R 16 • lt is well known that finding the dosest codeword to x is equivalent 
to finding the codeword (in the 1, -1-representation) which has the largest inner prod
uct with x. At the precomputation stage, we calculate the inner product between the 
segments (x4;+1, x4;+2, x4;+3 , x4;+4) and every possible vector in V4 for i= 0, 1, 2, 3 and 
eaU them the confidence values of these combinations. Note that a binary four-tuple 
and its complement have confidence values of the same magnitude but with opposite 
sign. So we only need to calculate x4;+1 ± x4;+2 ± x4;+3 ± x4i+4· Three additions find 
x4;+1 + x4;+2 + x4;+3 + x4;+4. The remaining confidence values can be recursively calcu
lated with seven additions by using the appropriate Gray array as depicted in Table 2.2. 
Each ro_w of the Gray array differs from its adjacent rows only in one position. Thus 
the confidence value of the corresponding vector can be obtained by addingfsubtracting 
2x j for some j . We remind the reader that the multiplication by 2 will not be counted 
as an operation, in agreement with the convention at the end of Section 4.1. Therefore 
the confidence values of the binary four-tuples can be obtained with 10 additions. So at 
the precomputational stage 4 x 10 real additions are needed. This accounts for Step 1 in 
Table 4.2. 

Now, we proceed to calculate the complexity of decoding x with respect toeach of the 
cosets of C1. Each a E A defines 16 possible codeworcis in Cl (see (4.2)). When a b; 
changes in value, the confidence value of a+ b;g just gets a different sign. Thus, among 
the 16 possible codeworcis in c~, the one that has the largest inner product with x is the 
one with the b;'s such that each a+ b;g has a positive confidence value. Then in three 
additions, we add the confidence val u es of a+ b;g, i = 1, 2, 3, 4, and eaU the outcome the 
confidence value of a. Let a run over all four veetors in A, compare the confidence value 
of them and choose the one with largest confidence value, say 
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Let x be a received word. 

Step 1 

Step 2 

Step 3 

Compute the confidence value of all veetors in V4 for each 
segment ( X4i+t, x4i+2• x4i+3• x4;+4), 1 ~ i ~ 4 by means of 
the Gray array. 
For each of the cosets C; of Ct do: 
i) for each of the four a's in A determine its confidence value 
and the corresponding vector b, 
ii) choose the survivor ( see ( 4.5 )); this is the ciosest code
word in q to x, 
iii) if b f/. v4·' find i• with minimizes the confidence value of 
ä + h;g , invert h; and subtract 2 times this confidence value 
of that of à+ h;•g; this gives the ciosest codeword in C; to 
x. 
Compare the eight decading results to find the dosest code
word to x in the Nordstrom-Robinson code. 

Table 4.2: Decading the Nordstrom-Robinson code 

4 x 10 = 
40 

8x 
(3 x 4+ 

3+ 

3 + 1) = 
152 

7 

199 

(4.5) 

as survivor. This concludes the step of decading with respect to the [16, 5, 8] Reed-Muller 
code. It involves 3 x 4 = 12 additions and 3 comparisons (see Steps 2 i) and 2 ii) in Table 
4~~ . 
If (ht, b2, h3, h4 ) is in V4•, then the conesponding codeword will be the survivor of the coset. 
Otherwise, one needs to find, as discussed before, the value of i, say i•, that minimizes 
the confidence val u es of the segments à + h;g, 1 ~ i ~ 4, and invert b;•. The scalar 
product between the resulting vector and x can be obtained by subtracting 2 times the 
confidence values of ä + b;·g from the confidence value of the survivor. Thus the second 
step of decading [16, 5, 8] involves 3 comparisons and 1 ad dition (see Step 2 iii) in Table 
4.2). 
In total, the decading of x with respect to the [16, 5, 8] Reed-Muller code Ct involves 
12 + 1 = 13 additions and 3 + 3 = 6 comparisons. When decading x with respect to one 
of the cosets C; of Ct, one first inverts the confidence valties of the coordinates where 
the cosetleader (see Table 4.1) of that coset has its 1-coordinates and then applies the 
above decading method. Therefore decading with respect to the eight cosets involves 
13 x 8 = 104 additions and 6 x 8 = 48 comparisons. 
Finally, seven more comparisons (Step 3) will yield the best estimate among the eight 
survivors. Altogether the decading of the Nordstrom-Robinson code involves 199 real 
operations (144 additions and 55 comparisons). 
The complete decading algortihm described in this section is summarized in Table 4.2. 

4.4 Remarks 

The Nordstrom-Robinson code is a rate 1/2 code, so that the computational complexity 
per information bit is 199/8 :::::: 25 operations. For the vector quantization of an inde
pendent, identically distributed Gaussian process, the Nordstrom-Robinson code has a 
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performance about only 0.1 dB away from the performance of the extended Golay code 
[1]. The most efficjent bounded-distance decoding of the extended Golay code involves 
455 operations (2], i.e. 455/12::::: 40 per information bit. That means that the Nordstrom
Robinson code provides virtually the sameperformance as the extended Golay code with 
a decoding complexity of only around sixty percent . 
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Chapter 5 

