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Chapter 1

Introduction

1.1 Acoustics and aeroacoustics

Acoustics is defined as the science of sound (Pierce1). Sound is related to the notion
of wave, that is oscillatory perturbations which move from a source and propagate
through a medium (air, water, solids). The frequencies f of the fluctuations can be so
small (infrasound) or so high (ultrasound) that they cannot be heard by a human ear.
In the present study, only the audio range (20 Hz ≤ f ≤ 20 kHz) is considered.

The pressure fluctuations p′ associated with sound are small compared to the at-
mospheric pressure patm (p′/patm = O(10−4)). The use of linear theory is therefore
justified. Furthermore, it appears that for the audio range of frequencies, thermal
and viscous effects can be neglected when acoustic waves propagate in free space over
distances of the order of the wavelength.

Aeroacoustics is one of the many fields related to acoustics and deals with the study
of the interaction of acoustic waves with flows. In some cases, sound is absorbed or
generated as a result of this interaction. We then say that there is an aeroacoustic
sound source. The first formal definition of aeroacoustic sound source was proposed by
Lighthill2,3. In his approach, the sound is generated by the deviation between the actual
flow and a reference ideal acoustical field which is an extrapolation of the acoustical
field at the position of the listener. His aeroacoustic analogy describes the quadrupole-
like behavior of the sound produced by turbulent fluctuations of the velocity field.
Lighthill’s analogy is a very general definition which allows a systematic introduction
of approximations.

Powell4 showed that, for low Mach numbers and a source region small compared
to the wavelength (compact), Lighthill’s sound source may be rewritten in terms of
the vorticity. This is an efficient description because the vorticity field is confined to
a smaller space than Lighthill’s original sound source. Furthermore, the flow field can,
at low Mach numbers and high Reynolds numbers, be described efficiently in terms
of vortex dynamics (Saffman5). Sound generated by vorticity is called ‘vortex-sound’.
Powell’s analogy has been generalized to high Mach number flows by Howe6.
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1.2 Ducts

The present study is limited to the interaction between acoustic waves and flows in
ducts at low Mach numbers (O(10−1)) and high Reynolds numbers (O(105)). The ducts,
which we consider, are built out of straight pipe segments (constant cross-sectional
area) joined by discontinuities such as bends or abrupt expansions. Propagation of
acoustical waves in straight pipe segments is efficiently described in terms of guided
wave modes. For a uniform stagnant fluid or a uniform flow, only plane waves propagate
in a duct if the frequency is below a critical frequency which is called the cut-off
frequency fc. When the duct has a discontinuous cross-section, flow separation can
occur. Vorticity from the viscous boundary layers is injected into the flow and forms
shear layers separating the high velocity region (jet) from low velocity regions. The
shear layers are unstable and tend to break down into coherent structures (called
vortices) in which the vorticity is concentrated. In the presence of resonators, the
coupling between acoustical resonances in the duct and vortex shedding induces self-
sustained oscillations of the flow. This phenomenon can in some cases, generate velocity
fluctuation amplitudes of the same order of magnitude as the main flow velocity. Next
to this phenomenon, sound radiation at an open pipe termination or by wall vibrations
can be a problem. In the present study, however, wall vibrations will be neglected.

1.3 Technological applications

Interaction of acoustic waves with flows in ducts is widely encountered in our modern
society. The noise generated by fluid machines such as fans or pumps is due to sound
generation from fluid flow. Vacuum cleaners, hair dryers, exhaust pipes and ventilation
systems are examples of widely used machines having significant noise problems. In
compressor stations of natural gas transport system, very complex manifolds of pipes
of various cross-sections and elements are used. Due to an increasing demand for gas
distribution, there is a tendency to transport gas at higher pressures and higher velo-
cities. Avoiding self-sustained flow instabilities in such systems is a difficult task. The
main part of the thesis is motivated by such technological applications.

1.4 The flute

Next to engineering applications in which noise generated by flow machinery is
generally considered as a nuisance, sound production can be intended and rewarding
in other applications, such as music. The mechanism of sound production in flue
instruments is, in a sense, very close to that of noise produced by the grazing flow along
the sunroof of cars. The whistling sound generated by a coupling between instabilities of
the shear layer separating the main flow from the stagnant fluid in a cavity (body of the
instrument or car) and the resonant acoustical field, is wished in one case but should be
avoided in the other case. For a sunroof, a small modification of the geometry can have
a major effect on the pulsation amplitudes. The mouth geometry of flue instruments
has also a strong effect on the pulsation amplitudes reached. It has furthermore an
important effect on the musical quality of the sound. This phenomenon is one of the
focus points in our study.
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1.5 Flodac project

In order to improve the knowledge in acoustics of ducts, generic problems, related to
sound generation and sound production in fluid machinery systems, have been defined
and have been investigated within the framework of an European project called Flodac
(acronym for ‘Flow Duct Acoustics’). The aim of this project was to develop tools
that industry can use in the design of low noise devices such as ventilation systems, air
dryers, etc.

The partners involved were:
• Kungliga Tekniska Högskolan KTH (Se),
• Laboratoire d’Acoustique de l’Université du Maine LAUM (Fr),
• Technische Universiteit Eindhoven TU/e (Nl),
• University of Hull EDM (Uk),

for the universities and
• Nederlandse Organisatie voor Toegepast-Natuurwetenschappelijk Onderzoek

TNO (Nl),
• Asea Brown Boveri ABB (Se),
• Philips Domestic Appliances and Personal Care (Nl),
• Renault Recherche Innovation (Fr),
• Volvo Truck Corporation (Se)

for the industries.

The generic problems investigated within the framework of the Flodac project were:
the modelling of a non-linear source connected to a linear acoustic system, sound gene-
ration from flow constrictions and from fans with non-ideal inflow conditions, acoustic
interactions in ducts, compact reactive silencers, dissipative silencers and effects of
vibrations on the performance of silencers. The technological applications covered
were jet-fans for road tunnel ventilation (ABB), hair-dryers and air-cleaners (Philips),
fans for car ventilation systems (Renault), compact reactive silencers for ducted fans or
exhaust systems (ABB, Volvo), dissipative silencers for exhaust systems (ABB, Volvo).

Part of the work presented in the thesis is directly related to a task in the Flodac
project. The aim of the task was to provide a matrix representation of the aero-
acoustical behavior of flows at discontinuities in pipe systems, and to test the proposed
models. The analytical models developed in this thesis have been to some extent
incorporated in the SID (Sound In Ducts) code of KTH by Nyg̊ard7. This code provides
a low-frequency description of the acoustics of pipe systems with a lumped parameter
representation of the effect of pipe discontinuities. The EIA (Euler code for Internal
Aeroacoustics) code has been developed by Hulshoff8 for the specific needs of the Flodac
project. This code allows two-dimensional numerical simulations of the flow, based on
the Euler equations in which visco-thermal effects are neglected. This code should
provide detailed information on the flow at pipe discontinuities. Our task was to
validate this code.

1.6 Computational Aeroacoustics

Computational Aeroacoustics (CAA) is a new and active field concerned with nu-
merical simulations of acoustic radiation from time-dependent flow phenomena. In
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most of the recent works, the full Navier-Stokes equations are solved (Colonius9, Glo-
erfelt10, Tam11). This is called Direct Numerical Simulation (DNS). Three-dimensional
DNS at high Reynolds numbers requires a huge computational power. Therefore, in
most cases, only two-dimensional flow simulations are performed. Such calculations,
however, do not include turbulence effects. Another way to reduce computational time
is the use of analogies. An analogy combined with an incompressible flow numerical
method was used by Hardin12 to simulate the grazing flow over a two-dimensional ca-
vity in a wall. Kriesels13 and Hofmans14 used a similar incompressible flow simulation
technique applied to closed side branch systems in ducts. An intermediate method
between DNS and incompressible flow methods is to consider the Euler equations for
compressible two-dimensional flows. In this thesis, we use this approach and we assume
a slip boundary condition at the walls. The fact that we do not solve the structure
of the viscous boundary layers at the walls allows the use of a coarser mesh and, as a
consequence, limits the computational power required. As the Euler equations describe
inviscid flows, the method does not predict the effect of viscosity on the structure of
shear layers. Separated flows can however be simulated when the flow separation oc-
curs at a fixed point. Therefore, in our calculations and in most of our experiments,
the geometries are chosen such that the flow separation occurs at a sharp edge.

1.7 Configurations

A very common discontinuity in pipe systems is the bend. The present study was
limited to 90 degree bends (with various ratios r/D of the radius of curvature r of
the center line to the pipe diameter D). For the bends, most of the measurements
presented in this thesis have been carried out at LAUM. The experimental method,
based on a two-source method, allows measurements of the transfer matrix for a broad
range of frequencies. Complementary measurements have been performed at TU/e
with a different method (two-load method). Part of the experimental study on the 90
degree bends has also been carried out at TNO and at KTH where the focus point was
the turbulent noise production (Gijrath15, Nyg̊ard7).

As a first test for the prediction of self-sustained oscillations, it was decided to
study a closed side branch system (the cross-junction) and to compare our numerical
simulations with the results obtained from previous experimental studies (Peters16,
Kriesels13). Such closed side branch resonators are common in gas-transport systems
and often cause several problems.

The whistling phenomenon in a Helmholtz resonator is another generic problem
studied during the project. We consider as a first case the grazing flow along the
mouth of the resonator. Such a configuration is similar to the sunroof of a car. Finally,
we consider flue instruments such as ocarina, recorder and flute. In this last case, our
aim is to develop simple models which could be used for sound synthesis.

1.8 Thesis outline

In this thesis, we have combined experimental studies with analytical modelling
and numerical work. An important objective is indeed to validate the analytical mo-
dels which can be used for engineering applications and explore the use of numerical
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simulations by means of an Euler code for CAA applications.

In the first part of the thesis (chapters 2 and 3), the response to imposed acoustical
perturbations of 90 degree bends in a duct is studied.

In chapter 2, we consider the case of the perturbation of a uniform stagnant fluid.
This allows us to explore the capability of the EIA numerical code to predict acoustical
wave propagation. The use of a two-dimensional theory to predict three-dimensional
phenomenon is also investigated.

In chapter 3, we discuss the effect of the presence of a main flow on the acoustical
response of bends.

In the second part of the thesis (chapters 4, 5, 6 and 7), the phenomenon of self-
sustained oscillations is considered.

In chapter 4, we apply the computational method to a closed side branch resonator.
This configuration (two coaxial side branches forming a cross-junction with the main
pipe) is used as a test-case because, in this acoustically closed system, radiation boun-
dary conditions are not critical.

In chapters 5 and 6, the effect of the geometry of the mouth of a simple whistle
(Helmholtz resonator) on self-sustained oscillations is explored. In this case, modelling
of the external three-dimensional flow within a two-dimensional method is a crucial
problem.

Finally, we study the behavior of the same resonator excited by a thin jet (chap-
ter 7). This configuration can be used as a prototype for a flue instrument.
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Chapter 2

Low-frequency acoustical response
of 90 degree sharp bends

Abstract

The acoustical response of 90 degree sharp bends to acoustical perturbations in the
absence of a main flow is considered. The aeroacoustical response of these bends
is presented in chapter 3. The bends considered have a sharp 90 degree inner edge
and have either a sharp or a rounded outer corner. They are placed in pipes with
either a square cross-section (2D-bends) or a circular cross-section (3D-bends). The
acoustical performance of a numerical method based on the Euler equations for two-
dimensional inviscid and compressible flows is checked and its ability to predict the
response of 3D-bends is investigated. The comparison between 2-D and 3-D data
is made for equal dimensionless frequencies f/fc where f is the frequency of the
acoustical perturbations and fc is the cut-off frequency of the bends. In the case of a
bend with a sharp inner edge and a sharp outer corner, the 2-D numerical predictions
agree with 2-D analytical data obtained from a mode expansion technique and with
2-D experimental data from literature and our own 3-D experimental results. In
the case of a bend with a sharp inner edge and a rounded outer corner, the 2-D
numerical simulations predict accurately the 2-D experimental data from literature.
However, the 2-D numerical predictions do not agree with our 3-D experimental
data. The acoustical response of 3D-bends appears to be independent of the shape
of the outer corner. This behavior is quite unexpected.

2.1 Introduction

Bends are common in pipe systems. They are often used to keep long devices,
as encountered in gas-transport systems or in wind musical instruments, reasonably
compact.

The acoustical effect of the presence of a bend in a pipe with a square cross-section
has been investigated by Rostafinski1,2,3, Cummings4 and Félix5. Analytical models
to predict the acoustic wave scattering in a sharp bend have been proposed as early as
1947. Miles6 proposed a transmission line approach (equivalent to a modal analysis).

This chapter has been written in collaboration with the following co-authors:
S. J. Hulshoff, Y. Aurégan, J. Huijnen, L. J. van Lier, R. ter Riet & A. Hirschberg.
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Lippert7 compared his experimental results with a single mode approximation of Miles’
theory6. Thompson8 and Bruggeman9 used a matched asymptotic expansion technique.
At low frequencies, this matched asymptotic method reduces to the calculation of the
incompressible potential flow in the bend, which can be done by means of conformal
mapping. As explained by Bruggeman9, this approach provides a much better descrip-
tion of the flow near edges than a mode expansion method.

This chapter is devoted to a test of a numerical method∗ based on the Euler equa-
tions for two-dimensional inviscid and compressible flow and the question whether such
methods can be used to predict the response of more complex three-dimensional bends
and the effect of a main flow on this response. We check in this chapter the acoustical
performance of the method for a quiescent uniform reference state of the fluid. Nu-
merical predictions of the aeroacoustical behavior of bends, that is their response to
acoustical waves in the presence of a main flow, are presented in chapter 3. Different
methods are used to extract far-field information from numerical results. We can use
an extraction method which determines the one-dimensional acoustic waves by means
of a Fast Fourier Transform of the time-dependent pressure and velocity signals. A
second method uses an integral formulation based on Lighthill’s analogy. Comparison
between the results obtained by means of the two methods provides insight into the
accuracy of our calculations.

In practice, most pipes have circular cross sections, and the bend flow is not two-
dimensional. Bends in pipes with circular cross-sections have been studied by Keefe &
Benade10. They measured the inertance and the transition correction between the bend
and the straight pipe. Felix11 presents results obtained by means of a mode expansion
method. Nederveen12 calculated the inertance change in a 3D-bend by decomposing the
cross-section of the bend into parallel (independent) thin layers, that is a decomposition
in parallel 2D-bends. By integration over the cross-sectional area of the 3D-bend, he
obtained a prediction of the inertance in the limit of low frequencies for bends with
a radius of curvature r ≥ 0.6D (where D is the pipe diameter and r is the radius of
curvature taken on the pipe axis). His results are in good agreement with 3-D numerical
calculations and experimental results. Our aim is to further explore the validity of such
an approach. We consider the particular case of a bend with a sharp inner edge. This
corresponds to a radius of curvature r = D/2.

We explore also another possibility of using two-dimensional models as approximate
solutions for such 3-D configurations. We assume that 2-D and 3-D data correspond
to each other for equal dimensionless frequency f/fc. The 2-D numerical data are
compared to our own 3-D experimental data obtained by measuring the response of
bends with circular cross sections. The measurements have been carried out by means
of a two-source method (Åbom13, Ajello14 and Durrieu15).

Figure 2.1 shows a scheme of the bends considered. They all have a sharp 90 degree
inner edge and are placed in pipes with either a square cross-section (2D-bends) or a
circular cross-section (3D-bends). For each type of pipe, we consider bends with either
a sharp or a rounded outer corner. The aeroacoustical response of these configurations
in the presence of a main flow will be considered in chapter 3. The turbulence noise
production of the same bends is discussed by Gijrath16 and Nyg̊ard17. The work of

∗The EIA code (‘Euler code for Internal Aeracoustics’) was developed by Hulshoff in the framework
of the European project Flodac (BRPR CT97-0394).
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Nyg̊ard17 includes the effect of the interaction between two successive bends on turbu-
lent noise production.

-

-

+

2
A

y

D

+

1

x

B

C

Figure 2.1: 90 degree sharp-edged bends considered in the study. Bend A: Bend with
a sharp inner edge and a sharp outer corner (square cross sections) ; Bend B: Bend
with a sharp inner edge and a rounded outer corner (square cross sections) (r = D/2)
; Bend C: Bend with a sharp inner edge and a sharp outer corner (circular pipes) ;
Bend D: Bend with a sharp inner edge and a rounded outer corner (circular pipes)
(r = D/2). Note the convention chosen for the axis direction and the reference planes
for the determination of the phases (planes x = 0 for the pipe segment 1 and y = 0 for
the pipe segment 2).

Our study is restricted to the acoustic response of the bends at frequencies f below
the cut-off frequency fc. This implies that only plane waves propagate along the
pipe segments 1 upstream and 2 downstream of the bends (Fig. 2.1). Under these
circumstances, it is convenient to express the bend response in terms of the scattering
matrix (Åbom13) defined in section 2.2.

The acoustical response of 90o bends with a sharp inner edge in a pipe with square
cross sections (bend A and bend B, Fig. 2.1) has been measured by Lippert7. For
the 90o bend with a sharp inner edge and a sharp outer corner, the acoustical re-
sponse is predicted by means of the mode expansion proposed by Miles6. We use more
modes than the single mode approximation used by Lippert7. This provides a better
approximation of the exact solution.

Theoretical models are described in section 2.2. The numerical method is presented
in section 2.3. The experimental method for measurements of the response of the 3-D
bends is described in section 2.4. In section 2.5, the 2-D experimental data of Lippert7

are compared to 2-D numerical and theoretical data and finally, 3-D experimental data
are presented.
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2.2 Theory

2.2.1 Definitions

2.2.1.1 Cut-off frequency fc

For pipes with circular cross-sections, the cut-off frequency fc below which only
plane waves propagate is:

fc = ς
c0
πD

, (2.1)

where c0 = 343.2042 m/s is the speed of sound for dry air at room temperature
T o = 293.15 K and D is the pipe diameter. The coefficient ς = 1.8412 . . . is the
smallest non-zero eigenvalue (zero of the ordinary Bessel function of the first kind)
which corresponds to the first evanescent mode in a pipe with circular cross-sections
(Rienstra18). In our case, the 3-D bends have a pipe diameter of 0.03 m, so that the
cut-off frequency is fc ≈ 6.7 kHz.

For pipes with square cross-sections D × D, the cut-off frequency is simply fc =
c0/2D.

2.2.1.2 Scattering matrix S

Below the cut-off frequency (f < fc), the response of a bend to an acoustical
perturbation can be expressed in terms of the scattering matrix S (Åbom13):(

p+
2

p−1

)
=

(
T+
p R−

p

R+
p T−

p

)
︸ ︷︷ ︸

S

(
p+

1

p−2

)
, (2.2)

where p+
1 and p−2 are the amplitudes of the upstream and downstream incoming

waves, respectively. The scattered waves have the amplitudes p+
2 and p−1 . The pressure

wave reflection coefficient R+
p and the transmission coefficient T+

p correspond to the re-
flection and transmission of p+

1 when the downstream pipe segment is anechoic so that
p−2 = 0. We call them the upstream anechoic reflection and transmission coefficients.
The coefficients R−

p and T−
p have a similar physical interpretation and are called the

downstream anechoic reflection and transmission coefficients.

In the absence of a main flow (u1 = 0), the scattering matrix (eq. 2.2) is symmetric:

R+
p = R−

p = Rp = |Rp|ejΦR , (2.3)

T+
p = T−

p = Tp = |Tp|ejΦT , (2.4)

where ΦR and ΦT are the phases of the reflection and transmission coefficients,
respectively. The reference planes for determining the origin of the phases are the
planes x = 0 for ΦR and y = 0 for ΦT , respectively, as shown in Fig. 2.1.

Furthermore, if we neglect visco-thermal losses, the energy conservation law yields:
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|Rp|2 + |Tp|2 = 1. (2.5)

In this case (when u1 = 0), only two equations are needed to determine the coeffi-
cients of the scattering matrix.

2.2.2 Miles’ theory6

Miles6 proposed a modal expansion method to predict the acoustical behavior of a
bend in a pipe with square cross-section D×D. The acoustical pressure in the straight
upstream (i = 1) and downstream (i = 2) pipes can, for harmonic waves of frequency
ω = 2πf , be expressed as the sum of contributions of straight pipe modes:

p1(x, y) =
∑
m

√
2 − δm0

D
cos
(mπy

D

) [
Am1e

−jkmx + Bm1e
jkmx
]
, (2.6)

p2(x, y) =
∑
m

√
2 − δm0

D
cos
(mπx

D

) [
Am2e

−jkmy + Bm2e
jkmy
]
, (2.7)

where D is the height of the pipes, δm0 is the Kronecker tensor, km represent the
wave numbers for each mode m (km =

√
(ω/c0)2 − (mπ/D)2). We use here a ejωt-

convention. By writing the mode expansion of the square cavity formed by the junction
of the two straight pipes and by equalizing the acoustical pressure at each junction, the
coefficients of the scattering matrix can be found (see appendix B). Lippert7 compared
his experimental data to the results of a mode expansion truncated after the first
mode. We calculated the mode expansion with a larger number of modes and found a
convergence of the results within 0.1% above ten modes. These results are compared
to the experimental results of Lippert7 in figures 2.2 and 2.3. These figures show that
increasing the number of modes improves the correlation with experimental data.

2.2.3 From 2-D bends to 3-D bends (Nederveen12)

Nederveen12 calculated the inertance of a 3D-bend by decomposing the cross-section
of the bend into parallel 2D-bends.

This decomposition of a 3D-bend into parallel thin layers is applied in our study
to determine the magnitude of the reflection and transmission coefficients of a 3D-
bend from the coefficients of 2D-bends. The cross-section of the 3D-bend is cut into
parallel thin rectangular layers such that the total surface of these rectangles is equal
to the cross-sectional area Sp of the 3D-bend. For each thin layer (2D-bend), the cut-

off frequency f
(i)
c is calculated and the amplitude of the reflection and transmission

coefficients can be deduced from the 2-D results as a function of the dimensionless
frequency f/f

(i)
c . By using an electro-acoustic analogy, a 2D-bend can be represented

by an equivalent electric network. Assuming that there is no lateral flow between these
bends, the system of N parallel thin layers is then equivalent to a global electric network
consisting of N of these electric networks connected in parallel. A simple relationship
between the different elements of the system can be written and corresponds to the
continuity of pressure and velocity:



12 Acoustical response of 90o sharp bends

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Dimensionless frequency f/f
c

A
m

pl
itu

de
 o

f R
p a

nd
 T

p

|T
p
| 

|R
p
| 

bend A

Figure 2.2: Bend A (2D-bend with a sharp inner edge and a sharp outer corner):
Amplitude of the pressure wave reflection and transmission coefficients as a function
of the dimensionless frequency f/fc. Comparison between the experimental data of
Lippert7 (�, •) and the analytical solutions based on a mode expansion truncated after
1 mode (−−−) and after 10 modes ( ).
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Figure 2.3: Bend A (2D-bend with a sharp inner edge and a sharp outer corner):
Phase of the pressure wave reflection and transmission coefficients as a function of the
dimensionless frequency f/fc. Comparison between the experimental data of Lippert7

(�, •) and the analytical solutions based on a mode expansion truncated after 1 mode
(−−−) and after 10 modes ( ).
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Spu1 =
∑N

i=1 S
(i)
p u

(i)
1 ,

Spu2 =
∑N

i=1 S
(i)
p u

(i)
2 ,

p1 = p
(i)
1 ∀ i,

p2 = p
(i)
2 ∀ i,

(2.8)

where Sp is the circular cross-sectional area of the 3D-bend, S
(i)
p is the cross-section

area of each thin layer i, u1 and u2 are the incoming and the outgoing velocity of the
3D-bend, u

(i)
1 and u

(i)
2 are the incoming and outgoing velocity of a thin layer i, p1 and

p2 are the pressures in the upstream and downstream pipe segments of the 3D-bend,
p

(i)
1 and p

(i)
2 are the pressures in the upstream and downstream pipe segments of a thin

layer i.
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Figure 2.4: Amplitude and phase of the pressure wave reflection and transmission
coefficients |Rp| and |Tp| in terms of the dimensionless frequency f/fc. Comparison
between the analytical data obtained by means of the decomposition into 2D-bends
( ) and 2D numerical simulations (the numerical method is described in sec-
tion 2.3) (•, �).

Figures 2.4 and 2.5 show the amplitude and the phase of the reflection and trans-
mission coefficients as a function of the dimensionless frequency f/fc for bends with
a sharp outer edge (Fig. 2.4) and with a rounded outer corner (Fig. 2.5). The results
obtained by means of the decomposition in 2D parallel bends are compared to the 2D
theoretical results obtained using the numerical method as described in section 2.3. For
a bend with a sharp outer corner (Fig. 2.4), the amplitude predicted by the analytical
model only differs slightly from the amplitude predicted numerically for the 2-D bends.
The predicted phase of the 3-D coefficients is larger than the 2-D theoretical value. At
high frequencies (f/fc > 0.65), a problem of numerical instabilities occurs and the
analytical model could not easily be used to predict the amplitude and the phase of
the reflection and transmission coefficients. This problem does not occur in the case
of a bend with a rounded outer corner (Fig. 2.5). At low frequencies (f/fc < 0.4),
the amplitude of the reflection and transmission coefficients calculated by means of
this intuitive approach is equal to the amplitude of the reflection and transmission
coefficients of a 2D-bend predicted by numerical computations (Fig. 2.4). At higher
frequencies, the predicted 3-D reflection coefficient becomes larger than its 2-D value.



14 Acoustical response of 90o sharp bends

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Dimensionless frequency f/f
c

A
m

pl
itu

de
 o

f R
p a

nd
 T

p
|T

p
| 

|R
p
| 

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

Dimensionless frequency f/f
c

P
ha

se
 o

f R
p a

nd
 T

p

Φ
T
 / π 

Φ
R

 / π 

  

   

Figure 2.5: Amplitude and phase of the pressure wave reflection and transmission
coefficients |Rp| and |Tp| in terms of the dimensionless frequency f/fc. Comparison
between the analytical data obtained by means of the decomposition into 2D-bends
( ) and the 2D numerical simulations (the numerical method is described in sec-
tion 2.3) (•, �).

2.3 Numerical method

2.3.1 Approach

Numerical simulations were performed using the numerical method based on the
two-dimensional Euler equations for inviscid and compressible flows (Hulshoff19). The
spatial discretization method was based on a second-order cell-centered finite-volume
method. For the time integration, a second-order four-stage (low-storage) Runge-Kutta
method was used.

The Euler equations accurately represent the propagation of acoustic waves. Ele-
mentary tests of the code are provided by Hulshoff19 and Dequand20.

The far-field acoustic response of the bends can be extracted from the 2-D flow
simulation using two different approaches: a 1-D extraction procedure or Lighthill’s
analogy. Comparison of the results obtained by means of these two different extraction
methods provides some insight into the accuracy of the numerical results. The energy
conservation (eq. 2.5) is used as an additional test.

2.3.2 Post-processing

2.3.2.1 1-D extraction

Figure 2.6 shows a sketch of the numerical domain used for the computations of
the acoustic response of the bend with a sharp outer corner (Bend A, Fig. 2.1).

The numerical domain consists of two-dimensional blocks in which the Euler equa-
tions are solved and one-dimensional blocks within which information from the 2-D
domain is transferred (see appendix A).

The Euler equations can be written in an integral conservation form:
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Figure 2.6: Scheme of the numerical domain used for the 2-D Euler computations.
2-D blocks are connected to 1-D blocks for the extraction procedure and numerical
‘probes’ (•) are placed at user-specified locations in the domain.

∂

∂t

∫
V

WdV +

∫
S

F · ndS = 0, (2.9)

where V is the volume and S is the surface of the domain, and n is the unit vector
normal and outwards to the surface. W represents the conservative variables:

W =


 ρ

ρu
ρE


 , (2.10)

where ρ is the density, E is the total energy per unit mass, u is the fluid velocity. In
the set of equations 2.9, F · n represents the normal component of the fluxes through
the surface of the control volume V and is expressed as:

F · n =


 ρ(u · n)

ρu(u · n) + pn
ρe(u · n) + p(u · n)


 , (2.11)

where p is the pressure and the internal energy e is related to the total energy by :
E = e + 1

2
u2.

The numerical domain (Fig. 2.6) has also one-dimensional blocks. Such a 1-D block
is an extraction region within which information from the 2-D domain is transferred.
The extraction is conservative, which means that the sum of fluxes F in the actual pipe
cross-section corresponds to the flux imposed on the boundary of the 1-D region. The
extraction procedure is also passive, which means that information is only transferred
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in one direction from 2-D regions to 1-D regions. Therefore, the solution of the 2-D
domain is unaffected by the procedure.

The time variation of the pressure p′(t) and the velocity u′(t) perturbation signals
are recorded at user-specified points which are called numerical ‘probes’. The transient
signal before the sinusoidal behavior sets in was typically four periods. The magnitude
and the phase of the waves are determined by means of a Fast Fourier Transform of the
temporal signals (over ten periods). The positive and negative waves p+

i and p−i are
then deduced from p′i and u′

i using D’Alembert’s solution for 1-D wave propagation.
In the absence of a main flow, the scattering matrix is symmetric (eq. 2.3 and 2.4,
section 2.2.1.2) and only two coefficients Rp and Tp have to be determined. A right-
travelling acoustic velocity wave (with an amplitude 10−3×c0) is applied at the inlet and
an anechoic condition is applied at the outlet of the numerical domain. The coefficients
Tp and Rp are then determined from the results of a single numerical calculation.
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Figure 2.7: Amplitude of the reflection coefficient |Rp| of the 2-D (inner wall .....,
outer wall ) and 1-D (◦) as a function of the probe positions x divided by the pipe
diameter D (Bend B (sharp inner edge and rounded outer wall), u1 = 0, f/fc = 0.54).

Figure 2.7 shows the magnitude of the reflection coefficient |Rp| as a function of
the probe positions x in the 2-D and 1-D regions. The origin of the coordinates (x =
0) is chosen at the inner edge of the bend. We see that the far-field identification
has to be done at least three pipe diameters upstream of the bend. In the region
closer to the bend, the acoustical field is two-dimensional. We conclude this from the
significant difference of the results observed for the probes placed along the inner bend
wall compared to the results obtained for the probes placed at the outer wall. In the
absence of a main flow, the presence of 1D blocks is not necessary for the identification
of the far-field acoustic response of the bends. We see indeed from Fig. 2.7 that,
sufficiently far from the bend, the acoustic field becomes one-dimensional. The 1-D
extraction procedure by means of additional 1D blocks will be however useful for the
determination of the aeroacoustic response of the bends in the presence of a main flow
(chapter 3).
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2.3.2.2 Lighthill’s analogy

As a test for the accuracy of the wave propagation calculations and the numerical 1-
D extraction method, we now deduce the coefficients of reflection Rp and transmission
Tp from the numerical calculations by using Lighthill’s analogy (Goldstein21).

Lighthill’s equation is an exact result derived from the mass and momentum con-
servation laws (the Navier-Stokes equations):

∂2ρ′

∂t2
− c20

∂2ρ′

∂x2
i

=
∂2Tij

∂xi∂xj

. (2.12)

Tij is the Lighthill stress tensor defined by:

Tij = ρuiuj + (p′ − c20ρ
′)δij − τij, (2.13)

where δij is the Kronecker symbol, τij is the viscous stress tensor which is neglected
further. The prime quantities p′ and ρ′ represent the deviations of the pressure and
the density from the quiescent reference state (ρ0, p0) at the observer’s position:

p′ = p− p0, (2.14)

ρ′ = ρ− ρ0. (2.15)

The speed of sound c0 is also chosen to be that of the fluid at the reference state
c0 = c(ρ0, p0).

By assuming that the source region is compact (∂/∂t � c0/λ where λ is the wave-
length) and using a one-dimensional Green’s function for an infinite tube (Hofmans22),
we obtain the expression of the pressure in the pipe segment 1:

p′1(x1, t) = − c0
2S

∫∫
S

[ρui]t∗nidS

− 1

2S
sign(x1 − y1)

∫∫
S

p′(y1, t
∗)n1dS

− 1

2S
sign(x1 − y1)

∫∫
S

[ρu1uj]t∗ njdS,

(2.16)

where the brackets indicate that the value is taken at the retarded time t∗ = t −
|x1 − y1|/c0 (with x1 and y1 the position of the observer and the source, respectively).
More details about the derivation of the equation 2.16 is given below in the intermezzo.
The surface S surrounding the control volume V used is shown in figure 2.8.

This extraction method can be implemented as a post-processing of the numerical
computations. One requires only the recording of the time history of the pressure p′(t),
the density ρ(t), the velocity components u1(t) and u2(t) at the surface surrounding
the region source. This surface consists of the surfaces S1, S ′

1, S2 and S ′
2 shown in

figure 2.8.
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Figure 2.8: Volume V at which the Lighthill analogy is applied for the determination
of Rp (a), and Tp (b).

Intermezzo

Lighthill’s equation (eq. 2.12) is derived from the mass and momentum conservation laws.
Using Green’s function formalism, Lighthill’s analogy can be written in an integral form.
The Green function is defined as the response G(x, t|y, τ), measured at a position x and
time t, to a pulse sent from a source position y and time τ :

∂2G

∂τ2
− c20

∂2G

∂y2
i

= δ(x − y)δ(t− τ), (2.17)

where δ(x) is the Dirac function.
After some manipulations (Crighton23, Goldstein21), one obtains:

p′(x, t) =
∫ t+

−∞
∫∫∫

V
Tij

∂2G

∂yi∂yj
dydτ

+
∫ t+

−∞
∫∫

S
ρui

∂G

∂τ
nidSdτ

− ∫ t+

−∞
∫∫

S

∂G

∂yi
(p′δij + ρuiuj)njdSdτ.

(2.18)

The general equation 2.18 is applied to a control volume V containing the entire domain in
which we are interested. The volume V is bounded by a surface S with outwards normal
ni (Fig. 2.8). The choice of V depends on the observer position x at which we want to
determine the acoustical field. We chose the volume V as a half infinite pipe including the
observer x and bounded by the bend (Fig. 2.8).
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We have the freedom to choose the Green function that we wish. We chose the low frequency
approximation of the Green function for an infinite pipe (1-D Green’s function22):

G(x1, t|y1, τ) =
c0
2S

H(t∗ − τ), (2.19)

where H(t) is the Heaviside function and t∗ is the retarded time defined as:

t∗ = t− |x1 − y1|
c0

. (2.20)

By using the symmetry property ( ∂G
∂x1

= − ∂G
∂y1

) of the Green function G, the general equa-
tion 2.18 can be written in the direction 1 (Fig. 2.7):

p′1(x1, t) =
∫ t+

−∞(−
∂

∂x1
)
∫∫∫

V

T11
∂G

∂y1
dydτ

+
∫∫

S
ρui

∂G

∂τ
nidS

− ∫ t+

−∞
∫∫

S

∂G

∂y1
(p′δ1j + ρu1uj)njdSdτ.

(2.21)

In the far-field approximation (x1 � y1), only plane waves propagate and we can write:

∂

∂x1
≈ 1

c0

∂

∂t
. (2.22)

By assuming that the source region is compact, equation 2.16 is deduced. The same method
can be applied to the direction 2 to determine p′2(x2, t).

2.3.3 Grid dependence of numerical computations

The grid-dependence of the numerical results has been studied by comparing the
results obtained for three different grid refinements. In the interior of the numerical
domain, the spatial discretization method is based on a cell-centered finite-volume
method which is second-order accurate. The predicted coefficients of the scattering
matrix S appear to behave as:

Cexact = Cnumerical + O(∆x), (2.23)

where Cnumerical represents either the calculated values of the amplitude or the
phase of the reflection or transmission coefficients. Cexact is the extrapolated value or
converged value. ∆x is the cell width.

This corresponds to a first-convergence which might be due either to post-processing
or a problem in the use of a first-order spatial discretization of the boundary conditions.

We performed computations on three different grids. The fine grid had twice the
refinement of the intermediate grid in both x and y-directions. In the region marked
out by the polygon ABCDEF (Fig. 2.6), the intermediate grid had 48 cells both in x
(segment CD) and y-directions (segment AF ). The number of cells was progressively
decreased by a factor of two in the y-direction for upstream blocks and in the x-direction
for downstream blocks.

