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ANAL YSIS OF THE ASYMMETRIC SHORTEST QUEUE PROBLEM 

PART n: NUMERICAL ANALYSIS 
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* 

W.RM. Zijm *t 

University of Technology, Eindhoven 

Abstract. In this paper we study a system consisting of two parallel servers with different 
service rates. Jobs arrive according to a Poisson stream and generate an exponentially dis
tributed workload. On arrival a job joins the shortest queue and in case both queues have 
equal lengths, he joins the first queue with probability q and the second one with probabil
ity 1-q, where q is an arbitrary number between 0 and 1. In a previous paper we showed 
that the equilibrium distribution of the lengths of the two queues can be represented by an 
infinite sum of product form solutions by using an elementary compensation procedure. 
The main purpose of the present paper is to show thalthe product form representation leads 
to a numerically highly attractive algorithm. Essentially. the method exploits the conver
gence properties of the series of product forms. Because of the fast convergence an 
efficient method is obtained with upper and lower bounds for the exact solution. For states 
further away from the origin the convergence is faster. This aspect is also exploited in the 
paper. 

Keywords: bounds, difference equation, product form, queues in parallel, stationary queue 
length distribution, shortest queue problem. 

Introduction 

Consider a queueing system consisting of two parallel servers with different service rates. 
Jobs arrive according to a Poisson stream and generate an exponentially distributed workload. 
On arrival a job joins the shortest queue and in case both queues have equal lengths. he joins the 
first queue with probability 1 - q and the second one with probability q, where q is an arbitrary 
number between 0 and 1. This problem, called the asymmetric shortest queue problem, is a 
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well known hard problem in the literature. Haight [10] originally introduced the problem. On 

the symmetric shortest queue problem, that is the special case of identical servers and q = liz, a 

number of authors obtained useful theoretical results, see e.g. Kingman [14]. Flatto and 

McKean [7], Cohen and Boxma [4], Fayolle and Iasnogorodski[6,13] and Adan, Wessels and 

Zijm [1]. But so far no useful theoretical results on the asymmetric shortest queue problem are 

available in the literature and there are only a few approximate numerical studies of this model 

known in the literature. Most numerical studies are restricted to the symmetric shortest queue 

problem. We mention the following numerical studies on the symmetric shortest queue prob

lem. Gertsbakh [8] treated a modified shortest queue problem by limiting the difference 

between the lengths of both queues and obtained a numerical solution by using the matrix

geometric approach developed by Neuts [15]. Conolly [5] discussed the finite waiting-room 

version of the shortest queue problem and showed that this problem can be solved efficient1y. 

Haltin [11] obtained bounds for the equilibrium distribution of the lengths of the two queues by 

applying linear programming techniques. In [1] a numerically very efficient algorithm can be 

found for the exact computation of the queue length distribution. Regarding the asymmetric 

problem, Grassmann [9] performed a numerical study of the steady state as well as the transient 

behaviour of the asymmetric system, but to restrict the state space he treated both queues as 

bounded. Treating one queue as bounded, Rao and Posner [16] showed that the equilibrium dis

tribution can be expressed in a modified matrix-geometric form and they developed an efficient 

computational procedure. Hooghiemstra. Keane and Van de Ree [12] proposed a power series 

method to calculate the stationary queue length distribution for fairly general multidimensional 

exponential queueing systems. Although the power series method worics numerically satisfac

tory for the shortest queue problem, see e.g. Blanc [3], the theoretical basis for the application 

to this problem is still incomplete. A common disadvantage of these numerical approximations 

is that in general no bounds can be given for the error of the numerical results. 

In part I [2J we showed that the eqUilibrium distribution of the lengths of the two queues 

can be represented by an infinite sum of product form solutions by using an elementary com

pensation procedure. The infinite sum does no longer have a simple linear structure, but a 

binary tree structure. The main purpose of the present paper is to exploit the numerical benefits 

of the product form representation. 

In part I we showed that the compensation procedure yields nice recursion relations for the 

successive terms in the product form tree. Moreover, the terms decrease exponentially fast. In 

the present paper we provide bounds for the error of each partial tree. The idea to obtain bounds 

is to bound each subtree below one of the leaves of the partial tree by a geometrical tree. As we 

will show, the contribution of a geometrical tree can be easily calculated. Based on these pro

perties a numerically highly attractive algorithm is obtained for the exact computation of the 

eqUilibrium probabilities. To compute a linear series, the usual way is to compute a sequence of 
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partial sums by adding in each step the next term. For the computation of a tree of terms, there 

is no unique next term. In each step we have to decide for which leaf of the partial tree we com

pute its immediate successors. Two computation strategies will be considered. The first strategy 

computes in each step the immediate successors of all leaves of the partial tree. The other one 

exploits the relative importance of the branches of the tree by computing only the immediate 

successors of the leaf the subtree of which has maximum weight. In part I we showed that for 

highly unbalanced systems, the series of product forms doesn't converge absolutely in a usually 

small region near the origin of the state space. A system is highly unbalanced if one of the 

servers is working much faster than the other one. To cope with this problem we propose a 

numerically stable recursive algorithm for solving the eqUilibrium equations in a bounded 

region near the origin of the state space. This approach can also be used if convergence around 

the origin is slow compared to the convergence in states further away from the origin. 

Throughout the paper we will use the same notions as in part I. In section 1 we recapitu

late the essential notions and formulae, but for an extensive treatment the reader is referred to 

part I. In section 2 we present the scheme for the computation of the tree of product forms. In 

the next section we propose an efficient and numerically stable algorithm for solving the equili

brium equations in a bounded region. Section 4 discusses some characteristics of the computa

tion scheme and presents numerical results. Section 5 is devoted to comments and extensions. 

The appendix includes the derivation of bounds. 

1. Recapitulation 

We suppose that the servers have service rates Yl and Y2 respectively with Yl > 0, Y2 > a 
and Yl + Y2 = 2, the Poisson arrival process has a rate 2p with a < p < 1 and on arrival each job 

generates an exponentially distributed workload with unit mean. The queueing system where 

each arriving job joins the shorter queue can be represented by a continuous time Markov pro

cess, with a state space consisting of the pairs (m, n), m, n = 0, 1, ... where m and n are the 

lengths of the two queues. Let {Pm,lI} denote the eqUilibrium distribution of the lengths of the 

two queues. The main result in [2] states that the equilibrium distribution can be represented by 

an infinite sum of product form solutions. That is, for all s ~ a and t ~ 1, 

Ps,S+1 = C-1 
XS,I , 

C- 1 
Ps+t,s = Xs,t , 

where C is a normalizing constant and 

Xs,t = :E dj (a~(i) + Cj aD ~! , 
jeL 

Xs,t = :E dj (a~(i) + Cj aD ~! . 
jeR 
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For the precise defiitition of the numbers Xs t and Xs t we need to define the parameters ai and ~i . . 
and the coefficients Ci and di • They are defined as follows. 

Definition of the parameters ai and ~i 

The numbers O(), 0.1, ... and ~I , ~'''' have a binary tree structure as depicted in figure 1. 

The tree of numbers ai and f3i will be called the compensation tree. 

~1 ~2 

~ ~ 
0.1 0.2 

~ ~ 
133 134 ~5 ~6 

~ ~ ~ ~ 
0.3 04 as ~ 

A A A A 
J>y 138 139 ~IO ~11 ~12 ~13 ~14 · . · . · . · . · . · . 

Figure 1: the compensation tree of numbers ai and ~i 

For specifying the recursion relations to generate the tree, we need the following notation. 

~I (i) the left descendant of ai , 

f3r(i) the right descendant of ai , 

Up (i) the a-parent of f3i . 

Further define L as the set of indices i of those ~i 's which are a left descendant and R as the set 
of indices i of those ~i 's which are a right descendant, that is, 

L = {IU), i =0,1,2, ... } = {I, 3, 5, 7, ... } , 

R = {rei), i =0, 1,2, ... } = {2, 4,6,8, ... } . 

Initially put 0() = p2 and generate 0.1,0.2, .. ' and ~1' ~'''' such that for all i = 0, 1, ... 

f31(i) =X_(aj}, 



~r(i} =x_(oS, 

<Xi(i) = Y -(~l(i» , 

c:x,.(j) = Y -(~r(i» • 

~ 5 -

where the functions X_(a) and X+(a) are defined as the roots of the quadratic form 

a ~ 2(p + 1) = ~ 2p + a ~ 'Y2 + a2 
Y1 

for fixed a and Y _(~) and Y +(~) as the roots of the quadratic form for fixed ~. The quadratic 
form plays a key role in the analysis of the asymmetric problem and is obtained from the equili
brium equations in the interior of the region above the diagonal. For fixed a the quadratic form 
is solved for 

p + 1 "(P + Ii - (2p + a 12) Yl 
X :t (a) = a --"""----2p-+-a-Y:-2"""----

and for fixed ~, 

A 2 (p + 1) - ~ Y2 ± "(2 (p + 1) - ~ Y2i - 8 p Yl 
Y +( ... ) = ~ 2 

- Yl 

The functions x:t(a) and y±(~) are defined similarly. by changing the role of Yl and Y2. The 
recursion relations for ai and ~i specify how a descendant is obtained from its predecessor. The 
relations below specify how the predecessor is obtained from its descendant. 

ai = Y +(~l(i» • 

a; = Y +(~r(i» , 

~l(i) = X+(c:x,.(i) • 

~r(i) = x+(ar(i» . 