lmproved Decoding Algorithm 
for MTCM Based on Certain 
Lattices 

5.1 Introduetion 

A typical multidimensional trellis coded modulation{MTCM) scheme can be simply de
scribed by two basic ingredients: one. consists of the cosets of a lattice partition A/ A', 
where A is a lattice and A' is a sublattice such that the order of the partition is finite; 
the other is a conventional binary convolutional code. 
The output of the binary encoder chooses the coset, and some other information bits 
specify an element in the coset (see Figure 5.1). 
The trellis diagram of the resulting multidimensional trellis code is essentially the same 
as that of the convolutional code. The difference is that the labels on the branches of 
the trellis diagram of the convolutional code now correspond to cosets. Thus, a trellis
searched decoding algorithm such as the Viterbi algorithm can be used to decode a 
multidimensional trellis code. 
In a soft-decision Viterbi-decoding algorithm, the first step of the decoding requires 
computing the branch · metrics. This. step will be called decading the branches. For an 
MTCM based on a lattice .partition, decoding the branches turns out to be equivalent 
to decading the lattice partition in use. This means that the dosest point in each of the 
cosets to the received point has to be determined and the associated metrics need to be 
calculated. · 
In [19, 20], Forney gave trellis-based algorithms for decoding lattice partitions. Ris algo
rithms are optimal trellis decoding algorithms for a given coordinate order and alphabet 
among all the trellis decoders in the sense that it uses the smallest number of trellis 
states (40]. Therefore, in the following, the expression trellis-based algorithm simply 
stands for the kind of trellis decoding algorithms described in (19]. 
Certainly decoding the branches is only part ofthe overall decoding procedure. However, 
fora code whose number of statesis small relative to its dimension, a considerable portion 
of the overall decoding work is due to decoding the branches. This becomes clear from 
Table 5.1. The material of the table comes from the tables in [20]. Here 'CS','F', 'W' 
stand for the codes found by Calderbank and Sloane (16], Forney [19] and Wei [57] 
respectively. A and A' denote the lattice partition in use. The column of 2v is the 

0This chapter is based on the paper with Prof. H. C. A. van Tilborg [47], "Improved decading 
algorithm for MTCM based on certain lattices". 
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k bits binary cncoder k + r codcd bits cosct sclcctor 

c A/A' 

l onc of 2ttr 

cosets of A' 

n - k uncodcd bits signa! point 
sclcctor 

Figure 5.1: A general structure of a Coset code from (19] 

Type A A 2u la•y(dB)T Reduclion 
CS Ea REa 8 5.27 66% 36'7o 
CS Eo RE a 16 5.27 50% 27% 
CS Eo REo 32 5.27 33% 18'7o 
CS Ea REa 64 5.27 20% 11% 
Wei z Eo 16 5.27 42% 20% 
Wei z• Eo 32 5.27 27% 12% 
Wei z· Es 64 5.27 15% 7% 
Wei Z" H1a 32 5.64 46% 9% 
Wei Dt REs 32 6.02 26% 15% 
Wei Dt RE8 64 6.02 15% 8% 

F Ea REs 4 4.52 90% 48'7o 
F Ea REs 16 4.52 68% 36% 
F Eo REo 8 5.27 67% 36% 
F z•• Hu 16 4.39 62% 12% 
F Dt REs 16 4.77 42% 23% 

Table 5.1: Decading branches vs. overall complexity and the reduction. Under the 
heading 'T' is the complexity of trellis decading the lattice partitlon versus the overall 
decading complexity of the trellis code with Viterbi decodlng. The last column shows the 
reduction in the overall complexity when the algorithms developed is used to compute 
the branch metrics. 
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number of trellis sta.tes. Further, under the hea.ding "fa•y, one ca.n find the a.symptotical 
gain of the code. The second column from the right of the ta.ble shows the fra.ction of the 
complexity of decoding the bra.nches to tha.t of the overall decoding when trellis ba.sed 
algorithms a.re used to decode the bra.nches a.nd Viterbi decoding is employed to decode 
the codes. The la.st column gives the reduction of the resulting overall complexity when 
the decoding algorithms derived in this cha.pter a.re a.pplied. · 
As the number of trellis sta.tes increa.ses, the a.mount of work required to decode the 
bra.nches becomes rela.tively smal!. However, in most pra.ctical implementa.tions, the 
number of trellis code sta.tes used ha.s been very low (typically 4 or 8, occa.sionally 16 
but ra.rely more tha.n 16) [55). Therefore, by reducing the complexity of decoding the 
bra.nches, it is possible to a.chieve a. considera.ble a.mount of reduction in the overall 
decoding complexity. 
In this cha.pter, we present several new a.Jgorithms for decoding the la.ttice pa.rtitions. 
Most of the algorithms ca.n a.chieve a.bout 50% reduction of the complexity of decoding 
the bra.nches. They result in 8% - 48 % improvement of the overall decoding complexity 
depending on the specific MTCM. 
As observed in [44], most previously known efficient algorithms for soft-decision decoding 
block codes a.nd la.ttices rely on decoding ea.ch coset of a. subcode of certain type in 
combination with the Wa.gner decoding rule [43) a.rtd its generaliza.tion [3, 17}. The 
Wa.gner decoding rule a.pplies to bina.ry single pa.rity check code. It sta.tes tha.t if bit
by-bit ha.rd detection of the received word fails to pa.ss the pa.rity check, the decoder 
inverses the lea.st relia.ble bit. The constructions a.nd properties we wil! use ca.n be found 
in [18, 19, 20}. The rea.der is referred to [19, 20] for a.n expla.na.tion of the nota.tion. 
The complexity of the decoding wiJl be mea.sured by the total number of real a.dditions 
a.nd compa.risons. In complia.nce with a. we!l-esta.blished convention [2, 3, 17, 19, 21, 44}, 
we shall ignore such opera.tions a.s memory a.ddressing, nega.tion, ta.king the a.bsolute 
value, a.nd multiplica.tion by 2, a.s well a.s the checking of logica.! conditions a.nd modulo 
2 a.dditions. 
This cha.pter is orga.nized a.s follows. In Section 5.2, algorithms a.re introduced for de
coding the la.ttice pa.rtitions Z 4 /2D4 a.nd Z8 I Es. These two pa.rtitions a.re trea.ted first 
beca.use most of the good multidimensional trellis codes found in the Jitera.ture a.re rela.ted 
to the la.ttices D4 a.nd E8 • Thus, nea.rly all the other algorithms use pa.rts of these two 
algorithms. In Section 5.3, more algorithms a.re presented. The destription is kept quite 
short beca.use of the simila.rities with the previously mentioned two decoding algorithms. 
Finally, the resulting rèduction to the overall decoding complexity is given in the la.st 
column of Ta.ble 5.1. 

