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Abstract 

Stabilization of time-delay systems: 

An overview of the algebraic approach 

by 

L.C.GJ.M. Habets 

Time-delay systems can be viewed as a rather simple generalization of 

classical finite-dimensional linear time-invariant systems. To investigate to what 

extent the classical theory can be generalized to this class of systems, two 

approaches are proposed in the literature: the functional analytic and the algebraic 

approach. 

In this report we give an overview of the results in the literature on the 

stabilization problem for time-delay systems, using the algebraic approach. In this 

method a time-delay system is considered as a linear system over a commutative 

ring. After a short introduction to the theory of systems over rings, we investigate 

how classical methods, such as pole placement by static state feedback, can be used 

to stabilize a system in this more general class. 

It turns out that static state feedback is not such a powerful tool to stabilize a 

time-delay system. Therefore also dynamic feedback is considered. Moreover 

Hurwitz sets are introduced to generalize the notion of stability to arbitrary integral 

domains. In this way we find necessary and sufficient conditions for the 

stabilizability by dynamic feedback of a system over an integral domain. So this 

result holds in a very general setting. Moreover it is an intuitively appealing 

extension of well-known theorems from the classical theory. Finally we specialize 

this result to time-delay systems to find easily verifiable conditions for the 

stabilizability of a time-delay system. 

Key words. Time-delay systems, Linear systems over commutative rings, Pole 

assignment, Stabilization by dynamic feedback. 
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1.INTRODUCfION 

In this report we will describe some results on the stabilizability of time-delay 

systems. To do so, we will use an algebraic approach, based on the theory of 

systems over rings. In this chapter we will describe the systems we are studying 

exactly and clarify the approach we will use. 

1.1. Time-delay systems 

Time-delay systems are, in the way we look at them, only slight modifications 

of the ordinary linear multivariable systems we mostly encounter in the theory: 

{ 

x(t) = Ax(t) + Bu(t) 

yet) = Cx(t) + Du(t), 

where A E IRn*n, B E IRn*m, C E IRp*n and DE IRp*m. 

(1.la) 

(1.lb) 

In the equation for the derivative of x at time t, only the state x at time t and the 

input u at time t are present. Also the output y at time t only depends on the state x 

at time t and the input u at time t. In time-delay systems, the derivative of the state 

x at time t, x(t), and the output y at time t, do not only depend on the state and input 

x resp. u at time t, but also on the state and input from specific time instants in the 

past. To illuminate this idea we give the following example. 

{ 

x(t) = Aor(t) + A1x(t-l) + A1f(t-1J) + A3x(t-2) + Bou(t) + Blu(t-l) 

yet) =: C1x(t-l) + DoU(t) + D2u(t-lJ). 

(1.2) 

To calculate x at time t in this example we do not only need the "state" x at 

time t and the input u at time t, but also x(t-I), x(t-/J), x(t-2) and u(t-l). For the 

output y at time t we needx(t-l), u(t) and u(t-/J). 

In general a time-delay system with point delays is given by a differential

difference equation and an output equation of the form 

1 
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{

X(t) =.t(A~(t-1:~ + B#(t-1:) 
1=1 

yet) = .t(C~(t-1:) + D#(t-1:), 
1=1 

(1.3a) 

(1.3b) 

where 0 :s; 1:1 < 1:2 < ... <1:n are the time delays involved. We speak of a time-delay 

system with point delays because for the computation of the derivative of the state x 
at time t and the output y at time t, we only need the state and the input at some time 

instants in the past and not on a whole time interval. In the latter case, we speak of a 

system with distributed time delays. 

To solve the equation (1.1) in the ordinary case, we need an initial value Xo at 

time t = 0, and an input function U(I) for 1 ~ 0 to compute the output y(t) for t ~ O. In 

that case we can give the solution of (1.1) immediately as 

t 

yet) = CetAxo + f Ce(t-1:)ABu(t)dt + Du(t) 
o 

(t~ 0). (1.4) 

We see that the state variable x really serves as a state. Given x(1), the state x at 

time T ~ 0, and the input u(t) for t ~ T, we are able to compute the output yet) for 

t ~ T with the formula 

· t 
y(t+1) = eetAx(1) + f Ce(t-t)ABu(t+1)d1: + Du(t+1). 

o 
(t~O) 

(1.5) 

From this formula it is immediately clear that x(1), the state x at time T, carries all 

the information about the history of the process under consideration. 

For a time-delay system the situation is more complicated. Although we will 

not give a solution of (1.3) here (we refer to [1] or [14]), we can say something 

about the information needed to solve (1.3). It is quite clear that to solve yet) for 

t ~ 0 in (1.3) we do not only need u(t) for t ~ -tn but also x(t) for t E [-'tn,O]. The 

initial value is, so to say, not a vector in IRn, but a function from [-'tn,O] to IRn. So in 

this case the real state of the system, i.e. the quantity that carries all the information 

about the history of the process is not the variable x at time t only, but the variable x 
on the whole interval Lt-'tn,tj. So, in fact, the real state is infinite dimensional. 



This observation naturally leads to an approach towards time-delay systems by 

infinite dimensional systems. In these systems we have an infinite dimensional state 

variable, although the input and output variables are finite dimensional. This is 

exactly the phenomenon we encounter here. 

However, for the time-delay systems with point delays we are studying. this 

approach has one serious drawback. Describing a time-delay system as an infinite 

dimensional system, we can not distinguish between point and distributed delays. In 

fact, using this approach, we embed the class of time-delay systems with point 

delays in the class of systems with distributed delays, and start to study this larger 

class. For design problems such as the design of feedback compensators, this 

strategy has one great disadvantage. Treating time-delay systems with point delays 

as systems with distributed delays, the solutions we find for our design problems 

will also be systems with distributed time-delays. And these are in general very 

hard to use in practice. On the other hand, time-delay systems with point delays are 

much easier to implement. So, for the design problems we want to solve, we don't 

want to lose the given structure of point delays we have in our original problem. 

Therefore we will use a different, more algebraic approach, which relies heavily on 

the structure of point delays and therefore overcomes the problem mentioned 

before. We will introduce it in the next section. 

1.2. Time-delay systems as systems over rings 

In section 1.1. we tried to put time-delay systems into the framework of 

"ordinary" linear multivariable systems by enlarging the state space to infinite 

dimension. In this section we will introduce a completely different, algebraic, 

approach that describes time-delay systems with point delays as systems over rings. 

To do so, we first have to introduce a delay operator 0', which acts on the state 

trajectory x(t): 

aX(I) := x(t-l). (1.6) 

From this definition it is quite clear that 

akx(t) = x(t-k) (k E IN). 
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So, with the delay operator 0' we are able to describe integer time-delays. 

Now, in order to explain the use of delay operators for time-delay systems, we 

return to example (1.2). First we introduce two delay operators: 

O'lX(t) = x(t-l), 

O'~(t) = x(t-/J). 

(1.7a) 

(1.7b) 

The time-delays of 1 and {J seconds respectively are called non-commensurate 

because it is impossible to find integers n1 and n2' (n1,n2) ,p (0,0), such that, 

With the definitions of formula (1.7) we can write (1.2) as 

i(t) = AoX(t) + A10'tx(t) + A20'~(t) + A30'tx(t) + Bou(t) + B 10'1u(t) = 

(Ao + O'lA I + 0'2A2 + O'tA3)x(t) + (Bo + 0'1B1)u(t), 

y(t) = C10'1x(t) + Dou(t) + D20'2u(t) := 

O'ICrX(t) + (Do + 0'2D2)u(t). 

Now, defining 

A := Ao + O'lAl + 0'2A2 + O'tA3' 

B := Bo + O'IB }, 

c:= O'IC}, 

D := Do + 0'2D2' 

we can write (1.2) as 

{
X = Ax+ Bu 

y = Cx+Du 

(1.8a) 

(1.8b) 

(1.8c) 

(l.8d) 

(t.9a) 

(1.9b) 

which is exactly of the same form as our ordinary systems equations (1.1). 



However, there is one great difference. In (1.1) the entries of the matrices A, B, C 

and D are real numbers. In 0.9) the entries of A, 13, C and D are polynomials in 0'1 

and 0'2' So, denoting the ring of polynomials in the indeterminates 0'1 and 0'2 and 

with real coefficients by 1R[0'}'0'2]' we can describe the time-delay system (1.2) as a 

system over this ring as in (1.9). 

The procedure described above for the example (1.2) can be used in general. 

Suppose we have a time-delay system with m non~ommensurate point delays 

0< 't} < 't2 < ... < 'tm• This means that if there exist integers n}, ... ,nm such that 

then all nj (i = 1, .. ,m) have to be equal to zero. Defining m delay operators as 

0' ~(t) := x(t-'t) (i = 1, .. ,m), (1.10) 

we can describe the time-delay system as a linear system over the ring IR[ O'l''''O'm]' 

In the theory of "ordinary" linear multi variable systems, given by equations of 

the form (1.1), the state x plays a rather important role in the proofs of several 

theorems. In these theorems themselves however, the matrices A, B, C and D are 

far more important because they really describe the structure of the system under 

consideration . .In this view, the state x is only an auxiliary quantity, which helps us 

to understand the structure of the system determined by the matrix quadruple 

(A,8,C,D). 

In the equation (1.9), where the time-delay system is described as a system 

over a ring and the matrices A, 13, C and 6 are matrices over a ring, we see that the 

variable x has lost much of its state variable properties. However, the structure of 

the system and its properties are still determined by the matrices A, 13, C and D. In 

this way it is possible to enlarge the class of ordinary linear multivariable systems 

over the real numbers (a field) to matrix quadruples over a ring. This systems 

theory for systems over rings has already been a subject for research for more than 

two decades. In this theory the four matrices defining a system play a dominant 

role; the state variable is only used to interpret the matrix quadruple as a system. 

This has the great advantage that we can interpret the results both in discrete and 

continuous time, and can make use of both these interpretations. Especially the 
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discrete time interpretation will tum out very helpful in the development of the 

theory. Finally we remark that the main ideas in the research of systems over rings 

rely heavily on the results found for systems over fields. 

In this report we want to use this systems over rings approach to address the 

problem of stabilization of time-delay systems. In this section we saw how we 

could describe a time-delay system with point delays as a system over a ring. 

Moreover, time-delay systems belong to the most important applications of the 

theory of systems over rings. It will turn out that this approach is very fruitful and 

will lead to very satisfactory results on the stabilization of time-delay systems. 

However, before we can start with this, we first have to introduce some concepts 

from the theory of systems over rings. This will be the subject of the next chapter. 

1.3. Notes and references 

Differential-difference equations such as (1.3a) are extensively studied in the 

book of Bellman and Cooke ([1]). Hale ([14]) gives the interpretation as infinite 

dimensional system, and uses semigroup theory to solve the equation. Pandolfi has 

done much work in this area. In [29J he gives a stabilizability result for time-delay 

systems with distributed time delays, based on the infinite dimensional systems 

approach. 

The basic references for systems over rings are the survey articles of Sontag 

([32]) and Kamen ([18]). In these articles they introduce the concept of systems 

over rings and mention time-delay systems with point delays as an application. 



2. LINEAR SYSTEMS OVER COMMUTATIVE RINGS 

In this chapter we introduce some basic concepts of the theory of linear 

systems over a commutative ring. The theory will be developed for a rather general 

commutative ring, which we will denote by R. Often we will even assume that R is 

an integral domain, i.e. R is a commutative ring with identity and without zero 

divisors. However, we will keep time-delay systems in mind; therefore we are 

particularly interested in the case R = IR[O"l''''O"k]' Finally we remark that the basic 

properties of a linear system L::: (A,B,C,D) are determined by the matrix triple 

(A,B,C). Therefore we drop in this chapter the feedthrough matrix D in order to 

make things not unnecessarily complicated. 

2.1. Definition and interpretation 

Let R be a commutative ring. Then we have the following abstract definition of 

a linear system over R. 

DEF.2.1.1. A (free) linear system Lover a commutative ring R is given by a triple 

of matrices (A,B,C), where A E Rn*n, B E Rn*m and C E Rp*n for some integers n, m 

and p, and where n is called the rank of L 

As already indicated in chapter 1, the state does not enter the definition of a 

linear system directly; the system itself is fully determined by its defining matrices. 

However, we are free to make this abstract definition more concrete, by giving it 

the interpretation we like. Quite important is the discrete time interpretation. In this 

case def.2.1.1. defines a system according to: 

{
X( t+ 1) = Ax(t) + Bu(t) 

y( t) ::: Cx(t), 

(2.1a) 

(2.1b) 

where t E 71.+, and for certain t, x(t) E Rn is the state, u(t) E Rm the input andy(t) E Rp 

the output. And here we see that the abstract definition 2.1.1. really grasps the 

essential structure of a linear system. 

Of course, when R = IR[O"l''''O"k] we can interpret def. 2.1.1. again as a 

7 



8 

time-delay system. Let 't i (i=l, .. ,k) be incommensurable delays and OJ denote the 

delay operator of 't i seconds: 

Then def.2.1.1. corresponds to the system gi ven by 

{
X(t) = A(Ol ... ,OJJx(t) + B(Ol, .. ,OJJu(t) 

y(t) = C(Ol, .. ,OJJx(t), 

(2.2) 

(2.3 a) 

(2.3b) 

where x(.), u(.) and y(.) are functions defined for t E IR which take their values in IRn, 

IRm and IRp respectively. In this way we recover the time-delay systems we described 

in chapter 1. 

2.2. Reachability 

For the abstract systems defined in section 2.1. we now want to develop some 

systems theory. In fact, we want to generalize some well-known system-theoretic 

concepts to linear systems over rings, hoping they will turn out as useful as in the 

case of systems over fields. We start with the concept of reachability. 

DEF.2.2.1. A system 2:= (A,B,C) over a commutative ring R is called reachable if 

and only if every x E Rn is an R-linear combination of the columns of B, AB, 

A2B, .. ,An-lB, Le. if and only if the columns of (B I AB 1 .. 1 An-lB) generate Rn. 

This definition is based on the discrete time interpretation given in (2.1). We 

would call such a system reachable (from the zero state) if for each x e Rn there 

exists a t ~ 0 and inputs u(O), u(l), .. ,u(t-l) such that, starting the system in the zero 

state x(O) = 0 at time t = 0, and applying the input sequence u(O), u(1), .. ,u(t-I), it 

reaches the state x at time t, i.e. x(t) = x. It is easil y seen that after application of the 

input sequence u(O), u(1), .. ,u(n-l), we obtain a state x(n) at time n given by 

x(n) = Anx(O) + n~ A iBu(n 1 ~·i). 
i=O 



This shows that the condition given in def. 2.2.1. is sufficient for reachability. 

Because of the Cayley-Hamilton Theorem it is also necessary. 

Note however, that in our definition of reach ability, the state doesn't play any 

role. Reachability is fully determined by the two system defining matrices A and B, 

and therefore reachability has become, in a certain sense, an abstract property. In 

this way reachability is defined independent of the interpretation we want to choose 

later. 

Clearly, in the definition of reachability of a system 2. = (A,B,C) only the 

matrix pair (A,B) plays a role. Therefore we will generally speak about the 

reachability of a pair (A,B) instead of a whole system, because in the definition, the 

matrix C is in this case redundant. 

We now have the following important theorem, which is in a sense a 

generalization of the well-known PBH-test for systems over a commutative ring 

with identity. 

THEOREM 2.2.2. Let R a commutative ring with identity. A system 2.= (A,B,C) 

over R is reachable if and only if (zI-A I B) is right-invertible over R[z]. 

We prove this theorem with help of the following lemma. 

LEMMA 2.2.3. Let A E Rn*n and B E Rn*m. Then: 

(A,B) is reachable 

\II x ERn 3 ~(z) E Rn[z] 3 o>(z) E Rm[z] : (zI-A)~(z) + Bo>(z) =X. 

PROOF 

Suppose (A,B) is reachable. We look at the discrete time interpretation of 

this system: 

Jx( t+ 1) = Ax(t) + Bu(t), 

1 x(O) = o. 
(2.4a) 

(2.4b) 

Let x ERn. Since (A,B) is reachable, we can reach this state from the origin in at 

most n steps. This follows from the fact that starting in x = 0 at t = 0 and applying 

an input sequence u(O), u(1 ), .. ,u(n-), the state x(n) at t = n is given by 

9 
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x(n) = nf An-l-iBu(i). 
i=O 

By the definition of reachability the columns of (B lAB 1 .. 1 An-lB) span Rn. So, 

given X, there exists an input sequence u(O), u(l ), .. ,u(n-l) E Rm such that 

n;:,1 
X = 2., An-l-iBu(i). 

i=O 

Now, denote by x(i) the state at time i (i = O, ... ,n), and define 

;(z) := nfx(i)zn-l-i, 
i=O 

ro(z) := nf u(i)zn-l-i. 
i=O 

Multiplying (2.4a) on both sides with zn-l-t gives 

zn-l-tx(t+ 1) = zn-l-tAx(t) + zn-l-tBu(t), 

so, 

z· zn-l-t-lx(t+ 1) = Azn-l-Ix(t) + Bzn-l-tu(t). 

Addition of (2.8) for t = 0 to n-l gives 

z· nfzn-H -1x(t+l) = A nfzn-1-tx(t) + Bnrzn-1-tu(t). 
t=O t=O l=O 

Now, because x(O) = 0 andx(n) = x, we have 

nf zn-l-t-lx(t+ 1) 
t=O 

n;:,1 1 = 2., zn-l-tx(t) + -x(n) - zn-1x(O) = 
t=O z 

n;:,1 1 = 2.,zn-l-tx(t) + -x. 
t=() z 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

Using this formula and the definitions or ~(z) and m(z) in (2.6) and (2.7), we can 

write (2.9) as 



z· (~(z)+}x) = A~(z) + BOl(z). 

So 

x = (A-zI)~(z) + BOl(z) = (zI-A)(~(z» + Bw(z). (2.10) 

By definition ~(z) E Rn[z] and w(z) E Rmlz], and therefore, since X was arbitrary, 

(2.10) proves the lemma in one direction. 

Now, to prove the claim in the opposite direction, suppose that V x eRn 

:3 ~(z) E Rn[z] :3 w(z) E Rm[z] : (zI-A)~(z) + Bw(z) =x. Let x E Rn and 

~(z) = ~~fiE Rn[z] and ro(z) = ~OlfiE Rm[z] be such that 
1=0 1=0 

(zI-A)~(z) + BOl(z) = X. 
So 

x = (zI-A)~~fi+ B~Olfi= .t~i-1Zi- ):,\A~)zi+ ~BOlfi= 
1=0 1=0 1=1 1=0 1=0 

= ~k_lzk+ ~(~i-l-A~i+ BOl)zi+ (-A~o + BOlo)· 
1=1 

Therefore 

~k-l = 0, 

~ i-l = A~ i - Bro i 

-A~O + BwO = X. 

Now define 

x(t) := -{,k-l-t 

u(t) := Olk-1- t 

(i = 1, .. ,k-l), 

(t = O,I, .. ,k-l), 

(t = O,l, .. ,k-l). 

(2. 11 a) 

(2. 11 b) 

(2. 11 c) 

Then it follows from (2.11a) that x(O) = 0 and from (2.11b) that for t = Q,I, .. ,k-2: 

x(t+l) = -{,k-l-H = A(~k-l-J + BOlk_H = Ax(t) + Bu(t). 

11 
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Moreover, for t = k-l, we have from (2.11c) that Ax(k-l) + Bu(k-l) = x. 
So we conclude that in the discrete time system 

x(t+ 1) = Ax(t) + Bu(t) 

the input sequence u(O),u(1), .. ,u(k-l) drives the state from x(O) = 0 to x(k) = x at 
I 

time k. So x is reachable from the origin. Since x was arbitrary, all states are· 

reachable from the origin, so the discrete time system is reachable. But we know 

already that this equivalent with the statement that the columns of 

(B lAB 1 .. 1 An-lB) span Rn. And so (A,B) is also reachable according to our 

(abstract) definition. 0 

The proof of theorem 2.2.2. is now straightforward: 

PROOF of theorem 2.2.2. 

,.=},. Choose in lemma 2.2.3 x = e j (the i th unity vector) (i = l, .. ,n). Then we 

obtain polynomials ~/z) and ro/z) (i = l, .. ,n), and a right inverse of (zI-A I B) over 

R[z] is given by the matrix 

[ 
P(z) I 

"¢=" Suppose Q(z) is a right-inverse of (zI-A I B) over R[z]. Let x ERn. 

Define ~(z) := P(z)x and oo(z) := Q(z)x. Then clearly: 

(zI-A)~(z) + Bro(z) = «zI-A)P(z) + BQ(z»x = x. 

