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Absorption and diffusion of hydrogen in palladium-silver alloys by density functional theory
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The vibrational states, absorption energies, and diffusions of H in Pd and Pd12xAgx(0<x<1) have been
studied by first-principle calculations. All results compare favorably to experiment. The zero-point motion of H
is important in the determination of the H site occupation, in the estimation of the diffusion barrier, and in the
explanation of the reversed isotope effect. The interesting anomalous isotope effect is explored, and a diffusion
mechanism is proposed for tritium. The preferred diffusion paths of H in Pd and Pd12xAgx are ‘‘indirect’’
paths. According to the absorption energies and diffusion barriers, H diffusion in Pd-Ag alloys should avoid the
Ag-rich areas.
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I. INTRODUCTION

The Pd-H system has continuously attracted attention,
only because of its technological application in H stora
and separation, but also because of its special place w
the more general class of metal hydrides with its an ext
sive literature.1–4 Pd is special since it readily dissociates
stores H at high volumetic density, and has a high H dif
sivity. For the different H concentrations at room tempe
ture, there are two phases in PdHx fcc lattice including the
a(x,0.1) phase and theb(x.0.6) phase.5 Both phases ex-
hibit a fcc structure and differ only in their lattice constan
Of particular interest are the alloys of Pd with silver, whi
are widely employed as a material for the diffusion me
branes. Pure Pd is not attractive for practical applicati
because loading with H induces a structural ph
transformation,1 which causes embrittlement over H loadin
and unloading cycles. By alloying Pd with Ag, the pha
transition and the associated embrittlement can be s
pressed.

Over the years, there has been a continued theore
interest in the vibrational energies, the diffusion, and the d
sociation of H in pure Pd,6–15 but there is little theoretica
understanding of H in Pd-Ag alloys. This paper and a rec
paper by Lo”vvik16 intend to fill this gap. In the present work
the anharmonic excitation energies, absorption energies
activation energies of H in Pd and Pd-Ag alloys are a
dressed. Our results show that the harmonic approximatio
inadequate to study the vibrations of H in the Pd-Ag allo
and the solubility of H in the Pd-Ag alloys increases for
25% silver concentration. In particular, we stress the in
ence of the zero-point motion on the absorption and diffus
of H. Besides that, we explore the interesting anomal
isotope effect.17–20

The paper is organized as follows. Section II describes
theoretical methods. Section III discusses the main calc
tion results. Section IV consists of a summary and conc
sions.

II. MODEL AND SIMULATION METHODS

For H in pure Pd, the experiment shows that PdHx (0
<x<1) has a face-centered cubic~fcc! crystal structure.5
0163-1829/2002/66~18!/184304~11!/$20.00 66 1843
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H preferentially occupies the octahedral site in the intersti
spaces of Pd fcc lattice.21–24 To investigate botha and b
phase, we performed calculations for several H concen
tions in PdHx (x50.03125, 0.0625, 0.25, 0.5, 0.75, and 1!,
wherex is the ratio of H/Pd. In detail, PdH0.03125, PdH0.25,
PdH0.5, and PdH0.75 are modeled by the simple cubic cells
Pd32H, Pd4H, Pd4H2, and Pd4H3, respectively. PdH0.0625 is
modeled by the tetragonal cell of Pd16H. PdH is modeled by
one hydrogen and one Pd. The H2 molecule is modeled by a
dimer in a simple cubic supercell. The lattice constant is
Å, which is large enough to prevent interaction between t
H2 molecules. The calculated bond length of 0.75 Å for t
H2 molecule agrees well with the experimental value
0.74 Å.25

For the alloy structures, the experiment shows that
majority of binary alloys of Pd with the neighboring ele
ments in the periodical table have fcc compositions.26 In our
study, fcc structures have been assumed for Pd12xAgx (x
50.0, 0.25, 0.5, 0.75, and 1.0! alloys, wherex is the fraction
of Ag. H absorption in Pd12xAgx alloys and in pure silver
was modeled by the simple cubic~or tetragonal! cells con-
taining four heavy atoms~Pd or Ag! and one H atom, de-
picted in Fig. 1. For H in pure Pd, all octahedral sites a
crystallographically equivalent. For H in Pd12xAgx alloys,
there are two different octahedral sites for H occupations.
specify O1 and O2 in each structure, where O1 is by defini-
tion surrounded by more Pd atoms and less Ag atoms. T
I summarizes the specified O1 and O2 sites in Pd12xAgxH0.25
structures. Figure 1~d! shows a~110! plane of the fcc lattice
where the large, filled circles are the positions of Pd~or Ag!
atoms. The open circles are octahedral sites. Additionally,
filled squares are the S111 transition states and the ope
squares are the S110 transition states for the H diffusion.