Definition of the coefficients Cj 

For all i E L the coefficients C; are defined as 

and for all i E R, 

~i -Y-(~i) 
Cj = y+(~j) _ ~i . 
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Definition of the cOefficients dj 

Initially put d 1 = (P'Yl +2q)/'Y1 and d2=(P'Y2+2(l-q»/'Y2 and recursively generate 
d, (i) and d, (i) such that for all i E L 

(Clj 'Yl + 2qp)/ X_(aj) + (aj 'Y2 + 2(1 - q)p)1 x+(aj) - 2(p + 1) 

dl(i) = - (Clj 'Yl + 2qp)1 X+(aj) + (aj 'Y2 + 2(1 _ q )p)/ x+(aj) _ 2(p + 1) d
j 

Cj 

'Yl (aj'Y2 +2(1-q)p)(1/X_(aj)-lIX+(Clj» 
~ro=- ~~ 

'Y2 «Clj 'Yl + 2qp) I X+(aj) + (aj 'Y2 + 2(1 - q)p)1 x+(ai) - 2(p + 1» 

and for all i eR 

'Y2 (ai 'Y1 + qp) (11 x_(ai) - 1/ x+(aj» 
dl(i) = - d j Cj 

'Y1 «aj 'Yl + 2qp) X +(aj) + (aj 'Y2 + 2(1 - q)p)J x+(aj) - 2(p + 1» 

(a; 'Yl + 2qp)/ X+(aj) + (aj 'Y2 + 2(1 - q)p) / x_(aj) - 2(p + 1) 

d,(i) = - (aj 'Yl + 2qp) / X+(aj) + (aj 'Y2 + 2(1 - q)p) I x+(aj) - 2(p + 1) d
j 

Cj . 

The series Xs•t and XS,1 can be represented in a binary tree derived from the original com
pensation tree. In figure 2 we depicted the derived tree. A term dj (a;(j) + Cj aD ~; is a left des
cendant if and only if i e L. Hence, the set L, originally defined as the set of indices i of those ~i 
which are a left descendant in the compensation tree, also defines the set of indices i of terms 
d; (a;(;) + Ci aD ~; which are a left descendant in the derived tree. Thus Xs,t is the sum of all 
terms which are a left descendant in the derived tree and Xs,t is the sum of all terms which are a 
right descendant. 

. . . . . . . . . . . . . . . . 

Figure 2: the derived tree of terms dj (a;(;) + Cj aD ~1 

We summarize some monotonicity properties proved in [2], section 3. These properties are 
essential for the derivation of bounds. 
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Lemma 1. 

m Let 0 < as ao, then X.(a) > X_Cal > 0 and x.(a) > x_Cal > 0 and the ratios X.(a) I a 

and x.(a) I a are decreasing and X_(a)/ a andx_(a)I a are increasing in a. 

(li) Let 0 < fl S l30 = p. then Y +(~) > Y _(~) > 0 and y+(~) > y_(~) > 0 and the ratios Y +(~)I ~ 

and y +(~) I fl are decreasing and Y _(~) / ~ and y _(~) I ~ are increasing in ~. 

(iii) The denominator (a)'1 + 2qp) al X.(a) + (a 12 + 2(1- q)p) al x+(a) - 2(p + 1) a in the 

definition of dl (i) and dr (i) is positive and monotonously decreasing for all 0 < a Sao· 
(iv) For all i. ai > ~/(i) > fl.(j) > 0 and CXj > ~r(j) > CXr(i) > 0, and CXj and fli decrease to zero. 

uniform in the depth of the tree. 

(v) For all i, Cj > 0 and dj is alternating. that is. dl(i) I di < 0 and dr(i) I dj < O. 

Finally, we note that the series of product fonns doesn't necessarily converge absolutely 

for all s and t, but only for all s + t ~ N + 1. The level N + 1 is defined as the smallest level for 
which the series of product fonns converge absolutely, or equivalently. as the smallest level for 

which ON+1 < 1 (see [2], Definition 2). 

2. Computation of the tree of product forms 

In this section we propose an efficient scheme for the computation of the derived tree for 

XS,I and XS,I' The successive tenns in the derived tree can be easily calculated by means of the 
recursion relations, specified in the previous section. These tenns decrease exponentially fast 

([2], section 4). Let us clarify what we exactly mean by exponential convergence of the tenns in 

the derived tree. Therefore it is convenient to abbreviate the absolute value of the ratio of suc

cessive tenns in the derived tree. Notice that Idi (a~(i) + Ci an fl~ I = I dj I (a~(j) + Cj aD ~~. 

because ai, ~j and Ci are positive by virtue of the lemmas l(iv) and I(v). Then define for all 
i ~ 1, s ~ 0 and t ~ I, the ratios 

. I dl(j) I (ai + CI(i) ai(,» ~~(i) I dr(i) I (ai + Cr(i) a~(i» ~~(j) 
RI(l, S, t) = I ,Rr(i, s, t) = -....:..:..---...:...:..-~.:......:...:.. 

I dj I (a~(j) + Cj an ~i I dj I (a~(j) + Cj aD ~~ 

if I d j I (a~(i) + Cj aD ~~ is a left descendant and 

. I d/(;) I (a1 + C/(j) a1(j» ~~(j) 
r,(l, s, t) = t ' 

I dj I (a~(i) + Ci aD flj 

if I dj I (a~(j) + Cj aD fl~ is a right descendant. 

Further recall the definition of a geometrical binary tree ([2], section 4) 
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Definition 1. 

The numbers n 1. n2. n3, .. .form a geometrical binary tree if 

(i) the numbers nj have a binary tree structure as depicted in figure 3. 

(ii) the geometrical behaviour is determined by the matrix [ :: ::] such that 

nl(i) = Rl nj, nr(i) = Rr ni if nj is a left descendant and 

nl(i) = rl ni , nr(j) = r, nj if nj is a right descendant. 

. . . . . . . . . . . . 

Figure 3: the binary tree structure of the numbers nj 

Then we proved in section 4 of [2], that the tree of tenns I dj I (a~(i) + Cj aD ~; behaves 
asymptotically as a geometrical binary tree with nonnegative rates 

[ 

RI(S, t) rl(s, t)] 
R (5, t) = Rr(s, t) r,,(s, t) . 

That is, as the depth of the tenn I dj I (a~(i) + Ci aD ~! in the derived tree tends to infinity, then 

RI(i, s, t) ~ Rt(s, t), R,,(i, s, t) -+ R,(s, t) 

if I d; I (a~(i) + Cj aD ~~ is a left descendant, and 

rl(i, S, t) ~ rlCs, t), r,(i, s, t) -+ rr(s, t) 

if I d; I (a~(i) + Cj af) ~~ is a right descendant. The nonnegative matrix R (s, t) gives the limiting 

rates. Because of the exponential convergence, a few tenns often suffice to obtain a very accu
rate approximation for Xs•t and xs.t. The question is, how accurate is a partial tree? For this we 
need an upper bound on the contribution of each subtree below one of the leaves of the partial 

tree. The upper bound is obtained by bounding each subtree by a geometrical tree. 
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2.1. The bounding geometrical trees 

In the appendix we define for all i ~ 1, s ~ 0 and t ~ 1 the nonnegative matrices 

. [ BI(i, s, t) bl(i, s, t)] 
B(I.S.t)= B(' )b(' ) , I. S. t , I. S. t 

and prove that B (i. s, t) yields a uniform bound for the rate of convergence of the tenns in the 

subtree below I d j I (a~(i) + Cj aD ~:. That is, for all the tenns I dj I (a~(j) + Cj aj) ~j in the 
subtree below I dj I (a~(i) + Cj aD ~:, 

RIU, s, t) $ BI(i, s, t), R,U. s, t) $ B,(i, s, t) 

if I dj I (a~(j) + Cj aj) ~j is a left descendant, and 

rlU, s, 1) $ bl(i, s, t). r,U, s, t) $ br(i, s. t) 

if I dj I (a~(j) + Cj aj) ~j is a right descendant. The bounding properties of the matrices 
B (i, s, t) can be summarized in the following theorem, which will be proved in the appendix. 

Theorem 1. 

For all nodes i in the tree of terms I dj I (a~(i) + Cj aD~: (cffigure 2). the subtree below node i 

is bounded by the geometrical binary tree with the same initial values and rates B (i. s, t). 

The sum of all left, as well as all right descendants in a geometrical tree can be easily cal
culated. For, define for all m = 1, 2, ... 

then 

W m the sum of all numbers nj at depth m. which are a left descendant, 

Wm the sum of all numbers nj at depth m, which are a right descendant, 

Lemma 2. 

For a geometrical binary tree of numbers n I , n 2, ... and rates [ :: ::] , 

f [W m+l] = f [RI r/] m [ n 1]. 
m=O wm+l m=O R, r, n2 
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Proof. 

For all m = 0, 1 •... 

o 

Theorem 1 and lemma 2 lead to the upper bound on the contribution of the subtree below 

I dj I (a~(i) + Cj aD Il~. For the tree of terms Idi I (a~(i) + Cj aD Il~ define for all i ~ I, s ~ 0 and 
t ;:::: 1, the weights 

Wei, s, t) the total weight of left descendants in the subtree below 

Idj I (a~(i) + Cj aD Ill, 
w (i, s, t) the total weight of right descendants in the subtree below 

I dj I (a~(i) + Cj aD Il~. 

