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The road to wisdom?
Well it’s plain
and simple to express:

Err
and err
and err again
but less
and less
and less.

Piet Hein, Danish poet
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Chapter 1

Introduction

Systems in nature often form patterns when they are driven away from equilib-
rium. One can think of sand ripples on a beach, where, under the action of the
water, the small sand particles form a macroscopic pattern with a well-defined
spatial scale. Or one can think of the neatly spaced stripes often observed in
cloud formations. Examples of pattern forming systems range from thermal
convection, Taylor-Couette flow, nonlinear optics, flame fronts, granular media
and solidification fronts to systems with parametric instabilities, oscillatory
chemical reactions and biological systems.

All of these systems have in common that the patterns exist away from
equilibrium, where there is a constant flux of energy through the system.
The phenomenon of pattern formation is also known under the name of self-
organization [135], and as dissipative structures [108]. The main reference on
pattern formation is the excellent and extensive review article by Cross & Ho-
henberg [29]. So why do systems form patterns?

In equilibrium, all systems mentioned above are spatially uniform. They
are brought away from equilibrium by increasing some control parameter R,
which for example can be a temperature difference, a voltage or a concentra-
tion gradient. At some threshold value R = Rc, the system becomes linearly
unstable to perturbations with a certain wavevector k0 and frequency ω0 (ei-
ther of which can be zero). Modes of the system with the proper spatial and
temporal scales will grow exponentially until the amplitude saturates to a fi-
nite amplitude through nonlinear effects. Of course, in general there will be
many symmetry related modes which are linearly unstable. For example, in a
two-dimensional system, the wavevector k0 can take many directions. Above
threshold, the principle of superposition no longer holds, and the nonlinear-
ities can choose between different combinations of symmetry related modes.
Different combinations of modes correspond to different nonlinear states, and
in this way patterns of square, hexagonal and even higher symmetries may be
formed.

1



2 Introduction

1.1 Theory of pattern formation

In a theoretical analysis of pattern formation, the natural starting point is the
equation of motion that describes the dynamics of the system. As the equation
of motion is often a nonlinear partial differential equation, analytical solutions
are not to be expected. However, near threshold of the linear instability the
nonlinear effects are small. Using the dimensionless distance from threshold
ε = (R − Rc)/Rc as a small parameter, one can often obtain so-called am-
plitude equations, which describe the nonlinear interaction and saturation of
the unstable modes. These equations take the same form for a large class of
systems; the specifics for a particular system enter only in the non-universal
coefficients.

Further above threshold, with stronger nonlinearity, it is sometimes pos-
sible to find so-called phase equations, which describe the dynamics of small
perturbations of an ideal pattern.

Only for a few systems it is possible to derive the governing equations,
in which all the relevant spatial and temporal scales are present, from first
principles. One of the few systems for which this has been accomplished is the
system of Faraday waves. Faraday waves are generated when a layer of fluid is
oscillated in the vertical direction. Above a certain threshold amplitude of the
excitation, standing waves with half the frequency of the excitation develop on
the surface of the fluid. For this system, which will be the main subject of this
thesis, the amplitude equations can be derived straight from the Navier-Stokes
equations.

In the case where the equations are too difficult to allow a satisfactory
description, there is the possibility of making model equations which describe
the dynamics of the system on a more phenomenological basis. The idea is to
study the phenomenon in the simplest possible system1, which still shows the
phenomenon, but is analytically more tractable. These model equations are
normally chosen in such a way as to have the same linear instability, dimen-
sions and symmetries as the original system. Popular model equations include
the Swift-Hohenberg equation, the Kuramoto-Sivashinsky equation, reaction-
diffusion models, and the Ginzburg-Landau equation (see [29]).

1.2 Patterns, chaos, and turbulence

A typical characteristic of systems that form patterns is that they often show
chaotic behaviour. By chaos we mean the erratic and seemingly random be-
haviour observed in many deterministic systems. This behaviour is not caused

1Keeping the adagio commonly attributed to Einstein in mind: “Everything should be
made as simple as possible, but not simpler.”
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by external noise, but is a consequence of the nonlinear nature of the dynam-
ics. Chaotic behaviour leads to the quick divergence of close initial conditions,
which means that a prediction of the evolution of the system is hopeless for
long times. Information of the initial condition is lost as time goes by, so the
system becomes decorrelated from itself after some correlation time τ .

A spatially extended system can become decorrelated not only in time
but also in space: in that case the range over which the system is correlated is
described by the correlation length ζ. The correlation length is used to estimate
the “size” of the system in terms of the number of degrees of freedom, or, in
other words, the number of modes active in the system. If the physical size of
the system L is smaller than ζ, the whole range of the system is correlated,
and the size is “small”. The dynamics can be described with only a few modes.
If L > ζ, the system can be thought to consist of a number of “cells” with size
ζ, which are all decorrelated from each other and which all require their own
modes. This situation is called spatio-temporal chaos. The effective number
of modes is approximately given by the number of cells (L/ζ)d, where d is the
dimension of the system.

In the case where a large number of modes on many temporal and spatial
scales is needed to describe the system, it becomes natural to look for a statis-
tical description. This state of a system is called turbulence. In the case of weak
turbulence, which is defined as a system with modes that interact only weakly,
the statistics of the system can be described by so-called kinetic equations.

1.3 Some experiments in pattern formation

In this section, we will present a few of the many experiments pattern for-
mation, to give a taste of the field. Historically, hydrodynamic systems have
always been very popular in the experimental research on pattern forming sys-
tems. The reason is that the equations and parameters describing fluid motion
are well known and techniques exist to carry out precise quantitative experi-
ments. In fact, most of the knowledge on pattern formation stems from one
experiment: Rayleigh-Bénard convection.

The Rayleigh-Bénard system consists of two horizontal flat parallel plates
at a small distance. The lower plate is heated and the upper plate is cooled, so
there is a temperature gradient from the lower to the upper plate. When the
temperature difference is small, the heat is conducted through the fluid, and
no convection takes place. Just above the threshold of the linear instability,
the system forms rolls, as shown in Fig. 1.1(a). Under different circumstances,
the system can form hexagons, as shown in Fig. 1.1(b). In this experiment,
carbon dioxide under pressure was used as a fluid.

Surprisingly, patterns are also formed in systems consisting of granular
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Figure 1.1: Patterns in thermal convection between two plates. Bright regions
correspond to fluid moving upward, dark regions to downward motion. (a)
from [71], (b) from [13].

media. Fig. 1.2 shows pattern formation in a system consisting of small bronze
spheres with a diameter of 0.15mm. The spheres are oscillated in the vertical
direction.

Faraday waves, which are formed when a layer of fluid undergoes a vertical
oscillation, can form a surprising variety of patterns, which all consist of a
number of standing waves in different directions. Depending on the frequency
and the amplitude of the excitation, patterns of different symmetry are formed.
Two of these patterns are shown in Fig. 1.3.

Next to patterns in fluids and granular media, many biological systems also
show pattern formation. One can think of the patterns on the skin of zebras,
panthers, giraffes or cows. Closer to home, Fig. 1.4 shows a fingerprint.

Fig. 1.5 shows some aesthetically pleasing patterns observed in a thin layer
of a liquid crystal with a first order phase change [1]. When heated from below,
it is possible for the dense phase to be stratified above the less dense phase.

Although the quoted pattern forming systems show a great variety, it is the
challenge of the field of pattern formation to identify the leading mechanisms
which cause pattern formation. Indeed, it has been found that a surprising
number of very different systems can be described using very similar mathe-
matical formulations [29].

1.4 Outline of the thesis

Faraday waves form one of the few systems for which it has been possible to de-
rive amplitude equations that describe the slow dynamics of the standing waves
directly from the Navier-Stokes equations; this has recently been accomplished
by Chen & Viñals [18]. While this has also been done for Rayleigh-Bénard
convection [125], the bifurcation of the uniform state in this case is subcritical,
so the validity of an amplitude description becomes questionable. More diffi-
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Figure 1.2: Patterns in granular media. A layer of granular material is subject
to a vertical oscillation with different frequencies and amplitudes. The layer is
illuminated from the side and viewed from above. The brightness therefore cor-
responds to different heights of the granular material. The bottom-right picture
shows peak structures called “oscillons”. From P.B. Umbanhowar, F. Melo,
and H.L. Swinney [93,129].

Figure 1.3: Two patterns found in Faraday waves. The patterns consist of a
number of standing waves. Light coming in from below is refracted by the fluid
surface and forms an image on a screen placed above the fluid.

cult systems which do have a supercritical bifurcation include Rayleigh-Bénard
convection in a rotating system [133] (which is a rather complicated situation).

Besides predictions for the stability boundaries of the different patterns, the
theory by Chen & Viñals harbours many detailed predictions on the dynamics
of the wave field, which have not been checked yet experimentally. In the
past, experiments in Faraday waves have used shadowgraph methods to get
information from the wave field, a method that is inherently nonlinear. In this
thesis we present precise quantitative measurements of the wave field, obtained
by the refraction of a narrow laser beam at the free surface of the fluid. In
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Figure 1.4: A fingerprint obtained from an ink-stained thumb.

Figure 1.5: Patterns in a liquid crystal heated from below, from [1]. The system
is observed from above. The heating causes the liquid crystal to undergo a phase
change, and the pattern is formed by the dense phase suspended on the less
dense phase.

fact, due to the accessibility of the free surface, Faraday waves form one of the
few systems in pattern formation where the instantaneous hydrodynamic state
is accessible.

Chapter 2 introduces the Faraday system and discusses the linear stability
analysis, which is the corner stone for understanding the nonlinear behaviour.
As we hope to make clear in this thesis, the linear behaviour of the system,
in particular the dispersion relation, is of crucial importance to the pattern
formation. We also give a historical overview of experiments performed on
Faraday waves.

Chapter 3 discusses the weakly nonlinear theory of pattern formation in
Faraday waves. Here, we show how the amplitude equation, which describes
the slow time evolution of the wave field just above the threshold of the linear
instability, is derived. We use the theory to arrive at detailed predictions on
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pattern formation, and on the nature of the wave field in general. As the
full nonlinear theory is quite involved, we introduce a conceptually simple toy
model that captures the pattern forming behaviour. Furthermore, we discuss
effects of the finite size of the experiment.

In chapter 4 we introduce the experimental setup used. An important
experimental challenge is that a linear measurement of the state of the free
surface is needed in order to make an accurate comparison between the ex-
periment and the weakly nonlinear theory. Up to now, most experiments on
Faraday waves have used shadowgraph methods to visualize the surface state,
a method that is inherently nonlinear. We present a measurement technique
that measures the slope of the surface at one point with high speed and high
accuracy, using the refraction of a laser beam by the free surface.

In chapter 5 the theoretical predictions are put to the test. The measured
threshold and dispersion relation are shown to be in good agreement with the
prediction of the linear stability analysis. As for the nonlinear behaviour, we
measure the phase diagram of pattern formation, and the characteristics of
higher harmonic waves in the wave field. We find that within the experimen-
tal inaccuracies, there are no discrepancies between the experiments and the
weakly nonlinear theory. We conclude that pattern formation in Faraday waves
is now very well understood.

Besides a wonderful testing ground for pattern formation, Faraday waves
also provide a very beautiful experiment in weak wave turbulence. When the
excitation is increased, many modes are excited, and it becomes natural to
look for a statistical description. Just such a description is offered by the
framework of weak wave turbulence, which describes the stationary energy
spectrum of many weakly interacting modes which have different temporal and
spatial scales. Again, due to the new experimental technique we apply, it has
been possible to accurately test theoretical predictions. Chapter 6 discusses
the theory of weak wave turbulence, and its application to capillary waves on a
free surface. We also perform numerical simulations of weak turbulence, which
clearly show what to expect and what to look for in the experiment.

In chapter 7 we present careful measurements of the wave field for high
levels of the excitation. We show that although many features of the theoretical
model are encountered in the experiment, one of the central predictions of the
theory, namely the scaling of the energy spectrum, is very different from the
experimental findings. From this inconsistency, we draw important lessons on
the applicability of the weak wave turbulence model to Faraday waves.

Whereas for Faraday waves the amplitude equations were derived from the
system, in a second experiment we performed the system was derived from
the phenomenological amplitude equation, namely the one-dimensional cou-
pled Ginzburg-Landau equation. This equation describes a system of traveling
waves in one dimension. Depending on parameters, the left- and right-traveling
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waves may suppress each other, giving rise to domains of left-and right traveling
waves which are separated by domain walls.

The experiment we study using this model equation consists of a long thin
wire stretched just beneath the free surface of a fluid, and heated by an elec-
trical current. Through a complicated mechanism involving both Rayleigh-
Bénard and Marangoni convection, the system has a transition to left- and
right traveling waves on the surface. For a qualitative description of the wave
amplitudes in terms of the Ginzburg-Landau equation, it is enough to know
that the transition is supercritical. The Ginzburg-Landau equations predict
the occurrence of wave sources and sinks, which are indeed observed exper-
imentally. The question we try to answer in our experiment is if also other
salient predictions of the theory can be verified experimentally. Chapter 8
describes the experiment, and presents accurate experiments which test the
validity of the model equation approach in this system.



Chapter 2

Linear stability analysis of
Faraday waves

In the year 1831, Michael Faraday publishes a paper on the behaviour of gran-
ular material on a vibrating plate [44]. In the appendix, he notes that when
a fluid is placed on a vibrating plate, it forms “crispations” (waves), and he
notes that they are “usually arranged rectangularly with extreme regularity”.
He also notes that the frequency of the waves is half the frequency of the
frequency of the vibrating plate.

His findings were confirmed by Lord Rayleigh, who, after a paper by Mat-
thiessen [89, 90] in which it was stated that the waves oscillated at the same
frequency as the plate, performed his own experiments. Rayleigh [119, 120]
proposed that there might be a connection to the Mathieu equation, which
describes parametric resonance in a variety of systems. This suspicion was
confirmed by the first linear stability analysis of a vertically vibrating inviscid
fluid layer, which was performed by Benjamin & Ursell in 1954 [10]. They
showed that in a non-viscous fluid, the amplitude of an eigenmode of the fluid
layer can be described by the Mathieu equation (fully explained in Sec. 2.2.1).

The Mathieu equation supports solutions at both the frequency of the exci-
tation (harmonic), and at half this frequency (subharmonic). However, in the
presence of viscosity, the subharmonic response has smaller dissipation than
the harmonic response, and is therefore the one that is excited first.

Experiments performed by Benjamin & Ursell in a small container (only a
few wavelengths across) showed satisfactory agreement with their theory. How-
ever, they found that the bulk dissipation could not explain the actual dissi-
pation, which they ascribed to dissipation at the contact line at the boundary.

Recently, a linear stability analysis was performed for viscous fluids of finite
depth by Kumar & Tuckerman [79]. Ensuing experiments showed excellent
agreement with their theory [8,82]. In a later paper, Kumar [77] points out the

9
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Figure 2.1: Faraday waves.

possibility of observing the harmonic response at small depth, due to the large
dissipation for long wavelengths at small depth. The harmonic response was
indeed observed by Müller [106]. It was perhaps this effect which was observed
by Matthiessen.

In this chapter, we present the equations of motion of Faraday waves, and
we perform a linear stability analysis of the system. Here we mainly follow [18]
and [79]. In the next chapter, we discuss the weakly nonlinear theory of pattern
formation.

2.1 Equation of motion and boundary conditions

We consider a fluid layer of depth h, unbounded in the lateral dimensions.
At rest, the surface is at z = 0. The bottom is located at z = −h. The
fluid is assumed incompressible and Newtonian. The layer of fluid is subjected
to a periodic oscillation in the vertical direction. In the co-moving reference
frame, this gives rise to an effective gravity which is periodic in time: gz(t) =
−g − f cos(Ωt). Here f is the amplitude, and Ω the angular frequency of the
excitation. This excitation through a parameter of the system has important
consequences for the dynamics of the system.

The state of the fluid at a given time is given by the velocity field u =
(u, v,w) and the pressure p(x, y, z, t). The position of the interface is denoted
by z = ζ(x, y, t). The equation governing fluid motion is just the Navier-Stokes
equation:

∂tu+ (u · ∇)u = −1
ρ
∇p+ ν∇2u+ gz(t) êz, (2.1)

with ρ the density and ν the kinematic viscosity. When the fluid is quiescent,
the pressure distribution equals p = ρgz(t)z. So if we redefine p to be the
deviation from ρgz(t)z, the last term in (2.1) drops out.

By applying ∇× to (2.1) we eliminate the pressure term, which yields
∇× ∂tu+∇× (u · ∇)u = ν∇×∇2u. (2.2)

By applying ∇× again and using incompressibility, i.e. ∇·u = 0, we obtain an
equation for the velocity components u = (u, v,w) in which the linear terms
are uncoupled, which reads

∂t∇2u− ν∇2∇2u = ∇×∇× (u · ∇)u. (2.3)
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Figure 2.2: Vectors used in describing the boundary conditions.

2.1.1 Boundary conditions

To describe the boundary conditions, we first introduce some vectors. The
outward pointing normal n̂ to the surface is given by

n̂ =
(−ζx,−ζy, 1)
(1 + ζ2

x + ζ2
y )

1
2

, (2.4)

which has unit length. Here we denote partial differentiation with respect to
a variable with a subscript in the usual way.

We construct two linearly independent vectors tangential to the surface,
both with unit length:

t̂1 =
(1, 0, ζx)

(1 + ζ2
x)

1
2

, t̂2 =
(0, 1, ζy)

(1 + ζ2
y)

1
2

. (2.5)

The vectors t̂1, t̂2 are not mutually orthogonal; the notation is used to keep
the expressions symmetric in the x and y coordinates.

The kinematic boundary condition expresses the fact that the fluid surface
is advected by the fluid. The condition is therefore that the material derivative
of a fluid particle at the surface is equal to the vertical speed of the fluid at
the surface:

ζt + (u|z=ζ · ∇H)ζ = w|z=ζ , (2.6)

with ∇H = êx∂x + êy∂y.
Neglecting the viscosity of air, the tangential stress at the free surface is

zero:
t̂1 ·T · n̂|z=ζ = 0, t̂2 ·T · n̂|z=ζ = 0, (2.7)

with Tij the stress tensor with components Tij = δij(−p−ρgz(t)z)+ρν(∂jui+
∂iuj).

If the surface of the fluid is curved, capillary forces will produce a force
inward or outward of the fluid, depending on the curvature. This force is



12 Linear stability analysis of Faraday waves

balanced by the normal stress at the surface. Capillary forces thus generate a
pressure discontinuity at the free surface [6] given by

n̂ ·T · n̂|z=ζ = σ

(
1
R1

+
1
R2

)
= −σ∇ · n̂, (2.8)

where σ is the surface tension and R1 and R2 are the principal radii of curvature
of the surface.

At the bottom of the vessel, we have a no-slip boundary condition, which
means that both the velocity and the velocity gradients at the bottom must
be zero. For the vertical velocity, this gives:

w = 0 at z = −h, (2.9)
∂zw = 0 at z = −h. (2.10)

In the case of infinite depth, the condition becomes just w = 0 at z = −∞.

2.2 Linear stability analysis

Faraday waves emerge due to a parametric instability, which means that the
primary instability arises due to a variation in one of the parameters of the
system, here the gravitational acceleration. In this section we analyze this
instability up to linear order in the surface deformation. This analysis pro-
vides precise predictions for the dispersion relation, the growth rate of unsta-
ble waves, and for the threshold of the excitation above which waves emerge.
The linear analysis is the corner stone of the ensuing nonlinear analysis, and
precise predictions of the linear behaviour are a precondition for the success of
experiments on the nonlinear behaviour.