The quantum-mechanical study was performed using
Vienna ab initio simulation package,27,28 which allows for
periodic density functional theory~DFT! calculations by
solving the Kohn-Sham equations~KS! with pseudopoten-
tials and a plane wave basis set. The approach impleme
in the program is based on a finite-temperature general
gradient approximation with the Perdew–Wang
functional.29 The interactions between the ions and the el
trons are described by the ultra-soft~US! pseudopotentials
introduced by Vanderbilt.30
©2002 The American Physical Society04-1
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X. KE AND G. J. KRAMER PHYSICAL REVIEW B66, 184304 ~2002!
Brillouin-zone integrations were performed on an
311311 mesh.31 The energy cutoff is 436 eV. With thes
basis set, we chose Pd4H as a test, when the energy cuto
was increased to 500 eV or the mesh was increased to
315315, the changes of total energy in these cases w
smaller than 0.5 meV per atom. A Gaussian smearing w
0.2 eV was applied during the geometry optimization. Th
are two kinds of geometry optimization in our calculatio
One just optimizes the coordinates of atoms. This is suita
for a high symmetry cell such as the cubic cell. The oth
fully optimizes structure including coordinates and latti
vectors~cell volume!. This is suitable for a low symmetry
cell such as the tetragonal cell. In all calculations, the to
energy was converged to be less than 0.5 meV with res
to thek point sampling, energy cut-off and cell size. In ord
to check the accuracy of the US pseudopotentials for
models, the absorption energy~per H atom! of H in the oc-
tahedral site of PdH0.25 also was calculated by Blo¨chl’s pro-
jector augmented wave~PAW! method.32 There is all-
electron description of the electron-ion-core interaction
the PAW. This method is able to describe bulk propert

FIG. 1. Cell configurations used in the DFT calculation f
Pd-Ag alloys.~a!, ~b!, and~c! are schematic models for the alloy
O1 and O2 are octahedral sites.~d! shows a~110! plane of the fcc
lattice. Some high-symmetry sites are shown in the plane. The l
and filled circles are the positions of Pd or Ag atoms, the small
filled circles are octahedral sites, and the small and open circles
tetrahedral sites. Additionally, the filled squares are theS111 transi-
tion states and the open squares are theS110 transition states.
18430
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very accurately, the level of accuracy is comparable
FLAPW calculations.33 The results show that the absorptio
energy of 0.171 eV calculated by the PAW method is alm
the same as that of 0.170 eV by the US pseudopotentials.
energy difference is less than 1%.

Equilibrium lattice constants were obtained by fitting t
total energies at different lattice constants to a so-called R
curve.34 The calculated lattice constants of Pd12xAgx and
PdHx as a function ofx are plotted in Figs. 2~a! and 2~b!,
respectively. The calculated lattice constants of 3.96 Å for
and 4.17 Å for Ag are in good agreement with the expe
mental values of 3.89 Å and 4.08 Å,35 respectively. As can be
seen in Fig. 2~a!, the calculated lattice constants increa
almost linearly with increasing Ag concentrations. This b
havior is very similar to that of the experiment.35 Both cal-
culated and measured results in Fig. 2~b! show the lattice
constants increase with increasing H concentrations. I
noted that the experimental finding of 0.06-Å lattice diffe
ence between pure Pd~Ref. 36! and PdH0.25 ~Ref. 5! is re-
produced in our calculations. The lattice constants
Pd12xAgxH0.25 are compiled in Table II.

The vibrational excitations of H in the octahedral sit
were calculated using theANHARMND ~Ref. 36! package. The
package solves the time-independent Schro¨dinger equation
based on the potential energy surface~PES!. The three di-
mensional~3D! PES is fitted with the polynomial function
in (x,y,z).37 A fourth-order polynomial was found to fit the
PES very well. The deviation of the fit was less than 0.2
To obtain a reasonable description of the vibrations of H
the octahedral site, a 73737 mesh was chosen, and the st
size of H displacement was 0.063ax ~or ay or az). With this
set, the calculated results of PdH and PdD agree well w
the experiment. When a more dense mesh is used, the re
do not show any clear improvement. The test results
summarized in Table III.

The nudged elastic band method~NEB! ~Ref. 38! was
used to calculate energy barriers for the H diffusion. Ea
image in the NEB is only allowed to move into the directio
perpendicular to the hyper-tangent, which is calculated as
normal vector between two neighboring images. The al
rithm keeps the distance between the images to first o
constant. The quasi-Newton algorithm was used to refine
obtained result with the NEB. The forces and the stress
sor are used to determine the search directions to find
equilibrium positions, until they are less than 0.02 eV/Å.

ge
d
re
TABLE I. The symbols of O1 and O2 are specified for the different octahedral sites of Pd12xAgxH0.25. By
definition, the octahedral site surrounded by more Pd and less Ag atoms is denoted as O1, inversely, it is
denoted as O2 in each structure. For H in the pure Pd or pure Ag, O1 and O2 sites are identical.