Since x was arbitrary, it follows from lemma 2.2.3. that (A,B) is reachable. 0 

The foregoing illustrates well that in the theory of systems over rings we don't 

use the state variables in the statements of the theorems. However, for the proofs of 

these theorems they playa crucial role, because in the proofs we often have to use a 

certain concrete interpretation of the abstract concept of a system over a ring (such 

as the discrete time interpretation in lemma 2.2.3.). 



When R = !R[O"l""O"k], so in the case of time-delay systems, theorem 2.2.2. 

gives rise to an easily verifiable condition for reachability. To state this result we 

need the following theorem. 

THEOREM 2.2.4. Let R = IR[ O"l''''O"k]' A E Rn*n and BE Rn*m. Then 

(zI-A I B) is right invertible over R[z] 

PROOF 

(2.12) 

H:::=}" Let P(z) be a right-inverse of (zI-A \B) over R[z]. Let (z.O'1 ••. ,O'0 E (k+l. 

Then P(z,O'1, ... O'0 is a right-inverse of (zI-A(O'1, .. ,O'01 B(O'1, .. ,O'0). So 

rank(zI-A(O'1, .. ,O'01 B(O'I, .. ,O'0) = n. Since (z,O'1, .. ,o'k) E (k+l was arbitrary, this 

proves (2.12). 

"{=" The proof in the other direction is much more involved. In fact, given 

(2.12) we want to prove that (zl-A I B) is surjective, using the local-global theorem 

(see appendix A). 

First we have to find all the maximal ideals in !R[z'O"l, .. 'O"t]. Denote 

x = (z'0"1, .. ,0"0 and let x = (z'0'1 ... ,c>0 E [k+l. Define 

Then clearly Ix is an ideal. But it is also maximal. This can be seen as follows. 

Assume that J is an ideal and I, c J c Rlz] and I, "# 1. Then there exists a q E J such x x 
that q E Ix' Now we have 

q(x) = q(x) + (q(x)-q(x». 

Clearly (q(x)-q(x» E Ix c J. Since also q(x) E J it follows that q(x) E J. But this is a 

unit in R[z], so J = R[z] and indeed I. is maximal. x 
Moreover, with the Hilbert Nullstellensatz (see appendix A) it follows that the 

set {Ix Ix E (k+l} is the set of all maximal ideals in R[z]. 

13 
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Now, let M = R[z]n+m and N = (zI-AIB)M. Then (zI-AIB) is an 

R[z]-homomorphism from the R[z]-module M to the finitely generated 

R[z]-module N. Let x E (k+l, and Ix the corresponding maximal ideal. Denote by 

Mx and Nx the factor modules M/lxM and N/IxN respectively. Let (zI-AIB)x: 

M x -+ N x ~ the mapping between these factor modules defined by 

(zI-A IB)xm := (zI-A I B)m, 

where the bar denotes the canonical projection. Since the canonical projection in 

this case comes down to evaluation in x = i, we know that (zI-A I B)x is surjective 

if and only if (ZI-A(a1, .. ,Ok) I B(Ol, .. ,o0) is surjective. But this fact follows 

immediately for all x E (k+l from (2.12). So for all i E {k+l (zI-A I B)i is surjective, 

and applying the local-global theorem, we conclude that (zI-A I B) is surjective. 

This proofs our claim. 0 

Combining theorem 2.2.2. and 2.2.4. we find the following test for the 

reachability of a system over R = IR[ <Jl, .. ,<Jk]: 

COROLLARY 2.2.5. Let R = 1R[<J1, .. ,<Jkl, A E Rn*n and B E Rn*m. Then 

(A,B) is reachable 

Corollary 2.2.5. is a sort of generalization of the PBH-test to systems over the 

ring R = IR[ <Jl, .. ,<Jk], including the time-delay systems we are interested in. 

2.3. Observability 

In this section we introduce the concept of observability for systems over rings. 

Again the definition is stated in terms of the system defining matrices and is 

strongly motivated by the system interpretation for the discrete time case. However, 

the concept of observability incorporates also some difficulties because for systems 

over rings the duality with reachability is lost. This will be illuminated later; now 



we start with the definition. 

DEF.2.3.1. A system L= (A,B,C) over a commutative ring R is observable (over R) 

if and only if there exists no x ERn, x '* 0, such that 

ex = CAx = CA2X = ... =CAn-lx = O. 

We immediately see that for the definition of observability only the matrix pair 

(C,A) is important; the matrix B doesn't play any role. Therefore we can speak 

about the observablity of the matrix pair (C,A). 

Now, let R be an integral domain. By Q we define the quotient field of R, Le. 

the set 

Q:= {~I p,qe R,q,*O}. (2.13) 

When we add and multiply fractions as expected, one can easily prove that Q is a 

field. Now we have the following theorem. 

THEOREM 2.3.2. (C,A) is observable over an integral domain R if and only if 

(C,A) is observable over the quotient field Q of R. 

PROOF 

We first define two maps: 

TI :Rn -+ Rnp: T tx := r g~ 1, for all x ERn. 
CAn-Ix 

(2.14) 

T2 : Qn -+ Qnp: TzX:= [g~ ], for all x e Qn. 
CAn-Ix 

(2.15) 

Of course we have: T21Rn = T1• 

Now, suppose that (C,A) is observable, and regard it as a system over Q. Then 

it follows from the definition that T2 is injective. But then Tl = T21R is also 

injective, and (C,A) is observable over R. 
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On the other hand, if (C,A) is observable over R, T 1 is injective. Let x E Qn and 

assume that T~ = O. Let d be a common denominator of all the elements of the 

. 1~ 'h A R N h vector x, I.e. x = ci'" WIt x e n. OW we ave 

Since R is an integral domain, we must have that T IX = 0, and because of the 

injectivity of T 1 we conclude that X = O. Therefore x = }j = 0, and T 2 is injective. 

So (C,A) is observable over Q. 0 

From theorem 2.3.2. we see that for a system over an integral domain R there is 

no difference in the concept of observability when we regard it as a system over the 

ring R, or as a system over its quotient field Q. SO, in both the ring and the field 

case, observability is always the same. This is in contrast with the concept of 

reachability, which is much stronger for rings than for fields. Therefore there is no 

duality between reachability and observability for systems over rings. However, we 

still have: 

TIIEOREM 2.3.3. Suppose (A,B) is reachable over the integral domain R. Then 

(B T,A T) is observable over R. 

PROOF 
Suppose (A,B) is reachable over R. Then the columns of (B lAB 1 .. 1 An-IB) 

span Rn. Let x E Rn and suppose that B Tx = B T Ax = ... = B T(A T)n-Ix = O. Then 

xT(B lAB I ... 1 An-1B) = O. Since the columns of (B lAB I ... 1 An-lB) span Rn this 

implies that for all Y ERn: x T y = O. Because R has no zero divisors it follows that x 

= O. So indeed (B T,A T) is observable. 0 

REMARK When (C,A) is observable over an integral domain R, this doesn't imply 

that (AT,CT) is reachable over R. We illustrate this fact by the following example. 

EXAMPLE 2.3.4. Let R = IR[ oj, the ring of polynomials in the indeterminate 0, 



with coefficients in IR. Choose A == 1 and C ::: a. Then (C,A) is observable because 

ex == ax::::() if and only if x::: O. So C is injective. However, (A T,CT) == (1,a) is not 

reachable because the one column of C T ::: a doesn't span the whole R. Clearly 

span( a) ::: {ar( a) I r( a) E IR[ a]} is a proper subset of R. 0 

So we see that for systems over rings the concepts of reachability and 

observability are not dual. To restore this duality in a certain sense we define: 

DEF.2.3.5. A matrix pair (C,A) over a commutative ring R is called coreachable if 

and only if (A T,C T) is reachable over R. 

By definition we have that reachability and coreachability are fully dual 

concepts. From theorem 2.3.3. it follows immediately that coreachability implies 

observability, but not the other way around. So coreachability is a stronger property 

than observability for systems Over rings. For systems over fields both properties 

are fully equivalent, so here we encounter the first difference between systems over 

rings and over fields. 

2.4. Some facts about realizations 

In the theory of systems over IR, the transfer function T(s) defined by 

T(s) := C(sI-A)-lB plays an important role. For systems over rings we can easily 

generalize this idea. Let R be an integral domain and define the set 

Rspm(z):= { gg~ I p(z),q(z) E R[z], q is monic and deg(p) < deg(q) }. 

(2.16) 

So Rspm(z) is the set of all strictly proper rational functions with coefficients in R 

and with monic denominator polynomiaL Clearly R spm(z) is a ring. 

DEF.2.4.1. Let L::: (A,B,C) be a system over an integral domain R. Then the 

transfer matrix T(z) of Lis given by 
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T(z) := C(zI-A)-lB. (2.17) 

(Clearly, all the entries ofT(z) are elements of R spm(z).) 

Given a transfer matrix T(z) with all its entries strictly proper real rational 

functions, we often encounter the problem of finding real matrices A, Band C such 

that T(z) = C(zI-A)-lB. We say that 2.== (A,B,C) realizes T(z). From the theory of 
I 

systems over IR we know that for a strictly proper real rational transfer matrix such' a 

realization always exists. Moreover, one can always choose (A,B,C) in such a way 

that (A,B) is reachable and (C,A) is observable. Such a realization is called 

canonical and among all the realizations of T(z) the canonical realizations have 

smallest dimension, i.e. the size n of the square matrix A is as small as possible. 

For systems over an integral domain the realization problem is somewhat more 

complicated. In this section we will mention some results on the realization 

problem, but we won't go into much detail. 

Given a transfer matrix T(z) with entries in Rspm(z), there always exist matrices 

A, Band Cover R such that 

T(z) = C(zI-A)-lB. 

However, a canonical realization, i.e. a realization with (A,B) reachable and (C,A) 

observable, doesn't always exist. A typical example is the following. 

EXAMPLE 2.4.2. Let R = IR[ O',t] be the ring of all polynomials in two 

indeterminates 0' and t, with coefficients in IR, and consider 

(2.18) 

(so T(z) is an lx2 matrix with entries in Rspm(z». A realization ofT(z) is then given 

by 2.= (1,(0' t),l), which is observable but not controllable, since the columns of 

B = (0' t) span 

{ crp(O',t)+tq(O',t) I p(O',t),q(O',t) € IRLO',tl }, (2.19) 

which doesn't equaIIR[O',tJ. One can even prove that this transfer matrix does not 



have a canonical realization. The problem lies in the fact that the columns of the 

matrix B generate an lR[o,t]-module, given by (2.19) which does not have a basis, 

i.e. there do not exist linear independent elements in lR[o,'t] which generate the 

lR[o;t]-module given in (2.19). 0 

REMARK The existence of canonical realizations is guaranteed when we 

generalize the definition of a system over a ring R somewhat. In this general setting 

one defines a system by a quadruple (X,A,B,C), where X (the state space) is a 

finitely generated R-module, and A: X-X, B: Rm_X and C: X_Rp are R-linear 

maps. The definitions of reachability and observability are then generalized in the 

obvious way (a system is reachable if the columns 

B(et), .. ,B(em),(AB)(et), .. ,(AB)(em), .... ,(An-lB)(et), .. ,(An-lB)(em) span the state 

space module X). In this setting one can prove that a canonical realization always 

exists. 

If X :::: Rn, we are back in the situation of definition 2.1.1. Such systems are 

called/ree. Because we are mainly interested in free systems, in the rest of the text 

we will forget the generalized notion of a system over a ring and always use def. 

2.1.1. as the definition of a linear system over a ring. 

We now mention two more facts about realizations, which we will state 

without proof. 

Fact 1: A canonical realization which is free (Le. a canonical realization in the 

ordinary sense), has minimal rank among the (free) realizations. 

Fact 2: Systems over an PID (Principal Ideal Domain) always admit a (free) 

canonical realization. 

Fact 2 implies that systems with commensurable time-delays (i.e. all delays 

are integer multiples of one basic delay), which can be described as a system over 

the principal ideal domain lR[o] (where ° denotes the delay operator), always allow 

a (free) canonical realization. 

Finally we introduce the dual concept of canonicity. A system L= (A,B,C) is 

called cocanonical if I.T :::: (A T,CT,B T) is canonical. This means that in a 

cocanonical system (C,A) is coreachable and (A T,B T) is observable. Remark that 
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in example 2.4.2. the realization we gave for the transfer matrix in (2.16) w~s 

cocanonical, although not canonical. This is a good illustration of the difficulties 

which arise for systems over rings compared to systems over a field, since for those 

systems the concepts of canonicity and cocanonicity are completely the same. 

2.5. Notes and references 

The contents of chapter 2 was rather basic and mainly based on the survey 

article of Sontag ([32]). His definition of a linear system over a ring was adopted. 

Another key reference is [2]. In this book the concepts of reachability and 

observability are studied extensively. However, theorem 2.2.2. and lemma 2.2.3. 

are based on [30], but the proof is somewhat simplified. 

The main facts on realization theory are again quoted from Sontag (see [32]). 

A broader overview is given in [21. An explicit algorithm to compute a canonical 

realization in the case thatR is an PID can be found in l6]. 



3. POLE PLACEMENT AND STABILIZATION 

One of the main tools in the classical control design of "ordinary" linear 

multivariable systems is the use of static state feedback. We know for example that 

for a reachable system over IR we can place the poles of the closed-loop system 

arbitrarily using static state feedback. Moreover, when all the unstable poles are 

controllable, we can stabilize the system only using static state feedback. To study 

the stabilization problem for time-delay systems it is therefore logical to 

investigate to what extent this pole placement theory carries over to systems over 

rings. However, to do so, we first have to state exactly the notions of static state 

feedback and pole assignability in our abstract setting of a system over a ring. This 

will be the contents of the first section. Then, after developing some general theory 

on pole assignability for systems over rings, we will try to apply these results on the 

stabilization problem for time-delay systems in the subsequent sections. 

Unfortunately it will tum out that static state feedback is in this case not such a 

generally applicable tool as for systems without delays. 

3.1. Static state feedback and pole assignability 

To introduce the concept of static state feedback for systems over rings, first 

consider a discrete time system over IR: 

x(t+ 1) = Ax(t) + Bu(t) (t E 71+). (3.1) 

The dynamics of such a system are completely determined by the matrix A. For 

example, we know that the system is stable if and only if the roots of the 

characteristic equation XA (z) = 0, where XA (z) is the characteristic function of A, 

i.e. XA (z) = det(zI-A), lie inside the unit circle. 

Application of the feedback law 

u(t) = -Fx(t) + vet), (3.2) 

where v(l) is the new input (see fig. 3.4.) transforms the systems equation to 

x(t+ 1) = (A-BF)x(t) + Bv(t). (3.3) 
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The feedback law (3.2) is called a static state feedback because there are no 

dynamics involved and only the state x(t) is fed back to the input as we can clearly 

see in fig. 3.4. 

v + u I 
i- I 

I 
I 

F I 
(fig. 3.4) I 

Note that the closed-loop system (3.3) is of exactly the same form as our 

original one, only the dynamics of the system are changed. Therefore it is in 

principle possible to influence the dynamics of a system using static state feedback. 

This observation can be used to stabilize the system, if possible. To do so, we must 

choose F in such a way that the roots of the new characteristic equation 

XA_BF(z) = 0, where XA_BP(z) = det(zI-(A-BP» all lie inside the unit circle. In 

fact, when we have the possibility to assign all the poles of the closed-loop system 

to some desired values, we can use this property to stabilize the system. But clearly 

this so called pole assignability is only a sufficient condition for stabilizability and . 

not a necessary one. 

The above described idea of the use of static state feedback for pole 

assignability can easily be generalized to systems over rings. However, in the 

abstract definition of a system over a ring the state doesn't appear. Therefore we 

will now first give the abstract definitions of static state feedback and pole 

assignability for systems over rings and then illustrate the use of them in two 

examples. 

Let R be an integral domain and A E Rn*n. Then the characteristic function 

XA (z) E R[z] of A is defined as 

XA (z) := det(zI-A). (3.5) 

The equation XA (z) = 0 is called the characteristic equation of A. Now, consider a 

system L= (A,B,C) over R. Then the poles of Lare the roots of the characteristic 

equation XA (z) = O. So pER is a pole of L if XA (P) = o. 



DEF.3.l.l. Let L=(A,B,C) be a system over a commutative ring R, with A e Rn*n, 

B E Rn*m and C E Rp*n. Then F E Rm*n is called a static state feedback. F transforms 

the open-loop system L= (A,B,C) to the closed-loop system 41 = (A-BF,B,C). 

It is immediately clear that by applying a static state feedback according to 

def.3.l.1. the poles of the system change because the open-loop system has the 

characteristic equation XA (z) = 0, and the closed-loop system has the characteristic 

equation XA_Bp(z) = O. So, by choosing an appropriate F, we are able to 

manipulate the poles of the system. Therefore we define: 

DEF.3.1.2. Let L=(A,B,C) be a system over an integral domain R. with A e Rn*n, 

BE Rn*m and C E Rp*n. Then 2 is called pole assignable if for all Pl,p2, .. ,Pn E R 

there exists a static state feedback FE Rm*n such that Pl'P2, .. ,pn are the poles of the 

closed-loop system 41 (A-BF,B,C), i.e. F is such that 

(3.6) 

Note that in both the definition of static state feedback and pole assignability 

the matrix C (which determines the output equation) doesn't play any role. 

Therefore we will omit it in the rest of this chapter (assume simply C = I), and will 

speak about systems L= (A,B), and closed-loop systems 41 = (A-BF,B). 

To illustrate the foregoing definitions, let R be an arbitrary commutative ring, 

and consider the discrete time interpretation of the system 2= (A,B): 

x(t+ 1) = Ax(t) + Bu(t) (t E 71.+), (3.7) 

where x(t) e Rn and u(t) E Rm. Application of a static state feedback Fe Rm*n comes 

down to applying the input u(t) = -Fx(t) + vet), where vet) is the new external input 

(see again fig.3.4). The closed-loop system is therefore given by the equation 

x(t+l) = (A-BF)x(t) + Bv(t) (t E 71.+). (3.8) 

In fact, this example is completely analogous to the one we started this chapter 

with. 

As another example we can mention time-delay systems. Let R = lR[a1, .. ,aki 
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and consider (in the interpretation of section 1.2.) the time-delay system 

(t E [R+), (3.9) 

where x(t) E [Rn and u(t) E 1Rm. Clearly 2,= (A,B) can be seen as an abstract system 

over R. Let F(O'l, .. ,O'J E Rm*n be a static state feedback and consider the feedback 

law 

u(t) = -F(O'l, .. ,O'Jx(t) + v(t), (3.10) 

where v is the new external input. Using this equation, (3.9) is transfonned to 

(3.11) 

which is again in accordance with our definition 3.1.1. Moreover, if for all 

Pl'P2, .. ,Pn E R there exists an FE Rm*n such that 

x A-BF(z) = det(zI-{A( O'I''''O'k)-B( 0'1,··,0'0F( O'l, .. ,O'J» = 
= (z-Pt)(z-P2)' .. (z-Pn)' 

2,= (A,B) is called pole assignable. 

(3.12) 

The two examples above illustrate that the abstract definitions 3.1.1. and 3.1.2. 

fonnalize the intuitive notion of static state feedback and pole assignability for 

systems over rings. In fact, they generalize these well-known concept~ for systems 

over fields to systems over rings. 

3.2. Reachability and pole assignability 

In this section we will try to find necessary and sufficient conditions for a 

system to be pole assignable. This is very important because this gives us a clue to 

what extent we are able to manipulate the dynamics of a system. For systems over 

fields we know that reachability is such a necessary and sufficient condition. It will 

turn out that for systems over rings the situation is a lot more complicated. 



However, we still have: 

THEOREM 3.2.1. Let L== (A,B) be a system over an integral domain R. Assume 

that (A,B) is pole assignable. Then (A,B) is reachable. 

PROOF 

To prove the reachability of L == (A,B), we have to show that the matrix 

(B 1 AB 1 .. 1 An-IB) is surjective. We will do this using the local-global theorem (see 

appendix A). 

Let J be a maximal ideal of R. We first localize the system L== (A,B) modulo 

this ideal J. In this way we get a system (A,ih over R/J defined by 

A : (R/J)n _ (R/J)n : Ax == AX, 

13 : (R/J)m _ (R/J)n : Bu == BU, 

(3.13a) 

(3.13b) 

where the bar denotes the canonical projection from R to R/J. So A and 13 are 

simply obtained by applying the canonical projection from R to R/J to each entry of 

A andB. 

Now, assume that (A,B) is pole assignable. Let Pl,P2""Pn E R/J. Then there 

exist Pl,P2""Pn E R such that the canonical projection of Pi is Pi (i == 1, .. ,n). Since 

(A,B) is pole assignable there exists a static state feedback F E Rm*n such that 

det(zI-(A-BF» == (z-Pl)(z-P2)' .. (z-Pn). 