2.2.1 The inviscid case: the Mathieu equation

In 1954, Benjamin and Ursell [10] showed that in the inviscid limit, the lin-
earized equations of motion take the form of the Mathieu equation

n̈k + (ω2
k + ak sin(Ωt))nk = 0, (2.11)

where nk is the amplitude of a wave with wavenumber k, Ω the frequency of
the excitation, a the amplitude of the excitation, k the wavenumber, and ωk

the natural frequency of the wave with wavenumber k. For a detailed account
of the Mathieu equation, see for example [103]. The dispersion relation is given
by

ω2
k = tanh(kh)

(
gk +

σ

ρ
k3

)
, (2.12)
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with h the depth of the fluid layer, g the acceleration of gravity, σ the surface
tension, and ρ the density of the fluid. The derivation of Benjamin and Ursell
ignores the effect of viscosity, and, indeed, cannot be directly extended to
include it.

The dispersion relation (2.12) is just Newton’s law in disguise for the dy-
namics of a harmonically oscillating fluid parcel of size k−1, with ρg the gravity
force, σk2 the force due to the surface tension and ρω2

k/k the force needed for
accelerating the fluid parcel.

The Mathieu equation describes parametric resonance. The Mathieu equa-
tion has two solutions which both contain a series of frequencies. The subhar-
monic solution consists of a series of frequencies ωk,n related to the frequency of
the excitation by ωk,n = (n+ 1/2)Ω. The harmonic solution consists of frequen-
cies ωk,n = nΩ. The excitation through a parameter serves to couple waves
at different frequencies, e.g., the rate of change of the amplitude of a wave at
frequency ωk,n is found to depend on the amplitude of waves with frequency
ωk,n−1 and ωk,n+1. So, for any given excitation frequency, an infinite number
of frequencies is excited. The regions in parameter space where these solutions
exist are shown in Fig. 2.3, which was computed using the theory described in
this chapter.

If viscosity is absent, the threshold for both the subharmonic and the har-
monic solution is at zero excitation amplitude, as shown in Fig. 2.3. From
the figure, we see that tongues of larger wavenumbers (and thus larger fre-
quency) become increasingly narrower. If the system is infinitely large and
thus poses no restrictions on the wavenumber, all the frequencies with their
associated wavenumbers will appear. However, the effect of viscosity is to raise
the threshold of the excitation, as shown in Fig. 2.3. The threshold of the
harmonic response now lies much higher than the threshold for the subhar-
monic. In practice, therefore, only the subharmonic response with ωk = 1/2Ω is
excited. Only in the limit of small depth, where the additional bottom dissi-
pation is higher for the subharmonic solution, has it been possible to observe
the harmonic solution [106].

2.2.2 Including viscosity

While the linear inviscid problem was solved in the sixties, it took quite a few
years before the threshold problem with viscosity was solved. A solution in the
form of a truncated eigenvalue problem was given by Kumar & Tuckermann
[79], but a much more elegant solution in the form of a continued fraction was
provided by Chen & Viñals [18]. Since the latter form is excellently suited for
practical computations, and was used extensively by us to predict the neutral
stability boundaries of the experiment, we will discuss it here.

We consider the normal modes of the infinite plane, which are just cos(k·x).
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Figure 2.3: Parameter space of the linear instability of Faraday waves. The
fluid has density ρ = 892.4 kgm−3 and surface tension α = 18.3 · 10−3 Jm−2.
The excitation frequency is 50Hz. Inside the tongues, the solution is linearly
unstable. Subharmonic and harmonic solutions are denoted by S and H, re-
spectively. The dash-dotted lines in the first two tongues show the effect of
viscosity (ν = 3.668 · 10−6ms−2), which is to increase the amplitude necessary
to excite a solution. This influence quickly increases for tongues of higher k,
so in practice only the first subharmonic solution is excited.

The horizontal wave number k, where k2 = k2
x + k2

y , can take any real value.
So we write

w(x, z, t) = cos(k · x)w′(z, t)
ζ(x, t) = cos(k · x) ζ ′(t), (2.13)

where the vertical velocity w′ is just a function of the vertical coordinate and
time, and the surface elevation ζ is just a function of time.

In order to solve the linear stability problem, we apply Floquet theory.
Floquet’s theorem says that the solution of a linear differential equation with
a periodic coefficient with period 2π/Ω (in our case, the gravitational acceler-
ation) is of the form

w′(z, t) = eλt w̃(z, t)
ζ ′(t) = eλt ζ̃(z, t), (2.14)

such that w̃ and ζ̃ are 2π/Ω-periodic functions. Therefore, w̃ and ζ̃ can be
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written in terms of a Fourier series

w̃(z, t mod
2π
Ω
) =

∞∑
n=−∞

Anwn(z)einΩt

ζ̃(t mod
2π
Ω
) =

∞∑
n=−∞

An e
inΩt, (2.15)

where the An are complex amplitudes and the wn(z) are functions of z only.
The number λ in (2.14) is called the “Floquet exponent”, and e2πλ/Ω is

called the “Floquet multiplier”. The Floquet exponent is the eigenvalue of a
real matrix, and is therefore either real, or a complex conjugate pair. We will
write λ = s + iα, with s the growth rate and α a frequency. We can restrict
α to 0 ≤ α ≤ 1/2Ω because integer multiples of Ω can be absorbed into w̃n

and ζ̃n. The cases α = 0 and α = 1/2Ω are called harmonic and subharmonic,
respectively, and correspond to positive or negative real Floquet multipliers,
whereas the case 0 < α < 1/2 corresponds to complex multipliers. The complex
multipliers are not relevant for this analysis as it can be shown [79] that they
are always of magnitude smaller than one, and therefore do not correspond to
growing solutions. In the linear problem we seek for growing solutions, such
that |λ| ≥ 1

As the surface elevation ζ and the vertical component of the velocity field
w are both real quantities, the w̃n and ζ̃n must obey reality conditions in both
the harmonic and subharmonic case:

harmonic : w̃−n = w̃∗
n

subharmonic : w̃−n = w̃∗
n−1, (2.16)

with the same conditions on the ζ̃n.

Linear boundary conditions

From (2.3), the linear equation of motion for w is(
∂t∇2 − ν∇2∇2

)
w = 0. (2.17)

In linear order, the linear kinematic and tangential stress boundary conditions
are:

∂tζ − w = 0
(∇2

H − ∂zz)w = 0,
(2.18)

Substitution of w and ζ from (2.15) in (2.17) gives

(∂zz − k2)(∂zz − q2
n)wn(z) = 0, (2.19)
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with

q2
n = k2 +

s+ i(nΩ + α)
ν

. (2.20)

The solution to (2.19) is straightforward. To avoid unnecessary details, we first
discuss the solution for the infinite depth problem, and then state the main
results for the finite depth case.

Solution to the infinite depth problem

The solution to (2.19) is a linear combination of e±kz and e±qz. We therefore
substitute

wn = Pne
kz +Qne

−kz +Rne
qz + Sne

−qz. (2.21)

Due to the null condition on z = −∞, Qn = Sn = 0. The two remaining
boundary conditions (2.18) suffice to determine the constants Pn and Rn, which
results in

Pn = ν(k2 + q2
n)ζn

Rn = −2νk2ζn. (2.22)

This gives rise to the following solution for the vertical flow field,

wn(z) =
(
s+ i(nΩ+ α) + 2νk2

)
ekz − 2νk2eqnz. (2.23)

Using incompressibility, it is easy to reconstruct the solution for the horizontal
flow components, as we will demonstrate now. For ease of discussion, suppose
that the wavevector is aligned with the x-axis, so the flow velocity in the
y direction is zero. From (2.13) and (2.15), and with the shorthand τi =
s + i(nΩ + α) + 2νk2 and τr = 2νk2, the complete solution of the vertical
velocity is

w = cos(k · x)eλt
∞∑

n=−∞
An(τiekz − τreqnz)einΩt. (2.24)

Using incompressibility of the now two-dimensional flow field, ∂zw = −∂xu, we
can differentiate (2.24) and integrate it with respect to z to give the horizontal
velocity field

u = −1
k
sin(k · x)eλt

∞∑
n=−∞

An(τikekz − τrqneqnz)einΩt. (2.25)

If we take the curl of the (u,w) flow field (2.24) and (2.25), we notice that
the ekz terms disappear, while the eqnz terms do not. So we may identify the
first term on the right hand side of (2.23) as the irrotational component of
the flow, in which viscous and inviscid terms are separated. The second term
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on the right hand side is the rotational component of the flow. In the work
by Milner [102] and Miles [99], the rotational component was not taken into
account. This is justified in the limit of small dissipation, as we will see below.

The linearized normal stress boundary condition is

2ν∂zw0 − p

ρ
−
(
g − σ

ρ
∇H + f cos(Ωt)

)
ζ. (2.26)

By applying ∇2
H to this equation, we can eliminate the pressure term by using

the equation of motion (2.1) and incompressibility. This yields

[
2ν∇2

H −
(
∂t − ν∇2

)]
∂zw +

(
g − σ

ρ
∇2

H + f cos(Ωt)
)
∇2

Hζ = 0. (2.27)

To see why it is allowed to neglect the rotational component in the linear
stability analysis in the limit of small dissipation, we have to look at the scaling
of various terms with the viscosity ν. If we substitute the assumed solutions
(2.15) into (2.27), we note that the term (∂t − ν∇2) acting on ∂zw only yields
terms which come from the irrotational flow field, and which scale with ν (this
can be seen from writing out the equations). The term 2ν∇2

H when acting on
∂zw yields a term from the irrotational flow field which scales like ν, and a
term from the rotational flow field which scales like ν3/2. Therefore, to first
order we may neglect the rotational part of the flow field, which is what was
done by Milner [102] and Miles [99]. However, we will see later that to obtain
the amplitude equation, it is not possible to neglect the rotational part, even
in the limit of small dissipation.

Substituting the assumed solutions given by (2.15), we see that the exci-
tation term f cos(Ωt) in (2.27), couples the amplitudes of different ζn. This
is easily seen when we write cos(Ωt) as 1/2(e

iΩt + e−iΩt). When we equate the
coefficients of each harmonic ei(nΩ+α)t resulting from (2.27), we obtain the
following set of equations:

H0A0 − fA1 − fA−1 = 0
H1A1 − fA2 − fA0 = 0
H2A2 − fA3 − fA1 = 0

· · · , (2.28)

The reality conditions (2.16) are used to restrict the set to n ≥ 0. This means
that in the harmonic case we have A−1 = A∗

1, and in the subharmonic case we
have A−1 = A∗

0.
For the function Hn, we find

Hn =
2
k2

[
ν2
[
4qnk4 − k(q2

n + k2)2
]− gk2 − σ

ρ
k4

]
. (2.29)
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The system (2.28) is a set of equations in the unknowns An. The equations
determine An as functions of the wavenumber k and the excitation amplitude f .
Chen & Viñals [18] found that an elegant solution of (2.28) can be formulated
in terms of continued fractions. This can be seen by truncating the series by
setting An+1 = An+2 = . . . = 0, so that we can write

An =
fAn−1

Hn
, An−1 =

fAn−2

Hn−1 − f2

Hn

, An−2 =
fAn−3

Hn−2 − f2

Hn−1− f2

Hn

, . . .

(2.30)
which in the end becomes

A1 =
fA0

H1 − f2

H2− f2

H3−...

(2.31)

Using the reality condition for the subharmonic case, the first equation in the
series (2.28) can now be rewritten as

H0A0 − fA1 − fA∗
0 = 0. (2.32)

Substituting expression (2.31), we get
H0 − f2

H1 − f2

H2− f2

H3− f2

H4−...


A0 − fA∗

0 ≡ H̄0(k, f)A0 − fA∗
0 = 0, (2.33)

where the H̄0 denotes the continued fraction between large brackets on the left
hand side. The function H̄0 depends on the wavenumber k, the amplitude of
excitation f , the viscosity ν, the growth rate s, and the frequency of excitation
Ω (through the dependence of H̄0 on qn), and can be easily computed. In
practice, the continued fraction converges after a few terms. This can be easily
seen by noting that through the n dependence of qn (see Eq. 2.20), Hn growths
as n2. This means that the terms f2/Hn in the left-hand side of (2.33) go to
zero as n−2, so the terms f2/Hn quickly become small with respect to Hn.

To obtain the threshold of instability fk for a given wavenumber k at given
excitation frequency Ω, we take the absolute value of (2.33) which gives an
implicit relation for fk:

fk = |H̄0(k, fk)| =
∣∣∣∣H0 − f2

k

H1 − · · ·
∣∣∣∣ , (2.34)

and put s = 0 to obtain the marginally stable solutions. For a given excitation
frequency Ω, there is one wavenumber, which we will call kc (as opposed to
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k0, which is the wavenumber that follows from the inviscid linear dispersion
relation), that has the lowest threshold amplitude. This critical wavenumber
for instability corresponds to the lowest value of fk for the frequency Ω, and
will consequently be the one that is excited first.

The resulting dispersion relation, which has been computed using (2.34), is
shown in Fig. 2.4. The threshold of instability computed with (2.34) is shown
in Fig. 2.5.

Knowing kc and fk, the phase of A0 can be retrieved from (2.33), but not
the absolute amplitude. By using (2.30), the phase and relative magnitude
of the An can then be obtained recursively. Of course, the linear stability
analysis predicts unbounded growth, which causes the absolute amplitude of
the solution to be undetermined.

In the harmonic case, the number α in the Floquet multiplier equals zero.
The amplitude A0 now represents a wave of zero frequency, so A0 is zero. We
can now rewrite the second equation in the series (2.28) as

H1A1 − fA2 = 0, (2.35)

which leads to the result

A1

(
H1 − f2

H2 − f2

H3−...

)
= 0. (2.36)

Note that the function H is different in the subharmonic and the harmonic
case; the factor α differs in the definition of qn. We find

H1 =

(
f2

H2 − f2

H3−...

)
(2.37)

From this relation, we again arrive at an implicit equation for fk,

f2
k = H1

(
H2 − f2

H3 − . . .
)
≡ H1H̄2. (2.38)

The critical wavenumber kc and the threshold amplitude fk for the harmonic
wave follow in the same way as in the subharmonic case. Both (2.34) and
(2.38) were used to compute the instability tongues of Fig. 2.3. This is in fact
a very easy procedure, as it involves just the minimization of the function |H̄0|
in the subharmonic case, and the function H1H̄2 in the harmonic case. The
function H̄n is easily computed. Only a few terms in the continued fraction
are needed for convergence.

As shown in Fig. 2.6, the onset amplitude of the subharmonic solution can
become higher than the harmonic solution for very small depth. This is caused
by the high dissipation of longer wavelengths in the case of small depth. This
harmonic surface response has been observed by Müller [106]. In computing
Fig. 2.6, we used the parameters values as stated in [106].
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Figure 2.4: Theoretical dispersion relation. The solid line is the exact solution
obtained in (2.34). The dash-dotted line is the infinite depth linear dispersion
relation. An expansion in the dimensionless dissipation γ, obtained later in
this chapter, is shown as the dashed line. As both curves almost coincide with
the exact solution, the inserted figure shows the percentage deviation of both
curves.

Figure 2.5: Theoretical threshold of excitation. The solid line is the exact
solution obtained in (2.34). The dash-dotted line is the small γ expansion
(2.45) keeping only the term proportional to γ. The dashed line is the full small
γ expansion. The inset shows the deviation between the small γ expansions and
the exact solution.
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Figure 2.6: Critical acceleration as a function of the excitation frequency. Solid
line: subharmonic solution. Dashed line: harmonic solution. Depth: 1mm,
ρ = 934 kg/m3, σ = 20.1 · 10−3 N/m, ν = 10 · 10−6 m2/s.

Small viscosity limiting behaviour

Again following [18], we consider the limiting behaviour for small viscosity
for subharmonic waves. It is convenient to perform the analysis in terms of
dimensionless quantities, which we define first. We start with the infinite depth
inviscid dispersion relation, which has the form

ω2
0 = gk +

σ

ρ
k3
0 . (2.39)

Dividing by ω2
0, we get

1 = G+Σ, (2.40)

with G = gk0/ω
2
0 the contribution from gravity and Σ = σk3

0/ρω
2
0 the con-

tribution from capillary forces to the dispersion relation. The case G = 1
corresponds to a pure gravity wave, while Σ = 1 is a pure capillary wave.

As we expect kc to differ little from the inviscid wavenumber k0 for small
viscosity, it is convenient to define dimensionless variables by using 1/ω0 as
the time scale and 1/k0 as the length scale. This leads to a reduced wavenum-
ber k̄ = k/k0, a viscous damping parameter γ = 2νk2

0/ω0, the dimensionless
amplitude of the excitation acceleration ∆ = fk0/4ω2

0 , and the dimensionless
linear growth rate s̄ = s/ω0.

We now proceed by expanding (2.34) in terms of the small parameter γ.
As it turns out, we need only consider H0 − f2/H1 to obtain the orders in γ
that we need. Rewriting (2.29) in terms of the dimensionless parameters, and
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keeping terms up to order γ5/2, we get

H0 − f2

H1
=

2
k̄
− 2k̄2 + 2G(k̄2 − 1)− 4ik̄γ + 2

√
2ik̄2γ3/2 − (1 + 2k̄3)γ2 −

− i
2

√
2ik̄4γ5/2 +O(γ3). (2.41)

The next step is to write k̄ = 1 + a1γ + a2γ
3/2 + a3γ

2 + a4γ
5/2, substitute it

in (2.41), and to minimize the modulus of (2.41) with respect to a0 . . . a4 to
obtain the threshold amplitude. This leads to

k̄c = 1 +
1

3− 2Gγ
3
2 − 17− 6G

2(3− 2G)2 γ
2 +

27− 2G
4(3− 2G)2 γ

5
2 + . . . (2.42)

∆c = γ − 1
2
γ

3
2 +

11− 2G
8(3− 2G)γ

5
2 + . . . . (2.43)

Figure 2.5 compares this result for the threshold amplitude to the full theoreti-
cal solution. Given these results, we can also obtain expressions for the growth
rate s̄ of the excited wave and its phase φ with respect to the excitation:

s̄ = εγ − εγ3/2

2
+ . . . (2.44)

φ =
1
2

[
−π
2
+
(
8− 3ε2(3− 2G) + 6ε(3 − 2G)

4(1 + ε)(3 − 2G)
)
γ −

−
(
16− 4ε(3 − 2G)− 3ε2(3− 2G)

8(1 + ε)(3 − 2G)
)
γ3/2 + . . .

]
, (2.45)

where ε = (f − fk)/fk) is the dimensionless distance from threshold. We see
that in terms of the frequency of the excitation, the phase is 90◦ at ε = 0.

Solution to the finite depth problem

In the case of finite depth, it is convenient to choose a different Ansatz for the
wn. We take:

wn = Pn cosh(kz) +Qn sinh(kz) +Rn cosh(qz) + Sn sinh(qz). (2.46)

The two boundary conditions (2.18) and the two null conditions at z = −h
suffice to determine the four constants Pn . . . Sn. We obtain:

Pn = ν(k2 + q2
n)ζn

Rn = −2νk2ζn

Qn = −2qRn + Pn [(k + q) cosh(h(k − q))− (k − q) cosh(h(k + q))]
2(k cosh(hk) sinh(hq)− q cosh(hq) sinh(hk))

Sn =
2kPn +Rn [(k + q) cosh(h(k − q)) + (k − q) cosh(h(k + q))]

2(k cosh(hk) sinh(hq) − q cosh(hq) sinh(hk)) (2.47)
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Figure 2.7: Finite depth dispersion relation of the subharmonic wave at a depth
of 2 and 20mm. The solid lines are the exact solution obtained by (2.34)
using the finite depth version of Hn. The dashed lines are the linear dispersion
relation (2.12). In the case of the 20mm curve, the dashed and solid lines
overlap.