H in O1 site surrounded by H in O2 site surrounded by

PdH0.25 Six Pd atom Six Pd atoms
Pd0.75Ag0.25H0.25 Six Pd atoms Four Pd and two Ag atoms
Pd0.5Ag0.5H0.25 Four Pd and two Ag atoms Two Pd and four Ag atoms
Pd0.25Ag0.75H0.25 Two Pd and four Ag atoms Six Ag atom
Ag4H Six Ag stoms Six Ag atoms
4-2
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FIG. 2. The calculated~solid
circles! and measured ~open
circles! lattice constants for
Pd12xAgx and PdHx . ~a! shows
the lattice constants as a functio
of x in Pd12xAgx . The data for
Pd0.75Ag0.25 and Pd0.25Ag0.75 are
interpolated from the experimen
~Ref. 35!. ~b! shows the lattice
constants of PdHx as a function of
x (x50.03125, 0.25, 0.75, and 1!.
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III. RESULTS AND DISCUSSIONS

A. Zero-point and excitation energies of the vibrations of H

The zero-point~ZP! and excitation energy of the vibra
tions of H in the octahedral site of the Pd and Pd-Ag allo
are calculated by solving the time-independent Schro¨dinger
equation.36 The energy levels are expressed as follows:

enml5Enml2E000 ~1!

whereE000 is the oscillator ground state energy.n,m and l
are the quantum numbers of the harmonic-oscillator sta
The calculated energies of H in PdHx (x50.25 and 1! and
Pd12xAgxH0.25 (x50.25, 0.5, 0.75, and 1! are compiled in
Tables IV and V, respectively.

For H in Pd in our models, H concentrations in PdHx (x
50.03125, 0.0625, and 0.25! and PdH are close to thea
phase and theb phase in the experiment,5 respectively. Fig-
ures 3~a! and 3~b! show the ZP and first excitation energi
of H in PdHx as a function ofx. Both Figs. 3~a! and 3~b!
show that the energies decrease with increasing H conce
tions. This can be explained by the fact that the increasin
concentration leads to the increase of the lattice const
resulting in the shallower vibrational PES, and thus lowi
the excitation energy.39 This was also concluded by Elsa¨sser
et al.43 Table IV shows that the calculated results are in go
agreement with the experiment38 and the previous
calculations.6 For H in PdH0.25, the energies calculated b
Elsässeret al. overestimate the energies to some extent.
sässeret al. explained this by lack of the local lattice relax
ations during the PES calculations. This does not seem
portant for the energies if we compare our results with

TABLE II. The calculated lattice constants of Pd12xAgxH0.25

(x50.25, 0.5, and 0.75!. The lattice vectors alongx,y, andz direc-
tions are specified asax , ay , andaz , respectively. Units are in Å.

Ḩ in O1 site Ḩ in O2 site

ax(ay) az ax(ay) az

Pd0.75Ag0.25H0.25 4.063 4.063 3.986 4.227
Pd0.5Ag0.5H0.25 4.037 4.260 4.470 3.535
Pd0.25Ag0.75H0.25 4.468 3.657 4.173 4.173
18430
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experiment, indicating that the total-energy calculations
good enough to predict the vibrational energies. To expl
inelastic-neutron-scattering spectra,43 Elsässer et al.6 pro-
posed that two excited states of 13762 meV and 156
63 meV seem to be the excitationse200

(1) and e200
(2) , respec-

tively. These states are also observed in our calculations.
the higher excitation energies, the mixing among them
clearly observed.

Table V shows the calculated energies of H
Pd12xAgxH0.25 alloys. It shows that there are substantial d
ferences between the anharmonic and harmonic poten
This indicates that the harmonic approximation is inadequ
for studying the vibrations of H in the alloys. Comparing th
corresponding energies of H in Pd0.75Ag0.25H0.25 ~H in the O1
site! with those of H in PdH0.25 ~Table IV!, we find the en-
ergies in Pd0.75Ag0.25H0.25 are slightly smaller than those i
PdH0.25. This can be explained as before.39 Moreover, the
corresponding energies of H in AgH0.25 are slightly smaller
than those of H in Pd0.25Ag0.75H0.25 for the same reason.39

For H in some of Pd12xAgxH0.25 structures, the energies o
e001 (z direction! are significantly larger than those ofe100 (x
or y direction!. This reflects the fact that the vibrational po
tential in thez direction is much steeper than that in thex and
y directions. There are two reasons for this. One is that
atoms make the potential steeper. H in the O1 site of
Pd0.5Ag0.5H0.25 and H in the O2 site of Pd0.75Ag0.25H belong

TABLE III. The calculated and measured oscillation energ
(v) and the root mean square displacement~rms! of H and deute-
rium in the octahedral site of bulk Pd~PdH unit cell!. rms is calcu-
lated from the expression ofDx5A^x2&2^x2& ~atomic unit!. The
results are calculated by using two different meshes. Units for
energies are in meV.