Define F : (R/J)n - (R/J)m by Fi :== Pi (so F ij :::: F i)' Define by 1t the canonical 

projection R[z] -+R[z]/J: ' 

Then 

det(zI-(A-BF» == det(zI-(A-BF» :::: 1t(det(zI--(A-BF))) == 
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So, since PI .... Pn E R/J were arbitrary, this implies that the system (.A,S) over R/J is 

pole assignable. 

Now, J was a maximal ideal and therefore R/J is a field. From the theory of 

systems over fields we know that pole assignability implies reachability (see for 

example [33, p.134. theorem 7]). Therefore the matrix (S I.AS 1 .. 1 .An-IS) from 

(R/J)nm to (R/J)n is surjective. 

Since J was an arbitrary maximal ideal and for all k E IN, (R/J)k is equal to the 

factor module RkfJRk, we conclude that for all maximal ideals the factor module 

homomorphism (B lAB I .. I An-IB)J : Rnm/JRnm ....... Rn/JRn defined by 

(B lAB I .. I An-lB)J = (S I.AS 1 .. 1.An-IS) 

is surjective. Application of the local-global theorem now immediately gives that 

(B lAB 1 .. 1 An-lB) is surjective, and therefore (A,B) is reachable. 0 

In contrast with the situation for systems over fields, reachability and pole 

assignability are in the ring case in general not equivalent concepts; i.e. pole 

assignability implies reachability, but the implication doesn't always hold true in 

the opposite direction. The proof of theorem 3.2.1. already indicated this 

phenomenon. In fact there we proved the following implication scheme: 

global pole- local pole- local global 
assignability =} assignability =} reachability => reachability' 

The step from global to local pole assignability was easy, for the second 

implication we used our knowledge on systems over fields and the third one 

followed from the local-global theorem. In the opposite direction we can prove: 

global pole- AA local pole- local {::::;:: global 
ass ignability '7' assignability {::::;:: reachability reachability' 

The step from global to local reachability is again easy and the second implication 

follows again from the systems over fields case. Unfortunately we cannot prove 

that local pole assignability implies global pole assignability because the 



local-global theorem cannot be applied here. The problem lies in the fact that we 

are dealing with a non-linear object. 

Nevertheless there still are situations in which reachability does imply pole 

assignability. An example is the following: 

THEOREM 3.2.2. Let 'L= (A,b) be a single-input system over an integral domain R, 

i.e. A E Rn*n and bE Rn*l. Then 

(A,b) is reachable {:::} (A,b) is pole assignable. 

PROOF 

This follows directly from theorem 3.2.1. 

The proof in the opposite direction is based on the saine ideas as in the 

systems over fields case. Suppose XA (z) == zn + an_1zn-1 + ... + alz + ao' Then the 

companion matrix A of A is defined by: 

o 1 0 0 
o 0 1 0 

A== o (3.15) 

o ......... 0 1 
-aD -a 1 ........ -an- 1 

and we have: XA (z) = Xl\. (z) = zn + an_1zn- 1 + ... + alz + ao' 

Now, since (A,b) is reachable, the matrix (b 1 Ab 1 ... 1 An-1b) is invertible and 

therefore there exists a state space transformation T such that 

T-IAT = A and! T-1b = (0 0 ... 0 l)T = en' (3.16) 

(for the details how to choose this T, we refer to 12, pp. 70-73, theorem 3.2.]). 

Let <Xo,Cl1, .. ,a.n-1 e R and suppose that we want to choose f E RI*n such that 

(3.17) 

So, in fact we want to prove a stronger result, namely coefficient assignability. 

Trivially this implies pole assignability. Define 
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(3.18) 

Then 

and therefore, using also (3.16), we have 

xA-blz) = det(zI-{A-bf» = det(T-l(zI-(A-bf)T) = 

= det(zI-T-I(A-bf)T) = det(zI-{T-IAT - T-IbfT» = det(zI-{A.-enfT» = 

= det( zl-{A -I ~ 1 (""--<10.",-.,,' . . '''...,-'-,) » = 

o 1 0 ... 0 
o 0 1 0 

= det(zI - .) = . () 
o ......... 0 1 

-flo -a
l 

........ -a
n

-
1 

= zn + (In_lzn-l + ... + (lIZ + (lO' 

So indeed, (A,b) is coefficient assignable and therefore certainly pole assignable. 0 

Another important example of systems over rings for which reach ability 

implies pole assignability consists of the systems over an PID: 

THEOREM 3.2.3. Let L= (A,B) be a linear system over an PID R. Then we have: 

(A,B) is reachable ¢:::} (A,B) is pole assignable. 

PROOF 

"1;=." This is proven in theorem 3.2.1. 

"=}" For the proof of the implication in the other direction we refer to 

r2, pp.91-92, theorem 3.13 and the subsequent remarkl. An explicit algorithm to 

assign the poles of a linear system over an PID to certain desired values is described 

by Eising in [7] and [8]. 0 



Although we have now seen some examples of systems over rings for which 

reachability implied pole assignability, this implication is certainly not valid in 

general. A lot of counterexamples are known, but for the time-delay systems we are 

interested in, the following is very important. 

FACT 3.2.4. For linear systems over the ring R = !R[Ol, .. ,Ok], with k > 1, 

reachability does nQ1 imply pole assignability. 

A counterexample which proves this fact is given by Tannenbaum in [34] and [35]. 

As a consequence of this fact, we conclude that for time-delay systems with 

incommensurate time-delays (which we model as systems over the ring !R[Ol, .. ,tJk] 

with k> 1) we don't know a sufficient condition for pole assignability. This implies 

that it is quite difficult to force the dynamical behavior of such a system into a 

favourable direction. The results of this section are therefore only of limited interest 

for time-delay systems. 

3.3. Stabilization of time-delay systems using static state feedback 

Although we saw in the previous section that the results developed there are in 

general not applicable for time-delay systems, we will study in this section to what 

extent these methods can be used to stabilize a time-delay system. However, to do 

so, we first have to find out what stability means for systems with time-delays. 

Let ° i (i = 1, .. ,k) denote the time-delay opemtor of 1: i seconds, i.e. 

° it(t) = x(t-'t), 

where 0 < 1:1 < 1:2 < ... < 1:k are k incommensurate delays. Let R = !R[Ol, .. ,Ok] and 

A E Rn*n. Consider the autonomous time-delay system 

(3.19) 

The corresponding characteristic function is given by 
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We call the system (3.19) stable if for all initial values (which are initial time 

trajectories in this case) the state x tends to zero for t 00. According to Hale (see 

[14, p.182, corollary 4.1]) this intuitive notion of stability is fully equivalent with 

the following definition: 

DEF.3.3.1. The autonomous time-delay system 

is called stable if and only if all the roots of the chamcteristic equation 

(3.20) 

lie in (-, the open left half plane. 't i (i = 1, .. ,k) in this equation corresponds to the 

time-delay of the time-delay operator CJ i . 

Instead of addressing the autonomous system (3.19), we will often speak about 

the stability of the matrix A(CJ}, .. ,CJk). The meaning of this is obvious from 

def.3.3.1. Now consider the time delay system 

(3.21) 

Completely analogously to the case of systems without delays, we call such a 

system (A,B) (internally) stable if and only if A(CJ1, .. ,CJk) is stable. 

In section 3.2. we have seen that we can influence the chamcteristic equation 

of a system using static state feedback. In this way it is possible to change the 

stability properties of the system. For example, consider a time-delay system (A,B) 

over R = IR[CJ1, .. ,<Jk] and assume that there exists a static state feedback FE Rm*n 

such that 

where P},p2, .. ,Pn E IR-. Then (A~BF) is stable and we can stabilize the system 

assigning the poles to Pl,p2''''Pn, If (A,B) is pole assignable this is of course always 

possible. Although pole assignability seems a rather strong assumption here, it is 



questionable whether it can be relaxed significantly. To summarize the exposition 

above, we define 

DEF.3.3.2. A time-delay system L == (A,B), regarded as a linear system over the 

ring R == IR[OI, .. ,Ok]' is called stabilizable by static state feedback if there exists a 

static state feedback F, such that (A-BF) is a stable matrix. 

Then the following theorem is obvious: 

THEOREM 3.3.3. Let L== (A,B) be a time delay-system and regard it as a system 

over the ring R = IR[Ol ... ,ok]' Then: 

(A,B) is pole assignable =} (A,B) is stabilizable by static state feedback. 

Of course, the converse of theorem 3.3.3. is not true. For example, consider a 

non-reachable stable system L= (A,B). Because of theorem 3.2.1. this system is not 

pole assignable, but of course it is stabilizable by the static state feedback F = O. So 

pole assignability is a far too strong condition for stabilizability by static state 

feedback, but it is not easy to relax. This would not be a big problem if pole 

assignability was a generic property for systems over the ring IR[Ol, .. ,<Jk], but 

unfortunately it is not. To illuminate this, we need the following fact: 

FACT 3.3.4. For a system (A,B) over the ring R = IR[ °I, .. ,Ok], with A E Rn*n and BE 

Rn*m, reachability is a generic property if and only if m > k, i.e. if and only if the 

number of inputs exceeds the number of incommensurable delays. 

For the proof of this fact we refer to L 27]. 

Now, in theorem 3.2.2. we proved that for single-input systems, reachability 

and pole assignability are equivalent. However, for single-input systems with 

time-delays the number of delays is always larger or equal to the number of inputs, 

so according to fact 3.3.4. these systems are generically not reachable, so 

generically not pole assignable either. Therefore the pole assignment approach to 

the problem of stabilization of single-input systems by static state feedback will 

generically fail to work. Reachability is simply too much to ask for. 

Moreover, for systems with incommensurable delays, which have to be 

modeled as systems over the ring R == IR[ 0I,H,Ok] with k > 1, we know, according to 
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fact 3.2.4. that reachability doesn't imply pole assignability. So for these systems 

we cannot prove that reachability is a sufficient condition for stabilizability by 

static state feedback and it is quite difficult to find an other easily ,verifiable 

condition to replace it. On the other hand reachability remains a necessary 

condition for pole assignability and as such it may, in view of fact 3.3.4., be a very 

restrictive one as well. 

Therefore we must conclude that the pole assignment approach using static 

state feedback to address the problem of stabilization of a time-delay system will 

only be useful for systems with commensurable delays, i.e. for systems over the 

ring lR[a]. This ring is an PID, and from theorem 3.2.3. we know that in this case 

reachability and pole assignability are equivalent. In the next section we will show 

how in this case the conditions for stabilizability can be relaxed. 

Unfortunately static state feedback will generally not be enough to stabilize a 

time-delay system with incommensurable delays. Therefore we will develop an 

other approach towards this stabilization problem in the next chapter. 

3.4. Stabilization of time--delay systems with commensurable delays 

In section 3.3. we saw how we could use static state feedback to stabilize a 

time-delay system with commensurable delays using pole assignment techniques. 

To do so, reach ability of the system over the ring IR[ 0'] was a necessary and 

sufficient condition. In this section we show how we can relax this condition 

somewhat and still be able to stabilize the system. Throughout the whole section we 

will assume, without loss of generality, that 0' is the delay operator corresponding to 

a delay of one unit, i.e. ax(t) = x(t-l). 

When we regard a time-delay system with commensurable delays as a system 

over the ring lR[a], we can, by combining several previous results, easily find the 

following sufficient condition for stabilizability: 

THEOREM 3.4.1. Let L = (A,B) be a time-delay system with commensurable 

delays, regarded as a system over the ring R = lR[a]; A E Rn*n, B E Rn*m. Then: 

v (z,a) E (2 : rank (zI-A(a) I B(a» = n 

(A(a),B(a» is stabilizable by static state feedback. 



PROOF 
Suppose that 'V (Z,O') E (2 : rank (zI-A(O') I B(O'» = n. Then by corollary 2.2.5. 

we know that (A,B) is reachable. Since R = IR[O'] is an PID, theorem 3.2.3. implies 

that (A,B) is pole assignable. Finally, with theorem 3.3.3. we conclude that (A,B) is 

stabilizable by static state feedback. 0 

The stabilizability condition of theorem 3.4.1. is quite restrictive. For example, 

for single-input systems we know from fact 3.3.4. that it is generically not satisfied. 

The problem lies in the fact that we ask for pole assignability to stabilize a system 

and this is a far too strong property, equivalent to reach ability in this case. In this 

section we will relax this condition by allowing a much more general sort of 

feedback to stabilize the system. But to do so, we need some more theory. 

Let IRS(s) denote the ring of rational functions with coefficients in IR and 

without poles inside and on the unit circle, i.e. 

IRs(s) := { gi~~ E lR(s) I p(s), q(s) E lR[s], 'V s € (, I s I :s; 1: q(s) :;C 0 }. 

(3.22) 

LEMMA 3.4.2. IRs(s) is an PlD. 

PROOF 

Let gg~, ~~~ € IRS(s), and consider the ideal J spanned by these two elements. 

We have to prove that this ideal is principal, i.e. that it has one generator. 

First we define u1(s) := p(s)t(s) and u2(s) := r(s)q(s). Then ut• u2 E lR[s]. Since 

lR[s] is a PID there exists a polynomial u(s) € IR[s] such that the ideal in lR[s] spanned 

by u1 and u2 is also generated by u (u is the g.c.d. of u1 and u2)' Now we claim that 

u(s) h' 1 . ~ r u(s) IR 
q(s)t(s) generates t e Idea JIll IRS(s) spanned by q and t' Clearly. q(s)t(s) E s(s) 

because both q and t have no zeros inside or on the unit circle. 

4 t I3g~ and ~~~ E IRS(s) and consider the element 

a(s) . ~~s~ + ~?~. r(s) J 
TJWqs s f{S)E . 

Since u1 and u2 are polynomials in the principal ideal spanned by u, there exist 

polynomials a(s) and b(s) in lR[s] such that 
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p(s)t(s) = Utes) = a(s)u(s), 

r(s)q(s) = u2(s) = b(s)u(s). 

Dividing both equations by q(s)t(s) gives 

p~s~ _ u(s) 
q s - a(s)q(s)t(s)' 
res) _ u(s) 
f{S) - b(s)q(s)t(s)' 

Using (3.23a) and (3.23b) we find 

a(s). Pis~ + y(s). res) _ [a(s)a(s) + b(BinS)]. u(s) _ 
lJWqs OrsJf{S)- ~(s) s q(s)t(s)-

(3.23a) 

(3.23b) 

(3.24) 

Since ~ and 0 have no zeros inside or on the unit circle, the first factor of (3.24) is 

an element of IRS(s) and we conclude that the ideal J is contained in the principal 

'd al d u(s) 
1 e generate by q(s)t(s)' 

To prove that both ideals are equal, let ~~~~ E IRS(s) and consider the element 

z(s) = ~~~~'q(~~~L)' We have to show that z can be written as an IRS(s)-linear 

combination of ij and f' Since u in IR[s] is the generator of the principal ideal 

spanned by u1 and u2' u is the g.c.d. of u1 and u2 and there exist two coprime 

polynomials at and a2 such that 

Since at and ~ are coprime, there exist polynomials xes) and yes) such that 

at(s)x(S) + ~(s)y(s) = 1. 

So 



And therefore 

Clearly ~ and ~ are elements of IRS(s), so z is indeed an IRS(s)-linear combination 

of ~ and [. This completes the proof. 0 

Clearly, the polynomial ring lR[s] is a subring of IRS(s) (choose the denominator 

polynomial equal to 1). Therefore we can regard a time-delay system with 

commensurable delays (A(a),B(o), described as a system over lR[a], as a system 

over IRS(a). But seen as a system over IRS(a), the reachability condition for 

(A(a),B(a» is much weaker than the one given in corollary 2.2.5. This is illustrated 

by the following theorem: 

THEOREM 3.4.3. Let L= (A(a),B(a» be a system over the ring R = IRS(a), with 

A(a) e Rn*n and B(a) E Rn*m. Then 

(A(a),B(a» is reachable over IRS(a) 

'VZE {'Vae {, 10'1:::; 1 :rank(zI-A(a)IB(a»=n. (3.25) 

To prove this theorem we again want to apply the local-global theorem. To do 

so we need the following lemma: 

LEMMA 3.4.4. Let a E {and define 

M := { PtS~ e IR (s) I pea) = 0 } a qs S . (3.26) 

Then 

(3.27) 

is the set of all maximal ideals of IRS(s). 
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PROOF 

Let a E (, lal S; 1. We fIrst have to show that Ma is a maximal ideal. ~learly, 

Ma is an ideal. Suppose J is an ideal of IRS(s) such that Ma c J and Ma:F- J. Then 

there exists an element ~;~ E J such that ~f~j f Ma' Since t(s):F- 0 for lsi S; 1 we 

know that t(a):F- O. Therefore we have 

res) _ rea) + res) - rea) 
f{.ij - tW t(s) . 

res) - rea) res) r(a). res) 
Now, t(s) E Ma c J and f(s) E J. So t(S) E J. Smce r(a):F- 0 (f{.ij i! Ma) we see 

that ~~~~ is a unit in IRS(s) and conclude that J = IRS(s). Therefore Ma is a maximal 

ideal. 

To show that formula (3.27) describes all maximal ideals of IRS(s), let M be a 

maximal ideal. Since M is an ideal and IRS(s) is an PID (see lemma 3.4.2.), M is a 

principal ideal. Therefore there exists an element ijg~ e M which generates M. Now 

assume that for all 1 a 1 S; 1 : pea) :F- O. Then ijg~ is a unit in IRS(s) and M = IRS(s), so 

M is not a maximal ideal. This contradicts our assumption and therefore we must 

have: 

31al S; 1 : p(a) =0. 

Since ij~~~ generates M, this implies that M c M a' Because M is maximal it is 

obvious that M = Ma' So indeed all maximal ideals of IRS(s) are described by 

(3.27). This proves our claim. 0 

With help of this lemma, we are now able to prove theorem 3.4.3. 

PROOF of theorem 3.4.3. 

"=}" Suppose (A(es),B(es» is reachable over IRS(es). Then by theorem 2.2.2. 

(zI-A(es) 1 B(es» is right-invertible over (IRS(es»[z]. Let P(z,es) be such a right 

inverse of (zI-A(es) 1 B(es». Let Z E { and a e (, lal s; 1. Then clearly P(z,a) is a 

right-inverse of (ZI-A(a)IB(o». So rank (zI-A(cr)IB(a» = n. Since z e (and 

I cr! s 1 were arbitrary, this proves (3.25). 



"{:::::" Assume (3.25) holds. Denote R = IRS( 0"). Let a E (, I al ~ 1, and consider 
, , 

the maximal ideal M a' Define the RIM a-homomorphisms A and B by 

A : (RIM a)n -.. (RIM a)n : Ax = lU, 

13 : (RIMa)m -.. (RIMa)n : Bu = BU, 

, , 

where the bar denotes the canonical projection from R to RIMa' So A and B are 

simply obtained by applying the canonical projection from R to RIM a to each entry 

of A andB. 

Since RIM a is isomorphic to IR and the canonical projection from R to RIMa 

comes down to evaluatiqn in the point a, i.e. 

~=~ 
q(O") q(a) 

We have that A = A(a) and 13 = B(a) are n x nand n x m matrices over IR 

respectively. So (3.25) with 0" = a yields: 

'if z E ( : rank (zI-A I B) = n. (3.28) 

With (3.28) it is easy to prove that (zI-A I B) is right-invertible over lR[z] (the proof 

is a simplified version of the proof of theorem 2.2.4.). Since lR[z] is isomorphic to 

(RIMa) [z], we conclude that (zI-A I B) is right-invertible over (RIMa)[z]. 

Therefore, according to theorem 2.2.2., (A,B) is reachable over RIMa' This means 

by definition that the matrix 

is surjective. But then the factor module homomorphism (B lAB 1 .. 1 An-lB)M : 
a 

RnmlMrfnm -.. RniMaRn, defined by 

(B lAB I .. I An-IB)M := (13 lAB 1 .. 1 An-IB) 
a 
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is surjective too. 

Since a: was an arbitrary element of (: such that 1 a: I s; 1, this implies, according 

to lemma 3.4.4., that for all maximal ideals M in R, (B lAB 1 .. 1 An-lB)M is 
a: a: 

surjective. Using the local-global theorem we conclude that (B 1 AB 1 .. 1 An-:J.B) : 

Rnm -+ Rn is surjective. Therefore, by definition 2.2.1., (A,B) is reachable over 

R = IRS( cr). 0 

Our strategy towards the problem of stabilization of time-delay systems with 

commensurable delays is now as follows. First we describe the time-delay system 

as a system (A(cr),B(cr» over the ring lR[cr]. Since lR[cr] is a subring of IRS(cr) we 

regard it as a system over IRS(cr). Now, reachability over IRS(cr) is a much weaker 

propeny than over lR[cr] (compare corollary 2.2.5. and theorem 3.4.3.). Because 

IRS(cr) is an PID we know that if (A(cr),B(cr» is reachable over IRS(cr), then it is pole 

assignable over IRS(cr), i.e. given Pl,p2""Pn E IRS(cr) there exists a matrix K(cr) over 

IRS (cr) such that 

So, choosing Pl,P2, .. ,pn E IR- we can find an K(cr) E IRS(cr)m*n such that A-BK is 

stable. Then the only question left is how we can implement this K(cr) as a 

feedback. 

