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Abstract. A method of optimal approximate system identification is proposed using a 
distance measure between an exact model for the observed data sequences and a reduced 
order (approximate) model for the same data but of lower complexity. A key property of this 
measure is that the distance is independent of specific parameterizations of the model. This 
distance measure can be computed in terms of induced norms of Hankel operators which 
are associated with the data. Using these ideas and a behavioral framework of describing 
dynamical systems, we put forward a new algorithm for optimal approximate identification 
of time series. 
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1. INTRODUCTION 

In this paper we consider the problem of identi
fying linear time-invariant models from a given 
set of time series. We depart from the standard 
setting of this problem by refraining from a-priori 
assumptions on the input-output structure of the 
to be identified system. It is first shown that 
for an important class of time series optimalHn
ear time-invariant models which explain the data 
are characterized by autonomous systems. Opti
mal (i.e. least complexity) input-output models 
are derived from such an autonomous model in a 
straightforward way using polynomial representa
tions. 

The question of approximate modeling amounts 
to minimizing the misfit between model and data 
subject to a complexity constraint on the class 
of candidate models. Motivated by the observa
tion that exact identification of time series results 
in autonomous models, the question of approxi
mate modeling of time series is addressed in the 
context of autonomous systems. We define a nat
ural distance measure between data and model 
which is independent of representations of mod
els. It is shown that this non-parametric misfit 

t The research of dr. A.A. Stoorvogel has been made 
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measure corresponds to the Hankel norm of an 
operator which is associated with the data and 
which maps models to model errors. Optimal ap
proximate models are then obtained by perform
ing optimal Hankel norm reductions. We believe 
that this method has important implications not 
only for applications in system identification, but 
also for problems related to data reduction, model 
approximation, the analysis of model uncertainty 
and robust control. 

We conclude this section with the introduction 
of some notation. Let T C Z and denote by 
'2(T, R9) the set of functions w : T -+ R9 for 
which 

II w II~:= L I wet) 12 < 00. 

feT 

Here, I . I denotes the standard Euclidean norm 
in Rf. If the dimensions of these objects will be 
understood from the context and if T = Z+ := 
Z n [1, (0) [or T = Z-l then we write It [I;] for 
'2(T, R9). Let £2 denote the space of all power 
series LieZ w(t)z-t, z e ee, with w e ,2(Z, Rq). 
Let 'Ht and 'H; denote the subspaces of £2 for 
which wet) = 0, t :5 0 and wet) = 0, t > 0, 
respectively. Then 'Ht and 'H; are Hilbert spaces 
with their natural norms and inner products and, 



clearly, £2 = 11; E!111t. We will write D+ and 
D_ for the canonical projections of £2 onto 11t 
and 11; , respectively. 

2. DATA AND UN FALSIFIED MODELS 

Consider a finite set of q dimensional time-series 

Wi : Z+ --+ W, i = 1, ••. , n (1) 

where n > 0 is the number of observed time-series 
and W := It' is the signal space in which the ob
served variables take their values. A fundamen
tal problem is to find an optimal model which 
explains this data. Following the framework of 
Willems (Willems, 1986; Willems, 1991), a model, 
or a system, is any subset 8 of the set of q-variate 
time series w : T ..... W. That is, a system is 
viewed as a collection of trajectories B s;:; WT, 
with T the time axis which is assumed to be Z+ 
for our application. The set B has the interpre
tation of specifying those time series w which are 
compatible with the laws of the system. 

A few basic concepts of the behavioral framework 
are reviewed. A system B is called linear if B is 
a linear subspace of WT, it is said to be shift 
invariant if (lB s;:; B. Here, (I denotes the usual 
shift «(lw)(t) ::::; wet + 1). A system B is said 
to be autonomous if there exists a k > 0 such 
that the mapping 1I'k : B ..... B l[l,k], defined by 
the restriction 1I'k{W) :::::; W I[l,i]' is injective. A 
system B is unfalsified by the data (1) if Wi E 
B for i = 1, ... , n. A system B1 is said to be 
more powerful than B2 if B1 s;:; B2 • Hence, the 
more powerful a system is, the more trajectories 
it refutes. 