73737 mesh with Experimental and
the displacement 0.063ax theoretical results

v rms v rms

PdH 55.7 0.348 56.0a 0.357b

PdD 37.9 0.300 37.6a 0.305c

aExperiment from Refs. 40 and 41.
bTheory from Ref. 8.
cExperiment from Ref. 42.
4-3
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to this case. Another reason is that Pd atoms make the
tential steeper. Since the lattice vector in theaz direction is
much smaller than that in theax direction ~for H in the O1
site of Pd0.25Ag0.75H0.25 and H in the O2 site of
Pd0.5Ag0.5H0.25).

B. Absorption energies of H

The absorption energies of H in PdHx and Pd12xAgxH0.25
are calculated from the formula,

Eabs5Erl ~Pd12xAgx!1
1

2
E(H2)2Erl ~Pd12xAgxH!

2Ezp1~H!1Ezp2~H! ~2!

whereErl is the energy of the rigid lattice.E(H2) is the total

energy of the H2 molecule (E(H2)526.8037 eV).Ezp1 is the

ZP energy of H in the octahedral site of the alloys.Ezp2 is the
ZP energy of H in the H2 molecule (Ezp25134.7 meV per H
atom!. The calculated absorption energies per H atom

TABLE IV. The calculated and measured excitation energies
the vibrations of H in the octahedral sites of PdH and PdH0.25 ~in
meV!. a and b samples in experiment~Ref. 43! are PdH0.014 and
PdH0.63, respectively.e100

(3) shows the threefold degeneracies
e100.

This work Experiment~Ref. 43! Elsässeret al. ~Ref. 6!
enml

(d) PdH PdH0.25 a or b PdH PdH0.25

e000 83.6 99.1
e100

(3) 59.3 b 60.0 62.0
71.0 a 6960.5 83.0

e110
(3) 113.8 134.2 a 11565 117.0 158.0

e200
(1) 126.5 147.3 a 13762 132.0 179.0

e200
(2) 143.5 162.9 a 15663 147.0 197.0
18430
o-

n

PdHx and Pd12xAgxH0.25 as a function ofx are plotted in
Figs. 4 and 5, respectively. For H in PdHx , the calculated
energy of 0.10 eV of H in Pd32H agrees very well with that
of 0.10 eV of H in the heat solution in the experimen5

Figure 4 shows the energies increase with increasing H c
centrations. The ZP energies of H decrease with increasin
concentrations~see Fig. 3!, which partly contributes to the
increasing energies. This tendency also means the H-H in
action is attractive in this case, which was also concluded
Christensenet al.45 based on the effective-medium theor
However, the curve behavior in Fig. 4 is somewhat differe
from that of Christensenet al. The energies presented the
increase continuously with increasing H concentratio
However, the results here show the maximum energy
found whenx is 0.5. The present result seems to be m
reasonable if we compare Fig. 4 with the phase diagram5,46

The reason for the maximum is unclear. This may be due
the electronic or geometric effect~or both!. Further investi-
gation is necessary.

Figure 5 shows the absorption energy per H atom
Pd12xAgxH0.25 alloys as a function ofx. It shows that the
calculated curve behavior coincides well with that of t
experiment.47 Whenx is 0.25, the calculated energy of 0.3
eV of H in Pd0.75Ag0.25H0.25 ~H in the O1 site! is larger than
that of 0.17 eV of H in PdH0.25. This indicates that H solu-
bility in Pd0.75Ag0.25H0.25 is significantly higher than that in
PdH0.25. This coincides with the experimental observation48

In Table II, we can see the lattice constant of 4.06 Å
Pd0.75Ag0.25H0.25 is slightly larger than that of 4.02 Å in
PdH0.25. It seems that the increased lattice makes the o
hedral site more favorable for H occupation. This seems
be a common rule if we compare the absorption energie
the comparable sites~see Table I for the comparable site!.
Take for an example, a comparison between AgH0.25 and
Pd0.25Ag0.75H0.25 ~H in the O2 site!. It shows that the lattice
constant of AgH0.25 is larger than that of Pd0.25Ag0.75H0.25.
Thus, the energy of H in AgH0.25 is larger than that of H in

f

TABLE V. The calculated ZP and excitation energies of the vibrations of H in the O1 and O2 sites of
Pd42xAgx ~in meV!. The energies below are determined by the harmonic approximation.e100

(2) shows the
twofold degeneracies ofe100 ande010. Somee002 is blank because the energies are too large.