AI' 
Define K(s) := K(s)' Then K E lR(s)m*n and proper because 

lim K(s) = lim K(cr) = K(O). 
S----lOO cr----lO 

K(s) can be seen as the transfer function of a discrete time system and moreover, in 

that sense K is stable. This is easily seen as follows. Assume that P is a pole of K, 

then ~ is a pole of K, and since K(s) E IRS(s) it has no poles inside or on the unit 

circle. SO I~ I > 1 and therefore Ip I < 1, so K is stable. Of course it is possible to 

realize K as a discrete time system r: 



r: {V(t+ 1) = Fv(t) + Ow(t) 

y(t) = Hv(t) + J wet) 

(3.29a) 

(3.29b) 

with F a stable matrix (i.e. a(F) C {A E { I I A I < 1 }). However, we regard r as a 

discrete time system, evolving in continuous time, so t E IR. 

We now use the system r as a feedback compensator for our original system 

L== (A(a),B(a» as depicted in figure (3.30): 

z + u I 
1- I 

y 
I 
I 

r 

In this way the systems equations become 

{

X(t) ==A(a)x(t) + B(a)u(t), 
v(t+1) = Fv(t) + Ox( t), 
yet) == Hv(t) + J x( t), 
u( t ) == z ( t) - y ( t ) . 

I x 
I 

I 
I (fig. 3.30) 

(3.31a) 
(3.31b) 
(3.31c) 
(3.31d) 

Since a denotes the delay operator, we can write (3.31b) as ~V(t) == Fv(t) + Ox(t), 

and therefore we have 

1 
vet) == (al - F)-lOx(t). 

Substitution of this equality and (3.31c) and (3.31d) in (3.31a) yields 

x(t) = A(a)x(t) + B(a)u(t) = A(a)x(t) + B(a)z(t) - B(a)y(t) = 

= A(a)x(t) - B(a)Hv(t) - B(a)Jx(t) + B(a)z(t) = 

= (A(a) - B(a)[J + H(~I-F)-10])x(t) + B(a)z(t) = 

=(A(a) - B(a)K(~»x(t) + B(a)z(t) = 
= (A(a) -B(a)K(a»x(t) + B(a)z(t). (3.32) 

Let K( a) = q ~ a)' K1( a) with K1( 0) a polynomial matrix and q( a) such that it has no 
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zeros inside or on the unit circle. This is possible because K(cr) E IRS(cr). 

Multiplication of (3.32) with q( cr) finally gives: 

q(cr)x(t) = (q(cr)A(cr) - B(cr)K1(cr»x(t) + q(cr)B(cr)z(t). (3.33) 

In (3.33) q( cr) is a polynomial in cr and all the matrices on the right-hand side 

are polynomial matrices in the delay operator cr. So (3.33) defines a so called 

neutral system. The corresponding characteristic function il(z,cr) is given by 

il(z,cr) = det(zq(cr)I - (q(cr)A(cr) B(cr)K1(cr»). (3.34) 

According to Hale (see [14, § 1.7 and chapter 12]) the neutral system (3.33) is stable 

if 

But 

sup .A.- Re(A.) < O. 
{A. E {I il(A.,e -- -)=0 } 

il(z,e -z) = det(zq(e -z)1 _ (q(e -z)A(e -z) _ B(e-z)K
1
(e -z» ) = 

= det(q(e -z)l· (zI _ (A(e -z) B(e -z)K(e -z» » = 
= (q(e -z»n. det(zI - (A(e -z) B(e -z)K(e-z») = 

(3.35) 

(3.36) 

Now, q(cr) has a finite number of zeros and they all tie outside the unit circle; 

therefore the zeros of q(e -z) lie all in {-. Since q(cr) has only a finite number of 

zeros, the zeros of q(e -z) lie on a finite number of vertical lines in {-, and on those 

lines at distances of 211:i of each other, as depicted in fig.(3.37). Therefore 

sup A. Re(A.) < O. 
{AE { I q(e---) =O} 

Since Pl,P2, .. [Jn E or, this clearly implies that 



sup A. Re(A.) < 0, 
{ A. E ( I A(A.,e - ) = 0 } 

so the neutral differential system (3.33) is stable. 

lm-axi s 

Re-axis 

(fig.3.37) 

Finally we remark that the closed-loop system of (fig.3.30) can be described 

by the neutral differential equation (3.33) and the continuously evolving discrete 

time equation (3.31b). Both are stable, so the closed-loop system is stable. We can 

summarize this result in the following theorem: 

THEOREM 3.4.5. Let i = A( o)x + B( o)u be a time-delay system with 

commensurable time-delays and assume that (A(o),B(o» is reachable over IRS(o). 

Then (A( o),B( 0» is feedback stabilizable by a system, governed by a discrete time 

equation but evolving in continuous time, in the sense that the resulting neutral 

system is stable. 

Theorem 3.4.5. is important because the condition of reach ability over IRS(o) is 

much weaker than reachability over lR[oj. So with the method of theorem 3.4.5. we 

are able to stabilize much more systems than the ones that are directly pole 

assignable over IR[ 0]. 

3.5. Notes and references 

The contents of this chapter is mainly based on the survey article of Sontag 

([32]) and on [2J. Both these references give the proof of theorem 3.2. L as it is 

stated here. The proof of theorem 3.2.2. is from [2J. Theorem 3.2.3. was first proved 

by Morse in [28], i.e. his proof for the ring R = IR[ 0] can easily be generalized to 
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arbitrary PIDs. 

Section 3.3. was rather straightforward. The definitions of stability for 

time-delay and neutral systems were adopted from Hale ([14]). The idea of 

stabilizing time-delay systems by regarding them as systems over the larger ring 

IRS«J) originates from Sontag ([32]). However, he gives only a rough sketch of the 

method; in §3.4. it is elaborated in more detail. 



4. STABILIZABILITY AND DYNAMIC FEEDBACK FOR SYSTEMS OVER 

INTEGRAL DOMAINS 

In chapter 3 we saw that the approach towards the stabilization problem using 

static state feedback was not very generally applicable. Moreover, the results we 

obtained were not very satisfactory because we were only able to find sufficient 

conditions for stabilizability and not necessary and sufficient ones. In this chapter, 

we will therefore develop a more general method to stabilize a system. It makes use 

of dynamic feedback, i.e. systems will be stabilized by compensators which are 

linear dynamical systems themselves. Allowing the compensator to be an element 

of this much larger class we can find necessary and sufficient conditions for 

stabilizability. Moreover, to derive these conditions we only assume that we are 

dealing with a system over an integral domain. Therefore these results apply to a 

large class of systems, including time-delay systems. 

The chapter is organized as follows. In the first section we introduce an 

abstract concept of stability in order to define this concept for an arbitrary integral 

domain. It turns out that our intuitive notion of stability fits very well in this 

abstract framework. After the introduction of the idea of dynamic output feedback 

in section 2, the use of dynamic state feedback to stabilize a system is studied in 

section 3. The dual concept of detectability is elaborated in section 4 and in the last 

section we put all these pieces together to find a solution to the stabilization 

problem using dynamic output feedback. 

4.1. Stability and Hurwitz sets 

Given a linear system Lover a commutative ring R, we saw in chapter 3 that 

the question whether or not this system was stable depended on the actual 

interpretation we gave to the system. In fact, for linear systems over rings we are in 

a sense free to specify the subclass of stable systems ourselves. In this way we get a 

very abstract notion of stability. However, by choosing the class of stable systems 

in conformity with our intuitive notion of stability, the abstract and intuitive 

concepts will coincide. 

In this section we will first give an abstract definition of stability using so 

called Hurwitz sets. In this way we can define the concept of stability for arbitrary 

integral domains. The use of this approach towards stability will be illustrated by 
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some examples. It turns out that it is very easy to recover our intuitive notion of 

stability within this abstract framework. 

We start with the definition of a Hurwitz set: 

DEFA. L 1. Let R be an integral domain. A subset D of R[ z] is called a Hurwitz set if 

it satisfies the following conditions: 

i) Dis multiplicative, i.e. 1 ED and if P.q ED, then p. qED. 

ii) Each polynomial p E D is monic, i.e. its leading coefficient is equal to L 

(as a consequence 0 ED). 

iii) Dis saturated. i.e. if p E D and q is monic and divides p, then qED. 

iv) There exists an (X. E R such that (z-a) E D. 

With the Hurwitz set D we can associate a ring of fractions, denoted by R D(z): 

RD(z) := ( ~~~~ E R(z) I p(z) E R[z], q(z) ED]. (4.1) 

A rational function belongs to R D(z) if it can be written as a quotient of two 

polynomials, with the denominator in the Hurwitz set D. Adding and multiplying 

fractions as expected, it is easily seen that R D(z) is a ring. 

Now, given a Hurwitz set D, we identify the stable polynomials with the 

polynomials in D, and call the rational functions in R D(z) stable rational functions. 

So the definitions of stability for systems over rings become: 

DEFA.1.2. Let R be an integral domain and consider the system L= (A,B,C,D) over 

R. LetD be a Hurwitz set inR[z]. Then: 

i) L is called internally stable (with respect to D) if XA (z) = det(zI-A) E D. 

ii) Lis called externally stable (with respect to D) if aJl the entries of the transfer 

function T(z) = D + C(zI-A)-lB of L belong to R D(z). 

Since (zI-A)-l = d~{gt~~ , internal stability implies external stability, but not 

the other way around. 

With the definition of stability as in def. 4.1.2. the conditions imposed upon the 

Hurwitz set D become clear. The first condition says that the product of two stable 

polynomials is stable again. Since characteristic functions are always monic, 



condition ii) is obvious. From condition iii) we see that if we can factorize a stable 

polynomial into two monic factors, both factors have to be stable too. Intuitively 

stable polynomials have to satisfy all these conditions. Therefore we can regard the 

Hurwitz set approach towards stability as a formalization of the intuitive notion of 

stability. Finally we remark that the fourth condition in def. 4.1.1. is of a more 

technical nature; it facilitates some proofs. 

Now we illustrate the use of Hurwitz sets with a few examples. 

EXAMPLE 4.1.3. Let R = IR and let {g be a subset of { such that {g () IR is 

non~mpty ({g is a so called stability domain). Consider the Hurwitz set 

D:= {p(z}e lR[z] I p(z) is monic and( [p(a) =0] ==* [ae (g])}' 

(4.2) 

This set clearly satisfies conditions i), ii) and iii) of the definition and since (g () IR is 

non~mpty, condition iv) is also satisfied. 

Now consider a continuous time system L= (A,B,C,D) over IR: 

{ 
x(t) = Ax(t) + Bu(t), 

y(t) = Cx(t) + Du(t). 

This system is internally stable if 

'XA (z) = det(zI-A) e D. 

Since 'XA (z) is clearly monic, we know by the definition (4.2) of D that the system 

is internally stable if and only if 'XA (a) = 0 implies that a e (g. Now 'XA (a) = 0 if 

and only if a e a(A). Therefore L is internally stable if and only if a(A) C {g. So 

the definition of stability using the Hurwitz set D coincides with the notion of 

{g-stability. Choosing {g = {-, we are back at the original definition of stability for 

ordinary linear multivariable systems in continuous time. 

EXAMPLE 4.1.4. Let R= IR[ al, .. ,ak] and consider a time-delay system with k 

incommensurate delays 0 < 'tl < 't2 < ... < 'tk. Let a i denote the delay operator 
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corresponding to the delay 't f 

CJ f(t) = x(t-'t) (i = 1, .. ,k). 

This system can be written as a system L= (A,B,C,D) over R as explained in section 

1.2. 

{ 
.t(t) = A(CJ1, .. ,CJk)x(t) + B(CJI, .. ,CJk)u(t), 

yet) = C(CJI, .. ,CJ0x(t) + D(CJI, .. ,CJk)u(t). 

Now R[z] = lR[z,CJI, .. ,CJk] and we define D to be the set: 

(4.3) 

D satisfies all the conditions of def. 4.1.1. and is therefore a Hurwitz set. A 

time-delay system is internally stable in this setting if and only if 

i.e. if and only if all the roots of the equation 

d (I A( -'tIZ -'t2Z -'tI1) 0 et Z - e ,e , .. ,e = 

lie in {-, the open left half plane. This is fully equivalent with the definition of 

internal stability for time-delay systems given in def. 3.3.1. Again the abstract and 

intuitive notions of stability coincide. In this way time-delay systems fit also in the 

abstract framework of stability using Hurwitz sets. 

4.2. Dynamic feedback and stabilizability 

From the theory of "ordinary" linear multivariable systems we know that we 

can influence the dynamics of a system not only by static feedback, but also by 



dynamic feedback. This means that the output of a system Lis fed back to the input 

via another linear dynamical system r, called a compensator. This is depicted in 

fig. (4.4). Under the condition of well posedness (which will be explained later), the 

closed-loop system is again a linear multi variable system of the same form as Land 

r. 

r + u I I 
I I 

1 r 1 

v 1'-_---'1 
(fig.4.4) 

The notion of dynamic feedback can easily be generalized to systems over 

rings. To do so, we can give a rather abstract definition in the same fashion as for 

static state feedback, but we prefer to do it in a more informal and intuitive way. 

However, we still want to treat both discrete and continuous time systems together. 

Therefore we identify with a system L= (A,B,C,D) over an integral domain R the 

set of equations 

[ 
L\x = Ax + Bu, 

y=Cx+Du. 

(4.5a) 

(4.5b) 

Here 1'1 is an operator which means differentiation in the continuous time case and 

right-shift in the dicrete time case. In this way the dynamical structure of the 

system is much more clear than in the formal definition of chapter 2. Similarly, let 

the compensator r = (F,G,H,J), with input y, state wand output v, be determined by 

{
l'1w= Fw+Gy, 

v =Hw+ Jy. 

(4.6a) 

(4.6b) 

Now, the feedback r is called well-posed if the systems equations (4.5) and (4.6) 

together with the feedback equation 

u = r-v, (4.7) 

where r denotes the new external input, constitute a causal linear dynamical system 
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again. This is the case if the matrix (I+DJ) is invenible as a matrix over R (Le. the 

determinant of (I+DJ) is a unit of R). The invenibility of this matrix is called the 

well--posedness condition. 

The configuration of fig. (4.4) leads to the set of equations 

~x =Ax +Bu, 

y = ex +Du, 

~w= Fw+Gy, 

v =Hw+ Jy, 

u r v. 

(4.8a) 

(4.8b) 

(4.8c) 

(4.8d) 

(4.8e) 

Substitution of (4.8d) and (4.8e) in (4.8b) gives: 

y = Cx + D(r-v) = Cx + Dr - DHw DJy, 

so 

(I+DJ)y = Cx - DHw + Dr. (4.9) 

When (I+DJ) is invertible, so when the closed-loop system is well-posed, (4.9) can 

be written as: 

y = (I+DJ)-lCx - (I+DJ)-IDHw + (I+DJ)-lDr. (4.10) 

Substitution of the equations (4.10), (4.8d) and (4.8e) into (4.8a) and (4.8c) yields 

Ax =Ax+Bu=Ax+Br-Bv=Ax BHw BJy+Br= 

= Ax BHw - BJ(I+DJ)-lCx + BJ(I+DJ)-lDHw BJ(I+DJ)-lDr + Br:::: 

=[A-BJ(I+DJ)-lC]x + [-BH+BJ(I+DJ)-lDH]w + [B-BJ(I+DJ)-l]r. 

(4.11) 

~w = Fw + Gy:::: Fw + G(I+DJ)-lCx - G(I+DJ)-lDHw + G(I+DJ)-lDr = 

:::: G(I+DJ)-ICx + [F-G(I+DJ)-IDHlw + G(I+DJ)-IDr. (4.12) 

So the closed--loop system ~lis determined by the equations: 



[
X]_ [A-B J (I+DJ)-lC 

~ w - O(I+DJ)-lC 
-BH+B J (I+DJ)-lOH] [X] [B-B J (1+0J)-ID] 

F-D(I+DJ)-lDH w + O(I+DJ)-ID r, 

y = [(I+DJ)-lC -(I+DJ)-lDH] [:] + (I+OJ)-lOr. 

Defining 

•. _ [A-B J (I+OJ)-lC -BH+B J (I+DJ)-lDH ] 
A .- 0(1+0J)-lC F-G(I+OJ)-lOH' 

•. _ [B-B J (I+DJ)-1D ] 
B .- O(I+DJ)-ID ' 

C := [(I+OJ)-lC -(1+DJ)-lOH], 

D := (I+DJ)-ID, 

the closed-loop system is given by 41 = (A,S,C,D), 

(4. 13 a) 

(4.13b) 

(4. 14a) 

(4. 14b) 

(4. 14c) 

(4.14d) 

Note that the well posedness condition of (I+DJ) to be invertible over R looks 

rather restrictive. For a lot of rings this condition will not be satisfied generically. 

However, when J = 0, (I+DJ) = I is trivially invertible. Equations (4.14) then 

become 

[
A -BH] 

A= GC F-GDH ' (4.15a and b) 

C=( C -DH), D=D. (4.15c and d) 

Therefore a strictly proper compensator is always well-posed. Moreover, it will 

turn out that when a system is stabilizable by dynamic output feedback, a strictly 

proper compensator can always do the job. So for the stabilization problem the well 

posedness condition is not a restriction at all. 

From the exposition above it is clear that after applying the dynamic feedback 

r, the dynamics of the closed-loop system 41 are changed dramatically in 

comparison with the dynamics of the original open-loop system L. This gives us a 

possibility to stabilize a system with dynamic output feedback. 
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DEF. 4.2.1. Let R be an integral domain and D a Hurwitz set in R[z]. Let 

L.= (A,B,C,D) be a system over R. L.is called (internally) stabilizable by dynamic 

output feedback with respect to D if and only if there exists a dynamic compensator 

r = (F,G,H,J) over R such that the closed-loop of L.and r is well-posed and the 

closed-loop system Iel = (A,B,C,D), determined by (4.14a-d), is internally stable 

with respect to D. I.e. 

det(zI-A) E D. 

The rest of this chapter will be devoted to the question whether a linear system 

L.= (A,B,C,D) is stabilizable or not. As in the systems over fields case, this question 

can be split into two parts which can be treated separately. First we investigate 

under what conditions a system L.= (A,B), determined by the equation 

Ax=Ax+Bu 

is stabilizable by dynamic state feedback. This can be seen as a special case of our 

original problem, with C = I and D = O. Since D = 0, a feedback compensator for 

this problem is always well-posed. 

After having solved the dynamic state feedback problem, we want to use this 

technique to solve the output feedback case. To do so, we have to estimate the state 

of the system in order to use this estimate in the feedback. Here the notion of 

detectability arises. This notion will tum out to be completely dual to stabilizability 

by dynamic state feedback. 

Finally, after the development of both these tools, it is quite easy to put them 

together to solve the problem of stabilizability by dynamic output feedback. 

4.3. Stabilizability by dynamic state feedback 

Let R be an integral domain and let L.= (A,B) denote a system over R given by 

Ax=Ax+Bu. (4.16) 

Let r = (F,G,H,J) be a dynamic compensator over R and consider the closed-loop 



system 

_'--.t-+_G}-_U_+_t! (A, B) il----.,..X-.... 

I r I 
v 1'----__ -'1 (figA.17) 

From (4.14) with C = I and D = 0, if follows that 41 = (A;s,C,D), where 

, _ [A-BJ -BH 1 
A- G F ' (4.18a and b) 

C = (I 0), (4.18c and d) 

(Since in this case (I+DJ) = I, all compensators are well-posed). 

Now, let D be a Hurwitz set in R[ z], which determines the stability of a system. 

Then we are interested in the existence of a compensator r such that the 

closed-loop system (4.18) is internally stable, i.e. 

det(zI-A) E D. 

To answer this existence question we need the following important lemma 

which will also turn out to be very useful later. 