5.2 Decading Z 4 /2D4 and Z8 I Es 

First some nota.tion needs to be introduced. Let r = ( r 1 , r2 , • • ·, rn) be the received point 
in n-dimensional Euclidea.n spa.ce, where nis the dimension ofthe la.ttice. Let a;o a.nd ail 
be the ciosest even a.nd odd integers tor; respectively a.nd a;2 a.nd a;3 be the second ciosest 
even a.nd odd integers tor; respectively. Let d;; = (r;- a;;)2 be the a.ssocia.ted metrics. 
Note tha.t most good trellis codes a.re ba.sed on mod-4 or mod-2 la.ttices. Therefore, the 
decoded la.ttice point must ha.ve one of the integers a;o, a;h a;2, a;3 a.s its ith coordina.te. 
Precomputation: As suggested in [19], .for a. mod-2 la.ttice, we sha.ll a.ssume tha.t 
a;o,a;t.dio- d;1 (1 ~ i ~ n,O ~ j ~ 1) a.re a.vaila.ble. Fora. mod-4 la.ttice, it is fur
ther a.ssumed tha.t the. differences d;,;+2 - d;,; = 4 - 4lr; - a;,; I ( 1 ~ i ~ n, 0 ~ j ~ 1) a.re 
also a.vaila.ble. The computa.tion of these numbers is highly implementa.tion-dependent 
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but has relative small complexity. This is why in [19], as wellas in this chapter, they are 
not included when the complexity of the whole algorithm is added up. 
Let A be a mod-2 lattice given by the code formula A= 2zn + C, where Cis a binary 
linear code. This means that A consists .of all veetors a in zn for which a vector ë 
in the code C exists with the property that a; = c; mod 2 for all 1 ~ ~ n . Let 
ë = ( c1, · · ·, Cn) E C, we have 

d(2Zn + ë, r) = L d(2Z + c;, r;) = L d( a;,c;, r;), 
i 

min d(>., r) =min"" d(a; c·, r;). 
ÀEA ëEC ~ '' 

I 

It means that decoding the lattice A and the lattice partition zn; A are respectively 
equivalent to decoding C and FniC with metrics d(·,r;). Decoding zniA and FniC 
means to find dosest vector in each coset of zn I A (FR IC) to the received point. Here, 
the d( ·,·)is just the Euclidean distance. According to the notation introduced previously, 
we have 

Furthermore, let 

d;o = d(a;o,r;) and d;1 = d(ail,r;). 

m; := d;o- dil and m(~) := L(-1)"'m;. 
i 

It follows that for ë, 7! E C, 

1 
d(ë,r)- d(ë',r) = ~(dï,c;- d;,c:) = 2(m(ë)- m(ë')). 

I 

In other words, m(~) can equally well serve as metrics when decoding a mod-2 lattice1 • 

A. Decoding zs /Es 

Now we are ready to state the decoding algorithms. We begin with the partition zs I Es. 
It is interesting to notice that all good trellis codes of 8-dimensions found by Calderbank 
and Sloane [16],Wei [57] and Forney [20] use partitions related to the Gosset lattice 
Es [18]. Es is a mod-2 lattice with code formula Es = 2zs + [8, 4, 4] where [8, 4, 4] is the 
first order Reed-Muller code or the extended Hamming code with the following generator 
matrix: 

( !!~~~~~~)· 
1 0 1 0 1 0 1 0 

The code generated by the first three rows in this matrix and the code generated by 
(11000000) and the first three rows of this matrix are called Co and Có respectively. If 
we group the coordinates successively in pairs, Co and Cb are isometrie to the single 
parity check code and the universal code respectively. The [8, 4, 4] can be decoded by 
decoding two cosets of Co [41]. 
For any ï.i = (b1,b2) E F~, 

We have 
4 

m(ï.itï.i2ï.i3ï.i4) = L M;(ï.i;), 
i=l 

1 N otice that for decoding a binary code, the largest correlation is desired, whereas with the metric 
m(·), an optima! decoder will choose the smallest correlation. 
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where 1i1 1i2~ii4 is the concatenation of the four two-tuples. Furthermore let 

Trivially, for any ä in A1, a is the ciosest point to the received point in the coset ä 6) Cb. 
~ach ä 6l Cb consists of two cosets of Co i.e., 

aal Co (5.1) 

and 
(11000000) 6l a 6l Co. (5.2) 

The dosest point in the latter coset to the received point can be obta.ined by comple
menting one of the constituent two-tuple where such a change will increase the distance 
by the least possible amount-i.e., complement b; with the smallest M;(b;). This in fact 
is Wagner's rule. Thus, the following algorithm can be formulated. 