Pd0.75Ag0.25H0.25 Pd0.5Ag0.5H0.25 Pd0.25Ag0.75H0.25 AgH0.25

States O1 O2 O1 O2 O1 O2 Octahedral site

Anharmonic calculation
e000 95.8 101.6 97.9 110.1 114.9 92.9 91.8
e100

(2) 68.8 64.8 60.8 47.5 57.7 65.5 65.1
e001 68.8 88.5 90.4 137.3 123.9 65.5 65.1
e110 130.2 121.0 113.0 88.2 109.5 123.0 123.0
e101

(2) 130.2 146.3 144.8 177.1 174.8 123.0 123.0
e200 142.8 141.2 133.8 106.2 133.5 133.9 134.0
e020 158.0 155.6 148.9 119.2 124.9 150.3 148.7
e002 158.0 185.9 — — — 150.3 148.7

Harmonic approximation
e000 83.7 79.8 85.5 77.0 89.8 46.1 65.7
e100

(2) 55.8 47.6 50.2 43.6 52.9 30.8 43.8
e001 55.8 64.2 70.7 66.8 73.8 30.8 43.8
4-4
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FIG. 3. The calculated~solid
circles! and measured ~open
circles! ZP and excitation energie
of H in PdHx as a function ofx.
~a! and ~b! are the first excitation
energies and the ZP energies, r
spectively. The experimental dat
in ~b! are from Ref. 44. The cal-
culated energies of H in the O1
site of Pd0.75Ag0.25H0.25 are also
given in the figure.
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Pd0.25Ag0.75H0.25. This rule was also observed theoretica
by other authors16 who concluded that the most stable sit
have Ag as the next-nearest atoms. Whenx is larger than 0.5,
Fig. 5 shows the energies decrease significantly with incre
ing Ag concentrations. This is in accordance with the exp
mental observation,48 where the solubility of H in the Pd-Ag
alloys decreases greatly when the Ag concentration is la
than 50%. For H in pure silver, The energy of20.76 eV of
H in AgH0.25 indicates that this structure is extremely u
stable. This is in accordance with the experimen
observations,49,50 where there is an extremely low hydroge
solubility in pure Ag.

The site occupation of H in the various interstitial sites
metals is an important topic.21–24 For H in pure Pd, the ab
sorption energy of H in the octahedral site is 81.4 meV m
stable than that of H in the tetrahedral site. So the octahe
site is preferred by H. This is in accordance with t
experiment.21–24For H in pure Ag (AgH0.25), the absorption
energy of20.667 eV of H in the S110 site is in good agree
ment with the experimental value of20.59 eV.47 However,
the occupation of H in the S110 expands the lattice constan
greatly, which seems to be unphysical.51 Considering the os-
cillation energies, we found that the energy of 96.5 meV o

FIG. 4. The calculated and measured absorption energies
in PdHx as a function ofx (x50.03125, 0.0625, 0.25, 0.5, 0.75
and 1!.
18430
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in the tetrahedral site is in good agreement with the exp
mental predication of 93 meV.52 As a result, there are som
uncertainties for the occupation of H in pure Ag. For H o
cupations in the alloys, the calculated results show H in1
sites are more stable than H in the O2 sites in each structure
~H can not be localized in the tetrahedral sites of the alloy
the ZP energies are considered!.

C. Diffusion barriers and paths of H

The diffusion barriers calculated with and without rela
ation of the heavy atoms are determined by the saddle p
search using the NEB method.38 According to the absorption
energies of H in the Pd-Ag alloys in Fig. 5, there is an e
tremely low H solubility in the Ag-rich areas exemplified b
H in Pd0.5Ag0.5H0.25, Pd0.25Ag0.75H0.25 and AgH0.25. This in-
dicates that as it diffuses, H will avoid the Ag-rich area
This coincides with the result of Oparaet al.49 who drew this
conclusion based on an experiment and a simple mo
Considering this, we would not discuss H diffusion in the
structures. The rest of the paper mainly focuses on H di

H
FIG. 5. Calculated~solid symbols! and measured~open sym-

bols! absorption energies of H in Pd12xAgxH0.25 as a function ofx
(x50, 0.25, 0.5, 0.75, and 1!. Experimental data are from the fit
tings of Ref. 47.
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sion in PdH0.25 and Pd0.75Ag0.25H0.25. Next to that, H diffu-
sion in Pd0.5Ag0.5H0.25 between the O1 sites is mentioned.

In the literature,10,11,13,53,54H diffusion in Pd is considered
along two different paths. One is the so-called ‘‘direct’’ di
fusion path, where H diffuses directly from one octahed
site to the next along thê110& direction. The transition state
for ‘‘direct’’ is denoted as S110 in Fig. 1~d!. The other is the
‘‘indirect’’ path, where H diffusion is from an octahedral t
tetrahedral site along thê111& direction. From there H atom
may move on to another octahedral site along one of
^111& directions. Between the octahedral and tetrahedral
H passes the S111 transition state. The energy profiles for
diffusions along the ‘‘direct’’ and ‘‘indirect’’ paths are plotte
in Figs. 6 and 7, respectively.