LEMMA 4.3.1. Consider an integral domain R and let A E Rn*n, B E Rn*m and 

<p(z) E Rn[z]. Suppose that the equation 

(zI-A)~(z) + Boo(z) = <p(z) (4.19) 

has a polynomial solution (~,oo), i.e. ~(z) E Rnrz] and oo(z) E Rm[z]. Then there also 

exists a polynomial solution (~,oo), ~(z) E Rn[z], oo(z) E Rm[z] which satisfies (4.19) 

and is such that 

deg(oo(z» ~ n-l. 
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PROOF 

First assume that <p(z) = a = constant. Let ;(z) E Rn[z] and oo(z) E Rm[z] be such 

that 

(zI-A);(z) + Boo(z) = a. (4.20) 

In almost the same way as in the proof of lemma 2.2.3. we can show that in the 

discrete time system over the ring R 

x(t+ 1) = Ax(t) + Bu(t) (t E 7/.+), (4.21) 

the state a E Rn is reachable from the origin. So there exists an input sequence 

u(0),u(1), .. ,u(k-1) such that, if we initialize the system (4.21) at x(O) = 0 and apply 

this input sequence, it reaches the state a at time k, Le. x(k) = a. But, since A E Rn*n, 

we know from the Cayley-Hamilton theorem that if we can reach the state a ERn, 

we can reach it in at most n steps. Indeed, from the proof of lemma 2.2.3. it follows 

that when a is reachable from the origin, there exists an input sequence 

u(O),u(1), .. ,u(n-l) which drives the system from the zero state to the state a at time t 

= n. Deftning ~(z) and cO(z) according to (2.6) and (2.7), we see that deg(ro(z» S n-l 

and still 

(zI-A)~(z) + Bro(z) = a. 

This proves the claim for <p(z) = a = constant. 

Now, let <p(z) be an arbitrary polynomial vector: 

<p(z) = t zk<p 
k=O k' 

(4.22) 

Let <f>L (A) denote the left substitution of A into <p(z), i.e. 

(4.23) 

For all k E IN we can write (zk} - A k) as 



zkI - A k = (zI-A). ~ zk-l-iA i. 
i=O 

Using this observation we can write <p(z) - <PL (A) as 

for a certain polynomial vector'll(z). 

By assumption there exist polynomials S(z) and m(z) such that 

(zI-A)S(z) + Bro(z) = <p(z). 

Subtracting <i>L (A) from both right- and left-hand side, and using (4.24) we can 

write this as 

(zI-A)S(z) + Bro(z) - <PL (A) = (zI-A)V(z). 

So 

(zI-A)(S(z)-\jI(Z» + Bm(z) = <PL (A). 

Since <PL (A) is a constant we are now back in the case we considered before. 

Therefore we conclude that there exist polynomials ~(z) and ro(z) such that 

deg(m(z» S n-l and 

(zI-A)~(z) + Bm(z) = <PL (A). (4.25) 

Adding (zI-A)'II(z) = <p(z) - <i>L (A) on both right- and left-hand side yields 

(zI-A)(~(z)+'II(z» + Bm(z) = <PL (A) + <p(z) - <PL (A) = <p(z). 

Since deg(m(z» S n-l, this proves our claim. 0 

With help of this lemma we are now able to prove the following crucial 

theorem. 
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THEOREM 4.3.2. Consider a system L= (A,B) over an integral domain R. Let D be 

a Hurwitz set in R[z]. Then 

L is internally stabilizable by dynamic state feedback with respect to the 

Hurwitz set D, 

The matrix (zI-A I B) is right-invertible over R D(z). 

PROOF 

"{::::::" Suppose (zI-A I B) is right-invertible over R D(z). Then there exist 

matrices Q(z) and P(z) over R D(z) such that 

So 
[ 

Q(z) 1 
(zI-A I B)· P(z) = I. 

(zI-A)Q(z) + BP(z) = I. (4.26) 

Because both Q(z) and P(z) are matrices over RD(z) there exist a polynomial 

<p(z) e D and polynomial matrices Q(z) and I\z) such that 

(zI-A)Qcz) + BP(z) = <p(z), I. (4.27) 

(simply multiply (4.26) by the least common multiple of the denominators of the 

entries of Q(z) and P(z». Without loss of genentlity we may assume that 

deg(<p(z» ~ n. (Otherwise multiply (4.27) with a polynomial in D of sufficient 

degree. Because of condition iv) in defA.1.l. this is always possible). Using lemma 

4.3.1. we conclude that there also exist polynomial matrices Q(z) and P(z) such that 

deg(P(z» ~ n-l and still 

(zI-A)Q(z) + BP(z) = <p(z) .1. (4.28) 

Now <p(z) is monic and of degree ~ n. Since deg(BP(z» ~ n-l, we must have 

that deg«zI-A)Q(z» = deg(q>(z» and (zI-A)Q(z) is monic. But then Q(z) must be 



monic and deg(Q(z» = deg(<p(z» - 1 ~ n-l. So, denoting the degree of Q(z) by k, 

Q(z) is ofthe fonn: 

Therefore det(Q(z» = zkn + lower order tenns, and since Q-1(z) = adj(~(z» , Q(z) is 
det(Q(z» 

clearly invertible as a rational matrix (i.e. as a matrix over R(z) ). 

Further consider 

P(Z)Q-l(Z) = P(z)· a~j(Q(z» . 
det (Q(z» 

(4.29) 

Since deg(P(z» ~ n-l and deg(adj(Q(z» ~ (n-l)k (this follows from the fact that an 

(n-l)-minor of Q(z) has degree ~ (n-l)k) we see that 

deg(P(z)'adj(Q(z») ~ (n-I) + (n-l)k = (k+l)(n-l). 

We know already that k ~ n-l, so -k+n-l ~ 0 and therefore kn-k+n-l ~ kn. This 

yields 

deg(P(z)' adj(Q(z») ~ (k+ 1)(n-1) = kn-k+n-l ~ kn = deg(det(Q(z»). 

so P(z)Q-l(z) is a proper rational matrix function. 

Now take a realization r = (F,G,H,J) of P(z)Q-l(z) such that det(zI-F) = 
det(Q(z». From appendix B it follows that such a realization exists. We use this r 
as a compensator for L. Then the closed-loop system 41 = (A.,13,(;,O) is given by 

fonnula (4.18). Therefore 

, [' A-BJ -BH 1 [ zI-(A-BJ) BH 1 
det(zI-A) = det(zI - G F) = det -G z I = 

= det(zI-F)· det(zI-(A-Bl) + BH(zl-F)-lG) = 
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= det(zI-F)·det(zI-A+B(J+H(zI-F)-lG»:::: 

= det(zI-F)· det(zI-A+BP(z)Q-l(z» = 
= det(zI-F)· det( ( zI-A)Q(z)+BP(z» 

det(Q(z) ) 
(4.30) 

where we took the Schur complement to make the first step. Since by construction 

det(zI-F) = det(Q(z». and according to (4.28) (zI-A)Q(z) + BP(z) = <p(z)· I. we 

conclude that 

det(zI-A) = det(<p(z)· I) :::: (<p(z)n ED, 

because <p(z) E D and D is multiplicative. So indeed the closed-loop system is 

internally stable. 

"=}" Assume that L = (A,B) is internally stabilizable by dynamic state 

feedback. Then there exists a compensator r :::: (F,G,H,J) such that the closed-loop 

system determined by (4.18) is internally stable. So 

• [A-BJ -BH] [ zI-{A-BJ) BH ] 
det(zI-A) :::: det(zI G F) = del -G z I -F ED. 

• adj(zI-A) A • 

Because (zI-A)-l = A and det(zI-A) E D we conclude that (zI-A) has an 
det(zI-A) 

inverse over RD(z). So there exist matrices Q(z), P(z), R(z) and T(z) over RD(z) 

such that 

[ 
zI-{A-BJ) BH ]. [~(Z) ~(Z)]_ [I 0] 

-G zI-F P(z) T(z) - 0 I . (4.31) 

The equality for the (I, I)-block yields 

[zI-{A-BJ)]Q(z) + BHP(z)= I. (4.32) 

After some rearranging we obtain 



(zI-A)Q(z) + B[JQ(z) + HP(z)] = I. (4.33) 

Now define Q(z) := Q(z) and P(z) := JQ(z) + HP(z). Since Q(z) and P(z) are matrices 

over RD(z) and J and H are constant matrices over R, it is clear that Q(z) and P(z) 

are are matrices over RD(z) and 

(zI-A)Q(z) + BP(z) = I. (4.34) 

[ 
Q(z) 1 

Therefore (zl-A I B) is right-invertible over RD(z) with right inverse P(z) . 

This completes the proof. 0 

The importance of theorem 4.3.2. is quite obvious. It gives a necessary and 

sufficient condition for a system to be stabilizable by dynamic state feedback. 

" Therefore it is already a much stronger result than all the theorems in the previous 

chapter on stabilizability by pole assignment using static state feedback. 

But we can say even more. Theorem 4.3.2. can be seen as a generalization of 

ordinary stabilizability results for systems over IR. In fact, let R = IR and {g C { a 

stability domain such that {g () IR is non-empty. Choose, as in example 4.1.3., 

D := { p(z) E lR[z] I p(z) is monic and ([p(a):::: 0] =* [a E (gl ) }. 

Then, according to theorem 4.3.2., a system I= (A,B) over IR is stabilizable if and 

only if (zl-A I B) is right...,..invertible over IRD(z). Completely analogous to lemma 

3.4.4. one can prove that { Mal a E Cg } where Ma = { ~g~ E IRD(z) I p(a) = 0 } is 

the set of all maximal ideals in IRD(z). With the local-global theorem it follows that 

(zI-A I B) is right-invertible, i.e. surjective, over IRD(z) if and only if it is surjective 

modulo each maximal ideal. However, the canonical projection from IRD(z) to 

IRD(z)JMa comes down to evaluation in z = a, so (zI-A I B) is right-invertible over 

IRD(z) if and only if for all a E Cg the matrix (aI-A I B) is surjective over IR, i.e. if 

and only if 

V aE Cg : rank (aI-AlB) = n. (4.35) 

But this is exactly the condition we know for systems over IR to be stabilizable with 
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respect to the stability domain (g. using static state feedback. 

We conclude that in this respect theorem 4.3.2. is a generalization of the 

well-known stabilizability theorem for systems over the field JR. However, for 

systems over fields static state feedback suffices to achieve stability, where as in 

the systems over rings case we need dynamic state feedback to achieve stability. 

4.4. Detectability 

The method to stabilize a system described in the previous section is only 

applicable if the state x is available for feedback to the input. However, in general 

the state x can not be measured directly and only the output y is directly available. 

Nevertheless we want to use a sort of dynamic state feedback technique to stabilize 

the system. In order to do so, we have to recover the information about the state x 
from the input and output variables u and y that we can measure. In other words, we 

have to build an observer for the state x. 
In the theory of systems over JR, the same problem is often encountered. Here a 

stable observer for the state x of a system ~ = (A,B,C,D) is defined as a linear 

dynamic system n = (F,G,H,J) which is stable, takes the input u and the output y of 

~ as inputs, and produces an output X, such that x(t) - x(t) tends to zero for t -+ 00, 

irrespective of the initial conditions of the system and the observer. However, for 

systems over rings we have to take a somewhat different viewpoint because we saw 

in chapter 1 that the state variable in this case does not always play the role of a real 

state. So we do not want initial conditions to enter the theory explicitly. Therefore 

we replace the concept of initial state by the addition of a "disturbance" input v, as 

depicted in figure 4.36: 

____ :~:·~L ___ ~ __ ~--~yL-~ 
(fig. 4.36) 

Given a system ~ = (A,B,C,D), the disturbance input venters only the dynamic 

equation and therefore acts directly on the state x but only indirectly on the output 

y. So the configuration of fig. 4.36 is characterized by the set of equations 



{
ax=Ax+BU+V, 

y=Cx+Du. 

(4.37a) 

(4.37 b) 

Now, an observer has to detennine the influence of the disturbance input v on the 

original system L = (A,B,C,D). Moreover, for systems over integral domains, 

stability is not defined by the asymptotic behavior of variables, but abstractly by 

Hurwitz sets. In this framework the definition of a stable observer therefore 

becomes: 

DEFA.4.1. Let R be an integral domain and D a Hurwitz set in R[z]. Let 

L= (A,B,C,D) be a system over R with input u and output y. A stable observer Q is 

a system (F,(0tl02),H,(J1IJ2» over R, which takes [~] as input, produces X as 

output, and satisfies the following conditions: 

i) det(zI-F) E D, Le. n is internally stable with respect to D. 

ii) The configuration of fig. (4.38), 

characterized by the set of equations 

.1x = Ax + B u + V, 

Y = Cx +Du, 

.1~ = Fw + (°11 °2) [~l' 
x = Hw +. ( J 11 J 2) , y 

gives rise to an equation 

x -x = K(z)v, 

(fig. 4.38) 

(4.39a) 

(4.39b) 

(4.39c) 

(4.39d) 

(4.40) 

where K(z) is a stable transfer matrix with respect to D. I.e. x -x only 

depends on the. disturbance input v and all the entries of K(z) are 

elements of RD(z). 
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In this setting, the output x of the observer Q is still a sort of estimate for the 

real state x of the system. 

Completely analogous to the systems over fields case we have: 

DEF. 4.4.2. A system L= (A,B,C,D) over an integral domain R is called detectable 

(with respect to the Hurwitz set D) if there exists a D-stable observer for it. 

Of course we are now interested in the question whether or not a given system 

is detectable. The following theorem answers this question. 

THEOREM 4.4.3. Let R be an integral domain and D a Hurwitz set in R[z]. 

Consider a system L= (A,B,C,D) over R. Then 

L is detectable with respect to D, 

[z b -A] is left-invertible over RD(z). (4.41) 

Moreover, if (4.41) holds, there exists a strictly proper D-stable observer 

Q = (F,G,H) for L. 

PROOF 

[
ZI-A] 

Suppose C is left-invertible over R D(z), Then there exist matrices 

M(z) and N(z) over RD(z) such that 

So 

M(z)(zI-A) + N(z)C = I. (4.42) 

Because both M(z) and N(z) are matrices over RD(z) there exist a polynomial 

<p(z) E D and polynomial matrices M(z) and N(z) with entries in R[z] such that 

M(z)(zI-A) + N(z)C <p(z)· I. (4.43) 



(simply multiply (4.42) with the least common mUltiple of the denominators of the 

entries of M(z) and N(z) ). Without loss of generality we assume that deg(cp(z» ~ n; 

otherwise we can mUltiply (4.43) with an element of D of sufficient degree. Such an 

element exists because of condition iv) in def. 4.1.1. 

Since A is an nxn matrix and C is pxn, it follows from lemma 4.3.1. (or rather 

from a transposed version) that there exist polynomial matrices M(z) and N(z) such 

that deg(N(z» S; n-l and still 

M(z)(zI-A) + N(z)C = <p(z)· 1. (4.44) 

Now cp(z) is monic and has degree greater than or equal to n. Because N(z)C has 

degree less than n, we must have that deg(M(z)(zl-A» = deg(cp(z)" I). Therefore we 

conclude that 

i) M(z) is monic, 

ii) deg(M(z» = deg(cp(z» 1 ~ n 1. 

Define 

.... ._ M(z) 
M(z) .- <pW' 

. N(z) 
N(z) "= . (j)[z)" (4.45a and b) 

Then clearly 

M(z)(zI-A) + N(z)C = I, (4.46) 

and M(z) and N(z) are strictly proper matrices over RD(z). Moreover, since 

(M(z) I N(z» can be written as 

(M(z) I N(z» = (M(z) I N(z»(cp(z)· 1)-1, 

it follows directly from appendix B that the transfer matrix (1VI(z) I N(z» has a 

realization (F,(G11 Gz),H) such that det(zI-F) :;:;; det(<p(z)· I) E D. 

Now define the observer Q as 
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Clearly Q is internally stable, so we only have to check that the equations 

L\x = Ax + B u + v, 

y =Cx +Du, 

L\w = Fw + (G1B-G2D I G2) [~J, 
x=Hw, 

together yield a D-stable transfer function K(z) from v to x-x. 
Substitution of (4.48b) into (4.48c) gives 

(4.47a) 

(4.47b) 

. (4.48a) 

(4.48 b) 

(4.48c) 

(4.48d) 

L\w = Fw+G tBu-G2Du +G2Y = Fw + G1Bu G2Du +G2Cx+ G2Du = 
= Fw + G1Bu + G2Cx. (4.49) 

Combining (4.48d) and (4.49), the transfer function from u and x to x is 

But since (F,(G1 IG2),H) is a realization of (M(z) I N(z» we can write this as 

x = M(z)Bu + N(z)Cx. (4.50) 

From (4.48a) it follows that that the transfer function from u and v to x is given by 

x = (zI-A)-lBu + (zI-A)-tv. 

Substitution of (4.51) in (4.50) yields 

x = M(z)Bu + N(z)C(zI-A)-lBu + N(z)C(zI--A)-lv = 

= (JVf(z)(zI-A) + N(z)C)(zI-A)-lBu + N(z)C(zI-A)-lv = 

= (zI-A)-lBu + N(z)C(zI-A)-lv, 

(4.51) 

(4.52) 



where we used (4.46) to make the last step. Subtraction of (4.51) from (4.52) and 

again using (4.46) gives 

x -x = N(z)C(zI-A)-IV - (zI-A)-lv = (N(z)C I)(zI-A)-lv = 

= (N(z)C - N(z)C - M(z)(zI-A»(zI-A)-lv = 

= -M(z)v. (4.53) 

So indeed i-x only depends on v, and the transfer function K(z) from v to i-x is 

given by K(z) = -M(z). Since M(z) is a matrix over R D(z) this proves that Lis 

detectable. Moreover, since the observer Q defined in (4.47) is strictly proper. we 

have also proven the assertion that a strictly proper observer can do the job. 

t1~t1 Suppose L is detectable. Then there exists a D-stable observer Q for L 

Let (L(z) I N(z» denote the transfer function of Q from [~] to i. So L(z) and N(z) 

are transfer matrices in R D(z) and 

i = L(z)u + N(z)y. (4.54) 

Since y = ex + Du, (4.54) can be written as 

i = (L(z) + N(z)D)u + N(z)Cx. (4.55) 

Also, the transfer matrix from u and v to x is given by 

x = (zI-A)-lBu + (zI-A)-lV. (4.56) 

Now, by assumption, the configuration of fig.(4.38) leads to an equation 

i x = K(z)v, with K(z) a matrix over R D(z). But combining (4.55) and (4.56) we 

obtain 

x - x = (L(z) + N(z)D)u + (N(z)C I)x = 

= (L(z) + N(z)D)u + (N(z)C -I)· «zI-A)-IBu + (zI-A)-lv) = 

63 



64 

= [L(z) + N(z)(D + C(zI-A)-lB) - (zI-A)-lB]u + 
+ rN(z)C(zI-A)-l (zI-A)-l]v. 

Therefore we conclude: 

i) [L(z) + N(z)(D + C(zI-A)-lB) (zI-A)-lB J = 0, 

ii) [N(z)C(zI-A)-l- (zI-A)-l] is a matrix over R D(z). 

Define 

M(z) := -[N(z)C(zI-A)-l (zI-A}-ll. (4.57) 

Then M(z) is stable (i.e. M(z) is a matrix over R D(z) ) and M(z)(zI-A) = -N(z)C + I. 

So 

M(z)(zI-A) + N(z)C = I, (4.58) 

and (M(z) I N(z» is a left-inverse of [z b -A J over R D(z). 

This completes the proof. 0 

From the statement of theorem 4.4.3. it follows that for the question whether or 

not a system is detectable only the system-defining matrices A and C are important. 

The input matrix B does not play any role. Therefore we often speak about the 

detectability of the pair (C,A) instead of the detectability of the whole system. The 

meaning of this is obvious from theorem 4.4.3. 

Finally, when we compare the theorems 4.3.2. and 4.4.3. we see that they are 

completely dual. So stabilizability by dynamic state feedback is dual to 

detectability. Or stated more formally: 

COROLLARY 4.4.4. Let R be an integral domain and D a Hurwitz set in R[z]. Let 

A E Rn*n and C E Rp*n. Then 

(C,A) is detectable with respect to D, 

(A T,CT) is stabilizable by dynamic state feedback with respect to D. 



PROOF 

(C,A) is detectable if and only if [Z ~ -A] is left-invertible over R D(z), so if 

and only if (zI-A T I CT) is right-invertible over R D(z). But this is equivalent to the 

stabilizability of (AT ,C T) by dynamic state feedback. 0 

4.5. Stabilizability by dynamic output feedback 

In the two previous sections we developed the tools to tackle the problem of 

stabilization by dynamic output feedback. In this section we will combine them in 

order to find an answer to this question. However, we will start with a rather naive 

method to stabilize a system. 

Consider again a system L= (A,B,C,D) over an integral domain R and let D be 

a Hurwitz set in R[z]. Assume that (zI-A I B) is right-invertible over RD(z) and 

[z ~ -A] is left-invertible over R D(z). 

Since (zI-A I B) is right-invertible over R D(z) we know from theorem 4.3.2. 

and its proof that (A,B) is stabilizable and that there exist a polynomial <p(z) e D 

and polynomial matrices Q(z) and P(z) over R[z] such that 

i) (zI-A)Q(z) + BP(z) = <p(z), I, (4.59) 

ii) P(z)Q-l(z) exists as a rational matrix and is proper, 

iii) P(z)Q-l(z) has a realization r = (F,G,H,J) such that det(zI-F) = det(Q(z». 