The analysis proceeds exactly as in the linear case, and we again arrive at the
set of equations (2.28). However, we have a different function of Hn:

Hn =
2
k

[
−gk − σ

ρ
k3 +

−8k2ν2q(k2 + q2)
W

+

+
ν(k + q)2(4k2νq − u(k − q)) cosh(h(k − q))

W
+

+
ν(k − q)2(4k2νq + u(k + q)) cosh(h(k + q))

W

]
W = 2(k cosh(hk) sinh(hq)− q cosh(hq) sinh(hk)) (2.48)

with u = s + i(nΩ + α). The results are shown in Fig. 2.7. The shape of the
dispersion relation is clearly affected, as becomes clear from a log-log plot shown
later in Fig. 3.7. As we will see in Sec. 3.3.2, this has important implications
for the pattern formation.
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Chapter 3

Amplitude equations and
pattern formation

Faraday observed that the waves that were excited were arranged rectangularly.
While he gives an argument why this should always be the case, more recent
experiments have shown that many possibilities exist. If the dissipation is large
(a fluid with high viscosity), the preferred pattern consists of parallel stripes
[30,34,45]. The square pattern consisting of two perpendicular standing waves
which Faraday observed is found at high frequencies [19,20,34,39,80,105,128].
At lower frequencies, a hexagonal pattern consisting of three standing waves
spaced at 120◦ was found [76, 78]. Recently, it was shown that a whole series
of patterns is formed if the container is large enough [11]. Patterns found
include square, hexagonal, eightfold and tenfold, which consist of 2, 3, 4, and
5 standing waves, respectively. All waves are spaced at equal angles.

Much of the original experimental and theoretical work done in the eighties
focused on small systems, in which the pattern is determined by the shape of
the boundary [21,25,26,47,53,54,94,95,98,100,127,130]. In such systems, only
one or a few eigenmodes of the system are excited. The nonlinear dynamics of
such systems can often be reduced to a small set of ordinary differential equa-
tions which describe the evolution of the amplitude of the eigenmodes. The
interaction between modes can give rise to low-dimensional chaotic dynam-
ics, which has been found both experimentally and theoretically [53]. In the
nineties, interest changed towards large systems, and many experiments were
performed addressing questions on pattern selection and chaotic behaviour in
large systems [16,19,20,36–38,45,52,55].

On the theoretical front, attention focused on deriving an amplitude equa-
tion for the wave dynamics. The assumption is that just above the threshold
of the linear instability, the dynamics is dominated by the slow evolution of
the amplitude B of the linearly unstable mode. If only a single mode is present

25
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on the surface, the amplitude equation has the form

dB

dt
= sB − g0B3, (3.1)

where s is the linear growth rate, and g0 is the self-interaction coefficient. The
nonlinear term g0B

3 provides the saturation of the wave amplitude. There is
no B2 term, as the amplitude equation has to be invariant under the transfor-
mation B → −B. This is dictated by the invariance of the dynamics of the
pattern under a shift in time by one period of the excitation, which corresponds
to half a period of the linearly unstable waves.

Of course, due to the spatial isotropy of the Faraday wave system, many
waves with the same frequency but with different directions can be present on
the surface at the same time. In that case, the amplitude equation is

dBi

dt
= sBi − g0B3

i −
N∑
j=1

gij |Bj |2Bi, (3.2)

where the coefficients gij describe the interaction between different waves. The
challenge is to derive the interaction coefficients g0 and gij from first princi-
ples, that is, the Navier-Stokes equation. If these coefficients are known, the
preferred pattern can be obtained from (3.2), as we will show later.

The derivation of the amplitude equation is not an easy task. The first at-
tempts [98,99,102] assumed the fluid to be inviscid, in which case the analysis
is greatly simplified. The hope was that viscous effects could be included in a
phenomenological way as a perturbation. Milner [102] obtained an amplitude
equation for the inviscid infinite depth case, valid for purely capillary waves.
Although his theory does predict a square pattern above threshold, his calcu-
lation of the gij contains infinities. It was suggested by Edwards & Fauve [34]
that this was caused by resonant three-wave interactions. In the absence of
viscosity, the resonances grow to infinity. In fact, three-wave interactions play
a dominating role in the pattern forming mechanism, as we will show in this
chapter.

A calculation which includes the effect of viscosity was performed by Zhang
& Viñals [146–149]. They use the fact that in the case of an infinite system,
viscosity only plays an important role in a thin boundary layer (also called
the vortical layer) near the free surface, while in the bulk of the fluid the
flow is almost completely potential. This leads to the so-called quasi-potential
approximation, which perturbatively incorporates weak viscous effects by in-
troducing modified boundary conditions at the free surface for the otherwise
potential bulk flow. They obtained a standing wave amplitude equation valid
for small viscous dissipation. However, in order to make the problem ana-
lytically tractable, they neglected viscous terms with a nonlinear dependence
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on either the surface displacement, or on the surface velocity. Although the
uncontrolled nature of this truncation makes it difficult to assess the region of
validity of their theory, their predictions for the stability boundaries of differ-
ent patterns agree quite well with our experiments (see Sec. 5.2). Depending
on parameters, their theory predicts square, hexagonal, eightfold, and patterns
of greater rotational symmetry.

Clearly, the prediction of Zhang & Viñals is only valid near threshold and
for small viscous dissipation. Hence, when we designed our experiment to test
the predictions of their theory, it needed to work with low viscosity fluids. As
will be explained in Sec. 3.4.1, this necessarily implied that the container size L
needs to be very large. As will become clear below, another reason to consider
low-viscosity fluids is that they display much more interesting patterns.

Experiments performed by Kudrolli & Gollub [76] were in reasonable agree-
ment with the theory by Zhang & Viñals, but the eightfold pattern which was
predicted by the theory was not observed. As we will show in chapter 5, the
discrepancy is due to the small fluid depth used by Kudrolli & Gollub. As we
will show in chapter 5, our experiments show good agreement with the theory
of Zhang & Viñals.

Recently, Chen & Viñals have presented a weakly nonlinear theory of pat-
tern formation which is not restricted to small viscosity, and which does not
neglect any terms [18]. As we will show in chapter 5, the agreement of predic-
tions by this theory with our experimental results is excellent.

3.1 Weakly nonlinear theory of pattern formation

From a weakly nonlinear theory of pattern formation, we expect information on
the nonlinear interactions between modes, and hopefully information on which
particular combination of linear modes the system prefers due to the nonlinear
interactions. As single-wavenumber standing wave patterns we only consider
those where the wavevector directions are equally spaced on the circle. These
are also the experimentally observed patterns; they consist of sums of N waves
spaced at equal angles. Here N = 1 corresponds to a pattern of parallel lines,
N = 2 corresponds to two waves at a 90◦ angle (forming a square pattern),
and so on.

As discussed in the introduction to this chapter, the usual way of obtaining
information just above threshold is to look for an amplitude equation describing
slow variations of the amplitude A of an ideal pattern. In this case, the ideal
pattern consists of a sum of Fourier modes, spaced at equal angles. The Fourier
modes correspond to the most unstable modes according to linear theory.

With 2π/N the angle between two subsequent wave vectors, the first ques-
tion is which N is preferred by the system. The amplitude equation that we
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will derive can be used to answer this question. The amplitude equation has
the simple canonical form (3.2), but the computation of the coupling coeffi-
cients gij from hydrodynamics is a daunting task. We will show, however, that
in the region of parameter space with interesting patterns, these coefficients
are dominated by a simple resonance phenomenon.

As said in the introduction to this chapter, such an amplitude equation,
valid for small viscous dissipation, was developed by Zhang and Viñals [148]
in 1994. Their theory was later expanded by Chen and Viñals [18]. They
developed a systematic weakly nonlinear theory of Faraday waves with no re-
strictions on viscosity. As we will see later, their theory gives agreement with
the experiment to within the experimental uncertainties. One slight incon-
venience is the fact that in order to arrive at results, they have to rely on a
symbolic manipulation package to keep track of a very large number of terms
that arise when all the terms in the original equations of motion are kept. Nev-
ertheless, several predictions for our experiment were made using software that
was kindly supplied by Chen & Viñals. Their software is a dedicated symbolic
manipulation program written to solve the equations presented in this chapter.

In this section, we discuss the derivation of the amplitude equation as it was
performed by Chen & Viñals. The derivation is thoroughly described in [18],
and it not useful to repeat it here. Instead, we will focus on the mechanism of
the derivation and the role of viscosity, and stress items that are of interest for
our experiments.

The derivation of the amplitude equation as formulated by Chen & Viñals
is discussed in 3.1.2, where we put emphasis on the quantities that can be
measured in the experiment. Section 3.3 clarifies the role of wave-interactions
by introducing a new model which captures the main phenomena while being
conceptually very simple. Finally, Sec. 3.4 discusses the effects of the finite size
of the experiment on the pattern formation.

3.1.1 Solution strategy

The basic idea of the applicability of an amplitude equation is that just above
threshold, the dynamics of the linearly unstable waves can be described by
the slow variation of their amplitudes. The notion “slow” is central here; it
is opposed to the “fast” dynamics of the waves themselves, which of course
oscillate at frequency Ω/2. We can separate the timescales by introducing a
“slow” timescale T = εt, where ε is the dimensionless distance from threshold
introduced before. For a general introduction on the method of separation of
timescales, see [68] and references therein.

To derive the amplitude equation, the flow field, the equations of motion
and the boundary conditions are expanded in powers of ε. The equations are
then solved order by order in ε. At the order ε1/2, the equations reduce to the
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linear problem that was solved in Sec. 2.2.2. The solution to the flow field at
this order is denoted as ζ0 and w0, where ζ0 is the vertical displacement, and
w0 is the vertical component of the velocity field. The solutions ζ0 and w0 are
used to solve the flow field at order ε. The solution at this order is termed
ζ1 and w1. The solution consists of waves that were produced by two linear
waves through nonlinear interactions. At order ε3/2, there appears a so-called
solvability condition, which leads directly to the desired amplitude equation.

3.1.2 Derivation of the amplitude equation

In this section, we present a short version of the derivation of the amplitude
equation described in [18]. We include it here to make the text more self-
contained.

As a first step, both the flow field and the surface elevation are expanded
in ε

u = ε
1
2u0 + εu1 + ε

3
2 u2 + · · · (3.3)

ζ = ε
1
2 ζ0 + εζ1 + ε

3
2 ζ2 + · · · . (3.4)

where we have anticipated the fact that the leading order of the expansion
is ε1/2. This can be understood from the following argument: from the linear
analysis, we know that the growth rate s of a wave is s = ω0γε. At the threshold
of the instability, we expect the amplitude of a single wave to be described by
(3.1). At the steady state it follows that the amplitude B = (s/g0)1/2, so the
amplitude of the wave B scales with ε1/2.

Note that the expansion is in ε only, the dissipation is not required to be
small. Fast and slow time scales are separated by introducing the slow time
scale T = εt. Differentiation with respect to time becomes ∂t → ∂t + ε∂T .
As we only consider spatially uniform patterns without spatial variations, we
assume a single spatial scale. Consequently, the result of our analysis will
be a nonlinear ordinary differential equation. We proceed by substituting the
Ansatz (3.4) in the equations of motion, and collect terms with the same order
of ε.

3.1.3 Solution at increasing orders of ε.

At order ε1/2, only the linear terms remain, so we can use the solutions to
the linear problem introduced in Sec. 2.2.2. As we said before, we will consider
solutions that consists of a linear combination of the most unstable waves, with
wavevectors kn equally spaced on the circle and with magnitude |kn| = kc, so
we write

w0 =
∑
m

cos(km · x)Bm(T )
∑

j=1,3,5,···
e

ijΩt
2 wj

0(z)Aj + c.c. (3.5)
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ζ0 =
∑
m

cos(km · x)Bm(T )
∑

j=1,3,5,···
e

ijΩt
2 Aj + c.c.. (3.6)

The Bm(T ) are the (real) amplitudes of the waves, which depend only on the
slow timescale T . The Aj are the same as in (2.30), where we have put the
absolute amplitude of A0 to one. The velocity components in the x and y
directions can be easily found using the equation of continuity ∇ · u = 0 as
demonstrated in Sec. 2.2.2.

At order ε, the equation of motion becomes(
∂t∇2 − ν∇2∇2

)
w1 = [∇×∇× (u0 · ∇)u0] · êz. (3.7)

If we substitute the linear solution, we obtain for the right-hand side of (3.7)

∑
mn

′
cos ((km ± kn) · x)

∑
j=0,1,2,···

eijΩthj(z), (3.8)

where the accented summation is over all possible combinations of kn and km

except those for which either (kn + km) or (kn − km) is zero. The hj(z) are
combinations of exponential functions in z that also contain the wave ampli-
tudes Bm. For later reference, observe that the right-hand side is a term with
lowest frequency Ω, which forces the linear oscillator on the left-hand side.

A particular solution wp
1 to (3.7) can be found by simple integration. That

this is easily done is caused by the fact that the right hand side of (3.7) consists
of a periodic function in x and exponential functions in z and t.

The homogeneous solution wh
1 and the solution for ζ1 can now be written

down as

w1h =
∑
mn

′
cos ((km ± kn) · x)

[ ∑
j=1,2,3,···

eijΩt
(
e|km±kn|zαj±

mn + er
j±
mnzβj±

mn

)

+c.c. + e|km±kn|zα0±
mn + ze|km±kn|zβ0±

mn

]
,

ζ1 =
∑
mn

′
cos ((km ± kn) · x)

[ ∑
j=1,2,3,···

eijΩtδj±mn + c.c. + δ0±mn

]
, (3.9)

where
(
rj±mn

)2
= |km ± kn|2 + ijω/ν. The constants αmn, βmn and δmn are

found by demanding that (3.9) obeys the boundary conditions.
The boundary conditions at this order can be found in [18]. Using the

boundary conditions, we obtain a matrix equation for the unknowns αmn, βmn,
and δmn. The three boundary conditions suffice to solve for the unknowns. As
the number of terms very quickly becomes prohibitively large (on the order of
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several thousand) a symbolic manipulation package is employed to solve for
the unknowns. This is done using a simple Gaussian backwards elimination
procedure.

At order ε3/2, the equation of motion is(
∂t∇2 − ν∇2∇2

)
w2 = −∂T∇2w0 + {∇ ×∇× [(u0 · ∇)u1 + (u1 · ∇)u0]} · êz.

(3.10)
In order to obtain the amplitude equation, we need only to consider resonant
terms at this order. By resonant terms, we mean terms that couple back to the
linearly unstable waves, and which therefore may change the amplitude of the
linear waves. We will consider terms proportional to cos(k1 · x). Proceeding
as before, the right-hand side of (3.10) yields

cos(k1 · x)
∑

j=1,3,5,···
e

ijΩt
2 Ej(z), (3.11)

where the Ej(z) are combinations of exponential functions. We have used the
solutions u0, u1, ζ0, and ζ1 already determined. Again the particular solution
Ep

j (z) to (3.10) is easily obtained by integration. The solutions for w2 and ζ2
are

w2 = cos(k1 · x)
∑

j=1,3,5,···
e

ijΩt
2

[
Ep

j (z) +
(
aje

kz + bje
qjz
)
Cj

]

ζ2 = cos(k1 · x)
∑

j=1,3,5,···
e

ijΩt
2 Cj

Here ajekz+bjeqjz is the homogeneous solution for the depth dependence, which
has the same form as the linear solution. Again, we use the boundary conditions
[18] to solve for the three unknowns. Using the kinematic and tangential stress
boundary condition, and using a symbolic manipulation package, we obtain
the following equations for the aj and bj

ajCj = ν(k2 + q2
j )Cj + Ea

j

bjCj = −2νk2Cj + Eb
j .

The Ea
j and E

b
j are lengthy expressions involving the amplitudes of the waves

Bm.
We now substitute the solutions for w2 and ζ2 into the normal stress bound-

ary condition. This gives

H1C1 − f0C
∗
1 − f0C3 = F1,

H3C3 − f0C1 − f0C5 = F3,
H5C5 − f0C3 − f0C7 = F5, . . .
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The left-hand side of this equation is the same as in (2.28). The Fn on the
right-hand side are functions of Bm and dB1/dT . Solving for Cj in the same
way as the linear threshold, gives

H̄1C1 − f0C
∗
1 = F1 +

f0

H̄3

(
F3 +

f0

H̄5
(F5 + · · ·)

)
≡ F, (3.12)

with H̄j defined as

H̄j = Hj − f2

Hj+2 − f2

Hj+4− f2

Hj+6−···

. (3.13)

Note that whereas in the linear stability analysis we used j to denote the
number of the harmonic exp(i(jΩt+α)), where α was equal to Ω/2 in the case
of subharmonic response, we now use j to count the number of the subharmonic
exp(i(jΩt)/2).

3.1.4 The amplitude equation

From the linear stability analysis, we know that the threshold of the linear
instability is given by f0 = |H̄1|. If we multiply (3.12) with H̄∗

1 , and add to it
the complex conjugate of (3.12) multiplied by f0, we arrive at

FH̄∗
1 + F ∗f0 = 0. (3.14)

As F is a function of Bm and dB1/dT , this condition leads to a standing wave
amplitude equation for B1,

dB1

dT
= sB1 − g0B3

1 −
∑
m	=1

g(Θm1)B2
mB1. (3.15)

In this equation Θm1 is the angle between k1 and km. The coefficient s
is the linear growth or decay rate of the mode, which was found in the linear
analysis. The coefficient g(Θ) describes the nonlinear interaction between the
linearly unstable modes. The coefficient g0 describes the interaction of a wave
with itself. The nonlinear term provides a saturation mechanism for the wave
amplitudes. The shape of the amplitude equation (3.15) is in fact very general,
and is dictated by symmetry arguments, as we stated in the introduction to
this chapter. The whole lengthy derivation accumulates in the interaction
coefficient g(Θ). We will have to say more about this function in Sec. 3.3.

Chen and Viñals note that even in the limit of small viscosity, one has to
incorporate the rotational flow explicitly in order to arrive at the correct form
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Figure 3.1: Graph of g(Θ)/g0 for different values of Σ. The value Σ = 0
corresponds to a pure gravity wave, Σ = 1 corresponds to a pure capillary
wave.

for the nonlinear term in the amplitude equation. This goes against former
low viscosity approximations, which were based on the observation for the lin-
ear stability analysis, the rotational flow contributes terms of order ν3/2, while
the irrotational flow contributes terms of order ν. Hence, in the case of the
linear stability analysis it is justified to neglect the rotational flow component
for small ν. Looking at the expression for the threshold of linear instability
for small dissipation (2.43), it is known [18,106], that the rotational flow con-
tributes terms of order γ3/2 to the linear threshold, while the rotational flow
contributes terms of order γ.

However, things are different in the weakly nonlinear theory of pattern
formation. In a direct computation, Chen and Viñals checked that both con-
tributions to g(Θ) are of order ν at small ν. Therefore, one cannot get the
right form of the amplitude equation if only the irrotational flow is considered.

To get a feel for the shape of g(Θ), we have computed it in several regimes,
ranging from the limit of pure gravity waves Σ = 0 (see Sec. 2.2.2) through
the mixed gravity-capillary regime to the limit of pure capillary waves, Σ =
1. The results are plotted in Fig. 3.1. Note the large peak that is present
in the capillary-gravity regime, which is the result of a three-wave resonance
phenomenon that we will discuss in Sec. 3.3.

It may already be anticipated that the resonance peaks of the coupling
function g(Θ) play a key role in determining the preferred pattern. Below, we
will explain the nature of this resonance. As with any resonance, its sharpness
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Figure 3.2: Graph of g(Θ)/g0 for different values of the dimensionless dissipa-
tion γ, at Σ = 0.5. (1) γ = 0.018, (1) γ = 0.037, (1) γ = 0.073.

is dulled when the viscous dissipation increases, as is illustrated in Fig. 3.2.

3.2 Pattern formation

We have obtained a standing wave amplitude equation that describes the slow
variations of the amplitude of the linearly unstable modes. In order to compare
with experiments, we would now like to obtain a prediction for the preferred
pattern at threshold.