The extrapolated values of the amplitude of the reflection and transmission coef-
ficients have been deduced from numerical computations and the energy conservation
law (eq. 2.5) has been verified. Figures 2.9 and 2.10 show the results obtained for
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Figure 2.9: Bend A (2D-bend with a sharp inner edge and a sharp outer corner):
Verification of the energy conservation (eq. 2.5) as a function of the dimensionless fre-
quency f/fc. Comparison between the analytical solution (mode expansion truncated
after 10 modes) ( ) ; the experimental data of Lippert7 (�) ; 2-D Euler compu-
tations on a fine grid with 1-D extraction (�) and with Lighthill’s analogy (∗); the
extrapolated or converged values deduced from equation 2.23 using a 1-D extraction
(o).
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Figure 2.10: Bend B (2D-bend with a sharp inner edge and a rounded outer corner):
Verification of the energy conservation (eq. 2.5) as a function of the dimensionless
frequency f/fc. Comparison between the experimental data of Lippert7 (�) ; 2-D
Euler computations with 1-D extraction (�); the extrapolated or converged values
deduced from equation 2.23 (o).
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the bend with a sharp outer edge (bend A) and with a rounded outer corner (bend
B), respectively. For the 2-D Euler calculations on the fine grid, the energy conserva-
tion is verified within 2%. The extraction by means of Lighthill’s analogy (Fig. 2.9)
provides here better results at high frequencies (f/fc > 0.5). This is expected to be
due to the more accurate description of the wave propagation in Lighthill’s approach.
Equation 2.5 is only verified within 8% by the experimental data of Lippert7. This
indicates that the discrepancies between experimental and theoretical data (observed
in figures 2.2 and 2.3) are mainly due to experimental errors. In the next sections,
only the numerical results obtained with the fine grid will be presented, as the numer-
ical accuracy obtained is comparable to that of the experimental results presented in
section 2.5.3.

2.4 Experimental study

In addition to the use of Lippert’s data7 for bends in pipes with square cross-section,
we compared our numerical calculations with our own measurements for bends in pipes
with circular cross-section. We provide here some information about the experimental
procedure.

2.4.1 Bends

The bends were made in massive brass blocks with an accuracy of the order of 10
µm (wall roughness). The steel pipe diameter was D = 0.03 m and the pipe thickness
was 5 mm. The wall roughness of the straight pipe segments was of the order of 0.1
µm.

2.4.2 Two-source method

The measurements of the scattering matrix coefficients (eq. 2.2) by means of a two-
source method were performed at the LAUM (Laboratoire d’Acoustique de l’Université
du Maine). The method is described in detail by Ajello14 and Durrieu15.

Figure 2.11 shows a scheme of the experimental setup. Two sets of four micro-
phones are placed at x1� (, = 1, 2, 3, 4) upstream of the bend and at x2� (, = 1, 2, 3, 4)
downstream of the bend, respectively. The choice of four microphones at each side
of the bend enables us to get accurate measurements in a broad range of frequencies
(30Hz ≤ f ≤ 1kHz). The presence of anechoic terminations upstream and down-
stream of the bend suppresses the standing wave pattern and reduces the sensitivity
of the measurements to errors. Two loudspeakers used as sources are placed respec-
tively upstream and downstream of the bend. Using loudspeakers enables us to use
an automatic source control. The sources are driven by a swept sine by means of the
HP3565 analyzer. The air temperature is determined from acoustical measurements
and is assumed to be constant during one sweep.

For a harmonic wave at the frequency f , the acoustical pressure p′(x, t) and velocity
u′(x, t) in the pipe segments at each side (i = 1, 2) of the bend are given by:

p′i(xi�, t) =
[
p+
i exp(−jkxi�) + p−i exp(jkxi�)

]
exp(2jπft), (2.24)
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Figure 2.11: Scheme of the experimental setup used for the two-source method mea-
surements (LAUM - Laboratoire d’Acoustique de l’Université du Maine, Fr). The
position of the microphones is x12 − x11 = −0.100 m, x13 − x11 = −0.475 m,
x14−x11 = −1.072 m upstream of the bend, and x22−x21 = 0.100 m, x23−x11 = 0.475
m, x24 −x11 = 1.072 m downstream of the bend. For the bend with a sharp inner edge
and a sharp outer corner x11 = −0.4398 m and x21 = 0.6621 m. For the bend with
a sharp inner edge and a rounded outer corner x11 = −0.3953 m and x21 = 0.6176 m
(figure from Aurégan).

u′
i(xi�, t) =

p+
i exp(−jkxi�) − p−i exp(jkxi�)

ρ0c0
exp(2jπft), (2.25)

with k the wave number:

k =
2πf

c0
− jα0, (2.26)

for (α0c0/2πf) � 1 and j ≡ √−1.
In the absence of a main flow (u1 = 0), the damping coefficient α0 due to visco-

thermal dissipation in the boundary layers at the pipe wall is approximated by Kirch-
hoff’s formula (Pierce24):

α0 =
2πfδac
c0D

(1 +
γ − 1√

Pr

), (2.27)

where γ = 1.4 is the ratio of specific heats, Pr = 0.71 is the Prandtl number and
δac =

√
ν/πf is the thickness of the acoustic boundary layer. The kinematic viscosity
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of air is ν = 1.51 × 10−5 m2/s at a room temperature of 293 K and at atmospheric
pressure.

In the presence of a main flow as considered in chapter 3, we used a fit of Hofmans25

of the damping coefficient measured by Ronneberger26 and Peters27.
The pressure reflection coefficient Rpi = p−i /p

+
i is deduced from the measurement

of the transfer function H21 = p′i(xi2)/p
′
i(xi1) using the two-microphones method. The

transmission coefficient Tp21 = p+
2 /p

+
1 can be deduced from the value of the reflection

coefficients Rp1 and Rp2. In the absence of a main flow, only one measurement series is
needed to determine the coefficients of the scattering matrix S. The two independent
acoustic states used in the determination of the coefficients of the scattering matrix
(eq. 2.2) are obtained using either the upstream or the downstream sound source. These
two set of measurements provide an independent check of the experimental accuracy
by comparison of |R+

p | and |T+
p | with |R−

p | and |T−
p |, respectively.

The two-source method is very convenient because it enables to measure the acous-
tic response of discontinuities in a broad range of frequencies. Most of the experimental
results presented were performed at frequencies in the range 30 Hz ≤ f ≤ 1 kHz. Typ-
ical accuracy of the data is 0.2% for both |R±

p | and |T±
p |. Some data up to frequencies

of 4 kHz will be presented. These data are, however, less accurate than low frequency
data (30 Hz ≤ f ≤ 1 kHz).

2.5 Results

2.5.1 Test case: 2-D bend with a sharp inner edge and a
sharp outer corner

The acoustical response of a bend with a sharp inner edge and a sharp outer corner
has been measured for pipes with square cross-sections by Lippert7 for frequencies f
up to the cut-off frequency fc. His experimental data have been compared in figure 2.2
with the results of an analytical model based on a mode expansion as proposed by
Miles6. The results are also compared to the results of numerical computations based
on the 2-D Euler equations.

Lippert’s data7 for the reflection and transmission coefficients Rp = |Rp|exp(jΦR)
and Tp = |Tp|exp(jΦT ) as a function of the dimensionless frequency f/fc are shown in
the figures 2.12 and 2.13. The reference planes for determining the origin of the phases
are the planes x = 0 for ΦR and y = 0 for ΦT , respectively, as shown in Fig. 2.1.

The experimental results are compared to the results of the mode expansion trun-
cated after ten modes and the results of numerical computations discussed in sec-
tion 2.3.

As explained in section 2.1, the numerical data are obtained in two different ways:
by means of the 1-D extraction procedure and Lighthill’s analogy.

The two different extraction procedures (1-D extraction and Lighthill’s analogy)
give similar results except at frequencies near the cut-off frequency at which the phase
differs slightly from the theoretical data. The theory predicts quite accurately the
experimental data of Lippert7.
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Figure 2.12: Bend A (2D-bend with a sharp inner edge and a sharp inner corner):
Amplitude of the reflection and transmission coefficients as a function of the dimen-
sionless frequency f/fc. Comparison between the analytical solution (mode expansion
truncated after 10 modes): ; the experimental data of Lippert7: �, �; 2-D Euler
computations with 1-D extraction (� , o) and with Lighthill’s analogy (∗, +)
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Figure 2.13: Bend A (2D-bend with a sharp inner edge and a sharp inner corner):
Phase of the reflection and transmission coefficients as a function of the dimensionless
frequency f/fc. Comparison between the analytical solution (mode expansion trun-
cated after 10 modes): ; the experimental data of Lippert7: �, �; 2-D Euler
computations with 1-D extraction (�, o) and with Lighthill’s analogy (∗, +).
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2.5.2 2-D bend with a sharp inner edge and a rounded outer
corner

The case of a 2-D 90o bend with a sharp inner edge and a rounded outer corner
(bend B, Fig. 2.1) has also been studied by Lippert7. He used the bend with a sharp
inner edge and a sharp outer corner (bend A, Fig. 2.1) to which he added a sheet of
brass with a radius equal to the height of the duct. The space left between the sheet
and the outer corner of the bend was filled with sand.
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Figure 2.14: Bend B (2D-bend with a sharp inner edge and a rounded outer corner):
Amplitude of the reflection and transmission coefficients in terms of the dimensionless
frequency f/fc. Comparison between experimental data (Lippert7): �, �; and Euler
computation data: �, o. For reference, the magnitude of the coefficients obtained for
the bend A (sharp outer corner) is also plotted: −−−.

In Figs. 2.14 and 2.15, the experimental data of Lippert7 are compared with results
of 2-D Euler computations. The agreement is fair. The behavior is quite different
from that of the bend with a sharp outer corner (bend A, fig. 2.1). The amplitude
of the transmission coefficient Tp remains greater than 0.9 (up to f/fc = 1), while
the amplitude of the reflection coefficient Rp remains lower than 0.35. The measured
amplitude of the transmission coefficient is lower than the prediction of the 2-D Euler
computations. Verification of the energy conservation shown in Fig. 2.10, indicates a
problem with the experimental data.

2.5.3 Comparison between 2-D and 3-D data

The acoustic response of the bends with a sharp inner edge and either a sharp or
rounded outer corner in pipes with circular cross-section (bends C and D, Fig. 2.1)
has been measured. For these configurations, the flow is not planar. The experimental
method used is the two-source method described in section 2.2.
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Figure 2.15: Bend B (2D-bend with a sharp inner edge and a rounded outer cor-
ner): Phase of the reflection and transmission coefficients in terms of the dimensionless
frequency f/fc. Comparison between experimental data (Lippert7): �, �; and Euler
computation data: �, o. For reference, the phase of the coefficients obtained for the
bend A (sharp outer corner) is also plotted: −−−.

Figures 2.16 and 2.17 present the comparison between the 2-D analytical and 3-D
experimental data obtained for bends with a sharp inner edge and a sharp outer corner
(bends A and C, Fig. 2.1), and for bends with a sharp inner edge and a rounded outer
corner (bends B and D, Fig. 2.1). The comparison is made for frequencies f up to
1 kHz, this corresponds to dimensionless frequencies f/fc up to 0.15. In Fig. 2.16,
only the 2-D analytical solution is shown because 2-D experimental data of Lippert7

are not available for such low frequencies. In Fig. 2.17, we used a fit of the numerical
data presented in Fig. 2.14 and 2.15. In first approximation, for bends with a sharp
inner edge and a sharp outer corner (bends A and C), we see that 2-D and 3-D data
correspond to each other for equal dimensionless frequencies f/fc.

Note that the excellent agreement between the measured values of T+
p and T−

p ,
obtained from two independent measurement series (one with each source), indicates
a typical accuracy of 0.2%. The small deviation of 0.5% at the frequency f/fc = 0.15
between theory and experiment is therefore considered to be significant. We expect it
to be due to visco-thermal losses at the bend. The damping coefficient α0 calculated by
means of Kirchhoff’s formula27 (eq. 2.27) for a straight pipe varies, for the frequency
range considered, in the range 3 × 10−4 < α0D < 2 × 10−3. Hence, the observed
dissipation in the bend is of the order of magnitude of the visco-thermal damping for
a tube length of one diameter. In the case of the bend with a sharp inner edge and a
sharp outer corner (bend A, Fig. 2.1), the bend center line has a length of one diameter
D. The dissipation is about a factor of three higher than α0D. This is expected to be
due to the strong viscous dissipation around the inner edge of the bend at which the
acoustical flow is singular (Morse & Ingard28).
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Figure 2.16: Bends A and C (sharp inner edge and sharp outer corner): Comparison
of 2-D theory (−−−−) and 3-D experimental data (R+

p , T+
p and R−

p , T−
p )

for equal dimensionless frequencies f/fc and without main flow (u1 = 0). The results
of the decomposition of the bend in parallel thin layers (as proposed by Nederveen12

are also shown (.....).
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Figure 2.17: Bends B and D (sharp inner edge and rounded outer corner): Compar-
ison of 2-D data (−−−−−) and 3-D experimental data (R+

p , T+
p and R−

p , T−
p

) for equal dimensionless frequencies f/fc and without main flow (u1 = 0). The
2-D data are obtained by using a fit of the numerical data showed at Fig. 2.14 and 2.15.
The results of the decomposition of the bend in parallel thin layers (as proposed by
Nederveen12 are also shown (.....).
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Figure 2.18: Bends B and D (sharp inner edge and rounded outer corner) without
main flow (u1 = 0): Comparison of 2-D numerical data (�, o) with 2-D experimental
data (�, �) of Lippert7 and a fit of 3-D experimental data obtained by means of the
two-source method ( ) with errorbars). The results are shown in terms of the
dimensionless frequency f/fc. The 2-D modal theory for the sharp bend with a sharp
outer corner is also shown (−−−−).

The results obtained by means of Nederveen’s theory12 (section 2.2.3) do not give
a better prediction of the coefficients of the scattering matrix S in our case. From
figure 2.17, we see that for f/fc ≤ 0.15, the behavior of the 3D-bend with a rounded
outer corner (bend D, Fig. 2.1) does not at all agree with the behavior of the 2D-bend
(bend B, Fig. 2.1) nor the predictions of Nederveen’s theory12.

An additional series of measurements was performed on the bend with a sharp
inner edge and a rounded outer corner (bend D, Fig. 2.1) at higher frequencies (up to
f/fc = 0.6). The results are presented in Fig. 2.18. Assuming that 2-D and 3-D data
correspond to each other for equal dimensionless frequencies f/fc, appears not to be a
good approximation in the case of such a bend with a sharp inner edge and a rounded
outer corner. We observe indeed that our measurements on the bend D (Fig. 2.1) with
circular pipe cross-sections deviate from the 2-D experimental data of Lippert7 and
the 2-D numerical simulations. The intuitive approach of Nederveen12 to deduce 3-D
data from 2-D data also fails in that case (section 2.5.2, Fig. 2.15). It appears that,
in the range of frequencies considered, the acoustical response of bends with a sharp
inner edge in pipes with circular cross-sections is almost independent of the shape of
the outer corner. This is a rather unexpected result for which we do not have any
explanation.
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2.6 Conclusions

The results of analytical techniques and a numerical method for the 2-D Euler
equations have been compared with experimental data for the acoustical response of
90o bends with a sharp inner edge. The quality of acoustical predictions by means of
such numerical computations has been verified. Furthermore, we have seen a dramatic
effect of the shape of the bend on the difference between the response of bends in pipes
with square cross-sections compared to that in pipes with circular cross-sections.

In the case of a 90o bend with a sharp inner edge and a sharp outer corner, the
2-D numerical simulations accurately predict the available 2-D experimental data from
the literature (Lippert7) and the analytical prediction based on a mode expansion
(Miles6). The 2-D analytical and numerical predictions also agree with experimental
data for pipes with circular cross-sections measured by means of a two-source method
for equal ratio f/fc of the frequency f and the cut-off frequency fc.

The acoustical response of a 90o sharp bend with a rounded outer corner has also
been studied. Numerical simulations based on the 2-D Euler equations accurately pre-
dict the 2-D experimental data from the literature (Lippert7). For equal dimensionless
frequencies f/fc, the comparison of 2-D numerical and experimental data with 3-D
experimental results obtained by means of a two-source method shows an unexpected
behavior. Measurements show that the acoustical response of a sharp bend with a
rounded outer corner in pipes with circular cross-sections is close to that of a bend
with a sharp inner edge and a sharp outer corner. The acoustical response of the
bend in pipes with circular cross-section seems independent of the shape of the outer
corner. This is quite different from the behavior of the bends in pipes with square
cross-sections. An attempt to deduce the reflection and transmission coefficients in a
3D-bend from the measured coefficients in a 2D-bend has be done by decomposing the
circular cross-section of the 3D-bend into parallel thin independent rectangular layers
as proposed by Nederveen12. At low frequencies, the calculated coefficients are similar
to the measured coefficients for a 2D-bend. This method does however not explain the
unexpected behavior of the 3-D bend with a rounded outer corner found in the present
measurements.
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Chapter 3

Low-frequency aeroacoustical
response of 90 degree sharp bends

Abstract

The aeroacoustical response of 90 degree sharp bends is defined as the response to
acoustical perturbations in the presence of a main flow. The acoustical response
of bends, in the absence of a main flow, has been considered in chapter 2. Experi-
ments are carried out for bends in pipes with circular cross-sections. These 3D-bends
have a sharp inner edge and have either a sharp outer corner or a rounded outer
wall. The three-dimensional experimental results are compared with results of nu-
merical simulations, based on the Euler equations for two-dimensional inviscid and
compressible flows, and with analytical data obtained by means of two-dimensional
quasi-steady flow theories. As observed in the absence of a main flow (chapter 2), the
two-dimensional numerical simulations provide a good prediction of the aeroacous-
tical response of bends with a sharp inner edge and a sharp outer corner. For bends
with a rounded outer corner, the prediction is less satisfactory. The two-dimensional
quasi-steady flow approximation predicts reasonably well the response of bends up
to Strouhal numbers of the order of unity. However, quasi-steady flow theories do
not predict the irregularities of the response as a function of the flow velocity. These
irregularities are expected to be a Strouhal number effect and are observed both in
experiments and numerical simulations.

3.1 Introduction

The acoustical response of 90o sharp bends has been presented in chapter 2. We
assumed that 2-D and 3-D data correspond to each other for equal dimensionless fre-
quencies f/fc. The very good agreement observed between experimental, theoretical
and numerical data confirms the validity of such an approximation, in the case of a
90o bend with a sharp inner edge and a sharp outer corner. For pipes with circular
cross-sections, we obtained a surprising result: experimental data for 3D-bends with a
rounded outer corner agreed better with 2-D theory for bends with a sharp outer corner
than with 2-D theory for bends with a rounded outer corner. For a stagnant

This chapter has been written in collaboration with the following co-authors:
S. J. Hulshoff, Y. Aurégan, J. Huijnen, L. J. van Lier & A. Hirschberg.
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uniform fluid (u1 = 0), the shape of the outer corner does not seem to have much
impact on the acoustical response of the 3-D bend.

In the present chapter, we consider the response of single (isolated) 90o sharp bends
to an acoustical perturbation in the presence of a main flow of velocity u1. A sharp
bend in a pipe has mostly a damping effect for the acoustic field. The flow separa-
tion at the bend also affects the aeroacoustic behavior of pipe discontinuities placed
downstream of the bend. Examples of such interactions are provided by Ziada1,2 for
self-sustained oscillations of a closed-side branch system and by Nyg̊ard3 for broad-band
noise production by two successive bends. We do not consider such effects.

The aeroacoustical response of the bends is described in terms of the coefficients of
a scattering matrix. The frequency dependence of these coefficients will be given for
fixed Mach numbers M1 = u1/c1 where u1 and c1 represent the main flow velocity and
the speed of sound, respectively, in the pipe segment 1 upstream of the bend (Fig. 2.1 in
chapter 2). Three-dimensional experimental data obtained from measurements at the
LAUM by means of the two-source method (chapter 2) are compared with numerical
predictions based on the two-dimensional Euler equations. 2-D and 3-D data are as-
sumed to correspond to each other for equal dimensionless frequency f/fc (as assumed
in chapter 2) and for equal Mach number M1. Additional experimental data at fixed
frequency f/fc = 0.043 are obtained from measurements at TU/e by means of the two-
load method. This experimental procedure is described in section 3.3. The dependence
on Mach number M1 (with 0 ≤ M1 ≤ 0.3) of the reflection and transmission coefficients
for the total enthalpy, R±

B and T±
B , respectively, is obtained. Three-dimensional exper-

imental data are compared to results of two-dimensional numerical predictions and
quasi-steady flow theories. Note that such a quasi-steady flow approximation appears
to be only reasonable for bends with a sharp inner edge. For bends with a rounded
inner edge, the deviation of the results obtained by means of the quasi-steady flow
theory and the experimental data is larger than the deviation between experimental
data for a pipe with a bend and the same length pipe without bend (Dequand4).

In section 3.2, the scattering matrix is defined, the quasi-steady flow theories are
briefly explained and the numerical method and its limitations are presented. The
experimental procedure is described in section 3.3. In section 3.4, numerical predictions
are compared to experimental and theoretical data for the 3D-bends with a sharp inner
edge and either a sharp or a rounded outer corner (Bends C and D, Fig. 2.1).

3.2 Theory

3.2.1 Scattering matrix

As in the acoustical study (chapter 2), the flow behavior at the bends is described by
a scattering matrix SB. This representation is valid because we consider frequencies f
that are low compared to the cut-off frequency fc, so that only plane waves propagate.
In the presence of a main flow, it is more appropriate to introduce the aero-acoustical
variable B±

i defined as:



3.2 Theory 35

B±
i =

p±i
ρi

(1 ±Mi), (3.1)

where i = 1, 2 denotes the pipe segment direction (Fig. 2.1, chapter 2). This
variable corresponds to the total enthalpy fluctuations∗ when the entropy fluctuations
are neglected. The scattering matrix SB relates the different total enthalpy fluctuations:(

B+
2

B−
1

)
=

(
T+
B R−

B

R+
B T−

B

)
︸ ︷︷ ︸

SB

(
B+

1

B−
2

)
. (3.2)

When the pipe segment 2 has an anechoic termination (p−2 = 0), the upstream
reflection and transmission coefficients for the total enthalpy are:

R+
B = R+

p

(
1 −M1

1 + M1

)
, (3.3)

T+
B = T+

p

ρ1

ρ2

(
1 + M2

1 + M1

)
, (3.4)

where the pressure reflection and transmission coefficients R±
p and T±

p were intro-
duced in chapter 2.

When the pipe segment 1 has an anechoic termination (p+
1 = 0), the downstream

reflection and transmission coefficients for the total enthalpy are:

R−
B = R−

p

(
1 + M2

1 −M2

)
, (3.5)

T−
B = T−

p

ρ2

ρ1

(
1 −M1

1 −M2

)
. (3.6)

3.2.2 Quasi-steady flow theories

At low Strouhal numbers Sr = fD/u1 � 1 based on the pipe diameter D, we can
predict the scattering matrix SB by means of quasi-steady flow models as developed
by Ronneberger7 for the pipe expansion and used by Hofmans8 and Durrieu9 for the
orifice. For low Mach numbers M1 ≤ 0.1, we can use, locally at the bend, an incom-
pressible quasi-steady flow model. For higher Mach numbers, the local flow behavior
at the bend is described by a compressible quasi-steady flow model.

The flow is assumed to have a uniform velocity u1 upstream of the bend. When it
reaches the sharp inner edge of the 90o bend, the flow separates and forms a free jet.
The free jet reaches a minimum cross-section at which it has a uniform velocity uj.
The free jet has a cross-section Sj smaller than the pipe cross-section Sp. This is the
so-called vena-contracta effect (as observed in the case of a diaphragm8). The factor

∗Please, note that when the entropy fluctuations are neglected, the total enthalpy may also be
called total exergy. However, we use here the term of total enthalpy as used by most authors in the
literature (Doak5, Howe6).
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Υj = Sj/Sp is called the vena-contracta ratio. Following a turbulent mixing region,
the flow becomes again uniform (Fig. 3.1) with a velocity u2.

Plane waves

jS

S

Plane waves

Turbulent mixing

Free jet

Vena contracta
+

y

p

1

2

x1
S p u

2u

S p

Figure 3.1: Quasi-steady behavior of the flow in a sharp bend

3.2.2.1 Incompressible flow model

In the incompressible flow model, four equations apply:

the mass conservation equations:

Spu1 = Sjuj, (3.7)

Sjuj = Spu2, (3.8)

the Bernoulli equation:

p1 +
1

2
ρ0u

2
1 = pj +

1

2
ρ0u

2
j , (3.9)

and the momentum conservation law applied to the turbulent mixing region:

Sppj + Sjρ0u
2
j = Sp

(
p2 + ρ0u

2
2

)
. (3.10)

Different assumptions are made:
• only plane waves propagate far away from the discontinuity,
• compact source region (small Helmholtz number Spk

2
0 = Spω

2/c20 � 1),
• flow separation at the bend and jet formation,
• incompressible and irrotational flow in the jet,
• neither wall friction nor heat transfer in the turbulent mixing region downstream

of the jet.
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Using this incompressible flow approximation, the scattering matrix S can be de-
fined as:

S =

(
T+
p R−

p

R+
p T−

p

)
=

1

2 + M1β

(
2 M1β
M1β 2

)
, (3.11)

where β = (S/Sj − 1)2 takes into account the geometry and the vena-contracta
effect. The incompressible flow assumption is valid for low Mach numbers (M2

1 ≤ 1).

3.2.2.2 Compressible flow model

For higher Mach numbers (M1 > 0.1), the effect of compressibility becomes signifi-
cant. The four equations of the incompressible flow model (eq. 3.8 to 3.10) are modified
and complemented with the isentropic ideal gas relation (in the upstream region down
to the jet) and the energy conservation law. In this model, heat transfer and friction
at the walls are neglected. Furthermore, we assume that the gas has a constant ratio
γ = Cp/Cv of the specific heats.

Spρ1u1 = Sjρjuj, (3.12)

Sjρjuj = Spρ2u2, (3.13)

1

2
u2

1 +
γ

γ − 1

p1

ρ1

=
1

2
u2
j +

γ

γ − 1

pj
ρj
, (3.14)

Sppj + Sjρju
2
j = Spp2 + Spρ2u

2
2, (3.15)

p1

pj
=

(
ρ1

ρj

)γ

, (3.16)

1

2
u2

1 +
γ

γ − 1

p1

ρ1

=
1

2
u2

2 +
γ

γ − 1

p2

ρ2

. (3.17)

In order to take into account the effect of compressibility on the vena-contracta
ratio, we use the empirical formula proposed by Hofmans8 for an orifice:

Υj = Υ0

(
1 + 0.13

π + 2

π
M2

j

)
, (3.18)

where Mj = uj/cj is the Mach number in the jet. The determination of the vena-
contracta ratio Υ0 is briefly explained in the next section. The set of equations 3.12
to 3.18 is solved numerically, using the incompressible flow approximation as initial-
ization.

3.2.2.3 Determination of the vena-contracta ratio Υ0

The vena-contracta ratio Υ0 can be determined either empirically from the values
of the loss-coefficient Cd reported by Blevins10 and Idelchik11, or theoretically by means
of a potential flow theory as the hodograph method described by Prandtl12. The loss
coefficient Cd is defined, at low Mach numbers, as the ratio of the pressure difference
∆p = pu − pd (between the pressures upstream and downstream of the bend) and the
upstream dynamic pressure:
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Cd =
pu − pd
1
2
ρu1

2
. (3.19)

Cd depends on the geometry of the discontinuity and on the Reynolds number
u1D/ν (where D is a typical length of the system, and ν is the kinematic viscosity).
Following Blevins10, because our Reynolds numbers are typically of order O(105), we
should use Cd = 1.2 for the bend with a sharp outer corner and Cd = 1.1 for the
bend with a rounded outer wall. These values correspond to the vena-contracta ratio
Υ0 = 0.48 and Υ0 = 0.488, respectively. In the limit M1 → 0, the numerical predictions
of steady flow behavior obtained by means of the EIA† code converge towards the value
Cd = 1.2.

The vena contracta ratio Υ0 of a 2-D bend with a sharp inner edge and a sharp outer
corner can also be predicted by means of the potential flow theory (see appendix C).
The value Υ0 = 0.5255 was found by Huijnen13. This corresponds to a loss coefficient
Cd = (Sp

Sj
− 1)2 = 0.8153. The value Υ0 = 0.488 gave a prediction of the reflection

coefficient 20% higher than that predicted with the vena-contracta ratio Υ0 = 0.5255.
We chose the theoretical vena-contracta ratio Υ0 = 0.5255 because it appears to provide
a better fit of our experimental data.

3.2.3 Numerical method

Numerical simulations were performed with the EIA† code based on the 2-D Euler
equations as described in chapter 2 and in appendix A. Acoustical information was
obtained by means of the 1-D extraction procedure introduced in chapter 2.

The computations were performed in two steps. A steady flow computation was first
carried out. This calculation consisted in imposing a constant uniform flow velocity on
the upstream boundary of the numerical domain. The inflow velocity magnitude was
gradually increased up to the desired Mach number M1 = u1/c1. The time integration
was based on a five-stage Runge-Kutta method with a non-time accurate integration.
With this method, each cell is marched at its own stability limit using a different time
step. The time needed to get a steady-flow solution is considerably reduced by using
this approach compared to a uniform time-step approach. The steady state was ob-
tained when the desired inlet velocity was reached. This solution was then used as
initial condition for the unsteady flow computation. This second step is performed by
imposing an acoustical perturbation. A right-travelling acoustic wave is applied at the
inlet and an anechoic condition is applied at the outlet. The coefficients T+

B and R+
B

can then be determined. The amplitude of the right-travelling acoustic velocity wave
was varied from 10−3×u1 to 10−1×u1. This resulted in a variation of the order of 10−3

of the predicted values of the coefficients of the scattering matrix. The coefficients R−
B

and T−
B can be determined by means of a second calculation in which an upstream-

travelling acoustic wave is applied at the outlet while an anechoic condition is applied
at the inlet. As in the computations described in chapter 2 (in the absence of a main
flow), the pressure and the velocity signals were recorded at user-specified numerical

†The EIA code (‘Euler code for Internal Aeracoustics’) was developed by Hulshoff in the framework
of the European project Flodac (BRPR CT97-0394).
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probes and had a periodic behavior after typically four periods. The magnitude and
the phase of the positive and negative travelling pressure waves p+

i and p−i were de-
duced from the recorded pressure and velocity signals using a Fast Fourier Transform
of the temporal signals (over six periods).

As explained in section 3.2.2, the jet formation at the sharp inner edge is followed
by a turbulent mixing. Several pipe diameters downstream of the discontinuity, plane
waves should propagate again in a uniform flow. However, due to the absence of
effects of viscosity in the model based on the 2-D Euler equations, the 1-D behavior
downstream of the bend will never be reached (this is also a problem for the numerical
solution which includes dissipative truncation errors, even if a downstream part of ten
diameters or more is used as it is needed in experiments to get a uniform flow). This
makes the numerical determination of the coefficients T+

B and R−
B of the scattering

matrix SB difficult and less reliable. In order to overcome this limitation, the plane-
wave identification is performed at six diameters D downstream of the bend. A buffer
region is added in order to reduce the vorticity at the end of the numerical domain
(Fig. 2.6). This buffer region is placed two diameters downstream of the bend and is
made up of blocks with a decreasing number of cells in the direction perpendicular to
the pipe axis. This reduces spurious generation of acoustic waves when the vortices
leave the calculation domain. For the bend with a sharp inner edge and a rounded
outer corner, the coefficients |T+

B | and |R−
B| have been determined with an accuracy of

2%. For the bend with a sharp inner edge and a sharp outer corner, the coefficient
|T+

B | has also been determined with an accuracy of 2%. However, the uncertainty in
the determination of the downstream reflection coefficient |R−

B| was of the same order
as its own magnitude. We will therefore not present results for |R−

B|.
In the bend region, the mesh used for the numerical computations had typically 48

cells both in x and y-directions over a distance 2D around the bend.

3.3 Two-load method

A two-load method was used at TU/e. The setup is described in details by Peters14,
Hofmans8 and Durrieu9. We provide here a summary of the description.

A scheme of the setup is shown in Fig. 3.2. A high pressure supply system provided
dry air at a reservoir pressure between 1 and 15 bar. The valve enabled us to reduce the
pressure to the desired level. The volume flux of the air flow was measured by means
of a turbine meter. From the measurement of the temperature of the tube wall near
the flow meter and near the acoustical measurement section, the temperature of the air
flow was deduced by assuming an adiabatic wall recovery temperature with turbulent
boundary layer (Shapiro15). From the volume flow measurement corrected for pressure
and temperature difference, the velocity u1 was then deduced. The source used was
a siren (rotating valve). The amplitude of the acoustic perturbation generated could
be varied. The results shown in the next section were obtained with an amplitude
u′

1/u1 = O(10−1). The settling chamber placed just upstream of the siren contained
damping material in order to reduce the effect of acoustic perturbations due to the
presence of valves. In the measurement section, the acoustic pressure was measured at
different positions by means of piezo-electric pressure transducers (PCB type 116A).
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The pressure signals were amplified by charge amplifiers (Kistler type 5011). By means
of the data-acquisition system (HP3565A and PC), the transfer functions and then the
reflection and transmission coefficients were calculated. For convenience, we restricted
our measurements to a single frequency f/fc = 0.043. This allowed the choice of
optimal microphone positions.
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reduction
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High pressure
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Data analyser
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Flow
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Figure 3.2: Scheme of the experimental setup used for the two-load method mea-
surements (TU/e - Technical University of Eindhoven). The relative position of the
microphones is x12 − x11 = −0.1895 m, x13 − x11 = −0.2870 m, x14 − x11 = −0.4843
m, x15 − x11 = −0.5880 m upstream of the bend, and x22 − x21 = 0.3415 m down-
stream of the bend. For the bend with a sharp inner edge and a sharp outer corner
x11 = −0.1320 m and x21 = 0.1776 m. For the bend with a sharp inner edge and with
a rounded outer corner x11 = −0.0874 m and x21 = 0.5598 m. Note that the reference
planes for determining the origin of the phases was chosen at the inner edge of the
bend (plane x = 0 for |R+

B| and plane y = 0 for |R−
B|) as shown in Fig. 3.1.

As in the two-source method (introduced in chapter 2), we used the multiple-
microphone method to determine the reflection coefficient from the measured transfer
functions. For that, we used five microphones upstream of the discontinuity and two
microphones downstream. Their positions are given in the figure 3.2.

The two linearly independent states needed to determine four equations for the
coefficients of the scattering matrix SB, were obtained by measuring with two different
acoustic loads downstream of the system. The first measurement was performed with
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a pipe length L1 = 0.6186 m downstream of the bend. This corresponds roughly to
the half the wavelength λ/2 at the frequency (f = 289 Hz) used in our experiments,
so that the bend is placed near a pressure node in this first measurement. The second
measurement series was performed with an extra pipe length corresponding to a quarter
of wavelength (L2 = L1 + λ/4). Such a measurement procedure requires a rather long
time and cannot be accurate when the main flow conditions are not stable. In our setup,
the data obtained for the coefficients of the scattering matrix SB could be reproduced
within 1%.

The frequency dependence of the aeroacoustical response of the bends was measured
at the LAUM (Université du Maine, Fr) by means of the two-source method described
in chapter 2. In this setup, the Mach number was restricted to M1 ≤ 0.07. The data
obtained with the two-source method are expected to be more accurate than those
obtained by means of the two-load method. The two-load method however enables us
to measure at relatively high Mach numbers (M1 ≤ 0.3), which could not be reached
in the setup at the LAUM.

3.4 Results

3.4.1 Frequency dependence

3.4.1.1 Bends A and C: 90o bend with sharp inner and outer edges

Figures 3.3 and 3.4 show the amplitude and the phase of the upstream reflection
coefficient (|R+

B| and Φ+
R/π) and of the transmission coefficient (|T+

B | and Φ+
T /π) as

a function of the dimensionless frequency f/fc for the 3-D bend with a sharp inner
edge and a sharp outer corner. The results are shown for three different fixed Mach
numbers M1 = 0.03, 0.05 and 0.07. The aeroacoustical response of the 3-D bend with
circular cross-sections is well predicted by the 2-D numerical simulations. Assuming
that 2-D and 3-D data correspond to each other for equal dimensionless frequency
f/fc, we see that at the lowest Mach number M1 = 0.03, the numerical calculations
and the experimental results are accurately described by the theory for M1 = 0. We
only observe a significant effect of the main flow in the phase Φ+

R of the reflection
coefficient R+

B. It is also quite interesting to note a difference between the limits
limf/fc→0 Φ+

R = 1.5π at M1 = 0 and limf/fc→0 Φ+
R = 2π at M1 �= 0. The second limit

corresponds to the quasi-steady flow theory in which we neglected inertial effects at the
bend. The physics of this difference could be similar to that of the difference between
the low-frequency limit Sr → 0 at M1 = 0 and the low-frequency limit He → 0
at M1 → 0 discovered theoretically by Rienstra16 for the end-correction at an open
pipe termination, and confirmed experimentally by Peters14. As the Mach number
M1 increases, its influence on the coefficients of the scattering matrix SB is observed
and is well predicted by the 2-D numerical simulations. When the main flow velocity
increases, the deviation between 2-D and 3-D data becomes more important. In the
limit of low frequencies, the quasi-steady flow theory is quite accurate.