Because [z ~ -A] is left-invertible over R D(z), it follows from theorem 4.4.3. 

and its proof that (C,A) is detectable and there exist stable rational strictly proper 

matrices M(z) and N(z) over R D(z) such that 

M(z)(zI-A) + N(z)C = 1. (4.60) 

Moreover (M(z) I N(z» has a realization (R,(T 11 T2)'V) with det(zI-R) E D . 

. Now, let n denote the stable observer (R,(T IB-T 2D I T 2)' V) and consider the 

configuration of figure (4.61). 
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(fig. 4.61) 

In this setting we estimate the state x of the system L with the observer n, and feed. 

this estimated state x back to the input through the same dynamic state feedback 

compensator r that stabilized (A,B). 

The configuration of fig. (4.61) is determined by the equations 

~x =Ax +Bu, 

y =Cx +Du, 

Aw=Rw+ (TIB-T2D)u + Tv, 

x =Vw, 

~z = Fz +Gx, 

v = Hz + J x, 
u = r v. 

(4.62a) 

(4.62b) 

(4.62c) 

(4;62d) 

(4.62e) 

(4.620 

(4. 62g) 

We will show that the resulting linear dynamical system with external input r and 

output y is internally stable. 

Substitution of (4.62b,d,f and g) in (4.62a,c and e) yields: 

M =Ax+Bu=Ax+Br Bv = Ax-BHz-BIX + Br= 

= Ax - BJVw BHz + Br, (4.63a) 

~w = Rw + (TIB-T2D)u + Tv = Rw + TjBu T2Du + T2Cx + T2Du = 

:::: Rw + T2Cx + TiBr - T}Bv:::: 

= Rw + T2Cx TIBHz T1BJVw + TIBr:::: 

= T2Cx + (R-T}BN)w T}BHz + TIBr, . 
~z =Fz+GX=Fz+GVw=GVw+Fz. 

Moreover 

y =Cx + Du = Cx+ Dr Dv = Cx -DHz- DIX + Dr 

(4.63b) 

(4.63c) 



= Cx DJVw - DHz + Dr. 

So, the closed-loop system of fig. (4.61) can be written as 

Defining 

y= (C -DN -DH )1;] + Dr. 

-BJV 

R-T 1 BJV 

GV 

this system is internally stable if and only if det(zI-A.) E D. 

det(zI-A) =det(ZI-!T:C R=~:~JV -T~::])= 
o GV F 

!

ZI-A 

=det( -T 2C 
. 0 

BJV BH] 
zI-R+T 1 BJV TIBH ). 

-GV zI-F 

Adding the first block row, multiplied by -T1, to the second row gives 

1 

z I -A B J V BH ] 
det(zI-A.) =det( -T1(zl-A)-T2C Z I -R 0 ). 

o -GV zI-F 

(4.64) 

(4.65a) 

(4. 65b) 

(4.66) 

(4.67) 

Multiplying the third block column with (zI-F)-lGV and adding this to the second 

block column yields 
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det(zI-A) 
[ 

zI-A BJV+BH(zI-F)-lGV 

= det( -T1(zI-A)-T2C z I-R 

o 0 

BH] o ) = 
zI-F 

[ 
zI-A B(J+H(zI-F)-lG)V I 

=det(zI-F)·det( -T
1
(zI-A)-T

2
C zI-R )= 

[ 
zI-A BP(z)Q-l (z)V I 

=det(zI-F)·det( -T
1
(zI-A)-T

2
C zI-R ), 

(4.68) 

where we used the fact that (F,G,H,J) is a realization of P(z)Q-l(z). Finally, we take 

the Schur complement to arrive at 

det(zI-A) = det(zI-F)· det(zI-R)· 

. det([zI-A]-BP(z)Q-l(z)V(zI-R)-l[-T l(zI-A)-T2C]) = 

= det(zI-F)· det(zI-R)· 

. det([zI-A]+BP(z)Q-l(z)V(zI-R)-l(T 11 T 2) [z b -A]). 

But (R,(T1IT2),v) was a realization of (M(z)IN(z», so V(zI-R)-1(T1IT2) = 

(M(z) I N(z», and according to (4.60), (M(z) I N(z» [z b -A] = I. So 

det(zI-A) = det(zI-F)· det(zI-R)· det([zI-A]+BP(z)Q-l(z» = 

_ det(zI-F)· det(zI-R)· det([zI-A]Q(z)+BP(z» 
- det(Q(z)) 

Now, by construction, det(zI-F) = det(Q(z», and (4.59) 

det([zI-A]Q(z)+BP(z» = det(<p(z)· I) = (cp(z»n. Therefore we conclude that 

det(zI-A) = det(zI-R)· (cp(z»n. 

(4.69) 

yields 

(4.70) 

Since both <p(z) E D and det(zI-R) E D, and D is multiplicative, it follows that 

det(zI-A.) E D. So the closed-loop system of figure (4.61) is indeed internally 

stable. 

The exposition above gives us a method to stabilize a system L= (A,B,C,D) 



when (A,B) is stabilizable and (C,A) is detectable by combining a dynamic state 

feedback compensator r = (F,G,H,J) and a stable observer Q = 
(R,(T1B-T2D I T2),V). However, the configuration of fig. (4.61) is not a real output 

feedback because in the observer both the input u to the system Land the output y 

from the system Lare needed. But it is also possible to combine the state feedback 

compensator r and the observer Q in one output feedback compensator which 

stabilizes the system Lwithout using the input u to the system. The exact statement 

is as follows. 

THEOREM 4.5.1. Consider a system L= (A,B,C,D) over an integral domainR, and 

let D be a Hurwitz set in R[z]. Then 

L is internally stabilizable with respect to D by dynamic output feedback, 

i) (zI-A I B) is right-invertible over R D(z), and 

ii) [z ~ -A] is left-invertible over R D(z), 

Moreover, if i) and ii) hold, this dynamic output feedback can be chosen strictly 

~. 

PROOF 

II ¢::::/I Assume (zI-A I B) right-invertible over R D(z) and [z ~ -A] left-invertible 

over RD(z). Again, because (zI-A I B) is right-invertible over RD(z), we know from 

theorem 4.3.2. and its proof that there exist polynomial matrices Q(z) and P(z) over 

R[z], and a polynomial q>(z) E D such that: 

i) (zI-A)Q(z) + BP(z) = q>(z), I, (4.71) 

ii) P(z)Q-l(z) exists as a rational matrix and is proper, 

iii) P(z)Q-l(z) has a realization (F,G,H,J) such that det(zI-F) = det(Q(z». 

Also, because [z ~ -A] is left-invertible over R D(z), it follows from theorem 

4.4.3. and its proof that there exist strictly proper matrices M(z) and N(z) over 

R D(z) such that 

i) M(z)(zI-A) + N(z)C = I, (4.72) 

ii) (M(z) I N(z» has a realization (R,(T1IT2),V) such that det(zI-R) E D. 

Now consider the following strictly proper output feedback compensator r 
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with input y and output v: 

[
W]_ [R-TIBJV+TPJV 

L\ z - GV 
-T1BH+T2DH] [W] [T2] 

F z + 0 y, (4.73a) 

v=(N I H)[7], (4.73b) 

and the configuration of Land r as in fig. (4.4) with feedback u = r - v, where r 

denotes the new external input. Since the compensator is strictly proper, the 

equations of the closed-loop system can be computed with help of formula (4.15): 

-B(JV I H) 1 
-TIBH+T 2DH] [T2] 1 = 

F - 0 D(JVIH) 

(4. 74a) 

(4.74b) 

c = (C I -D(JV I H) ) = (C I -DJV I -DH), (4.74c) 

D =D. (4.74d) 

The closed-loop system is internally stable if and only if det(zI-A) E D. In our 

case we have: 

= det(ZI-\ T ~c 
-BJV -BHl det(zI-A) R-T 1 BJV -T1:H ) == 

GV 

\'I-A BJV BH] 
=det( -T~C zI-R+T]BJV T1BH ). (4.75) 

-GV zI-F 



But this is exactly the same formula as (4.66) and also the realizations (F,G,H,J) of 

P(z)Q-l(z) and (R,(T1IT2),V) of (M(z) IN(z» satisfy completely the same 

conditions. Therefore, following exactly the same arguments as in the derivation of 

(4.70), we conclude that 

det(zl-A) = det(zI-R)· (<p(z»n. (4.76) 

Since both det(zI-R) and <p(z) are polynomials in D, it follows that the closed-loop 

is internally stable. Because the output feedback compensator (4.73) is strictly 

proper this does not only prove the implication in the left direction but also the 

assertion about the possibility of stabilizing the system with a strictly proper 

compensator. 

Now assume that :L = (A,B,C,D) is stabilizable by dynamic output 

feedback. Then there exists a feedback compensator r = (F,G,H,J) such that the 

composition of :Land r as in fig. (4.4) is well-posed and internally stable. So (I+DJ) 

is invertible as a matrix over R and according to (4. 14a) 

. [A-B J (I+DJ)-1C -BH+B J (I+DJ)-lDH 1 
A = G(I+DJ)-lC F-G(I+DJ)-lDH (4.77) 

has to be a stable matrix, i.e. det(zl-A) E D. But then (zl-A) is an invertible matrix 

over RD(z) because 

(zl-A)-1 = adj(zI-~) . 
det(zI-A) 

Let Q(z), P(z), R(z) and T(z) be matrices over RD(z) such that 

[ 
Q(z) R(z) 1 
P(z) T(z) 

is an inverse of (zI-A) over R D(z). Then 
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[ 
zI-A+BJ (I+DJ)-IC BH-BJ (I+DJ)-IDH]. [Q{Z) R{Z)] [I 0] 

-G{I+DJ) -IC zl-F+G{I+DJ)-lDH P(z) T{z) = 0 I . 

(4.78) 

The (l,l)-block of (4.78) yields: 

(zI-A)Q(z) + BJ(I+DJ)-lCQ(z) + BHP(z) - BJ(I+DJ)-lDHP(z) = L 

So 

(zI-A)Q(z) + B· [J(I+DJ)-lCQ(z)+HP(z)-J(I+DJ)-lDHP(z)] = I. (4.79) 

Defining Q(z) := Q(z) and P{z) := J(I+DJ)-lCQ{z) + HP(z) - J(I+DJ)-lDHP(z), we 

have that Q(z) E RD(z) and since C, D, H, J and (I+DJ)-1 are matrices over Rand 

Q(z) and P(z) are matrices over RD(z), also P(z) is a matrix over RD(z). Now (4.79) 

immediately implies that 

• A 

(zl-A)Q(z) + BP(z) = I, 

and we conclude that (zl-A I B) is right-invertible over R D(Z)' 

[ 
Q{z) R(Z)] 

On the other hand, P(z) T(z) is of course also a left-inverse of (zl-A): 

[
Q(Z) R(Z)]. [ZI-A+BJ(I+DJ)-IC BH-BJ(I+DJ)-lDH] [10] 
P(z) T(z) -G(I+DJ)-lC zl-F+G(I+DJ)-lDH = 0 I . 

(4.80) 

Now the (l,l)-block gives: 

Q(z)(zI-A) + Q(z)BJ{I+DJ)-lC - R(z)G(I+DJ)-IC = I. 

So 

Q(z)(zI-A) + [Q(z)BJ(I+DJ)-l - R(z)G(I+DJ)-l J. C = I. (4.81) 



Defining M(z) := Q(z) and N(z) := Q(z)BJ(I+DJ)-l - R(z)G(I+DJ)-l, we again know 

that M(z) is a matrix over RD(z), and because B, G, J and (I+DJ)-l are matrices over 

Rand Q(z) and R(z) are matrices over RD(z), also N(z) is a matrix over RD(z). 

Substitution in (4.81) yields 

M(z)(zI-A) + N(z)C = I, 

so (M(z) I N(z» is a left inverse of [z b -A] over R D(z). 

This completes the proof. 0 

COROLLARY 4.5.2. Consider a system L= (A,B,C,D) over an integral domain R. 

Assume that L is internally stabilizable with respect to a Hurwitz set D by dynamic 

output feedback. Then this system is also stabilizable by a strictly proper dynamic 

output feedback compensator. 

PROOF 

When L = (A,B,C,D) is stabilizable by dynamic output feedback, it follows 

from theorem 4.5.1. that (zI-AIB) is right-invertible over RD(z) and [zb-A
] is 

left-invertible over RD(z). Again applying theorem 4.5.1. yields that a strictly 

proper compensator can do the job. 0 

Theorem 4.5.1. gives a full answer to the question whether or not a system is 

stabilizable by dynamic output feedback. The conditions of right- and 

left-invertibility over RD(z) of (zl-A I B) and [z b -A] respectively are necessary 

and sufficient. Unfortunately, these conditions are not always easy to check. Of 

course this also depends on the actual application in mind and on the choice of the 

Hurwitz set D. For time-delay systems however, this problem can be facilitated a 

lot. The next chapter will be devoted to this topic. 

4.6. Notes and references 

After it became clear that static state feedback could not give a satisfactory 

solution to the problem of stabilization for systems over rings, much attention was 

paid to dynamic feedback. In the literature there are numerous articles on the 
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subject and we here only mention a few. 

Our definition of Hurwitz sets is adopted from [5], where they are called 

denominator sets, but they also come up in a disguised fashion in [15]. The 

approach we take towards stabilization using dynamic state feedback is mainly 

based on the work of Rouchaleau (see [30]). An other important reference is Emre 

([9]), who has done a lot of work in this field, but the proofs in his paper are 

unnecessaril y difficult. 

The part on detectability is completely based on an article of Hautus and 

Sontag ([15]). However, using lemma 4.3.1., it is possible to extend their result a 

little by the assertion that under the same conditions a strictly proper observer can 

always be found. This is very important because this also gives us the clue how to 

design a strictly proper dynamic output feedback compensator. 

Theorem 4.5.1. was already reported for strictly proper systems in a paper by 

Khargonekar and Sontag ([26]). The idea of the proof in the non-strictly proper 

case is based on a proof in [10]. However, the proof in this article is wrong because 

the existence of a strictly proper observer is not guaranteed. In our setting, this 

problem is overcome. This again points out the importance of lemma 4.3.1. With 

help of this lemma we are able to design strictly proper observers and output 

feedback compensators and in this way we indeed can prove theorem 4.5.1. 



5. STABILIZABILITY CONDmONS FOR TIME-DELAY SYSTEMS 

In chapter 4 it was shown how the problem of stabilization of a system can be 

formulated in terms of the right- and left-invertibility over the ring RD(z) of two 

system related matrices. However, we treated the subject in a rather abstract way, 

for arbitrary integral domains R and Hurwitz sets D. In this chapter we want to 

return to our original problem: the stabilization of time-delay systems. In the first 

section we recall how these systems fit in the general framework of chapter 4, and 

reformulate the problem in a more algebraic sense. With help of some theorems 

from complex analysis introduced in section 2, we are able to derive very easily 

verifiable conditions for stabilizability of time-delay systems in section 3, Finally 

we show how an other choice of the Hurwitz set D leads to a solution of the 

problem of stabilization independent of delay, 

5.1. Restatement of the stabilization problem 

Consider a time-delay system L with k incommmensurate time-delays 

0< 't1 < 't2 < ... < 'tk, Let (Ji (i = 1, .. ,k) denote the time-delay operator corresponding 

to the time-delay 't i: 

(J jX(t) = x(t-'t). 

Let R := 1R[(Jl, .. ,(Jk] be the ring of all polynomials in the indeterminates (Jl, .. ,(Jk with 

real coefficients. Then our time-delay system L can be written as a system 

L;;:;;; (A,B,C,D) over the ring R, 

[ 
X(t): A«Jl, .. ,(Jk)x(t) + B«Jl, .. ,(Jk)u(t), 

y(t) - C( (Jl, .. ,(Jk)x(t) + D( (Jl' .. ,(Jk)U(t), 

as already explained in section 1.2. Defining the Hurwitz set D as 
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we know from example 4.1.4. that the abstract notion of stability using this Hurwitz 

set is fully equivalent to the intuitive idea of stability given in def. 3.3.1. So, 

defining the Hurwitz set D as in (5.1), we have put our time-delay system into the 

abstract framework of chapter 4. 

To check the stabilizability of our system L= (A,B,C,D) we now have to figure 

out whether or not the matrices (zI-A I B) and [z ~ -A] are right- and left-invertible 

over RD(z), respectively. After transposition thIS of course comes down to the same 

question. However, it is quite difficult to answer. In this chapter, we are going to 

search for easily verifiable conditions for (zI-A I B) to be right-invenible over 

R D(z) for the panicular application in mind, i.e. for R = IR[ O"l""O"k] and D as defined 

in (5.1). In this way, it is possible to check rather easily whether a time-dehy 

system is stabilizable or not. 

The next theorem reformulates the problem of right-invertibility into terms of 

polynomial ideals. It will turn out very useful later on. 

THEOREM 5.1.1. Let A e Rn*n and BE Rn*m. Then 

(zI-A I B) is right-invertible over R D(z), 

The ideal J, spanned by all the nxn minors (lo(z), .. (lp(z) of (zI-A I B), 

contains an element of D, i.e. D (l J is non-empty. 

PROOF 

n=}" Assume that (zI-A I B) is right-invenible over RD(z) and let Q(z) be such 

a right-inverse, so 

(zI-A I B)· Q(z) = I. (5.2) 

We now use the Binet-Cauchy formula (see for example [13, p.9]), which 

expresses the determinant of a square nxn matrix M = K· L in terms of the minors 

of the nxm matrix K and the mxn matrix L (m > n): 

m ll ·· mIn 

I 
kl ~ .. k lin lil .. lin 

1 I 
= (5.3) 

mnl ·· mnn gi1<i 2< .. <inSm kn~ .. knin lil··lin n n 



Application of the Binet-Cauchy formula to (5.2) yields 

I Pl~··Plin qil··qin 1 1 
1= (5.4) 

I::;;i1<i 2<··<in$n+m Pn~ .. Pnin 
qil··qin 

n n 

where we denoted (zI-A I B) by P(z). Now, denoting the nxn minors of (zI-A I B) by 

<lO(z),<ll(z), .. ,<lp(z), we conclude from formula (5.4) that there exist elements 

qo(z), .. ,qp(z) in RD(z) such that 

p 

1 = ,£fJ.tz)q{.,z). (5.5) 

For i = O, .. ,p, qtz) E RD(z), so qtz) is of the form q~z) = d~~~' where n{..z) E R[z] 

and d{.,z) E D. Let d(z) denote the least common multiple of all the d~z) (i = O, .• ,p). 

Then clearly d(z) E D. Multiplication of (5.5) with d(z) gives 

p 

d(z) = ,£<l{..z)fi~z), (5.6) 

where fi{..z) = q{..z)d(z) = d~~1·d(z) E R[z]. So d(z) belongs to the ideal J spanned by 

all the nxn minors <lo(z), .. ,<lp(z) of (zI-A I B). On the other hand we already knew 

that d(z) ED. So indeed D II J is non-empty. 

"{=" Let f/.o(z), .. ,fJ.p(z) denote all the nxn minors of (zI-A I B). For all i = O, .. ,p, 

<l{..z) is the determinant of an nxn matrix Ki which consists of n columns of 

(zI-A I B). For this square matrix we know that 

K j' adj(K) = det(K)· I=: <l{..z)·1. 

Since Kiconsists of n columns of (zI-A I B) it is possible to extend adj(K) with zero 

rows on the right places to an (m+n)xn matrix K)n such a way that 
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Clearly, all the entries of the matrix Kj still belong toR[z]. 

Now, suppose that the ideal J, spanned by <x'o(z), .. ,<x'p(z) contains an element 

d(z) ED. Then there exist elements go(z), .. ,gp(z) in R[z] such that 

p 

~<X./z)glz) = d(z). 

p 

Define Q(z) := ~ gjg~. Kr Since all the entries of K i and also g Iz) belong to R[z], 

and d(z) E D, Q(z) is a matrix over RD(z). Moreover: 

p p 

~
(Z) - 1 -(zI-A I B)· Q(z) = (zI-A IB)· L 1 • K'=;rr;;\' L (zI-A I B)· K·· g~z);::: 

i=O Z I U\Z, j=O 1 1 

1 p 1 
=;rr;;\' L<X.~z)g~z)· I = ;rr;;\d(z)· I;::: I. 