Then by vinue of theorem 1 and lemma 2 we obtain the following upper bound, 

[ 

W(i, s, t)] 00 [ I dl(i) I (0.1 + CLUJ a1(i» Il~(i) 1 
( . t) ~ L B (i. s, t)m I ( $ $ ) R,t • 

W 1. S, m=O Idr(i) aj + Cr(i) ar(j) .... ,(i) 

The upper bound is finite if and only if o(B (i, s, t» < 1 and in that case the upper bound can be 
simplified to 

Theorem 2. 

For all i ~ 1, s ~ 0 anclt ~ 1, ifo(B (i, s, t» < 1, then 

[ 
WU, s, t)] [ J [Idl(i) I (0.1 + CI(i) a1(i» Ili<i) 1 

( . ) ~ I-B(i, s, t) -1 Id I ( S S ) R,t , 
W I, S, t l' (i) aj + Cr{i) ar{i) ",,1' (i) 

where I denotes the identity matrix. 

Assume the condition o(B (i, s, t» < 1 holds for all nodes i in the tree. Then by virtue of 
theorem 2 we can give an upper bound for the error of each partial sum by computing the upper 
bounds in all its leaves. But how do we know for sure that the condition for the spectral radii 
holds for all nodes? In the appendix we prove the following monotonicity properties of the 
matrices B (i, s, t). 
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Lemma 3. 

m B(i, s, t) decreases monotonously along any path in the tree for fixed sand t. 

(it) B (i, s, t) J, R (s, t) as the depth of node i tends to infinity. 

(iii) B (I, s, t) decreases monotonously and exponentially fast as s + t -+ 00 for fixed i. 

Since 0 SA S D implies a(A) S a(D), it follows by virtue of lemma 3(i) that if both 

a(B (1, s, t» and a(B (2, s, t» are less than unity, then a(B 0, s, t» < 1 for all nodes i. By vir

tue of lemma 3(iU) the spectral radii a(B (1, s, t» and a(B (2. s, t» are less than unity for s + t 
large enough. Now we have all ingredients for the computation of the numbers XS,I and XS,I' 

2.2. The basic computation scheme 

Let us describe the basic scheme for the computation of the numbers XS,I and XS,I with a 

relative error of e say. For the time being, we assume that we can compute bounds right at the 

beginning of the tree, or equivalently, that both o(B(1, s, t» and 0(B(2, s, t» are less than 

unity. The assumption will be relaxed later on. 

Step O. (Initialization) 

Compute XS,I = d 1 (a~ + claD ~i and XS•I = d" (a~ + C2 aD ~~. 
k = 1. 

Step J. (Compute all terms at depth k+ 1 and the bounds) 

Compute for each term di (a~(i) + Ci aD ~~ at depth k in the tree its immediate successors 

d l (;) (ar + C/(I) al{i» ~i{i) and d,(i) (ar + Cr(i) a:(i» ()~(i) and add them to Xs,t and XS,I 

respectively. 

Compute the upper bounds U (l, s. t) and u (t. s, t) for the total contribution of left 

respectively right descendants in the subtree below d j (a~(i) + Ci aD ()L excluding its ini

tial values dl(i) (ar + Cl(i) al(i» ~hi) and dr(i) (ar + Cr(i) a:(i» ~~(j) (because we already 

added them to Xs.! and is,,), That is, by virtue of theorem 2. 

[ 

U (t, s, t)] [ ] [I dl(!) I (af + Cl(i) af(i» ~~(i) 1 
( . t) = B(l. s, t) I-B(l, s, t) -lid I ( s s )RI . 

U I, S, rei) ai + Cr(i) ar(i) "'r(i) 

Step 2. (Convergence) 

Let lie denote the set of indices i ofterms di (a~(i) + Ci aD ()L which are at depth k in the 

tree. If 
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L U(i, s, t)":::;; EX{ Xs,,- L U(i, s, t)} 
~~ ~~ 

and 

L u(i, s, t) :::;; E X{ is., - L u(i, s, t)} 
~~ ~~ 

then the relative accuracy is attained, so stop and approximate Xs" by Xs" and xs,' by is,,; 
otherwise repeat Step 1 with k = k + 1. 

Remark 1. (convergence test) 

In the conve~gence test we implicitly use that XS,I and XS,l are positive. In part I, section 5, 

we proved that XS,l - d 1 (ai> + claD ~i and XS,I - d z (ai> + Cz a~) ~~ as s + t -.. 00. Hence XS,I 

and XS,I are positive for large s and I. Since XS,I and x s" have constant sign, this proves that XS,I 

and XS,I are positive for all s and t. 

Remark 2. (convergence of the bounds) 

The question of how fast the bounds converge is important for the qUality of the scheme. 

By virtue of theorem 1 and lemma 3(i) it follows that for all nodes j in the subtree below node i, 

the bounding geometrical tree below node j is dominated by the overlapping part of the bound

ing tree below node i. In particular, the bounding tree below node j at depth k is dominated by 

the overlapping part of the bounding tree below either node 1 or 2, and thus 

[ 
U(i, s, t)] Ie 1 [ U(1, s, I)] Ie 1 [ U(2, s, t)] 

i~. u(i,s,t) :::;;B(1.s,I)- u(1,s,t) +B(2,s,t)- u(2,s,t) . 

Hence, if o(B(1, s, I» < 1 and 0(8(2, s, t» < 1, then the bounds converge exponentially fast. 

Note that the right hand side can be used as static bound in the scheme. It is worth pointing out 

that by virtue of lemma 3(Ui) the convergence is faster for states further away from the origin. 

Remark 3. (alternative computation strategy) 

In each cycle the immediate successors of all the leaves of the partial tree are computed. 

Thus the number of terms computed in each cycle, increases exponentially fast. Fortunately, a 

few cycles often suffices to obtain a very accurate approximation, since the convergence of the 

bounds is exponentially fast. In subsection 5.2 we propose an alternative computation scheme 

in which a better use is made of the relative importance of the branches of the tree. 
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Remark 4. (relaxation of the condition for the computation of bounds) 

The scheme computes bounds right at the beginning of the tree. This can be relaxed to 

computing bounds as soon as possible, that is, when o(B(i, s, t» < 1. But for which s, t and i 

can this be guaranteed? The level N, that is. the theoretical bound for absolute convergence of 

the series of product fOlms. can be defined as the minimal level such that o(R (s, t» < 1 for all 

s + t > N (see [2]. section 4). By virtue of lemma 3(ii), the matrix B (i, s, t) J.. R (s. t) as the 

depth of node i tends to infinity. Hence. for any fixed s and t, if s + t > N, then the spectral 

radius o(B (i, s, 1) < 1 for all nodes i sufficiently deep in the tree, at depth at least K say. Then 

we can compute bounds in step 1 of the computation scheme as soon as the depth k is at least K. 

In this section we discussed the computation of the unnonnalized numbers Xs,t and Xs,t. In 

the next section we focus on the computation of the nonnalizing constant. 

2.3. The normalizing constant 

So far we discussed the computation of the numbers Pm,n' defined as 

Pm,n = Xm,n-ln if n > m • 

=XII,m-n ifm > n . 

The computation was based on the series of product fonns under the condition that n or m > N. 

For the time being, let us assume that N = O. Then we can compute any number Pm,1I and it 

remains to nonnalize the numbers Pm,fI in order to obtain the desired probabilities Pm,fI' The nor· 

malizing constant C is defined as 

C = L Pm,fI = L Pm,lI + L Pm,1'I + L Pm,fI , 
m,I'I~O m>n l'I>m m=fI 

where the numbers Pm.m are defined by the balance equations 

Pm,m 2(p + 1) = Pm-I,m 2p + Pm,m+1 12 + Pm.m-I 2p + Pm+l,m 11 . m>O 

Po.o 2p = PO,I 12 + P 1,011 . 

Inserting the series of product fonns for Pm.n leads to 

L Pm.n = L dj + --' -[ 
1 c· 1 

m>1I jeL I-ap(j) I-aj 

[ 
1 Cj 1 L Pm.1I = L dj +--

ieR l-Clp(j) I-aj lI>m 

and inserting the balance equations, 

L Pm.n 2(p+ 1) = PO.I 12 / p+ L dj [ 1- 1 . + 1 ~i ,J ~j (2p+'Y2) 
m=1I ieL Clp(I) a, 
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[ 
1 c· 1 + P 1,0 1'1 I P + 1: di 1 + -1-

1 

- ~i (2p + 1'1) . 
ie R - ap(i) - aj 

The product fonn series have the same tree structure as X 0,1 and x 0,1 and the convergence 

of the tenns is also bounded by the matrices B (i, 0, 1). In general, we have (see also theorem 1) 

Lemma 4. 

For all nodes i in the tree of terms I dj I [a~(i) I (1 - exp(j» + Cj exf 1(1 - aj )] ~~ I (1 - ~i)' the 

subtree below node i is bounded by the geometrical binary tree with the same initial values and 
rates B (i, s, t). 

Proof. 

By theorem 1 and lemma I, we obtain for al11eft descendants j in the subtree below node i, 

[ 
aj c/(j) at(j) 1 ~hj) I d I ( $ S ) AI 1 

I dl(j) I 1 _ aj + 1 _ ex/(j) 1 _ ~/(j) ~ l(j) aj + CI(j) al(j) tJl(j) (1- aj)(1 _ ~j) 

The other inequalities can be obtained similarly. o 

Remark S. 