1. First m2;_1 ± m2; are calculated in 8 real operations. Eight more additions get 

Then 16 additions can obta.in 

4 

- L lmzi-1 ± m2;l, 
i=l 

which correspond to the 16 metrics of the points in A1 • 

2. Let i* be in {1, 2, 3, 4} and b* be the binary two-tuple such that for i=1,2,3,4 and 
1i E F~, 

M;·(b•) = IM;·(ii*)l ~ IM;(ii) l. 

Notice that such b* always exists because that M;(b) = -M;(ii + (11)). It involves 
seven comparisons to find b* and i*. In A1 , there are eight points with b* as its 
i*th two-tuple. From these eight points, the corresponding decoded points in (5.2) 
can be obta.ined just by replacing b* with (11) + b* at the i*th coordinate. For 
the rema.ining 8 points, the corresponding decoded points in (5.2) can be gotten in 
3 x 8 = 24 comparisons. The associated metrics of the decoded points in (5.2) can 
be obta.ined by adding 2IM;(b;)l forsome i to the metrics of corresponding decoded 
points in 5.1, which requires 1 x 16 additions. 

3. Since each coset in zs I Es consists of two cosets of the partition zs l(2zs + C0 ), 

1 x 16 comparisons decode zs I Es from the decoding result of zs l(2zs + C0 ). 

In total, this algorithm involves 95 operations, whereas the decoding complexity given 
in (20] is 176 operations. 

Remark: note that the reduction of the complexity is partially due to using the metric 
m; instead of dij· When the metric m; is applied to the trellis-based algorithm, the 
decoding complexity can be only reduced from 176 to 136. 

B. Decoding Z4 /2D4 

We shall now discuss the decoding of the partition Z4 I2D 4 • The lattice D 4 is the checker
board lattice in which the sum ofthe coordinates are even. The mod-4lattice 2D4 consists 
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of all veetors 2a where a is in D4 • The decoding algorithm to be presented takes advantage 
of the partition chain Z4 /2Z4 /2D4 • 

First the partition Z4 /2Z4 can be decoded easily. Let 

Clearly the 16 points in A belong to 16 different cosets of 2Z4 • By the definition of a;j, 

(al,ip a2,;,, a3,;3 , a4,;4 ) is the ciosest point to the received point in the set 

The ciosest point in (2 + i1 , i2, i3, i4) + 2D4 can be obtained by replacing that at,i1 with 
at,i1+2 for which dt,i1+2 - dt,i1 is smallest-i.e., where lr1- a1,;1l is largest. The metric of 
the decoded point in (2 + i1, i2, i3, i4) + 2D4 can be obtained by adding dt,i1+2 - dt,i1 for 
some l to that of ( a1,i1 , a2,i2 , a3,ia, a4 ,;4 ). This is a version of the Wagner decoding rule for 
decoding a lattice partition. Thus we have the following algorithm for decoding Z4 /2D4 • 

1. The associated metrics for all a E A can be obtained in 18 real operations with the 
aid of a Gray array2. 

2. Since one of lrt...:. at,ol and lr1- at,! I must be larger than 1/2, the other must be 
less than 1/2, Four comparisons find the ones which are larger than 1/2. By the 
Rivest-Tarjan algorithm3 [33, p.212] five comparisons sort the four values which are 
larger than 1/2. Three comparisons find the largest one among the four which are 
less than 1/2. This sorting result will be used for finding the ciosest point in the 
coset4 

3. The associated metric of the decodedpoint in (2+i1, i2, i3, i 4 )+2D4 can be obtained 
in 1 X 16 real additions . 

The whole algorithm involves 18+4+5+3+16=46 real additions and comparisons which 
saves 112-46=66 operations when compared with the trellis-based algorithm. 

5.3 More Algorithms and Remarks 

Similar techniques can be applied to some other interesting lattice partitions. Table 5.2 
contains some of the results. Here 'T' and 'N' stand for the complexity of trellis decoding 
and that of the new decoding algorithms respectively. We will briefly explain the decoding 
algorithms involved. 

The partition Z8 / REs: The lattice REs has the code formula REs = 4Z8 + 2[8, 7, 2] + 
[8, 1, 8], where [8, 7, 2] is the single-parity check code and [8, 1, 8] is the repetition code. 
REs contains 2Ds as a sublattice. The partition chain Z8 /2Ds can be decoded in 550 

2lt is well known technique in the literature to calculate the metrics of a universal code by means of 
a Gray array. The reader is referred to Section 2.5 for details. 

3Rivest-Tarjan's algorithm involves L:~=l [log2al operations for sorting n numbers. 
4 Storing the sorting results certa.inly requires some extra memory, although rather small. Notice that 

decoding by means of tables such as trellises also involves some memory. 
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A A Trelli8 New 
z• REa 2016 806 

Ea RE a 240 112 
Dt RE a 352 156 
z•• Hts 832 670 

Table 5.2: Decading complexity for some partitions 

operations by exactly the same procedure as used for the decading of the partition 
Z4 /2D4 • Among them 262 operations are needed to obtain the metrics of the decoded 
points in zs /2Zs with the aid of a Gray array ( this corresponds to step 1 of decading 
Z4 /2D4)· Eight comparisons find lr1- a1Ji ;::: 1/2 and sorting 8 numbers by the Rivest
Tarjan algorithm involves 17 operations. Seven comparisons find the largest one among 
lr1- a1JI < 1/2 ( corresponding to the second step of decading Z4 f2D4 ). Finally, the step 
corresponding to the third step of decoding Z4 f2D4 involves 1 x 256 operations. In tot al, 
decading zs / REs involves 262 + 8 + 17 + 7 + 256 = 550 real operations. Furthermore, 
2s extra comparisons are necessary to decode the partition zs / REs from the decading 
results of zs /2Ds since each coset of zs / REs contains two cosets of zs /2Ds. 