U\Z, i=O 1 1 U\.z, 

So Q(z) is a right-inverse of (zI-A I B) over R D(z).This proves our claim. 0 

With theorem 5.1.1. it is possible to considerthe stabilization problem from an 

other point of view. It turns out that the problem of stabilization comes down to the 

question whether or not the ideal J, completely determined by the system under 

consideration, has a non-empty intersection with the multiplicative set D, which is 

fully determined by the definition of stability. In this sense we have found an 

algebraically attractive restatement of the problem. Moreover, this formulation will 

help us in section 5.3. to solve the stabilization problem for the time4ielay systems 

we are interested in. 

5.2. Some auxiliary theorems from the theory of analytic functions 

To find the conditions for stabilizability of a time4ielay system in the next 

section, we need some facts from the theory of analytic functions. Unfortunately 

these theorems are stated in literature in such a way that they are not directly 

applicable for our purpose. Therefore we devote this section to a modification of 

them in order to use them in the next section. 

From the book of Hoffman ([16, p.88]) we quote the following result: 



THEOREM 5.2.1. Let A denote the algebra of all complex functions of one 

complex variable. which are continuous on the closed unit disc and analytic on the 

open unit disc. Let fl.f2 •..• fn be functions in A which have no common zeros on the 

closed unit disc. Then there exist function gl.g2 •..• gn in A such that on the closed 

unit disc we have 

(5.7) 

Our goal is to translate this theorem from the context of the unit disc into the 

context of the right half-plane. Denote the compactification of the closed right 

half-plane by {! := {+ v {()C)}. Then we have the following analogue of the result in 

Hoffman's book: 

THEOREM 5.2.2. Let B denote the algebra of all complex functions of one 

complex variable which are continuous on (! and analytic on {+. Let f1.f2 .... fn be 

functions in B which have no common zeros in 4: +. Then there exist functions 
00 

(5.8) 

PROOF 

Let A = { S E { , 's I < 1 } denote the open unit disc and ~ its closure. Consider 

the following transformation T from 4:+ to ~ and its inverse: 
00 

T-l: ~-+ 4:+: 
00 

z - I s == T(z) == 

T(oo) = 1. 

z = T-l(S) = 1 + s 

T-l(1) == 00. 

(s -:f.; 1) 

Now. let f1, .. J n E B have no common zeros in {!. Define for i == l •..• n: 

(S.9a) 

(S.9b) 

(S.lOa) 

(S.lOb) 
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r ts) := f tr-1(S» = f t~~~) 
r t1) :=ftoo). 

(s:;!: I), 

Because fi E B, we know that fj is analytic on (+ and continuous on {~. So f i is 

analytic in A and continuous on ii (because of our definition and the continuity of fj 

in z = 00, f i is also continuous in s = 1). So for all i = 1, .. ,n : r i EA. Moreover, the r is 
do not have a common zero on ii since the f is do not have a common zero on {~. 

But then it follows from theorem 5.1.1. that there exist functions g i E A such that on 

ii 

tr.iY.= 1. 
i=l PI 

Define for i = 1, .. ,n: 

gtz) = gtT(z» = gt~~i) 
gtoo) = g~l). 

(ZE {+), 

Because for all i = 1, .. ,n: giE A, all the gis are analytic in A and continuous on ii. So 

the gis are all analytic in (+ and continuous on {~ (because of our definition also in 

z = 00). So for all i = 1, .. ,n: gi € B. Moreover for all z E {+ we have (with s = T(z) E 

ii\{1 }): 

And for z = 00: &ftoo)g~oo) = &r t1)g~l) = 1. 

So we conclude that on {+: tf.p"). = 1. 0 
00 i=l P 



REMARK Assume that for all f1, .. ,fn E B we also have that f {i) = f ~z). Then we can 

choose in theorem 5.2.2. the gl, .. ,gn in B such that 

(i = 1, .. ,n). 

This can be seen as follows. Assume that we already have gl, .. ,gn such that (5.8) is 

satisfied, i.e. 

(5.11) 

Then of course also 

Taking the complex conjugate yields: 

But, by assumption, f {i) = f {z), so 

(5.12) 

Define gtz) := i' (g~z)+glZ) (i = 1, .. ,n). Then clearly gtZ) = glz) and using (5.11) 

and (5.12): 

Therefore the glz) also satisfy condition i). 
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We also need a modified version of Mergelyan's theorem (see for example [31, 

p.390]). 

THEOREM 5.2.3. Let K be a compact set in the complex plane whose complement 

is connected. Suppose that f is a continuous function on K, which is holomorphic on 

the interior of K. Let E > O. Then there exists a polynomial p such that 

I fez) -p(z) I <E for all z E K. (5.13) 

With help of Mergelyan's theorem it is possible to prove the following 

imponant result: 

THEOREM 5.2.4. Let f a function in B, i.e. f is continuous on (+ and analytic on 
00 

(+. Let E > O. Then there exists a rational function r(z) with the following propenies: 

i) r(z) is proper, Le. the degree of the numerator of r is smaller than or equal 

to the degree of the denominator. 

ii) The denominator of r(z) is monic and stable in the sense that all the zeros 

of the denominator are contained in (-. 

iii) 'r/ z E (!: I fez) - r(z) I < E. (5.14) 

Moreover, if feZ) = fez), then the coefficients of r(z) can be chosen real. This 

immediately implies that the denominator of r(z) is an element of D and 

r(z) E R D(z). 

PROOF 
Let f a function in B. Again we use the transformation T-l from the closed unit 

disc A to (! as given in (5.10). Define 

f(s) = f(T-l(S» = f(t +s) -s 
f(1) = f(oo). 

(s ~ 1), 

Then clearly f EA. Let E > O. According to Mergelyan's theorem 5.2.3. there exists 

a polynomial pes) such that 



1 res) - pes) 1 < e for all s e 1::.. (5.15) 

(Now assume that f(Z) = fez). Then also 

Define pes) := ~P(s) + p(s». Then p(s) = pes), i.e. pes) is a polynomial with real 

coefficients, and for all seA: 

1 res) -pes) 1 = 1 [(s) -~p(S) + peS»~ 1 = 

1 - 1 - -
= I 1<f(s) -pes»~ + 2(f(S) -p(s» I ::;; 

1 - 1 --- --::- 1 1 
::;;2 1 f(s)-p(s) 1 +,;1 f(S) pes) 1 <~+~=e. 

So, when fez) = fez), we can choose pes) in (5.15), without loss of generality, to be a 

polynomial with real coefficients.) 

Now we transform back. Define the rational function r(z) : (: + -+ ( as follows: 
00 

z-1 
r(z) = p(T(z» = p(z+ 1) 

r(oo) = p(1). 

(z e (+), 

Because pes) is a polynomial, it follows immediately that r(z) is a rational function, 

which is proper and stable (the denominator of r(z) is of the form (z+ l)k). So the 

denominator is indeed monic and stable. Note that when feZ) = f(z), we can choose 

pes) to be a polynomial with real coefficients, and as a consequence r(z) is a real 

rational function. Since the denominator is monic and stable this immediately 

implies that r(z) e R D(z). 

- z-1 -
Finally, when z E {+, we have (with s = z+1 E .1\{ I}): 
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I f(z) r(z) I = I f(z) -p(~~b I = I f(~) -p(s) I = I f(s) -p(s) I < E, 

and in z = 00 we have: 

I f(oo)-r(oo) I = I f(I)-p(I) I <e. 

Sor(z) also satisfies (5.14). 0 

5.3. Stabilizability of time-delay systems 

Mter the construction in the last section of some necessary tools, we will now 

derive conditions for the stabilizability of time-delay systems. In order to do so, we 

will use the problem formulation in terms of the minors of (zI-A I B) as given in 

theorem 5.1.1. However, given the matrix (zI-AIB) over R[z], we can say a lot 

more about the nxn minors a O(z),a1(z), .. ,ap(z). Assume, without loss of generality, 

that <Xo(z) = det(zI-A). Then: 

1) deg(<Xo(z» = n, 

2) <Xo(z) is monic (with respect to z), 

3) ViE {l,2, .. ,p} : deg(atz» < n. 

We are now in a position to prove the following theorem: 

(5.16) 

(5.17) 

(5.18) 

THEOREM 5.3.1. Let <Xo(z),a1(z), .. ,ap(z) be polynomials in R[z] (so aiz) = 
a~z,al, .. ,a0 ), such that (5.16), (5.17) and (5.18) are satisfied. Let 't j be the 

time-delay corresponding to the i Ih delay operator cr i' and D be the Hurwitz set as 

defined in (5.1). Then: 

(5.19) 

There exist polynomials &(z),gl(z), .. ,gp(z) E R[ z] such that 

p 

loatz)g~z) E D. 



PROOF 

P 

II ¢=" Let ~(Z),gl(Z), .. ,gp(Z) be polynomials in R[z] such that d(z) := !o a~z)g ~z) 
is an element of D. Assume that there exists a z E (+ such that for all i E {O,l, .. ,p}: 

-'t z -'t~ a/z,e 1 , .. ,e ) = O. Then also 

p 

d( -'tIZ -'t~) _ ~ , -'tIZ -'t~) ( -'tIZ -'t~) - 0 z,e , .. ,e - ,L ai\z,e , .. ,e g ~z,e , .. ,e -. 
1=0 

So d ED. This contradicts our assumption and therefore (5.19) must be satisfied. 

":::::}" The implication in the other direction is much more involved. First we 

associate with each polynomial alz) in R[z] a function f Iz), defined by 

~ -'t I Z -'tx!) f ( ) - a z,e , .. ,e 
j\z - (z+ l)n (Z E (+), 

f j( 00) = { 1 for ~ : 0 o for 1 - 1, .. ,p. 

Clearly, all the fis are analytic on {+ and continuous on {+. But we can even show 

that f j E B for i = O,l, .. ,p. To do so, we only have to prove the continuity in z = 00. 

For all i = l, .. ,p, we know that there exists an integer j < n and numbers 

Mo,Ml, .. ,M j such that for all z E (, Re(z) ~ 0: 

I -'tlz -'t~ I alz,e , .. ,e ) = 

So 

(z _ 00). 

Therefore lim flz) = 0 = f/oo), and fjis continuous in z = 00 for i = l, .. ,p. 

In the case i = 0, we know that ao(z,e -'tlz, .. ,e -'tx!) is of the form 
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So 

(z+ 1)n I == 

I 
~~q~e -'t 1 Z, •• ,e -t~)zi I 

_ 1-0 
- "=:"'--r( z---,.+--:t ..... )::-n --- • 

In the same way as in the fIrst case, we see that this last term tends to zero for 

z -+ 00. Therefore we conclude that lim fo(z) = 1 = fo(oo), and fo(z) is continuous in 

z = 00. 

Since fo,",fp are functions in B and do not have a common zero in {! (nor in (+ 

by assumption (5.19), nor in z = 00 by defInition), we can apply theorem 5.2.2. So 

there exist functions gO,gl, .. ,gp in B such that for all Z E (! 

p 

~ f Iz)g/z) == 1. 

For all i == O,1, .. ,p, Cl~z,e-tlZ, .. ,e -t~) is a polynomial in Z and e -ttZ, 

-t2Z -t~ S' -Z -Z d - . & & 11' 0 1 e , .. ,e . mee e == e an z == z, It tollows that lor a 1 == , , .. ,p: 

As a consequence 

f IZ> == f Iz) for all i == 0,1 , .. ,p. 

From the remark after theorem 5.2.2. we now conclude that we can assume, without 



p 

loss of generality. that the functions go(z), .. ,gp(z) in B such that '!:of ~z)g tz) = 1, also 

satisfy 

'V i = O.l, ... p : g {i) = g~z). 

Now we apply theorem 5.2.4. From this theorem we know that we can 

approximate each function g j arbitrarily closely by a proper real rational function 

rj(z) in RD(z) (Le. with real coefficients): 

'Vi=O,1, .. ,p'V£j>03r j E RD(z)'VZE (~: 1 g~z)-r~z) 1 <£j' 
rjproper 

(5.21) 

For all i = 0, 1 .... p, f i is a continuous function on the compact set (~, so f i is bounded 

on this set, i.e. 

(5.22) 

Let now £ > O. Define for i = O,I,H,p: £j:= (P+l)Mi Then there exist proper 

real rational functions r tz) E R D(z) such that 

Let Z E (+. Then: 
00 

p p p 

1 ~t~z)rtz)-l 1 = 1 '!:of~z)r~z)- '!:of~z)gtz) 1 = 
p p 

= 1 '!:of~z)[r~z)-g~z)] 1 ::;'!:ol ftz)I'1 rj(z)-gtz) I::; 
p 

::; .~Mqp+i)M.=£· 
1,-0 1 

So we have now proven the following statement: 
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(5.23) 

The next step is to show that, without loss of generality. we can choose ro(z) E 

RD(z) such that ro(oo) = 1. Let E > O. Define Mo := max _ 1 fo(z) I. Since fo is a 
z E {+ 

00 

continuous function on the compact set (+. this maximum exists. Choose 
00 

0< el < min(~,~) and proper real rational functions r tz) E R D(z) such that 

p 

'V z E (!: I 2il tz)r t z) 1 1 < £1' 

Since all the r is are proper, r too) is bounded for all i. Because for i = 1 .... p: f too) = 0 

and fo(oo) = 1, we have in z = co: 

Define: 

Then fO(Z) is still a proper element of RD(z) and also ro(oo) = 1. Replacing ro(z) by 

fO(Z) yields for arbitrary z E (!: 

p p 

I fo(z)ro(z) + !iftz)r~z) -1 I = I Joftz)r~z) -1 + (l-ro(oo»fo(z) I ~ 
PEE 

~ I Jof tz)r£z)-lI + 11- ro(oo) 1·1 fo(z) I <e1+ E}MO<Z+Z=E. 

So we conclude: 

p 

'Ve>03r i E RD(z)'VzE (!: 1.'Lf/z)r/z) 1 I <E. 
r i proper 1=0 
fO(oo) = 1 

(5.24) 

Now, choose 13, satisfying 0 < 13 < 1. Let r j(Z) E R D(Z) (i = O,l, .. ,p) be such that 



(5.24) is satisfied. Each r~z) can be written as ri(z) = (a~~, where ntz) E R[z] and 

dtz) E D (we even know that both these polynomials belong to lR[z]). Denote by 

'I'(z) the least monic common multiple of all the dtz) (i = O,l, .. ,p), and define 

(i = O,l, .. ,p). 

Then all the functions g i are polynomials in R[z] (even in lR[z]). Moreover, since all 

the r is are proper and ro is proper but not strictly proper, it follows that for all 

i = l, .. ,p: 

deg(go(z» ~ deg(g tz». 

Also, since ro(oo) = 1 and all the denominators dtz) are monic, we conclude that go 

is monic too. Define 

p 

a(z):== ~oatz)gtz). (5.25) 

By definition o:(z) E R[z]. Moreover, recall from (5.18) that for all i = l, .. ,p: 

deg(atz» < n = deg(ao(z». Also deg(gtz» ::; deg(go(z» and «o(z) and go(z) are 

monic. So a(z) must be monic too. Finally, substituting e -tf' for a i> we have for all 

ZE (+: 
00 

I 
-tIz -t~ a(z,e , .. ,e ) 

'I'(z)(z+ l)n 

(5.26) 

Assume that there exists a z E (+ such that a(z,e -t1z, .. ,e -t~) = 0. Then (5.26) 

immediately yields a contradiction because e < L (Note that since 'I'(z) ED, 'l'does 

not have any zeros in (+, so pole-zero cancellation can not occur). Therefore we 
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conclude that a(z) is monic and for all z E (+; a(z,e -tlz, .. ,e-t~) '# 0, so a(z) E D. 

This completes the proof. 0 

With help of theorem 5.3.1. it is easy to prove the following theorem, which 

gives rise to very satisfactory conditions for the stabilizability of a time-delay 

system. 

THEOREM 5.3.2. Let A E Rn*n and B E Rn*m. Then 

(zI-A I B) is right-invertible over R D(z), 

\.I (-+. -tlz -t~ I -tlz -'t~_ v Z E • rank(zI - A(e , .. ,e ) B(e , .. ,e » - n. 

(5.27) 

PROOF 
"=}" Suppose (zI-A I B) is right-invertible over RD(z). Then, by theorem 5.1.1., 

the ideal I spanned by the nxn minors ao(z), .. ,ap(z) of (zI-A I B) contains an 

element of D. Moreover, ao(z), .. ,ap(z) satisfy (5.16)-{S.18). So, according to 

theorem 5.3.1.: 

\.I (-+3' {01 }. ( -tlz -t~) 0 v Z E 1 E , ,H,P • ai.\z,e , .. ,e '#. 

Let z E {+. Then there exists an nxn mmor a j of (zI-AIB) such that 

( -'ttZ -t~) 0 A a j z,e , .. ,e '#. S a consequence 

k( I A( -'ttZ -'t~) I B( -'ttZ -'t~» -ran z - e , .. ,e e , .. ,e - n. 

Now, suppose that (5.27) is satisfied. The nxn minors alz) (i = O,I, .. ,p) of 

(zI-A IB) satisfy (5.16)-(5.18). Because of (5.27), there exists for each Z E (+ at 

least one minor a j such that a }z,e -'t1z, .. ,e -t~) '# O. In other words, (5.19) is also 

satisfied Then theorem 5.3.1. implies that the ideal I, spanned by all the minors 

ao(z), .. ,ap(z) of (zI-A I B), has a non-empty intersection with the Hurwitz set D. 

According to theorem 5.1. L (zI-A I B) is right-invertible over R D(z). 0 



Combination of this last theorem and the theorems 4.3.2., 4.4.3. and 4.5. L 

yields explicit conditions for a time-d.elay system to be stabilizable: 

COROLLARY 5.3.3. Let L = (A,B,C,D) be a time-d.elay system with k 

incommensurate delays, described as a system over the ring R = 1R[0'1""O'k1, where 

0' i denotes the delay operator of the delay 't i' Then 

i) (A,B) is internally stabilizable by dynamic state feedback if and only if 

'W (-+. k( I A( .....ttlz -ttl) I B( -t1z .....tttz» -v Z E • ran z - e , .. ,e e , .. ,e - n, 

(5.28) 

ii) (C,A) is detectable if and only if 

(5.29) 

iii) Lis internally stabilizable by dynamic output feedback if and only if both 

(5.28) and (5.29) are satisfied. 

Corollary 5.3.3 can be seen as a straightforward generalization of the 

well-known PBH-test for stabilizability (if A E IRn*n and B e IRn*m, then (A,B) is 

stabilizable if and only if 'V Z E (+: rank(zI-A I B) = n). 

The stabilizability conditions (5.28) and (5.29) are also very satisfactory when 

we compare them to the results that can be found using the infinite dimensional 

systems approach, as described in chapter L Using this approach, Pandolfi (see 

[29]) derived exactly the same condition for the stabilizability of a time-d.elay 

system. However, he does not have to use dynamic feedback to achieve stability; 

static feedback turns out to be enough in his approach. Unfortunately, in this static 

feedback, distributed time-d.elays occur, even when the original system has only 

point delays. In this view, the result presented here is better because in our dynamic 

feedback only point delays are needed. Nevertheless it is rather surprising that one 

can prove the existence of such different stabilizing compensators under one and 

the same condition. 
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5.4. Pointwise stabilizability 

As already pointed out in §4.1., it is possible in our framework to change the 

notion of stability by modifying the Hurwitz set D under consideration. To illustrate 

this idea we introduce in this section the notion of pointwise stability and 

investigate to what extent the results we have found so far, will change. For 

notational convenience we first introduce the set 

(5.30) 

Then we can define the Hurwitz set D pas: 

Dp := { p(z'0"1, .. ,0"0 E lR[z'O"l''''O"k] I p is monic in Z and 

V Z E (+ V (O"l''''O"k) E 4: p(Z'O"l, .. ,0"0;t: 0 }. 
(5.31) 

DEF. 5.4.1. A system L= (A,B,C,D) over the integral domain R = 1R[0"1""O"k1 is 

called pointwise stable (stabilizable) if and only if it is stable (stabilizable) with 

respect to the Hurwitz set D p' 

Since the Hurwitz set Dp is contained in the set D as given in (5.1), pointwise 

stability is a (much) stronger property for a system than ordinary stability. But the 

concept of pointwise stability is also of practical importance. 

Suppose we are studying a time-delay system L= (A,B,C,D) over R with k 

incommensurate delays. However, the length of the several delays is in practice 

often not exactly known. Still we want to investigate the stability of this system. In 

order to do so we have to introduce the idea of stability independent of delay. The 

results of Cruz and Hale in [4] yield that our system is internally stable independent 

of delay if and only if 

-h Z -h.,. -
det(zI-A(e l, .. ,e 1r);tOforallzE (+andhi~O(i= 1, .. ,k). 

(5.32) 

Now it follows from def. 5.4.1. and formula (5.31) that the pointwise stability of a 

system implies its stability independent of delay. Moreover, pointwise stability is 



only a slightly stronger property than stability independent of delay, as already 

pointed out in [22]. However, pointwise stability and stabilizability are much easier 

to investigate than stability independent of delay and leads to easily verifiable 

stabilizability conditions. Therefore we will here give some results on pointwise 

stability in order to use them for stabilizing a system independent of delay. 