The analogous result holds for the tree of tenns I di I [a~(i) 1(1 - ap(i» + Cj ex: I (1- ai )] ~l, or 

Idil [a~(i)+ciaf] ~:/(1-~i)' 

Hence, to compute C we can use the same scheme as for XO,l and XI,O. In table 1 we 

computed P 0,1' P 0,1 and C with a relative accuracy of 0.1 % for 1'1 = 0.8, q = 0.7 and increasing 

values of p. The partial trees for PO,I and C were computed up to the same depth D, needed to 

attain the desired accuracy. 

The computation scheme is purely based on the series of product fonns. However, for 

unbalanced systems, the series doesn't converge absolutely near the origin. Then we have to 

solve the remaining equations near the origin numerically. In the next section we propose a 

numerically stable algorithm for solving these equations. This approach can also be used if the 
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P PO,I PO,I C D 

0.5 0.15496 0.063704 0.411099 9 

0.7 0.110225 0.18429 1.671940 7 

0.9 0.038392 0.409455 10.665058 6 

Table 1: computation of PO.I and PO.I by its product form representation, 

together with the normalizing constant C and the depth D required to 

attain a relative accuracy of 0.1% for 'VI = 0.8, q = 0.7 and increasing 

values ofp 

convergence of the series is slow near the origin. For instance, the effort to obtain Po, 1 in the 

examples of table 1 was quite large, since we had to compute the panial trees up to depth 6 or 

more. The approach proposed in the next section will Significantly reduce the effort to obtain 

the probability P 0,1 . 

3. Solving the equilibrium equations in a bounded region of the state space 

In the sequel the set of states (0. I), (l. I), .... (1-1, I), (I, I), (I, /-1), ... , (I, 1), (1, 0) will 

be called the level 1. Consider a fixed level M and assume that all numbers Pm,1I at the levels 

higher than level M, can be computed by means of the series of product forms. Under this 

assumption we will show how to compute the unknown numbers Pm,1I in the rectangular 

m, n S; M. Afterwards we have to normalize the numbers Pm,1I to obtain the desired probabili

ties Pm,II' One way to compute the numbers Pm,lI is by straightforward solving the equilibrium 

equations for all m, n S; M, accomplished by routine inversion of the tridiagonal matrix operator 

involved. see e.g. Conolly [5]. Apan from the issue of numerical stability, this procedure 

doesn't exploit the special structure of the shortest queue problem. We will try to use the struc

ture in order to obtain an efficient algorithm. Essentially, we reduce the problem of simultane

ously solving all equilibrium equations in the rectangular m, n ::;; M to recursively solving the 

equations at the levels M, M -1, ... , 1 and O. The reduction is based on the special property that 

at any level the only flow to a higher level is via the state on the diagonal. We stan to show 

how the numbers Pm,1I at level M can be solved. 

The probabilities Pm,M, m = 0, 1, ... , M -1, satisfy the equilibrium equations 

PO,M (2p + 'V2) = P I,M 'VI + PO,M+l 12 , 

Pm,M 2(p + 1) = Pm-I.M 2p + Pm+l.M 'VI + Pm,M+l 'V2 • 

(1) 

(2) 
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PM-I,M 2(P + 1) = PM-2,M 2p + PM,M 11 + PM-t,M+l 12 + PM-l,M-t 2qp 

and the probabilities PM,II' n = 0, 1, ... , M -1, satisfy the equilibrium equations 

(3) 

PM,O (2p + 11) = PM,} 12 + PM+I,O 11 , (4) 

PM,II 2(P + 1) = PM,II-1 2p + PM,II+1 12 + PM+l.11 11 ' (5) 

PM,M-l 2(P + 1) = PM,M-2 2p + PM,M 12 + PM+l.M-l 11 + PM-l,M-l 2(1 - q)p . (6) 

Applying the general balance principle to the set {(m, n), m, n s: M J yields 

M M 
PM.M 2p = L Pi,M+l 'Y2 + L PM+l,i 11 . (7) 

j",O ;=0 

and to the set {(m, n), m, n s: M} \ {(M, M)}. 

M-l M-I 

PM-I,M 2p + PM,M-I 2p = PM,M 2 + L Pi,M+l 12 + L PM+l,i 11 . (8) 
j=O i.O 

Notice that PM-l,M-1 is the only probability at a levelluwer than M, occurring in the equations 
(1)-(8). Eliminating PM-l,M-l in the equations (3) and (6) yields a set oflinear equations for the 

unknown probabilities at level M. We can compute the numbers Pm,lI at level M by solving this 

set of equations and apply the same scheme to compute Pm.1I at level M -1, M -2, ... , 1, O. 

Hence, we reduced the problem of simultaneously solving (M+ll equations to recursively 
solving 2M + 1, 2M -I, ... and 1 equation. The equations for the probabilities at level M form a 
one dimensional set of inhomogeneous second order recursion relations. We prove that it can 
be reduced to a first order recursion relation. To formulate the result we define the sequences 

{Xi} and {Yi}' 

Definition 2. 

(i) The sequence Xo, Xl. X2 • ... is the solution of 

Xi+l = Xi 2(p + 1) - Xi-J 2pYt. i ~ 1 

with initial values Xo = 1 and X} = 2p + 12. 

(ii) The sequence Yo. YJ, Yz • ... isthe solution of 

Yi+l = Yi 2(p + 1) - Yi-} 2p'Y2, i ~ 1 , 

with initial values Yo = 1 and Y 1 = 2p + 11 . 

The following result states that the probabilities at level M satisfy an inhomogeneous first order 
recursion relation. 
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Theorem 3. 

(i) Form=M-2,M-3 •...• 0 

m . 
Pm,M Xm+l =Pm+l,M xm 11 + L Pi,M+l Xi (2p)m-, 'Y2 

j .. o 

and the initial value PM-I,M follows from the equation 

PM-l.M 2p (XM-l YM + XM YM-l (l - q» = 

PM.M 2 XM-l (YM-l 11 (1- q) + (YM - YM-I 'Y2P) q) + 

M-l 
+ L Pi.M+l (Xi YM-I (2p)M-i (l-qrn +XM-I YM q'Y2) 

M-l M . 
+ L PM+l,i XM-l (YM - Yi (2p) -I) ql1 . 

j=O 

(U) For n =M-2, M-3, ... ,0 

" . 
PM,n Ym+l = PM," +1 Y" Y2 + L PM+l,j Yi (2p)"-' 11 

j=O 

and the initial value PM,M-l follows from the equation 

PM,M-l 2p (YM-l xM +YM xM-l q» = 

Proof. 

PM.M 2 YM-l (XM-l 12 q + (XM - XM-l liP) (1- q» + 

M-l 
+ L PM+I,i (Yi XM-l (2p)M-i qYl + YM-I XM (1- q)Yl) 

i=O 

M-l 
+ L Pi,M+l YM-l (XM -Xi (2p)M-i) (l-q)12' 

i-O 

We prove the equations (9) for all m = O. 1 •...• M -2 by induction. 

For m = 0 the equations (9) and (1) are identical. 

(9) 

(10) 

(11) 

(12) 

Assume (9) holds for m = n. Multiplying (9) for m = n by 2p and (2) for m = n+l by X"+I and 
then subtracting both equations. yields equation (9) for m = n + t. 
Hence. the equations (9) for all m = O. 1 ..... M -2 and multiplying (9) for m = M -2 by 2p and 

(2) by XM and then subtracting both equations, yields for m = M-l 

M-l MI' 
PM-I.M XM = PM,M xM-l 11 + L Pi,M+l xi (2p) - -I 'Y2 + PM-I.M-l XM-I 2qp . (13) 

i-O 

Similarly, we can prove equation (11) for all n = 0, 1, .... M-2 and for n =M-l 
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M-l 
PM.M-l YM = PM,M YM-l 12 + l: PM+l.i Yi (2p)M-l-i 1'1 + PM-I,M-I YM-l 2(1- q)p. (14) 

i-O 

Eliminating the probability PM-l.M-l in the equations (13) and (14) leads to 

PM-I,M XM YM-l (l-q)-PM,M-l XM-l YM q = PM.M XM-l YM-l (Yl(l-q)-'Y2 q)+ 

M-l 
+ l: Pi.M+l Xi YM-l (2p)M-l-i 12 (1- q) 

i-O 

M-l 
+ l: PM+l.i XM-l Yi (2p)M-l-i 1'1 q . 

i .. O 

Together with equation (8) we have two equations for PM-l.M and PM.M-l. Solving both equa
tions yields the equations (10) and (12). 0 

Based on theorem 3 we can very efficiently compute the numbers Pm,ll at level M. Start to 

compute PM,M using equation (7). then the initial values PM-l.M and PM,M-l follow from the 

equations (10) and (12) and compute successively PM-2,M -+ PM-3.M -+ ... -+ PO,M using (9) 

and compute PM.M-2 -+ PM.M-3 -+ ... -+ PM. 0 using (11). To show that the recursion scheme is 

numerically stable. we need the following result. 

Lemma S. 

For all i. j ~O 

Xi+j ~ Xi (2p/ ~ 0, Yi+j ~ Yi (2p/ ~ O. 

Proof 

First, we prove the lemma for fixed j = 1 and i ~ 0 by induction. 

For i = 0 and j = 1 inequality (15) trivially holds. 