We also observe that the agreement between the two-source and two-load methods
is excellent for the amplitude but much less satisfactory for the phase.
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Figure 3.3: Bend A (and C): Dimensionless frequency dependence of the amplitude
|R+

B| and the phase Φ+
R/π of the upstream reflection coefficient for the total enthalpy.

Comparison between 3-D experimental results ( ) obtained by means of the two-
source method and 2-D numerical simulations using EIA (◦) for 3 different Mach num-
bers M1 = 0.03, M1 = 0.05 and M1 = 0.07. The data predicted by the quasi-steady
flow theory at f/fc = 0 (�) and the data obtained at f/fc = 0.043 by means of the
two-load method (+) are also plotted. As a reference, the 2-D theory at M1 = 0
(−−−) is shown.
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Figure 3.4: Bend A (and C): Dimensionless frequency dependence of the amplitude
|T+

B | and the phase Φ+
R/π of the upstream transmission coefficient for the total en-

thalpy. Comparison between 3-D experimental results ( ) obtained by means of
the two-source method and 2-D numerical simulations using EIA (◦) for 3 different
Mach numbers M1 = 0.03, M1 = 0.05 and M1 = 0.07. The data predicted by the
quasi-steady flow theory at f/fc = 0 (�) and the amplitude obtained at f/fc = 0.043
by means of the two-load method (+) are also plotted. As a reference, the 2-D theory
at M1 = 0 (−−−) is shown.
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Figure 3.5: Bend B (and D): Dimensionless frequency dependence of the ampli-
tude |R+

B| and the phase Φ+
R/π of the upstream reflection coefficient for the total en-

thalpy. Comparison between 3-D experimental results ( ) obtained by means of
the two-source method and 2-D numerical simulations using EIA (◦) for 3 different
Mach numbers M1 = 0.029, M1 = 0.0533 and M1 = 0.0667. The data predicted by
the quasi-steady flow theory at f/fc = 0 (�) and the data obtained at f/fc = 0.043
by means of the two-load method (+) are also plotted. As a reference, the 2-D theory
(fit of the numerical results) at M1 = 0 (−−−) is shown.
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Figure 3.6: Bend B (and D): Dimensionless frequency dependence of the amplitude
|T+

B | and the phase Φ+
T /π of the upstream transmission coefficient for the total en-

thalpy. Comparison between 3-D experimental results ( ) obtained by means of
the two-source method and 2-D numerical simulations using EIA (◦) for 3 different
Mach numbers M1 = 0.029, M1 = 0.0533 and M1 = 0.0667. The data predicted by
the quasi-steady flow theory at f/fc = 0 (�) and the data obtained at f/fc = 0.043
by means of the two-load method (+) are also plotted. As a reference, the 2-D theory
(fit of the numerical results) at M1 = 0 (−−−) is shown.
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3.4.1.2 Bends B and D: 90o sharp bend with a rounded outer corner

In figures 3.5 and 3.6, the amplitude and the phase of the coefficients of the scatter-
ing matrix are presented in terms of the dimensionless frequency f/fc for three different
Mach numbers M1 = 0.029, 0.0533 and 0.0667 for the bend with a sharp inner edge and
a rounded outer corner. As observed in the acoustical study presented in chapter 2,
the deviation between 2-D and 3-D data is much more important for this bend than
for the bend with a sharp outer corner. Also for this bend, there is a good agreement
between data obtained by means of the two-source and two-load methods.

3.4.2 Dependence on Mach number

3.4.2.1 Bends A and C: 90o bend with sharp inner and outer edges
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Figure 3.7: Bend A (and C): Dependence on Mach number of the amplitude of the
reflection coefficients |R+

B| and |R−
B| for the total enthalpy. The dimensionless frequency

is set to f/fc = 0.043. Comparison between 3-D experimental results (+ for |R+
B|, ×

for |R−
B|) and 2-D numerical simulations (• for |R+

B|). The data are also compared to
an incompressible quasi-steady flow theory (. . . for |R+

B| and ..... for |R−
B|) and a

quasi-steady compressible flow theory (—– for |R+
B| and −−− for |R−

B|).
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Figure 3.8: Bend A (and C): Dependence on Mach number of the amplitude of
the transmission coefficients |T+

B | and |T−
B | for the total enthalpy. The dimensionless

frequency is set to f/fc = 0.043. Comparison between 3-D experimental results (+ for
|T+

B |, × for |T−
B |) and 2-D numerical simulations (• for |T+

B |, � for |T−
B |). The data are

also compared to an incompressible quasi-steady flow theory (. . . for |T+
B | and ..... for

|T−
B |) and a quasi-steady compressible flow theory (—– for |T+

B | and −−− for |T−
B |).

In Figs. 3.7 and 3.8, the amplitudes |RB| and |TB| of respectively the reflection
and the transmission coefficients for the total enthalpy are shown as a function of the
Mach number M1 = u1/c1 for a fixed dimensionless frequency f/fc = 0.043. These
experimental data are obtained from measurements by means of the two-load method
(section 3.2). The numerical calculations based on the two-dimensional Euler equa-
tions predict the amplitudes of the upstream reflection coefficient |R+

B| and downstream
transmission coefficient |T−

B |. In both experimental and numerical results, an irregu-
lar behavior of the transmission coefficient as a function of M1 is observed around
a Strouhal number Sr = fD/u1 of 0.2 (Fig. 3.8). The amplitude of the upstream
transmission coefficient |T+

B | is well predicted for low Mach numbers (M1 ≤ 0.15). For
higher Mach numbers, the upstream transmission coefficient |T+

B | deviates from the ex-
perimental data. This could be due to the difficulties encountered for the plane-wave
identification downstream of the discontinuity. These data could only be determined
within an accuracy of 2%. The downstream reflection coefficient |R−

B| is not shown in
Fig. 3.7 because the data obtained were not reliable. An alternative extraction method
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based on Lighthill’s analogy might provide better results (chapter 2). This should be
a subject of further research.

Figures 3.7 and 3.8 show also the prediction of the quasi-steady incompressible and
compressible flow theories for a vena-contracta factor Υ0 = 0.5255. Up to Strouhal
numbers of the order of unity (that is for Mach numbers M1 ≥ 0.07), the amplitude
of the scattering matrix coefficients are reasonably well predicted by the quasi-steady
compressible flow theory. For Strouhal numbers of order unity or higher, the experi-
mental reflection coefficient approaches the limit of zero Mach number (chapter 2). It
deviates strongly from the quasi-steady flow limit.
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Figure 3.9: Bend B (and D): Dependence on Mach number of the amplitude of the
reflection coefficients |R+

B| and |R−
B| for the total enthalpy. The dimensionless frequency

is set to f/fc = 0.043. Comparison between 3-D experimental results (+ for |R+
B|, ×

for |R−
B|) and 2-D numerical simulations (• for |R+

B|, � for |R−
B|). The data are also

compared to an incompressible quasi-steady flow theory (. . . for |R+
B| and ..... for

|R−
B|) and a quasi-steady compressible flow theory (—– for |R+

B| and −−− for |R−
B|).

The irregularities mentioned above around Sr = 0.2 and corresponding to M1 = 0.1,
which are observed in experiments and numerical simulations as a function of M1

(Fig. 3.8), are not predicted by a quasi-steady flow theory. This is expected to be a
Strouhal number dependence like the whistling of a diffuser (van Lier17) or a grazing
flow along a Helmholtz resonator (chapters 5 and 6). Similar particularities have also
been observed around Sr = 0.2 by Nyg̊ard3 in the broad band noise produced by
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a bend with a sharp inner edge and a sharp outer corner. Around Sr = 0.2, the
broad-band noise of such a bend is 8 dB higher than that of a bend with a rounded
outer corner. For bends with a rounded outer corner, the irregularities disappear both
in our scattering matrix coefficients and in Nyg̊ard’s3 noise measurements. At low
Mach number (M1 ≤ 0.1), the quasi-steady flow theories give a good prediction of the
transmission coefficients |T+

B | and |T−
B |.

3.4.2.2 Bends B and D: 90o sharp bend with a rounded outer corner
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Figure 3.10: Bend B (and D): Dependence on Mach number of the amplitude of
the transmission coefficients |T+

B | and |T−
B | for the total enthalpy. The dimensionless

frequency is set to f/fc = 0.043. Comparison between 3-D experimental results (+ for
|T+

B |, × for |T−
B |) and 2-D numerical simulations (• for |T+

B |, � for |T−
B |). The data are

also compared to an incompressible quasi-steady flow theory (. . . for |T+
B | and ..... for

|T−
B |) and a quasi-steady compressible flow theory (—– for |T+

B | and −−− for |T−
B |).

Results of quasi-steady flow theories have been also compared to 3-D experimental
and 2-D numerical data obtained for the 90o sharp bend with a rounded outer corner.
The results are shown in figures 3.9 and 3.10 in terms of the Mach number. The remarks
made in the previous section for the transmission coefficients (Fig. 3.10) apply also here.
As observed in chapter 2, the numerical prediction of the reflection coefficients (Fig. 3.9)
is not as good as in the case of the bend with sharp inner and outer edges. This is
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expected to be an effect of the comparison between 2-D and 3-D data. The accuracy
of the numerical data was around 2%. Note furthermore that the quasi-steady flow
theory does not take into account the effect of the geometry of the outer corner. We
use the same value Υ0 in both cases.

3.5 Conclusions

The aeroacoustic response of 90 degree bends with a sharp inner edge has been
been studied. We consider both the case of a bend with a sharp outer corner and with
a rounded outer corner. In the presence of a main flow (u1 �= 0), measurements have
been carried out by means of a two-source method and of a two-load method. The first
method enables us to study the response of the bends as a function of the dimensionless
frequency f/fc (f/fc ≤ 0.15) for relatively low fixed Mach numbers (M1 ≤ 0.07), while
the second method enables a study of the dependence of the response with the Mach
number (0 ≤ M1 ≤ 0.3) for a fixed frequency (f/fc = 0.043). The measurements were
performed for pipes with circular cross-sections. These 3-D experimental results are
compared to numerical predictions based on the Euler equations for 2-D inviscid and
compressible flow and results from 2-D quasi-steady flow theories by assuming that
2-D and 3-D data correspond to each other for equal dimensionless frequencies f/fc
and equal Mach numbers M1. As observed in the absence of a main flow (chapter 2),
this assumption appears to give better results in the case of a bend with a sharp outer
corner than in the case of a bend with a rounded outer corner. The main effect of
the main flow at low Mach numbers (M1 ≤ 0.07) appears to be a drastic change in
the behavior of the phase Φ+

R of the reflection coefficient R+
B. A parallel can be drawn

between this behavior and the behavior of open pipe terminations in the low-frequency
limit where we distinguish the case Sr → 0 at M1 �= 0 and He → 0 at Sr �= 0.

Up to Strouhal numbers of the order of unity, the amplitude of the scattering matrix
coefficients are well predicted by the quasi-steady compressible flow theory. For higher
Strouhal numbers, the amplitude of the reflection coefficient approaches the limit of
zero Mach number. Quasi-steady flow theories do not predict irregularities of the
scattering matrix coefficients. These irregularities are observed both in experiments
and numerical simulations and are expected to be a Strouhal number effect. These
irregularities around Sr = 0.2 are quite pronounced for the bend with a sharp inner
edge and a sharp outer corner. Nyg̊ard3 observed in that case a strong enhancement
of turbulent sound production compared to the case of the bend with a rounded outer
corner.

In the presence of a main flow, numerical predictions of the upstream transmission
coefficient T+

B and the downstream coefficients R−
B and T−

B become difficult due to the
non-uniform jet flow which appears after the flow separation at the sharp inner edge of
the bends. This makes the extraction of the far-field acoustic response of the bends less
accurate while giving the motivation for the use of 1-D extraction regions described
in the chapter 2. Further research should be carried out to improve the method of
extraction of acoustical data in turbulent flow regions.
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Chapter 4

Self-sustained oscillations in a
closed side branch system

Abstract

We consider self-sustained oscillations in a closed side branch system. The config-
uration consists of two closed side branches of same length placed opposite to each
other along a main pipe. We call this a cross-junction. Such a cross-junction displays
strong flow pulsations for a frequency corresponding to a wavelength equal to four
times the side branch length. This is due to a coupling between resonant acoustic
standing waves and instabilities of the shear layers separating the flow in the main
pipe from the stagnant gas in the closed side branches. Numerical simulations, based
on the Euler equations for two-dimensional inviscid and compressible flows, are per-
formed. The radiation into the main pipe is negligible at the resonance frequency.
This acoustically closed system is therefore a good test-case of our numerical calcu-
lations, which have been previously validated for the propagation of acoustic waves
(chapters 2 and 3). We limit ourselves to pipes with square cross-sections. The
numerical results are compared to acoustical measurements and flow visualization
obtained in a previous study by Peters1. Depending on the flow conditions, the
predicted pulsation amplitudes are about 30% to 40% higher than the measured
amplitudes. This is partially due to the absence of visco-thermal dissipation in the
numerical model. We expect however that experimental results are also influenced
by wall vibrations. We propose a simple analytical model for the prediction of the
pulsation amplitudes. In spite of its crudeness, the analytical model provides a fair
prediction.

4.1 Introduction

Self-sustained oscillations can appear when a flow is grazing along deep cavities.
The flow separation induces the formation of a shear layer separating the main flow
from the stagnant fluid in the cavity. This shear layer is unstable. The coupling be-
tween resonant acoustic standing waves in the cavity and instabilities of the shear layer
results in self-sustained oscillations.

This chapter has been written in collaboration with the following co-authors:
S. J. Hulshoff & A. Hirschberg.
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The phenomenon of self-sustained oscillations is due to an acoustic feedback loop
in which the shear layer can be represented as an amplifier (Fig. 4.1). The acoustic
resonant modes of the cavity determine the oscillation frequency.

Shear layer

Acoustic
velocity

field

Figure 4.1: Acoustic feedback loop characterizing the phenomenon of self-sustained
oscillations

Strong resonances can be observed in pipe systems with closed side branches. We
consider the case in which the side branches have the same diameter as the main pipe.
A closed side branch of length L along a main pipe is an almost perfect reflector at
critical resonance frequencies fm = (2m+ 1)c/(4L) (where m = 0, 1, 2, ... and c is the
speed of sound), but it is not a resonator by its own (Bruggeman2, Peters1, Kriesels3).

A closed resonator can be formed by two such resonant closed side branches placed
at a distance Ln ≈ c

2f
n from each other along the main pipe (f is the resonance fre-

quency and n = 0, 1, 2, ...) (Bruggeman2, Ziada4). Fig. 4.2 shows two examples of
such resonators.

L

(b)(a)

L

2L

L

L

Figure 4.2: Two reflectors placed at a distance Ln = nc/2f from each other (closed
resonators): (a) case n = 1, (b) case n = 0. The resonant acoustic mode in pressure
perturbation is shown.

We consider the case in which the pipes have the same length L = c
4f

and are placed

opposite to each other (n = 0, Fig. 4.2b). This configuration is called a cross-junction
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and is studied in this chapter.

In case of deep cavities, Elder5 and Howe6 proposed a model based on a linear
response of the shear layer. The oscillation amplitude of the shear layer increases ex-
ponentially with the distance from the upstream edge. This model is limited to very
low amplitudes (u′/U0 ≤ 10−3). We call this the low-amplitude regime.
For larger amplitudes, the shear layer breaks down into discrete vortices (Nelson7).
For moderate amplitudes (10−2 ≤ u′/U0 ≤ 10−1), the formation of discrete vortices is
triggered by the acoustic velocity field (Bruggeman2). The amount of vorticity shed
remains however independent of the amplitude of the acoustic field. It is controlled by
the mean flow. It is essentially equal to the amount of vorticity shed in the steady flow
case when there are no oscillations. The empirical model of Nelson7 for a Helmholtz
resonator assumes that the vorticity is concentrated into line vortices convected at a
constant velocity UΓ = 0.4U0 along a line joining the upstream to the downstream
edge. Earlier models based on this model and proposed by Bruggeman2 and Howe6,
overestimate the pulsation amplitudes by a factor of three or more. This appears to
be due to the interaction of a singularity in the vorticity field, the point vortex, with
a singularity in the acoustic field at the sharp downstream edge. In practice, this
strong interaction does not occur because the vorticity is not concentrated into a point
(Bruggeman2) and because the vortex path deviates from the straight line assumed in
Nelson’s model7 (Howe6).

We propose in this paper an analytical model based on the Nelson’s model but
in which the singularity of the acoustical flow at the downstream edge is suppressed
(section 4.3). This allows better prediction of the pulsation amplitude. In section 4.2,
we provide a summary of experimental data obtained by Peters1 and Kriesels3. Exper-
imental data are then compared to numerical simulations based on the Euler equations
for two-dimensional compressible flows (section 4.4). The results are also compared
to numerical results obtained by using a point-vortex model assuming a locally two-
dimensional incompressible potential flow model. This method is described in detail by
Peters1, Kriesels8,3 and Hofmans9. The point vortices are desingularized as proposed
by Krasny10. We call this a vortex-blob method. In the vortex-blob calculations, the
acoustical velocity u′ at the junction is imposed as a boundary condition. The first step
of this vortex-blob method is to calculate the acoustic power generated by the vortical
flow, for a given Strouhal number, as a function of the amplitude of the acoustical
velocity field (u′/U0 = O(10−1)). Then, by evaluating the energy balance of the system
(assuming that the acoustic power found is equal to the losses due to visco-thermal,
radiation and non-linear effects), the pulsation amplitude is determined. Accurate cal-
culations carried out by Hofmans9 for a similar case (single side branch system) appear
to predict the pulsation amplitudes within 10% for u′/U0 < 0.1. For u′/U0 = O(1), the
model overestimates the pulsation level by 30%. We use here the simplified approach
of Kriesels8 in which the acoustical power generated by the source is assumed to be
proportional to the acoustical pulsation amplitude (moderate amplitude case). This
simplified approach reduces considerably the computation power required but was not
yet tested at high amplitudes such as observed in the case of the cross-junction.
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4.2 Experimental studies

4.2.1 Experimental setup
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Figure 4.3: Experimental setup (figure from Peters1).

Fig. 4.3 shows a scheme of the experimental setup. A complete description of the
experimental setup can be found in Peters1 and Kriesels3. The closed side branches
and the main pipe have a square cross-sectional area of H ×H = 60 × 60 mm2. The
pipes have aluminium walls with a thickness of 2 mm. Steel plates of 3 mm thickness
are glued on the outer walls of the closed side branches in an attempt to reduce wall
vibrations. The main flow is generated by a wind tunnel and is passing through a
settling chamber with square cross section (with a width of 0.35 m). The air is flowing
into the main pipe through a smooth contraction, placed one side branch width H
upstream of the cross-junction. The magnitude of the velocity U0 of the main flow is
calculated from the pressure difference ∆p measured across the contraction by means of
a Betz water manometer (accuracy ±1Pa). We use the steady flow Bernoulli equation:
U0 =

√
2∆p/ρ (with ρ the density of air). The acoustical pressure amplitude p′exp and

the oscillation frequency f are measured at the end of one of the closed side branches
by means of a piezo-electric microphone. The amplitude of the acoustic velocity field
at the junction is then deduced by assuming that only plane waves propagate into the
closed side branches: u′(x) = p′exp sin(kx)/(ρc) (with k = 2πf/c the wave number and
c the speed of sound). The length L of the closed-side branches can be varied and is
defined as the distance between the end of the closed side branch and the middle of
the main pipe (Fig. 4.3).

In the region where the vortices are formed, the side walls of the cross-junction are
made up of glass windows. A schlieren method is used to visualize the flow. A more
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detailed description of this method is given by Peters1. The necessary difference in
refractive index is obtained by injecting a mixture of 50% Ar and 50% Ne, which has
a density ρ and speed of sound c very close to that of air. In this way, the injection of
this mixture does not affect the acoustical behavior of the cross-junction. A nanolite
light source generates a light pulse each time the acoustic pressure at the end of a
closed side branch exceeds a certain value. A delay between the trigger signal and the
nanolite pulse is introduced in order to visualize the flow at a different moment of the
oscillation period T = 1/f . Only the vortex formation in the upper shear layer was
visualized. It is identical to the vortex formation in the lower shear layer, but with a
phase shift of half an oscillation period.

Experiments were carried out by Peters1 on two different cross-junctions. The first
cross-junction had sharp edges (Fig. 4.4a) and the second had rounded edges with
a radius of curvature r = 0.2H where H = 60 mm is the width of the side branch
(Fig. 4.4b).

U0 U0

r=0.2H

H

a) b)

Figure 4.4: Configurations studied. a) Cross-junction with sharp edges ; b) Cross-
junction with rounded edges (r/H = 0.2).

4.2.2 Acoustic and hydrodynamic modes

The different acoustic modes in a cross-junction with circular pipes have been ob-
served experimentally by Peters1 and Kriesels3. Fig. 4.5a gives an example of the results
obtained for the amplitude of the acoustical pressure p′(t) measured at the top of one
closed side branch of the cross-junction and the corresponding frequency f in terms of
the main flow velocity U0. The graph of frequency versus the main flow velocity U0

shows the different resonant acoustic modes fm = mc/(4L) in a cross-junction. They
correspond to closed side branches with a length L = mλ

4
where m = 2n + 1 (n = 0,

1, 2, ...) (Fig. 4.5b). Only the odd modes are resonant because they have a pressure
node at the junction. The even modes (m = 2n, n = 0, 1, 2, ...), which have a pressure
anti-node at the junction, radiate strongly into the main pipe.

As we observe from figure 4.5a, pulsations occur at a certain frequency (acoustic
mode) within limited ranges of flow velocities which correspond to so-called hydrody-
namic modes. In figure 4.5a, the first hydrodynamic mode is indicated by the line



58 Self-sustained oscillations in a cross-junction

m=1

m=3

m=5

Figure 4.5: Acoustical measurements of a cross-junction with circular pipes
(Kriesels3): (a) acoustical pressure at the top of a closed side branch and frequency in
terms of the main flow velocity U0, (b) resonant acoustic modes in pressure perturba-
tions in a cross-junction.

h = 1, the second by the line h = 2. In the first hydrodynamic mode (h = 1), only
one vortex per oscillation period T is shed (Fig. 4.6a) and the acoustical pressure p′(t)
at the end of the closed-side branches presents different maxima at critical Strouhal
numbers Sr = fH/U0. In the second hydrodynamic mode (h = 2), the time needed by
a vortex to travel through the junction is about two oscillation periods. This implies
that two vortices are present at the same time in the opening of the side branch. This
is shown by the flow visualization of Fig. 4.6b.

4.3 Theory

4.3.1 Vortex-sound theory (Powell11, Howe6)

Following the analogy of Howe12, the acoustical velocity u′ is defined as the unsteady
irrotational part of the velocity field v:

v = ∇(φ0 + φac(t)) + ∇ × Ψ, (4.1)

u′ = ∇φac(t), (4.2)
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(b)(a)

Figure 4.6: Flow visualization in a cross-junction (Peters1): (a) first hydrodynamic
mode (h = 1), (b) second hydrodynamic mode (h = 2), two successive pictures of the
vortices.

where φ = φ0 + φac(t) is the scalar potential and Ψ is the vector stream function∗.

If we neglect friction and heat transfer, a homentropic flow satisfies Crocco’s form
of the Euler equation:

∂v

∂t
+ ∇B = −ω × v, (4.3)

where B is the total enthalpy defined by B = i + |v|2/2 (with i = e + p/ρ the
specific enthalpy) and the vorticity ω is defined by: ω = ∇ × v.

In addition, we write the continuity equation as:

1

ρ

Dρ

Dt
+ ∇ · v = 0, (4.4)

where D/Dt = ∂/∂t + v · ∇ is the Lagrangian time derivative.
For an isentropic flow, the energy equation reduces to:

Ds

Dt
= 0, (4.5)

and the equation of state p = p(ρ, s) becomes in a differential form:

Dp

Dt
= c2

Dρ

Dt
. (4.6)

∗To remove the ambiguity in this definition, one often imposes the gauge condition ∇ · Ψ = 0.
This is however not relevant in our present discussion.
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The enthalpy i satisfies the relationship:

1

ρ

Dp

Dt
=

Di

Dt
, (4.7)

that follows directly from the energy equation for inviscid, no-heat conducting flows
without volumetric heat sources.

Taking the divergence of eq. 4.3 and the time derivative of eq. 4.4, and subtracting
the resulting equations, we obtain:

∂

∂t

(
1

ρ

Dρ

Dt

)
−∇2B = ∇ · (ω × v) . (4.8)

By using the equation of state (eq. 4.6) and the energy relationship (eq. 4.7), we
find:

∂

∂t

1

c2
Di

Dt
−∇2B = ∇ · (ω × v) . (4.9)

This equation can be rewritten as a non-homogeneous wave equation for the total
enthalpy:

1

c20

D2
0B

Dt2
− ∇2B = ∇ · (ω × v) +

1

c20

D2
0B

Dt2
− ∂

∂t

1

c2
Di

Dt
, (4.10)

where D0/Dt = ∂/∂t+u0 ·∇ is the convective time derivative for an observer sub-
merged in a uniform flow of velocity u0. For a compact source (small compared to the
acoustical wavelength) at low Mach number (M2 = (|v|/c)2 � 1), the two last terms of
the right-hand side of equation 4.10 are, following Howe6, negligible. Hence, we identify
the Coriolis force density fc = −ρ(ω×v) as the dominant source of sound in such flows.

Neglecting convective effects on the wave propagation (M0 = |u0|/c0 � 1), the
wave equation is written as:

1

c20

∂2B

∂t2
−∇2B = ∇ · (ω × v). (4.11)

With this level of approximation, the time average of the acoustic power Psource

generated by the flow for periodic oscillations is given by:

< Psource >=< −ρ0

∫
V

(ω × v) · u′dV >, (4.12)

where <> denotes the time averaging over one period of oscillation (Howe12).

4.3.2 Single-mode model

4.3.2.1 Simplified acoustical model

The cross-junction configuration forms a closed resonator which behaves as a forced
linear acoustical system. If we assume a single acoustical mode to be dominant, the
acoustical displacement ξ(t) in the source region (y = 0) is described by:
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Ma
d2ξ

dt2
+ R

dξ

dt
+ Kξ(t) = F(t), (4.13)

where Ma represents the effective acoustical mass, R the damping, K the spring
constant of the system and F(t) corresponds to the external forces which act on the
system.

Determination of the effective acoustical mass Ma

The mass Ma is deduced by calculating the kinetic energy Ec of the system:

Ec =
1

2
Ma

(
dξ

dt

)2

= H2

∫ +L

−L

1

2
ρ0u

′2dx, (4.14)

where u′ is the local acoustical velocity amplitude, H and L are the width and the
length of the side branches, respectively.

By assuming harmonic plane waves in the closed side branches, we write that the
acoustical pressure p′, for the first acoustical mode m = 1, is:

p′(x, t) = p̂ cos(ωt) sin
(πx

2L

)
. (4.15)

The linearized momentum conservation equation:

ρ0
∂u′

∂t
= −∂p′

∂x
, (4.16)

then yields:

u′(x, t) =

(
dξ

dt

)
cos
(πx

2L

)
. (4.17)

So that, neglecting the effect of the deviation of the two-dimensional flow at the
junction from the one-dimensional approximation (eq. 4.17), we find:

Ma = ρ0H
2L. (4.18)

Determination of the spring constant K

The spring constant K is related to the resonance pulsation ω0 = 2πf0 of the system
by:

K = ω2
0Ma, (4.19)

where f0 ≈ c0/(4L).
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Determination of the damping coefficient R

The damping coefficient R is related to the quality factor Qf = ω0/∆ω3dB of the
system:

R =
ω0Ma

Qf

. (4.20)

The main source of acoustic losses in a cross-junction is the wave attenuation in
the closed side branches due to viscous dissipation and thermal conduction in the
wall boundary layers. When acoustical plane waves are travelling through a stagnant
uniform fluid in a pipe (of cross-sectional area A and perimeter Lp), their amplitude is
decreasing with the distance x by an exponential factor e−αx where α is the damping
coefficient. When the visco-thermal boundary layers are thin compared to the pipe
cross-section, we can use Kirchhoff’s result13:

α =
Lp

2A

√
ν

πf

(
1 +

γ − 1√
Pr

)
. (4.21)

This damping coefficient α is related to the quality factor Qf of the resonator formed
by the two closed side branches. In the cross-junction, when the closed side branches
have the same length L, a plane wave travelling along these closed side branches will
cover a distance of 4L in one oscillation period T . For free oscillations, the attenuation
of the plane-wave amplitudes in one oscillation period is then:

p(T )

p(0)
= e−4αL = e−π/Qf , (4.22)

by definition of the quality factor Qf which implies that Qf = π/(4αL) and:

R = 8f0ρ0H
2L2α. (4.23)

The visco-thermal acoustic losses are given by:

< Pv−th >=< R

(
dξ

dt

)2

> . (4.24)

External forces F(t)

The right-hand side of the equation 4.13 represents the external forces which act on
the system. These forces F(t) consist of the sum of an aeroacoustic source term due to
vortices and radiation loss terms due to non-linear wave propagation. The aeroacoustic
source term can be either determined by using Nelson’s model7 or the blob method3,8.
The radiation loss term corresponds to transfer of energy from the fundamental oscil-
lation mode to higher modes as a result of losses due to wave steepening.

Nelson’s model

Nelson7 proposed a model in which the vorticity of the shear layer is concentrated
into point vortices convected at a constant velocity (UΓ ≈ 0.4U0, 0, 0) (empirical value
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from Bruggeman2 where U0 is the main flow velocity). In this model, it is assumed that
the vortices travel along a straight line from the upstream to the downstream edge.

In the absence of pulsations, the shear layer is a straight line. The circulation ∆Γ
of a length ∆x of this shear layer is:

∆Γ =

∮
C
v.dS = U0∆x, (4.25)

where C is the contour of length ∆x enclosing the segment of the shear layer
(Fig. 4.7).
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Figure 4.7: Circulation in a segment of the shear layer enclosed by a contour C

The rate of vorticity shed at the upstream edge is then:

dΓ

dt
=

(
∆Γ

∆x

)
dx

dt
= U0Uc, (4.26)

where the velocity Uc at which vortices are convected is an average between the
main flow velocity U0 and the zero velocity of the stagnant fluid in the closed side
branches: Uc ≈ 0.5U0. We assume now that at moderate pulsation amplitudes, the
rate of vorticity shed (dΓ/dt) remains equal to its steady flow value. When the vorticity
is concentrated into a line vortex travelling along the line yΓ = 0 (Fig. 4.7), we can
write for the vorticity field ω = ∇ × v = (0, 0, ωz):

ωz = Γ(t)δ(x− xΓ(t))δ(y), (4.27)

where xΓ(t) is the position of a point vortex at time t:

xΓ(t) = UΓ(t− tn), (4.28)

with tn the time at which the nth vortex is shed. From empirical observations of
Nelson7 and Bruggeman2, it appears that a new vortex is shed each time the pressure
in the closed side branch reaches a minimum. We take this as the time origin, so that,
if we assume a (cosωt)-time dependence of the pressure:

tn = (n− 1)T (n = 1, 2, ...). (4.29)
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The circulation Γn of the nth vortex depends on the time T ′ = H/UΓ needed by the
vortex to travel through the junction and is defined as:

Γn(t) = U0Ucgn(t), (4.30)

with 


gn(t) = t [H (t− tn) −H (t− T ′ − tn)] if T ′ ≤ T ,
gn(t) = t [H (t− tn) −H (t− tn+1)]

+T [H (t− tn+1) −H (t− tn − T ′)] if T ′ ≥ T ,
(4.31)

where H(t) is the Heaviside function (H(t) = 0 for t < 0 and H(t) = 1 for t ≥ 0).
The absolute value of the circulation |Γn(t)| is drawn in Fig. 4.8.
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Figure 4.8: Absolute value of the circulation Γn(t) for T ′ < T (upper graph) and
T ′ > T (lower graph).

If T ′ ≤ T , only one vortex is present in the junction. This corresponds to the first
hydrodynamic mode (Fig. 4.6a).
If T ′ ≥ T , the first vortex has not yet reached the downstream edge that a second vor-
tex is shed at the upstream edge of the junction. We have the second hydrodynamic
mode (Fig. 4.6b).

The acoustic source power Psource produced by the vortices can be written in terms
of the circulation Γn(t). From equation 4.12, we write:

< Psource >=< −ρ0

∫
V

(ω × v) · u′dV >=< −ρ0Γn(t)UΓHu′
y(xΓ(t), yΓ(t), t) >, (4.32)

where <> denotes the time averaging over one period of oscillations T and u′
y cor-

responds to the component in the y-direction of the local acoustical velocity u′ (as a
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result of the scalar product).

In the cross-junction, Psource is comparable to a source power associated with a
source term ∆psource:

< Psource >= H2 < ∆psource · u′
y(xΓ(t), yΓ(t), t) > . (4.33)

In order to take into account the vortex shedding at both junction sides, equa-
tion 4.32 becomes:

< Psource >= 2 < −ρ0Γn(t)UΓHu′
y(xΓ(t), yΓ(t), t) > . (4.34)

The acoustical source power Psource is related to the external forces Fsource(t) which
act on the system†:

< Psource >=< (Fsource)y(t)

(
dξ

dt

)
>, (4.35)

where (Fsource)y(t) is the component in the y-direction of the external forces Fsource(t).
It is related to a geometrical factor κn(t) which takes into account the influence of the
geometry:

(Fsource)y(t) = −ρ0ΓnUΓHκn(t), (4.36)

with κn(t) = u′
y(xΓ(t), yΓ(t), t)/dξ

dt
.

Junction with rounded edges

When the junction has rounded edges, we assume that the acoustical flow has a
one-dimensional behavior (Fig. 4.9) and that the acoustical velocity in the junction has
a uniform amplitude (Hirschberg14). The geometrical parameter κn is then a constant.
We use the value:

κn(t) ≈ 1

1 + 2r/H
, (4.37)

where r is the radius of curvature of the rounded edges and H is the width of the
closed side branches. Equation 4.37 is valid for r/H = O(1).

Junction with sharp edges

In the case of a cross-junction with sharp edges (r = 0), the assumption of a
constant acoustic velocity is not valid anymore because the acoustical velocity field is
singular at the edges. At low frequencies, the acoustical flow at the junction is compact
and can be considered as locally incompressible. As we assume a locally incompress-
ible acoustical flow at the junction, we can calculate the geometric parameter κn(t) by

†Strictly speaking, an isolated vortex cannot have a time-dependent circulation without the pres-
ence of an external force. As our model assumes a time-dependent circulation Γ(t), it does introduce
a spurious force. However, by using Howe’s analogy12, we supress the spurious force term by simply
ignoring it.
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u’

H + 2r

H

Figure 4.9: Assumption of a uniform acoustical velocity in a junction with rounded
edges.

means of a two-dimensional potential flow theory. This involves a conformal mapping
of the geometry of the junction onto a half plane.

In Nelson’s model, the vortex path is imposed and is a line joining the upstream
to the downstream edge. We expect that the interaction between the vortex and the
downstream edge gives an exaggerated prediction of the response (Bruggeman2). In
order to avoid this interaction, we apply the conformal mapping to a modified geometry
in which the downstream edge is replaced by a vertical wall (Fig. 4.10). In this way, the
downstream singularity of the acoustical field is suppressed‡. Details of calculations of
κn(t) are given below in the intermezzo.
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Figure 4.10: a) Actual geometry ; b) Modified geometry chosen in order to suppress
the singularity of the downstream edge (z-plane); c) Transformed plane by means of a
conformal mapping (ζ-plane).

‡Note that, in chapter 7, we will use another trick to remove the same problem in the case of a
whistle. We will simply assume that the vortex path is not along the line y = 0 but is at a small
distance above it.
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Intermezzo

The conformal mapping is based on the Schwarz-Christoffel transformation15 of the bound-
aries of a polygon (in the z- plane) into the real axis of the complex ζ-plane (Fig. 4.10).
The transformation is given by the relation:

dz

dζ
= k1ζ

−1(ζ + 1)
1
2 , (4.38)

where k1 is an arbitrary constant which may be complex

By integration, we find:

z =
iH

π

[
2
√

ζ + 1 + log(
√

ζ + 1− 1)− log(
√

ζ + 1 + 1)
]
+H. (4.39)

The complex potential of a point source (at ζ = 0) is:

ϕ = −QV

π
log ζ = Φ+ iΨ, (4.40)

where QV is the rate of emission of volume per unit time. QV is related to the acoustical
velocity |dξ/dt| and the width H of the pipe:

QV = i

∣∣∣∣dξdt
∣∣∣∣H. (4.41)

Φ and Ψ are the velocity potential and the stream function of the irrotational two-
dimensional motion.
The complex acoustical velocity is u′∗ = −dϕ/dz.