First, note that (3.15) can be written in gradient form as

dBn

dT
= − ∂L

∂Bn
, (3.16)

in which L is the Lyapunov function given by

L = −1
2
s
∑
n

B2
n +

1
4

∑
m

∑
n

g(Θmn)B2
mB

2
n, (3.17)

where g0 = g(Θnn) which equals half the value of g(Θ→ 0) (otherwise it would
be counted twice).

From (3.16), the time derivative of L is

dL
dT

=
∑
n

∂L
∂Bn

dBn

dT
= −

∑
n

(
dBn

dT

)2

≤ 0, (3.18)
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so we see that the dynamics of the system acts to minimize L. Therefore, the
only possible asymptotic states have stationary amplitudes. Necessarily, those
states correspond to minima of the Lyapunov function.

The previous argument leaves aside the important question whether the
resulting patterns are actually stable with respect to spatial modulations of
the amplitude. This question was partially answered by Zhang & Viñals [150],
who show that a numerical integration of the quasi-potential approximation of
the governing equations yields patterns that are stable with respect to spatial
perturbations.

Our interest is in patterns consisting of N waves with wavevectors equally
spaced on the circle. For these patterns, the wave amplitude can be found by
putting dB1/dT = 0 in (3.15). We obtain1

B2
n =

s

g0 +
∑

m	=n g(Θmn)
, n = 1 · · ·N. (3.19)

Substituting the solution for the amplitudes Bn (3.19) in (3.17), we get for L
as a function of N

L(N) = −s
2

4
N

g0 +
∑N

m=2 g(Θm1)
. (3.20)

To facilitate the computation of L, we note that we are only interested in the
minimum of L, and not in its absolute value. We may therefore multiply by g0
and divide by s2/4, so we get

L′(N) = − N

1 +
∑N

m=2
g(Θm1)

g0

, (3.21)

which we have to minimize.
The computed values using the parameters of our experiment are shown in

Fig. 3.3. We see that for high frequencies, the N = 2 state is preferred. How-
ever, as the excitation frequency is lowered, patterns of higher N are preferred.
For very low excitation frequencies (≈< 21Hz) the pattern with N = 3 be-
comes preferred once again. The predicted values for the cross-over frequency
for the different patterns (for the fluid used in our experiment) are found to
be:

Transition Frequency
2 → 3 35.4 Hz
3 → 4 28.7 Hz

1In principle, the quantity Bn is open to experimental investigation. However, the exper-
imental technique that we will describe in the next chapter is only sensitive to the local slope
of the pattern. As in general we do not know the spatial phase of the pattern, we cannot
deduce the amplitude of the wave from the knowledge of the slope on one point.
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Figure 3.3: Value of the Lyapunov functional L′ for patterns of different sym-
metry. The values for viscosity, surface tension, and density are those of the
fluid used in the experiment (see Sec. 4.2.2). The curves belonging to patterns
consisting of 1, 2, 3, 4, 5, and 6 waves are shown.

Although the curve for 5 waves never comes below the curve for 4 waves, they
come very near each other around 26Hz. In fact, at 26.0 Hz, the difference is
smaller than 1%.

To get a better understanding of the effect of different fluid parameters on
the preferred patterns, we are interested in the phase diagram spanned by the
dimensionless damping γ and the dimensionless capillary part of the dispersion
relation Σ, both introduced in Sec. 2.2.2. The results are shown in Fig. 3.4. We
see that the regions of preferred patterns show a beautiful nested structure in
the Σ-γ plane. The dashed line in Fig. 3.4 is the path that we follow through
parameter space with our experiment, which follows from the specific values
for the surface tension, density, and viscosity pertaining to the fluid we use
(see Sec. 4.2.2), and from the range of frequencies we probe in the experiment.
It is striking that the curves for higher N all converge at the point Σ = 1/3.
This behaviour will be explained in Sec. 3.3.2.

3.3 Wave interactions and their role in pattern for-

mation

In this section, our aim is to put the results of the former section on a more
intuitive footing. We will show that the pattern forming mechanism in Faraday
waves can be understood in terms of interactions between the linearly unstable
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Figure 3.4: Phase diagram of selected pattern as a function of the dimensionless
damping γ and the capillary contribution to the dispersion relation Σ. The
dashed line is the path that we take through phase space in our experiment (see
Sec. 5.2). For higher N , the regions converge toward Σ = 1/3. For smaller
dissipation, more of these patterns will be found in the experiment.

waves. Partly as a counterbalance to the complex mathematical derivation of
the pattern forming behaviour in the latter section, we introduce a simple toy
model that captures the main pattern forming mechanism.

3.3.1 Triad interactions

We start out by having another look at the solution of the flow field at order
ε. The equation of motion at this order is (see Eq. (3.7))(

∂t∇2 − ν∇2∇2
)
w1 = [∇×∇× (u0 · ∇)u0] · êz, (3.22)

It is well known that in a hierarchy of approximations as we performed in
Sec. 3.1.3, a solution at a particular order reappears as a forcing term at the
next higher order. In this case, the term [∇ × ∇ × (u0 · ∇)u0] · êz in (3.22),
which is known once the solution u0 (the solution at order ε1/2) is known, acts
as a forcing term to the left-hand side of (3.22). Substituting the solution for
u0 found in Sec. 3.1.3, we get for this forcing term∑

mn

′
cos ((km ± kn) · x)

∑
j=1,2,···

eijΩthj(z). (3.23)

This term forces a wave with wavevector km ± kn and frequency Ω = 2ω0.
So, if we have two linearly unstable waves k1 and k2, they will provide the
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Figure 3.5: The waves k1 and k2 produce a wave at k1 + k2.

forcing of a third wave at k3 = k1 ± k2 and frequency 2ω0 (see Fig. 3.5). If
the frequency and the wavenumber of the forcing obey the dispersion relation,
that is, if 2ω0 = ω(k1 ± k2), the wave at k3 is driven at its eigenfrequency,
and it will absorb energy from the waves k1 and k2. In this way, energy can
flow from the linearly unstable waves to waves that are generated by nonlinear
interactions, where the energy is dissipated effectively.

At the next higher order, the wave at k3, combined with other waves, itself
acts as a forcing term. There is one special combination of interest, which
is when the wave k3 couples with −k2 to produce a forcing of a wave at
k3 + (−k2) = k1, so the wave k3 couples back to the linearly unstable wave
k1. From (3.11), we can see that this happens at order ε3/2.

Let us look at the amplitudes of the waves. If the linearly unstable waves
k1 and k2 have amplitudes B1 and B2, respectively, the wave k3 will have an
amplitude proportional to B1B2, as it is a forced oscillator with its forcing term
proportional to B1B2. The wave k3, together with the wave −k2, provides a
forcing of a damped oscillator at k1, so the amplitude of the wave produced
at k1 will be proportional to B2

2B1. This is the cause of the contribution
proportional to B2

nB1 in the amplitude equation for B1 (3.15). The origin
of this term becomes clear from a simple energy consideration presented in
Sec. 3.3.3.

The strength of this dissipative effect depends strongly on the angle between
k1 and k2. In general, the nonlinearly produced wave at k1 + k2 is not a free
wave, i.e., it does not obey the dispersion relation ω(k1 + k2) �= 2ω0. If this is
the case, energy transfer to k3 is ineffective, and the dissipative effect is small.
However, if the wave does obey the dispersion relation, resonance occurs, and
energy is transported directly in the k3 wave.
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Figure 3.6: The shape of the dispersion relation determines the resonance angle.
(a) dispersion relation of decay type (see text). In (b), the solid line is a
dispersion relation that scales as ω ∝ k. The dashed line is of non-decay type.

Another way to put this is that in three-wave interactions, momentum and
energy conservation demand

ω1 + ω2 = ω3 (3.24)
k1 + k2 = k3. (3.25)

If the wave k3 obeys the dispersion relation, we also demand

ω(k1) + ω(k2) = ω(k3). (3.26)

At low damping, the wave k3 can reach an appreciable amplitude. As km+kn

couples back to −kn, this effect provides an efficient dissipation channel for
the mode kn. This effect, called triad resonance or three-wave resonance,
is responsible for most of the shape of the interaction function g(Θ) in the
amplitude equation (3.15). Triad resonance produces a large peak in g(Θ).

3.3.2 Conditions for resonance

When does resonance occur? The first ingredient is the angle between two
linearly unstable modes. The frequency of the nonlinearly generated mode
is fixed at 2ω0, but by varying the angle Θ between the primary waves, the
wavenumber k3 can be varied.

The second ingredient is the shape of the dispersion relation. Fig. 3.6(a)
shows how the shape of the (convex) dispersion relation determines the res-
onance angle ΘR. The wavenumber of the sum wave k3 can be adjusted by
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changing the angle Θ. If Θ = ΘR, the wave k3 has the wavenumber that
corresponds to the frequency 2ω.

Fig. 3.6(b) shows two dispersion relations, the drawn line scales as ω ∝ k,
while the concave dashed line scales as ω ∝ kp with p < 1. In the case of the
linear scaling ω ∝ k, the resonance angle Θ = 0, and the waves k1 and k2

have to be parallel to each other. If the scaling exponent p is smaller than one,
meaning that the dispersion relation is concave, the waves k1 and k2 cannot
add up any more to the desired wave length, and three-wave resonance is not
possible.

Dispersion relations are classified according to their scaling properties. Dis-
persion relations that scale as ω(k) ∝ kp with p > 1 (convex) are called of
decay type, whereas if p < 1 (concave) the dispersion relation is said to be of
non-decay type2. Dispersion relations of decay type allow resonant three-wave
interactions as demonstrated in Fig. 3.6. For pure gravity waves, the dispersion
relation is ω = (gk)1/2, so gravity waves are of non-decay type. However, for
pure capillary the dispersion relation is ω = (σ/ρ)1/2k3/2, so capillary waves
are of decay type. The change of the dispersion relation from non-decay to
decay type when going to higher frequency (corresponding to a change from
concave to convex) has great implications for the pattern formation, as we will
see shortly.

We recall that the inviscid dimensionless dispersion relation for the most
unstable wave (ω = Ω/2, k = k0) (see Eq. 2.40), is given by

1 = G+Σ. (3.27)

For other waves, ω∗ = ω/ω0, k∗ = k/k0, it becomes

ω∗2 = Gk∗ +Σk∗3. (3.28)

The resonant wave has frequency ω∗ = 2, and the resonant wavenumber
k∗R = |km + km|/k0 obeys k∗R(G + Σk

∗
R

2) = 4. If ΘR is the resonant angle
between km and km, we have k∗R = 21/2(1 + cos(ΘR))1/2. For the resonance
condition, we obtain

2
1
2 (1 + cos(ΘR))

1
2 [G+ 2(1 + cosΘR)Σ] = 4. (3.29)

Using G+ Σ = 1, we see that the critical angle ΘR becomes zero at Σ = 1/3.
Indeed, for Σ < 1/3, the equation has no solution, so that no resonant angle
exists and consequently triad resonance is not possible in the gravity regime.

Depth dependence of the dispersion relation

In the case of Faraday waves, the dispersion relation is dependent on the depth
of the fluid layer. As can be seen in Fig. 3.7, the change is quite dramatic for

2The name “decay type” stems from a particle analogy; the wave k3 decays in two waves
k1 and k2.
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Figure 3.7: Finite depth dispersion relation for various fluid depths shown in
log-log plot, calculated with (2.48). The lines for 2, 3, 4, 10, and 20mm are
indicated in the figure; the top line corresponds to infinite depth. The straight
line segment shows the scaling ω ∝ k.

small depths. The thing to notice is that for small depths, a larger portion of
the dispersion relation is of decay type. This has a large effect on the resonance
angle. The resonance angle as a function of Σ for different depths is plotted
in Fig. 3.8. The different position of the resonance angle means a shift of the
peak in g(Θ), and this means that the transitions between patterns will occur
at different frequencies.

What is the relevance of wave-interactions for pattern formation? The
system chooses the state that minimizes its Lyapunov functional. The value
of this functional is determined only by the function g(Θ) and by the number
of waves N . From (3.20) we see that for a given N the absolute value of
the Lyapunov function becomes smaller when the sum over the g(Θ) becomes
larger. The value of the Lyapunov function therefore becomes less negative,
thereby making the configuration less favourable.

So a g(Θ) with a peak at Θp, say, will tend to disfavour patterns with
waves that are separated by the angle Θp. Note that the absolute value of
the function g(Θ) is not important, it is the relative difference at different
angles that matters. The peak of g(Θ) changes its position as a function of
the excitation frequency, thereby disfavouring different patterns. A change of
depth also changes the dispersion relation, and with that the position of the
peak in g(Θ).

The phase diagram of Fig. 3.4 is characterized by a nested structure of
patterns of increasing rotational symmetry which converges to N = ∞ at
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Figure 3.8: Resonance angle ΘR as a function of Σ for different depths of the
fluid. Curves for depths of 2, 3, 4, and 20mm are shown.

Σ = 1/3, where the resonance angle becomes zero. This structure can be
understood by considering the coupling function g(Θ) for low dissipation at
Σ = 1/3, as shown in Fig. 3.9. As the resonance angle is zero, g(0) is large,
which leads to a small value of g(Θ)/g(0) for a large range of Θ. Recalling
the shape of the Lyapunov function (3.21), we see that with increasing N , the
term

∑N
m=2 g(Θm1)/g0 increases slower than the term N , which means that

the value of the Lyapunov function is decreasing for higher N . So indeed we
expect patterns with high N to be favoured when the resonance angle is close
to zero.

3.3.3 A toy model

To illustrate the main mechanism responsible for pattern formation in Faraday
waves, we introduce a toy model. In the model, we want to capture the fact
that wave interaction is primarily a resonance phenomenon.

Tree-wave interactions are the result of quadratic nonlinearities. Through
the nonlinear terms, two waves with amplitude Ak1 and Ak2 (subsequently
called wave 1 and 2) and frequency Ω/2 force a third wave (wave 3) with
amplitude Ak3 . The wave amplitude ζk3 satisfies the equation of the driven
damped harmonic equation:

ζ̈k3 + µ(k3)ζ̇k3 + ω2
0(k3)ζk3 = cAk1Ak2 cos(Ωt) (3.30)

where µ(k3) is the damping of wave 3, ω(k3) is the frequency of wave 3 according
to the dispersion relation and c a prefactor. The linear equation for Ak3 is
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Figure 3.9: Coupling function g(Θ)/g(0) as a function of the angle Θ at Σ =
1/3, where the resonance angle is equal to zero. Dissipation γ = 0.002.

forced by a term that is proportional to Ak1Ak2 and has a frequency equal
to the sum of the frequencies of the waves 1 and 2. To simplify, we take
Ak1 = Ak2 . As this is a simple forced resonator, the amplitude of Ak3 is equal
to

Ak3 =
cA2

k1√
(ω0(k3)2 − Ω2)2 + µ(k3)2Ω2

. (3.31)

We proceed by observing that in the case of dynamical equilibrium, the energy
lost by wave 3 comes from the waves 1 and 2.

As we will neglect the possibility of wave 3 spawning waves with yet shorter
wavelengths, its main decay mechanism is viscous dissipation. For an undriven
wave, the energy decays as

dE

dt
= −µ(k3)ζ̇k3 . (3.32)

Averaged over one cycle of the excitation, this is

∆E = −µ(k3)
1
2
A2

k3

= −
1
2c

2µ(k3)Ω2A4
k1

(ω(k3)2 − Ω2)2 + µ(k3)2Ω2
, (3.33)

which describes the energy loss of wave 3 per unit of time.
In the steady state, the energy lost by wave 3 is replenished by waves 1

and 2. The wave 1 is viewed as a linear damped oscillator with cycle-averaged
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energy proportional to ω2ζ2,

Ek1 =
1
8
Ω2A2

k1
, (3.34)

The energy changes because of dissipation of its daughter wave at k3. Thus

dEk1

dt
=
1
4
Ak1Ω

2Ȧk1 = −
1
2c

2µ(k3)Ω2A4
k1

(ω(k3)2 − Ω2)2 + µ(k3)2Ω2
, (3.35)

from which follows

Ȧk1 = −
Cµ(k3)A3

k1

(ω(k3)2 − Ω2)2 + µ(k3)2Ω2
≡ β(Θ)A3

k1
. (3.36)

This equation has the general form of the amplitude equation (3.15). Of course,
the term describing the linear growth of the waves is missing as it was not
incorporated in (3.35). In (3.36) we can identify the coupling function, but
only up to an unknown prefactor.

Through a simple energy argument (3.36) illustrates that the saturation
term in the amplitude equation does its work by resonantly coupling waves to
waves k3, which are then directly dissipated. Of course, this is an overly simple
model and many details are not right. However, as it embodies the three wave
resonance in a correct way, we expect it to work best for pattern formation
where these resonances are crucial.

The function β(Θ) describes the strength of interaction between two waves
separated at an angle Θ. In the case of standing waves, we also have the
complement angle, so we take our coupling function to be

g(Θ) = β(Θ) + β(π −Θ) (3.37)

As before, we are interested in the function g(Θ)/g0, such that the unknown
constant C becomes irrelevant. This function is shown in Fig. 3.10, where we
have used µ(k3) = 2νk2

3 as the viscous dissipation.
In comparison with the (exact) coupling function of Fig. 3.1 we see that

our simple model shows similar resonant behaviour, but the vertical scale is
off by an order of magnitude. Although it will not correctly predict surface
heights, we expect that our model will correctly predict pattern formation near
resonance. To demonstrate this, we compute the phase diagram of pattern
formation in the same way as in Sec. 3.2. The phase diagram of our model is
shown in Fig. 3.11.

The phase diagram of the toy model shows the same accumulation of pat-
terns of increasing rotational symmetry around Σ = 1/3 as the full theory.
However, the phase boundaries of N = 1 and N = 2 states are not predicted
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Figure 3.10: Function g(Θ)/g0 resulting from the toy model for different values
of Σ.

Figure 3.11: Phase diagram of pattern formation resulting from the toy model
for infinite depth. The favoured number of waves N is indicated in each region.
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correctly. This is not unexpected, as the patterns with low rotational symme-
try are also determined by the details of the coupling function far away from
the resonant peaks. In contrast, we saw in Sec. 3.3.2 that near the point of
zero resonance angle, most of the coupling function tends to zero due to the
dominance of g(0), so the details of the function do not matter.

The full nonlinear theory does not incorporate depth, and cannot be easily
extended to include it. With our toy model, we can investigate the influence
of depth on the pattern formation. The only change is that we have to use
the finite depth dispersion relation in computing the interaction function g(Θ).
The results are shown in Fig. 3.12.

We see that the point where the patterns of higher N concentrate, shifts
to smaller values of Σ, which corresponds to lower excitation frequencies. We
also see the appearance of a second series of patterns at very low frequencies.
However, it is not clear if this behaviour is to be trusted. It is not easy to
check this experimentally, as the frequencies needed are very low, so a very
large experiment is needed. With our present set-up, this regime cannot be
reached.

3.4 Finite size effects

The most important effect of a finite size container is mode quantization. As-
suming a contact angle of 90◦ (see Sec. 5.3), the fluid surface can be expressed
as a sum of eigenmodes. In the case of a square container of size L with a
pinned boundary condition, these modes are

Sl,m = cos(
lπx

L
) cos(

mπy

L
), (3.38)

in which l and m are the number of half-waves in the x and y directions,
respectively. The wavenumber kl,m of these modes is given by

k2
l,m =

π2

L2
(l2 +m2). (3.39)

In the case of a circular container of radius R, the eigenmodes are given by

Sl,m = Jl(kl,mr) cos(mθ), (3.40)

where Jl is the Bessel function of order l and the allowed wave numbers
are determined by the demand for the 90◦ contact angle, i.e., the derivative
J ′
l (kl,mR) = 0. The modes are labeled by m, which is the number of angular
nodes, and l which is connected to the number of radial nodes.