Assume (15) holds for i = k - 1 and j = 1. then 

X,t+l = X,t 2(p + 1) - X.t-l 2PYI = X/c 2p + X.t 2 - X.t-l 2PYI 

~ X/c 2p + X.t-l 2p(2 - Yl) ~ X.t 2p , 

which proves (15) for i = k and j = 1. 

(15) 

Now consider an arbitrary i, j ~ O. Then, since lemma 5 is already proved for j = 1 and i ~ 0, 

Xi+j ~ Xi+j-l 2p ;::: ... ;::: Xi (2PY • 

which completes the proof of the lemma for x. The lemma is proved similarly for y. 0 
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By virtue oflemma 5. it follows that the coefficients in the relations of theorem 3 are all 

nonnegative. Hence. the calculations involve only the addition and multiplication of nonnega
tive numbers and thus can cause no loss of significant digits. By this property it follows that if 

we compute the numbers Pm,,, at level M + 1 with a relative accuracy of £ say. then the recursion 

scheme yields the numbers Pm,,, at the lower levels also with a relative accuracy of E. 

Notice that by virtue of lemma 5. the coefficients Xi and Yj grow exponentially fast. there

fore we have to scale the recursion relations. For example. relation (9) is scaled by dividing both 
sides by Xm+l' The resulting recursion relation requires the calculation of the ratios 
xj(2p)j / xm+l (2p)m+l for i = O. 1 •...• m. It is easy to derive an explicit form for these ratios. The 

ratio equals unity for i = m + 1 and decreases rapidly as i J, O. 

It remains to normalize the numbers Pm,,, in order to obtain the desired probabilities Pm,,,, 

The computation of C must be somewhat adapted. for we have to split off the finite sum over 
the rectangular m. n ~ M. 

C = L Pm,,, = L Pm,,, + L Pm,,, + L Pm,,, + L Pm,,,. 
m,,,~O m,,,~M m>" ,,>m m=,,>M 

m>M ,,>M 

Inserting the series of product forms for Pm,,, leads to 

M-l ~¥+l-m [aM aM 1 ~j L Pm,,, = l: l: dj (a';(i) + Cj an ; ~ + L dj p(j) + Cj j 1 _ R; • 
m>" m=OjeL - j ieL l-ap (j) l-aj 1-'. 

m>M 

M-l ~p+l-m ~ d [a';(j) up 1 ~j L Pm,,, = L L dj (a';(i) + Cj ai") ~ +... j + Cj R 
,,>m m=OieR 1- j ieR l-ap (j) l-aj l-I-'j 
,,>M 

and inserting the balance equation for Pm,m' 

[ 
aM+l aM+1 1 

L Pm,,, 2(p + 1) = PM,M+l 2p + l: di !(i). + Cj ~ ~j (2p + Y2) 
m=" >M ie L 1 ap (') 1 a, 

- [a';(tl ap+1 1 
+PM+I,M2p+l:di 1 +Ci-

1
-- ~j(2p+YI)' 

i e R - ap (i) - aj 

The series of product forms have the same tree structure as XS,I and XS,I and by virtue of 

lemma 4 (and the remark 5) they can be computed by the same scheme as for XS,I and XS,I' 

Let us summarize the scheme for the computation of the equilibrium probabilities. First 

choose a level M ~ N. Then any number Pm,,, at a higher level can be computed by means of the 

series of product forms. In particular. compute all numbers Pm,,, at level M + 1. Then compute all 

numbers Pm,,, in the rectangular m. n ~ M by means of the recursion scheme. Finally compute C. 
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Afterwards the desired probabilities can be obtained by nonnalizing the numbers Pm,,,. We 

applied this approach to the examples in table 1. Because the convergence of the product fonn 

trees is faster for states further away from the origin (cf. remark 2), we chose M = 2 in all exam

ples, instead of M = N = O. To attain the accuracy of 0.1 % we had to compute the trees for P 0,3, 

P3,o, PI,3, P3,1, P2,3, P3,2 and C up to depth 2. Hence, the computed trees are much smaller 

(only 6 tenns) then the ones in table 1 (at least 27-2=126 tenns) and since the equations in the 

rectangular m, n S 2 can be solved very efficiently, this approach significantly reduces the com

putational effort to obtain PO,I' An extensive discussion on the numerical properties of this 

approach can be found in section 5. 

4. Discussion on the computation scheme 

The computation scheme proposed at the end of the previous section, starts with a choice 

for the level M. The question of what is a good choice for the level M immediately arises. In the 

following subsection we pay attention to the choice for M. In the subsequent subsection we will 

look in more detail to the computation of the tree of product fonns. The basic scheme computes 

in each cycle the immediate successors of all leaves of the partial tree. In subsection 4.2 we pro

pose a computation scheme in which a better use is made of the relative importance of the 

branches of the tree. 

4.1. The choice for the level M 

Oearly, we have to choose M ~ N, which is the theoretical bound for absolute conver

gence of the series of product fonns. But should we choose the minimal M, that is M = N? In 

section 2, remark 2, we showed that the rate of convergence of the bounds for the numbers 

Pm,M+I and PM+I,m at level M +1 is detennined, or at least bounded, by the spectral radii of the 

matrices B (1, m, M + I-m) and B (2, m, M + I-m). By virtue of lemma 3(iii), the matrices 

B (1, m, M +l-m) and B (2, m, M +1-m), and thus the spectral radii, decrease exponentially fast 

as M + 1 ~ 00 and unifonn in all m SM. Hence, the size of the partial tree needed to approxi

mate a pair of numbers Pm,M+1 and PM+I,m with a desired accuracy E say, decreases very fast as 

M + 1 ~ 00. This is illustrated in table 2. We computed the numbers PO,l, P 1,2 and P2,3 with a 

relative accuracy of 0.1% and the spectral radii 0(B(2, 0,1), 0(B(2, 1, 1) and 0(B(2, 2,1), for 

Yl = 0.8, q = 0.7 and increasing values of p. The number D denotes the depth of the computed 

partial tree, needed to attain the desired accuracy. 

Table 2 shows that the spectral radii decrease very fast, which is reflected in the size of the 

computed partial trees. For example, in case p = 0.5, then o(B (2,0,1» = 0.606 and the depth of 

the computed partial tree for PO,I is 9, so it consists of 210_2 = 1022 tenns! In case p = 0.1 or 
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P PO,I D 0(B(2.0.1» Pl,2 D o(B (2.1.1» P2,3 o(B (2.2,1) 

0.1 0.817 6.856e-6 3 0.038 2.681e-8 2 0.002 

0.3 0.681 0.001612 3 0.079 0.000151 2 0.010 

0.5 0.065715 9 0.606 0.020288 3 0.097 0.005332 2 0.017 

0.7 0.178149 7 0.573 0.10758 3 0.106 0.055716 2 0.022 

0.9 0.377018 6 0.579 0.37466 3 0.114 0.321458 2 0.025 

Table2: computation O/PO,l.P1.2 andp2,3 by the series o/producc/orms, together with 

0(B(2,0,1», 0(B(2,I, 1», 0(B(2,2,1» and the depth D required to attain a 

relative accuracy 0/0.1%/or Yl =0.8, q =0.7 and increasing values o/p 

0.3, then o(B (2,0, 1» is even larger and the depth of the partial tree for PO,I is more than 10 

(and therefore we aborted the computation). On the other hand. the spectral radius 0(8 (2. 1,1» 

and the partial tree for P 1,2 are for all p very small. The same is true for all numbers Pm,lt a1 

level 2. Hence, it is much more efficient to compute all numbers Pm,1t at level 2, and then com

pute PO,I by means of the recursion scheme. instead of computing PO,I directly by means of its 

product form representation. 

It is convenient to define for all k = 1, 2. 3, ... 

olc(M) the maximum of the spectral radii 0(8(i, m, M-m» over 

all nodes i at depth k and all m = 0, I, ... , M -1. 

ooo(M) the maximum of the spectral radii o(R(m, M-m» over 

all m = 0, I, ...• M-l. 

Then the rate of convergence of the series for the numbers Pm,lt at level M + 1 is at least 

01 (M + 1). By virtue of lemma 4. the rate of convergence of the series 

1: Pm,1I' 1: Pm,n' 1: Pm,1t (16) 
m>1t n>m m-n>M 
m>M n>M 

is also determined by 01 (M + 1). Hence, we have to choose M such that 01 (M + 1) is sufficiently 

small. This choice of M might be larger than N, but the extra numerical effort to solve the equa

tions in the finite rectangular m, n S M does not counter balance the advantages of efficiently 

computing the series of product forms in states further from the origin. 

In table 3 we computed the probabilities Po,o. P 1,0 and PO,I with a relative accuracy of 

0.1 % for fixed q = 0.7 and increasing values of p and Yl' In the column below M we depicted 

our choice for M. In all examples we chose M such that 01 (M) was at least less than unity (so 
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bounds could be computed right at the beginning of the trees). The number D denotes the maxi

mal depth of the computed partial trees, required to obtain all numbers Pm,lI at level M +1 as 

well the series (16) with the desired accuracy of 0.1 %, We computed all partial trees up to the 

same depth (so some partial trees might be more accurate than strictly necessary). 