This yields:

κn(t) =
u′

y

dξ
dt

=
∣∣∣∣ 1√

ζ + 1

∣∣∣∣ . (4.42)

The determination of κn(t) involves the numerical solution of non-linear equations. We
propose an analytical solution based on a fit of the numerical solution. Near the edge (ζ = −1,
z = 0), we know that the flow singularity behaves as z−1/3 (Prandtl16). We fit therefore the
solution in order to get an analytical expression for κn(z) in the form:

κn(z) = az−1/3 + b, (4.43)

where a = 0.1941 and b = 0.2978. In order to check the accuracy of this expression, we can
calculate the integral:

1
H

∫ H

0

κn(z)dz =
3
2
aH−1/3 + b = 1.0415 ≈ 1. (4.44)

As we assume that the vortices are convected at the constant velocity UΓ, the geometric
parameter κn is then:

κn(t) = aU
−1/3
Γ (t− tn)−1/3 + b. (4.45)

Non-linear losses due to wave steepening.

For high-amplitude oscillations, additional losses are found as a result of non-linear
wave steepening. This deformation of the wave implies that higher harmonics are
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formed due to non-linearity. As discussed earlier, the even harmonics have a pressure
anti-node at the junction with the main pipe and are therefore very efficiently radiated
into the main pipe. We follow here the analysis of Hofmans9. These radiation losses
depend on the ratio σ = x/xs where x is the distance travelled by the wave and xs

is the shock-wave formation distance. For a sinusoidal signal p(0, t) = p̂0 sinωt, σ is
given by:

σ =
x

xs

=
γ + 1

2ρc2
kxp̂0, (4.46)

with γ = 1.4 the ratio of specific heats, and k = ω/c the wave number. For σ < 1,
the harmonics are given by the Fubini solution (Pierce17):

pn(x, t) = p̂0
2

nσ
Jn(nσ) sin [nω(t− x/c)]. (4.47)

The amplitude of the first four harmonics can be approximated (for small σ) by:


p̂1 = p̂0(1 − σ2

8
),

p̂2 = p̂0
σ

2
,

p̂3 = p̂0
3σ2

8
,

p̂4 = p̂0
σ3

3
.

(4.48)

The main non-linear losses are due to the radiation losses of the second harmonic
(and other even harmonics). The radiated power is:

< Prad >=
p̂2

2H
2

ρc
. (4.49)

In our case: {
kx = π,
p̂0 = p̂/2.

By assuming that the acoustical displacement is harmonic (ξ(t) = −ξ̂ cosωt), we
can write p̂ = ξ̂ωρc. And finally the radiated power becomes:

< Prad >=
(ξ̂ω)4ρ0(γ + 1)2π2H2

28c
. (4.50)

These radiation losses can also be expressed in terms of a non-linear force Frad:

Frad = − 8Prad

3(ξ̂ω)4

(
dξ

dt

)3

. (4.51)
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4.3.2.2 Energy balance (ω = ω0)

The first method of solving the problem is to assume that the deviation of the
frequency f from the resonance frequency f0 is very small. Using the assumption
f = f0, we write the energy balance of the system. From equations 4.24, 4.34 and 4.50,
the energy balance of the system can be written by the balance of the sources and the
losses:

< Psource >=< Pv−th > + < Prad >, (4.52)

− 2

T
ρ0UΓH

∫ T

0

Γn(t)κn(t)

(
dξ

dt

)
dt =

R

T

∫ T

0

(
dξ

dt

)2

dt +
(ξ̂ω0)

4ρ0(γ + 1)2π2H2

28c
,

(4.53)

where κn(t) has been introduced in the previous paragraph and where we assumed
that ω = ω0. From equation 4.53, the pulsation amplitude ξ̂ω0/U0 can be deduced.

Figure 4.11 shows the dimensionless acoustical source power < Psource > /(ρ0U
2
0H

2ξ̂ω0)
calculated by means of our simple model as a function of the Strouhal number Sr =
fH/U0. The results are compared to the theoretical data obtained by Kriesels8 by
means of the vortex-blob method for moderate amplitudes.
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Figure 4.11: Dimensionless acoustical source power < Psource > /(ρ0U
2
0H

2ξ̂ω0) as a
function of the Strouhal number Sr = fH/U0 (based on the pipe width H). Comparison
of the results obtained by means of the energy balance calculated with our simple model
(continuous and dashed lines) and with the blob method for moderate amplitudes (open
symbols, Kriesels8). The results are shown for a cross-junction with rounded edges
(r/H = 0.2) ( , ◦), and with sharp edges (−−−−−, �).
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The acoustic power < Psource > predicted by our simple model is a factor of three
larger than the value predicted by means of the vortex-blob method by Kriesels8. We
observe also from figure 4.11 that the Strouhal number at which the source power is
maximum matches for both models.

4.3.2.3 Method of averaging (ω �= ω0)

The single-mode model proposed can predict the dimensionless pulsation amplitude
χ = ξ̂ω/U0 and also the dimensionless frequency ε = ω/ω0 in terms of the Strouhal
number Sr = ωH/(2πU0) based on the width H of the closed side branches. The model
is based on the equation of motion (eq. 4.13) for the mean acoustical displacement ξ
in the cross-junction:

d2ξ

dt2
+

ω

Qf

dξ

dt
+ ω2ξ =

Fsource

Ma

+
Frad

Ma

, (4.54)

where Fsource and Frad represent the forces related to the source power Psource and
the radiated power Prad (equations 4.36 and 4.51).

Assuming that the acoustic displacement is harmonic (ξ(t) = −ξ̂ cosωt), we obtain
a non-linear equation which relates the dimensionless frequency ω/ω0 and the dimen-
sionless pulsation amplitude ξ̂ω/U0. We use the method of averaging which consists of
multiplying equation 4.54 by either cosωt or sinωt and integrating the two resulting
equations over an oscillation period (Nayfeh18). We obtain a system of two non-linear
equations for two unknowns χ = ξ̂ω/U0 and ε = ω/ω0. We solve this set of equations
using Newton’s method, initialized by means of the results of the energy balance.

(b)(a)

Figure 4.12: Dimensionless amplitude |dξ/dt|/U0 (a) and dimensionless frequency
ω/ω0 (b) predicted by the single-mode model, as a function of the Strouhal number
Sr = fH/U0 (based on the pipe width H). The results are shown for a cross-junction
with rounded edges (r/H = 0.2) with closed side branches of length L = 0.61 m.

The method of averaging is quite similar to the energy balance discussed earlier. In
the energy balance, we have however only one equation and we have to assume that
ω = ω0 (ε = 1) in order to calculate the amplitude χ = ξ̂ω/U0. The energy balance



4.4 Numerical computations 71

appears to provide quite reasonable results in our case. The predicted amplitudes of
both methods are almost identical.

4.4 Numerical computations

4.4.1 Approach

Numerical simulations have been performed for the cross-junctions (Fig. 4.4, sec-
tion 4.2) using the Euler equations for two-dimensional inviscid and compressible flow
(Hulshoff19). The spatial discretization method is based on a second-order cell-centered
finite-volume method. For the time integration, we used a second-order, low-storage,
four-stage Runge-Kutta method with one evaluation of the artificial dissipation during
the first stage (Appendix A).

4.4.2 Numerical parameters

4.4.2.1 Initial condition

Numerical simulations were initialized by specifying a pressure profile in the closed
side branches. This pressure profile corresponds to a harmonic standing wave at the
moment (t = 0) that the acoustical pressure at the closed side branch terminations
is maximum and equal to the measured amplitude p′exp of the pressure fluctuations:
p′(y, t = 0) = p′exp sin(2πf0y/c) (with f0 the measured oscillation frequency). The ini-
tial velocity amplitude in the closed side branches was set to zero ((ux, uy) = (0, 0)),
while the initially uniform velocity in the main pipe was set to the value of the exper-
imental mean flow velocity ((ux, uy) = (U0, 0)).

4.4.2.2 Boundary conditions

Boundary conditions are defined by specifying the state of halo cells surrounding
the numerical domain. As proposed by Thompson20,21 and Poinsot22, this is done by
using a local discretization of the compatibility relations.

The walls of the main pipe and the closed side branches were defined by imposing
solid wall conditions (zero normal velocity component) along the corresponding bound-
aries of the numerical domain. An anechoic boundary condition was imposed on the
outflow boundary (no acoustic wave reflection). A ‘soft’ constant-velocity condition
was applied at the inflow boundary by specifying the strength of incoming acoustic
waves to be proportional to the difference between the instantaneous velocity and the
desired velocity, multiplied by a relaxation factor (see appendix A). In our computa-
tions, the value of this relaxation factor was fixed at 0.5. The boundary conditions
imposed on the boundaries of the numerical domain are shown in Fig. 4.13.
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4.4.2.3 Numerical domain

The numerical domain used for computations on a cross-junction with sharp edges is
shown in Fig. 4.13. The numerical domain consists of structured grid blocks. The block
just at the junction between the main pipe and the closed side branches contained 40
cells both in x and y-directions. This region corresponds to the region where vortices
are formed (source region). In the downstream part of the numerical domain (two
diameters downstream of the closed side branches), the blocks in the main pipe had
a gradually decreasing number of cells in the y-direction. The coarse discretization in
this ‘buffer’ region acted to reduce the vorticity leaving the numerical domain. In the
closed side branches, the number of cells in the blocks was gradually decreased in the
x-direction, one diameter above and below the source region. This numerical domain
allowed an accurate description of the near-field, while an excessive refinement in the
low-frequency plane-wave propagation region was avoided.
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Wall
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Figure 4.13: Numerical domain used for computations. Sketch of the boundary
conditions imposed.

The length of the upstream part of the numerical domain was varied in order to
study its influence on the amplitude of the acoustical pressure fluctuations. The length
of the upstream block did not have an important effect. This is due to the fact that, as
explained above, the cross-junction is an acoustically closed system. A length of two
pipe diameters was found sufficient to get computed results independent of this length.
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The influence of grid refinement on the results of the numerical simulations was
studied by comparing fine, intermediate and coarse-grid results. The fine grid had
twice the refinement of the intermediate grid in both x and y-directions. In the source
region (junction between the main pipe and the closed side branches), the intermediate
grid had 40 × 40 cells and the coarse grid had 30 × 30 cells. Figure 4.14 shows the
pulsation amplitudes predicted in terms of the cell width ∆x of each grid used for the
computations. The number of oscillation periods calculated before reaching a steady
oscillation was typically 40.
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Figure 4.14: Predicted pulsation amplitudes p′/(ρ0c0U0) for three different cell widths
∆x (•). The results are fitted with a polygon of order three of the form: a+b (∆x/H)2+
c (∆x/H)3. The experimental value of the pulsation amplitude is also shown (horizontal
line). Results obtained for a cross-junction with sharp edges and closed side branches
of length L = 0.564 m (Strouhal number Sr = fH/U0 = 0.27).

4.4.2.4 Kutta condition

Non-linear stability in the numerical method is ensured by means of an additional
artificial viscosity term. The magnitude of this dissipation is grid-dependent (decreas-
ing with refinement). However, its presence is sufficient to enforce a Kutta condi-
tion near a sharp edge and ensure separation, due to high local cell-to-cell gradients
(Hirsch23). Therefore, for a cross-junction with sharp edges, separation will automat-
ically occur at the sharp edges. In the case of the cross-junction with rounded edges
(Fig. 4.4), the numerical flow separation is enforced at a fixed point by considering
chamfered edges rather than rounded edges (Fig. 4.15). The chamfer is arbitrarily
chosen along the line [y = −x + r(0.5 − √

2)], half way between the outer tangent
and the line joining the points (−r, 0) and (0,−r). Experiments at TU/e have shown
that cross-junctions with such chamfered edges have a similar flow behavior as that
observed in cross-junctions with rounded edges (Burm24).
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Figure 4.15: Size of the chamfer representing a rounded edge.

4.5 Results

4.5.1 Time-dependence of the acoustical pressure

Figure 4.16 presents the time-dependence of the predicted acoustical pressure at the
closed end of a side branch compared to the measured signal for the cross-junction with
sharp edges. The dimensionless amplitude p′/(ρ0c0U0) shown in Fig. 4.16 corresponds
to the dimensionless amplitude of the acoustical velocity field |dξ/dt|/U0. While the
numerical simulations predict the oscillation frequency f within 2%, they overestimate
the amplitude of the pulsation amplitudes by 30% (at the Strouhal number considered).
This overestimation is due to the fact that the numerical method used does not take
into account visco-thermal losses. However, calculations by Hofmans9, based on a
vortex-blob method combined with an energy balance including visco-thermal losses,
also overestimate the pulsation amplitudes by about 30%. This indicates that the
discrepancy between theoretical and experimental data could be due to experimental
artifacts. Energy losses in experiments due to wall vibrations are a possible source of
the problem.

In the case of the cross-junction with rounded edges, very high pulsation amplitudes
were observed. And shock wave formation was observed both in experiments and in
numerical simulations. This strong effect of the geometry of the edges on the pulsation
level was studied by Bruggeman2, Peters1 and Kriesels3. Figure 4.17 shows the history
of the acoustical pressure at the end of the closed side branch. The shocks correspond
to the local peak in the acoustical pressure at the end wall. The shock wave formation is
well predicted by the Euler computations but the amplitude of the pressure oscillations
is overestimated by 40%.

Please, note that the experiments carried out by Kriesels3 did not reproduce accu-
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Figure 4.16: Cross-junction with sharp edges. Time-dependence of the acoustical
pressure at the end of a closed side branch. L = 0.564 m, Sr = 0.27. Experimental
data1 ( ) compared to numerical predictions ( ).

Figure 4.17: Cross-junction with rounded edges (r/H = 0.2). Time-dependence of
the acoustical pressure at the end of a closed side branch. L = 0.476 m, Sr = 0.237.
Experimental data3 ( ) compared to numerical predictions ( ).
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rately the experiments of Peters1 done in the same setup (with square cross-section).
Kriesels3 found maximum amplitudes which were up to 15% lower than those found
by Peters1. This again indicates experimental problems.

4.5.2 Flow visualization

Figures 4.18 and 4.19 shows the periodic vortex formation in the cross-junction
with sharp edges for different times t/T in one period of oscillation T . The predicted
magnitude of the vorticity field by means of the Euler computations is compared to the
data obtained by Peters1: the path of the vortex layer predicted by means of the blob
method and the flow visualized by means of the schlieren method. The origin of time is
chosen to be the time at which the acoustic velocity field becomes positive (minimum
of the pressure in the upper closed side branch). The results shown in figures 4.18
and 4.19 were obtained for closed side branches with a length L = 0.564 m. For this
configuration, the pulsation amplitudes were maximal at the critical Strouhal number
Sr = fH/U0 = 0.27 (which corresponds to a resonance frequency f = 156.3 Hz and a
main flow velocity U0 = 35 m/s).

From figures 4.18 and 4.19, the path of the vortex shed at the upstream edge of
the upper side of the junction is deduced. We see that the vortex path predicted by
Kriesels3 using the blob method is very close to the experimental vortex path. In these
calculations, however, the acoustical amplitude is not predicted but rather imposed as
a boundary condition to the incompressible flow simulations of the flow at the junction.
The vortex path predicted by the Euler simulations deviates slightly from the exper-
imental results. This is expected to be due to the fact that the theory overestimates
the pulsation amplitude by about 30% (Fig. 4.16). Note that our calculations show a
significant vortex shedding at the downstream edge of the junction between the side
branch and the main pipe (Fig. 4.19). This vortex shedding is difficult to observe in
the flow visualization but does occur. It was ignored in the blob method. Vortex-blob
simulations by Hofmans9 on a similar configuration showed that this vortex shedding
at the downstream edge had only a minor effect on the energy balance.

4.5.3 Dependence on Strouhal number

The amplitude of self-sustained oscillations in a cross-junction depends on the ge-
ometry (rounded or sharp edges, length of the closed side branches). The maximum of
amplitude occurs at critical Strouhal numbers. The dimensionless amplitude |dξ/dt|/U0

is shown in figure 4.21 as a function of the Strouhal number Sr = fH/U0. The exper-
imental results are compared with the predicted numerical and analytical results for
the cross-junctions with either rounded (r = 0.2H) or sharp edges.

These results were obtained by performing numerical simulations using the numeri-
cal domain shown in Fig. 4.13. We observe in figure 4.21 that the amplitudes predicted
by the numerical computations are 40% higher than those found in the experiments for
the cross-junction with rounded edges (Fig. 4.21b), and 30% for the cross-junction with
sharp edges (Fig. 4.21a). This overestimation of the pulsation amplitude is partially
due to the absence of visco-thermal losses in our numerical method. In the closed side
branches, the viscous dissipation and thermal conduction, within the wall boundary
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layers, result into a significant attenuation of the acoustical plane waves (section 4.3.2.1,
eq. 4.21). An attempt to represent the attenuation of plane waves in the closed side
branches by an additional diffusion term, did however not give better results. When
the value of this diffusion term is tuned such that the desired wave attenuation in the
closed side branch is found, we get a larger predicted pulsation amplitude than with-
out diffusion. The diffusion parameter appears to attenuate the generation of higher
harmonics due to non-linear wave steepening and then reduce the radiation losses due
mainly to the second harmonic. In the calculations presented, the value of the diffusion
parameter is set to the value of the molecular diffusion in the momentum equation,
which is very small. In the mass and energy equations, the diffusion parameter was
set to zero. Calculations without additional diffusion term in the momentum equation
did not give significantly different results from those presented here.

In the case of the cross-junction with rounded edges (Fig. 4.21b), the analytical
model gives a better prediction of the maximum of the amplitude than the numerical
calculations. Kriesels’ moderate-amplitude approach8 systematically underestimates
the amplitude by a factor of two. The Strouhal number range within which pulsa-
tions do occur is however much better predicted by the numerical model than by the
analytical model and Kriesels’ moderate-amplitude model8.
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t/T = 0.34

t/T = 0.48

t/T = 0.23

t/T = 0.09

Figure 4.18: Periodic vortex formation in the cross-junction with sharp edges (L =
0.564 m, U0 = 35 m/s, f = 156.3 Hz, Sr = 0.27, (|dξ/dt|/U0)exp = 0.76). Comparison
between flow visualization and numerical predictions by means of the blob method
(Kriesels3) and the Euler calculations (vorticity magnitude). t/T = 0.09, 0.23, 0.34
and 0.48 with t/T = 0, the point at which the sign of the acoustic velocity becomes
positive.
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t/T = 0.75

t/T = 0.85

t/T = 0.70

t/T = 0.58

Figure 4.19: Periodic vortex formation in the cross-junction with sharp edges (L =
0.564 m, U0 = 35 m/s, f = 156.3 Hz, Sr = 0.27, (|dξ/dt|/U0)exp = 0.76). Comparison
between flow visualization and numerical predictions by means of the blob method
(Kriesels3) and the Euler calculations (vorticity magnitude). t/T = 0.58, 0.70, 0.75
and 0.85 with t/T = 0, the point at which the sign of the acoustic velocity becomes
positive.
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Figure 4.20: Vortex path in the cross-junction with sharp edges (L = 0.564 m,
U0 = 35 m/s, f = 156.3 Hz, Sr = 0.27, (|dξ/dt|/U0)exp = 0.76). The data are deduced
visually from the pictures shown in figures 4.18 and 4.19. Comparison between flow
visualization (�) and numerical predictions by means of the blob method (◦) (Kriesels3)
and the Euler calculations (�).
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Figure 4.21: Dimensionless amplitude |dξ/dt|/U0 as a function of the Strouhal number
Sr = fH/U0. (a) Cross-junction with sharp edges, (b) cross-junction with rounded
edges (r/H = 0.2). The experimental results (�) are compared with analytical data
from the single-mode model proposed ( ) and from the blob method3 (−−−−) and
with numerical predictions (•). The length of the closed side branches is L = 0.61m.
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4.6 Conclusions

Self-sustained oscillations at cross-junctions in pipes with square cross-sections have
been considered. The junction has either sharp or rounded edges. The coupling be-
tween acoustic standing waves and instabilities of the shear layers induces self-sustained
oscillations. The pulsation amplitudes can reach very large values. The presence of
shock waves, visualized by Peters1 in the cross-junction with rounded edges for low
main flow velocities (M = U0/c0 ≈ 0.1), has been confirmed by the present numerical
simulations.

An analytical model based on Nelson’s model7 has been proposed. The two resolu-
tion methods considered, an energy balance and an averaging method18, gave almost
identical results for the pulsation amplitude.

The numerical simulations provide a prediction of the measured pulsation ampli-
tudes within 40% and predict the oscillation frequency within 2%. Compared to the
analytical model proposed, the numerical simulations provide a much better insight
into the flow behavior in the cross-junctions. Due to the overestimation of the am-
plitude of the acoustical pressure at the end of a closed side branch, the vortex path
predicted by the numerical simulations deviates from the experimental vortex path. As
an alternative to the analytical model based on Nelson’s vortex model7, we considered
the use of Kriesels’8 moderate-amplitude model. In the present case, Nelson’s model
seems better because it predicts more accurately the maximum of the pulsation ampli-
tudes. The overestimation of the amplitude of the acoustical pressure at the end of the
closed side branches cannot be explained only by the absence of visco-thermal losses in
the numerical method. Previous calculations by Hofmans9 for a similar pipe system,
based on a vortex-blob method including visco-thermal losses, did also overestimate
the pulsation amplitudes by 30%. The difference in predicted and measured pulsation
amplitudes could be due to experimental problems such as wall vibrations.
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Chapter 5

Self-sustained oscillations in a
Helmholtz-like resonator: acoustical
measurements & analytical models

Abstract

We consider self-sustained oscillations of the grazing flow along the neck of a
Helmholtz-like resonator. Such oscillations are driven by a coupling between the
intrinsic instability of the shear layer, separating the main flow from the cavity, and
the resonant acoustical field in the cavity.
Depending on details of the shape of the neck, acoustical velocities through the
neck of the resonator of the same order of magnitude as the main flow velocity can
be reached. For particular neck geometries, whistling is suppressed.
Most theories, such as the linear model of Howe1, do not account for such details
of the geometry or assume very specific geometries. Also a linear theory cannot
predict the amplitude of the oscillations. A qualitative non-linear model has first
been proposed by Nelson2. Based on this model, which assumes that the vorticity
of the shear layer is concentrated in line vortices travelling at constant velocity,
we obtain insight into the phenomenon of self-sustained oscillations. Our model
includes, in addition to the vortices generated by the shear layer instability, also
a simplified quasi-steady flow model for vortices generated by the acoustical flow
separation at the inner edges of the neck of the resonator. For rounded edges, the
model predicts surprisingly well the pulsation amplitude of the first hydrodynamic
mode but severely overestimates the amplitude of higher hydrodynamic modes.
For sharp edges, we propose a modification of the models of Bruggeman3 and
Howe1, which provides a reasonable prediction of the pulsation amplitude (within
a factor of two) of the first hydrodynamic mode and does not overestimate higher
hydrodynamic modes.

This chapter has been written in collaboration with the following co-authors:
X. Luo, J. F. H. Willems & A. Hirschberg.
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5.1 Introduction

We consider a subsonic grazing flow along a deep cavity as shown in Fig. 5.2. The
cavity has a neck between the opening (mouth) and the rest of the cavity. This implies
that the cavity will have, as a Helmholtz resonator, strongly non-harmonic resonance
frequencies. The cavity is however not shallow enough to neglect wave propagation
in the cavity and we therefore call this a Helmholtz-like cavity. Near the lowest reso-
nance frequency f0, the cavity acts as a monochromator and the oscillations are almost
purely harmonic. This justifies a simplified description of the acoustical response of
the system, as used in our analysis.

As the grazing flow velocity U0 increases, self-sustained oscillations appear in crit-
ical ranges of the Strouhal number Sr = fW/U0 based on the mouth width W in the
streamwise direction. Self-sustained oscillations of such systems have been extensively
studied.
Early literature is reviewed by Rockwell4. The first models proposed were based on
linear stability analysis assuming the shear layer response to be described by the linear
inviscid theory for infinite parallel flows. Such models provide predictions of critical
Strouhal numbers for maxima of pulsation amplitudes. They also predict a cut-off
of the shear layer response above a critical Strouhal number Srθ = fθ/U0 based on
the momentum thickness θ of the shear layer (Blake5). For low amplitude pulsations,
increasing the thickness of the upstream boundary layer by means of a spoiler does
indeed suppress the oscillations (Shaw6, Bruggeman3).
More formal linearized models have been initiated by Möhring7 who considered cavities
built out of thin plates and assumed infinitesimally thin shear layers.
A large number of papers consider the physics of the flow at upstream and downstream
sharp edges of the cavity (Fig. 5.1). It appears now accepted that the flow separation
at a sharp upstream edge is well described within the framework of an inviscid flow
theory by a Kutta condition (Howe1, Rienstra8, Bechert9, Crigthon10). The character
of the flow singularity at the downstream edge, however, remains obscure. It is claimed
that the results of various inviscid models are not very sensitive to the description of
the flow at this edge (Howe1, Crigthon11). While mathematically very elegant, such
models can never predict flow-induced oscillation amplitudes because they are linear
models. They can only predict the initial exponential growth or decay in time of flow
perturbations. They are furthermore limited to geometries with sharp edges.

Our aim is to consider the performance of some simplified non-linear models which
do provide a prediction of the amplitudes of self-sustained oscillations. The first exam-
ple of such a model was proposed by Howe12. He assumed that the cavity oscillation is
driven by acoustically induced vortex shedding at the downstream edge of the mouth
of the cavity. Nelson13,2 proposed to represent the shear layer separating the main
grazing flow from the stagnant fluid in the cavity by discrete line vortices. These dis-
crete vortices accumulate the vorticity shed at the upstream edge, while they move
at a constant speed UΓ ≈ 0.4U0 along a straight line between the edges of the mouth
of the cavity. Figure 5.1 shows the vorticity magnitude predicted in the neck of the
resonator by means of a numerical method described in chapter 6.

Bruggeman3 proposed a rationalization of the model of Nelson2 and obtained some
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Figure 5.1: Flow separation at the upstream and downstream edges of the mouth of
a cavity. The nuances correspond to the vorticity magnitude predicted by means of
Euler equations for 2-D inviscid compressible flow (see chapter 6).

interesting predictions for a square-edged cavity mouth. The predicted amplitudes
are however a factor of 3 or 4 too large. Bruggeman3 identified the problem to be
caused by the unrealistic head-on collision of a point vortex with the flow singularity
at the sharp downstream edge. This was confirmed by Howe1. Hirschberg14 obtained
an analytical prediction of the sound power produced by the model of Nelson2 for the
particular case that the acoustical field can be assumed to be uniform across the mouth
of the cavity. He claimed that this should provide a reasonable representation of the
behavior in a cavity with smoothly rounded mouth edges. Mongeau15 proposed also a
simple analytical model based on Nelson’s model2. Similar models were proposed by
Fabre16 and Verge17 to predict the oscillation behavior of a recorder flute. In that case
however, the grazing flow is a relatively thin jet. In the analytical solution of Howe12

describing the vortex shedding at the downstream edge, this implies setting the main
flow velocity U0 to zero. In that case, Howe’s 12 vortex absorbs acoustical energy.
Fabre 16 and Verge17 compared the solutions predicted by quasi-steady flow models of
van Wijngaarden18 and Howe’s model12 and observed that they are equivalent.

Experimental studies of Bruggeman3 and Panton19 have demonstrated a spectac-
ular effect of the geometry of the mouth and the neck of the cavity on the resonance
pulsation amplitudes. In the present paper, we present experimental data on the effect
of the neck geometry on the pulsation behavior of resonators in a grazing flow. We
discuss this behavior in terms of a simplified non-linear model based on Nelson’s2 shear
layer model for the vortex shedding at the upstream edge of the mouth. The vortex
shedding at the downstream edge is described by means of a model inspired by Howe’s
model12. The effect of the downstream edge is also described by means of quasi-steady
flow models which are used also to predict turbulent losses at inner edges. In chapter 6,
we discuss results of detailed flow measurements and of numerical simulations.
A survey of main experimental results is given in section 5.2. The theory is summarized
in section 5.3. In section 5.4, the results of the models are compared with experimental
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results.

5.2 Experimental study

5.2.1 Experimental setup

Stagnation chamber

Piston

Resonator

Neck

Outflow

Figure 5.2: Global sketch of the experimental setup.

A scheme of the experimental setup is shown in Fig. 5.2. The resonator is placed
in a semi-anechoic room, 60 mm downstream of the outlet (square cross-sectional area
of 60 × 60 mm2) of a silent wind tunnel. The resonator volume consists out of an
aluminium pipe of square cross-sectional area of H2 = 60 × 60 mm2 and 2 mm wall
thickness. Metal plates of 3 mm wall thickness are glued on the pipe walls to reduce
potential wall vibrations. The pipe is terminated by a piston in which a piezo-electrical
transducer (PCB 116A with Kistler Charge amplifier type 5007) is placed. The piston
position can be varied and is determined within 1 mm.

The main pipe, which carries the grazing flow, is terminated 4.9 cm upstream of
the neck of the resonator. In the region where the vortices are formed, the side walls
of the resonator are made of glass windows.

The neck of the resonator is shaped by two blocks of aluminium (of 25 mm height)
which can be changed (Figs. 5.3 and 5.4). The distance W between the upstream and
the downstream edges in the mouth plane (Fig. 5.4) is determined within 0.1 mm.
We consider either sharp edges or ‘rounded’ edges. Instead of actually rounding off
the edges, the neck edges are chamfered at an angle of 45o. Edges are kept as sharp
as possible (radius of curvature of the order of 10−5 m). From our experience, such
chamfered edges show an aeroacoustical behavior very similar to the one of rounded
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Figure 5.3: Detail of the experimental setup: neck of the resonator.

edges. The use of chamfered edges allows to simulate flow separation by means of an
inviscid flow computational method based on the Euler equations. Such computations
are discussed in chapter 6.

5.2.2 Effect of acoustical boundary conditions

As shown in figure 5.3, the windows placed on the side walls of the resonator do
not cover the total width of the grazing flow. The lower outer part of the setup (just
opposite to the resonator) is open. This provides access to the setup for the hot-wire
measurements (chapter 6) and reduces radiation losses. This configuration was the
most suitable for our study. The losses due to a 3D free-field radiation are indeed
much less important than the losses due to a 2-D radiation. Covering by windows the
side of the grazing jet over its full 60 mm height, while leaving the lower outer part of
the setup open, did already reduce pulsation amplitudes by 20%. When the resonator
was placed along a pipe with a square cross-section of 60 × 60 mm2 pulsations were
suppressed unless a critical resonant length of the downstream pipe was chosen. The
configuration with closed side windows and that with an extended main pipe were not
suitable for hot-wire measurements. Introducing a probe in such configurations did
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Figure 5.4: Sketch of the neck blocks.

significantly affect the flow.

5.2.3 Acoustical measurements

During the acoustical measurements, the acoustical pressure p′(t) at the top of the
resonator, its frequency f , the length L of the resonator and the main flow velocity
U0 were measured. The pressure signal p′(t) measured at the top of the resonator vol-
ume is almost purely harmonic. Its frequency f was measured by means of a Philips
frequency meter (type PM 6671). Its amplitude p′exp was deduced from r.m.s. voltage
measurement of the charge amplifier output signal by means of a digital voltmeter.
The wind-tunnel blowing pressure P0 was measured within 1Pa accuracy by means of
a Betz micromanometer. The main flow velocity U0 was deduced from the reservoir
pressure by using Bernoulli’s formula U0 =

√
2P0/ρ0 with the density ρ0 = 1.2 kg/m3.

As the experiments were carried out at approximately fixed values of the Strouhal
number fW/U0 = O(1), this limited the frequencies (f ≥ 150Hz) at which accurate
measurements of U0 could be performed.

As we consider low frequencies, it may be assumed that only plane waves propagate
in the resonator volume. In such a case, the acoustical velocity dξ/dt in the neck of
the resonator is calculated from the measured acoustical pressure p′exp at the end of the
cavity:

dξ

dt
=

H

W

|p′exp|
ρ0c0

sin

(
2πfL

c0

)
sin(2πft). (5.1)

(dξ/dt) represents the ‘mean’ acoustical velocity in the neck defined as the acous-
tical volume flux divided by the mouth cross-sectional area WH. ξ is the acoustical
particle displacement defined positive when it is directed into the cavity. The global
behavior of the dimensionless amplitude |dξ/dt|/U0 as a function of the Strouhal num-
ber Sr = fW/U0 is, for a given neck geometry, independent of the resonator length
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L. Variations in |dξ/dt|/U0 as a function of L are smaller than 20% (Fig. 5.5). Most
of our measurements were therefore carried out at L = 191 mm. This corresponds to
frequencies of the order of f = 280Hz at which measurements of U0 are accurate. At
higher frequencies, the amplitude is significantly reduced by an increase of radiation
losses into the wind-tunnel. This particular choice of conditions, at which the pulsation
level is not determined by the radiation losses, will allow the use of a crude model for
the boundary conditions used in the numerical simulations presented in chapter 6.
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Figure 5.5: Dimensionless amplitude |dξ/dt|/U0 at a fixed Strouhal number Sr =
fW/U0 = 0.3 for different resonator lengths L. Below L = 190 mm, the radiation
losses reduce the pulsation amplitudes.

5.2.4 Effect of edge geometry

We distinguish three types of edges in the neck of the resonator (Fig. 5.4):
• the inner edge,
• the upstream edge of the mouth,
• the downstream edge of the mouth.

All these edges have a strong influence on the flow behavior in the neck of the resonator.
Their effect can, most of the time, be explained qualitatively and theoretical models
used will be introduced in the next section.
This section presents experimental results obtained from acoustical measurements for
different neck geometries. The results are shown in a dimensionless form and represent
the dimensionless acoustical velocity amplitude |dξ

dt
|/U0 in the neck of the resonator as

a function of the Strouhal number Sr = fW/U0.

5.2.4.1 Inner edge

Vortex shedding at the inner edge can only induce acoustical energy losses. Fig-
ure 5.6 shows the effect of the presence of sharp or rounded inner edges. When the
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inner edge is sharp (�), turbulent losses are more important than when the inner
edge is rounded (or chamfered) (•). In the presence of a sharp inner edge, vortex
shedding occurs both during in- and outflow of air through the neck. When the in-
ner edge is rounded (•), the local vortex shedding for small acoustical displacement
(|dξ/dt|/(2πfW ) � 1) and the related acoustical energy dissipation is reduced quite
dramatically. At higher acoustical displacements (|dξ/dt|/(2πfW ) ≥ 1), flow separa-
tion only occurs upon flow into the resonator (inflow). This explains qualitatively the
differences in amplitude observed in Fig. 5.6.
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Figure 5.6: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of the

resonator as a function of the Strouhal number Sr = fW/U0: effect of the geometry of
the inner edge (L = 190 mm).

5.2.4.2 Upstream edge of the mouth

When the upstream edge of the mouth is sharp, the initial acoustical absorption
due to the vortex shedding can dramatically increase. This effect has been reported
earlier by Bruggeman3 and Panton19. Figure 5.7 shows the spectacular difference in
amplitudes that may appear for different neck geometries. This can even fully suppress
the oscillations and forms the basis of the design of spoilers proposed by Bruggeman3.

The effect of the upstream edge combines with the effect of the inner edge. Fig-
ure 5.8 shows the difference in amplitudes which occurs when, for a rounded down-
stream edge, we change the shape of the other two edges. In this particular case, the
presence of a sharp upstream edge reduces the pulsation amplitudes by more than a
factor of four.
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Figure 5.7: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of the

resonator as a function of the Strouhal number Sr = fW/U0: effect of the upstream
edge (L = 190 mm).
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Figure 5.8: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of the

resonator as a function of the Strouhal number Sr = fW/U0: effect of the upstream
and inner edges (L = 190 mm).



94 Helmholtz resonator: acoustical measurements and models

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.1

0.2

0.3

0.4

0.5

0.6

S
r
 = fW / U

0

|d
ξ/

dt
| /

 U
0

60o

o45

o
15

Figure 5.9: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of the

resonator as a function of the Strouhal number Sr = fW/U0: effect of the downstream
edge (L = 190 mm).
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Figure 5.10: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of the

resonator as a function of the Strouhal number Sr = fW/U0: effect of the downstream
edge (L = 190 mm).



5.3 Theory 95

5.2.4.3 Downstream edge of the mouth

The effect of the geometry of the downstream edge is much more difficult to predict.
Figure 5.9 shows experimental results for different opening angles α of the downstream
edge. Again, the presence of a sharp edge will induce vortex shedding. However, it is
not clear whether this vortex will absorb or produce acoustical energy. In his original
study, Howe12 proposed a model which predicted a sound production due to this vortex
shedding. We will argue in the next section that this vortex always absorbs acoustical
energy. The sound production by vortices shed at the upstream edge will also be
affected by the shape of the downstream edge.