Let B denote the class of all linear, time-invariant 
and closed (in the topology of pointwise conver-
gence) subsets of WZ+. The most powerful un
falsified model in B, based on the data (1), is a 
model Bmpum E B which is unfalsified by (1) and 
which is more powerful than any other unfalsified 
model 8 E B. It has been shown (see (Willems, 
1986; Willems, 1991» that for any data set (1) 
the most powerful unfalsified model Bmpum E B 
indeed exists and is unique. 

Consider the power serieS 

where Z E ([: and 8 s are constant real matrices, 
i.e., 8 s E 1t9 X 9 for some 9 > O. It is assumed 
that 8 E R:H.;" i.e., 8 is rational and analytic 

for all points z inside the unit circle. Let 6«(1) be 
an operator acting on signals wElt and consider 
the equation 

8«(I)w = 0 (2) 

This defines a linear time-invariant system B E B 
by putting 

8:::: 8(8) :::::; {w E It I 8«(I)w::::; OJ. (3) 

Here, 8«(1) is said to be a kernel representation of 
8. It is important to observe that with systems 
defined by (3), we restrict attention to linear, 
shift-invariant and closed subsets of l2(Z+, 1t9). 
Thus, B E B n It. We therefore refer to these 
systems as It systems in B. 

Let B be defined as the image of 8 under the 
Laplace transform and let D+ denote the canon
ical projection D+ : £2 ..... 11t. Then, in the 
frequency domain, (3) is equivalently described 
by 

Let W denote the Laplace transform of the data 
matrix [w}, ... , wn ], i.e., 

- -1 - -2 W(z) ::::: W{l)z + W(2)z + ... , (4) 

where Wet) :::: [Wl(t)," . wn(t)] , t E Z+. We will 
make the following assumption on the data 

Assumption 2.1 W is rational and belongs to 

11t· 
Then, clearly, the Laplace transform defines a bi
jection between the data (1) and W. Typical 
examples of these da.ta. sets include finite length 
measurements, finite sets of frequency response 
measurements and polynomial-exponential time
series. A study of data sets of this type recently 
appeared in (Antoulas and Willems, 1993). 

We will be interested in characterizing the set of 
all kernel representations of unfalsified models of 
the data (1). For this purpose, let M, the family 
of kernel representations of(l), be defined by 

Furthermore, introduce a Hankel operator rw 
(R:H.;')'XIJ ..... 11t defined by the composition 
rw(8) := D+8W. The model set M is then 
characterized as follows. 



Theorem S.2 Let W = 9;;'~um 'I" be a left coprime 
factorization over R:H;, of W. Then the following 
statements are equivalent 

1. 9EM 

2.9EKerrw 

3. 9 = A9mpum for some A E R:H;'. 

Moreover, the most powerful unfalsified model 
8mpum = 8(9mpum ) is an autonomous system. 

A proof can be found in (Antoulas and Willems, 
1991; Antoulas, 1993). Theorem 2.2 has the in
terpretation that all models (3) for the data (1) 
are generated from 8mpum by left-multiplication 
of 9 mpum by elements A E R:H;,. Note that 
9 mpum is a square q x q rational matrix which is 
uniquely determined up to pre-multiplication by 
units in 1l;'. Observe also that Ker II+ 9 mpum is 
a finite dimensional subspace of 1lt . 

3. THE APPROXIMATE MODELING 
PROBLEM 

In order to formalize the approximate modeling 
problem we specify the complexity of a system 
8 E B together with a criterion of misfit which 
expresses to what extent a model fails to explain 
a given data set (1). The approximate modeling 
problem then consists of finding a low complexity 
model which minimizes the misfit between model 
and data. Let 8 = 8(9) E B with 9 E R:H;,. 

Definition 3.1 The complexity c(8) of B = 8(9) 
is a pair c(8) := (m(B), n(B» where m(B) = q
rank (e) and nCB) is the McMillan degree of 9. 

In this definition, q - m(B) indicates the minimal 
number of independent laws which define 8, while 
nCB) denotes the dimension of the space of initial 
conditions, Le., the state space in any minimal 
state space representation of B. We remark that 
m(8) corresponds to the number of inputs (free 
variables) in any input-output representation of 
8. See (Willems, 1991) for more details. 