The partition Es/ REs: First, the partition chain Es/2Zs /2Ds is decoded. The nearest 
point to the received point in the coset (it. i2, ···,is)+ 2zs is ju st ( at,ip · · ·, as,;8 ), where 
(it. i2, ···,is) is a codeword in (8, 4, 4]. In 4 x4 real additions, we can obtain a2;-t,j1 +a2;,j2 

(1 :::; i :::; 4,jhj2 = 0, 1). With the matrix in Section 5.3 as the generator of the 
(8,4,4] code, both ( i1 , i2, i3,4 ) and ( i5 , is, i1, is) can take only 8 different vectors, where 
(i1,···,is) E (8,4,4]. Thus, the metrics of (i1oi2,i3,i4) can be obtained in 8 additions 
from a2i-t,j1 + a2i,j, (1:::; i :::; 4,jhh = 0, 1). The metrics of the 16 codewordsof [8,4,4] 
can be obtained from those of (ih i2, i3,4 ) and (i5 , i6 , i1, is) in 1 x 16 additions. In total, 
this step involves 4 x 4 + 8 x 2 + 1 x 16 = 48 real additions. The decoder proceeds as in 
the second and third steps of the decoding algorithm of partition Z4 f2D4 but skipping 
the cosets which are not in Es. It takes 32 + 16 = 48 real operations. Finally 16 more 
comparisons between the survivors in the partition Es/2Ds decode the partition Es/ REs. 

The partition of Df.L I REs: The lattice nt is the dual of Ds with code formula 2Zs + 
[8, 5, 2], where [8, 5, 2 is a binary linear code with generator matrix 

( ~ ~!! ~ ~ ~ ~J· 
0 0 0 0 0 0 1 1 
1 0 1 0 1 0 1 0 

The first four rows generate a code which is isometrie to a universa! code. The whole 
code is a union of two such codes. First decode the partition chain Dt /2Zs f2Ds . As 
in the case of Es/ REs, the metrics of (i i, i2, · · ·,is) need to be computed. We focus . 
on computing the metrics of the subcode generated by the first 4 rows of the generator 
matrix, the metrics of the points in the other coset of the code can be obtained in exactly 
same way. First 8 additions are needed for computing d2i,o + d2i+J,O and d2;,1 + d2i+1,t· 
Four additions give the differences between d2i,O + d2i+l,O and d2i,1 + d2i+l,l· for i= 1..4. 
Then as in the first step of the decoding of the partition Z4 /2D4 , 18 real additions 
are enough to get the metrics of the subcode. In total, decoding the partition Dt /2Zs 
involves 2 x (8 + 4 + 18) operations. Now, 32+32 more operations decode the partition 
Dt /2Zs /2Ds as in the second and third steps of the decoding of Z 4 f2D4 but skipping 
the cosets which are not in Dt. · 
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The partition ztsiHts: The lattice Hts has code formula Hts = 2zts + [16, 11,4], 
where [16, 11, 4] is a second order Reed-Muller code or extended Hamming code. The 
following matrix wil! be taken as the generator matrix of t his [16, 11, 4] code: 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

1 1 1 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 0 1 1 
0 0 0 0 0 0 0 0 0 1 0 0 0 

1 0 0 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

The code ë generated by the fi.rst 8 rows in the matrix is equal to the concatenation of 
two [8, 4, 4] codes. So, by applying the decoding algorithm of Z8 I Es twice, the partition 
zts l2zts + ë can be decorled in 2 x 95 + 28 operations; where the ~ operations are 
used for calculating the metrics of the 28 combinations. Since each coset in the partition 
zts I Hts contains eight cosets in the partition zts 12zts + ë, seven comparisons can 
decode one coset in the partition ztsiHts from the decoding of ztsj2zts + ë . 
In this chapter, as well as in [19, 20], decoding algorithms are presented for infinite lat
tices. When just a fini te signa! constellation is taken from one of these lattices, decoding 
can proceed in exactly the same way as in the infinite case. If the decorled point is 
not in the signa! constellation in use, an error is counted. This decoding strategy will 
slightly increase the number of nearest neighbors for the boundary points. However, 
what dominates the performance are the inner points of the constellation. 
The reduction of the resulting overall complexity for some of Calderbank-Sloane and 
Wei's and Forney's codes is given in the last column of Table 5.1. For codes with a smal! 
number of trellis states, the achievable reduction can be obtained more than 40 per cent. 
The practical significanee of these codes makes it interesting to optimize the decoding 
procedure of these codes. 
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Chapter 6 