Figure 7 shows the energy profiles for H diffusions alo
‘‘indirect’’ paths in PdH0.25 and Pd0.75Ag0.25H0.25. The inset
pictures in Fig. 7 represent the preferred diffusion trajec
ries. For H diffusion in PdH0.25, the diffusion barriers calcu
lated with and without relaxation of the heavy atoms are 1
and 284 meV, respectively. For H diffusion i

FIG. 6. Energy vs displacement curves with H diffusions alo
‘‘direct’’ paths in PdH0.25, Pd0.75Ag0.25H0.25 and Pd0.5Ag0.5H0.25.
The total energy of H in the corresponding O1 site is chosen as zero
18430
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Pd0.75Ag0.25H0.25, Fig. 7~b! shows there are two differen
transition states denoted asS110

1 andS110
2 . The barrier of 591

meV in S110
2 is significantly larger than that of 319 meV i

S110
1 . This indicates that H diffusion to the Ag-rich area

hindered by a large barrier (O2 site surrounded by two Ag
and four Pd atoms!. Fig. 7 ~b! shows the local minimum
betweenS110

1 andS110
2 is quite shallow compared to the rela

tively deep local minimum in PdH0.25 ~around the tetrahedra
site!. This indicates that H can not be localized in this min
mum if the ZP energy is included. The inset picture in F
7~b! shows that the trajectory of H diffusion in
Pd0.75Ag0.25H0.25 is almost along thê111& direction before
H reaches the local minimum, which is similar to that
PdH0.25 in Fig. 7~a!. After passing the local minimum, th
trajectory has a large deviation from the^111& direction. For
H diffusion in Pd0.5Ag0.5H0.25 between the O1 sites, the dif-
fusion path is similar to that of PdH0.25 ~not plotted!.

The diffusion barriers calculated with and without rela
ation of the heavy atoms in Figs. 6 and 7 are summarize
Table VI. It shows that the corresponding barrier in the ‘‘i
direct’’ path is much lower than that in the ‘‘direct’’ path
indicating that the preferred diffusion paths are ‘‘indirec
paths. The remainder of the diffusion barriers in this pa
are given in terms of the ‘‘indirect’’ paths. For H diffusion i
pure Pd, the measured barriers are between 230 and
meV.22,55–58If the ZP energies are included, the barriers c
culated with and without the relaxation are 204.0 and 38
meV, respectively. Obviously, the barrier in the relaxed ca
is much closer to the observed barriers. It is noted that

TABLE VI. The ‘‘direct’’ ( S110) and ‘‘indirect’’ (S111) diffusion
barriers of H in PdH0.25, Pd0.75Ag0.25H, and Pd0.5Ag0.5H0.25 ~in
meV!.

Unrelaxed barrier Relaxed barrier
S110 S111 S110 S111

PdH0.25 1180 284 541 129
Pd0.75Ag0.25H0.25 1155 591 594 315
Pd0.5Ag0.5H0.25 1040 345 446 211
-

-
-

FIG. 7. Energy vs displace
ment curves with H diffusions
along ‘‘indirect’’ paths in PdH0.25

and Pd0.75Ag0.25H0.25. The results
are calculated with~solid line! and
without ~denoted as3) relaxation
of the heavy atoms. The inset pic
tures represent the preferred diffu
sion paths. The total energy of H
in the O1 site is chosen as zero.
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TABLE VII. The energy levels~meV! and quantumn tunneling frequencies (s21) of H isotopes in
PdH0.25. The results are derived from the 1D PES~see the text for details!.

H Deuterium Tritium
The states Levels Frequencies Levels Frequencies Levels Frequen

ground state 16.2 5.593104 9.2 1.973101 6.2 0.03100

first excitation 65.8 3.753106 42.1 6.403103 32.1 1.973101

second excitation 124.3 3.663108 81.1 1.343105 62.6 5.923102

third excitation 185.4 2.5531010 123.4 6.553106 96.2 1.533104

fourth excitation 243.7 3.9131012 166.9 3.623108 131.3 1.303106

fifth excitation 209.6 1.6031010 166.9 2.663107

sixth excitation 249.4 1.7231011 202.0 9.143109

seventh excitation 235.6 2.6131010

eighth excitation 266.1 4.4031011
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barrier of 387.7 meV calculated without the relaxation do
not differ very much from the measured values. This refle
the possibility that the heavy atom lattice has almost no t
to respond in the case of a very quick jump. According to
above analysis, we conclude that the relaxation of the he
atoms is important for the height of the diffusion barrier, a
the real diffusion barrier should be somewhat larger than
barrier calculated with the relaxation.