The acoustical power is related to the acoustical velocity. When a vortex shed at
the upstream edge reaches the downstream edge, it will produce acoustical energy if
the acoustical velocity is negative (dξ

dt
(t) < 0). The power generated is expected to

increase with the reduction of the edge angle α because of the increased singularity of
the local acoustical velocity field u′ at the edge. That is what we observe for angles
45o ≤ α ≤ 90o in Fig. 5.9 with a kind of saturation at α = 45o. For an opening angle
α = −15o, we observe a lower acoustical velocity amplitude. In this case, the acoustical
energy absorbed by the vortex shed at the downstream edge is expected to be of the
same order of magnitude as the acoustical energy produced by the vortex shed at the
upstream edge. For the angle α = 90o, a sudden decrease in amplitude is observed
at low Strouhal numbers. This behavior is typical for the low-amplitude regime for
which the travel time of the vortex across the cavity appears to be shorter than at high
amplitudes, as already observed by Bruggeman3.

When the upstream edge of the mouth is rounded, the effect of the opening angle
of the downstream edge becomes much less significant (Fig. 5.10). This difference of
behavior with that observed for a sharp upstream edge (shown in Fig. 5.9) is not fully
understood. It could indicate an absorption threshold below which the pulsation be-
havior is rather independent of the exact value of the absorption. Another explanation
is that in the case of a rounded upstream edge, the vortex path remains far remote from
the downstream edge, while for a sharp upstream edge, the vortex does interact with
the downstream edge. We will see in chapter 6 that there is indeed such a difference.

5.3 Theory

5.3.1 Vortex Sound

Our model is based on Howe’s1 generalization of Powell’s20 vortex-sound analogy.
The key idea of Howe1 is that the local acoustical flow velocity u′ is defined as the
unsteady part of the potential flow component of the velocity field v. In the low Mach
number limit which we consider here, the source of sound appears to be the Coriolis
force density

fc = −ρ0(ω × v), (5.2)

which an observer moving with a fluid particle experiences as a result of the vorticity
ω = ∇ × v. In this expression, the fluctuations in fluid density are neglected so that
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the density is taken as a constant ρ0. When using this level of approximation, the
acoustical power Pac generated by this source is simply given by:

Pac =

∫
Vs

fc · u′dV, (5.3)

where the integration is taken over the source region of volume Vs.

A key point in the use of Howe’s analogy1 is that we simply ignore, in our model,
spurious sound sources due to the time dependence of the circulation Γ(t) of the point
vortices representing the vorticity field. This time dependence would in an ‘exact’
model induce a spurious discontinuity ∆p = −ρ0

∂Γ
∂t

of the pressure across the feeding
line between the vortex and the (sharp) edge from which vorticity is shed.

5.3.2 Vorticity field

5.3.2.1 Howe’s12 model: effect of the downstream edge

The model for the vortex shedding at the downstream edge is inspired by Howe’s
model12. The vortex is assumed to be induced by the acoustic flow. The vorticity is
concentrated into a line vortex of strength Γd. This vortex imposes a Kutta condition at
the downstream edge. In other words, the vortex strength is tuned to compensate the
singularity of the potential acoustic flow at the downstream edge. When the vortex
is outside the cavity, the vortex path is calculated by adding the effect of images
of the vortex in the walls, to the convective main flow velocity (U0,0,0). When the
vortex is shed cavity inwards, we ignore the effect of the main flow and set U0 = 0
in Howe’s model12. As the vorticity Γd is tuned to remove the singularity of the
acoustical flow at the downstream edge, the vortex vanishes each time the acoustical
velocity dξ/dt changes sign. This implies that a new vortex is formed each time the
velocity dξ/dt changes sign. In the original model of Howe12, the acoustical field had a
simplified square wave time dependence. This model was applied to a slit placed in an
infinite plane (Fig. 5.11a). In that case, the approximate analytical solution of Howe12

provided a positive acoustical energy (sound production) (Fig. 5.12, symbol �). This
approximate analytical solution is compared to that obtained when the acoustical field
is assumed to be purely harmonic (dξ/dt = |dξ/dt|sin(2πft)) (Fig. 5.12, symbol ◦). In
that case, a production of sound is also predicted but it is weaker.
The analytical solution is also compared to the solution obtained when the model is
solved numerically. As in the original model, a conformal transformation based on the
Joukowski transformation (Prandtl21) is used:

z =
W

4

(
ζ +

1

ζ

)
− W

2
, (5.4)

where z is a point in the complex plane (z-plane) and ζ is the corresponding point
in the transformed plane (ζ-plane). W is the width of the slit.

The complex potential F is the sum of different complex potentials which describe
the different parts of the flow. The potential acoustical flow through the slit is driven
by a point source for which the complex potential is given in the ζ-plane by:
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F0 =
Q

π
ln ζ, (5.5)

where Q = |dξ/dt|W is the volume flow produced at the source per unit time and
unit depth H. The presence of the vortex at ζ = ζ0 combined with its image vortex at
ζ = ζ∗0 (where ∗ denotes the complex conjugate) is described by:

F1 = −iΓd

2π
ln

ζ − ζ0

ζ − ζ∗0
, (5.6)

where the vortex strength Γd is chosen to ensure a Kutta condition at the position
at which the vortex is shed (z = 0): (dF

dζ
)ζ=1 = ( d

dζ
(F0 + F1))ζ=1 = 0. Then, after Γd

has been determined, the contribution of the main flow is taken into account by adding
the complex potential F2 = U0z. The potential flow formula for the velocity v(z0) of
the vortex is then deduced from the complex potential F = F0 +F1 +F2 by subtracting
the vortical self-potential F3 = −i(Γd/2π) ln(z − z0) and taking the limit z → z0:

v∗(z0) = lim
z→z0


dF

dz
+

iΓd

2π

d

dz
(ln(ζ − ζ0))−dF3

dz
− iΓd

2π

d

dz
(ln(ζ − ζ0))︸ ︷︷ ︸

Routh’s correction


 , (5.7)

v∗(z0) = lim
z→z0


dF

dz
+

iΓd

2π

d

dz
(ln(ζ − ζ0)) +

iΓd

4π

d2z/dζ2

(dz/dζ)2︸ ︷︷ ︸
Routh’s correction


 , (5.8)

where v∗(z0) is the complex conjugate of v(z0). Routh’s correction (Clements22)
appears in this limit process.

From this velocity v(z0), the path z0(t) of the vortices shed at the edge is calcu-
lated by integrating v(z0) = dz0/dt. For the time integration, we use a Runge-Kutta
integration scheme with four stages. We use here the full geometry, while Howe12 used
a local approximation around the downstream edge. Initialization is obtained by using
the local approximation calculated by Howe.

U0 U0

(b)(a)
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Figure 5.11: Configurations for which Howe’s model12 was applied. (a) slit geometry,
(b) 90o geometry.

Figure 5.12 presents a comparison between the original analytical approximation
and the numerical solution obtained with Howe’s12 model. We first discuss the be-
havior of the vortex shed outwards of the cavity upon outflow. The acoustical energy
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Figure 5.12: Howe’s12 model for a slit geometry (Fig. 5.11a): comparison between
analytical (�, ◦) and numerical solution (�, •) (calculations for a fixed Strouhal number
Sr = fW/U0 = 0.25 ). �, �: square wave time dependence ; ◦, •: sine wave time
dependence.

� Pac � /(ρ0U
2
0 |dξ/dt|WH) (where �� denotes a time averaging over half a period

of oscillations which is the life time of a vortex) is plotted as a function of the dimen-
sionless acoustical velocity |dξ/dt|/U0. We observe that the analytical solution (�, o)
predicts a sound production while the numerical solution (�, •) predicts a sound ab-
sorption both for a square wave time dependence (�) and a sine wave time dependence
(•).
In all further calculations, we use the results of the numerical calculation with a sine
wave time dependence. This solution is expected to be more realistic because it con-
siders the full geometry.
The slit case will only be used for comparison with experiments with a downstream-
edge angle α = −15o (Fig. 5.11a).
The model has also been applied to the square-edged geometry shown at Fig. 5.11b
which is similar to our neck geometries.

For the α = 90o configuration (Fig. 5.11b), the conformal transformation is given
by (Prandtl21):

dz

dζ
=

W

π

√
ζ2 − 1

ζ
. (5.9)

Figures 5.13 and 5.14 show the results obtained for the slit geometry and the α = 90o

geometry, respectively. They present the dimensionless acoustical energy in terms of
the dimensionless acoustical velocity amplitude for different Strouhal numbers Sr =
fW/U0. We see that the acoustic energy behaves as (|dξ/dt|/U0)

2 and we can use a fit
of these data:



5.3 Theory 99

0 0.2 0.4 0.6 0.8 1
−0.08

−0.06

−0.04

−0.02

0

|dξ/dt| / U
0

<
<

P
ac

>
>

 / 
(ρ

0U
02 |d

ξ/
dt

|W
H

)

Sr = 0.9

Sr = 0.2

Figure 5.13: Dimensionless acoustical energy in terms of the dimensionless acoustical
velocity for different Strouhal numbers: slit geometry (Fig. 5.11a).
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Figure 5.14: Dimensionless acoustical energy in terms of the dimensionless acoustical
velocity for different Strouhal numbers: α = 90o geometry (Fig. 5.11b).
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� Pout �
ρ0|dξdt |U2

0WH
= A

( |dξ/dt|
U0

)2

+ B
|dξ/dt|
U0

+ C, (5.10)

where the coefficients A, B and C depend on the Strouhal number Sr = fW/U0

and where �� denotes a time integration over half an oscillation period. For the slit
geometry (Fig. 5.11a), we find:

A = −0.06539
√
Sr − 0.00514,

B = −0.00406Sr + 0.00220,
C = 0.00017Sr − 0.00009,

(5.11)

and for the α = 90o geometry (Fig. 5.11b), we find:

A = −0.044174S3
r + 0.100858S2

r − 0.085595Sr − 0.014272,
B = −0.001709/

√
Sr + 0.004688,

C = 0.000081/
√
Sr − 0000228.

(5.12)

These expressions are valid if the vortex shed at the downstream edge of the mouth
of the cavity is outside the neck where there is a main flow velocity U0. When the
acoustical flow is directed into the resonator, a vortex is shed inside the neck where the
main flow velocity is zero. The dimensionless acoustic energy is then fit in this form:

� Pin �
ρ0|dξdt |3WH

= −0.10221Sr1/3
ac − 0.02295, (5.13)

for the slit geometry and

� Pin �
ρ0|dξdt |3WH

= −0.000023Srac − 0.055891 − 0.002417Sr−1
ac + 0.000428Sr−2

ac , (5.14)

for the 90o geometry (with Srac = fW/dξ
dt

the acoustical Strouhal number).
Finally, the acoustic energy is given by:

< PH >=
� Pin � + � Pout �

2
, (5.15)

where <> denotes the averaging between � Pin � and � Pout �.

5.3.2.2 Nelson’s2 model: effect of the upstream edge

The model proposed by Nelson2 assumes that the rate of vorticity shed at the
upstream edge is given by:

dΓu

dt
= −dΓu

dx

dx

dt
≈ −U2

0

2
. (5.16)

In this formula, it is assumed that the vorticity is convected in the shear layer with
an averaged velocity of U0/2.

We assume that the vorticity of the shear layer is concentrated into point vortices of
coordinates (xΓu ,yΓu) travelling at a constant velocity UΓu = 0.4U0 on the straight line
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joining the upstream to the downstream edge. Each oscillation period T , the acoustic
field triggers the formation of a new vortex. Following Nelson2 and Bruggeman3, this
formation corresponds to the moment at which the acoustical velocity dξ/dt changes
sign from resonator outwards to resonator inwards. This is the moment tn = (n− 1)T
(for n = 1, 2, 3, ...) at which the pressure at the top of the cavity reaches a minimum.
Furthermore, it is assumed that after a linear growth during the first period of its
existence, the vortex reaches a final circulation which is kept constant (Fig. 5.15). The
interaction between the vortex and the acoustic field is assumed to stop when the vortex
reaches the downstream edge. This model is described more in details in earlier papers
(Bruggeman3, Hirschberg14). Figure 5.15 shows the absolute value of the circulation
Γn
u(t) of the nth vortex. Γn

u(t) depends on the time T ′ = H/UΓu needed by the vortex
to travel through the neck of the resonator.

T’ 2T 4T

2T 3T 4T

T

t

t

T’

n = 1 n = 2 n = 3 n = 4

T’>T

0

T+T’T

T+T’ 2T+T’3T

2T+T’ 3T+T’

T’<T

|Γn(t)|u

Figure 5.15: Absolute value of the circulation Γn
u(t) for two different main flow ve-

locities such as T ′ < T and T ′ > T .

5.3.2.3 Quasi-steady flow models: effect of the inner edge

In the presence of an inner edge, turbulent losses due to the formation of secondary
vortices appear. We describe this phenomenon by means of incompressible quasi-steady
flow models as used earlier by Ingard23 and van Wijngaarden18.
The neck of the resonator can be compared to a straight pipe. When the acoustic field
enters inside the neck, the presence of an inner edge has the same effect as an open
pipe and there is a jet formation driven by the acoustic flow, followed by a turbulent
mixing region (Fig. 5.16a and 5.17a). When the acoustic velocity changes sign (each
half an oscillation period), the flow behavior depends on the geometry of the neck. If
the inner edge is sharp (Fig. 5.16b), a free jet which has a vena contracta is formed. We
assume for simplicity a contraction factor of 0.5. Then, the jet flow becomes turbulent.
This process is described by means of a quasi-steady flow model without wall friction.
If the inner edge is rounded, there is no flow separation (Fig. 5.17b).
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Using this model, the sound absorption by vortex shedding at inner edges is given
by:

< Pinner >=
1

2
ρ0f0

h/f0∫
0

∫∫
S

∣∣∣∣dξdt
∣∣∣∣
(
dξ

dt

)2

dSdt′, (5.17)

where f0 is the resonance frequency.
When the inner edge is sharp, turbulent losses are taken into account during one oscil-
lation period (h = 1). When the inner edge is rounded, turbulent losses are taken into
account during half an oscillation period (h = 0.5).

Equation 5.17 could also describe the sound absorption due to vortex shedding at
the downstream edge of the neck. We will compare this quasi-steady model to the
point vortex model based on Howe’s12 model in the next section.

(b)(a)

Figure 5.16: Acoustically driven flow separation at the sharp inner edge of a neck:
(a) inflow, (b) outflow

(b)(a)

Figure 5.17: Acoustically driven flow separation at the rounded inner edge of a neck:
(a) inflow, (b) outflow
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5.4 Simplified model

5.4.1 Acoustical model

The resonator can be described as a mass-spring system for which we have:

Ma
d2ξ

dt2
+ R

dξ

dt
+ Kξ = F(t), (5.18)

where F(t) corresponds to the aero-acoustical sources which act on the system, and
ξ is the mean acoustical displacement defined above (section 5.2.3). The term F(t)
describes the effect of vortices and is determined by means of the models presented in
section 5.3.

The mass Ma and the damping coefficient R are determined from the passive acous-
tical response of the resonator in the absence of main flow. The damping coefficient R
is related to the measured quality factor Qf = ω0/∆ω3dB ≈ 30 of the system by:

R =
ω0Ma

Qf

. (5.19)

The mass Ma is related to the effective length Leff of the resonator. Leff is deter-
mined by applying the mass conservation law between the neck and the resonator and
is deduced from the measured resonance frequency f0:

Leff =
W

H

c0
2πf0

cot

(
2πf0

c0
L

)
. (5.20)

Then, the mass Ma of the system is calculated from:

Ma = ρ0LeffHW. (5.21)

By definition, the resonance pulsation of the resonator is ω0 = 2πf0 =
√
K/Ma.

The spring constant K is therefore obtained from:

K = (2πf0)
2ρ0LeffHW. (5.22)

We will further neglect departures of f from f0.

5.4.2 Energy balance

By multiplying equation 5.18 by dξ/dt and by averaging over one period of oscilla-
tion, we obtain the energy balance of the system:

Rf0

1/f0∫
0

(
dξ

dt

)2

dt′+ <Pinner> + <PH>= f0

1/f0∫
0

∫∫∫
VS

fc ·
(
dξ

dt

)
u′(
dξ
dt

)dydt′. (5.23)

The left-hand side of equation 5.23 represents the acoustic energy absorbed as de-
scribed in the previous section, and the right-hand side the acoustic energy produced
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by the system.

As we assume that vortices are convected along a straight line and at a constant
velocity UΓ = 0.4U0, the energy balance can be written:

Rf0

1/f0∫
0

(
dξ

dt

)2

dt′+ < Pinner > + < PH >

= UΓuf0

1/f0∫
0

∫∫∫
VS

Γu(t)δ (xΓu(t)) δ (yΓu(t))
u′
y

dξ/dt

dξ

dt
dydt′

= UΓuHf0

1/f0∫
0

Γu(t)
u′
y(xΓu , yΓu)

dξ/dt

dξ

dt
dt′,

(5.24)

in which κ = u′
y/

dξ
dt

is a geometrical factor which relates the component in the y-
direction of the local potential flow vector u′

y to the acoustical flux HW (dξ/dt) through
the neck.

5.4.2.1 Local acoustical field

When the neck edges are rounded, we assume that the geometrical factor κ = u′
y/

dξ
dt

is a constant (Hirschberg14):

κ =
Sn

Sm

(5.25)

where Sn is the cross-sectional area of the neck and Sm = HW the cross- sectional
area of the mouth of the cavity along the vortex path (which takes into account the
chamfers of the neck, see Fig. 5.4).

When we want to take into account the effect of edges on the local acoustical flow
distribution, we calculate κ by means of a conformal mapping. This is achieved by a
local potential flow calculation. Because we know that our model tends to overesti-
mate the effect of the downstream singularity on the sound production by the vortex
representing the shear layer, we will use the modified geometry shown in Fig. 5.18 to
calculate the geometrical factor κ = u′

y/
dξ
dt

. In this modified geometry, the downstream
edge is replaced by a wall.

Near the singularity (z = 0), we know that the flow velocity behaves as z−1/3

(Prandtl21). We fit therefore the solution in order to get an analytical expression of
κ(t). We find:

κ(t) = aU
−1/3
Γ t−1/3 + b, (5.26)

where a = 0.1941 and b = 0.2978.
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Figure 5.18: Actual (left) geometry and modified (right) geometry chosen in order to
avoid the singularity of the downstream edge.
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Figure 5.19: Dimensionless acoustical velocity amplitude as a function of the Strouhal
number. Comparison between experimental data (when the upstream edge is rounded:
◦ ; when the upstream edge is sharp: �) and results of analytical models. The con-
tinuous lines represent the data obtained when we use Howe’s12 model to predict the
effect of the downstream edge. The dashed lines represent the same calculation when
the effect of the downstream edge is taken into account by using a quasi-steady flow
model.

5.4.3 Results

5.4.3.1 Prediction of the effect of the downstream edge on the pulsation amplitudes

Figures 5.19 to 5.21 compare the measured pulsation amplitudes to the prediction
of the proposed analytical model. The continuous lines represent the data obtained
when we use the numerical model based on Howe’s12 model to predict the effect of the
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Figure 5.20: Dimensionless acoustical velocity amplitude as a function of the Strouhal
number. Comparison between experimental data (when the upstream edge is rounded:
◦ ; when the upstream edge is sharp: �) and results of analytical models. The solid
lines represent the data obtained when we use Howe’s12 model to predict the effect of
the downstream edge. The dashed lines represent the same calculation when the effect
of the downstream edge is taken into account by using a quasi-steady flow model.
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Figure 5.21: Dimensionless acoustical velocity amplitude as a function of the Strouhal
number. Comparison between experimental data (when the upstream edge is rounded:
◦ ; when the upstream edge is sharp: �) and results of analytical models. The solid
lines represent the data obtained when we use Howe’s12 model to predict the effect of
the downstream edge. The dashed lines represent the same calculation when the effect
of the downstream edge is taken into account by using a quasi-steady flow model.
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downstream edge (section 5.3). The dashed lines represent the same calculation when
the effect of the downstream edge is taken into account by using a quasi-steady flow
model (as that used to predict the effect of inner edges, section 5.3).

For the α = 90o geometry (Fig. 5.19 and 5.20), we observe that the pulsation
amplitude is quite well predicted by the model when the upstream edge is rounded (◦).
However, when the upstream edge is sharp (�), the model overestimates the amplitude
by a factor of two. For these geometries, the predictions of Howe’s12 model and the
quasi-steady flow model are equivalent.
Note that the model for rounded edges dramatically overestimates the amplitude of
the second hydrodynamic mode at Sr ≈ 0.8. The model for sharp edges does not show
such unrealistic behavior at high Strouhal numbers.

When the downstream edge has an angle of 15o (Fig. 5.21), we use the model based
on the model proposed by Howe12 for the slit geometry (section 5.3). For this geometry,
we observe that our model overestimates the pulsation amplitudes by a factor of 1.5
to 2. The quasi-steady flow model, with a vena-contracta factor of 0.5, gives a better
prediction. This result was unexpected. We indeed expected that the quasi-steady flow
model would not be valid when the opening angle of the downstream edge decreases
and that Howe’s model12 would provide a better description of the actual flow.
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Figure 5.22: Dimensionless acoustical velocity amplitude as a function of the Strouhal
number. Comparison between experimental data and results of analytical models. The
lines represent the data obtained when the effect of the downstream edge is taken into
account by using a quasi-steady flow model.
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5.4.3.2 Limitations of the model

Figure 5.22 presents the results obtained for different opening angles of the down-
stream edge.

In this graph, the effect of the downstream edge is predicted by means of the quasi-
steady flow model introduced in section 5.3. This quasi-steady flow model does not take
into account the different vena contracta effects which occur when the opening angle is
different from 90o and could be improved. In spite of its very crude assumptions, the
model provides a quite good order of magnitude estimate. It does however not explain
the difference in behavior for the various geometries.

5.5 Conclusions

Systematic acoustical measurements have been performed and have provided qual-
itative information about the flow behavior in the neck of a Helmholtz-like resonator.
The amplitude of pulsations induced by the grazing main flow along the opening of the
cavity depends strongly on the geometry of the edges of the neck. The effect of each
edge can be described by means of analytical models. The effect of the upstream edge
is rationalized by means of Bruggeman’s3 and Hirschberg’s14 implementations of the
point vortex model of Nelson2. We propose a modification of these models to reduce
the spurious effect of the collision of a point vortex with the downstream edge singu-
larity. The presence of an inner edge is taken into account by means of quasi-steady
flow models. The effect of the downstream edge can be described either by means of
Howe’s12 model or by means of a quasi-steady flow model.

Comparisons between analytical and experimental data show that the pulsation
amplitudes of the first hydrodynamic mode are reasonably predicted (within a factor of
two). For rounded edges, the pulsation amplitudes of higher hydrodynamic modes are
overestimated while they almost vanish for sharp edges as observed in the experiments.

When a 90o geometry (Fig. 5.19 and 5.20) is considered, the effect of the down-
stream edge is described in an equivalent way either by means of Howe’s12 model
or by means of a quasi-steady flow model. However, when the opening angle of the
downstream edge is decreasing, Howe’s12 model appears to overestimate the pulsation
amplitudes and the quasi-steady flow model gives better results. This is unexpected in
view of the very crude assumptions made. We indeed consider only rounded or sharp
edges. The present model does not make any difference between downstream edges
with a 90o or a 45o opening angle. This could be improved by taking into account,
within the quasi-steady flow model, the different vena contracta factors which occur
for different opening angles. As suggested by Howe1, the proposed model might also
be improved by calculating the actual path of the vortex shed at the upstream edge
instead of assuming a straight vortex path as in Nelson’s2 model.

The proposed model provides a reasonably good estimate of the pulsation ampli-
tudes in the neck of resonators but is not able to describe quantitatively the flow
behavior. In particular, the absence of effects of the downstream edge on the sound
production for a rounded upstream edge cannot be understood with our simple models.
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This justifies the use of numerical simulations for a more detailed study of the flow.
This is discussed in chapter 6.
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Chapter 6

Self-sustained oscillations in a
Helmholtz-like resonator: detailed
flow measurements and numerical

simulations

Abstract

A global description of the effect of the neck geometry on self-sustained oscilla-
tions of a grazing flow along a Helmholtz-like resonator has been given in chapter 5.
The present chapter deals with detailed flow measurements by means of hot-wire
anemometry and numerical simulations based on the Euler equations for inviscid,
and two-dimensional compressible flows.
Vortex shedding is obtained in an inviscid flow simulation by considering a neck
geometry with sharp edges at which the code predicts flow separation.
Although 2-D flow calculations are attractive because of their computational effi-
ciency, they are not able to represent the essentially 3-D acoustical radiation from the
resonator into free space without special frequency-dependent boundary condition
treatments. Here, we only consider frequency-independent time-domain boundary
conditions. In view of the crudeness of this approximation, the agreement between
theory and experiments is not perfect, but still fair.
The effects of changes in the geometry of the neck are qualitatively predicted by the
model. The detailed flow information provides some insight into the influence of the
shape of the upstream edge of the neck which could not be obtained from analytical
models proposed in chapter 5. In particular, we observed that for a neck with a
rounded upstream edge, the path of the vortex shed at this edge remains remote
from the downstream edge. This explains why the sound production in that case is
not sensitive to the shape of this downstream edge.

This chapter has been written in collaboration with the following co-authors:
S. J. Hulshoff, H. A. J. A. van Kuijk, J. F. H. Willems & A. Hirschberg.
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6.1 Introduction

Coupling between vortex shedding and acoustical resonance can induce self-sustained
oscillations of the flow in a Helmholtz resonator. This phenomenon has been studied
numerically primarily using Navier-Stokes equations for 2-D compressible flow simu-
lations (Colonius1, Gloerfelt2). Hardin3 also proposed a numerical method in which
viscous flow is treated as a time-dependent incompressible flow and acoustic radiation
is calculated using the inviscid flow equations. This last approach reduces consider-
ably the computation time required for calculations but is not suitable for describing
feedback of the acoustical field on the flow, which is essential in our case.

We present numerical solutions for two-dimensional compressible flow computed us-
ing the Euler equations (see appendix A). These can be derived from the Navier-Stokes
equations by neglecting viscous and heat conduction effects. This reduces considerably
the computational power required as we do not need to solve for the boundary layer
structure. The geometry considered is a deep cavity which consists of a volume and
a neck. Like in a Helmholtz resonator, a strongly non-harmonic series of resonance
frequencies is observed. Due to the cavity size, wave propagation cannot be neglected
as may be done for a Helmholtz resonator. We therefore call this a Helmholtz-like
resonator.
Pulsation amplitude of the grazing flow along the aperture of a Helmholtz-like res-
onator depends strongly on the geometry of the neck. A qualitative description of
the phenomenon can be found in chapter 5 which deals with analytical models and
acoustical measurements. In chapter 5, the neck geometry was varied systematically.
The present chapter gives detailed information about the flow for a few neck geome-
tries. Local velocity measurements made by means of a hot wire are compared with
numerical predictions carried out with a method for solving the two-dimensional Euler
equations for inviscid and compressible flows.

Four of the configurations discussed in chapter 5 have been chosen for this study.
The configurations are called C1 to C4 and are drawn in Fig. 6.1. The dimensions of
the resonator are identical to those introduced in chapter 5: the cavity is formed by a
pipe with a square cross-sectional area H2 = 60×60 mm2, the cavity length is L = 191
mm and the neck width is W = 26 mm for configurations C1 and C3, and W = 20
mm for configurations C2 and C4. The neck opening has a cross-sectional area H×W .
The main flow is coming from left to right and its velocity is U0.

The acoustical velocity dξ/dt through the neck of the resonator can be deduced
from acoustical pressure measurements (see chapter 5). As explained in chapter 5,
these data were deduced from measurements of the acoustical pressure amplitude p′exp
and the oscillation frequency f in the resonator. The velocity deduced is actually a
volume flux divided by the cross-sectional area H×W of the neck opening. The actual
local acoustical velocity u′ corresponds to an irrotational flow through the neck with
a volume flux (dξ/dt)WH. As shown in Fig. 6.2, acoustical velocity amplitudes of the
order of 0.5U0 are reached. The amplitudes measured for configurations C1, C2 and
C3 are a factor of two larger than the acoustical velocity amplitude through the neck
of the configuration C4. We also observe a shift of the Strouhal number Sr = fW/U0

at which the amplitude is maximum, from 0.25 for C1, C2 and C3 towards 0.33 for
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Figure 6.1: Configurations studied

C4. This confirms the important effect of both upstream and downstream edges. The
differences in amplitudes can be explained qualitatively by means of the Vortex Sound
theory which was discussed in chapter 5. Analytical models do not provide an accurate
prediction of such effects. Typically, analytical models predict the maximum amplitude
within a factor of two. They cannot predict the change in Strouhal number Sr = fW/U0

at which the maximum of the pulsation level occurs as a function of the geometry of
the neck. They also fail to explain the lack of difference between the behavior observed
in configurations C1 and C3.
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Figure 6.2: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of configu-

rations C1 (�), C2 (�), C3 (◦) and C4 (�), in terms of the Strouhal number Sr = fW/U0

(where f is the oscillation frequency, W is the width of the neck, U0 is the main flow
velocity).
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The outline of the remainder of the chapter is as follows. In the next section, the ex-
perimental hot-wire measurements are described. In section 6.3, the numerical method
is described and its limitations are discussed. In section 6.4, numerical predictions
are compared with experimental data and the effect of the neck geometry on the flow
behavior is discussed.

6.2 Hot-wire velocity measurements

6.2.1 General description

The experimental setup used is described in section 5.2 of chapter 5. Hot-wire mea-
surements provide quantitative information about the absolute value V = |V | of the
local flow velocity. In the resonator, the velocity vector V is the sum of the steady po-
tential (irrotational) flow velocity U , the local acoustical velocity u′ (unsteady poten-
tial flow part of the velocity field) and the velocity urot induced by vortices (rotational
part of the velocity field):

V = U + u′ + urot. (6.1)

A Dantec (type 55P11) hot-wire anemometer was used in combination with the
software ‘Streamline’ and the hardware ‘Streamware’ from Dantec as acquisition sys-
tem.

The hot wire was made of a platinum wire with a diameter of 5 µm and a length
of 5 mm. In order to reduce the vortex-shedding at the body of the probe holder, the
holder was streamlined so that it had an ‘airfoil-like’ shape (Fig. 6.3).

support

additional part

platinum wire

    ‘airfoil’ (b)(a)

Figure 6.3: Sketch of the hot-wire probe. (a) global view, (b) sketch of flow.

6.2.2 Hot-wire positions

The position of the hot wire could be varied in x and y directions i.e. in the main
flow direction and normal to the flow, respectively. The position was measured by
means of a micrometer system within an accuracy of about 0.1 mm.
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Figure 6.4 shows the different locations at which velocity measurements were per-
formed and introduces the symbols used to denote the position for the values appearing
in figures 6.14 to 6.16. The origin of the frame of reference was chosen at the down-
stream edge of the neck. For series I, the hot-wire position was varied in the y-direction
from −10 mm to 15 mm while being held fixed in the x-direction at x = −10 mm.
For series II, the hot-wire location was varied in the y-direction from −10 mm to −1
mm while being held fixed in the x-direction at x = 6 mm. Series III was a horizontal
sweep in which the hot-wire position was held fixed at y = −4 mm while the x-position
was varied from x = 0 mm to x = 15 mm.
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Figure 6.4: Hot-wire locations in the measurements. The symbols are used in graphs
representing the measured and predicted velocity magnitudes.

6.2.3 Upstream boundary-layer profile

Figure 6.5 shows the ratio V ∗ = V/U0 of the velocity magnitude V and the main
flow velocity U0 measured just upstream of the neck opening for different locations of
the hot-wire in y-direction. This gives information about the boundary-layer profile
upstream of the neck of the resonator. We observe that the boundary-layer thickness
is about 2 mm.

The distance between the settling chamber convergence and the upstream edge of
the mouth of the resonator is , = 115 mm. This corresponds, for typical flow velocities
of U0 = 30m/s, with a Reynolds number Re� = U0,/ν = 2.3 × 105 so that we expect
a turbulent or a transitional boundary layer. By placing a strip of sand paper on the
pipe wall just upstream of the mouth opening of the resonator, we could study the
effect of the modification of this boundary layer on the whistling phenomena. For a
strip of 4.9 cm length in streamwize direction and a roughness of 1.1 mm (density of
50/cm2) placed 25 mm upstream of the mouth opening, the global whistling behavior
did not change. The relative changes in amplitude of the oscillations for different neck
geometries were not significantly affected whether considering a sharp upstream edge
or a chamfered upstream edge. The most important change due to the presence of sand
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Figure 6.5: Boundary-layer profile upstream of the neck opening (at x = −32 mm in
the frame reference given in Fig. 6.4) with error bars.

paper is a decrease of the oscillation amplitudes by about 20%.

6.3 Numerical simulations

6.3.1 Approach

For the numerical simulations, we used an Euler method for two-dimensional in-
viscid compressible flow (Hulshoff4, appendix A). The spatial discretization method
was based on a second-order cell-centered finite-volume method. A second-order, low-
storage, four-stage Runge-Kutta method was used for time integration. The code was
tuned to allow for accurate prediction of acoustic wave propagation which was verified
on several acoustical test problems4,5.

6.3.1.1 Numerical domain

Figure 6.6 shows the numerical domain used for configuration C1 (Fig. 6.1).

The numerical domain was made up of structured grid blocks. Two resonator
widths away from the neck, within the cavity of the resonator (inner domain) and
outside the resonator (outer domain) at the downstream side, the domain was built
up of blocks with a gradually decreasing number of cells in transversal direction. This
allowed an accurate description of the near-field, while avoiding excessive refinement
of the low-frequency plane-wave propagation region.

6.3.1.2 Initial condition

Computations were started by specifying a pressure profile, corresponding to an
harmonic standing wave at the phase corresponding to a zero velocity in the resonator



6.3 Numerical simulations 117

no radiation (p’ = 0)

profile
Anechoic

Wall condition

imposed
jet velocity

condition

layer

inner domain

outer domain

Outer shear 

Figure 6.6: Numerical domain and scheme of the boundary conditions imposed.

as an initial condition. The initial acoustical pressure amplitude at the top of the
resonator was chosen equal to the amplitude p′exp of the measured acoustic pressure at
the end wall of the cavity.

6.3.1.3 Boundary conditions

In the numerical algorithm, boundary conditions are applied by specifying the state
of halo cells (surrounding the numerical domain). This is done by means of a local dis-
cretization of the compatibility relations, similar to that of Thompson6,7 and Poinsot8

(see appendix A).
Figure 6.6 shows a scheme of the boundary conditions imposed on the numerical do-

main. Solid wall conditions were used to define the cavity and adjacent walls, while an
anechoic boundary condition was applied at the outflow. Application of an appropriate
condition for the lower outer boundary proved to be more difficult. A major limitation
of 2-D computations with frequency-independent time-domain boundary conditions is
their inability to properly account for the 3-D free-field radiation (Pierce9) present in
the experiments (see the description of the setup in the section 5.2.1 of chapter 5).
Numerical experiments showed that the best results could be obtained by imposing a
zero acoustic pressure (p′ = 0) condition on the lower outer boundary. Note that using
a 2-D radiation condition as proposed by Colonius10, Gloerfelt11, Heo12 and Sinha13 re-
sults in a severe overestimation of radiation losses and the pulsation levels are strongly
underestimated. The solution chosen here, a zero acoustical pressure, is also used by
Ricot14. Furthermore, the conditions are chosen such that the pulsation level is not
very sensitive to the radiation losses (see Fig. 5.5 in chapter 5).

The remaining inflow boundary (Fig. 6.6) was treated using a ‘soft’ constant-
velocity condition (see appendix A). On the lower part of the boundary a zero velocity
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was specified, while on the upper part the experimental value of the jet inflow velocity,
U0, was specified. For all cases, the jet had a width H of 60 mm.
The ‘soft’ constant-velocity condition was applied by specifying the strength of incom-
ing acoustic waves to be directly proportional to the difference between the instan-
taneous velocity and the desired velocity, multiplied by a relaxation factor. For our
calculations, this factor was fixed at a value of 0.5. This combination maintained the
desired velocity for low-frequency disturbances, but allowed temporary deviations from
the desired value for high-frequency disturbances. This condition therefore functioned
as a rough model for the truncated upstream portion of the domain. We note here
that it is also possible to specify a constant-velocity condition directly using the com-
patibility relations. This type of ‘hard’ condition will maintain the desired velocity
at all times, and therefore directly reflect upstream-travelling acoustic waves. For the
current study, this boundary condition introduces a strong dependence of the acoustic
pressure amplitude in the resonator on the upstream length of the outer domain.
The performance of the ‘soft’ condition was investigated for several upstream lengths
of the outer domain. It was found that above a critical length (half of the resonator
width H), the predicted amplitude of the acoustical pressure in the resonator con-
verged towards a mean value independent of the length of the upstream block. There
was, however, some amplitude modulation of the pressure signal which varied with the
length of the upstream outer domain. This is discussed further in section 6.3.1.5.