App:roaching Capacity by 
Equiprobable Signaling on the 
Gaussian Channel 

6.1 Introduetion 

Traditionally, the principle of designing signa! constellations for Additive White Gaussian 
noise Channels(AWGN) is to maximize the Squared Euclidean distance between signa! 
points under the constra.int on the average power. 
This principle results in uniformly spaeed signa! sets in one-dimension. Forney et al. [25] 
were the fi.rst to point out that channel capacity can not be achieved if the points in the 
signa! set derived from the a.bove-mentioned principle are equiproba.ble. 
The gap between cha.nnel ca.pa.city a.nd the highest a.chiva.ble ra.te of one-dimensional 
equiproba.bly uniforrnly spaeed signa! set is equivalent to 1.53 dB for large signa! to noise 
ratio [25, 23]. 
By going to higher dimensions and choosing signa! points on a.n N -dimensional recta.n
gular la.ttice from within a.n N -sphere rather tha.n an N -cube; the gap ca.n be red u eed. 
As the constella.tion becomes more spherical, it implies a. nonequiprobable distribution on 
the projective one-dimensional constellation. The ga.ins obta.ined in this wa.y are called 
shaping gains. lt has been shown [25] that in the limit as N --+ oo a.n N -sphere ca.n 
a.chieve 1.53 dB of sha.ping ga.in, and enforces a. trunca.ted Gaussi-an distribution on the 
projective one-dimensional constella.tion. 
Obviously, when N increases, directly a.ddressing a.n N-sphere soon becomes impracti
cal. Therefore considera.ble a.mount of effort has been put into developing a.n algorithmic 
approach to genera.te high-dimensional sphere-like constellations which forma good com
prornise between the complexity and energy efficiency. A typical exarnple is a. Voronoi 
constellation [23]. Forney further extended the Voronoi shaping to constella.tions con
structed from trellis codes [24]. This turned out to be a. very effective wa.y of sha.ping. 
Calderbank a.nd Ozarow proposed achieving shaping ga.ins by directly using lower di
mensional constellations and enforcing a nonequiproba.ble distribution on the signa! 
points [15]. Their method divides the constella.tion into several subconstella.tions of 
equal size. A shaping code is employed to select subconstella.tions according to the de
sired proba.bility distribution. The sha.ping codes result in an equiproba.ble signa! set in 
high dimension. For instance, if the basic signa! constella.tion is two-dimensional and a. 

0 This chapter is based on the paper with Prof. H. C. A. van Tilborg [45], "A pproaehing capacity by 
equiprobable signaling on the Gaussian channel". 
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length 8 shaping code is used, it generates a 16-dimension equiprobable signaling scheme. 
Therefore Calerbank and Ozarow's method can also be viewed as an algorithmic way of 
generating higher dimensional shaping constellations. 
Another way of a pproaehing channel capacity is to use a variable-rate code. This idea first 
appeared in [25]. Recently it was further developed by Livingston [38]. However, variable
rate signaling causes system problems such as buffering management and resynchroniza
tion. These probieros have to be resolved before the variable-rate signaling schemes can 
be applied. 
Certainly the most direct way of signaling is to use a fixed low-dimensional signal set 
equiprobably. But the current view in the literature is that it is impossible to obtain 
channel capacity with this kind of signaling. In this work, we present a proof that channel 
capacity can be achieved by equiprobable signaling in low dimension. The signal set in 
use presents a Gaussian-like shape. We eaU this kind of shaping geometrical shaping. 
This result implies that it is possible to obtain shaping gains without using any kind of 
shaping codes. 

6.2 Main Theorem 

A discussion about the gap between the rate of equiprobably uniformly spaeed signaling 
and the capacity can be found in [25]. For later comparison, more detailed analysis of 
the uniformly spaeed one-dimension signaling will be presented here. 
Let N be an integer and the channel input be the random variable, XN uniformly dis
tributed on 

±.ó-,±3-ó.,· · ·,±(N- 1)-ó., Neven 

or on 
0,±2.ó.,±4.ó.,···,±(N -1)-ó., N odd. 

Then the average energy of the input signal is 

Let the channel output be YN = XN + Z, where Z is a Gaussian random variable, 
independent of XN, with EZ= O,EZ2 = <J2 • Then the highest achievable rate with this 
signaling scheme is equal to the mutual information I(XN, YN). Note that [8, p.247] 

I(XN, YN) = H(YN)- H(Z) = H(XN + Z)- H(Z). 

Let U be the uniformly distributed random variabie on [ -v"3P, v"3P]. As N -+ oo, 
the distri bution of XN will converge to the distribution of U. Therefore the entropy 
H(XN + Z) goes to H(U + Z). Since these are differential entropies, the formal proof 
that H(XN + Z) tends to H(U + Z) involves interchanging the order of integration and 
taking the limit. This requires the application of the bounded convergence and mean 
value theorems. We omit these details. 
Let X be a Gaussian distribution with EX = 0 and EX2 = P, The gap between the 
channel capacity and the highest achievable rate with the uniformly spaeed equiprobable 
signaling set is 

. 1 
H(X + Z)- H(U + Z) = 2log27re(<J2 + P)- H(U + Z). 
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When the signal-to-noise ratio goes to infinity, or equivalently, by fi.xing the input power 
at P and letting the power of noise go to zero, (so asymptotically the system will be 
noiseless), the highest achievable rate of a given input just goes to the input entropy. 
Note that 

1 
H(X) = '2log21reP (6.1) 

and 
1 

H(U) = 2zog12P2• (6.2) 

Therefore asymptotically the gap between channel capacity and uniformly spaeed equiprob
able signaling is 

H(X)- H(U) = ~log ~e = 0.2546 bits. 