P 1'1 Po,O PI.O PO,I M 01 (M+l) D N 

0.2 0.2 0.458891 0.326071 0.065746 2 0.103 3 1 

0.6 0.65048 0.153709 0.119976 1 0.101 3 0 

0.9 0.667731 0.10498 0.156919 1 0.059 3 0 

0.6 0.2 0.053824 0.131667 0.021253 4 0.264 4 1 

0.6 0.20192 0.162965 0.103232 1 0.237 4 0 

0.9 0.23226 0.12376 0.152117 1 0.088 3 0 

0.9 0.2 0.001841 0.007134 0.001048 6 0.786 4 0 

0.6 0.030725 0.039099 0.022747 1 0.341 4 0 

0.9 0.042496 0.035496 0.040496 1 0.093 3 0 

0.95 0.2 0.000539 0.002222 0.000322 7 0.837 3 0 

0.6 0.01381 0.018673 0.010739 1 0.367 4 0 

0.9 0.020046 0.017775 0.020082 1 0.095 3 0 

Table 3: computation ofpo.o. P 1,0 and PO,I t together with 01 (M+l) and the depth D 

required to attain a relative accuracy of 0.1% for q = 0.7 and increasing 

values of p and 1'1 

The examples in table 3 show that the eqUilibrium probabilities can be computed very 

efficiently. The ol(M+l) gives an indication for the rate of convergence of the terms in the 

trees. If 01 (M + 1) is small, then the terms converge very fast and a small partial tree is already 

sufficient to attain the desired accuracy. But for p = 0.95 and 1'1 = 0.2, we have 01 (7) = 0.92 and 

the convergence of the partial trees is still very fast! 1bis can be explained as follows. By virtue 

of lemma 3(i) and 3(W). the matrices of rates B (i, s, t) decrease to the limiting rates R (s, t), 

uniform in the depth of the tree. Thus o,t(M+l) decreases to o ... (M+I) as k ~ "". Hence, the 

convergence of the partial trees is actually determined by o ... (M+I) instead of ol(M+l). The 

01 (M + 1) just provides an upper bound for the rate of convergence and especially in heavy load 

and unbalanced situations o.(M + I) is significantly smaller than 01 (M + 1). In the table below 

we illustrated the convergence of oJc(M + 1) for increasing values of p and 1'1 . 
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M ol(M+l) 02(M+l) 03(M+l) 04(M+l) 05 (M+l) 

4 0.264 0.096 0.062 0.051 0.047 

1 0.237 0.116 0.096 0.091 0.090 

1 0.088 0.053 0.049 0.048 0.048 

7 0.837 0.083 0.022 0.011 0.007 

1 0.367 0.096 0.063 0.055 0.053 

1 0.095 0.038 0.031 0.030 0.030 
• 

Table4: convergence ofo,,(M+l) as k -+ -for q =0.7 and 

increasing values ofp andYl 

o ... (M+l) ! 

0.044 

0.090 

0.048 

0.004 

I 

0.052 

0.030 

The results in table 4 show that the convergence of o,,(M +1) is very fast, in particular for 
11 = 0.2. In all examples in table 3 we chose M such that 01 (M + 1) was at least less than unity. 
As a consequence, we had to choose a relative large M for the examples p = 0.9, 0.95 and 
Yl = 0.2. For the two examples, 01 (M + 1) is large for smaller values of M. but o..,(M + 1) is still 
quite small. In table 5 we illustrated the convergence of o,,(M + 1) for M = 3. 

P 11 01(4) 02(4) 03(4) 04(4) 05(4) 0 00(4) 

0.9 0.2 2.967 0.546 0.215 0.127 0.095 0.067 

0.95 0.2 4.211 0.640 0.224 0.123 0.088 0.060 

Table 5: convergence of 0,,(4) as k -+ _ for q = 0.7, 

11 = 0.2 and p = 0.9, 0.95 

Table 5 shows that 0 ... (4) is still quite small and 0,,(4) converges very fast to 0...,(4). Only 
01 (4) is larger than unity. thus we can compute bounds from depth 2 in the trees. The results of 

the computation of Po,o. P 1,0 and PO,l for M = 3. instead of M = 6 and M = 7 respectively, are 
presented in the table 6. They show that the price for a smaller level M is the computation of 
bigger partial trees. 
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P 11 Po,o Pl,O PO,I M D 

0,9 0.2 0.001841 0.007136 0.001048 3 5 

0.95 0.2 0.000539 0.002222 0.000322 3 5 

Table 6: computation of Po,O, Pl,O and PO,I and the depth D required to attain a 

relative accuracy of 0.1% for q = 0.7, 11 = 0.2, P = 0.9,0.95 and M = 3 

(instead of M = 6, 7 in table 3) 

4.2. An alternative computation strategy 

We conclude with an alternative for the basic scheme to compute a binary tree of terms. 

The alternative scheme will be illustrated by means of an example. The basic scheme for the 
computation of the tree of product forms, computes in each cycle the immediate successors of 

all leaves of the partial tree. However especially for unbalanced systems, the tree can be very 

unbalanced and the contribution of a large part negligible. In the previous example (q = 0.7, 

P = 0.9, 11 = 0.2), we had to compute all numbers Pm,fI at level 4. Let us focus on the computa

tion of the numbersP3,4 andp4,3' Both numbers can be represented in the same tree. To obtain 

the numbers P3,4 and P3,4 with the desired accuracy of 0.1 %, we had to compute the partial tree 
up to depth 5. This means that the tree consists of 62 terms. In figure 2 we depicted the 
relevant part of the tree (the rest of the terms is very small), The pair in each node i stands for 

(i, d j (a.~(i) + Cj a.D ~~). 

(1.0.169095) (2,0.497755) 

~ ~ 
(3. -7e-8) (4. -5e-8) (5. -0.121513) (6. -0.329089) 

~ ~ 
(11, 5e-8) (12. 3e-8) (13.0.02797) (14.0.073731) 

~ 
(29, -0.003619)(30. -0.009453) 

~ 
(61.0.000346) (62. 0.000(01) 

Figure 3: a part of the tree for P 3,4 and P 4,3 if P = 0.9, 11 = 0.2 and q = 0.7 



- 25 -

The figure illustrates that the tree is unbalanced: the weight is concentrated at the very right side 

of the tree. The complete partial tree yields the approximations 

- 3 3 A 
P3.4 = I. di (ap(i) + Ci ai h'i = 0.072279 • 

ieL.iS62 

Thus the approximations P3.4 and P4.3 both consist of 63 tenns. but the contribution of most 

tenns is negligible! Therefore let us describe an alternative scheme for the computation of ih.4 
and P 4.3. which tries to compute only the relevant part of the tree. 

Initially compute the nodes 1 and 2, as well as their successors 3. 4, 5 and 6. Since 

o(B (1,3,1» < 1 and o(B (2,3, 1) > 1, we can only compute bounds in node 1. Thus compute 

also the successors of the nodes 5 and 6. The spectral radii o(B (5,3, 1» and 0(B(6,3, 1» are 

less than unity. Now we can compute bounds in all the leaves of the partial tree. The upper 

bound U (i, s, t), defined in section 2, can be decomposed in the contribution UIU, s, t) of the 

subtree below dl(i) (af + Cl(i) at(i» P~(i)' and the contribution UrU, S, t) of the subtree below 

dr (i) (af + Cr(i) a;O» p~(i). Similarly, the upper bound U (i. s, t) can be decomposed in the con

tribution Ul(i, s, t) and urU, s, t). Then, 

[ 
UlCi, s, t)] . [ , ] -1 [ Idl(;) I (af + Ci(;) at{i» P~(i)] 
ui(i, S, t) = B(l, S. t) I-B(l, S, t) 0 ' 

[ 
Ur(i, r, S)] [ ] [ 0 ] 

( . ) =B(i,s,t) I-BU,s,t) -1 d I( $ :r )At . 
Ur t, r, s I rei) ai + C,.(i} ar(i) tJT(i) 

Thus the total weight in the subtree below diU) (a: + C/Ci) a1Ci» P~(i)' is bounded by U,(i, s, t) + 
ul(i, s, t) and in the subtree below dr(i) (af + Cr(i) a;(i» P~(i)' it is bounded by Ur(i, s, t) + 
urCi, s, t). In table 7 we depicted all bounds in decomposed fonn. 

Up to now we computed the approximations 

- 3 3 
P3,4 = I. di (ap(i) + Ci ai ) Pi = 0.075552 • 

ie !I,3,S,l1,13} 

- 3 3 A P 4.3 = I. d j (ap(i) + Ci ai) tJi = 0.242397 
ie 12.4.6,12,14} 

and based on the bounds, the accuracy of P3,4 is at least 

Ip3.4-P3,41/Ip3,41~ I. U(i.3,1)/(P3.4- I. U(i,3,1»=20% 
ie {I,5,6} ie (l,5,6) 

and of P 4,3 at least 33%. Hence. the approximations are not accurate enough. To improve the 

approximations we do not compute the immediate successors of all leaves of the partial tree, as 
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i Ul(i, 3,1) ul(i, 3,1) Ur(i, 3,1) u,(i, 3,1) 

1 2e-14 2e-14 2e·9 4e-9 

5 2e-14 le-14 le-9 3e-9 

6 4e-8 8e-g 0.012732 0.059724 

Table 7: the decomposed bounds in the nodes J, 5 and 6 of the partial 

tree for P 3,4 and P 4,3 if q = 0.7, P = 0.9 and "II = 0.2 

in the basic scheme. Instead we proceed as follows. 

For all leaves i E {3, 4, 11, 12, 13, 14} we computed the upper bounds for the total weight 

of the subtree below node i. Then we only compute the immediate successors of the leaf the 

subtree of which has maximum weight, or more precisely, maximum upper bound for its weight. 