In the limit of a small container, often only a few modes are excited. As
stated in the introduction of this chapter, much research has focused on this
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(a) (b)

(c) (d)

(e) (f)

Figure 3.12: Phase diagram γ−Σ of pattern formation for various values of the
depth. Depths: (a) infinite depth, (b) 5mm, (c) 4mm, (d) 3mm, (e) 2.5mm,
and (f) 2mm. The axis are the same in all figures, and have been indicated in
the bottom-left figure.
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regime [21]. It is often possible to derive ordinary differential equations for the
amplitude of the modes, making it possible to study the interaction between a
few modes. Chaos has been observed in such systems.

On the other hand, the theory for pattern formation is valid only for an
infinite system. In order to compare pattern formation in an experimental set-
up with the theory valid for infinite systems, mode quantization is an unwanted
feature. One solution would seem to be to increase the viscosity, thus decreasing
the effect of the boundaries. However, as we have seen, this also destroys the
interesting sequence of quasi-patterns. An other solution is to make the system
very large, so the influence of the boundaries and thus the mode quantization
can be neglected. The question how large is large enough is answered in the
next section.

It is important to stress that the size of the system does not create a
limitation for the number of waves N that make up a specific pattern. As we
will see, however, the patterns of higherN happen to be preferred at frequencies
where the size of the system becomes important, and will therefore be hard to
observe in the experiment.

3.4.1 The size of the system

In this section we consider several aspects of the size of the container. All the
numerical computations made in this section were performed using the theory
discussed in Sec. 2.2.2.

In experiments on Faraday waves, there are three natural sizes which are
important. The lateral size of the system L, the wavelength λ, and the cor-
relation length ξ, which may be defined as ξ = 2π/∆k. Here ∆k is the band
of wavenumbers which are unstable to infinitesimal perturbations, as shown in
Fig. 3.13(a).

The correlation length measures the distance over which the pattern is
correlated, and therefore measures the size of ‘patches’ of pattern with possibly
different orientations and spatial phases. The aspect ratio, which is a measure
for the number of different ‘patches’ is therefore properly defined as L/ξ, and
not by the ratio of L and the wavelength λ. At ε = 0, when the band of unstable
wavenumbers has zero width and is just the dashed circle in Fig. 3.13(a), the
correlation length diverges.

The width of the band of unstable wavenumbers ∆k grows as ∆k ∝ ε1/2,
and accordingly the correlation length decreases as ∆k ∝ ε−1/2. Due to the
sidewall boundary condition, the available modes are on a periodic lattice in
k-space with mode spacing π/L (see Fig. 3.13(a)). The most interesting as-
pect of pattern formation is its evolution through intrinsic nonlinearities, unre-
strained by boundaries. This will occur when the width of the band of unstable
wavenumbers becomes equal to the mode spacing ∆k, or when the correlation
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Figure 3.13: The effects of mode quantization. (a) shows a picture of k-
space for the square container. The dashed circle corresponds to the unstable
wavenumber k0 at ε = 0. For ε > 0, there is a band of unstable wavenumbers
of width ∆k, which is the region between the drawn circles. The grid points
are the allowed wavevectors, and only the modes in the unstable region, desig-
nated by black dots, will be excited. What is not shown in this picture is the
widening of the grid points themselves when ε > 0. For small ε, a mode with
given wavenumber k is unstable in an approximately parabolic region. Figure
(b) shows two such regions, separated at a distance π/L. The width of the
tongue therefore grows as ∆k ∝ ε

1
2 . The open circles correspond to the open

circles in figure (a). Note that both are at (roughly) the same wavenumber.
The dashed line indicates the value of ε where the two regions start to overlap,
effectively creating a continuum in k-space.

length becomes smaller than the system size L. In this respect, we note that
in the small-scale experiments mentioned in the introduction to this chapter,
the correlation length is always much larger than the size of the system, so
the waves is these systems are always correlated over the whole extend of the
system.

In Fig. 3.14 we show the ratio of the correlation length and the wavelength
λ as a function of ε, for different values of the excitation frequency. One
can think of ξ/λ as the number of waves in one ‘patch’. The solid line in
Fig. 3.14 corresponds to ξ = L, e.g. where the correlation length is equal to
the size of the system. The intersection of this line with lines of constant
frequency indicates, for a certain ε, for which frequency the correlation length
is just the container size. For example, the line for an excitation frequency
of 20Hz shows that for ε = 0.1, the correlation length is about 70 times the
wavelength. As the wavelength for this frequency is about 2 cm, this means
that the correlation length is about 1.4 meters! Even at ε = 0.4, which is
already in the disordered regime, the correlation length is still about 60 cm,
which is quite prohibitive for an experiment. On the other hand, at 100Hz,
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Figure 3.14: The ratio of the correlation length ξ and the wavelength λ for dif-
ferent values of the excitation frequency. The dashed lines correspond (from bot-
tom to top) to 100, 50, 30, and 20Hz, respectively. The solid line corresponds
to ξ = L, where L is the size of the system (in our experiment L = 440mm).

the correlation length equals our system size (440mm) already at ε = 0.05.
Clearly, the fact that all the interesting pattern formation happens around
30Hz demands a very large experiment.

Although the system has a continuum of modes available above some ε, the
spatial phase that is allowed for the modes is not continuous; the 90◦ contact
angle at the sidewalls provides a “phase rigidity” at the sidewalls. Therefore,
the position of the sidewalls is felt in a large region of the container, even though
the modes may be continuous. Even for high ε (in the disordered regime), this
may lead to non-trivial time averages [15,35,51,52,109].

3.5 Conclusion

In this chapter we have presented the weakly nonlinear theory for the Faraday
system. We have shown that the amplitude equation that describes the evo-
lution of the waves above threshold is dominated by the function g(Θ), which
describes the interaction between waves. The function g(Θ) in its turn is domi-
nated by the possibility of resonant interactions. The linear dispersion relation
was found to have a large influence on the pattern formation because the shape
of the dispersion relation determines the resonant angle between waves. We
introduced a toy model which illustrated that the mechanism of pattern for-
mation through resonant wave interactions can be understood from a simple
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energy consideration. Finally, we discussed the effects of the finite size of the
system on pattern formation.
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Chapter 4

The experimental set-up

An accurate check of the validity of the weakly nonlinear theory of pattern
formation described in chapter 3 puts stern demands on the design of the
experiment. First of all, the theory is “weakly nonlinear”, meaning that it is
valid only just above threshold of the linear instability. We therefore need very
good control over the dimensionless distance from threshold ε. Both spatial
variation of ε over the container, and slow variation of ε in time have to be
avoided with great care. That the long-time stability of the experiment is
important stems from the fact that at small ε the dynamics experiences a
“critical slow-down”, meaning that the slow time scale diverges. In order to
obtain a defect-free pattern for example, one often has to wait several hours.

A second problem is that the size of the system is finite, whereas the theory
was formulated for the infinite system. Matters of size have been discussed in
the previous section, with the unavoidable consequence that the physical size
needs to be large indeed. To our knowledge, our experiment is the largest
experiment on Faraday waves conducted so far.

4.1 Shape and size of the container

The shape and size of the container have many effects on the experiments. As
the theory described in the former chapter is valid only for systems infinite in
the lateral extent, the most important concern is the size of the experiment
and the corresponding mode quantization. As explained in Sec. 3.4.1 the width
of the band of unstable wavenumbers increases with the excitation strength ε.
As argued in that section, we expect the system to become insensitive to the
size of the system above a certain ε, where the unstable wavenumbers form a
continuous band. The smaller the size of the system, the higher the required
ε. For a comparison with theory, which is valid only at threshold, this means
that the system size should be as large as possible. We use a circular container

53
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Figure 4.1: (a) Vertical wall boundary condition, (b) sloping wall boundary
condition.

with a diameter of 440mm and a vertical wall boundary. The bottom of the
container is a 15mm thick glass plate, the wall consists of a perspex ring of
25mm height. At this size, the expected mode continuum occurs below ε ≈ 0.1
for excitation frequencies between F = 25 . . . 40Hz.

For experiments at high frequencies, were the mass of the large container
becomes prohibitive for high excitation levels, we have used a circular container
of 140mm diameter, with a 5mm thick glass bottom.

One problem with circular containers is that the pattern can rotate slowly.
For most experiments this is no problem, but if we want to make a scan over the
surface, we need a stationary pattern. To this end, we use a square container
with sidewalls of 160mm length and a sloping edge of 20mm height as shown
in Fig 4.1b. For ease of construction, the square container is simply placed
inside the large circular container.

The shape of the edge determines the boundary condition. Effects due to
different boundary conditions are discussed in Sec. 5.3. Leveling is done using
the experiment itself: just above threshold one immediately notices small level
faults as an inhomogeneity of the surface pattern. The leveling error was
measured with a sensitive water level, and at the sidewalls the deviation of
the mean depth was found to be ≈0.1mm in the case of the circular container
(440mm diam.), and ≈0.03mm for the square container (160mm square).

The depth of the fluid, which varies from 2 to 20mm, is determined by
measuring the volume of the fluid. As we have a large container (∅ 440mm)
an error of 1ml in the volume gives rise to an negligible error of ≈ 7µm in
the depth. Therefore, the largest error in the depth is due to the error in the
leveling.

4.2 Excitation, fluid, and temperature control

The large circular container is attached to a hollow aluminium conical structure
(see Fig. 4.2). The cone is attached at approximately 2/3 the radius of the
container to suppress the lowest vibration mode of the plate. Inside the cone
several devices can be placed, i.e. mirrors or detectors. The entire structure is
mounted on top of a Ling Dynamic Systems electromagnetic exciter that can
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Figure 4.2: The support structure of the container. The mirror as well as the
Fresnel lens can be removed.

deliver a maximum force of 2900 N. A water cooled heat exchanger is placed
between the cone and the exciter.

The exciter is driven using a computer controllable NF Electronic Instru-
ments 1930A frequency synthesizer. The frequency is constant to 1 part in 106.
The signal is amplified with a Ling Dynamic Systems power amplifier, with a
maximum power of 2000watt. The acceleration amplitude is measured by
means of piezoelectric accelerometers with one high resolution sensor mounted
to the bottom centre of the cone, and two light-weight sensors which may be
mounted at various positions on the container.

The amplitude of the acceleration is determined using a Discrete Fourier
Transform on an integer number of periods of the drive. Mainly due to tem-
perature effects, the ratio between the output signal of the power amplifier
and the actual amplitude of the exciter is not a constant. Therefore, we use a
simple linear control loop to keep the actual acceleration amplitude constant.
In this way, the amplitude is constant to within 0.3%.

The quality of the excitation signal was checked by measuring the signal of
the high resolution accelerometer at the bottom of the cone at a frequency of
30Hz and an amplitude of 0.28 g. The power spectrum of this signal showed
no discernible higher harmonics of the 30Hz signal.

4.2.1 Resonances and acceleration inhomogeneities

As most of the interesting pattern formation takes place between 25 and 40Hz,
we have constructed both the container and the supporting cone to have their
resonances at high frequencies. The lowest resonant mode of joint vibration of
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Figure 4.3: Resonances of the cone plus container. The four resonances with
the lowest resonant frequencies are shown. The frequencies were computed
using a finite element package.

container and cone lies at ≈590Hz. In Fig. 4.3 we show the lowest frequency
resonances of both the glass plate and the cone.

Although the used materials have low internal damping, some of the found
structural resonances were appreciably broadened. In order to minimize their
influence at the frequencies of interest, it was important to move them to high
frequencies by structural adaptations.

The exciter itself has two resonances, which both correspond to side-to-
side motion. The first occurs at 20Hz, the second at 40Hz. At the frequency
range of interest (25-40Hz), the major contribution to inhomogeneity of the
acceleration is due to these modes. To gain insight in the inhomogeneities of
acceleration, we simultaneously measured the acceleration at the bottom of the
cone and on four positions on the edge of the container using two accelerome-
ters. As we used two accelerometers of different specifications, the less precise
accelerometers were calibrated against the more precise one.

The ratio of the measured acceleration at the four edges to the measured
acceleration at the bottom then gives the relative inhomogeneity of acceleration
(see Fig. 4.4). From the figure we see that the main resonance peaks occur at
20 and 40Hz, both of which correspond to the side-to-side motion of the exciter
structure. In the region of interest (25–35Hz), the inhomogeneity is smaller
than 2%.
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Figure 4.4: The calibrated relative acceleration (for a definition, see text) as a
function of frequency of excitation. Different symbols correspond to different
experimental runs. The vertical lines correspond to a relative difference of plus
and minus 1%, respectively.

4.2.2 Fluid and temperature control

The fluid we use is a low-viscosity, low surface tension silicon oil. The brand
name of the oil is Tegiloxan 3 and is produced by Goldschmidt AG (Essen,
Germany). It has (at 21◦C) viscosity ν = 3.397 · 10−6ms−2, density ρ =
892.4 kgm−3, surface tension α = 18.3 · 10−3 Jm−2, and a refractive index of
n = 1.395. The viscosity was measured using a viscosimeter. The tendencies
of the fluid parameters with temperature are such that they are constant to
within 0.1%, given our temperature control.

The oil is non-hydroscopic and hardly evaporates. The properties of silicon
oils hardly change over time. Due to the low surface tension the oil forms a
thin, smooth layer on the vertical walls and on the covering glass plate, which
greatly facilitates optical accessibility. If one uses water, for example, droplets
quickly form on the covering glass. The wetted sidewalls guarantee a “soft”
boundary condition.

Another advantage of the low surface tension is the fact that no surface film
is formed on the free surface of the fluid. If one uses water, after an alarmingly
short period of time, a surface film is formed which completely changes the
surface tension. As shown by Henderson & Miles [66], the presence of a surface
film can strongly affect both the surface tension and the damping at the free
surface. The finite compressibility increases the dissipation of energy in the
boundary layer. This problem has been studied thoroughly by Miles [101].
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Figure 4.5: Principle of the shadowgraph method. Parallel light is incident
from below.

Due to the relatively short molecular chains, the low viscosity silicon oil we
use behaves like a Newtonian fluid. Only the higher viscosity silicon oils show
non-Newtonian behaviour.

The temperature of the whole construction is kept constant to within
0.03 ◦C. To this end the whole construction is placed in a temperature con-
trolled room with temperature 21.0 ± 0.1 ◦C. The construction is insulated
from the (heat producing) exciter with a water cooled heat exchanger. The
cooling water is kept at 21.0 ± 0.1 ◦C. Measured temperature fluctuations in-
side the container are down to 0.03 ◦C.

The light source used in the shadowgraph technique (see Sec. 4.3) is a stan-
dard 150watt incandescent halogen lamp which illuminates a multi-stranded
optical fiber after passing through a heat filter. As no significant temperature
change is observed after turning on the lamp, it may be concluded that the use
of the heat filter is sufficient, and that absorption of light in the fluid may be
neglected.

4.3 Measuring waves

To visualize Faraday waves, one often uses the shadowgraph technique. It
visualizes the free surface using the refraction of parallel light incident from
below. The principle is shown in Fig. 4.2. A Fresnel lens is used to render the
light parallel. The waves focus or defocus the light, which then forms bright
and dark spots on a screen placed above the container (see Fig. 4.5).

Images of the surface are made using a 1024×1024 8 bit CCD camera with
a liquid crystal shutter. A programmable hardware system allows us to control
the phase at which the image is taken. The integration time of the image is kept
well below half the period of the wave, so that the image can be considered as
an instantaneous snapshot of the surface. In order to filter the grain structure
of the screen from the images, we slightly defocus the lens of the CCD camera,
which gives very satisfactory results. The fundamental non-linear nature of the
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imaging process, however, restricts the method to obtaining only qualitative
information of the wave field.

An abiding goal in free surface fluid dynamics is to have access to the height
of the fluid over a large region. Many techniques have been tried to accomplish
this task, ranging from optical systems using interferometry [5,7] to radar back
scattering [107]. Often these techniques are limited to larger wavelengths, or
are too slow to resolve the temporal spectrum.

In the case of Faraday waves, mostly optical techniques are used, augmented
with in-situ probes. For the in-situ probes, normally capacitance type probes
are used [63–65].

Many optical techniques are used. Most of them are of the shadowgraph
type explained above. A variant to the technique described above uses diffusive
light from beneath, with a camera focused on a plane above the fluid, without
using a screen [111]. Another variant is to use light from a narrow source above
the fluid, which is reflected by the surface and recorded by a camera focused
on the fluid surface [32]. Often structured light sources like lines or circles
are used. A different idea is to use the fluid itself as the diffusive agent [141].
Polystyrene spheres are used which effectively diffuse the light from beneath.
The light intensity at the fluid surface is taken to be proportional to the local
fluid height.

Local measurements normally use a laser beam as a light source, and use
the reflection or refraction of the beam to retrieve information on the surface.
One technique is to look at the internal reflection of a laser beam to determine
the slope of the surface [124]. Other techniques use the refraction of a laser
beam at the free surface and record the position of the laser beam using a
camera [59, 72]. These methods suffer from a lack of spatial resolution and
speed.

Zhang & Cox use a two-dimensional coloured sheet in the lower focal plane
of a Fresnell lens placed beneath the surface. This light is refracted by the
surface and recorded by a camera. As by these means light from different
directions has a different colour, they can retrieve the local slope of the surface
with good resolution [151].

4.3.1 The laser refraction method

We also use a laser beam refracted at the fluid surface. To overcome problems
of resolution and speed, we use a Position Sensing Device (PSD), which records
the position of a light spot on its detection area accurately and fast. The set-up
used for the laser refraction method is shown in Fig. 4.6. A laser beam incident
on the fluid surface is refracted. A Position Sensing Device (PSD) is used to
record the position of the beam. A PSD is an opto-electronical sensor which
generates electrical signals related to the position of a light spot on its surface.
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Figure 4.6: Principle of the laser refraction method.

We have used two duo lateral photo-effect diodes produced by UDT Sensors,
one with size 10× 10mm and one with size 20× 20mm. Figure 4.7 shows the
layout of this type of detector.

When a light spot hits the surface of a PSD the generated photocurrent in
the resistive layer is distributed according to Ohm’s law. From these currents,
the position of the light spot can be obtained. The processing is done by a
Philips PSD processing unit (Type CTR-531-91-0017). The response linearity
of the PSD is quoted to be better than 0.1% over 64% of the area. The response
speed is limited by the processing electronics to about 150 kHz.

The x and y position of the light spot on the PSD are sampled with a 12
bit ADC which is capable of parallel sampling up to 20KHz. Before sampling,
the signal is low-pass filtered with the cutoff frequency set to 10 kHz.

Because the typical diameter of a laser beam can become comparable to the
wavelength of the surface waves, the beam is focused on the fluid surface. The
estimated focus diameter is less than 0.05mm, which should be compared to
the wavelength of the surface waves, for example, λ = 0.7mm at F = 1000Hz.
The focusing or defocusing of the laser beam is, to first order, compensated by
the integration of the PSD whose signal is determined by the centre of gravity
of the illuminated spot.

From the position of the lightspot on the PSD and the distance of the PSD
to the fluid surface h, we compute the spatial derivative in the x and y direction
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Figure 4.7: Layout of a Position Sensing Device (PSD). An incident laser beam
generates free electrons on a semi-conductor substrate which is biased by Vbias.
The resulting cathode and anode currents (Vc1, Vc2 and Vc1, Vc2, respectively)
are used to measure the position.

in the following way:

∂ζ

∂x
=

−x
h− nf

√
h2 + x2 + y2

,

∂ζ

∂y
=

−y
h− nf

√
h2 + x2 + y2

. (4.1)

Here ∂ζ/∂x and ∂ζ/∂x are the spatial derivatives of the fluid surface in the
x and y direction, respectively, x and y are the position of the light spot on
the PSD and nf is the refractive index of the fluid. The formulae follow from
Snellius’ law.