We will impose a lexicographic ordering on com
plexities. That is, c(Bd ::; c(82 ) if either 
C{Bl) = c(82) or m(8l ) < m(B2} or, whenever 
m(8d = m(82), n(8d < n(82 ). In particu
lar, for autonomous systems 8 this implies that 
c(8) = (0, N) where N equals the dimension of 8 
as a subset of It. 

When we look for models of low complexity then 
we have to accept a discrepancy between model 

and data. We formalize this by introducing a mis
fit function between the data and model. Recall 
from Theorem 2.2 that 9 is an exact model if 
and only if rw(9) = II+9W = O. Motivated 
by the definition of the Hankel operator rw, a 
feasible choice (Antoulas, 1993) for a misfit func
tion would be II rw(9) II, where II . II denotes 
the standard norm in 1lt. However, this mis
fit function does not take the non-uniqueness of 
kernel representations (2) of systems 8 E B into 
account. We therefore define a misfit function 
which is independent of specific parametrizations 
of the model. 

Let 8 E Bnlt be an It system and denote by BJ. 

the orthogonal complement in 1lt of the Laplace 
transform B of 8. 

Definition 3.2 The misfit between 8 and W is de
fined as 

d(8, W):= 

{ 
<Wz,v> 'J. } 

sup II vII liz II IvE8,ZE1l2 (5) 

where the inner product and the norms are the 
usual ones in the Hilbert space 1lt. 

This misfit function is motivated as follows. Note 
that in (5), the data matrix W is viewed as an 
operator mapping elements of 112 into elements 
of £2. Writing W = II_ W + 11+ W, then the im
age of W is naturally decomposed in the orthog
onal sets W_ := II_ W1l; and W+ := II+ W1l2. 
Since W E 1lt, it follows that W+ is finite di
mensional and, in fact, W+ = Bmpum. We can 
therefore rewrite (5) as 

d(8, W) = 

{ 
< w, v > ~ J. ~ } 

sup IIvllllwllw I v E 8 I wE 8mpum 

where the inner product and the norm II . II are 
as before and 

is a 'data weighted' norm on elements of Bmpum. 

We can interpret the misfit (5) as a measure of 
how far the principal axes of the data matrix W 
violate the laws < w, v > = 0 where v E BJ. 

specify the laws which are implied by the model 
8. 



Note that deB, W) ~ 0 and deB, W) = 0 if and 
only if B is unfalsified by the data. Moreover j the 
misfit function of Definition 3.2 is independent of 
representations of systems B e B n It. 

As an example, let q = 1 and let the data be 
given by Wl(t) = Ai, W2(t) = €A~, where IAII < 
1, IA21 < 1, t e Z+ and € > O. Then W(z) = 
[(z -Al)-l €(z - A2)-I] and the corresponding 
most powerful unfalsified model is obviously given 
by Bmpum = span Pt, An. Clearly, for € > 0 
small, we can no longer discriminate between the 
basis components WI = At and W2 = (A; which 
span Bmpum. In fact, any first order approximate 
model B = span {At} of Bmpum does not take the 
value € > 0 into account, whereas it seems logical 
to consider this value for defining a data weighted 
approximate model as in Definition 3.2. 

The following result relates the misfit (5) to the 
Hankel norm of a specific operator. 

Theorem 3.3 Let 9 be a co-inner kernel repre
sentation of a system B e B n It. Then 

where II . liB denotes the induced operator norm 
of the composite function I1+9W viewed as a 
mapping from 11.i to 11.t. 

Consider dual spaces to obtain the following al
ternative expressions for the misfit. 

Theorem 9.4 Let 9 e 11;' be a co-inner kernel 
representation of B. Then there holds 

The second expression is to be interpreted as the 
induced operator norm of a mapping from 11t to 
11i. Using the fact that 9 .... is inner we obtain 
the right hand side expression where the operator 
norm is viewed as the induced norm of a mapping 
from 8J. to 11i. Theorem 3.4 nicely shows that 
the misfit (5) is completely independent of specific 
parametrizations of B. 