The last line in table 7 shows that in our case, the subtree below node 14 is the heaviest one. So 

we only compute the left and right descendant of node 14. Adding the new left descendant 

d29 (a14 + c29 a~9) ~29 to P3,4 and the right descendant to P4,3' we obtain 

P 3,4 = 0.071933, P 4,3 = 0.232944 . 

In the table 8 we depicted the bounds in node 14, 

i Ul(i,3.1) U/(;. 3,1) Ur (i,3.1) ur(i, 3,1) 

14 2e-9 3e-9 0.000600 0.002252 

Table 8: the decomposed bounds in node 14 of the partial tree for P3,4 

andp4.3 ifq =0.7,p=0.9and"l1 =0.2 

It follows that the weight of the left descendants in the remaining (i.e. not computed) part of the 

tree is bounded by 

UI(6,3,1) + L U(i,3.1) =0.0006. 
ie (l,S,14) 

and thus the accuracy of P3A is at least 0.0006/(0.071933-0.0006) = 0.8%. Similarly, the accu

racy of P 4,3 at least 1 %. This is still not accurate enough. So we have to compute the succes

sors of one of the leaves again. This time we have to choose between the subtrees below the 

nodes i E {3, 4, 11. 12, 13,29, 30} and the heaviest subtree is the one below node 30. Adding 
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the left descendant of node 30 to P 3,4 and the right descendant to P 4,3 yields 

P3,4 =0.072279, P4,3 =0.233845 

and in table 9 we depicted the bounds. 

i UI(i, 3,1) ul(i, 3,1) Ur(i, 3,1) ur(i, 3,1) 

30 2e-1O 2e-10 0.000038 0.000123 

Table 9: the decomposed bounds in node 30 of the partial tree for P3.4 

andp4,3 ifq =0.7, P =0.9 andYI =0.2 

Now the approximations are accurate enough, since the accuracy of P3,4 is at least 

0.000038/(0.072279-0.000038) = 0.05% and of P4,3 also at least 0.05%. Hence, we exactly 

computed the partial tree which is depicted in figure 2 in order to attain the desired accuracy. 

The difference with the basic scheme is that this time the same approximations were obtained 

by computing 14 instead of 62 tenns! 

The alternative scheme can be summarized as follows: in each cycle we only compute the 

immediate successors of the leaf the subtree of which has maximum weight. Especially for 

unbalanced trees this alternative saves a lot of (unnecessary) computations. Unbalanced trees 

correspond to unbalanced systems. A system is unbalanced if one of the servers is working 

much faster than the other one. 

5. Conclusions and remarks 

The main purpose of this paper was to study the asymmetric shortest queue problem from 

a numerical point of view. In [2] we showed that the equilibrium distribution of the lengths of 

the two queues can be represented by an infinite sum of product fonn solutions and the results 

in this paper showed that the product fonn representation leads to a numerically highly attrac

tive algorithm. mainly due to the exponentially fast convergence of the series of product fonns 

and the bounds for the error of each partial sum. Further, the results are exact, that is, they hold 

for the infinite state space. 

However, in [2] we showed that the product form representation does not hold in an usu

ally small region near the origin of the state space for unbalanced systems. To overcome this 

difficulty we proposed a numerically stable and efficient recursive algorithm to solve the equili

brium equations in a bounded region of the state space. This approach can also be used if the 
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convergence around the origin is slow compared to the convergence in states further away from 

the origin. We showed that the combined usage of the series of product forms and the recursive 

algorithm highly reduces the numerical effort to obtain accurate solutions. In the remainder we 

discuss the computation of mean waiting time and mean queue length, improvement of the 

bounds and unbalanced systems. 

5.1. The mean waiting time and mean queue length 

One easily verifies that inserting the series of product forms for the numbers Pm,,, leads 

again to a series of product forms for the mean waiting time, the mean queue length or other 

quantities of interest, such as higher moments of the waiting time. 

5.2. Improvement of the bounds 

The bounds derived in section 2 are quite rude. One can easily obtain refinements. For 

example, the numerator of the bound DI(a.) (see definition 2) can be refined to 

(a 11 + 2qp) 0.1 X_(a) + (a 12 + 2(1- q)p) alx+(a) - (2 + PY2 -11 12 - q) a, 

which is still monotonously increasing in ex.. But more important is that we did not use the pro

perty that the terms are alternating in the depth of the tree (see for example figure 2). This pro

perty suggests that the error of each partial tree can be bounded by the absolute weight of its 

leaves. This is indeed true if the absolute weight of all terms at depth k in the tree decreases 

monotonously in k. Asymptotically this is indeed the case and numerical experiments revealed 

that the monotonicity usually holds from the beginning of the tree. The problem is to formulate 

conditions which guarantee the monotonicity from the beginning or from a certain depth in the 

tree, just as done for the computation of the bounds. For the symmetric problem, the tree of 

product forms reduces to a simple linear series and in [1] we showed that the successive terms 

are alternating and monotonously decreasing in modulus. Thus for the symmetric problem the 

error of each partial sum can indeed be bounded by the last term. 

5.3. Unbalanced systems 

A system is unbalanced if one server is working much faster than the other. For unbal

anced systems the shortest queue routing seems very unrealistic. For these systems the routing 

that sends each arriving job to the queue with the shortest expected delay, will achieve shorter 

delays than the shortest queue routing. Future research will be directed to investigating whether 

product form results can be obtained for this shortest delay problem. 



- 29-

References 

1. ADAN, U.B.F., WESSELS, J., AND ZUM, W.H.M., "Analysis of the shortest queue prob

lem," Memorandum COSOR 89-13, Eindhoven University of Technology, Dep. of Math. 

and Compo Sci., 1989. Submitted for publication. 

2. ADAN, U.B.F., WESSELS, J., AND ZUM, W.H.M., "Analysis of the asymmetric shortest 

queue problem, part I: theoretical analysis," Memorandum COSOR 90-01, Eindhoven 

University of Technology, Dep. of Math. and Compo Sci., 1990. 

3. BLANC, lP.C., "The power-series algoritm applied to the shortest-queue model," 

Memorandum 379, Tilburg University, Department of Economics, 1989. 

4. COHEN, lW. AND BOXMA, OJ., Boundary value problems in queueing system analysis, 

North-Holland, Amsterdam, 1983. 

5. CONOLLY, B.W., "The autostrada queueing problem," J. Appl. Prob., vol. 21, pp. 394-

403,1984. 

6. FAYOLLE, G., "Methodes analytiques pour les files d'attente couplees," Thesis, Univ. de 

Paris VI, Paris, 1979. 

7. FLATIO, L. AND MCKEAN, H.P., "Two queues in parallel," Comm. Pure Appl. Math., vol. 

30, pp. 255-263, 1977. 

8. GERTSBAKH, I., "The shorter queue problem: A numerical study using the matrix

geometric solution," Eur. J. Oper. Res., vol. 15, pp. 374-381, 1984. 

9. GRASSMANN, W.K., "Transient and steady state results for two parallel queues," 

OMEGA Int. J. ofMgmtSci., vol. 8, pp. 105-112,1980. 

10. HAIGHT, F.A., "Two queues in parallel," Biometrica, vol. 45, pp. 401-410, 1958. 

11. HALFIN, S., "The shortest queue problem," J. Appl. Prob., vol. 22, pp. 865-878, 1985. 

12. HOOGIDEMSTRA, G., KEANE, M., AND REE, S. VAN DE, "Power series for stationary dis

tributions of coupled processor models," SIAM J. Appl. Math., vol. 48, pp. 1159-1166, 

1988. 

13. IASNOGORODSKI, R., "Probleme-frontieres dans les files d'attente," Thesis, Univ. de 

Paris VI, Paris, 1979. 

14. KINGMAN, J.F.C., "Two queues in parallel," Ann. Math. Statist., vol. 32, pp. 1314-1323, 

1961. 

15. NEUTS, M.F., Matrix-Geometric Solutions in Stochastic Models. John Hopkins University 

Press, Baltimore, 1981. 

16. RAO, B.M. AND POSNER, M.lM., .. Algorithmic and approximation analysis of the shorter 

queue model," Naval Res. Log., vol. 34, pp. 381-398, 1987. 



- 30-

Appendix 

The appendix contains the proofs of the theorem 1 and lemma 3, 

Proof of theorem 1. 

To prove theorem 1, we have to show that for all i ~ 1, s ~ 0 and t ~ 1 there exist matrices 

, [ BI(i, s, t) bl(i, s, t)] 
B (I, s, t) = B (' ) b (' ) r I, S, t r I, S, t 

such that for all the terms Idj I (a~(j) + Cj a) ~j in the subtree below Idj I (a~(i) + Cj aD ~:. 

RIV, s, t) S; Bl(i, s, t), RrV, s, t) S; Br(i, s, t) 

if I dj I (a~(j) + Cj a) ~j is a left descendant, and 

rlV, S, t) S; bl(i, s, t), rrV, s, t) S; brei, s, t) 

if I dj I (a~(j) + Cj a) ~j is a right descendant. 

Let us consider afued s ~ 0, t ~ I, i and j and assume that Idj I (a~(j) + Cj a) ~j is a left des

cendant in the subtree below I dj I (a~(i) + Cj aD ~l, To estimate the ratio 

R V s t) = I dr(j) I (a) + cr(j) a:(j» ~~(j) 
r , , I d I ( S S) Rl 

j ap(j) + Cj aj tJj 

we need bounds for the coefficients Cj and dj , For this we first define 

Definition 2. 