The PSD was tested by measuring its output voltage as a function of actual
position. We have performed the test by scanning a laser beam across the
detector using the set-up described in chapter 8. The measurements showed
that the PSD complies with the specifications, which state that the linearity is
better than 0.1% in the central 70% of the detector. Accordingly, we use only
the central portion of the detector in our measurements.

4.3.2 Variations on a theme

In Fig. 4.8 six variations on the set-up are shown. Several considerations deter-
mine which is the proper set-up to use for a given experiment. Firstly, when
the beam is incident from below (e.g. Figs. (a), (b) and (f)), it travels from
a dense medium (the fluid) to a less dense medium (the air). Therefore, the
beam is refracted away from the normal. This is desirable when the waves
have small slopes. In the case of large slopes however, the beam will miss the
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Figure 4.8: Variations on the experimental set-up.

detector, and even internal reflection can occur. If the beam is incident from
above (Figs. (c) and (d)), the beam is refracted towards the normal. This is
the preferred situation for large slopes, as the range of measurable slopes will
be larger.

A second consideration is the fact that the distance from the detector to
the fluid surface is not a constant; due to the presence of waves the distance
varies. There are two ways to deal with this problem. The first is increasing
the distance to the detector, which decreases the relative error. However, when
the distance increases, the area covered by the laser beam also increases. To
compensate for this, we put a diffusive screen in the place of the detector (see
Fig. 4.8(b)). With a lens, the screen is projected onto the detector, if necessary
reduced in size.

The second method is to use a lens as a transforming element (see Fig. 4.8(f)).
If the detector is placed in the focal plane of the lens, the position of the spot
on the detector is, to first order, only determined by the angle of the refracted
beam, an not by its displacement.

If the laser beam is incident from above, it experiences a second refraction
at the fluid–glass interface, and a third reflection at the glass–air interface.
It is possible to compensate for this, but we would like to circumvent these
problems. Figure 4.8(d) shows a partial solution: if we put the screen against
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Figure 4.9: Circumventing detector limitations. (a) The beam is refracted at
the surface of the fluid, which therefore can be considered to be a point light
source. This point source is focused by a lens. Figure (b) shows the geometrical
relationship between the planes p1 (the free surface) and p2 (the PSD).

the glass, and project the screen on the PSD, we circumvent the glass-air
interface, which is the most important. The refractive indices of glass and
fluid differ only slightly.

Note that as we measure the slope, which has amplitude ak (where a is
the amplitude and k is the wavenumber), the measurement is more sensitive
to higher frequencies, which have a higher wavenumber. This is especially
important for the weak wave turbulence considered in chapter 7, where the
amplitudes of waves at higher frequencies diminish quickly. Note that in most
set-ups, the sensitivity of the detector to small slopes can be increased simply
by putting the detector at a larger distance from the surface.

If experiments are performed at high excitation, the refracted beam can
exceed the limits of the detector. To overcome this problem, we use a lens to
contain the beam within the limits of the detector, as depicted in Fig. 4.9(a).
The principle of the placement of the PSD is depicted in Fig. 4.9(b). Consider
two planes parallel to the lens. In going from one plane to the other, it is
obvious from geometrical considerations that only linear stretching is involved.
Therefore, we can put the PSD at any convenient point, as long as we know
the appropriate stretching factor.

To measure the stretching factor, the system is excited just above threshold,
so wave heights are still reasonably small. The position of the laser beam as a
function of time is measured at both positions p1 and p2. The stretching factor
follows simply from the ratio of the standard deviations of both measurements.
Although the method using a lens gives good results, worries about possible
nonlinearities in the imaging prompted us to acquire a larger PSD detector
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(20× 20mm) which is large enough to be placed directly underneath the glass
in the large container. Results presented in chapter 7 have been acquired using
the large detector.

4.4 Data acquisition and analysis

Due to the long time scales involved in Faraday waves, it is a great advantage
if the experimental set-up can be automated. We have used an experiment au-
tomation system (PhyDAS) which was developed at the Department of Applied
Physics at the Eindhoven University of Technology. The system includes eas-
ily programmable timers, counters, DACs, 12 bit 32 channel ADCs, et cetera.
This system was controlled and programmed through a standard personal com-
puter. The automated system allowed us to perform careful experiments that
human impatience would otherwise prevent.

For image acquisition we use an 8 bit Texas instruments CCD camera
with 1024 × 1024 pixels, which can be externally triggered with a maximum
frequency of 10Hz. To control the exposure time, a liquid crystal shutter was
used. As the contrast of the images depends on the phase of the wave at
the moment of exposure, the exposure timing is slaved to the phase of the
excitation of the container. In this way, the exposure can be timed at any
desired phase of the wave.

The images are processed by a dedicated image processing system from
Datacube called Max Video 20. This system is capable of performing opera-
tions like averaging and filtering of images in real time, at a maximum speed
of 20 images a second. The image system is controlled by a SUN workstation,
which also communicates with the PhyDAS system described above.



Chapter 5

Experiments on pattern
formation of Faraday waves

The system of Faraday waves, together with Rayleigh-Benárd convection, is
one of the few experiments for which amplitude equations have been derived
from first principles, that is, the Navier-Stokes equations. The availability of
a complete weakly non-linear theory for Faraday waves makes the system an
ideal testground for the applicability of the amplitude equation formulation. So
far, however, most of the measurements conducted in Faraday waves, as far as
nonlinear theory is concerned, have mainly focused on the stability boundaries
of the different patterns.

As shown in chapter 3, the theory harbours many more predictions on
the amplitude, and the spatial and temporal phase of the standing wave field.
Whereas a measurement of the stability boundaries of patterns requires only
qualitative information on the wave field, for which a shadowgraph method
suffices, it is much more challenging to obtain quantitative information. Such
information is precisely needed to test the other predictions of the weakly non-
linear theory. For this we use the laser refraction technique that was described
in Sec. 4.3.1 and which provides a precise linear measurement of the surface
slope. In fact, due to the accessibility of the free surface, Faraday waves form
one of the few experiments in pattern formation where the instantaneous hydro-
dynamic state is accessible. In this chapter we present a detailed experimental
analysis of the wave field, using the experimental technique described above.
Using this method, we test several theoretical predictions made by the weakly
nonlinear theory by Chen & Viñals [18].

65
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Figure 5.1: Onset of the linear insta-
bility as a function of frequency for
a depth of 25mm. Pluses: experi-
mental data. Solid line: theoretical
solution (2.34) for infinite depth.

Figure 5.2: Onset of the linear in-
stability as a function of frequency
for finite depth. Solid circles: depth
3mm. Crosses: depth 2mm. Lines:
theoretical solution (2.48).

5.1 Linear behaviour: onset and dispersion relation

To measure the onset of the linear instability, the control parameter is slowly
increased, and the presence of subharmonic waves is assessed by eye. This
method has two shortcomings: the presence of a meniscus wave is confusing,
and it is difficult to see small waves. Another possibility for measuring the
onset uses the fact that the amplitude of the subharmonic wave scales as ε1/2.
The wave amplitude can then be extrapolated back to onset at ε = 0. The
problem is that such a measurement requires a standing wave which is fixed in
space and thus can only be used in the small square container where the waves
are pinned to the boundary. In this container, the onset may be influenced by
boundary effects. We therefore resort to the visual method for determining the
linear instability onset.

The results for the onset in effectively infinitely deep containers is shown
in Fig. 5.1, and the case of finite depth in Fig. 5.2. Because the viscosity was
not known exactly due to possible aging of the fluid, we have chosen it slightly
higher (≈ 8%) than the value quoted in Sec. 4.2.2. It is known, however, that
dissipation at the sidewalls has to be incorporated to properly account for
dissipation in small containers. As we have used the large container (440mm
diameter) for these experiments, we expect this effect to be negligible. As was
also found in [8, 77, 82], the experiment agrees well with the predictions from
the linear theory. In fact, these measurements can be made so precise that
they could be used to measure surface tension and viscosity.
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5.1.1 The dispersion relation

In order to measure the dispersion relation, we make use of the fact that at
a given frequency ω0, the fastest growing wave has wavenumber kc. If we
change the excitation abruptly from a value beneath onset to a value about
20% above onset (so ε = 0.2) we observe the formation of a concentric set of
circular waves (see Fig. 5.3), sometimes with one or two nodal maxima. Soon
after, more modes also reach an appreciable amplitude, which results in the
breaking up of the original pattern. However, we can ‘catch’ the first pattern
by camera if we time correctly.

The pattern of Fig. 5.3 resembles a Bessel mode, but we will demonstrate
that it is not. From the figure, we measure the radii of the maxima. The crosses
in Fig. 5.4 denote the distances between the first ten maxima of Fig. 5.3. The
apparent oscillation is an artefact caused by lack of spatial resolution. It is
clear that the distances between maxima do not show much variations. On the
contrary, it is well known that a Bessel mode does shows large variations of
the wavelength in the centre. The open circles in Fig. 5.4 show the distances
between maxima of the Bessel function J0(kr) with the same wave number as
the pattern in Fig. 5.3. The positions of the first maxima are seen to differ
significantly from the observed pattern, signifying that the pattern is not a
Bessel mode.

Of course, just above threshold, we do observe Bessel modes. The circle-
symmetric pattern shown in Fig. 5.3 is already far above threshold, so many
Bessel modes are excited. The observed pattern is therefore not a fundamental
mode of the system, but consists of many of them.

The wavelength of the observed pattern is obtained by measuring the radii
of two wave maxima separated by many waves and dividing by the number
of waves in between. In this way, discretization is not a problem. The ex-
perimental results for depths of 2 and 20mm, which were obtained by using
the method described above, are shown in Fig. 5.5, together with the theoreti-
cal predictions of the inviscid finite depth linear theory, the theory by Kumar
& Tuckerman, and the low-viscosity infinite depth formula (2.45) by Chen &
Viñals. We see that at a depth of 20mm, the inviscid theory already gives a
good approximation of the dispersion. The Kumar & Tuckerman theory agrees
with the experimental results very well.

In Sec. 3.3.2 it has been explained that pattern formation depends crucially
on the precise shape of the dispersion relation. Therefore, it is important
to measure the dispersion relation in the experiment and compare it to the
theoretical prediction.



68 Experiments on pattern formation of Faraday waves

Figure 5.3: Pattern observed just after the excitation amplitude is changed
abruptly from zero to ε ≈ 0.2 at an excitation frequency of 25Hz. Due to
restrictions in the visualization, only the central 2/3 fraction of the container
is shown.

Figure 5.4: Measurements of distance between successive maxima of the pattern
in Fig. 5.3. The crosses are the measured distances between maxima, the lines
are merely a guide to the eye. The apparent oscillation for higher orders of
the maxima is an artifact due to discretization. The open circles indicate the
distance between maxima of the Bessel mode J(kr) with a wavelength equal to
that of Fig. 5.3. Note that the first cross corresponds to the distance between
the first and second maximum in the Bessel mode, showing the large deviation
from the other distances.
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Figure 5.5: Dispersion relation ω(k) plotted on a log-log scale. The angular
frequency ω of the waves is equal to half the excitation frequency. Closed circles:
experimental data for a depth of h = 20mm (effectively infinite for this range
of k). Open circles: measurements for a depth of h = 2mm. Solid lines:
ω2(k) = tanh(kh)(gk + (σ/rho)k3 for h = 20 and h = 2mm (lower line).
Dashed lines: viscous theory [79] for h = 20mm (the line corresponding to
h = 20mm is not visible as it coincides with the solid line) and 2mm (lower
line). The short line segment designates the linear dependence ω ∝ k.

5.2 The phase diagram of pattern formation

The theoretical phase diagram shown in Fig. 3.4 predicts the existence of nested
regions in parameter space with patterns of increasing rotational symmetry. In
the experiment, we indeed find many patterns with different rotational sym-
metries, which are shown in Fig. 5.6. It is a challenge to verify the whole phase
diagram of pattern formation in the experiment. Because near phase bound-
aries the dynamics slow down critically, we have devised automated procedures
to detect the presence of patterns with a given symmetry.

In order to determine the phase diagram, we scan ε− F space, where F is
the excitation frequency and ε the dimensionless distance from threshold. At
each value of F , we determine the pattern at different values ε above threshold.

The phase diagram was determined in two ways. The first consists of quasi-
static upward scans in ε at a fixed frequency. The slow dynamics of the system
dictate long measurement times. The amplitude is increased in steps of ≈1%,
then held for 2000 sec. after which 5 images with 1000 sec. interval are taken
to observe any temporal dependence.

As a check that we do not introduce any hysteresis in this manner, we
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(a) (b)

(c) (d)

Figure 5.6: Shadowgraph images of the fluid surface at (a) F = 45Hz, (b)
F = 30Hz, (c) F = 29Hz, (d) F = 27Hz. ε = 0.1 in all cases. The patterns
correspond to N = 2, 3, 4, and 5 standing waves, respectively. Again, only the
middle 2/3 of the container is visualized. The appearance of both hexagons as
triangles in (b) is explained in Sec. 5.2.1.



5.2 The phase diagram of pattern formation 71

(a) (b)

Figure 5.7: (a) Image of square pattern at F = 35Hz, ε = 0.23, obtained by
the shadowgraph method. (b) Angular correlation C(φ) of Fourier-transformed
image. The solid line corresponds to the angular correlation of (a), showing two
peaks (at 0◦ and at 90◦). The dashed line corresponds to Fig. 5.6(d), showing
five peaks.

perform a second scan, this time with fixed ε and increasing frequency F . At
each value of ε and F , we started with zero excitation amplitude (ε = −1),
and then jumped to the desired value. In this way, any artificial introduction
of hysteresis in the patterns was prevented. There were no observed differences
in the results of both methods.

Just above onset, only few modes are exited (as discussed in Sec. 3.4). In
the circular container this gives rise to Bessel modes. Note that these are not
the patterns we encountered in determining the dispersion relation; those were
transient states at much higher ε. At higher ε, enough modes are excited to
form regular patterns. As discussed in section 3.4.1, we expect Bessel modes
below the line ∆k = π/L, and regular patterns above this line.

In order to automatically recognize the pattern, we first compute the two-
dimensional power spectrum of the image, which is obtained from the two-
dimensional Fourier transform in the usual way. We then perform an angular
correlation in the power spectrum, which effectively determines how many
angular maxima the spectrum has. An n-fold symmetric pattern will have
2n peaks in its power spectrum on a circle of radius k. In order to bring
out the regular spacing of the peaks more clearly, we compute from each power
spectrum (P (k, θ)), the angular correlation function C(φ) averaged over a band
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Figure 5.8: Graph of the angular correlation C(φ). A slow upward scan in ε
was performed at F = 35Hz. The range extends from ε = 0.01 to ε = 0.23.
Each line is an average over 5 images taken 200 seconds apart.

of wave numbers of width ≈ k.

C(φ) =
〈
Σθ[P (k, θ)− P̄ ][P (k, θ − φ)− P̄ ]

Σθ[P (k, θ)− P̄ ]2
〉
. (5.1)

In comparison with other methods [76], the resulting function C(φ), will for
an n-fold pattern have peaks at precisely 2π/n, independent of the orientation
of the pattern and the k range over which C(φ) is averaged. This last point is
crucial, as higher spatial harmonics can lead to extra peaks in C(φ) if P (k, θ) is
summed over k before computing C(φ). These higher harmonics unavoidably
arise due to imaging nonlinearities. Figure 5.7 shows a shadowgraph image of
a square pattern together with the angular correlation.

As an example, we show in Fig. 5.8 the function C(φ) for the states that
are encountered in a slow upward scan of ε at F = 35Hz. For each ε, C(φ) was
averaged over five images taken 200 sec. apart. Figure 5.8 shows the transition
from the flat state below onset to the hexagonal state with peaks at 60◦ and
120◦, which in turn gives way to the square state with a peak at 90◦.

In Fig. 5.9 we show the phase diagram of Faraday waves obtained by the
methods explained above. Just above onset, we see Bessel modes. At higher
ε, regular patterns set in. We see a cascade of patterns with changing fre-
quency, going from squares at high frequency through hexagons to 4-fold, and
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(a) (b)

Figure 5.9: (a) Phase diagram of pattern formation. Triangles: N = 2, circles:
N = 3, pluses: N = 4, squares: N = 5, crosses: Bessel modes. The solid line
corresponds to the line where ∆k = π/L. (b) Lines drawn through transition
regions. The solid line and the right-most dashed line delimit the transition
region from a N = 2 to a N = 3 pattern. In the region marked 3 − 2, both
square and hexagonal patterns coexist. The dashed line in the middle is the
boundary between the N = 3 and the N = 4 regions. The dot-dashed line is
the boundary between the N = 4 and N = 5 regions. The dotted line is the
boundary between the N = 5 and the Bessel mode region.

eventually 5-fold rotationally symmetric patterns. The square and hexagonal
patterns coexist in a large transition region. In these regions, both patterns
are present on the surface. Although there is probably also a transition region
between the N = 3 and N = 4 region, it is too narrow to be determined in
this experiment.

Note that the patterns with 4- and 5-fold rotational symmetry shown in
Fig. 5.6(c) and (d) are quite special: they do not fill the plane regularly. For
this reason they are often called quasi-crystalline patterns. It is well known
that only patterns with 2- and 3-fold rotational symmetry (e.g. squares and
hexagons) can fill the plane regularly, and it was long believed that patterns
with 5-fold symmetry did not exist in nature.

The lines in Fig. 5.9 denote the phase boundaries of different patterns. The
transition frequencies at threshold were determined by the points were the lines
cross the ε = 0 line. The patterns themselves are shown in Fig. 5.6.

In Fig. 3.3 we showed the Lyapunov functional for different regular patterns
as calculated by the program by Chen and Viñals (see Sec. 3.1). A pattern
is preferred if its Lyapunov value is the lowest. Intersections between the
different curves therefore correspond to a change in pattern. The experimental
and theoretical results for the transition frequencies are summarized in the
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following table:

Transition Experimental Theory
2→3 35.3±0.3 35.4
3→4 29.5±0.9 28.7
4→5 28.6 none

The frequencies of the first two transitions are seen to agree with theory
within the experimental uncertainty. Considering the fact that the theory
contains no fitted parameters, this is quite remarkable.

Although the 5-fold pattern is never prefered according to the theory, we
do see it around F = 28Hz. If we look at the theoretical curve in Fig. 3.3,
we notice that the L(4) and L(5) curves come very close to each other around
that frequency. In fact, at F = 25.8Hz, the difference is only ≈0.05%, and
in between 24.9–26.4 Hz, the difference is smaller than 1%. However, at an
excitation frequency of 28Hz (so the frequency of the waves is 14Hz), the finite
size of the system might cause a deviation from the theory. From Fig. 3.14, we
see that for a frequency of 14Hz, the correlation length is always larger than
the size of the system for the range of ε considered here.

5.2.1 Triangles versus hexagons

Looking at Fig. 5.6(b), we note that some parts of the figure look like hexagons,
and other parts look like triangles. This is caused by the fact that if one adds
three standing waves at equal angles, one has the freedom to choose the spatial
phase of one of the waves. Figure 5.10 shows the effect of shifting the spatial
phase of one of the waves over π/2 radians. Clearly, the appearance of hexagons
or triangles depends on the spatial and temporal phases of the waves. The
spatial phase of the waves is not determined by the equations of motion up
to the order considered here. In other most pattern forming systems showing
a pattern with three waves at a 120◦ angle, or in the case of two-frequency
forcing of Faraday waves, the spatial phase is determined by quadratic terms
in the amplitude equation [34]. These quadratic terms then determine whether
the system forms hexagons or triangles, and usually no mixed region is seen in
these cases. As explained in the introduction of the previous chapter, we do
not have quadratic terms in the amplitude equation describing Faraday waves
due to the subharmonic symmetry A→ −A.