6.3.1.4 Kutta condition

The numerical method makes use of an added artificial viscosity term to ensure
non-linear stability. Although the magnitude of this dissipation is grid-dependent (de-
creasing with grid refinement), it is always of appreciable magnitude near a sharp edge
due to high local cell-to-cell gradients. This is usually sufficient to ensure separation
and enforce the Kutta condition (Hirsch15). Numerical separation is often accompanied
by the creation of a shear layer, however, whose thickness and therefore stability will
be grid-dependent. In order to avoid this grid-dependence, extra diffusion terms can
be added to the Euler equations before discretization. The net effect is to eliminate
the grid dependence of the shear-layer thickness within the numerical domain. This
approach is only justified if the results are not affected by the fictitious representa-
tion of the flow within the shear layer. For the present computations, diffusion was
added to the momentum equations only, with a magnitude chosen to match the value
of molecular diffusion for the fluid.

6.3.1.5 Refinement and domain size

The dependence of the numerical results on grid refinement was investigated by
comparing fine, intermediate and coarse-grid results. The fine grid had twice the re-
finement of the intermediate grid and four times the refinement of the coarse grid
in both x and y-directions. In the neck region, the intermediate grid had 30 × 45
cells. In general, the refinement of the intermediate grid was found sufficient to pro-
vide a satisfactory level of grid-independence. Artificial dissipation needed to maintain
numerical stability decreases rapidly with the grid refinement (O(∆x2)). In order to
maintain numerical stability, a diffusive term can be added to the Euler equations. The
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magnitude of the diffusive term was matched to be of the order of magnitude of molec-
ular viscous terms. The total dissipation (artificial and physical) controls the shear
layer thickness and the dissipation of vortices. When the grid refinement increases,
the total dissipation tends towards the physical dissipation and the numerical solution
becomes consistent. A study of the effect of the artificial dissipation and diffusion
parameters on the numerical results has been performed. While details of the flow are
affected by changes in those parameters, the predicted pulsation amplitude remained
constant within 10% when the method did predict oscillations. For too large values of
the diffusion (102 times the molecular diffusion), the method did not predict pulsations.

The influence of the length of the upstream outer domain on the numerical results
was also investigated. A dependence of the amplitude modulation of the acoustic
pressure on this upstream domain length was observed. This amplitude modulation
was the result of an instability in the outer shear layer separating the jet from the
region where a zero flow velocity was initially imposed. Figure 6.7 shows the computed
vorticity magnitude at different times during two oscillation periods. The formation of
the vortices at the inlet plane is observed to be periodic, but with a period twice that
of the acoustic oscillations. This behavior was not observed in the experiments. We
expect that this effect is exaggerated in our simulations due to the slow 2-D decay of
the acoustic waves in the outer domain compared to the actual 3-D decay. This results
in a stronger feedback effect of acoustic waves on the outer shear layer.

6.3.2 Computed results

Numerical simulations have been performed for configurations C1 to C4 (Fig. 6.1).
All of the numerical results shown in the next sections have been obtained using the fine
mesh with an upstream block length of twice the resonator width. This corresponds
to the position of the outlet of the wind tunnel in the experiments. Numerical ‘probes’
are placed at the same location as the hot wire (Fig. 6.4) and the velocity magnitude
is calculated from the computed components of the velocity v = (u, v):

V ∗
num =

√
u2
x + u2

y

U0

(6.2)

The location of the numerical probes is determined within an accuracy of about
0.1 mm (grid-dependent accuracy). The code determines the probe location at the cell
center closest to the required coordinates.

Figure 6.8 shows the periodic vortex shedding in the neck of the resonator which
was typically observed after a steady oscillation was well established. In practice, we
calculated up to 30 periods after the initial transient behavior. A ‘steady’-oscillation
state was already approached after 10 oscillation periods. The pictures present the
vorticity magnitude distribution predicted for configurations C1 to C4 at different times
within one period of oscillation. The corresponding dimensionless time t/T on the
acoustical pressure signal is given in each picture.
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Fig 6.7 - Continued on opposite page.
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Figure 6.7: Predicted vorticity magnitude when a soft inflow condition is used: com-
parison at different times t of two consecutive acoustic oscillation periods. The dimen-
sionless time t/T on the acoustical pressure signal is given (where T is the period of
acoustic oscillations). Observe that the flow is not exactly periodic. There is a period
doubling.



122 Helmholtz resonator: detailed flow measurements & computations

C
4

C
3

C
1

C
2
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Figure 6.8: Vorticity magnitude in the neck of configurations C1 (Sr = 0.285), C2

(Sr = 0.284), C3 (Sr = 0.26) and C4 (Sr = 0.35) with the corresponding time on the
acoustical pressure signal.
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Figure 6.9: Location of the vortex center in the neck of configurations C1 (◦), C2

(�), C3 (�) and C4 (dashed line). The solid symbols represent the center of the vortex
during the first period while the open symbols correspond to the location of the vortex
during the second period of acoustical oscillations.

In Fig. 6.9, we compare the vortex path in the neck of the resonator for the four
different configurations C1 to C4. The center of the vortex is determined visually from
the vorticity magnitude predicted by the Euler computations (Fig. 6.8). This was done
during two consecutive periods. The solid symbols represent the center of the vortex
during the first period while the open symbols correspond to the location of the vortex
during the second period.

We see that the vortex path of configurations with a chamfered upstream edge (C1

and C3) are very close to each other near the upstream edge (Fig. 6.8) but the vortex
seems to travel faster through the neck of configuration C3. In configuration C2 (with
a sharp upstream edge), the vortex enters more deeply into the neck than for the other
configurations, before it is ejected out of the neck. For configuration C4, isolated vortex
structures are not clearly observed. It is difficult to determine the vortex path. We
assume it to be very close to the straight line joining the upstream to the downstream
edge of the neck. This is similar to the low-amplitude flow visualization reported by
Bruggeman16 and Peters17 for closed-side branch resonators.
For a chamfered upstream edge (C1, C3), the pressure fluctuation amplitude is rather
insensitive to the shape of the downstream edge (see chapter 5). This observation could
be explained by the fact that for a chamfered upstream edge, the vortex path remains
far from the downstream edge. For a sharp upstream edge (C2, C4), we note that
there is a strong interaction of the vortex with the downstream edge. Consequently,
the measured acoustical amplitudes do depend on the shape of this edge.



6.4 Results of local velocity measurements 125

6.4 Results of local velocity measurements

6.4.1 Comparison between experimental and numerical re-
sults: raw data

Figure 6.10 presents the time dependence of the dimensionless acoustical pressure
p∗ = p′/p′exp at the top of the resonator cavity (y = L) of configuration C3. At the left-
hand side, the measured pressure signal is almost perfectly periodic while the computed
pressure signal (right-hand side) shows a modulation in amplitude. This modulation
is due to the instability of the outer shear layer which occurs in the computations as
discussed in section 6.3.1.5.
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Figure 6.10: Time dependence of the dimensionless acoustical pressure p∗(t) =
p′(t)/p′exp at the top of the resonator (configuration C3, Sr ≈ 0.27). Comparison
between experimental (left-hand side) and numerical results (right-hand side).

We see also that the mean pressure predicted by the numerical simulations is not
equal to the atmospheric pressure (Fig. 6.10). This overpressure could not be measured
by means of the piezo-electrical pressure transducers, which do not measure such a
continuous component of the pressure signal. The mean static pressure < p > was
measured separately by means of a piezo-resistive gauge (Kulite type XCS-093-2G)
placed at the top of the resonator. The result of these measurements is shown in
Fig. 6.11 as a function of the Strouhal number Sr = fW/U0. The typical measured
dimensionless pressure < p > /1

2
ρ0U

2
0 (where ρ0 is the density of air) is about a factor

of two lower than the predicted value (black solid symbols). Such a difference can be
due to the absence of turbulence in the numerical model, which affects the entrainment
of air outside of the cavity by the shear layer. This difference could induce a systematic
deviation between the predicted and the actual vortex path. This problem deserves
further research. We observe that the measured pressure < p > depends strongly on
the geometry of the upstream edge of the neck. The Euler calculations do also predict
such an effect, but it is less pronounced.

The Euler computations predict the resonance frequency within 5%. The 2-D de-
scription of the outer flow exaggerates its acoustical inertia. This results in a systematic
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Figure 6.11: Dimensionless mean static pressure < p > /1
2
ρ0U

2
0 in the neck of config-

urations C1 to C4 in terms of the Strouhal number Sr = fW/U0. Comparison between
experimental (open symbols) and numerical (black solid symbols) results.

error in the predicted frequency which is lower than the measured oscillation frequency.
Figure 6.12 shows the predicted pulsation amplitudes |dξ

dt
|/U0 in terms of the Strouhal

number Sr = fW/U0. Numerical predictions are denoted by the black solid symbols.
The amplitude of the acoustical velocity is deduced from the predicted amplitude of
the pressure oscillation in the cavity. The experimental results are presented with cor-
responding open symbols in the graph. We see that the Euler method underestimates
the maximum of the pulsation amplitudes by about 20% for configurations C1 to C3.
At higher Strouhal number, the prediction is globally too low by a factor of two for
configurations C1, C2 and C3. The predicted amplitude for configuration C4 is too low
by about a factor of four.

Figure 6.13 presents typical raw data obtained for the velocity signals (configuration
C3). The numerical velocity signal is much smoother than the measured signal as the
2-D Euler equations do not include the effects of turbulence. Although experimental
and numerical results are different, we can observe some similarities.

6.4.2 Comparison between experimental and numerical re-
sults: averaged signals

Instead of considering the original hot-wire data, we will focus on phase-averaged
signals. The averaging is based on a periodicity of twice the period of the pressure
signal which is our reference. This will allow observing the period doubling but will
somewhat smooth the data. As time origin, we choose the moment at which the acous-
tical pressure in the resonator is minimal. That corresponds to the time at which the
acoustical velocity starts entering the resonator. In our analytical model described in
chapter 5, this corresponds to the moment at which a vortex is shed at the upstream
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Figure 6.12: Dimensionless acoustical velocity amplitude |dξ
dt
|/U0 in the neck of config-

urations C1 to C4 in terms of the Strouhal number Sr = fW/U0. Comparison between
experimental (open symbols) and numerical (black solid symbols) results.
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Figure 6.13: Time dependence of the dimensionless velocity V ∗(t) = V/U0 in the
neck of configuration C3 (Sr ≈ 0.27). Comparison between experimental (left-hand
side) and numerical results (right-hand side).

edge of the neck. Please, note that this seems in agreement with our numerical simula-
tions (Fig. 6.8). The phase averaging is made for a given number of oscillation periods.
In order to preserve high-frequency components of the oscillations, we have limited the
number of oscillation periods used for the averaging to 20.

In Figs. 6.14 to 6.16, results are presented in a dimensionless form. The time de-
pendence of the absolute value of the acoustical velocity |dξ/dt| in the neck of the
resonator is plotted (dashed line) as a reference in each graph. For each measurement
series (notations and symbols introduced in Fig. 6.4) and for each configuration, ex-
perimental results are compared to numerical results.
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Fig 6.14 - Continued on opposite page.
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Figure 6.14: Experimental data compared with numerical results for series
I. The measured acoustical velocity amplitudes are: (|dξ/dt|/U0)C1 = 0.4507,
(|dξ/dt|/U0)C2 = 0.4107, (|dξ/dt|/U0)C3 = 0.5666, (|dξ/dt|/U0)C4 = 0.1380. The pre-
dicted acoustical velocity amplitudes are: (|dξ/dt|/U0)C1 = 0.2986, (|dξ/dt|/U0)C2 =
0.2650, (|dξ/dt|/U0)C3 = 0.4576, (|dξ/dt|/U0)C4 = 0.0552. The symbols are defined in
Fig. 6.4. The acoustical velocity amplitude is given as a reference (dashed line).
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Figure 6.15: Experimental data compared with numerical results for series
II. The measured acoustical velocity amplitudes are: (|dξ/dt|/U0)C1 = 0.4507,
(|dξ/dt|/U0)C2 = 0.4107, (|dξ/dt|/U0)C3 = 0.5666, (|dξ/dt|/U0)C4 = 0.1380. The pre-
dicted acoustical velocity amplitudes are: (|dξ/dt|/U0)C1 = 0.2986, (|dξ/dt|/U0)C2 =
0.2650, (|dξ/dt|/U0)C3 = 0.4576, (|dξ/dt|/U0)C4 = 0.0552. The symbols are defined in
Fig. 6.4. The acoustical velocity amplitude is given as a reference (dashed line).
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Figure 6.16: Experimental data compared with numerical results for series
III. The measured acoustical velocity amplitudes are: (|dξ/dt|/U0)C1 = 0.4507,
(|dξ/dt|/U0)C2 = 0.4107, (|dξ/dt|/U0)C3 = 0.5666, (|dξ/dt|/U0)C4 = 0.1380. The pre-
dicted acoustical velocity amplitudes are: (|dξ/dt|/U0)C1 = 0.2986, (|dξ/dt|/U0)C2 =
0.2650, (|dξ/dt|/U0)C3 = 0.4576, (|dξ/dt|/U0)C4 = 0.0552. The symbols are defined in
Fig. 6.4. The acoustical velocity amplitude is given as a reference (dashed line).
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For measurement series I (Fig. 6.14), the velocity amplitude V ∗ = V/U0 has two
different typical behaviors. For points deep in the neck (curves with solid symbols),
the mean flow velocity is zero and the total velocity amplitude depends mainly on the
acoustical velocity (dashed line). This explains the rather low amplitudes observed
compared to the velocity amplitude measured when the points are outside of the neck
(curves with open symbols). For these points, we observe the passage of a vortex. The
incursion of the vortex into the neck is clearly seen for configuration C2 (Fig. 6.14,
symbols � and •). This indeed corresponds to the numerical prediction of the vortex
path (Fig. 6.9). For configuration C4, the acoustic amplitude is relatively low but the
velocity behavior is surprisingly similar to that observed in configuration C2.

Figure 6.14 presents the averaged velocity amplitude predicted by the Euler calcu-
lations for series I. The predicted response is globally fair but with a smaller amplitude
than the measured velocity amplitude. For the particular points considered, the am-
plitudes predicted for C3 are 20% too low. For configurations C1 and C2, they are 40%
too low. For configuration C4, the numerical calculations were performed at a Strouhal
number Sr ≈ 0.35 because computations performed at Sr ≈ 0.32 did not display any
self-sustained oscillations of the flow. At Strouhal Sr ≈ 0.35, the predicted pressure
amplitude was still too low by a factor of four (Fig. 6.12). This explains the dramatic
difference between the measured and predicted averaged velocity signals for configura-
tion C4 (Fig. 6.14).

For measurement series II (Fig. 6.15), we focus on the flow behavior just down-
stream of the downstream edge. The relatively low total velocity amplitude observed
when the hot wire is located very close to the wall (1 mm from the wall), is expected to
be due to the presence of the viscous wall-boundary layer which is not included in Euler
calculations. Once again, the total velocity signals for configurations C1 and C3 are
very similar. Some similarity is also found between the flow behavior in configurations
C2 and C4.
Numerical results for series II (Fig. 6.15) differ substantially from experimental results.
Except for configuration C3, the vortex shedding at the downstream edge is not well
predicted. We see a much smoother velocity profile than the measured one. Fur-
thermore, the predicted vortex path is also quite different from the measured vortex
path.

For the measurement series III (Fig. 6.16), we can observe three different types of
behavior. For points upstream of the neck opening (curves with symbols ◦ and �),
the total velocity amplitude measured is determined by the main flow velocity and the
acoustical velocity. When the hot-wire measurements are in the middle of the neck
(symbols � and �), we can observe the passage of the vortex shed at the upstream
edge of the neck. Then, at the downstream part (symbols •, � and �), the behavior is
different and may be explained by the merging of the vortex shed at the upstream edge
and the vortex shed at the downstream edge (as observed in the numerical simulations,
Fig. 6.8).
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6.5 Conclusions

Four different neck geometries C1, C2, C3 and C4 have been considered. Numerical
simulations and hot-wire velocity measurements have been performed. The measure-
ment of the velocity in the neck of the different configurations gives global information
about the flow behavior in the neck of the resonators. This is confirmed by the pre-
dicted vorticity magnitude which gives an overview of the vortex shedding in the neck
of resonators. A parallel can be drawn between the experimental flow behavior in con-
figurations C1 and C3 with a chamfered upstream edge (Fig. 6.1). In the same way,
the results obtained for configurations C2 and C4, with a sharp upstream edge, are
similar. This means that the flow behavior depends strongly on the geometry of the
upstream edge (rounded or sharp). The downstream-edge geometry determines the
oscillation amplitude when the upstream edge is sharp but does not appear to affect
the flow behavior much. This can be observed by comparison of the velocity measured
in configuration C4 with that measured in configuration C2. For a chamfered upstream
edge (configurations C1 and C3), our numerical simulations show that the vortex path
remains far remote from the downstream edge (Fig. 6.9). This could partially explain
the fact that the pulsation amplitude in this case is insensitive to the shape of the
downstream edge (see chapter 5). For a sharp upstream edge, the vortex path enters
into the neck and passes close to the downstream edge.
Euler computations predict within 20% the maximum of the amplitude of the acous-
tical pressure for the configurations C1, C2 and C3. The Strouhal number dependence
of the pulsation amplitude is quite well predicted. The results are less satisfactory for
configuration C4. The amplitude is underestimated by about a factor of four. Numeri-
cal simulations do however predict the significant lowering of the amplitude in the case
of configuration C4, compared to the cases of configurations C1, C2 and C3.
The correlation between the experimental and numerical velocity profiles depends on
the quality of the prediction of the pulsation amplitude. The agreement is much bet-
ter for the Strouhal number condition chosen for configuration C3, than for the other
configurations. Furthermore, the flow downstream of the neck is not predicted as well
as the flow within the neck opening.
We observe a difference between the measured and the calculated mean static pressure
in the resonators. This deserves further research to evaluate the impact of this pressure
difference on the vortex path and hence on the sound production. Furthermore, this
static pressure data could be used to test the performance of turbulent flow models.
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Chapter 7

Simplified models of flue
instruments: effects of acoustics

and mouth geometry

Abstract

The performances of different flue instruments such as the ocarina (or whistle), the
flue organ pipe, the recorder and the flute are compared. Next to obvious differences
in acoustical behavior, these instruments have different mouth geometries. The effect
of the mouth geometry on the pulsation amplitudes is studied by considering the
acoustical response of a simple whistle to excitation by a grazing jet. The whistle
consists of a Helmholtz-like resonator with one dominant resonance frequency. Its
acoustical behavior can be described as that of a single mode system. The single
acoustic mode model is combined with two simplified sound source models: a jet-
drive model and a discrete-vortex model. For the first hydrodynamic mode, the
discrete-vortex model explains the variation in measured dimensionless amplitudes
for small ratios W/h < 2 of the mouth width W and the jet thickness h. For
higher values of W/h, as typically found in most flue instruments, the behavior is
explained qualitatively by the jet-drive model. At high Strouhal numbers Sr >
0.3, corresponding to higher hydrodynamic modes, the jet breaks down in discrete
vortices and the jet-drive model should be replaced by the discrete-vortex model.

7.1 Introduction

In a flue instrument, the sound is produced by the interaction of a jet with a sharp
edge (called the labium) placed in the opening (mouth) of a resonator (body of the
instrument). The jet is formed by flow separation at the end of a slit (the flue channel)
and is travelling along the mouth of the resonator towards the labium. Coupling
between jet oscillations in the mouth and acoustical resonances in the body provides
self-sustained oscillations of the jet, and maintains sound production.

A large variety of flue instruments is discussed by among others Castellengo1, Camp-

This chapter has been written in collaboration with the following co-authors:
J. F. H. Willems, M. Leroux, R. Vullings, M. van Weert, & A. Hirschberg.
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bell & Greated2 and Fletcher & Rossing3. A first classification of these instruments can
be found by considering their passive acoustical behavior. The ocarina or whistle is a
simple and very old instrument which behaves acoustically as a Helmholtz resonator.
Its Helmholtz resonance frequency f1 (the fundamental) is followed by strongly non-
harmonic higher modes. As a consequence, the higher harmonics fn = nf1 (n =
2, 3, 4...) of the sound source are very poorly radiated and the sound is dominated by
a pure tone, which yields a rather dull sound. This acoustical behavior contrasts with
that of the modern flute (or Boehm flute). This instrument is carefully designed, so
that the first ten resonances are harmonic within the width of the resonance peaks
(determined by their quality factor). Hence, for a given sound source spectrum, the
radiation of higher harmonics is optimal. The sound produced is powerful and rich
in higher harmonics. This exceptional performance is a consequence of head joint
tapering and careful tuning of the volume between the mouth and the closed end of
the pipe by means of the cork. Other flue instruments as the simple straight organ
pipe, the renaissance recorder and the baroque recorder have intermediate acoustical
behaviors. In these instruments, only one or two higher resonances are harmonics of
the first acoustical mode. Even in the case of a quite sophisticated instrument such as
the recorder, the musician has to modify his mouth pressure to obtain a correct scale
of the instrument. We also note a lack of power radiated by a recorder compared to
the transverse flute. This could be related to the design of the mouth geometry as we
will discuss later.

Next to their passive acoustical behavior which can be described by means of simple
acoustical models, flue instruments distinguish themselves also by significantly different
mouth geometries. Simple models for the source are found in literature. Coltman4,5,6

developed a simplified model of the sound production which is called the jet-drive
model. In this model, the jet flow Qj is separated at the labium into a flow Qin

entering the resonator and a flow Qout leaving the resonator. These flows act as two
complementary monopole sound sources (Qj = Qin + Qout) (Elder7). This jet-drive
model is commonly accepted in the literature (Fletcher & Rossing3). When the jet-
drive model is implemented in a global model of the instrument, one can predict the
order of magnitude of the oscillation amplitudes in a recorder-like instrument (Verge8,
Fabre9) at low Strouhal numbers corresponding to the first hydrodynamic mode of the
jet. For higher values of the Strouhal number, the jet-drive concept appears to fail as
a result of the breakdown of the jet into discrete vortices. In the case of a jet/labium
configuration without resonator (edge-tone), Holger10 proposed to describe the jet flow
behavior in terms of a von Kármán vortex street. While the idea of using such a
discrete-vortex model for a flue instrument at high Strouhal numbers was proposed
earlier (Hirschberg11, Fabre12), it was only recently used for a whistle by Meissner13

in the case of a very thin jet compared to the mouth width. In the present paper, we
investigate the use of a similar discrete vortex model in order to explain the effect of
the ratio between the mouth width W and the jet height h on the flow behavior in a
simple whistle.

Furthermore, we describe some experimental results obtained from a study of the
effect of the mouth geometry on the oscillation amplitude and its stability. The pul-
sation amplitudes predicted by our model as a function of the ratio W/h between the
mouth width W and the jet thickness h, are compared to experimental results. The
model is described in section 7.2 and the experimental work is presented in section 7.3.
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This includes some flow visualization.

7.2 Simple models

7.2.1 Acoustical models

Different parts may be distinguished in typical flue instruments (Fig. 7.1a). The
air blown by the musician passes through a thin slit called the flue channel. The jet
formed at the exit of the flue channel travels along the mouth and interacts with the
labium. This interaction is coupled with the acoustical resonances of the resonator (or
body) and is responsible for sound production. At low frequencies, the mouth of the
instrument can be represented, in a one-dimensional acoustical model, by a pipe of
effective length Lm and uniform cross-sectional area Sm attached to the body of the
instrument (Fig. 7.1c). This pipe represents the inertance of the locally incompressible
acoustical flow through the mouth of the instrument. In such low-frequency model,
the aeroacoustical source due to the interaction of the jet with the labium can globally
be represented as a fluctuating pressure discontinuity ∆p across the mouth of the
instrument. This model was successfully used by Verge14 and Kokkelmans15 to predict
the performance of simple flue organ pipes.

h

W

p

S

∆

b)

flue exit labium resonator

a)

foot

Lm

b

L
mouth

S Vc)

L

flue channel

m

Figure 7.1: a) Scheme of the different parts in flue instruments16, b) detail of the
mouth opening, c) one-dimensional low-frequency acoustical model.

In the next paragraph, models of the source will be considered from which the
value of ∆p can be deduced. We further assume in this analytical analysis that ∆p is
a periodic function of time with period T and that it is independent of the amplitude
of the acoustical field in the instrument. This corresponds to a limit behavior for
sufficiently large amplitudes of the acoustical field.

In the simple acoustical model, the source spectrum is a line spectrum with the oscil-
lating fundamental frequency f1 = 1/T and its harmonics fn = nf1 (with n = 2, 3, ...).
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This is of course a direct mathematical consequence of the fact that we assume a pe-
riodic oscillation of the jet.

In the case of the ocarina, the pipe segment of effective length Lm (where the
subscript m denotes the mouth of the instrument) is connected to a closed volume V
representing the body of the instrument (Fig. 7.2b). The response of the instrument is
dominated by the Helmholtz resonance frequency f1 of the system. When the length
L of the body is small compared to the wavelength, the higher order resonance modes
are not harmonic with the fundamental Helmholtz frequency f1.

For the straight open flue organ pipe, the resonator is simply a straight open pipe of
length L and cross section Sb (where the subscript b denotes the body of the instrument)
(Fig. 7.3b). This simple model can also describe the acoustical behavior of renaissance
recorders for which the body of the resonator is nearly cylindrical.

The model used for the baroque recorder is the same as that used for the simple
organ pipe, but the conical body of the instrument is represented by a converging open
pipe (Fig. 7.4b).

The last model is that of the transverse flute. In a first approximation, it is a
one-sided closed pipe with a side chimney representing the mouth (Fig. 7.5b).

The low-frequency acoustical model assumes that only plane waves propagate in
the different pipe segments within the instrument. At the junction between the pipes,
the continuity of volume flux and of pressure is assumed. For a harmonic wave at
the frequency f , the acoustical pressure p′(x, t) and velocity u′(x, t) in straight pipe
segments of uniform cross-section are given by the D’Alembert solution:

p′(x, t) = p+ei(ωt−kx) + p−ei(ωt+kx), (7.1)

and

u′(x, t) =
1

ρ0c0

[
p+ei(ωt−kx) − p−ei(ωt+kx)

]
, (7.2)

where k is the complex wave number. The imaginary part of k describes the at-
tenuation of acoustic waves propagating in a duct of diameter D. For small viscous
boundary layer thickness compared to the pipe diameter, the wave number k is ex-
pressed by means of Kirchhoff’s formula17:

k = k0 − iα0, (7.3)

with k0 = ω/c0 and where α0 represents the visco-thermal dissipation in the bound-
ary layers along the pipe wall:

α0 =
2πfδac
c0D

(
1 +

γ − 1√
Pr

)
, (7.4)

where γ = 1.4 is the ratio of specific heats, Pr = 0.71 is the Prandtl number and
δac =

√
ν/πf is the thickness of the acoustic boundary layer. The kinematic viscosity

of air is ν = 1.51 × 10−5 m2/s at a room temperature of 293 K and at atmospheric
pressure.
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When the pipe has a converging cross-sectional area as in the case of the baroque
recorder flute (Fig. 7.4), spherical waves propagate and the acoustical pressure and
velocity are expressed by:

p′(r, t) =
A

4πr
ei(ωt−kr) +

B

4πr
ei(ωt+kr), (7.5)

and

u′(r, t) =
1

iρ0ω

{
A

4πr
ei(ωt−kr)

[
1

r
+ ik

]
+

B

4πr
ei(ωt+kr)

[
1

r
− ik

]}
, (7.6)

where r is the radius of curvature of the spherical waves (Fig. 7.4b), A and B are
real constants.

The simple acoustical models provide information about the harmonicity of the
instruments. The continuity of pressure and of flux at the discontinuities x = 0 and
x = L0 (in the case of the baroque recorder) is written as:




p′m(x = 0) = p′b(x = 0) based on eq. 7.1,
Smu

′
m(x = 0) + Sbu

′
b(x = 0) = 0 based on eq. 7.2,

p′b(x = L0) = p′c

(
r = Dc

(
L− L0

Db −Dc

))
based on eq. 7.1 and 7.5,

Sbu
′
b(x = L0) + Sbu

′
c

(
r = Dc

(
L− L0

Db −Dc

))
= 0 based on eq. 7.2 and 7.6.

(7.7)

In this system of equations, the subscripts m, b and c denote the acoustical pressure
p′ or velocity u′ in the mouth, the straight pipe of the resonator (of diameter Db and
cross-sectional area Sb), and the converging part of the resonator ending with a pipe
diameter Dc (in the case of the baroque recorder), respectively.

Then, the boundary condition at x = L is either a solid-wall condition for the
ocarina (Fig. 7.2a) or a radiation condition for the other flue instruments (open pipe).




u′(x = L) = 0 for the ocarina,

Z(x = L) =
p′(x = L)

u′(x = L)
= ρ0c0

(
k2S

4π
+ ikδ

)
for other flue instuments,

(7.8)

where S = πD2/4 (with D = Db for the organ pipe and the transverse flute
and D = Dc for the baroque recorder). The imaginary part ikδ of the radiation
impedance Z/(ρ0c0) represents the inertia of air outside the open pipe termination.
For low frequencies, this inertia is determined by a compact region just outside the
open pipe termination and δ is independent of the frequency17: 0.61(D/2) ≤ δ ≤
0.82(D/2). The lower limit corresponds to pipes with a zero thickness and the upper
limit corresponds to infinitely thick pipes. We took δ = 0.61(D/2).

By applying Newton’s law to the volume Vm = SmLm of the neck, a relationship is
found between the pressure discontinuity ∆p across the mouth, the pressure p′m(x = 0)
at the junction neck/resonator (x = 0), the radiation impedance Zm(x = Lm) =
p′m(x = Lm)/u′

m(x = Lm) and the velocity u′
m(x = 0):
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∆p + p′m(x = 0) = [Zm(x = Lm) + ρ0Lmiω]u′
m(x = 0). (7.9)

The resulting system of linear equations is then solved. We used the typical dimen-
sions of flue instruments (as specified in figures 7.2 to 7.5). Figures 7.2c to 7.5c show
the dimensionless amplitude p+/∆p as a function of the excitation frequency f for the
four typical flue instruments considered∗.

The ratio dn = (frn − nf1)/∆fn of the deviation (frn − nf1) between the nth res-
onance mode frn and the nth harmonic of the fundamental f1 to the 3dB width ∆fn
of the resonance peak can be determined. The ratio dn, the resonance frequency f1

and the quality factor Qf = f1/∆f1 of the different flue instruments considered are
presented below in table 1. We clearly see that the flute, as optimized by Boehm18,
has a superior acoustical response.

f1 d2 d3 d4 d5 Qf

Ocarina 387 Hz - - - - 64.5
Organ pipe 407 Hz 1.1701 2.4240 3.6402 5.0168 33.92

Baroque recorder 406 Hz 1.6709 3.3000 4.8286 6.5621 36.91
Transverse flute 271.1 Hz 0.0745 0.0930 0.0669 0.0207 48.85

Table 1: Fundamental f1, ratios dn = (frn − nf1)/∆fn of the deviation (frn − nf1)
between the nth resonance mode frn and the nth harmonic of the fundamental f1 to the
3dB width ∆fn of the resonance peak, and quality factor Qf = f1/∆f1 for different flue
instruments.

The acoustics of the ocarina is very poor (Fig. 7.2c). Its radiated sound is dominated
by the fundamental f1 because the higher harmonics are very poorly radiated. The
organ pipe has not a much better acoustics (Fig. 7.3c). The higher harmonics are
poorly radiated because the coincidence between resonance modes and harmonics is
bad. When the conical shape of the resonator is taken into account (baroque recorder,
Fig. 7.4c), the ratio dn is not improved. Our simplified model appears to indicate that
the pipe convergence is mainly used in order to make the instrument more compact and
hence easier to play. The acoustics of the flute (Fig. 7.5c) is excellent compared to the
other flue instruments. Due to the better coincidence between resonance modes and
harmonics, the sound power and the sound richness of the instrument are improved.
This effect is the result of the particular design by Boehm as discussed in detail by
Coltman19, Fletcher & Rossing3 and Joubert20. In our model, only the lowest note of
the instrument is considered. In that case, the convergent shape of the head joint is
not crucial. It becomes quite important for higher notes (Fletcher & Rossing3).

7.2.2 Global model

In this section, we propose a simple model to predict the pulsation amplitudes in
a whistle (or ocarina, Fig. 7.2a). This flue instrument can be represented, in a first

∗In each model presented, there is a straight pipe segment attached to the mouth (x > 0). The
pressure in this pipe is given by equation 7.1. We further take the amplitude p+ as a measure for the
amplitude of the oscillation of the acoustical flux through the mouth of the instrument.
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Figure 7.2: The ocarina : (a) picture (found on the site ”www.AltaVista.com”), (b)
simple representation, (c) acoustic resonance peaks for the typical dimensions Lm = 10
mm, L = 61 mm, Sm = 40 mm2 and Sb = 1000 mm2.
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Figure 7.3: The organ pipe (or renaissance recorder): (a) picture (found on the
site ”www.AltaVista.com”), (b) simple representation, (c) acoustic resonance peaks.
Dimensions: Lm = 40 mm, L = 283 mm, Sm = 20 mm2 and Sb = 95 mm2.
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Figure 7.4: The baroque recorder : (a) picture (found on the site
”www.AltaVista.com”), (b) simple representation, (c) acoustic resonance peaks. Di-
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Figure 7.5: The flute : (a) picture (found on the site ”www.AltaVista.com”), (b)
simple representation, (c) acoustic resonance peaks. Dimensions: Lm = 10 mm, L =
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approximation, by a Helmholtz resonator with a closed volume V = H2 × L and a
mouth opening of cross-section Sm = H ×W along which a jet is grazing (Fig. 7.2b).
The system has a single acoustic mode behavior and can be represented by a mass-
spring system. The excitation of the resonator by the jet oscillations is represented by
either a jet-drive model or a discrete-vortex model (section 7.2.2.3).

7.2.2.1 Single mode model

As explained in a previous study on self-sustained oscillations in a Helmholtz-like
resonator (chapter 5), the resonator (Fig. 7.2b) is described as a mass-spring system
where the mass represents the incompressible flow in the neck of the resonator (small
pipe of length Lm and cross-section area Sm), and the spring represents the volume V
of the resonator. By considering the particle displacement ξ in the neck (mouth) of
the resonator (defined positive when it is directed into the volume V ), Newton’s law
yields:

Ma
d2ξ

dt2
+ R

dξ

dt
+ Kξ = F(t), (7.10)

where F(t) denotes the areoacoustical forces acting on the resonator and will be
determined in next paragraph. The determination of the mass Ma, the damping coef-
ficient R and the spring constant K has already been defined in chapter 5. The mass
Ma is related to the effective length Leff of the neck (mouth) of the resonator:

Ma = ρ0LeffHW. (7.11)

By applying the momentum conservation to the neck, the effective length of the
neck is expressed as:

Leff =
1

2πf1ρ0

∣∣∣∣p′u′

∣∣∣∣ . (7.12)

Then, by writing the mass conservation between the resonator and the neck and
assuming that only plane waves propagate in the resonator (Wρ0c0u

′ = H(p+ − p−)),
the effective length Leff becomes:

Leff =
W

H

c0
2πf1

∣∣∣∣p+ + p−

p+ − p−

∣∣∣∣ =
W

H

c0
2πf1

cot

(
2πf1

c0
L

)
. (7.13)

The damping coefficient R is related to the quality factor Qf = f1/∆f1 deduced
from the simple acoustical models presented in the section 7.2.1:

R =
2πf1Ma

Qf

. (7.14)

By definition, the spring constant K is:

K = Ma(2πf1)
2. (7.15)

In equations 7.11 to 7.15, the frequency f1 is predicted by our acoustical model or
measured. In the next sections, we will omit the subscript 1 and we will denote the
frequency by f .
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Figure 7.6: a) Idealized representation of the mouth of the instrument in the jet-drive
model22, b) time dependence of the two complementary sources Qin and Qout.

7.2.2.2 Losses induced by vortex shedding at the labium

Flow separation occurs at the sharp edge of the labium. We consider here the vortex
shedding associated with the quasi-steady flow separation of the acoustical flow through
the mouth (Fabre9,Verge8). The interaction of the jet flow with the edge of the labium
will be discussed within the framework of the discrete-vortex model (section 7.2.2.3).

By assuming that the flow separation of the acoustic flow Q = (dξ/dt)HW (where
HW is the cross-sectional area of the mouth) at the labium results in the formation
of a free jet (quasi-steady free-jet model proposed by Ingard and Ising21), the effects
of vortices can be represented by a fluctuating pressure ∆pv across the mouth of the
instrument:

∆pv = −1

2
ρ0

(
Q

αvHW

)2

sign(Q), (7.16)

where αv is the vena-contracta factor of the jet. We choose the value of αv = 0.6
as used by Verge8. The time-averaged power losses induced by the vortex shedding at
the labium is then:

< Plosses >= 〈∆pvQ〉 = − 1

2T

ρ0HW

α2
v

∫ T

0

(
dξ

dt

)2 ∣∣∣∣dξdt
∣∣∣∣ dt. (7.17)

7.2.2.3 Simple source models

Jet-drive model

The mouth of the resonator can be described as a two-dimensional slit of width W
between a wall and a semi-infinite plane (perpendicular to the wall) representing the
labium (Fig. 7.6).