The diffusion of H isotopes in bulk Pd shows an intere
ing isotope effect~IE!: the diffusion constant of deuterium
~D! is greater than that of H, which in turn is greater than t
of tritium ~T!.17 The IE between H and D~the heavier iso-
tope diffuses more rapidly than the lighter one! shows the
reversed IE effect. Despite many classical and quantum
models for H diffusion in metals,18–20,59 the understanding
for the anomalous IE still is not fully clear. Obviously, th
classical rate theory fails to explain the reversed IE, an
predicts that the sequence of the constants:DH.DD.DT .
Jost and Widman18 explained the reversed IE successfully
using the quantum mechanical modified classical rate the
Later, Sicking20 pointed out this theory cannot explain why
diffusion is the slowest~it predicts T diffusion to be the
fastest!. As a solution, a ‘‘quantum leak’’ mechanism wa
proposed by Sicking20 who assumed that H and D tunnel
18430
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their excited stateEn , and T tunnel in the higher energy sta
Em (m.n) @the potential there is very similar to Fig. 9~a!#.
In this way he obtained the sequence of activation ener
ET.ED.EH @see the arrows in Fig. 9~a!#. Although the as-
sumption sounds reasonable, it was not underpinned by
ther theoretical evidence.

To verify Sicking’s assumption,20 we fit the 1D finite po-
tential @Fig. 9~a!# to the 22nd order polynomial. The energ
splittings are determined by solving the time-independ
Schrödinger36 based on the polynomial. The calculated qua
tum tunneling frequencies of H isotopes are compiled
Table VII according to expression

vn5
DE

h
, ~3!

whereDE is the energy splitting andh is Plank’s constant.
Using these frequencies, we can evaluate the jump freque
from

v t5

(
n50

ni

vnexpS 2En

kT D
(
n50

ni

expS 2En

kT D , ~4!
ividual
ts
FIG. 8. The temperature dependence of the tunneling diffusion constants of H isotopes in PdH0.25. In ~a!, the solid lines show the
diffusion constants are contributed from the individual excitation states of H; the dotted solid line is the summation of the ind
constant; the dotted points are for H diffusion in thea phase in the experiment~Ref. 17!. ~b! gives the comparisons of the diffusion constan
of H isotopes~H in the solid line, D in the dashed line, and T in the dotted line!.
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TABLE VIII. The barrier energies~meV! and frequencies (s21) of the diffusions of H isotopes in PdH0.25

for both unrelaxed and relaxed cases. The barriers include the ZP energies. The ZP energies in the oc
site and in the saddle point were calculated by the 3D and 2D PES, respectively.vo andvs are frequencies
for H isotopes in the octahedral site and in the saddle point, respectively.

The unrelaxed case The relaxed case
vo Barrier vs Barrier vs

H 1.70731013 387.7 4.89231013 204.0 4.19331013

Deuterium 1.15931013 359.3 3.45531013 185.1 2.96231013

Tritium 9.27131012 346.2 2.82431013 175.1 2.41831013
,
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whereEn corresponds to then-th energy level of H isotopes
and k is the Boltzman constant. The diffusion constants
calculated without taking the effects of lattice deformatio
into account,

Dt5
1

6
L2v t , ~5!

whereL is the distance between two nearest octahedral s
The calculated tunneling diffusion constants of H isotop
are compiled in Fig. 8. At low temperatures, Fig. 8~a! shows
that the constants are mainly dominated by the ground s
tunneling effect. The occupation of the higher excited sta
is reduced at the low temperatures. With increasing temp
tures, the higher excited states become thermally occup
and thus the contributions from the higher excited sta
dominates the constants. Comparing the calculated cons
of H with that of the experiment,17 we find that the curren
results underestimate the experiment data. Fig. 8~b! com-
pares the calculated diffusion constants of H isotopes
shows that the constant of H is greater than that of D, wh
in turn is slightly greater than that of T. This indicates th
the quantum tunneling effect of H is more than that of
which is slightly more than that of T. The calculated resu
fail to explain the reversed IE.
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If we calculate the constants according to the traditio
1D quantum transition-state rate theory,60 the results seem to
be much better. The expression is60

k5
v0

2p
exp~2bE1!

~b\v1/2!sinh~bv1/2!