5.3 Effects of finite size

One of the challenges of the experiment was to overcome the limitations of its
finite size, as the theory assumes infinite size. The finite size of the experiment
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Figure 5.10: The effect of the spatial phase. (a) and (b): patterns consisting of
three standing waves at a 120◦ angle. The solid lines denote the maxima of the
waves at time zero, the dashed lines show the maxima half a period of the wave
later. In (b), the position of the horizontal wave has been shifted downwards by
π/2. (as) and (bs): wave heights corresponding to the solid lines in (a) and (b),
respectively (black regions correspond to high surface elevation). (ad) and (bd):
wave heights corresponding to the dashed lines in (a) and (b), respectively.

together with the boundary conditions results in surface mode quantization
and in meniscus waves that originate at the sidewalls. We will now dwell on
each of those aspects and argue that our experiment can indeed be considered
infinitely large.

The question which boundary condition should be used in a container of
finite size is a notoriously hard one. From the linear inviscid problem, two
possible boundary conditions emerge. Firstly, in the case of a vertical wall, we
can apply the kinetic boundary condition at both the free surface and at the
vertical wall

∂φ

∂n
= 0 and

∂ζ

∂t
= w =

∂φ

∂z

∣∣∣∣
z=0

. (5.2)

By taking ∂
∂n of Eq. 5.2, we obtain

∂2ζ

∂n∂t
=

∂2φ

∂n∂z
= 0, (5.3)

where we used (5.2). Changing the order of the differentiation, we see that
∂ζ
∂n = 0, which means that the initial value of the contact angle slope does not



76 Experiments on pattern formation of Faraday waves

change. In the absence of a meniscus, this means that the contact angle slope
remains 90◦. This is a “sliding” boundary condition. It is known that contact-
angle hysteresis may be significant for the dissipation of surface waves in small
experiments, and that the dispersion relation can be affected [8,10,17,73,92,97].

Secondly, if the fluid is filled to the brim of a container, the kinetic boundary
condition does not impose a restriction on the free surface. However, this is
only the case on that particular position of the contact line, so we impose ζ = 0
at the boundary, meaning that the contact line is “pinned” to the edge of the
container. The main advantage of the pinned boundary condition is that no
meniscus wave is generated; one of the disadvantages is that the modes are not
sinusoidal anymore. Computations and experiments were also conducted on
this boundary condition [9, 32,56].

A third boundary condition was proposed by Hocking [69,70]. He suggests
that the “pinned” condition be replaced with the “wetting” condition

∂ζ

∂t
= λ

∂ζ

∂n
, (5.4)

where λ is a phenomenological parameter. This condition includes the slid-
ing and pinned boundary conditions as limit cases for λ = ∞ and λ = 0,
respectively. He obtained satisfactory results comparing predictions with ex-
periments.

Due to the low surface tension of the fluid used in our experiment, the
sidewall of the container is always covered with a very thin layer of fluid. For
making a pinned boundary condition, one has to let the fluid settle for a long
time. However, all but the smallest wave amplitudes cause the fluid to wet
the edge in a manner dependent on the mode present. Moreover, very slight
differences in the height of the fluid result in large changes of the boundary
condition.

Due to the irreproducibility of the pinned boundary condition, we decided
only to use a vertical wall boundary condition. In the case of the large container
(440mm diameter), we expect the boundary condition only to have a small
influence on the dynamics and dissipation rates. In the case of the smaller
container used (160mm square and 140mm circular), we expect the threshold
to be unreliable due to the boundary effects.

Straight sidewalls emit a meniscus wave. This is caused by the fact that the
length of the meniscus (the typical length of which is l = (σ/(gρ))

1
2 ) depends

on the acceleration of gravity. When the cell goes up, the effective gravity
increases and the meniscus length decreases. In order to preserve mass, a
surface wave is emitted (see Fig. 5.11). As the wave is directly forced, it has
the same frequency as the drive, and it is always present.

As stated before, the meniscus wave can be overcome by using the ‘pinned’
boundary condition. In practice, our container is large enough so that the
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Figure 5.11: The meniscus wave. The dashed line shows the fluid interface at
rest, the solid line shows the boundary wave emitted during excitation of the
container.

meniscus wave is damped out in the measurement region. The decay length of
the meniscus wave can be estimated by ldecay ≈ (12ω/k)/(2νk), which is just the
speed of the meniscus wave multiplied by the viscous decay time. In our case,
this means ldecay ≈ 40mm for F = 30Hz. As our container has ∅ = 440mm,
the meniscus wave is easily avoided.

Exactly at onset, the correlation length ζ = 2π/(∆k) diverges, and the
boundary conditions of the previous paragraphs are felt. The large circular
container has a diameter of 440mm. As shown in Sec. 3.4.1, the continuum is
reached at ε = 0.04 at 30 Hz. In the phase diagram Fig. 5.9, we clearly see
that patterns first originate at the said ∆k = π/L boundary. However, the
best patterns are seen around ε = 0.1.

The square container that we use has a width of 160mm. The continuum
then starts at ε = 0.26, which is already close to the disordered regime. To
stress once more the importance of size, we note that had we used a container
of diameter 100mm, the continuum at 30Hz would lie at ε = 0.59, which is
well into the disordered regime.

Another effect of the pinned boundary condition is the strong quantization
of modes. In the case of the vertical wall boundary condition, the wetted side
wall provides a “soft” mode quantization, which in effect makes good patterns
possible before we would expect them on the basis of the continuum argument.

5.4 Effects of fluid depth on patterns

In Sec. 3.3.2 we discussed the influence of the dispersion relation on pattern
formation. From the inviscid expression (2.12) it is seen that the shape of the
dispersion relation can be changed by altering the depth, which is the relevant
factor in the term tanh(kh). Correspondingly, the depth (z) dependence of the
velocity field is for deep fluids given by ekz. Comparing the value of ekz (for
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25Hz, which corresponds to k ≈ 445m−1) at z = −2mm and z = −20mm,
(0.41 and 0.0001, respectively), we see that even at a depth of 20mm, the
velocity is already very small compared to the velocity at the surface. We
therefore expect that, given the range of frequencies we use in the experiment
(25–45 Hz), even moderate depths (≈ 20mm) can effectively be considered
infinite, as there will be only a very small effect on the flow. This expectation
is clearly corroborated by Fig. 5.5, where the experimental dispersion relation
for a depth of 20mm coincides with the analytical infinite depth dispersion
relation.

As long as the dimensionless ratio between wavenumber and depth kh is
large, the system can be considered infinitely deep. This means that for lower
frequencies (with smaller wavenumbers), the approximation becomes worse.

The dramatic influence of finite fluid depth on the symmetry of the thresh-
old pattern is illustrated in Fig. 5.12, where we observe at the same excitation
frequency and amplitude a four-fold rotationally symmetric pattern at depth
h = 10mm and a hexagonal pattern at h = 3.5mm.

The complete phase diagram is shown in Fig. 5.13. We see that for smaller
depth, both transition frequencies shift to lower frequencies. The form of this
phase diagram can be understood very well from the change of the dispersion
relation with depth. As explained in Sec. 3.3, pattern formation at these fre-
quencies is strongly influenced by three-wave resonances. The resonance angle
is the angle between two waves where resonance occurs. This resonance angle
ΘR changes with depth in a characteristic way (Fig. 3.8), such that ΘR de-
creases when the depth decreases. It is precisely this change that causes the
transition of one type of pattern formation to another one. The solid lines in
Fig. 5.13 are contours of constant resonance angle. To compute these, first the
resonant angle is computed which corresponds to the transition frequency at
infinite depth. Next, we compute the value of the frequency where this reso-
nance value is reached at finite depth. The motivation of this idea is that the
transitions between patterns might occur at a particular resonance angle.

Whilst the lines of constant resonance angle are a relative prediction of the
toy model of Sec. 3.3.3, the absolute stability boundaries can also be computed.
These predictions are shown as the dashed lines in Fig. 5.13. Because our model
does not reproduce well the coupling function away from the resonant peaks,
the absolute prediction of the depth-dependent boundaries has a much larger
error. The correct prediction of the relative boundaries, however, strongly
supports our understanding of pattern formation as a three-wave resonance
phenomenon.
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(a) (b)

Figure 5.12: Shadowgraph images of the fluid surface at F = 29Hz at ε = 0.1.
(a) depth of 3.5mm showing a hexagonal pattern, (b) depth of 10mm showing
a pattern consisting of four standing waves.

Figure 5.13: Boundaries between different pattern symmetries at ε = 0.1 in the
driving frequency-depth plane. Open circles: 3–4 boundary. Closed circles: 2–3
boundary. Dash-dotted lines: predictions from [18] for infinite depth. Dashed
lines: transition computed from the toy model in Sec. 3.3.3. Solid lines: con-
tours of constant resonance angle (using the viscous dispersion relation) chosen
so that at infinite depth they pass through the transition frequencies. The error
bars denote the width of the transition region from one pattern to another.
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(a) (b)

Figure 5.14: (a) Slope of surface in x and y direction, sampled at 5000Hz.
The solid line corresponds to the x direction, the dashed line to the y direction.
Excitation frequency is 30Hz at ε = 0.3.(b) Same data, plotted with x vs. y.

5.5 Measurements of the wave field

Using the laser beam refraction technique described in the former chapter, it
is possible to obtain a linear measurement of the local slope at one point of the
surface. In Fig. 5.14(a) a typical measurement performed with the PSD set-up
depicted in Fig. 4.6 is shown. Figure 5.14(b) shows the same data plotted with
x vs. y. Although the information is restricted to a single point, this is enough
to perform precise tests on the validity of the nonlinear theory described in
chapter 2. We will focus our attention on the behaviour of the linearly unstable
waves and the waves which are generated by the nonlinear interactions between
the linearly unstable waves. In terms of the theory, the linearly unstable waves
correspond to the order ε1/2 term in (3.4), which we will call subharmonic
waves, and the order ε term corresponds to the waves generated by the linearly
unstable waves, which we will call harmonic waves.

For point measurements of the amplitude of the subharmonic and harmonic
components of the surface elevation, we are forced to pin the pattern. We will
do that using a square container at an excitation frequency (40Hz) where
a square pattern is preferred. Since the boundaries now matter, the results
cannot strictly be compared to the infinite system case. For a measurement of
the phase we have devised methods that work for an unpinned pattern. These
measurements, performed in the large container, should be free of boundary
effects. We use the set-up as drawn in Fig. 4.8(a).
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Figure 5.15: Scaling of the power Ps of the subharmonic wave with ε. Excitation
frequency 40Hz. The error bars denote the uncertainty of the measured power;
the full line is a fit to the data which demonstrates that the wave amplitude
grows as ε1/2.

5.5.1 The subharmonic wave

The slowly varying amplitude Bm(T ) of the subharmonic wave satisfies the
amplitude equation that was derived in Sec. 3.1.4. For a square standing wave
pattern this equation takes the form

dB

dT
= sB − (g0 − g(π2 ))B

3, (5.5)

with s = εγω the linear growth rate. From (5.5) the stationary amplitude
follows simply as

B = ε1/2
(

γω

g0 + g(π2 )

)1/2

. (5.6)

In the weakly nonlinear case, therefore, the amplitude grows as ε1/2 with the
distance ε above threshold. An experimental test of this relation is highly rele-
vant as it delineates the range of applicability of a weakly nonlinear approach.

In a square container slow upward scans of ε were made. At each ε a
time series of the time-dependent slope was registered, from which the power
spectrum was computed. Even in a square container square patterns with a
slightly different spatial phase may be selected when the excitation amplitude
is increased from zero. To circumvent this, we repeat the experiment by de-
creasing ε slowly towards threshold, and just above threshold start increasing
again, so we keep the same mode. This procedure is repeated ten times. For
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each value of ε, the power spectra of the measured slope are averaged. The
area underneath the first peak in the power spectrum is proportional to A2, so
the total power Ps in the area should scale as ε. The results of this procedure
are shown in Fig. 5.15. It is clear that the bifurcation is supercritical, and the
expected scaling holds up to at least ε = 0.2. After this value of ε, the pattern
often develops defects, so the spatial phase is not constant anymore.

The temporal phase of the subharmonic wave

Another prediction of the weakly nonlinear theory that can be verified experi-
mentally concerns the temporal phase of the harmonic waves as a function of
the reduced excitation amplitude ε. This prediction was computed by us from
the Chen & Viñals theory [18] using symbolic manipulation software that was
kindly provided by them. The definition of the phase is shown in Fig. 5.16. It
is seen that we define all phase differences in terms of the harmonic frequency.

As we use the large (circular) container, the standing wave pattern is un-
pinned by boundaries and therefore drifts. To obtain a reliable measurement
of the phase, the following method was used. The phase and the power of the
subharmonic wave in a short stretch of data, containing an integer number of
wave periods (4. . .8), is determined by means of a Fourier transform. The pro-
cedure is repeated with a different stretch of data, shifted by one wave period.
In other words, a window with the size of an integer number of wave periods
is slid over the data, and for each position the phase and power is computed.

Notice that in our definition, the phase of a crest is the same as that of
a trough, so that the phase does not depend on the spatial location where it
is measured. Of course, a problem arises if this location happens to be at a
node of the wave pattern. These problematic points were avoided by rejecting
measurements that had too small spectral power. The result is depicted in
Fig. 5.17. At threshold, the theoretical value for the phase is 90◦, as was derived
in Sec. 2.2.2. We see that the phase indeed starts at this value, then decreases,
after which the behaviour apparently becomes linear in ε. In Fig. 5.17 we
also show the prediction for the phase that follows from the linear theory
(2.45). Clearly, the peculiar behaviour of the phase is an essential nonlinear
phenomenon. Perhaps, the measured wave field already contains the next
higher order contribution proportional to ε3/2.

5.5.2 The harmonic wave

Through nonlinear interactions, the subharmonic waves generate harmonic
waves which have the same frequency as the excitation. From Sec. 3.1.1, we
know that the amplitude of the harmonic wave scales as ε. We perform a scan
in ε in the square container, in the same way as before. The power in the har-
monic wave Ph, which is proportional to the amplitude squared, should scale
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Figure 5.16: Relation between excitation and surface slope. Solid line: mea-
sured surface slope as a function of time for ε = 0.02 and F = 50Hz. Dashed
line: measured acceleration of the container. The arrow denotes the phase dif-
ference between the two. In terms of the excitation, the wave lags by 90◦. In
terms of the subharmonic wave, the excitation heads by 45◦.

Figure 5.17: Phase of the subharmonic wave with respect to the excitation as
a function of ε. The solid line is a linear fit through the data between ε = 0.1
and ε = 0.25. The dashed line is the theoretical phase (2.43) from the linear
stability analysis.
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Figure 5.18: Scaling of the power Phof the harmonic wave with ε. The solid
line is a linear fit through the data. As there is a small uncertainty in the value
of the onset, the fit was not forced to go through (0, 0).

as ε2. The result is shown in Fig. 5.18. The expected scaling holds very well
up to ε = 0.2, where the pattern starts to be distorted by defects.

The phase of the harmonic wave was obtained in the same way as the sub-
harmonic wave. The phase of the harmonic wave with respect to the excitation
as a function of ε is shown in Fig. 5.19. We see that the behaviour of the phase
is exactly the same as for the subharmonic wave, the only difference is that it
is shifted by a fixed amount, which is independent of ε. Therefore, the phase
difference between the two waves is a well defined quantity.

The phase difference was also computed from the theory by Chen [18] and
Zhang [146, 148]. It was done by computing the phase of ζ1 (Eq. 3.9) and
that of ζ0 (Eq. 3.6), and taking the difference. To simplify the computation of
Eq. 3.9 we only consider self-interaction between the waves. This interaction
dominates in the square pattern, as the self-interaction coefficient is much larger
than the coupling of perpendicular waves. An error may arise at frequencies
(28 . . . 38Hz) where the hexagonal pattern is preferred, where the interaction
between different waves can become comparable to the self-interaction.

A quite subtle point is that what we compute is not exactly what we mea-
sure. The experimental subharmonic wave field is the sum of all terms in the
expansion in odd powers of ε1/2, whereas the harmonic field consists of all
terms involving even powers of ε1/2. In the calculation we only consider ζ0
and ζ1. However, we believe that the phase difference between ζ1 and ζ0 is the
same as that between the harmonic and subharmonic waves.

In Fig. 5.20 we show the experimental values for the phase difference be-
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Figure 5.19: Phase of harmonic wave with respect to the excitation as a function
of ε. The solid line is a linear fit through the data between ε = 0.1 and ε = 0.25.

Figure 5.20: Phase difference between subharmonic and harmonic wave as a
function of the excitation frequency. The phase difference is independent of ε.
Dots: experimental values. Solid line: theoretical values according to Chen &
Viñals (Sec. 3.1.3). Dashed line: theoretical values according to Zhang [146].
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Figure 5.21: Scan over a square pattern, with F = 64Hz and ε = 0.15. The
scan direction was parallel to one of the waves constituting the pattern. The
amplitude (derived from the power spectrum of the slope) of the subharmonic
(1), harmonic (2), and the wave at 3ω0 (3) are shown as a function of posi-
tion. As we measure the power, we can only retrieve the absolute value of the
amplitude. The irregularity around 6mm is probably due to a scratch in the
glass.

tween the subharmonic and harmonic waves as a function of frequency. At each
frequency, many runs were performed at different ε. At each ε, the difference
in phase was computed. As stated before, the phase difference was found to
be independent of ε. The error bars represent the standard deviation in the
observed values for the phase.

5.5.3 Spatial structure of the wave field

The weakly nonlinear wave field has, in fact, a very complicated structure.
Several waves of various frequencies collaborate to provide the nonlinear dis-
sipation that determines the amplitude of the wave field. It is interesting to
see how these waves are organized in space. This can only be done in an ex-
periment with an extremely linear detector of wave heights or wave slopes.
Shadowgraph techniques are completely unsuitable to study the fine details of
the standing wave pattern.

For these experiments we pinned a square standing wave pattern at an
excitation frequency F = 64Hz and a reduced excitation amplitude ε = 0.15
in a square container. We then sampled time series of point measurements of
the slope in 62 points on a line of length 15.5mm. At each of these points we
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Figure 5.22: Same data as in Fig. 5.21, lines 2 and 3 are shown.

computed the power spectrum of the signal. The wave amplitude at frequencies
ω0 (subharmonic), 2ω0 (harmonic) and 3ω is shown in Fig. 5.21 and Fig. 5.22.
A first striking observation is that the nodes of the subharmonic waves are also
nodes of the harmonic wave, which has half the wavelength of the subharmonic
wave. This can be understood from the dominance of the self -interaction in
this square wave pattern. It is also remarkable, but not surprising, that the
harmonic wave does not satisfy the dispersion relation.

Surprisingly, also the wave at 3ω0 can be clearly seen. It has wavelength
equal to three times the wavelength of the subharmonic. It is generated by
an interaction of the subharmonic with the harmonic. The spatial phase of all
waves is such that the crests of all waves coincide. The differences in amplitude
of the maxima is probably caused by a misalignement of the scanning direction
with respect to the pattern.

5.6 Conclusion

In this chapter we have presented measurements that check the linear instabil-
ity theory introduced in chapter 2, and the weakly nonlinear theory of pattern
formation introduced in chapter 3. The threshold of the instability and the
dispersion relation for finite depth were shown to agree with the theoretical
estimates. Indeed, the linear stability theory for Faraday waves is so well de-
veloped that we expect that Faraday waves may be used as an alternative
technique to measure fluid parameters like viscosity and surface tension with
great precision.
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The phase diagram for pattern formation was shown to agree precisely with
the theoretical estimate obtained in chapter 3. In the case of finite depth, we
have shown that the change in the pattern formation can be understood from
the change in the shape of the dispersion relation with depth. Together with
the toy model we have introduced, this provided strong proof that the pat-
tern formation in Faraday waves can be understood as a three-wave resonance
phenomenon.

By using an extremely linear measurement technique, we have been able
to directly test quantitative predictions on the wave field. The scaling and
the phase of both the harmonic and the subharmonic waves were shown to
give excellent agreement with theoretical estimates. Finally, a surface scan
was presented which clearly shows the nonlinearly generated waves and their
positions for the first time.