The jet volume flow is assumed to be split into two complementary monopole (line)
sources Qin = |Qj|eiωt = −Qout placed at a distance ε from the edge of the labium at
the lower and upper side of the labium, respectively. This jet-drive model has been
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used by Verge22 for small jet thickness h compared to the mouth width W . The source
is represented by a fluctuating pressure ∆pj deduced from the calculated potential
difference across the mouth induced by the dipole formed by the two monopoles:

∆pj ≈ ρ0
δj

HW

dQj

dt
, (7.18)

where δj is the effective distance between the two complementary monopole sources
Qin and Qout. δj is calculated by means of a potential flow theory. For the limit ε � W ,
we have:

δj
W

≈ 4

π

√
2ε

W
. (7.19)

In the thin jet limit (W/h � 1), the only length scale in the flow around the edge
of the labium is the jet thickness hj, so that ε should be proportional to hj. Verge22

actually assumes that ε = hj. We will later make an additional approximation by
identifying the jet thickness hj with the height h of the flue channel. Hence, we neglect
the lateral broadening of the jet velocity profile as the jet travels across the mouth.

The power generated by the source is calculated by assuming that the acoustical
flow is locally a two-dimensional incompressible flow and that the source is in phase
with the acoustical flux through the mouth Q = (dξ/dt)WH (where WH is the cross-
sectional area of the mouth). This corresponds to the condition for which the oscillation
amplitude has a maximum. We assume also that each half oscillation period, the jet
direction alternates between inside and outside the resonator. The passage of the jet
from one side to the other side of the labium is assumed to be within a very short time
compared to the oscillation period. The sources Qin and Qout behave in terms of the
time as a square wave of amplitude Qj/2 (Fig. 7.6b):


Qin =

Qj

2
+ Q′

in,

Qout =
Qj

2
+ Q′

out.

(7.20)

As explained above, the sources Qin and Qout have an opposite phase (Q′
out = −Q′

in)
so that Qj is constant (Qj = Qin + Qout). The average over an oscillation period T of
the power generated by this jet drive is then:

< Pjet−drive > = 〈∆pjQ〉
=

2

TH

∫ T/2

0

ρ0
4

π

√
2h

W
|Qj|δ

(
t− T

4

)(
dξ

dt

)
HWdt

=
8

πT
ρ0

√
2h

W
U0hHW

∣∣∣∣dξdt
∣∣∣∣ .

(7.21)

By balancing the acoustical energy losses < Plosses > due to vortex-shedding at the
labium (eq. 7.17) to the acoustic energy produced by the jet < Pjet−drive > (eq. 7.21),
Verge8 found a relation between the pulsation amplitude (dξ/dt)max, the Strouhal
number Sr = fW/U0, and the ratio W/h of the mouth width W and the jet thickness
h:
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Figure 7.7: Idealized representation of the mouth of the instrument in the discrete-
vortex model. The two shear layers are separated by a distance h and the parameter
h0 represents the distance between the outer shear layer and the labium.

(
(dξ/dt)max

U0

)2

∼ Sr

(
h

W

)3/2

. (7.22)

While we have assumed that W/h � 1, we also have assumed that the jet does not
break down into discrete vortices. This is only reasonable for the first hydrodynamic
mode Sr = fW/U0 < 0.3. For higher order modes, a discrete-vortex model should be
used. The use of Holger’s model10 could be considered here.

Discrete-vortex model

When the jet is thick, it will appear from experimental observations that the grazing
jet flow is not fully deflected into the resonator. A description in terms of the jet-drive
model becomes difficult. If the jet is very thick, the two shear layers bounding the jet
behave independently of each other. We follow here the idea of Meissner13 to describe
both shear layers bounding the jet in terms of discrete vortices. This corresponds to
the application of Nelson’s model23 (chapter 5) to each shear layer. As in the jet-drive
model, the mouth of the resonator is described as a two-dimensional slit of width W
between a wall and a semi-infinite plane representing the labium (Fig.7.7). In Nelson’s
model23, the vorticity of the shear layers of the jet is assumed to be concentrated into
line vortices travelling along straight lines (in the main flow direction) with a constant
velocity UΓ = 0.4U0. We assume that the circulation of the vortices growths linearly
during the first period of their life (before remaining constant). Nelson’s model23 has
been discussed in details in chapters 4 and 5.

The two shear layers are separated from each other by a distance h which is assumed
to be constant and equal to the jet thickness at the flue exit. In order to avoid the
singularity at the labium, the position of the two shear layers are chosen such that
the vortices pass along the labium but do not hit the labium (Fig.7.7). We introduce
with this trick the parameter h0 corresponding to the distance between the lower shear
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layer and the labium. In chapters 4 and 5, we used another trick which consisted in
suppressing the downstream singularity and replacing it by a vertical wall.

The generation of vortices is periodic and is triggered by the acoustical flux through
the mouth. A new vortex is formed at the inner shear layer (on the resonator side)
each time the acoustical velocity dξ/dt changes sign from the outside to the inside
of the resonator (minimum of the acoustical pressure p′(L) in the resonator). A new
vortex is formed at the outer shear layer half an oscillation period later (maximum of
the acoustical pressure p′(L) in the resonator). The circulation of the jth vortex (with

j = 1, 2, 3, ...) at the inner shear layer (Γ
(j)
i ) and at the outer shear layer (Γ

(j)
o ) can be

written as:




Γ
(j)
i (t) =

U2
0

2
[t− (j − 1)T ] for (j − 1)T ≤ t ≤ (j − 1)T + T ′,

Γ
(j)
i (t) =

U2
0

2
T ′ for (j − 1)T + T ′ ≤ t ≤ jT ,

Γ
(j)
o (t) = −U2

0

2
[t− (2j − 1)T/2] for (2j − 1)T/2 ≤ t ≤ (2j − 1)T/2 + T ′,

Γ
(j)
o (t) = −U2

0

2
T ′ for (2j − 1)T/2 + T ′ ≤ t ≤ (2j + 1)T/2,

(7.23)

where T ′ = W/UΓ is the time needed by a vortex to travel through the mouth of
the instrument, and T is the oscillation period.

The acoustical power generated by the vortices is calculated by using Howe’s24

generalization of Powell’s25 vortex-sound analogy (more details are given in chapters 4
and 5). The acoustical power averaged over one period of oscillations T is:

< Pdiscrete−vortex >=
−ρ0

T

∫ T

0

∫
VS

(ω × v) · u′dV dt, (7.24)

where the volume integration is taken over the source region of volume VS and where
the local acoustical flow velocity u′ represents the unsteady part of the potential flow
component of the velocity field v.

The vorticity field ω = ∇×v takes into account the contribution of each vortex of
the shear layers:

ω =
∑
j

[
Γ

(j)
i (t)δ

(
x − x

(j)
i (t)

)
+ Γ(j)

o (t)δ
(
x − x(j)

o (t)
)]

. (7.25)

The local acoustical velocity u′ can be determined by means of potential flow the-
ory (Verge22) which is described in some detail below in the following intermezzo. This
method takes into account the non-uniformity of the acoustical velocity u′, which is
not considered by Meissner13.
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Figure 7.8: (a) Idealized geometry deduced from the actual geometry by means of the
method of images (z-plane), (b) transformed plane by means of a conformal mapping
(ζ-plane).

Intermezzo

Using a potential flow theory (Verge22), the acoustical velocity u′ in the neck of the resonator
is calculated. The flow is represented by a complex potential Φ(z = x+ iy) and the velocity
distribution in the mouth of the instrument is:

dΦ
dz

= u′
x − iu′

y = u′∗, (7.26)

where u′∗ corresponds to the complex conjugate of the local acoustic velocity u′. The complex
potential is determined by considering the Schwarz-Christoffel mapping shown in Fig. 7.8:

z =
W

2

(
ζ +

1
ζ

)
. (7.27)

This mapping transforms the real z-plane (Fig. 7.8a) into the upper half ζ-plane (Fig. 7.8b).
The z-plane corresponds to an equivalent geometry obtained by the method of images from
the idealized representation of the mouth (Fig. 7.6). The labium position (z = ±W ) in the
z-plane is transformed into points ζ = ±1 of the ζ-plane, and a point at the infinity in the
lower half of the z-plane into the origin (ζ = 0) of the ζ-plane.
The inverse transformation of the upper half of the ζ-plane into the z-plane is given by:

ζ =
z

W
±
√( z

W

)2

− 1, (7.28)

where the positive sign corresponds to the transformation of the upper half of the ζ-plane
into the upper half of the z-plane while the negative sign corresponds to the transformation
into points of the lower half of the z-plane.
The local acoustical flow u′ in the mouth is represented by a source of strength 2Q =
2WH(dξ/dt) placed at the infinity of the lower half of the z-plane. The complex poten-
tial in the upper half of the ζ-plane is:

Φ(ζ) =
2Q
Hπ

ln(ζ). (7.29)

From the definition given in equation 7.26, the complex conjugate of the local acoustic flow
velocity is determined:

u′∗ =
dΦ
dζ

dζ

dz
=

4Q
WHπ

ζ

ζ2 − 1 =
4
π

dξ

dt

ζ

ζ2 − 1 . (7.30)
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Global source model

The jet-drive model, valid for thin jets, and the discrete-vortex model, valid for
thick jets, can be combined in a global model in which the acoustical power generated
by the source is defined as:

< Psource >=

(
W
h

)3
< Pjet−drive > +

(
W
h

)3
0
< Pdiscrete−vortex >(

W
h

)3
+
(
W
h

)3
0

(7.31)

where
(
W
h

)
0

is a fit parameter. It will appear from experiments that the transition

between the two models (jet-drive and discrete-vortex) occurs around
(
W
h

)
0

= 2.

7.2.2.4 Energy balance

Assuming that the particle displacement ξ in the neck is harmonic (ξ(t) = −ξ̂ cosωt),
we can write the energy balance of the system from equations 7.10, 7.17 and 7.31. The
amplitude |dξ/dt|/U0 of the oscillations can then be deduced as a function of the
Strouhal number Sr = fW/U0.

7.3 Experimental study

7.3.1 Experimental setup

The experimental setup used is the same as that described in the study of self-
sustained oscillations in a Helmholtz-like resonator (chapter 5). The only change in
the setup is the details of the shape of the mouth (Fig. 7.9). The mouth consists out
of three blocks which can be changed to modify the mouth geometry. The instrument
is driven by a free jet of thickness h formed by blowing through a slit (flue channel) of
height h. This height h was varied between 2 and 60 mm. The slit or flue channel was
made by the aperture aperture between a block (lip) of 2.5 cm width and the upstream
block of the neck of the cavity. The upstream side of the lip was rounded in order to
avoid flow separation within the flue channel, while the downstream side was either
sharp (Fig. 7.9a) or chamfered at an angle of 45o (Fig. 7.9b). Two different angles
(α = −15o and 60o) of labium were used. Note that the 15o-labium is directed outside
of the cavity while the 60o-labium is directed inside the cavity. These configurations
(angle of the labium and direction) correspond to the mouth of a transverse flute and
of a recorder, respectively. The distance W between labium was either 24 mm for the
60o-labium or 20 mm for the 15o-labium for a flue exit with sharp edges. With edges,
the distance W was increased by 6 mm to 30 mm and 26 mm, respectively, for the
two different labia. In the region surrounding the mouth of the resonator, the side
walls of the resonator are made up of glass windows to allow for flow allow for flow
visualization.
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Figure 7.9: Mouth geometry. a) Flue exit with sharp edges and 60o-labium, b) flue
exit with chamfered edges and 15o-labium.

7.3.2 Acoustical measurements

During the acoustical measurements, the amplitude of the acoustical pressure p′exp
at the top of the resonator, the frequency of the acoustical oscillations f , the length
L of the resonator and the jet flow velocity U0 were measured. As we consider low
frequencies, only plane waves propagate in the cavity of the resonator. The mean
acoustical velocity amplitude |dξ/dt| (defined as the ratio between the acoustical flux
through the mouth and the mouth opening area H×W ) can then be deduced by means
of the simple acoustical model discussed in chapter 5.

7.3.2.1 Experimental results

The measured pulsation amplitudes |dξ/dt|/U0 as a function of the Strouhal number
Sr = fW/U0 are shown in figures 7.10 to 7.13 for the four different configurations: the
15o-labium and the 60o-labium with either chamfered (Fig. 7.10 and 7.12) or sharp lips
(Fig. 7.11 and 7.13). The results are presented for different heights h of the flue channel.
We observe that for thick jets (h ≥ 10 mm), the measured pulsation amplitudes are
much less sensitive to the choice of h than for thinner jets.

From the experimental data shown in figures 7.10 to 7.12, the maximum of the
pulsation amplitudes (|dξ/dt|/U0)max can be deduced and plotted as a function of the
ratio W/h of the width W of the mouth opening and the height h of the flue channel.
The results are presented in Fig. 7.14 for the four configurations.

We observe that the maximum of amplitude (|dξ/dt|/U0)max reached for the 60o-
labium is 20% higher than that obtained for the 15o-labium. This difference in ampli-
tude can be explained by the fact that in the case of the 15o-labium, the losses due
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Figure 7.10: 15o-labium with chamfered lips. Pulsation amplitudes |dξ/dt|/U0 in
terms of the Strouhal number Sr = fW/U0 based on the mouth width W = 26 mm.
(Length of the resonator L = 191 mm).
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Figure 7.11: 15o-labium with sharp lips. Pulsation amplitudes |dξ/dt|/U0 in terms
of the Strouhal number Sr = fW/U0 based on the mouth width W = 20 mm. (Length
of the resonator L = 191 mm).



156 Simplified models of flue instruments

h
W o-labium60

chamfered lips

0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

Strouhal number S
r
 = fW / U

0

|d
ξ/

dt
| /

 U
0

Figure 7.12: 60o-labium with chamfered lips. Pulsation amplitudes |dξ/dt|/U0 in
terms of the Strouhal number Sr = fW/U0 based on the mouth width W = 30 mm.
(Length of the resonator L = 191 mm).
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Figure 7.13: 60o-labium with sharp lips. Pulsation amplitudes |dξ/dt|/U0 in terms
of the Strouhal number Sr = fW/U0 based on the mouth width W = 24 mm. (Length
of the resonator L = 191 mm).
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Figure 7.14: Maximum of the dimensionless acoustical velocity amplitude
(|dξ/dt|/U0)max as a function of the ratio W/h between the width W of the mouth
opening and the height h of the flue channel. The data are shown for a flue exit with
sharp and chamfered edges and for both the 15o and 60o-labia. (Length of the resonator
L = 191 mm).
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Figure 7.15: Jet-drive model for thin jets (W/h > 2). Experimental data (points)
are compared with a fit (lines) of the relation found by Verge8 (equation 7.22) for the
four different mouth geometries: 60o-labium and flue exit with chamfered edges (•,

), 60o-labium and flue exit with sharp edges (�, ), 15o-labium and
flue exit with chamfered edges (o, ·−·−) and 15o-labium and flue exit with sharp edges
(�,−−−).
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to vortex shedding at the labium are more important than for the 60o-labium (chap-
ter 5). This difference in amplitude is also observed for real musical instruments as the
flute (60o-labium) and the recorder flute (15o-labium). This maximum of amplitude
is reached for a ratio W/h around two. Furthermore, when the edges of the flue exit
are sharp, the pulsation amplitudes are higher than for a chamfered flue exit. This
effect of the geometry of the flue exit has also been observed by Ségoufin26. In the case
of the 15o-labium and a flue exit with sharp edges (Fig. 7.11), we observe also some
instabilities in the measured pulsation amplitudes. This behavior does not occur for
the other mouth geometries considered or is much less pronounced.

From figure 7.14, the two types of behavior of the flow in the mouth of the res-
onator, which were described in section 7.2.2, are pointed out. For high ratios W/h
(W/h > 2), the jet formed at the exit of the flue channel is thin and the flow behavior
can be described by the jet-drive model presented in section 7.2.2.3. For smaller ratios
W/h (W/h < 2), the jet becomes too thick to remain in one bulk and it breaks down
in two ‘independent’ shear layers. This is described by the discrete-vortex model (sec-
tion 7.2.2.3).

For thin jets (W/h > 2), the relation deduced by Verge8 from the jet-drive model22

is checked (equation 7.22) in figure 7.15. The points represent the experimental data
and the lines correspond to a least-square fit of the experimental data. We see that
the proportionality between (|dξ/dt|max/U0)

2 and Sr(h/W )3/2 is indeed a fair approx-
imation of the behavior for thin jets. For the 15o-labium in the case of a flue exit
with sharp edges (�), we observe more scatters around this ideal than for the other
mouth geometries. As discussed above, the sound production was rather unstable in
that particular case.

7.3.2.2 Comparison with the simple model proposed

Figure 7.16 shows the prediction of the maximum of the pulsation amplitudes
(|dξ/dt|/U0)max as a function of the ratio W/h for a flue exit with chamfered edges
and the 15o-labium. The analytical data obtained from the simple model described in
section 7.2.2 are compared to experimental results.

The model is able to predict the two expected types of behavior as a function of
the jet thickness h compared to the mouth width W . This model could be improved
by taking into account the flow separation induced at the labium by the passage of
vortices (Fig. 7.17).

A modification of the model is proposed in the following intermezzo.
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Figure 7.16: Maximum of the dimensionless acoustical velocity amplitude
(|dξ/dt|/U0)max as a function of the ratio W/h between the width W of the mouth
opening and the height h of the flue channel. The data are shown for a flue exit with
chamfered edges and for the 15o-labium. Experimental data (•) are compared to the
values predicted by means of the proposed analytical models: discrete-vortex model
( ) and jet-drive model (− − −). In the discrete-vortex model, the distance
between the lower shear layer and the labium is set to h0 = 5 mm (Fig. 7.7).

Figure 7.17: Flow separation at the labium of a recorder induced by the passage of
vortices near the labium. Flow visualization realized by Verge8.
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Intermezzo

At the passage of a vortex near the labium, the formation of a small vortex a the labium
is observed. This disturbance of the flow can be represented by an effective source strength
Qeff due to the presence of the vortex. This term can be determined by means of a series
expansion near the singularity at z =W + ε (where ε is a small complex quantity ε/W � 1):

ζ = 1 +
ε

W
±
√
1 +

2ε
W
+
( ε

W

)2

− 1 ≈ 1±
√
2ε
W
+©(ε) + ... (7.32)

The complex potential Φ can then be written:

Φ ≈ 2Q
Hπ

ln

(
1±
√
2ε
W

)
− iΓ
2π
ln

(
1±√2ε/W − ζ0

1±√2ε/W − ζ∗0

)
. (7.33)

The second term of the right-hand side of equation 7.33 corresponds to the complex potential
of a vortex at the position ζ = ζ0 combined with that of its image at ζ = ζ∗0 . Assuming that
|1− ζ0| � |ε|, the complex potential becomes:

Φ ≈ ± 2
Hπ

√
2ε
W

[
Q+

HΓ�(ζ0)
2|1− ζ0|2

]
+ ..., (7.34)

where � denotes the imaginary part of a complex number.
By taking into account the contribution of all the vortices, we write the effective source
strength:

Qeff = Q+H
∑

j

(
Γ(j)

i �(ζ(j)
i0
)

2|1− ζ
(j)
i0

|2
+
Γ(j)

o �(ζ(j)
o0 )

2|1− ζ
(j)
o0 |2

)
+ ..., (7.35)

where the superscript j denotes the jth vortex and the subscripts i and o denote the inner
and outer shear layer, respectively. By replacing Q by Qeff in the equation 7.30, we
determine the effective local acoustical velocity which takes into account the dissipation
induced by the passage of vortices near the edge of the labium.

7.3.3 Flow visualization

The periodic flow in the mouth of the resonator is visualized by means of a standard
schlieren technique. The method consists of visualizing a small region of interest by
means of a shadow technique. A scheme of the optical setup is given in Fig. 7.18.

diaphragm

camera

region
to visualize

nanolite

lens lens

Figure 7.18: Optical setup for the visualization by means of a schlieren method.
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Figure 7.19: Scheme of the slit in the blocks of the lips, used for the injection of CO2

during the flow visualization.

A lens is placed at each side of the mouth of the resonator. The source of light
used is a nanolite light and is placed at the focus length of the first lens so that the
beam of light is parallel between the two lenses. The nanolite spark discharge provides
a light pulse of about 80 nanoseconds duration each time the acoustic pressure at the
top of the resonator exceeds a certain value. An additional delay between the triggered
signal and the nanolite pulse is introduced in order to visualize the flow at a different
moment of the oscillation period T . The injection of a gas with a different refractive
index in the mouth of the resonator results in the deviation of the beam of light and
enables the visualization of the shear layer. At the focus length of the second lens, a
small diaphragm is placed in order to be able to adjust the luminosity and the contrast
of the pictures. The resulting pictures are taken by means of a camera placed just
behind the diaphragm.

Flow visualization has been carried out on a flue exit with sharp edges for the
60o-labium. The gas injected is CO2. The injection is done by means of a slit in the
blocks of the lips (Fig. 7.19). This slit is made at an angle of 45o in order to reduce
disturbances of the shear layers.

The results are shown in Fig. 7.21, 7.22 and 7.23 for three different heights h of the
channel.

For W/h = 6 (Fig. 7.21), the jet is thin and oscillates around the labium. When
the acoustical pressure at the top of the resonator is minimal, the acoustical velocity
starts entering the resonator and the jet is directed into the resonator during half
an oscillation period. During the second half of the oscillation period, the acoustical
velocity changes sign and the jet is directed out of the resonator.

For W/h = 1.7 (Fig. 7.22) and W/h = 0.8 (Fig. 7.23), the jet breaks down into two
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Figure 7.20: Visualization of the second hydrodynamic mode in the mouth of the
resonator with the 60o-labium, a flue exit with sharp edges and a channel height h = 14
mm (W/h = 1.7) (length of the resonator: L = 552 mm).

independent shear layers. The lower shear layer does not enter into the resonator. The
jet-drive model certainly fails in these cases. When the acoustical velocity is positive
(enters the resonator), a first vortex is formed at the upper side of the lips. Half an
oscillation period later, a second vortex is formed at the lower side of the lips. Only the
first hydrodynamic mode was visualized. For higher Strouhal numbers (smaller main
flow velocity), higher hydrodynamic modes can be visualized (Fig. 7.20).
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Figure 7.21: Vortex shedding in the mouth of the resonator with the 60o-labium, a
flue exit with sharp edges and a channel height h = 4 mm (W/h = 6) (L = 552 mm,
U0 = 16.26 m/s, Sr = 0.19). The jet swings around the labium and enters entirely
into the resonator during part of the oscillation cycle. The time, at which each picture
is taken, is shown on the acoustical velocity signal. The pictures (a) to (h) are at
t/T = 0.002, 0.13, 0.25, 0.37, 0.50, 0.63, 0.75, 0.88, respectively. The origin t/T = 0 is
the point at which the sign of the acoustical velocity becomes positive.
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Figure 7.22: Vortex shedding in the mouth of the resonator with the 60o-labium, a
flue exit with sharp edges and a channel height h = 14 mm (W/h = 1.7) (L = 552
mm, U0 = 14 m/s, Sr = 0.22). We are near the transition W/h = 2 between the
jet-drive behavior and the individual shear layer behavior. The time, at which each
picture is taken, is shown on the acoustical velocity signal. The pictures (a) to (h) are
at t/T = 0, 0.12, 0.25, 0.37, 0.50, 0.62, 0.76, 0.87, respectively. The origin t/T = 0 is
the point at which the sign of the acoustical velocity becomes positive.
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Figure 7.23: Vortex shedding in the mouth of the resonator with the 60o-labium, a
flue exit with sharp edges and a channel height h = 30 mm (W/h = 0.8) (L = 552 mm,
U0 = 14.5 m/s, Sr = 0.22). The outer shear layer remains far away from the opening
of the resonator. The time, at which each picture is taken, is shown on the acoustical
velocity signal. The pictures (a) to (h) are at t/T = 0, 0.12, 0.25, 0.35, 0.45, 0.6, 0.75,
0.85, respectively. The origin t/T = 0 is the point at which the sign of the acoustical
velocity becomes positive.
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7.4 Concluding remarks

Simple acoustical models give insight into the acoustical response of the different
flue instruments. The recorder has a relatively poor acoustical response for higher har-
monics. A richer sound is obtained by using a very sharp labium (15o-labium) which
generates strong higher harmonics in the source spectrum due to vortex shedding at the
tip of the labium (Verge14). A turbulent jet would in such a case produce a very noisy
sound which is avoided by keeping the blowing pressure of the instrument low. This is
at the expense of the power of the instrument. In a transverse flute (Boehm flute), the
excellent harmonicity of higher modes results in a rich sound even for a thick labium
with an angle of 60 degree. This has the advantage of a reduction of turbulent noise
at a given blowing pressure but also appears to provide a more stable jet oscillation
for thick jets. As the flute operates with a variable jet thickness (lips of the musician),
this could be an additional argument to use a labium with a large angle (60o).

Two simplified source models for flue instruments have been proposed. The models
explain the variation of the oscillation amplitudes as a function of the ratio W/h of the
mouth width W to the jet thickness h for low Strouhal numbers. The jet-drive model
(Coltman6) is valid for thin jets (W/h > 2) which are typically present in musical
instruments. A discrete-vortex model, inspired by the works of Holger10 and Meiss-
ner13, has been proposed to explain the sound production of the instrument when the
jet-drive model fails (W/h < 2). These two models can be combined in a global model.
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Chapter 8

Conclusions

8.1 Aeroacoustics of 90 degree sharp bends

The response of 90 degree bends to an acoustical perturbation has been studied
both in the absence (chapter 2) and in the presence of a main flow (chapter 3). The
bends considered had a sharp inner edge and had either a sharp outer corner or a
rounded outer wall (with a radius of curvature of half the pipe diameter: r = D/2).
They were placed in pipes with a square (2D-bends) or a circular (3D-bends) cross-
section. As only low frequencies were considered, the response of the bends have been
expressed in terms of a scattering matrix for plane waves.

8.1.1 Acoustical response (u1 = 0)

Two-dimensional numerical simulations have been compared with a two-dimensional
analytical prediction based on a mode expansion and with experimental data obtained
for 2D-bends. The quality of the numerical predictions confirms the good acoustical
performance of the EIA∗ code based on the Euler equations for two-dimensional inviscid
compressible flows. The comparison between two-dimensional and three-dimensional
data for equal dimensionless frequencies f/fc (where fc is the cut-off frequency) pointed
out the important effect of the geometry of the bend on its response. While the acous-
tical response of the 3D-bend with a sharp inner edge and a sharp outer corner is
accurately predicted by the two-dimensional theory, the prediction of the response of
the 3D-bend with a sharp inner edge and a rounded outer wall by the same theory
fails.

8.1.2 Aeroacoustical response (u1 �= 0)

The two-dimensional numerical simulations performed with the EIA∗ code provided
a reasonable prediction of the aeroacoustical response of the 3D-bends with a sharp in-
ner edge. The simulations reproduced the transition from a quasi-steady flow behavior
at low Strouhal numbers to an essentially acoustical response at high Strouhal numbers
and low Mach numbers. Due to the turbulent mixing which appears downstream of the

∗‘Euler code for Internal Aeracoustics’, developed by Hulshoff1 in the framework of the European
project Flodac (BRPR CT97-0394).
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bend after the flow separation at the sharp inner edge, the extraction of information
needed for the prediction of the aeroacoustical response becomes less accurate with
increasing Mach numbers. Alternative procedures should be explored to improve the
extraction of acoustical information from non-uniform flow regions. Lighthill’s analogy
is an interesting candidate. This procedure to extract acoustical information has been
successfully used in the acoustical study of the bends (chapter 2). Its application in
the presence of a main flow requires further investigation.

In the presence of a main flow, the response of 90 degree bends with a sharp
inner edge to an acoustical perturbation can be described by means of quasi-steady
flow models. Up to Strouhal numbers of order unity (based on the pipe diameter:
Sr = fD/U0), a two-dimensional quasi-steady compressible flow theory provides a
reasonable prediction of the coefficients of the scattering matrix describing the response
of the 3D-bends. In contrast, for 90 degree bends with rounded inner edge and a
rounded outer wall (r = D or larger), the quasi-steady flow theory fails completely2.

In both experimental and numerical results, an irregular behavior of the coefficients
of the scattering matrix was observed around a Strouhal number of 0.2. This irregular
behavior which is expected to be a Strouhal number dependence, is not predicted by
the quasi-steady flow theories.

8.2 Self-sustained oscillations of an

acoustically closed system

The phenomenon of self-sustained oscillations in closed side branch systems has
been intensively studied in literature (Bruggeman3, Peters4, Kriesels5, Hofmans6 and
Ziada7). A complementary study of self-sustained oscillations in the cross-junction
configuration has been carried out (chapter 4). Self-sustained oscillations of the cross-
junction appear due to a coupling between acoustical standing waves in the closed
side branches and the instabilities of the shear layers. This acoustically closed system
represents a very good test-case for the EIA∗ code as the acoustical boundary conditions
are easy to describe and extensive experimental data are available from previous studies
by Peters4 and Kriesels5.

Furthermore, a simple analytical model is proposed. This analytical model assumes
that the system behaves as an ideal acoustical mass-spring system. In other words, the
acoustical field is dominated by a single resonant mode. The amplitude of self-sustained
oscillation is predicted by balancing acoustical energy production by vortices with
various energy losses such as visco-thermal losses and radiation losses. For the system
considered, this energy balance method predicts the same amplitude as the method of
averaging which does predict a deviation of the oscillation frequency from the resonance
frequency. The analytical model predicts the pulsation amplitudes within 30% but
does not accurately predict the critical Strouhal number at which the maximum of the
pulsation amplitude is reached.

Compared to the performances of the numerical simulations with the EIA∗ code,
the simple analytical model proposed provides a relatively good estimation of the maxi-
mum pulsation amplitudes in cross-junctions. For a cross-junction with sharp edges,
the numerical simulations overestimate the pulsation amplitudes by 30%. For a cross-
junction with rounded edges, much higher amplitudes are reached and shock wave
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formation is observed both in experimental and numerical results. In that case, the
pulsation amplitudes are overestimated in the simulations by 40%. This overestimation
of the pulsation amplitude results in a deviation of the predicted vortex path compared
to the vortex path visualized experimentally by means of a Schlieren method. Nume-
rical predictions might be improved by implementing frequency-dependent boundary
conditions in the EIA∗ code in order to include visco-thermal losses in the closed
side branches. However, calculations by Hofmans6, based on a vortex-blob method
combined with an energy balance including visco-thermal losses, also overestimate the
pulsation amplitudes by about 30%. This indicates that the discrepancy between
theoretical and experimental data could be due to experimental artifacts. Energy
losses in experiments due to wall vibrations are a possible cause of this discrepancy.

Effects of non-linearity due to wave steepening in the closed side branches are also
predicted by our numerical simulations. The non-linear effects result in a deformation
of the acoustical pressure signal at the end of the close side branches and are responsible
for radiation losses. While the prediction of the deformation of the signal is improved
with an increased grid-refinement in the close side branches, the predicted amplitude
of the acoustical pressure is only decreased by about 2%.

8.3 Self-sustained oscillations of a whistle

8.3.1 Helmholtz-like resonator in a grazing flow

Systematic acoustical measurements have been performed and have provided quali-
tative information about the effect of the geometry of the neck on the pulsation am-
plitudes of a Helmholtz-like resonator in a grazing flow (chapter 5). While for some
geometries, acoustical velocity amplitudes of the order of the main flow velocity can
be reached in the neck of the resonator, they can also completely be suppressed for
other geometries of the neck. We also observed that the flow behavior strongly de-
pends on the geometry of the upstream edge (chamfered or sharp). The geometry of
the downstream edge appears to have an effect only when the upstream edge is sharp.

The effect of the geometry is globally predicted by simple analytical models. A
point-vortex model can be used to represent the vortex-shedding at the upstream edge
of the neck. Vortical structures generated at the inner edges of the neck can be de-
scribed by quasi-steady flow models as proposed by Ingard8 for the orifice. Vortices shed
at the downstream edge can be described either by a model based on the vortex-sound
theory (Howe9) or a quasi-steady flow model (van Wijngaarden10, Fabre11, Verge12).
The analytical results were obtained by means of an energy balance. The amplitude of
the first hydrodynamic mode is predicted within a factor of two. Higher hydrodynamic
modes were overestimated in the case of a neck with rounded edges and suppressed in
the case of a neck with sharp edges (as observed in experiments).

In spite of its crudeness, the analytical model provided a reasonable prediction of the
pulsation amplitudes, but could not explain some unexpected types of flow behavior.
A better understanding of the phenomenon has been obtained by means of hot-wire
velocity measurements and numerical simulations (using the EIA∗ code) (chapter 6).
For a neck with a chamfered upstream edge, the predicted vortex path remains far
from the downstream edge and the shape of the downstream edge has no effect on
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the pulsation amplitudes (as observed in the acoustical measurements). In contrast to
that, vortices shed at a sharp upstream edge enter into the neck of the resonator and
pass close to the downstream edge, so that the geometry of this downstream edge is
quite important.

Unlike the acoustically closed system (cross-junction configuration) studied in chap-
ter 4, the Helmholtz-like resonator is characterized by a 3-D acoustical radiation in the
free field. A major problem of the numerical simulations is then to describe this 3-D
acoustical radiation in the outer flow within the framework of a 2-D flow. As the EIA∗

code only uses frequency-independent boundary conditions, we decided to impose a
zero pressure fluctuation on the boundary of the outer flow opposite to the mouth
of the resonator. This suppresses the 2-D acoustical radiation which would be much
higher than the 3-D acoustical radiation that we want to simulate. Numerical results
are very sensitive to this choice of boundary condition. In some cases, numerical simu-
lations predict the maximum of the pulsation amplitude within 20%, while in some
other cases, the numerical simulations underestimate the pulsation amplitudes by a
factor of three. In this sense, the present version of the EIA∗ code does not provide a
reliable prediction of pulsations. Furthermore, the numerical simulations overestimate
the mean static pressure in the resonator. This overestimation is due to the absence
of turbulence in the present numerical method.

The agreement between detailed experimental and numerical velocity profiles de-
pends strongly on the quality of the prediction of the pulsation amplitude. When
the pulsation amplitude is accurately predicted, the detailed flow behavior is also well
predicted by the numerical computations.

Numerical simulations could not provide an absolute prediction of the amplitudes
of self-sustained oscillations in a Helmholtz-like resonator but they are, however, a
good complement to experiments. Frequency-dependent boundary conditions should
be implemented in the EIA∗ code in order to be able to simulate the 3-D acoustical
radiation of the experiments.

8.3.2 Oscillating jet in a whistle: effect of the mouth geo-
metry with application to flue instruments

When the flow grazing along the mouth opening of a closed cavity has a limited
height, it is called jet. The setup used in chapters 5 and 6 has been modified in order to
study the effect of the thickness of the jet and the geometry of the labium (downstream
edge) on self-sustained pulsations. A parallel may be drawn between the flow behavior
in our simple whistle with a very sharp labium (15o-labium) and in a recorder, and the
behavior observed when the labium has a large angle (60o-labium) and that observed
in a modern flute (Boehm flute). Next to simple acoustical models which provide
qualitative information about the acoustical performances of the different types of
flue instruments, an analytical model based on two simplified source models for flue
instruments has been proposed. The model predicts the two different types of behavior
observed in experiments. When the jet is thin (as in musical instruments), the source is
described by the jet-drive model of Coltman13. When the jet becomes thicker, it breaks
down into two independent shear layers. This behavior can be described by means of
a discrete-vortex model inspired by the earlier work of Holger14 and Meissner15.
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8.4 Perspectives

The performance of two-dimensional models to predict the acoustics of disconti-
nuities in pipes with circular cross-sections is quite sensitive to the geometry considered.
This is not fully understood.

In spite of their crudeness, simple analytical models provide a reasonable prediction
of the response of pipe discontinuities to acoustical perturbations. Quasi-steady flow
models are good approximations when the flow separation occurs at a sharp edge. They
fail when the separation occurs at a smoothly curved wall (smooth bends or diffusers).
It is difficult to improve quasi-steady flow models and this deserves further research.

Coupling between vortex shedding and acoustical resonances can induce whistling
which is an essential unsteady flow phenomenon. We propose some models for generic
configurations. Compared to the results obtained by means of simple analytical models,
numerical simulations do not provide a better prediction of the pulsation amplitudes:
in view of the required computation time, numerical calculations are quite inefficient
for engineering applications. However, numerical simulations provide an insight into
flow behavior which cannot be obtained by analytical models. In particular, numerical
simulations are an excellent complement to experiments.