The approximate modeling problem we will re
solve in this paper is defined as follows. Given a 
data sequence represented by W, find a behavior 
Be B which minimizes the misfit d(B, W) over 
all behaviors of complexity less than or equal to 
k>O 

4. MAIN RESULTS 

Our main result is as follows: 

Theorem ,..1 Let W e 11t be given by (4) and 
suppose that Assumption 2.1 holds. Let Bmpum 
be the most powerful unfalsified model for W. 
Suppose that c(Bmpum) = (0, n) and let 0'1 ~ 
0'2 ••• ~ 0'1,: ~ ••• ~ Un > 0 be the singular val
ues of W. Let WI.: e 11t be an optimal Hankel 
norm approximation of W with McMillan degree 
k and define Bt to be the most powerful unfalsi
fied model associated with the data WI,:. Then 

1. BI,: is autonomous 

3. {c(BD!! (O,k)} =? {d(Bk' W) ~ d(BI,:, W)}. 

Conclude from Theorem 4.1 that BI,: is the argu
ment of: 

mint deB, W) I Be B nit, c(B) ~ (0, k) }. 

In other words, Theorem 4.1 gives a construc
tive method for the computation of an optimal 
approximate model of complexity (0, k) when we 
use the distance function as defined by (5). For 
given data (1) and k > 0, this leads to the follow
ing conceptual procedure for obtaining optimal 
approximate models. 

Algorithm: 

1. Define the rational function W e 11t accord
ing to (4). 

2. Compute an optimal Hankel norm approxi
mant WI.: of W with McMillan degree k. See 
(Glover, 1984). 

3. Let Wk = e~~um.k 'lk be a left coprime fac
torization over H;; of Wk. 

4. Put Bk = B(empum,k)' 

Proof of Theorem 4.1 Part 1 is one of the 
basic properties of the most powerful unfalsified 
model. Next, we focus on part 2 and 3. Let 91.: be 
an inner kernel representation of Bt. We obtain: 

IIII+9k WIIB = IIII+9k(W - Wk)IIB 
= IIII-(W"" - Wi)9; liB 
= IIII-(W'" - Wi) 11m e- liB 

It 

< IIII-(W'" - Wr)IIB 
(6) 

Thus by Theorem 3.3 we have d(BIt, W) !! O'k+1' 

Let e e 11~ be a co-inner kernel representation 



of some arbitrary autonomous behavior 8 of com
plexity c(8) ~ Ie. Define llB as the orthogonal 
projection outo 8. Clearly, llB has rank less than 
or equal to Ie. Furthermore, 

since I - lls is an orthogonal projection onto 
1m e .... We get: 

IIll+ewliH = IIll_W-e"'IIH 
= IIll-W .... (I - lls)IIH 

= Illl-W'" - ll_ W"'llsllH 
2: O"Hl· (7) 

The last inequality follows from the fact that, 
since lls has rank Ie, ll_ W ..... lls is, as a rank k 
approximant of ll_ W ..... , never closer (in Hankel 
norm) than the optimal Hankel norm approxi
mant. It is well known that the optimal Han
kel norm approximant results in an error equal 
to 0"1:+1 and the result follows. (7) proves part 
3 while (6) in conjunction with (7) for e = 81: 
proves part 2. • 

5. CONCLUSIONS 

In this paper we developed a method for optimal 
approximate modeling of time series. The misfit 
between model and data is defined in a represen
tation independent way and we showed that the 
misfit criterion can be expressed in terms of the 
Hankel norm of an operator which is associated 
with the data. 

We emphasize that the approximate modeling 
procedure discussed here is based on the assump
tion that the Laplace transform of the data is 
rational and belongs to 1lt. In the time do
main, this includes polynomial-exponential data, 
impulse responses oflinear time-invariant lumped 
systems and many other signals of practical in
terest. In particular, any finite length time-series 
or any finite set of frequency responses can be 
treated in the presented framework. 

The optimal approximate modeling problem con
sidered here involves the minimization of a mis
fit function subject to a complexity constraint on 
the models. As a second methodology, we may 
wish to specify a tolerated misfit and minimize 
the complexity of candidate models in B. It is in
teresting to notice that this problem can entirely 
be solved in the context of autonomous systems. 

We finally remark that the matrix WI: defined 

in Theorem 4.1 has the interpretation of an ap
proximate data set. The method proposed here 
has therefore implications for problems related to 
data reduction. 
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