In other words, if we want to achieve the same ra te by these two ·different signaling 
schemes, we have to increase the signal-to-noise ratio by a factor 1rej6 ( compare (6.1) 
and (6.2)), which corresponds to 1.5329 dB. We summarize these results in the following 
theorem. 

Theorem 6.1 As the alphabet size increases, the highest achievable rate with uniformly 
spaeed equiprobable signaZing set approaches 

H(U + Z)- H(Z). 

The gap between channel capacity and uniformly spaeed equiprobable signaZing is equal to 

1 
2zog21re(a2 + P)- H(U + Z). 

This gap approaches 1.53 dB for high signal-to-noise ratio. For any given signal-to-noise 
ratio, the gap is smaller than 1.53 dB. 

Proof: The only point left to be explained in the theorem is that the gap is smaller 
than 1.53 dB for any given finite signal-to-noise ratio. By applying the entropy power 
inequality [8, p.287], we get 

Therefore, since 1re > 6, 

This establishes the last statement of the theorem. 0 

We conclude from Theorem 1 that equiprobable uniformly spaeed signaling points can 
not achieve channel capacity. In the following we present a geometrically Gaussian-like 
signal set. Subsequently, it will be proved that channel capacity can be approached by 
equally likely using these signal points. 
First, we take N + 1 points on the realline 

(6.3) 

such that for 1 ~ i ~ N 

-- e"' dx=-. 1 1";+1 - 2/2P 1 
V'iiP a; N 

(6.4) 
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Let 
x;=-- xe-x f2P dx. N la;+i 2 

..,fFiP a; 
(6.5) 

Actually, the xï's are just the centraids of the the equiprobable interval (a;, a;+ 1) with 
respect to a Gaussian distribution of varianee P. 

Theorem 6.2 The equiprobable signaZing on the signal set { x1 , • • ·XN} specified by {6.9}
{6.5} can achieve channel capacity as N--+ oo. 

Proof: First we have to prove that the constellation satisfies the energy constraint. 

1 N 

-·I>~ 
N i=l • 

= 2_ . f: [__!!__ {a;+i xe-x' /2P dx] 2 
N i=l ..,fFiP la; 

N 

N · L[E(x ·1;)] 2
, 

i=l 

where E(-) is the expectation with respect to the probability density function 

1 -x2 /2P --e ...tFiP . (6.6) 

The function /;is the characteristic function of the set (a; , a;+l) i.e. /;(x) is equal to 1 
·if x E (a;, ai+!) and equal to 0 anywhere else. 
By applying the well known probability inequality for any two random variables: 

(6.7) 

we get 
N N 

N · L [E(x · 1;)]2 
:::; N · L E(xi;? · E(I[) . (6.8) 

i=l i=l 

By the definition of/; and (6.4), E(Jf) = 1/N and 

L E(x · /;)2 = E(x2
) = P. 

This proves that the constellation satisfies the energy constraint. 
Let GN be the random variabie uniformly distributed on {x;}. Next we will prove that 
the density function of GN + Z converges to that of X+ Z, where X is the Gaussian 
distri bution with varianee P. The density function of GN + Z is 

1 N 1 1 N la·+• PN(x) = _ L --e-(x-x;)
2/2u2 = ---2::: ' e-(x-x;)2 f2u 2

-y
2 f2Pdy, 

N i=l ..f'i;u 27ruvP i=l a; 

(6.9) 

where the last equality is obtained by (6.4). Both X and Z are normal distribution so 
that their sum is also a normal distribution with E(X + Z) = u 2 + P. Thus, the density 
function of X + Z is 

(6.10) 

On the other hand, the density fuction of sum of two random variables is equal to the 
convolution of their density function. Therefore, we have 

p(x) = __ 1_100 
e-(x-y)2 /2u2 -y2 /2Pdy. 

21ruvP -oo 
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From (6.9) and (6.10) and e-"' < 1 when x > 0 and (6.4), we have 

Clearly, when x rj. (a;,ai+l), 

Thus, we have 

iPN -pi 

Therefore PN(x) converges to p(x). This convergence is uniform in x. The uniform 
convergence property guarantees that the corresponding entropy functions have the same 
convergence property, i.e., 

lim - jPN(x)logpN(x) =- jp(x)logp(x). 
N.-oo 

Hence, we have 

lim I(GN, GN + Z) = lim (H(GN + Z)- H(Z)) 
N~oo N~oo 

= H(X + Z)- H(Z) = I(X,X + Z). 

This proves our assertion. 0 

49 



6.3 Remarks 

Information-theoretic arguments presented in this chapter show that equiprobable signal- · 
ing in low dimension can achleve channel capacity for the memoryless Gaussian channel. 
A topic for further research is to find good coding schemes for geometrical Gaussian-like 
signal constellations. lt should be noted that the signal set specified by ( 6.3)-( 6.5) relates 
to the input power. This means that for different signal-to-noise ratios different signal 
sets should be used. lt also suggests that in the search for good codes, the performance 
of codes at a specific SNR has to be taken into consideration. This becomes even more 
clear by observing that the minimal distance in the Gaussian-like signal set is a very 

. exceptional event for large signal set. No doubt, this property will be inherited by a 
trellis code based on this kind of signal sets. 
Ungerboeck's mapping by set partitioning plays a very essential role when constructing 
good coded modulation schemes [51]. Is the mapping by set partitioning still good for 
geometrical Gaussian-like signal sets? A fact is that for the Gaussian-like signal sets, set 
partitioning does not result in subsets which have significantly larger minimal distances 
for the. Gaussian-like signal sets. 
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NEDERLANDSE SAMENVATTING VAN HET PROEFSCHERIFT: 