~b\v0/2!sinh~bhv0/2!
, ~6!

whereE1 is the activation energy,v0 andv1 are the vibra-
tional frequencies in the octahedral site and in the sad
point, respectively. The barriers including the ZP energ
and frequencies are compiled in Table VIII and Fig. 9~c!.
Figure 10 shows that the calculated and measured temp
ture dependence of the diffusion constants of H isotope
PdH0.25. It shows the calculated diffusion constant for D
in quite good agreement with the experiment.61 The calcu-
lated results for H underestimate the experimental dat61

This implies that the quantum tunneling effect may make
important contribution to the constant. The calculated res
can easily explain that the reversed IE (DD.DH). In Figs.
9~a! and 9~b!, they show that T can easily be localized in th
tetrahedral site of PdH0.25. This indicates that the diffusion
mechanism of T is different from that of H or D. For H or D
it just needs a jump from an octahedral site to another,
for T, it needs double jumps, where T first jumps from
octahedral site to the nearest tetrahedral site. From the
may jump back or jump forth, or just stay there due to t
e

e

the
FIG. 9. The ZP energies of H isotopes in th
octahedral ~a! and tetrahedral ~b! sites of
PdH0.25. The sequence of the energies of Hn , Dn

and Tm.n is ‘‘quantum leak’’ assumption pro-
posed by Sicking~see the text for details!. ~c!
gives the diffusion barriers of H isotopes in th
relaxed lattice~including ZP energies!. The ZP
energies at the saddle point are determined by
2D potential. Units are in meV’s.
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FIG. 10. The calculated and measured te
perature dependence of the diffusion constants
H isotopes in PdH0.25. The calculated results ar
determined from the 1D quantum transition-sta
theory. The experimental data are from the liter
ture ~Refs. 17 and 61!.
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possibility of the increases of barriers on both sides. The
diffusion process may be complicated. If we simply consid
that T jumpsL/2 distance for one jump in Eq.~5!, surpris-
ingly, the calculated constant agrees reasonably with the
perimental data.61 To some extent, this supports our propos
mechanism. In this way, the anomalous IE becomes q
clear now.

IV. CONCLUSIONS

The vibrational states, absorption energies, and diffusi
of H in PdHx (x50.03125, 0.0625, 0.25, 0.5, 0.75, and!
and Pd12xAgxH0.25 (x50, 0.25, 0.5, 0.75, and 1! have been
studied by DFT.

The vibrational energies of H are determined by solv
the time-independent Schro¨dinger equations based on th
PESes. The results show that the harmonic approximatio
inadequate to study the vibrations of H in PdxH and
Pd12xAgxH0.25. The lattice constant dependence of the
brational energy is revealed. For the lower H concentrati
in Pd (PdHx , x50.031254 and 0.25!, our method seems to
be somewhat of an improvement compared to that
Elsässer. The present results demonstrate that the total en
calculations are good enough to predict the vibrational en
gies even for the lower H concentrations. For H in some
the Pd-Ag alloys, the vibrational energy ofe001 is signifi-
cantly larger than that ofe100. Both Ag and Pd atoms ma
contribute to the steep vibrational potential for different re
sons.

The calculated absorption energies of H in PdHx and
Pd12xAgxH0.25 agree well with the experimental data. Th
calculated energy of H in the O1 sites of the alloys~with Ag
as the next-nearest neighbor! is much greater than that of H
in the O2 sites in each structure. The calculated energy o
in the O1 site of Pd0.75Ag0.25H0.25 is greater than that of H in
PdH0.25. The energies decrease significantly whenx>0.5.
This indicates that the solubility of H in the Pd-Ag alloy
18430
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increases whenx is about 0.25, and decreases greatly whex
is larger than 0.5. This coincides with the experimental o
servations. This also indicates that H diffusion to the Ag-ri
region is strongly blocked.

The calculated diffusion path of H in PdH0.25 is almost
along the ^111& direction. The diffusion path of H in
Pd0.75Ag0.25H0.25 has a large deviation from thê111& direc-
tion. According to the absorption energies and diffusion b
riers, H diffusion in the Pd-Ag alloys should avoid the Ag
rich areas.

The interesting anomalous isotope effect is explored. T
ZP energy of H in the saddle point is significantly grea
than that of D. Thus the activation energy of H is greater th
that of D. This is the main reason for the reversed IE.
diffusion process is proposed for tritium.

Due to the light mass of H, the ZP motion is very impo
tant in the determination of the absorption site and the dif
sion barrier of H. In general, the ZP energies of H in t
octaheral sites of pure Pd and Pd-Ag alloys are smaller t
120 meV, and the ZP energies of H in the tetrahedral sites
larger than 150 meV~see Tables IV and Table V!. This
means that the ZP energy of H in the octaheral site increa
the absorption energy, and the ZP energy of H in the te
hedral site decreases the absorption energy. For H absor
in PdH0.25, the theoretical results show H in the tetrahed
site is 10.8 meV more stable than H in the octahedral
without considering the ZP motions. If the ZP energies
included, H in the octahedral site is 81.4 meV more sta
than H in the tetrahedral site, and H cannot even be locali
in the tetrahedral site~see Fig. 9!. For H in the alloys, H
cannot be localized in the tetrahedral sites either if the
motions are considered. The ZP motion plays a key role
explaining the reversed IE.
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