First note that theorem 5.1.1. does not depend on the Hurwitz set under 

consideration at all; it therefore still holds with D replaced by Dp. Moreover, 

theorem 5.3.2. is an immediate consequence of theorem 5.3.1. Therefore, to find 

conditions for pointwise stabilizability we have to prove an analogue of theorem 

5.3.1. 

THEOREM 5.4.2. Let eto(z),<ll(z), .. ,<lp(z) be polynomials in R[z] = lR[z,<J1, .. ,<Jk] 

which satisfy (5.16)-(5.18). Then 

(5.33) 

There exist polynomials gO(z),gl(z), .. ,gp(z) in R[z] such that 

p 

~a~z)glz) E Dp. 

The proof of this theorem is a modification (one could even say a 

simplification) of the proof of theorem 5.3.1. The details can be found in [22]. 

Therefore we omit it here. 

The next theorem is the modified version of theorem 5.3.2. 

THEOREM 5.4.3. Let A E Rn*n and B E Rn*m. Then 

(zI-A I B) is right-invertible over R D (z), 
p 

(5.34) 

The proof is again completely analogous to the one of theorem 5.3.2. Now we 
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finally arrive at 

COROLLARY 5.4.4. Let L = (A,B,C,D) be a time-delay system with k 

incommensurate delays, described as a system over R = 1R[<J1, .. ,Ok]' Then: 

i) (A,B) is internally pointwise stabilizable by dynamic state feedback if 

and only if 

(5.35) 

ii) (C,A) is pointwise detectable if and only if 

(5.36) 

iii) Lis internally pointwise stabilizable by dynamic output feedback if and 

only if (5.35) and (5.36) are satisfied. 

Since pointwise stability implies stability independent of delay, the conditions 

in corollary 5.4.4. are also sufficient for stabilizability independent of delay but 

(5.35) and (5.36) do not have to be necessary. However, these conditions are quite 

easy to verify and therefore very useful in practice. 

5.5 Notes and references 

The material covered in the first three sections is fully based on the report of 

Emre and Ashton ([11]) and the article of Emre and Knowles ([12]). They were the 

first to give easily verifiable necessary and sufficient conditions for a time-delay 

system to be stabilizable. In our proof, we follow along the same lines, although we 

have organized it in a somewhat different way. 

Around the same time, Kamen, Khargonekar and Tannenbaum published their 

results on pointwise stability as described here in §5.4. (see [22]). This work, 

certainly inspired by the results of Kamen on stabilizability independent of delay by 



static state feedback (see [19], [20] and [21]), had very much in common with the 

articles of Emre et al. The proofs of the crucial theorems (which are the theorems 

5.3.1. and 5.4.2. in this report) are only slightly different. The importance of the 

latter article is its usefulness for stabilizability independent of delay. Moreover, in a 

later article, Kamen, Khargonekar and Tannenbaum showed that a stabilizable 

time-delay system can always be stabilized by a dynamic compensator without 

delays (see [23]). 
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6. CONCLUSIONS 

In this final chapter, we draw our conclusions. In the first section, we will 

summarize the results found so far. In the second section, we give a short outline of 

problems in the field that to some extent are still open. 

6.1. Summary 

In this report. we have given a survey of the results in literature on the 

algebraic approach towards the stabilization of time-delay systems. We started 

with a short introduction on this method and tried to justify why this approach was 

the most favourable one to choose. 

Before addressing the stabilization problem, we first needed some systems 

theory for systems over rings. The notions of reachability and observability were 

introduced in chapter 2. Moreover, a test for reachability of a system L= (A,B) in 

terms of the right-invertibility of the matrix (zI-A I B) was treated in detaiL In 

chapter 3 we tried to apply these results and investigated to what extent static state 

feedback and pole placement techniques could be used to stabilize a system. It 

turned out that in general this method was not strong enough to stabilize a system. 

After these introductory chapters, we treated the problem of stabilization for 

systems over arbitrary integral domains in chapter 4. To do so, we first introduced 

an abstract notion of stability using Hurwitz sets. In this framework it was possible 

to find very satisfactory necessary and sufficient conditions for a system to be 

stabilizable or detectable. Moreover, it was possible to construct dynamic internally 

stabilizing output feedback compensators for systems that were both stabilizable 

and detectable. 

In chapter 5 we applied the method of chapter 4 to the systems we are 

interested in: time-delay systems. It turned out that in this particular application the 

conditions for stabilizability became intuitively very appealing. Moreover, the 

conditions were the same as those Pandolfi (see [29]) found for the same problem 

using the infinite dimensional systems approach. However, in his framework, static 

state feedback can do the job, but in this feedback distributed time-delays can 

occur. In our setting we have to use dynamic feedback in order to stabilize the 

system, but in this dynamic compensator only point delays occur. For 

implementation the last option is of course the most favourable one. 
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6.2. Further research topics 

The main shortcoming of the theory derived in this report is that all the results 

are existence results. We do not have an algorithm for the design of a stabilizing 

feedback compensator. However, the proofs of several theorems are certainly to a 

great extent constructive, so there we can find some clues for our design objectives. 

When we carefully study the derivation of the stabilizability result for a 

time-delay system L= (A,B,C,D) (over the ring R) with respect to a Hurwitz set D, 

we see that it can be split into two parts. First we prove that stabilizability is 

equivalent with right-invertibility of the matrix (zI-A I B) over the ring RD(z). The 

proof of this part is constructive: with help of the right-inverse of (zI-A I B) we 

design a stabilizing feedback compensator (see the proof of theorem 4.3.2.). 

However, the condition of right-invertibility of (zI-A I B) is difficult to check, and 

therefore we derived in theorem 5.3.1. and theorem 5.3.2. very easily verifiable 

conditions for (zI-A I B) to be right-invertible over RD(z). Unfortunately the proof 

of theorem 5.3.1. was not constructive at alL First we had to use a theorem from 

Hoffman's book to solve a Bezout equation in an algebra of functions which were 

continuous on {+u too} and analytic on {+. Then we invoked Mergelyan's theorem 

to approximate functions in this algebra by stable rea! rational functions. Clearly, 

both these steps are very hard to execute in practice, and here the main problems for 

application become clear. 

However, for systems with commensurable time-delays (so for systems over 

the ring !R[a]) , this problem has been solved to some extent. In [24] Kamen, 

Khargonekar and Tannenbaum introduce a ring eA which is an extension of !R[a]. 

Under the same conditions as in theorem 5.3.2. they are able to construct a 

right-inverse of (zI-A I B) over the ring eA[z]. The same method can be used to find 

a right-inverse of (zI-A I B) over the ring eApS(z). This last ring is an extension of 

the ring of all proper elements in RD(z) and consists of functions which are analytic 

in {+ and continuous on the boundary {+ u fool. In this way it is possible to find a 

construction that replaces the existence result of Hoffman. 

The next step to find a solution to our original problem (a right-inverse of 

(zI-A I B) over R D(z) ) is to approximate the right-inverse over eApS(z) by stable 

real rational functions. In [23] and [25] Kamen, Khargonekar and Tannenbaum also 

indicate how this problem can be solved. However, in this approach there are also 

still some open questions. For example, it is not clear what approximation 
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technique is the best to use. Moreover, this method often leads to a dynamic 

compensator of a very high order. On the other hand, the compensators designed 

with this method do not contain any delays, so we do not use the complete freedom 

we have in this design procedure. Therefore, further research in one of these 

directions still seems to be worth wile. 



APPENDIX A 

In this appendix, we state and partly prove two important theorems from 

commutative algebra, the }(lCal-global theorem and the Hilbert- Nullstellensatz. In 

the chapters 2 and 3 we have used them quite often in order to prove the 

reachability of a system. To do so, we had to investigate the surjectivity of the 

matrix (zI-A I B) over the ring R[z]. In this appendix we will consider the question 

whether a map is surjective or not in a more general way. It turns out that the 

investigation can be facilitated a lot when we use the local-global theorem. In the 

derivation of this theorem we follow roughly along the same lines as in 

[3, pp.76-78]. 

Let R denote a commutative ring with identity, and let M andN be R-modules. 

Consider a map T: M -+ N, where T is an R-homomorphism. Now the question is: 

when is T surjective? 

If i is an ideal in R, and M a module over R, we denote by iM the set 

iM:= {~af1j I ajE i,mjE M}. 
J 

Then the factor module Mi of M with respect to i is defined as 

Mi :=M/iM, 

i.e. Mi is the set of all equivalence classes under the equivalence relation 

x-y :{::::.}x-y E iM. 

Mi can be made into an R-module by defining 

x+y :=X + y, 

rx :=rx, 

(AI) 

(A2) 

(A3) 

(A.4) 

where x denotes the equivalence class of x. Clearly both these operations are well 

defined. The map x -+ x from M to M. is called the canonical projection. For a 
1 
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homomorphism T: M -. N and an ideal i we can define 

(A.5) 

Again. the map Ti is in this way well defined. 

We are now able to prove the following lemma: 

LEMMA A.l. Let M be a finitely generated R -module and i an ideal in R. Then 

Mi = 0 (or equivalently M = iM). (A.6) 

3 r E R : r == 1 (mod i) A rM = O. (A.7) 

PROOF 
"¢=" Let r E R be such that rM = 0 and r == 1 (mod i). Then r-l E i. Let x eM. 

Then rx = O. so x = x - rx = (l-r)x. But (1-r) = --(r-l) E i and therefore x E iM. So 

Me iM. Since trivially iM eM, we conclude thatM = iM. 

Let x1 ••. ,xn generate the module M, and let N be a free module of 

dimension n. i.e. N = Rn. Take a basis e1, .. ,en of N and define the epimorphism 

X:N-+Mby 

Since M = iM there exist elements a j i E i such that 

xi=~ajjXj (i=l, ... n). 
J 

Let A: N -. N denote the homomorphism with matrix (a ij) with respect to the basis 

e1, .. ,en. Then Xe i = XAe i (i = 1, .. ,n), and hence 

X=XA. (A.8) 

Now, let p denote the characteristic polynomial of A. i.e. p(z) = det(zI-A). Let 

p(z) = t ali. Because of the Cayley-Hamilton theorem we know that peA) = O. So 
1=0 



0= Xp(A) = X ta.A i= tax = (t a~l)~· X = p(l)· X. 
~o (1 ~ (1 ~o 1 

Therefore p( l)M = O. 

Finally, since all the entries of the matrix A are elements of i, we have, using 

the definition of the determinant, that p(1) = det(I-A) == 1 (mod 0. Therefore p(1) 

satisfies both conditions in (A.7). This completes the proof. 0 

COROLLARY A2. Let M be a finitely generated R -module and assume that for all 

maximal ideals m of R: M = O. Then M = O. m 

PROOF 

Let x E M, and assume that x :f: O. Then the ideal i defined by i := { r E R I 
r· x = 0 } is a proper ideal of R. So i is contained in a maximal ideal m. Since 

M m == 0, there exists, according to lemma AI. an element r E R such that r == 1 (mod 

m) and rM = O. So certainly r·x = O. But then rEi t::: m. Also (1-r) Em. Hence 

I = r + (l-r) E m. This contradicts the fact that m must be a proper ideal of R, and 

we conclude that x = O. 0 

Now, let T: M - N be an R-homomorphism. When i is an ideal of R we can 

consider the map Ti by taking quotients. So, as in (A.5): 

T.:M._N.: m-Tm. 
l l Z 

Clearly we have 

im(T.) = (im(T» .. 
I I 

(A9) 

So, when T is sUIjective, then, for any ideal i in R, Ti is surjective too. The 

local-global theorem is a sort of converse of this result: 

THEOREM A.3. (Local-global theorem) Let T: M - N be an R-homomorphism 

and suppose that N is finitely generated. If for all maximal ideals m in R the 

R-homomorphism T : M -N is surjective, then T is surjective. m m m 
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PROOF 

Since Tm is surjective, it follows thatN,J(im(T»m = 0 for all maximal ideals 

min R. But N m/(im(T»m == (N/im(T»m via the isomorphism 

Therefore 

(NJim(T» = 0 m 

for all maximal ideals m. Moreover, because N is finitely generated, N/im(T) is 

finitely generated too. Application of corollary A.2. yields that N/im(T) = 0, hence 

im(T) =N. 0 

The local-global theorem makes it possible to investigate the surjectivity of an 

R-homomorphism T: M ~ N by studying the homomorphisms T defined on the m 
factor modules Mm ~ N

m
, where m is a maximal ideaL In general these are much 

easier to study because the quotient RIm is a field. 

The main problem in applying the local-global theorem is that we have to 

guarantee that for all maximal ideals m in R, T m is surjective. To do so, we need a 

complete knowledge of the maximal ideals in R. This is often a quite difficult 

problem, but for the polynomial rings we are mainly interested in, an answer can be 

given with help of the well-known Hilbert Nullstellensatz. We quote this theorem 

from [36, p.l64]. 

THEOREM A.4. (Hilbert Nullstellensatz) Let k be a field and K the algebraically 

closed extension of k. Let P,P1,P2, .. ,P q be polynomials in the ring k[X1, .. ,Xn]. 

Assume that P vanishes at every common zero of P1, .. ,P q' Then there exists an 

exponent r and polynomials A1, .. ,Aq in k[X1, .. ,Xn] such that 

(A.IO) 

PROOF: See [36, pp.I64-167]. 



COROll.ARY A.S. Consider the ring R = IR[O"l""O"k] and let a E (k. Define 

(A. 11) 

Then 

is the set of all maximal ideals in R. 

PROOF 

First we show that for all a E (k, ma is indeed a maximal ideal. Let a E (k, then 

ma is clearly an ideal. Let pER, P eo ma' Take a q E ma such that p and q do not 

have any zero in common. Then, according to the Hilbert Nullstellensatz, there 

exist polynomials a and b in R such that 

l=a·p+b·q. 

So ma + <p> == R, and ma is indeed maximal. 

Now, let m a maximal ideal in R. We have to prove that there exists an a E (k, 

such that m == ma' Suppose that the polynomials in m do not have a common zero. 

Then there exist polynomials Pl''''Pn in m such that Pl''''Pn do not have a zero in 

common. So, according to Hilbert's Nullstellensatz, there exist polynomials al, .. ,an 

in R such that 

We conclude that m == R, and this contradicts the fact that m is a maximal ideal and 

therefore proper. 

So all the elements of m have at least one common zero, say a. Then m c; ma' 

But because both m and ma are maximal ideals we must have m = ma: This 

completes the proof. 0 

Finally we conclude that when R == IR[O"l''''O"k] it is quite easy to investigate the 

surjectivity of an R-homomorphism T between two R-modules M and N, by 

combining theorems A.3 and A.S. According to A.3. we only have to check the 
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surjectivity modulo each maximal ideal, and A.S. gives us a description of all 

maximal ideals in R. 



APPENDIXB 

In this appendix we state and prove a certain realization theorem , which was 

needed in the proof of theorem 4.3.2. It is based on a result for systems over fields 

from the book of Kailath (see [17, ppA03-409]). However, the generalization to the 

systems over rings case is very straightforward. 

THEOREM B.I. Let R an integral domain and P(z) an mxn and Q(z) an nxn matrix 

over R[z]. Assume that Q(z) is monic and deg(Q(z» = k > deg(P(z». Consider the 

matrix T(z) := P(z)Q(z)-l as a matrix over R(z). (Clearly T(z) is strictly proper). 

Then there exists a realization of matrices A, B, Cover R such that 

T(z) = C(zI-A)-lB, with the properties 

i) (A,B) is reachable, 

ii) det(Q(z» = det(zI-A). 

PROOF 

Because Q(z) is monic and of degree k, we can write Q(z) as 

where 

Q(z) = S(z) + Qlo'¥(z), 

S(z) = zk. I, 

'¥(z) = blockdiag( 

Zk-l 
zk-2 

z 
1 

I i = 1, .. ,n), 

(B.1) 

and Qlo an nx(n· k) matrix over R. In fact we write Q(z) as Q(z) = zk. I + "lower 

order terms". In the same way there exists a matrix P lo over R such that 

P(z) = P lo · '¥(z), (B.2) 

because deg(P(z» < k. 

Now, define the (n· k)x(n· k) matrix A~ as 
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A~ := blockdiag( 

o ·····0 
1 0 
o 1 . ....... : I i = 1, .. ,n ) 
0 .. :0'10 kxk 

and the (n . k)xn matrix B~ by 

(B~)T := blockdiag( [1 00 ... 0] lxk I i = 1, .. ,n ). 

Then 

B~· S(z) = blockdiag( I?] I i = 1, .. ,n) . (zk. 1nxn) = 

o kxl 

And 

= blockdiag(lf] I i = 1, .. ,n). 

o kxl 

z 
-1 z 

Zk-l 
zk-2 

(zI-A~)· 'P(z) = blockdiag( 
-1 . 

z 

So 

Define 

':'1 z 1 

= blockdiag( 10
k

] I i = 1, .. ,n). 

o kxl 

BgS(z) = (zI-Ag)'P(z). 

A := Ag - BgQlo' 

B:= Bg, 

C :=P1o' 

li=l, .. ,n)= 

Then A, B, and C are matrices over R and using (B.5) and (B.I) we get 

(B.3) 

(B.4) 

(B.5) 

(B.6) 
(B.7) 

(B.8) 



(zI-A)'I'(z) = (zI-A~+B~Qlo)'I'(z) = (zI-A~)'I'(z) + B~Qlo 'I'(z) = 

= B~S(z) + B~Qlo 'I'(Z) = B~· (S(z) + Q1o'l'(z» = B~Q(z). 

So, by the definition of B: 

(zI-A)'I'(z) = BQ(z). 

Therefore 

'I'(Z)Q(Z)-l = (zI-A)-lB. 

Pre-multiplication with P 10 = C and the use of (B.2) yields 

C(zI-A)-lB = P1o'l'(z)Q(z)-1 = P(z)Q(z)-l = T(z). 

So (A,B,C) is a realization ofT(z). 

(B.9) 

It is also not very difficult to prove that (A,B) is reachable. Since A· B = 
(A2-B2Qlo)B~ = A2B~ - B2QloB~, it is quite clear that the columns of 

(B lAB 1 ... 1 Ah-lB) span the same space as the columns of (B21 A~B21 ... 1 (A~)h-lB~) 

(for all h E IN). So (A,B) is reachable if and only if (A2,B~) is reachable. Now 

B~ = blockdiag( [~l I i = 1, .. ,n), 

o kxl 

A2B~ = blockdiag( 

o 
10 

1 . 

0 
1 

10 

1 
o 

o 

I i = 1, .. ,n) = 

= blockdiag( 0 I i = 1, .. ,n), 

0 kxl 

and in the same way for j :::;; n-l: 

107 



108 

o 
o 

(A~)JBg = blockdiag( 1 +-j + Iii = I, .. n ). 
o 
o kx1 

Therefore it is immediately clear that the columns of (Bg 1 AgB~ 1 ... 1 (Ag)n-1Bg) 

generate Rnk. But then the columns of (Bg 1 AgBg 1 ... 1 (Ag)nk-1Bg) certainly generate 

Rnk and by definition 2.2.1. (Ag,Bg) is reachable. We conclude that also (A,B) is 

reachable. 

Finally, to prove that det(zI-A) = det(Q(z», note that A is an (n· k)x(n· k) 

matrix, so det(zI-A) is a monic polynomial of degree n' k. Q(z) is nxn, monic, and 

of degree k, so det(Q(z» is monic and deg(det(Q(z» = n· k. 
Because (A,B) is reachable, (zI-A 1 B) is right-invertible over R[zJ and there 

exist polynomial matrices N(z) and M(z) such that 

(zI-A)N(z) + BM(z) = I. (B.1O) 

From (B.9) we recall that 

-(zI-A),'¥(z) + BQ(z) = O. (B.ll) 

Combination of (B.1O) and (B.II) in one equation yields 

[
ZI-A B 1 [N(Z) -'P(z) 1 [ I 0 1 
o I' M(z) Q(z) = M(z) Q(z) . (B.12) 

All the matrices in (B.12) are square, so taking detenninants we get 

[ 
N(z) -'P(z) 1 

det(zI-A)· det( M(z) Q(z) ) = det(Q(z». (B. 13) 

[ 
N(z) -'P(z) 1 

Define p(z) ;= det( M(z) Q(z) ). Since N(z), M(z), 'P(z) and Q(z) are all 

polynomial matrices, p(z) is a polynomial too. Now det(zI-A) and det(Q(z» are 

both monic polynomials of degree n· k. Therefore it follows immediately from 
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(8.13) that we must have p(z) = 1, so det(zI-A) det(Q(z». 

This completes the proof. 0 
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