DECODING TECHNIQUES AND A MODULATION SCHEME FOR 
BANDLIMITED COMMUNICATIONS 

Dit proefschrift beschrijft het onderzoek dat de auteur gedurende de periode 1991-1993 
heeft verricht naar gecodeerde modulatietechnieken en daaraan verwante onderwerpen. 
Hoofdstuk 1 geeft een korte inleiding in de onderwerpen van dit proefschrift en venneldt 
voorts de hoofdresultaten van ieder hoofdstuk. 
In hoofdstukken 2 en 3 worden nieuwe multilevel constructies van de Golay code en 
het Leech rooster gepresenteerd. Gebaseerd op deze constructies, zijn efficiëntere soft
decision decodeeralgoritmes ontwikkeld. Deze nieuw ontwikkelde algoritmes zijn ongeveer 
twee maal efficiënter dan de hilldige state of the art decodeermethodes. Hoofdstuk 4 
beschrijft een bounded-distance decodeermethode voor de Nordstrom- Robinson code. 
De Nordstrom-Robinson code is een optimale, niet-lineaire, 2-fouten verbeterende code 
van belangrijk praktisch belang. Een efficiënt, suboptimaal decodeeralgoritme is afgeleid 
dat slechts 199 reële bewerkingen nodig heeft, wat minder dan de helft is van het voorheen 
best bekende algoritme. 
Hoofdstuk 5 geeft enige nieuwe algoritmes voor het decoderen van bepaalde roosterop
splitsingen. De eerste stap in het decoderen van een meerdimensionale Trelliscode bestaat 
illt het berekenen van de bij de ve:J,"takkingen behorende afstandsmaten. In het geval dat 
de code gebaseerd is op een roosteropsplitsing is het berekenen van de vertakkingsar
standen gelijkwaardig aan het decoderen van de onderhavige roosteropsplitsing. Door 
gebruik te maken van deelroosters en deelcodes van een bepaald type en van de methode 
van Wagner vinden we verschillende algoritmes die ongeveer 50% reductie in de decodeer
complexiteit van de eerste stap van het decodeeralgoritme kunnen bereiken in vergelijking 
met de bestaande technieken in de literatuur. 
In het laatste hoofstuk wordt het probleem van de keuze van een verzameling signaalpun
ten besproken. Deze keuze is van fundamenteel belang bij het ontwerpen van commu
nicatiesystemen. Het werd algemeen aangenomen dat Jaag-dimensionale, met gelijke 
kans voorkomende signaalpunten niet optimaal kunnen zijn. Echter, in dit hoofstuk 
wordt aangetoond dat met gelijke kans voorkomende signaalpunten de capaciteit kun
nen bereiken voor systemen met hoge transmissiesnelheid. Ook hebben we bewezen dat 
optimaliteit kan worden bereikt zonder vertraging in tijd. 
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. STATEMENTS 
accompanying the dissertation 

Decading Techniques and a Modulation Scheme for 
Bandlimited Communications 

F.-W. Sun 

I. Both 'the holy construction' of the Leech latttice with the octacode as 
the glue code and Forney's version of Thryn's construction of the Leech 
lattice rely on the Z4 linear octacode. However, they are essentially 
different constructions. 
- F.-W. Sun and Henk C. A. van Tilborg, "More efficient bounded
distance decoding of the Golay code and the Leech lattice", preprint. 

II. For asymmetrie channels, there exist only trivially perfect codes; 
whereas there are plenty of weakly perfect codes for these kinds of chan
nels. 
- G. Fang, H. C. A. van Tilborg, F.-W. Sun and I. S. Honkala, "Some 
feactures of binary block codes for correctingasymmetrie errors", Lecture 
Notes in Computer Science, vol.673, pp105-120, 1993. 

III. Shaping gains can in principle be realized without encoding delays. 
- Chapter 6 of this thesis. 

IV. The idea of choosing different sets of coset representatives for differ
ent coordinates in Chapter 2 of this thesis can be applied quite generally 
to eliminate the dependenee between the levels of most cases of "twisted" 
multilevel codes and lattices. 
-0. Amrani, B. Be'ery, A. Vardy, F.-W. Sun and H.C. A. van Tilborg; 
"The Leech lattice and the Golay codes: bounded-distance decoding and 
multilevel constructions", To appear in IEEE Transaction.s on Informa
tion Theory. 

V. Even for a signa) constellation as large as a 64-QAM, all the points 
of the Leech lattice in the constellation are close to the boundary. This 
fact partially explains that the increase of the effective error coefficient 
has a rather smal! impact on the performance degradation. 
- 0. Amrani, B. Be'ery, A. Vardy, F.-W. Sun and H. C. A. van Til borg; 
"The Leech lattice and the Golay codes: bounded-distance decoding and 
multilevel constructions", To appear in IEEE Transactions on Informa
tion Theory. 
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VI. It is not tedious for teachers to repeat the same material yearly. The 
pleasure of teaching comes from the audience: their enthusiasm and the 
way in that they are enlightened. 
- From my three years teaching experience. 

VII. From a psychological point of view, scientists are the same sort of 
people as criminals. They share many common traits: being unsatisfied 
with the existing situation, enjoying challenges, and breaking the usual 
practices. Fortunately, most of the scientists do live up to a different 
code of conduct. 
- From the diary of a psychologist. 
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