Numerical models would certainly benefit very much from the use of frequency-
dependent boundary conditions, allowing the simulation of visco-thermal losses and
three-dimensional radiation losses within a two-dimensional model. Inclusion of tur-
bulence models is also important. Without such turbulence models, separated flows
cannot be predicted accurately.
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Appendix A

Numerical method

The numerical method∗ used is based on the Euler equations for two-dimensional in-
viscid and compressible flows. The program was developed for the computation of the
acoustics of internal flows in ducts. It can be used to investigate the details of sound
production and transmission in two-dimensional geometries. This appendix† describes
the physical models used to represent the flow.

A.1 Governing equations

The flow is modelled using the Euler equations, which may be derived directly
from the Navier-Stokes equations by eliminating the terms representing the effects
of viscosity and heat conduction. Furthermore, external forces and volumetric heat
sources are not included in the present method.

Figure A.1: Arbitrary control volume1.

The Euler equations may be written in integral conservation form for an arbitrary
control volume V of surface S and normal vector n (Fig. A.1) as:

∗The program was developed by Hulshoff and is called EIA (‘Euler code for Internal Aeracoustics’).
It is Hulshoff’s property. Its development was in the framework of the European project Flodac (BRPR
CT97-0394).

†This appendix is widely inspired from the technical report written by Hushoff1.



176 Numerical method

∂

∂t

∫
V

WdV +

∫
S

F · ndS = 0, (A.1)

where W is the vector of conserved variables:

W =


 ρ

m
ρE


 , (A.2)

with ρ the density, m = ρu where u is the fluid velocity, and E the total energy per
unit mass. The equation A.1 represents a system of conservation laws for mass, x and
y-momentum, and energy. The normal component of the fluxes through the surface S
of the control volume V is expressed as:

F · n =


 ρ(u · n)

m(u · n) + pn
ρe(u · n) + p(u · n)


 , (A.3)

where p is the static pressure. By assuming that the flow behaves as a calorically
ideal gas, the static pressure can be related to the total energy by:

ρE =
p

γ − 1
+

ρ

2
|u|2. (A.4)

The Euler equations may also include unphysical expansion shocks. These may be
discarded by the introduction of the second law of thermodynamics:

∂s

∂t
+ (u · ∇) s ≥ 0. (A.5)

with s the entropy.

This means that when a fluid element is convected through the flow field, its en-
tropy s can only increase or remain constant.

Application of the Euler equations to the prediction of internal acoustic flows has
several advantages:

• all inviscid compressibility effects are included in the Euler equations, so that
their application is not limited to low-Mach number or low-frequency conditions,

• when solved in their integral conservation form, the Euler equations admit dis-
continuities such as shock waves and contact surfaces,

• the interaction and propagation of acoustic waves is directly represented without
the use of additional models.

However, since viscous and heat-conduction effects are neglected, the Euler equa-
tions are not able to represent all kind of internal acoustic flows such as:

• flow separations from a smooth surface,
• noise due to turbulence,
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• one-dimensional flow behavior downstream of areas of vorticity production (be-
cause vortical structures are convected without dissipation and do not decay).

The first of these deficiencies can of course be overcome by solving the Navier-
Stokes equations but the computational effort required would be significantly greater
than that required for Euler solutions. The third deficiency mentioned above may be
overcome by using an optional diffusion term.

A.2 Optional diffusion term

In order to mimic some of the behavior of viscosity, a modified version of the Euler
equations can be solved in all or selected parts of the numerical domain:

∂

∂t

∫
V

WdV +

∫
S

F · ndS = Φ

∫
S

∇W · ndS. (A.6)

The term of the right-hand side of equation A.6 is diffusive. The magnitude of this
diffusive term can be chosen by specifying the vector of constants Φ. These constants
may, for example, be chosen to be non-zero in downstream regions in order to mimic
(but not to compute) the effects of turbulent dissipation. The diffusive term can also
be used to control the thickness of shear layers in a grid-independent way.

The aim of the introduction of this diffusive term is only to mimic some large-scale
effects. It is indeed not intended to accurately represent the details of viscous effects,
particularly near walls, which would require high local resolution and very long run
times.

A.3 Boundary conditions

Different types of boundary conditions can be specified, allowing treatment of a
range of physical problems. Three classes of conditions can be used:

• inflow/outflow conditions,
• wall/symmetry conditions,
• Kutta conditions.

The models used to represent the boundary conditions are constructed in the time
domain, and therefore do not include the frequency-dependent boundary conditions
often specified in acoustics. Implementation of frequency-dependent boundary con-
ditions would require a convolution-integral approach, which is not available in the
present version of the method.

A.3.1 Inflow/Outflow conditions

In order to limit expense, the numerical domain is often defined as a truncated
region of the physical domain. This requires the definition of artificial inflow and out-



178 Numerical method

flow boundary conditions which allow the flow to enter and leave the numerical domain.

In the numerical algorithm, the boundary conditions are applied by specifying the
state of halo cells (surrounding the numerical domain). This is done by means of a
local discretization of the compatibility relations. This way to write the Euler equations
illustrates their ability to represent the propagation of waves. In two dimensions, the
compatiblity relations are written as:

∂ρ

∂t
− 1

c2
∂p

∂t
= G1, (A.7)

ky∂u

∂t
− kx

∂v

∂t
= G2, (A.8)

∂uk

∂t
+

1

ρc

∂p

∂t
= G3, (A.9)

∂uk

∂t
− 1

ρc

∂p

∂t
= G4, (A.10)

where k = (kx, ky) is an arbitrary direction and uk = u · k. G1,4 represent the time
rates of change of the entropy, the vorticity and the acoustic wave strengths. When
the waves propagate only in a normal direction to a boundary, the behavior can be
illustrated by a 1-D (x,t)-diagram (Fig. A.2).

Figure A.2: (x,t)-diagram for a subsonic inflow boundary1.

The local strength at point A of the right-travelling acoustic waves ((u+c) charac-
teristic) is determined by the numerical solution. The local strength of the entropic,
vortical and left-travelling acoustic waves ((u,u) and (u-c) characteristic, respectively)
is determined by a physical model of the outside of the numerical domain.

Two types of inflow boundary conditions can be used: a hard-reflecting condition
or a soft condition.
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When a hard-reflecting condition is applied, the strength of the acoustic waves en-
tering the numerical domain is specified and the incoming vortical and entropic wave
strengths are assumed to be zero. For a specified constant value of the velocity, the
desired value is kept constant. In this hard-reflecting condition, the incoming wave
strengths are specified as a function of the outgoing wave strengths in order to keep
the perturbation zero at the boundary.
When the inflow conditions are close to the region of interest, we may better use a soft
boundary condition. With this condition, the constant normal velocity is maintained
with incoming acoustic waves, with strengths proportional to the difference between
the local normal velocity and the desired value, multiplied by a relaxation factor (in the
simulations performed, we set this factor to 0.5). The local normal velocity will thus
deviate from the desired value during high-frequency disturbances, but will remain at
the desired value during low-frequency disturbances.

A.3.2 Wall/Symmetry conditions

A wall condition defines a surface across which the normal velocity u · n is zero.
Such a condition may be used to define a channel boundary, for example, or a symmetry
plane used to reduce the size of the numerical domain for symmetric flow problems.
A wall boundary corresponds to the case where u · n = 0. This implies that there
is only one characteristic entering from outside the numerical domain. For the Euler
equations, it is not possible to specify additional physical conditions at a wall, such
as the zero tangential velocity which would be present in the viscous flow case. When
the optional diffusion term is applied, the numerical method retains the slip condition
near solid boundaries.

A.3.3 Kutta condition

The Euler equations describe the convection of vorticity, but do not describe its
generation. This means that there can be inconsistencies between Euler solutions and
physical situations in which separation occurs. At a sharp edge, the flow separates.
This is a physical inviscid-flow solution and is the so-called Kutta condition.

In the numerical solution of the Euler equations, the Kutta condition is applied
automatically in most circumstances. This is the result of the design of the numerical
discretization to ensure stability, which requires that the approximations present in
the numerical solution are at least slightly dissipative. Although the magnitude of this
dissipation is grid-dependent, its presence is enough to ensure a viscous-like separation
for sufficiently sharp edges.

When a separation occurs due to numerical dissipation, it will also be accompanied
by the creation of a finite-thickness shear layer. This has the appearance of being
more physical than the zero-thickness infinitely-unstable slip-surface which would be
present in an analytical Euler solution enforcing a Kutta condition. The dynamics of
vorticity within such a numerical shear layer is entirely dominated by the truncation
errors inherent in the solution algorithm. Its thickness will also be grid-dependent, and
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will tend to decrease as the mesh is refined. The additional diffusion term described in
section A.2 can be used to control the thickness of the shear layer in a grid-independent
way. For both cases, however, the internal dynamics of the computed shear layer will
not be physical. Thus, the numerical method used cannot determine the free-response
behavior of a shear layer. In most cases of interest, however, there is an applied acoustic
field of a regular frequency, which will tend to organize the flow. The dynamics of the
shear layer is then not determined by its stability characteristics, allowing numerical
Euler solution procedures to be applied.

A.4 Numerical discretization techniques

Figure A.3 gives an overview of the numerical solution technique used in EIA.

(Finite Volume, Finite Difference)

Spatial Discretization

Time Integration
(Runge-Kutta)

Euler Equations

System of Ordinary 

Equations
System of Algebraic

Differential Equations

Figure A.3: Steps of the numerical solution technique1.

The system of governing equations (eq. A.1) is first discretized in space. A system of
ordinary differential equations, for the time rates of change of the state variables in each
computational cell, is then obtained. This system is transformed into a fully-discrete
algebraic system for the state variables at each time step using a time integration
technique.

The numerical stability and the accuracy of the numerical solution depends on the
parameters chosen in the spatial discretization and in the time integration methods.
The choice of these parameters has been discussed in detail by Hulshoff1 and will not
be repeated here.

A.4.1 Spatial discretization

The numerical domain is made up of structured-grid blocks. These can be multiple
structured-grid blocks connected to each other with arbitrary orientations. The number
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of cells across a block interface may also differ. In that case, the number of cells which
border each coarse cell has to be an integer constant (Fig. A.4).

Figure A.4: Two connected blocks with a different number of cells1.

The Euler equations are discretized in the interior of the domain using a cell-
centered finite-volume technique (Hirsch2). For each grid cell of the numerical domain
(Fig. A.5), the integral form of the conservation laws (eq. A.1) is written.

Figure A.5: Cell-centered finite-volume discretization1.

For a grid of N cells, we get a system of 4N ordinary differential equations:

∂

∂t
WijVij +

P∑
p=1

F p · Sp = 0, (A.11)

where Wij is the volume-averaged state variable, Vij is the volume of the cell, P is
the number of sides or faces of the cell, F p is the flux of the conserved variables on
the face p, and Sp is the area vector on the face p. In EIA, the scheme of the spatial
discretization is second-order accurate in space. This means that the truncation error
in the numerical solution will decrease as (∆x)2, where ∆x is the width of the local
cell. In order to ensure numerical stability, an artificial dissipation with a magnitude
proportional to cell-to-cell gradients is introduced. The artificial dissipation tends to
disappear with grid refinement and can be controlled by a parameter. The value of this
parameter can influence both the stability and the accuracy of the solution (Hulshoff1).
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The boundary conditions are applied by specifying the state of halo cells surround-
ing the numerical domain (Fig. A.6) by means of a finite-difference method.

Figure A.6: Halo cells surrounding the numerical domain1.

A.4.2 Time integration

The system of ordinary differential equations (eq. A.11) obtained from the spatial
discretization is transformed to a fully-discrete algebraic system for the unknowns at
each time step by the application of a time-integration method. The technique used
is based on a second-order accurate multi-stage low-storage Runge-Kutta method. For
the four-stage integration of the variable u, the method is expressed as:

u
(1)
n+1 = un + α(1)∆t

[(
∂un

∂t

)
+
(
∂un

∂t

)
d

]
,

u
(2)
n+1 = un + α(2)∆t

(
∂u

(1)
n+1

∂t

)
,

u
(3)
n+1 = un + α(3)∆t

(
∂u

(2)
n+1

∂t

)
,

un+1 = un + α(4)∆t

(
∂u

(3)
n+1

∂t

)
,

(A.12)

where the subscript n represents the current time step, and the superscript corre-
sponds to the Runge-Kutta stage. The second time derivative on the right-hand side
of the first-stage equation is a component due to artificial dissipation.

In most numerical simulations presented in the different chapters, the time inte-
gration method used was a four-stage integration with an evaluation of the dissipation
during the first stage (as specified above). The coefficients chosen were: α(1) = 0.24,
α(2) = 0.375, α(3) = 0.5, α(4) = 1.0.
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Appendix B

Miles’ theory

Miles1 proposed a modal expansion method to predict the acoustical behavior of a 90
degree bend with a sharp inner edge and a sharp outer corner in a pipe with square
cross-section D ×D. As shown in figure B.1, the bend is decomposed in three parts:
a straight upstream pipe (part 1), a straight downstream pipe (part 2) and a square
cavity (part 3).

B.1 Modal theory

For a straight duct with a square cross-sectional area D×D, the wave equation is,
in the absence of a source, written as:(

∆ + k2
)
p(x, y) = 0. (B.1)

where p is the acoustical pressure and k is the wave number defined by Kirchhoff’s
equation (see chapter 7, eq. 7.3).

The solution of the wave equation (eq. B.1) can be expressed in terms of separable
variables:

p(x, y) = P (x)Q(y). (B.2)

The wave equation can then be written:

d2P

dx2
+ k2

xP = 0 ∀ x, (B.3)

d2Q

dy2
+ k2

yQ = 0 ∀ y, (B.4)

where k2
x and k2

y are related by the dispersion equation to the wave number:

k2 = k2
x + k2

y, (B.5)

A general solution for P and Q is then:

P (x) = A1e
−jkxx + B1e

jkxx, (B.6)

and
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2B
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D

Figure B.1: Decomposition of the bend into three parts. The parts 1 and 2 correspond
to the straight pipe segments in the direction 1 and 2, respectively. The part 3 is the
square cavity formed by the junction of the two straight pipe segments. Note that the
orientation chosen here is different from the orientation defined in chapters 2 and 3.

Q(y) = A2e
−jkyy + B2e

jkyy. (B.7)

In the case of a straight pipe in the x-direction, a particular solution for the acous-
tical pressure p is:

Ψm(y)e−jkmxejωt, (B.8)

where Ψm(y) represents a base of eigenfunctions and m is a quantic number:

Ψm(y) =

√
2 − δm0

D
cos
(mπ

D
y
)
, (B.9)

with δm0 the Kronecker tensor.

By superposing all the particular solutions, we can get a general solution of the
acoustical pressure in the straight pipe segments upstream (part 1) and downstream
(part 2) of the bend:

p1(x, y) =
∑
m

√
2 − δm0

D
cos
(mπy

D

) [
Am1e

−jkmx + Bm1e
jkmx
]
, (B.10)

p2(x, y) =
∑
m

√
2 − δm0

D
cos
(mπx

D

) [
Am2e

−jkmy + Bm2e
jkmy
]
, (B.11)

with km =
√
k2 − (mπ/D)2 the wave number for each mode m.
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B.2 Expression of the acoustical pressure in

the cavity (part 3 in figure B.1)

Green’s function is defined as the response G(x, y|x0, y0), measured at a position
(x, y), to a pulse sent from a source position (x0, y0):

(
∆ + k2

)
G(x, y|x0, y0) = −δ(x, y|x0, y0). (B.12)

Green’s function can also be written in terms of eigenfunctions:

G(x, y|x0, y0) =
∑
�,n

A�,nΦ�,n(x, y), (B.13)

where the eigenfunctions Φ�,n are defined as:

(
∆ + k2

�,n

)
Φ�,n = 0, (B.14)

and satisfy the orthogonality condition:∫∫
S

Φ�,nΦq,pdS = δ�,qδn,p, (B.15)

where S is the bounded surface of the cavity.

After some manipulations, the Green function for the cavity is expressed as:

G(x, y|x0, y0) =
1

D2

∑
�,n

(2 − δ�0)(2 − δn0)(
,π

D

)2

+
(nπ
D

)2

− k2

cos

(
,πx0

D

)
cos
(nπy0

D

)

cos

(
,πx

D

)
cos
(nπy

D

)
.

(B.16)

Then, by applying Green’s theorem in which we assume that Green’s function
satisfies Neumann’s condition and that there is no source, the acoustical pressure p3

for all points into the cavity (part 3 in figure B.1) can be written in the frequency
domain:

p3(x, y) =

∫∫
S

G(x, y|x0, y0)
∂pi(x0, y0)

∂ni

nidS, (B.17)

where ni is the unit vector normal to the surface S bounding the volume V of the
cavity.

This last equation is only valid for an observer (x, y) inside the cavity. If the
observer is on the surface S of the cavity, the acoustical pressure is:

p3(x, y) = 2

∫∫
S

G(x, y|x0, y0)
∂pi(x0, y0)

∂ni

nidS, (B.18)
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B.3 Determination of the reflection and

transmission coefficients

We write the continuity of pressure on the surface S1 which separates the straight
pipe segment 1 to the cavity (part 3, Fig. B.1):

p1(0, y) = p3(0, y), (B.19)

where p1 and p3 satisfy equations B.10 and B.18, respectively:

1

2

∞∑
m=0

cos
(mπy

D

)
(Am1 + Bm1) =

∑∞
m=0 jkm(−Am1 + Bm1)

∫ D

0
cos
(mπy0

D

)
G(0, y|0, y0)dy0

+
∑∞

m=0 jkm(−Am2 + Bm2)
∫ D

0
cos
(mπx0

D

)
G(0, y|x0, 0)dx0.

(B.20)

A relation between the coefficients Am1, Bm1, Am2 and Bm2 can be found by mul-
tiplying equation B.20 by cos

(
pπy
D

)
and by integrating over the surface S1:

1

2

∞∑
m=0

(Am1 + Bm1)

∫ D

0

cos
(mπy

D

)
cos
(pπy

D

)
dy =

∑∞
m=0 jkm(−Am1 + Bm1)

∫ D

0

[∫ D

0
cos
(mπy0

D

)
G(0, y|0, y0)dy0

]
cos
(pπy

D

)
dy

+
∑∞

m=0 jkm(−Am2 + Bm2)
∫ D

0

[∫ D

0
cos
(mπx0

D

)
G(0, y|x0, 0)dx0

]
cos
(pπy

D

)
dy.

(B.21)
By applying the orthogonality condition (eq. B.15), the equation B.21 becomes:

1

2
(Ap1 + Bp1)

∫ D

0

cos2
(pπy

D

)
dy =

jkp(−Ap1 + Bp1)
∑

�,p α�,p

∫ D

0

[∫ D

0
cos2

(pπy0

D

)
dy0

]
cos2

(pπy
D

)
dy

+
∑∞

m=0 jkm(−Am2 + Bm2)αm,p

∫ D

0

[∫ D

0
cos2

(mπx0

D

)
dx0

]
cos2

(pπy
D

)
dy,

(B.22)

where

α�,p =
1

D2

(2 − δ�0)(2 − δp0)

(,π/D)2 + (pπ/D)2 − k2
. (B.23)

For p = 0, equation B.22 reduces to:



B.3 Determination of the reflection and transmission coefficients 189

1

2
(A01 + B01)D = jk(−A01 + B01)

∑∞
�=0

2 − δ�0
k2
� − k2

− j

k
(−A02 + B02)

+
∑∞

m=1 jkm(−Am2 + Bm2)
1

2(k2
m − k2)

.

(B.24)

By using the series expansion (Gradshtein2):

cot(πx) =
1

πx
+

2x

π

∞∑
n=1

1

x2 − n2
, (B.25)

equation B.24 becomes:

A01 + B01 = G(0)
01 (−A01 + B01) + G(0)

02 (−A02 + B02) +
∞∑

m=1

G(0)
m2(−Am2 + Bm2), (B.26)

where we introduce the notations:


G(0)
01 = −j cot(kD),

G(0)
02 = − j

kD
,

G(0)
m2 =

jkm
(k2

m − k2)D
∀m �= 0.

(B.27)

For p = 1, equation B.22 is written as:

A11 + B11 = G(1)
11 (−A11 + B11) + G(1)

02 (−A02 + B02) +
∞∑

m=1

G(1)
m2(−Am2 + Bm2), (B.28)

where: 


G(1)
11 = − jk1√

k2 − k2
1

cot

(
D
√
k2 − k2

1

)
,

G(1)
02 = − 2jk

(k2 − k2
1)D

,

G(1)
m2 = − 2jkm

(k2 − k2
m,1)D

∀m �= 0.

(B.29)

By symmetry, other relationships between the constants can be deduced and the
equations B.26 and B.28 can be generalized for different values of p. The results are
summarized below in the system of equations, for p �= 0 and m �= 0:




A01 + B01 = G(0)
01 (−A01 + B01) + G(0)

02 (−A02 + B02) +
∑∞

m=1 G(0)
m2(−Am2 + Bm2),

A02 + B02 = G(0)
01 (−A02 + B02) + G(0)

02 (−A01 + B01) +
∑∞

m=1 G(0)
m2(−Am1 + Bm1),

Ap1 + Bp1 = G(p)
p1 (−Ap1 + Bp1) + G(p)

02 (−A02 + B02) +
∑∞

m=1 G(p)
m2(−Am2 + Bm2),

Ap2 + Bp2 = G(p)
p1 (−Ap2 + Bp2) + G(p)

02 (−Ap1 + Bp1) +
∑∞

m=1 G(p)
m2(−Am1 + Bm1),

(B.30)
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where G(0)
01 , G(0)

02 and G(0)
m2 are defined in equation B.27 and where (for p �= 0):



G(p)
p1 = − jkp√

k2 − k2
p

cot
(
D
√
k2 − k2

p

)
,

G(p)
02 = − 2jk

(k2 − k2
p)D

,

G(p)
m2 = − 2jkm

(k2 − k2
m,p)D

∀m �= 0.

(B.31)

The reflection R(m) and T (m) transmission coefficients can then be deduced:

R(m) =
Bm1

A01

, (B.32)

T (m) =
Bm2

A01

. (B.33)
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Appendix C

Hodograph method

The vena-contracta factor introduced in chapter 3 (section 3.2.2) can be determined
by means of the hodograph method. The steps of this method are detailed by Prandtl1

and are briefly described in this appendix. The hodograph method is used to calculate
the vena contracta factor of a bend with a sharp inner edge and a sharp outer corner.

The hodograph method is a particular kind of conformal transformation. The
principle is to transform the real (x, y)-plane (or z-plane) into the velocity (u, v)-plane
(or w-plane). If an analytical expression of the complex potential F in the w-plane is
determined, then a relationship between z and w can be obtained by using potential
theory.

The complex function F (z) can always be split in a real and an imaginary part:

F (z) = F (x + iy) = Φ(x, y) + iΨ(x, y), (C.1)

where Φ and Ψ are the potential and the stream functions, respectively.

Assuming the function F (z) to be analytical, we use the Cauchy-Rieman condition
to find:




∂Φ

∂x
=

∂Ψ

∂y
,

∂Φ

∂y
= −∂Ψ

∂x
.

(C.2)

As we assume a potential flow, the velocity field can be expressed in terms of the
potential function Φ:

u =
∂Φ

∂x
, (C.3)

v =
∂Φ

∂y
. (C.4)

The total differential dF of the complex function F (x, y) is:
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dF (z) =
∂F

∂x
dx +

∂F

∂y
dy,

=

(
∂Φ

∂x
+ i

∂Ψ

∂x

)
dx +

(
∂Φ

∂y
+ i

∂Ψ

∂y

)
dy,

= (u− iv)(dx + idy),

= w̄dz.

(C.5)

This can be written in integral form as:

z =
∫ dF (z(w̄))

w̄
+ constant,

=
∫ 1

w̄

dF(w̄)

dw̄
dw̄ + constant.

(C.6)

Figure C.1 gives a scheme of the streamlines in a sharp bend. Upstream of the bend
(point A), we assume that the fluid flows in the x-direction towards the bend with a
uniform velocity wA = (a, 0). Note that the particular choice of the (x, y) reference
frame is made in order to simplify the application of the hodograph method to the
bend. At the sharp inner edge of the bend (point C), the flow separates and forms
a free jet. The cross-section Sj of the jet is smaller than the pipe cross-section Sp.
This is the so-called vena-contracta effect. Downstream of the bend (point B), the flow
becomes again uniform with a velocity wB = (0,−b). As the pressure along the shear
layer bounding the free jet has to be equal to that of the surrounding stagnant fluid,
the velocity at point C is wC = (b, 0) (from Bernoulli’s equation). The point D is a
stagnation point at which the velocity is zero: wD = (0, 0).

By writing the mass conservation, the vena-contracta factor Υ0 can be expressed
in terms of the velocity values a and b:

Υ0 =
Sj

Sp

=
a

b
. (C.7)

From the streamlines in the (physical) z-plane shown in figure C.1, we can deduce
the streamlines in the (hodograph) w-plane (figure C.2).

All the streamlines start from point A and go to point B, passing through points C
or D. The points A and B are therefore considered as a source and a sink, respectively,
and the complex potential F1 due to their presence would be, in free space:

F1(w) =
QV

2π
ln(w − a) − QV

2π
ln(w + ib), (C.8)

where QV is the volume flow.
By adding the effect of mirror images in the (u = 0) and (v = 0)-axis, respectively,

the complex potential becomes:

F2(w) =
QV

π
[ln(w − a) + ln(w + a) − ln(w + ib) − ln(w − ib)] . (C.9)
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Figure C.1: Streamlines in a bend with a sharp inner edge and a sharp outer corner:
physical plane (z-plane). The dashed lines correspond to the images.
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Figure C.2: Streamlines in a bend with a sharp inner edge and a sharp outer corner:
transformed plane (w-plane) by means of the hodograph method. The dashed lines
correspond to the images.
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Finally, the presence of the jet is taken into account by using the circle theorem
(Milne-Thomson2). As the velocity at point C is equal to the velocity at point B, the
streamline is a circle of radius R = b and the complex potential becomes:

F(w) =
QV

π

[
ln(w2 − a2) − ln(w2 + b2) + ln

(
w2 − b4

a2

)
− ln

(
w2 + b2

)]
. (C.10)

We find then:

1

w̄

dF(w̄)

dw̄
=

2QV

π

(
1

w̄2 − a2
− 2

w̄2 + b2
+

1

w̄2 − b4

a2

)
. (C.11)

By applying equation C.6, this yields:

z =
QV

πa

[
ln

(
w̄ − a

w̄ + a

)
− 4

a

b
arctan

(w̄
b

)
+
(a
b

)2

ln

(
aw̄ − b2

aw̄ + b2

)]
+ z0, (C.12)

where z0 is the constant of integration.
Equation C.12 is now applied to points C and D:

zC = −Sp(1 + i) =
QV

a

[
1 + Υ2

0

π
ln

(
1 − Υ0

1 + Υ0

)
− Υ0 + iΥ2

0

]
+ z0, (C.13)

zD = 0 =
QV

a

(
1 + Υ2

0

π

)
ln(−1) + z0, (C.14)

where ln(−1) ≡ iπ.
The constant z0 can be deduced from equation C.14:

z0 = −iQV

a

(
1 + Υ2

0

)
. (C.15)

Then, equation C.13 yields:

ϕ = ln

(
1 − Υ0

1 + Υ0

)
(1 + Υ2

0) − πΥ0 + π = 0. (C.16)

By using Newton’s method initialized with the experimental value Υj0 = 0.48 found
by Blevins3, we can calculate the vena-contracta factor:

Υ0 = Υj0 − ϕ(Υj0)

(dϕ/dΥ0)Υj0

= 0.5255. (C.17)
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Summary

The purpose of the present work is the development of methods to predict the aero-
acoustical behavior of subsonic high Reynolds number flow at discontinuities in pipe
systems.

Two types of aeroacoustical behavior are considered:

• the linear response of the flow to imposed acoustical perturbations,

• the whistling due to the coupling of shear layer instabilities with the acoustical
resonant field of the system.

The study is limited to low frequencies so that plane acoustical wave propagation
prevails in pipe segments. Furthermore, the source region at discontinuities is small
compared to the acoustical wavelength.
Quasi-steady flow models or a point-vortex model can be used to describe the vortex-
shedding at discontinuities. We consider the use of these analytical methods for engi-
neering applications. We also investigate the capability of a numerical method, based
on the Euler equations for inviscid two-dimensional compressible flows, to describe such
flow phenomena.

The following configurations have been studied:

• 90 degree bends with a sharp inner edge,

• two coaxial closed side branches placed along a perpendicular pipe and forming
a cross-junction,

• a Helmholtz-like resonator excited by an extended grazing flow along its opening,

• the same resonator excited by a thin jet is then used as a prototype for a flue
instrument.

The prediction obtained by means of the theoretical methods quoted above has been
compared to the results of various experiments. The scattering matrix of bends is mea-
sured by means of a multiple-microphone method. The effect of the mouth geometry of
a Helmholtz resonator on the pulsation amplitudes is determined by systematic acousti-
cal measurements while detailed flow measurements by means of hot-wire anemometry
provide more quantitative information. The flow behavior in the mouth of the res-
onator is also visualized by means of a schlieren method.
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The main conclusion of the present study is that analytical models provide a fair
global prediction of the aeroacoustical behavior of the flow in the generic configurations
studied. The numerical simulations performed do not yet have a predictive value
without tuning of the numerical parameters by comparison with experimental results.
In particular, the representation of 3-D free-field radiation by means of a 2-D method
with frequency-independent boundary conditions obliges us to use a simplified radiation
model. The numerical simulations allow, however, a better understanding and a more
detailed analysis of the experimental results. They are therefore a good complement
to experiments.



Samenvatting

Belangrijkste doel van dit werk is het ontwikkelen van voorspellingsmethoden voor het
aero-akoestisch gedrag van subsone stromingen in leidingen met discontinuiteiten in de
geometrie.

Twee soorten aero-akoestisch gedrag worden beschouwd:

• de lineaire respons van een stroming ten gevolge van opgelegde akoestische ver-
storingen,

• het ontstaan van een fluittoon als gevolg van een koppeling tussen instabiliteiten
van schuiflagen enerzijds en het resonant akoestisch veld van het systeem ander-
zijds.

De studie wordt beperkt tot lage frequenties, zodat in pijpsegmenten, vlakke golf voort-
planting bepalend is voor de akoestiek. Ook wordt het brongebied compact veronder-
steld, dat is klein t.o.v. de akoestische golflengte.
Het ontstaan en gedrag van de wervels die de geluidsbron vormen kan beschreven
worden m.b.v. quasi-stationaire modellen of m.b.v. discrete-wervel modellen. Deze
analytische modellen zijn nuttig voor technologische toepassingen. Ook is de kwaliteit
onderzocht van een numerieke simulatie gebaseerd op de vergelijkingen van Euler voor
twee-dimensionale wrijvingsloze en compressibele stromingen.

De volgende configuraties zijn bestudeerd:

• de 90 graden-bocht met een scherpe hoek aan de binnenkant,

• twee co-axiale afgesloten zijtakken die een kruis vormen met de hoofdleiding,

• een Helmholtz resonator aangedreven door een uitgebreide schuiflaagstroming
langs de nek opening,

• dezelfde resonator aangedreven met behulp van een dunne luchtstraal, wat als
een prototype van een fluit beschouwd mag worden.

De voorspellingen die de bovengenoemde theoretische modellen leveren worden ver-
geleken met verschillende experimentele resultaten. De golfverstrooiingsmatrix van
de bochten is gemeten met behulp van een multi-microfoon methode. Systematische
akoestische metingen brengen de invloed in kaart van de geometrie van de nek op
de pulsatie amplitude in een Helmholtz resonator. Gedetailleerde stromingssnelheids-
metingen verkregen m.b.v. een hitte-draad anemometer leveren meer kwantitatieve
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informatie over de invloed van de nek geometrie. Dit wordt ook in het geval van de
fluit zichtbaar gemaakt m.b.v. een schlieren methode.

Deze studie leidt ons naar enkele algemene conclusies. De analytische modellen leveren
een goede globale voorspelling van het aero-akoestisch gedrag van de stroming in de
door ons beschouwde configuraties. De numerieke methode heeft, zonder ijking van nu-
merieke parameters op grond van experimentele resultaten, geen voorspellende waarde.
Een probleem daarbij is dat de methode beperkt is tot twee-dimensionale vlakke stro-
mingen en dat de randvoorwaarden onafhankelijk van de frequentie moeten zijn. De
drie-dimensionale vrije veld uitstraling moest noodzakelijk sterk vereenvoudigd worden
beschreven. Ondanks deze beperkingen stellen de numerieke berekeningen ons in staat
om een dieper inzicht te verkrijgen en de meetresultaten gedetailleerd te analyseren.
Zulke berekeningen zijn daarom zeer waardevolle aanvullingen van experimenteel werk.



Résumé

L’objectif principal de ce travail est le développement de méthodes qui prédisent le com-
portement aéro-acoustique d’écoulements subsoniques dans des conduits en présence
de discontinuités.

Deux types de comportements aéro-acoustiques sont considérés:

• la réponse linéaire d’un écoulement à des perturbations acoustiques,

• le sifflement dû à un couplage entre les instabilités des couches de cisaillement et
le champ acoustique résonant du système.

L’étude étant limitée aux basses fréquences, la propagation d’ondes planes dans les
tuyaux est prédominante. De plus, la région source est considérée compacte: sa di-
mension caractéristique est petite devant la longueur d’onde.

La formation et l’évolution des tourbillons peuvent être décrites grâce à l’utilisation
de modèles quasi-stationnaires ou de modèles à tourbillons discrets. Ces modèles ana-
lytiques peuvent être utilisés dans des applications technologiques. Les performances
de calculs numériques, basés sur les équations d’Euler pour des écoulements à deux
dimensions, non-visqueux et compressibles, sont aussi examinées.

Plusieurs configurations sont considérées:

• des coudes formant un angle de 90 degrés avec un coin intérieur aigu,

• deux embranchements latéraux formant une croix avec le conduit principal,

• un résonateur de Helmholtz excité par un large écoulement rasant le long de son
ouverture,

• le même résonateur excité par un jet fin et pouvant être utilisé comme prototype
d’instruments à embouchure de flûte.

La prédiction obtenue grâce aux modèles théoriques cités ci-dessus est comparée à
plusieurs résultats expérimentaux. La matrice de diffusion des ondes est mesurée,
pour les coudes, par la méthode à microphones multiples. Des mesures acoustiques
systématiques mettent en évidence l’influence de la géométrie du col sur l’amplitude
des oscillations dans un résonateur de Helmholtz. Des mesures détaillées de la vitesse,
par anémométrie au fil chaud, apportent, quant à elles, une information plus quantita-
tive sur l’effet de la géométrie du col. Cet effet est aussi observé dans le cas de la flûte
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pour laquelle l’écoulement est visualisé par une méthode strioscopique.

Cette étude nous amène à quelques conclusions générales. Les modèles analytiques don-
nent une bonne prédiction globale du comportement aéro-acoustique de l’écoulement
dans les configurations génériques considérées. La méthode numérique utilisée n’apporte
pas encore une valeur prédictive sans un ajustement des paramètres numériques qui
s’appuie sur les résultats expérimentaux. En particulier, cette méthode numérique
étant limitée à des calculs 2-D avec des conditions frontières indépendantes de la
fréquence, la radiation 3-D du champ libre doit être représentée par un modèle simplifié.
Malgré ses limitations, le calcul numérique permet une meilleure compréhension et une
analyse plus détaillée des résultats expérimentaux. Il représente, par conséquent, un
complément utile des études expérimentales.



Acknowledgements

The achievement of the work presented in this thesis could certainly not have been
possible without the help of several persons. At the end of this work, it is now time to
thank most of them.

The first person I wish to thank is of course Mico Hirschberg. Merci Mico pour ton
soutien scientifique, tes conseils et les discussions toujours fructifiantes tout au long de
ces quatre années. J’espère avoir su en tirer tous les enseignements possibles. Je veux
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1997 - 2001 Ph.D. Research at the Gas Dynamics Group,
Technische Universiteit Eindhoven TU/e (Nl),
Laboratoire d’Acoustique de l’Université du Maine (Fr)
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1. Two-dimensional direct numerical simulations of the aeroacoustical behavior of the
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4. In the countryside, forest acts as an acoustical barrier for road traffic. Unfortunately,
in view of the large density of trees needed to get an efficient sound attenuation, this
type of ‘ecologic’ solution cannot be used in urban areas.
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5. La flûte, c’est pas du pipeau.
This thesis, chapter 7.

6. Le coude, c’est pas le pied.
This thesis, chapters 2 and 3.



7. Mieux vaut être optimiste et se tromper, que pessimiste et avoir raison.
Jack Penn.
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10. Le baiser est le plus sûr moyen de se taire en disant tout.
Guy de Maupassant.
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