For all 0 < ex < Cf.o, define 

(ex 11 + 2qp) a/ X_(a) + (a 12 + 2(1 - q)p) a/ x+(a) 
~~= , (ex 11 + 2qp) a/ X +(a) + (a 12 + 2(1 - q)p) a/ x+(a) - 2 (p + 1) a 

11 (a 12 + 2(1 - q »)(A 2 - AI) 
~~= , 

12 «ex 11 + 2qp) a/ X+(a) + (a 12 + 2(1- q)p) a/ x+(a) - 2 (p + 1) a) 

- 12 (a 11 + 2q)(a2 - a 1) 
~~= , 

11 «a 11 + 2qp) a/ X+(a) + (a 12 + 2(1 - q )p) a/ x+(a) - 2 (p + 1) a) 

- (ex 11 + 2qp) a/ X+(a) + (a 12 + 2(1- q)p) a/ x_(a) 
d(~=---------------------------------------

r (ex 11 + 2qp) a/ X + (ex) + (a 12 + 2(1 - q)p) a/ x+(ex) - 2 (p + 1) a 

and/or all 0 < (3 < 130 = p. define 

l-Y_(~)/~ - I-AI 
£«(3)= A2 -1 ,C(~)= Y+(~)/~-1 

l-y_(~)/~ _ I-a1 
£(~) = a2 - 1 ,c(~) = y+(~)/ (3 -1 
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where 

p + 1 - ~ (p + 1)2 - 2p 11 P + 1 + ~ (p + 1)2 - 2p 11 
Al = ---...:..-----, A2 = -=----.....:.---~-

~ ~ 

p + I - ~ (p + 1)2 - 2p 12 P + 1 + ~ (p + 1)2 - 2p 12 
a}= , a2= 

12 

As the notations suggest, the functions provide us bounds for the coefficients Cj and dj • That is, 

Lemma 6. 

For all ieL 

and/or all ieR 

Proof. 

We prove the bounds for i e L; the proof is similar for i e R. By the lemmas l(i) and lUO, 

and 

y +(~j)1 ~i > Y +(~o)1 ~ = IIp, Y -(~i)/~i < Y_(~)/~ = p, 

Y+(~j)/~j <lim Y+(~)/~=A2' Y_(~j)/~j > lim Y_(~)/~=AI 
~~o ~~o 

(17) 

(18) 

X+(a.j)/a.j <limX+(a.)/a.=I/A} , X_(a.j)/a.j > lim X_(a.)/a.= 1/A2. (19) 
a~O a~O 

Dividing the numerator and denominator in the definition of Cj by ~i' which is positive, then it 
follows by the inequalities (17) that the denominator and numerator are strictly positive; insert
ing next the inequalities (18) yields the bounds for Cj. The denominator in the definition of dl(i) 

and d,(i) is strictly positive by virtue oflemma I(W). Since X +(<Xi) > X_(a.j) > 0 and <Xi > 0, it 

follows that the numerator is also positive. Hence, multiplying the denominator and numerator 
by a.j we obtain for i e L, 

I d1 (j) I (<Xi 11 + 2qp )a.j / X -(<Xi) + (<Xi 'Y2 + 2(1 - q)p )a.j I x+( a.j) - 2(p + 1)a.j -"'-'- = Cj , 
I dj I (a.j 11 + 2qp )a.j I X +(<Xi) + (a.j 'Y2 + 2(1 - q)p )a.j I x+( a.j) - 2(p + 1 )a.j 

I d,(i) I 11 (<Xi 12 + 2(1 - q)p )(a.j I X -(<Xi) - a.j I X+(a.j» --'-'-- = C i . 
I dj I 12 «<Xi 11 + 2qp)a.j I X + (a.i) + (a.j 12 + 2(1- q)P)a.i I X+(a.i) - 2(p + 1)a.;) 
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Then the bound fdr I dl (i) I I I di I follows by adding the tenn 2(p + 1) €X.; to the numerator and 
using the upper bound for Ci. The bound for I d,(i) I / I di I follows by inserting the inequalities 
(19) in the numerator and using the upper bound for Ci. 

By virtue oflemma 6 we obtain 

R,.V, s, t) < C(~j) DI(aj) 1 + c(~,.(j» (Or(j) laj)S [.!!:L] S [ ~"(j)] t 

1 + f(~j) (aj /ap(j)Y CJ.p(j) ~j 

and inserting the definitions in section I, leads to 

. - - l+C(~,.(i»[Y_(~r(j»ly+(~,.(j»Js [Y_(~j)]S[x_(aj):' 
R,(J, s, t) < C(~) D/(aj) [ ] s Y (Il.) X ( .) 

l+f(~j) Y_(~j)/Y+(~j) +p) +0., 

We will try to bound the right hand side uniformly in j. Therefore we need monotonicity pro
perties of the bounding functions. 

Lemma 7. 
- -

(i) For 0 < a <~, the functions D1(a), D,(a), d,(a) and d,(a) are increasing in a. 

(ii) For 0 < ~ < ~ = p, the functions C(~) and c(~) are increasing in ~ and C(~) and £(~) 
are decreasing in ~. 

(iii) For 0 < a <~, the ratios X_(a)/X+(a), x_(a)/X+(a.), X_(a)/x+(a.) and x_(a.)/ x+(a) 

are increasing in a. 

(iv) For 0 < ~ < ~, the ratios Y _(~)I Y +(~) and y_(~)/y+(~) are increasing in ~. 

Proof. 

(i): We only prove the monotonicity for DI(a). The proof is similar for the other ones. By virtue 

of lemma 1(W), the denominator of DI(a) is decreasing in a and strictly positive for all 

0<0. < 0:0. The numerator is also positive. since X_(a) and x+(a) are both positive. Thus it 

suffices to prove that the numerator is increasing in a. The second tenn is increasing by virtue 
of lemma 1 (0 and we show that the first one is also increasing. Since 

d ~~+~~b 
-d (a 11 + 2qp) 0.1 X_(a.) = 11 0./ X_(a.) - .1 

a 2 "V(p + 1)2 - (2p + a Y2) 11 

is decreasing in a, we obtain 

d (0:0 11 + 2qp) 12 
-d (a. 11 + 2qp) 0.1 X_(a.) > 11 ~ I X_(o:o) - .1 

a 2 v(p + Ii - (2p + 0:0 b) 11 
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(p Y1 + 2q) P Y2 = 2 + P 'Y2 - > 2 - (Yl/2 + 1) 12 > 0, 
2 (1 + P (1-Y1» 

Hence, the first tenn in the numerator is also increasing in a for 0 < a < 0.0. 
(U), (iii), (iv): Immediately from lemma 1(i) and l(U). o 

In the compensation tree, aj is a member of the subtree below aj and thus by virtue of 

lemma l(iv), aj < OpU> S ai. Then, by virtue of lemma 1(i), it immediately follows that 

~j =X_(Op{O) SX_(ai) = ~/(i) and ~r(i) =x_(aj) S x_(aj) = ~r(i)' Hence, from the monotoni

city stated in lemma 7. we obtain 

, - - 1 + c(~r(j» [Y-(~r(j»/Y+(~r(i»J s [Y _(~j)] s [ x_(aj) ]1 
Rr(j, s, t) < C(~l(i» DI(aj) [ J S Y (r.t.) X (a.) 

1 + C(~/(j» Y _(~j)1 Y +(~j) + I-'J + I 

which is a uniform bound. That is, it only depends on i and not on j, Now define the matrix 

B (i, s, t) as follows. 

Definition 3. 

For all i ~ 1, S ~ 0 and t ~ 1, define 

, [ BI(i. s, t) bl(i, s. 0] 
B(I,S,1)= B(' )b(' )' r I, S, t r I, S, t 

where 
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In telmS of the matrix B (i, s, t), we just proved that 

RrV, s, t) < B,(i, s, t) , 

which is the desired inequality. Since the other inequalities can be proved similarly, this com

pletes the proof of theorem 1. 0 

Proof of lemma 3 

(i): Notice that all the functions of a and ~ in the definition of B (i, s. t) are nonnegative. Then 

the monotonicity of B (i, s, t) immediately follows from the monotonicity stated in the lemmas 

l(iv) and 7 and the fact that the function XS 1(1 + C XS
) is increasing in x for all x. C ~ o. 

(ii): The result follows if we can show that the bounds for Ci, I dl (i) I / I d i I and I d r (i) I I I d j I 

converge to the same limits as Cit I dl(i) II I di I and I d,(i) I / 1 di I. For i e L. we prove that 

CCPi), C(~i) and Cj all converge to the same limit. The proof is similar for the other bounds. As 

the depth of node i tends to infinity. then by virtue of lemma 1(/v). ~i ~ 0, so by relation (18) 

we obtain Y -(Pi) / Pi ~ A 1 and Y +(~J I Pi ~ A2 and thus (cf. lemma 6 in part J) 

C(~i), C(~i)and Cj ~ (l-A 1)/(A2 -1). 

(iii): The ratios Y-(~I(i»IY+(~I(j». x_(aj)/X+(aj), ... are all positive and strictly less than 

unity. For example, by virtue of the lemmas 1(i). l(iv) and 7(iii). 

x_(aj) x_(CXo) PY2 
0< < = <1. 

X+(aj) X +(CXo) 2 + PYI 

Hence. B (i. s, t) decreases monotonously and exponentially fast as s + t ~ 00. o 