This chapter describes a concentrated effort to study nonlinear hydrody-
namics in systems that are so large that the boundaries are no longer relevant.
Thus, we are focussing on an intrinsic property of the nonlinear wave field. We
believe that this is a far more interesting problem than a study of the influence
of boundaries. Boundaries can be made of any form and shape; each introduc-
ing its own peculiarity. Another way to make a system effectively large is using
a fluid with high viscosity [34], as this decreases the correlation length of the
system. However, in this case we would have missed the cascade of patterns of
increasing rotational symmetry near the point of three-wave resonance.



Chapter 6

Theory and numerical
simulations of weak wave
turbulence

In the preceding chapters we have seen that Faraday waves can exchange energy
among each other due to three-wave interactions. Up to now, our interest has
focused on the interactions between linearly unstable waves, as these were seen
to determine the pattern formation of Faraday waves. Of course, the waves
originating from the linearly unstable waves may again interact to form other
waves, which may again interact, etc. etc. Indeed, waves of many wavelengths
and pointing in all directions may be formed through three-wave interactions.
The question, of course, is if all these waves have any discernible amplitude
and a dynamics of their own, or if they are swept away by viscous dissipation
immediately.

Due to this problem, we are interested in the behaviour of an ensemble of
waves of wavelengths and directions, all exchanging energy among themselves.
This problem has historically received a lot of attention in the field of oceanog-
raphy. Since Phillips (1960) [112], who describes interaction among gravity
waves, it is known that the main energy exchange mechanism at sea (apart
from wind) is wave-interactions. Due to the shape of the dispersion relation
described in Sec. 3.3.2, gravity waves are dominated by four-wave interactions,
as the dispersion relation forbids three-wave interactions. However, the smaller
capillary waves also sustain three-wave interactions.

Besides the obvious interest in the correct prediction of large wavelength
waves, there is also considerable interest in waves of smaller wavelength. The
first reason for this is that in remote sensing of the seas using microwave radar,
the microwave wavelength corresponds to the gravity-capillary regime of water
waves. Remote sensing of wind fields, currents and sea levels is assisted by a

89
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detailed understanding of how waves at large and small spatial scales interact.
Another reason is that as capillary waves are pumped by gravity waves, they
provide a flux of energy down to small spatial scales, where viscous dissipation
is important. This provides a an additional energy sink for gravity waves,
for which normal viscous dissipation is surprisingly small [139]. Where the
input of energy in the sea surface by wind action through linear mechanisms is
well understood, the equilibrium state of the sea surface depends on nonlinear
interactions.

Inspired by these problems, there is quite a large body of literature describ-
ing the interactions among water waves. The starting point can be traced to
Phillips [112] who discusses the energy transfer between gravity waves. The
theory of interacting gravity waves was subsequently further developed (see,
for example, [60–62, 86, 113]). This theory was later expanded to include the
capillary-gravity regime [57, 91, 131]. For a reasonably recent review on inter-
actions among water waves see [57] and [58].

Another field that has given a lot of attention to capillary waves is the field
of weak wave turbulence, where the problem of an ensemble of weakly inter-
acting waves is described from a statistical point of view. Today, turbulence
is understood as a highly excited state of a system consisting of many modes,
where the scales of injection and dissipation of energy are well-separated. An
ensemble of interacting capillary waves may thus be regarded to be a turbulent
system, if the scales of injection of energy and viscous dissipation are sepa-
rated. The goal of weak wave turbulence theory is to predict the properties of
the wave ensemble in the steady state. Zakharov [143] was the first to obtain
predictions for the energy spectrum for the system of capillary waves and many
other systems. Since then, much theoretical effort has focused on deriving the
properties of weak turbulence [40–43, 115, 116, 121, 142, 145]. Experiments in-
clude measurements of wave spectra at sea [50] and the diffusion of tracers by
Faraday waves [2, 96, 117, 118, 126]. Our experimental work on this system is
discussed in the next chapter.

As the theory of weak wave turbulence stops being tractable mathemati-
cally in the gravity-capillary regime, we will confine our analysis to pure cap-
illary waves. In its own right, this is an interesting regime for at least three
reasons. The first is that it provides a model system for the study of turbu-
lence. The second is that in zero-gravity conditions, waves are determined at
all scales by capillary forces. The third is that in the case of superfluid helium
the minimal wavelength is of the order of the atomic scale due to the absence
of viscosity, and the range of wavenumbers spans five orders of magnitude.

In this chapter, we study the theory of weak wave turbulence as it is applied
to capillary waves. Section 6.1 gives an introduction to the field of weak wave
turbulence. Section 6.2 describes the dimensional analysis, which gives us
the shape of the energy spectrum and introduces some notation. In Sec. 6.3
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we introduce the inviscid equations of motion and show how to move to a
Hamiltonian description. Section 6.4 introduces the kinetic equation, which
describes the evolution of the wave field, from which we obtain an expression
for the energy spectrum. In Sec. 6.5 we show how to arrive at the Kolmogorov
(power law) solution. Section 6.6 is devoted to the computation of the flux
of energy P and the Kolmogorov constant. Section 6.7 discusses numerical
experiments, which we use to present the predictions of the theory that go
beyond the mere scaling of the energy spectrum.

The main reference for this chapter is the book Kolmogorov Spectra of
Turbulence, by V.E. Zakharov, V.S. L’Vov, and G. Fal’kovich [145]. This book
gives a very thorough discussion of the subject of weak wave turbulence, and
contains many references to the relevant literature. A further introduction to
the field can be found in [40,142].

6.1 Introduction to weak wave turbulence

Weak wave turbulence has the same phenomenology as fully developed turbu-
lence in three dimensions. This picture leads to a prediction of an algebraic
energy spectrum with an exponent that follows from dimensional arguments.
Let us therefore first sketch the situation of strong turbulence in 3D. Strong
turbulence is characterized by a wide gap between the large scales L where the
flow is stirred and the small scale ξ where viscous dissipation acts. Thus, there
exists a range of scales ξ � r � L where direct stirring is absent and viscosity
is not yet felt. Consequently, the spectral energy can only depend on the scale
r and the scale-independent energy flow P . A dimension argument then leads
to the famous five-thirds law, which states that

E(k) = CP 2/3k−5/3, (6.1)

where C is a dimensionless constant and k is the wavenumber. The separation
of scales (the spectral gap) increases when the turbulence intensity increases.
The relation (6.1) has been verified in many experiments, which show slight
deviations from -5/3 caused by intermittency. Moreover, (6.1) cannot be gen-
eralized to higher order statistics. This reflects the circumstance that there is
no closed theory for all possible statistical moments. This is due to the absence
of a small parameter in the theory, and makes strong turbulence an unsolved
problem.

In contrast, many systems do allow for a description in terms of a small
parameter. These systems can be described by a linear approximation describ-
ing small amplitude waves on a homogeneous background. In these systems,
we can study the case where the level of nonlinearity is small, which means
that the nonlinear interactions are always weaker than the linear effects of dis-
persion and wave propagation. This type of turbulence is called weak wave
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turbulence, and systems showing this behaviour include plasmas, propagation
of light through nonlinear dielectrics, gravity and capillary waves on a fluid
surface, acoustics, ferro-magnetics, vortex motion in incompressible fluids, and
atmospheric Rossby waves (for references, see [145]).

The diversity of the systems listed above calls for a general theoretical
description that is easily adapted to all systems. The idea of the “inertial
interval”, where dissipation is not important, prompts us to look for a technique
generally used for non-dissipative systems, which is Hamiltonian dynamics.
It has been found empirically that many systems involving small-amplitude
weakly-dissipative waves have an implicit or explicit Hamiltonian structure.
For example, all of the systems listed above afford a description in canonical
variables which render the equations of motion of the system in Hamiltonian
form. In many cases, this perhaps surprising fact can be traced back to the
Hamiltonian structure of the initial microscopic equations of motion. The
Hamiltonian description leads to an expression for the evolution of the wave
occupation numbers, which are connected to the mean square amplitudes of
the waves. This expression is called the kinetic equation, and will be the central
subject of this chapter. From the kinetic equation, we arrive at an expression
for the spectral energy of the waves.

The kinetic equation predicts a Kolmogorov-like energy spectrum in the
inertial range of wavenumbers. Such an energy spectrum is continuous if the
system is forced in a wide band of wavenumbers. However, this idealization
does not hold for parametric Faraday waves, where the injection of energy
occurs in a narrow band around the linearly unstable frequency ω0. Due to
energy conservation, nonlinearly produces waves are at integer multiples of ω0.
Thus, the energy cascade is severely frustrated, and the equilibrium spectrum
is dominated by a series of discrete peaks at multiples of ω0.

6.2 Dimensional analysis

Our goal is to find the stationary energy spectrum in the inertial interval, where
viscous dissipation is not important. Following the ideas of Kolmogorov, we
can use dimensional analysis to obtain this spectrum. Of course, a dimensional
argument only gives the relevant exponents of the power law solution, and any
dimensionless constants are not found. In the next section, where we will derive
the kinetic equation, the dimensionless constant is found.

Before performing the dimensional analysis, we first have to decide which
description to use for the energy spectrum. In our experiments, we measure the
energy density as a function of frequency E(ω). We define E(ω)dω to be the
energy per unit surface contained in the interval (ω, ω + dω). In experiments
that measure the height of the fluid surface in two dimensions, the natural
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choice is the energy density per unit surface in the interval (k,k + dk) which
we will call E(k). Note that where E(k) is a two-dimensional spectrum, E(ω)
is one-dimensional. We can pass from E(k) to E(ω) by supposing the spectrum
to be rotationally invariant, and by integrating E(k) over angles in k-space and
using the dispersion relation to move from k to ω. This gives

E(ω) =
∫
E(k)k dθ

dk

dω
= 2πk E(k)

dk

dω
(6.2)

with dk/dω = (2/3)(ρ/σ)1/3ω−1/3, where σ is the surface tension and ρ the
density of the fluid. The assumption that the spectrum is rotationally invariant
is not justified a priori. Indeed, in the next chapter we will see that the real
spectrum might instead be highly non-isotropic.

We are looking for a power law description of the form E(ω) ∝ ωx, and we
suppose that the injection region of energy and the dissipation region are well
separated. This means that there is a continuous flux of energy P through the
spectrum from the injection to the dissipation region. The energy flux P is
defined as the energy per unit area per unit time.

We now make the very important assumption that the main transport
mechanism is by three-wave interactions. As we have shown using the toy
model discussed in Sec. 3.3.3, the energy flux P towards a third wave is pro-
portional to A4

k1
(see (3.35)). As we took Ak1 = Ak2 for convenience, we

actually have P ∝ A2
k1
A2

k2
, because the flux of energy to a third wave depends

on the amplitudes of the two waves that interact with it. This means that the
flux of energy P is proportional to E(ω)2, so we write E(ω) ∝ P 1/2. Realizing
that the energy spectrum can only depend on ω, P , and through σ and ρ on
the dispersion relation, dimensional arguments lead to

E(ω) = CP 1/2σ1/2ω−3/2, (6.3)

where C is a dimensionless constant. Here the dimensions of E(ω) and P follow
from their definitions, and amount to

[E(ω)dω] = kg s−2

[E(ω)] = kg s−1

[P ] = kg s−3. (6.4)

In the theoretical description in the next section we will encounter the wave
occupation number, which is connected to the energy density in frequency and
wavenumber space as follows:

E(ω) = ωN(ω),
E(k) = ωkn(k), (6.5)



94 Theory and numerical simulations of weak wave turbulence

where we use a lower case n in the second equation to avoid confusion later on.
For the wave occupation number densities Nω and nk, and the two-dimensional
energy density E(k), we arrive at

N(ω) = CP 1/2σ1/2ω−5/2

n(k) =
3C
4π

P 1/2σ−1/4ρ3/4k−17/4

E(k) =
3C
4π

P 1/2σ1/4ρ1/4k−11/4. (6.6)

By recognizing that the energy in a wave E(k) ∝ k2A2, we can easily show
that the height spectra ζ(ω) and ζ(k) of the surface scale like

ζ(ω) ∝ ω−17/6

ζ(k) ∝ k−15/4. (6.7)

The dimensionless constant C, which is called the Kolmogorov constant. Let
us emphasize the analogy with the Kolmogorov spectrum in 3D turbulence. In
strong 3D turbulence there is no theory, and the Kolmogorov constant cannot
be computed from first principles. For weak turbulence, the Kolmogorov con-
stant can be computed using an expansion in a small parameter. In the next
section we will outline this theory.

6.3 The Hamiltonian description of inviscid surface
waves

In this section we will show how the derivation of a Hamiltonian description
of surface waves proceeds. As no energy is lost in a Hamiltonian system, we
consider an ideal inviscid fluid, with infinite lateral extent and infinite depth.
The main difference with our analysis in chapter 2 is that here the fluid is
inviscid and therefore irrotational, which greatly simplifies the mathematics.
As the velocity field is irrotational, it can be written as the gradient of a velocity
potential u(r, z, t) = ∇φ(r, z, t). The Navier-Stokes equation takes the form

φt +
1
2
(∇φ)2 = −p

ρ
− g(t) z, (6.8)

and incompressibility demands ∇2φ = 0. At z = −∞ we have the boundary
condition

∂φ

∂z

∣∣∣∣
z=−∞

= 0. (6.9)

At the free surface of the fluid z = η(r, t) we again have the kinematic boundary
condition

∂η

∂t
+ (∇Hη) · (∇Hφ)|z=η −

∂φ

∂z

∣∣∣∣
z=η

= 0 (6.10)
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with η = η(r, t), and the normal stress boundary condition

∂φ

∂t

∣∣∣∣
z=η

+
1
2
(∇φ)2

∣∣∣∣
z=η

+ gη =
σ

ρ
∇ · ( ∇η√

1 + (∇η)2 ). (6.11)

The Hamiltonian describes the energy density of surface waves, and is given
by

H =
1
2

∫ η

−∞

∫
ρ (∇φ)2 dr dz+ 1

2

∫
ρg |η|2 dr+

∫
σ(
√
1 + |∇η|2−1) dr, (6.12)

where the first term is the kinetic energy, the second term the gravitational
potential energy and the last term the potential energy in the surface tension.

We can arrive at a Hamiltonian formulation by introducing the restriction
of φ to z = η, which is ψ(r, t) = φ(r, η(r, t), t). It can be shown [144] that using
the variables η and ψ, the equations of motion can be written in Hamiltonian
form

∂η

∂t
=

∂H

∂ψ

∂ψ

∂t
= −∂H

∂η
. (6.13)

As we are dealing with waves, we will now pass to Fourier space, and express
the dynamics in terms of the Fourier transform η(k, t) =

∫
η(r, t) exp(−ik·r)dr,

and similar for ψ.
Finally, we can make good use of the symmetry of these equations by

moving to a complex variable a(k, t) to obtain one complex equation instead
of the two equations (6.13). It can be shown [144] that the following definition
brings the Hamiltonian in canonical form:

η(k, t) =
√

ω

2ρ(g + σ
ρk

2)
(a(k, t) + a∗(−k, t)),

ψ(k, t) = −i
√
g + σ

ρk
2

2ρω
(a(k, t)− a∗(−k, t)). (6.14)

Note that if the wave height η(k, t) vanishes, a(k, t) vanishes as well. Using
this transformation, the Hamiltonian equations (6.13) turn into

∂a(k, t)
∂t

= i
∂H

∂a∗(k, t)
,

∂a∗(k, t)
∂t

= −i ∂H

∂a(k, t)
, (6.15)

where the second equation is just the complex conjugate of the first. So, we
now have a single complex equation that describes the Hamiltonian dynamics
of the medium. From here, we omit the t-dependence of a in our notation.
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The next step is to expand the Hamiltonian in terms of a small parameter.
As we suppose the wave amplitudes to be small, we can express the Hamiltonian
as a power series in a(k) and a∗(k). As the medium is assumed to be in equi-
librium when the wave amplitudes vanish (remember that we do not consider
forcing here), the Hamiltonian must have a minimum when a = a∗ = 0. Thus,
the first order term of the expansion must be zero. Therefore, the expansion
has the form

H = H2 +H3 +H4 + . . . . (6.16)

It can be shown [145] that the second order term H2 is a single integral over
k-space which can be expressed as follows [145]:

H2 =
∫
ω(k) a(k) a∗(k) dk, (6.17)

where ω(k) is just the dispersion relation. As this is a single integral over
k-space, it contains no interactions. So this part of the Hamiltonian describes
the behaviour of non-interacting,“free” waves. This can be seen by substituting
(6.17) in (6.15), which gives

∂b(k, t)
∂t

= i ω(k) b(k, t) =⇒ b(k, t) = b(k) eiω(k)t (6.18)

So we see that in first order, only the phase of the wave is changed and the
amplitude is constant. All the interaction between waves is described by higher
order terms. The central idea of weak wave turbulence is that in systems that
afford a description in terms of small amplitude waves, the linear behaviour
of the waves is always stronger than the nonlinear interactions. The linear
behaviour of non-interacting waves is determined by the dispersion relation
ω(k), which can be said to be the only difference between waves in different
media, be it sound waves or electromagnetic waves in a plasma.

The higher order terms in (6.16) describe the interactions between waves.
The term H3 has the form

H3 =
∫
V (k, k1, k2)(aka−k1a−k2 + c.c.) δ(k − k1 − k2) dk dk1 dk2, (6.19)

with V (k, k1, k2) the interaction coefficient which is a function of the wavenum-
bers only, and δ(k−k1−k2) the Kronecker delta. This term of the Hamiltonian
describes three-wave processes, which are subject to the resonance conditions

ωk = ωk1 + ωk2,

k = k1 + k2. (6.20)

As was explained in Sec. 3.3.2, these interactions are only allowed for decay-
type dispersion relations.
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The next term in the Hamiltonian, H4, describes four-wave resonances.
These are subject to the resonance conditions

ωk + ωk1 = ωk3 + ωk4,

k+ k1 = k3 + k4 (6.21)

and are allowed for any dispersion relation. If the dispersion relation allows
three-wave resonances, as is the case for capillary waves, they will dominate
the dynamics as the H3 is of lower order than H4. In this case, it suffices to
consider the H3 term. If they are not allowed, one has to consider four-wave
resonances and consider the term H4, which for example is the case for gravity
waves.

To obtain the interaction term V (k, k1, k2), we have to expand the Hamil-
tonian (6.12) in powers of a(k). Although the mathematics is straightforward,
it is lengthy and cumbersome (see, for example [144, 145]). In Appendix A
(section 1) we show how the Hamiltonian is expanded in a power series.

6.4 The kinetic equation

The dynamic equation (6.15) contains a lot of information. Not only the slow
changes of the amplitudes of the waves due to nonlinear interactions are in-
cluded, also the fast phase change of the waves is present. As our attention is
directed at the amplitudes, we would like to get rid of the phase information.
This can be accomplished by using Eq. (6.15) to derive a statistical equation
for the ensemble averaged correlations of a(k) and a(k)∗. To this end, we make
the key assumption that the waves have random phase, so

< a(k) >= 0, < a(k1) a(k2) >= 0, < a(k) a∗(k1) >= n(k) δ(k − k1),
(6.22)

where we encounter the wave occupation number n(k) whose angular average
was already encountered in (6.5). Similarly to (6.5) we have E(k) = ωn(k).
The derivation of the dynamic equation for the correlator n(k, t) can be found
in [116,126,145], here we just list the result:

∂n(k)
∂t

=
∫
(Rkk1k2 −Rk1kk2 −Rk2kk1) dk1 dk2, (6.23)

Rkk1k2 = 4πV 2(k,k1,k2)δ(k − k1 − k2) δ(ωk − ωk1 − ωk2)×
×(n(k1)n(k2)− n(k)n(k1)− n(k)n(k2)),

V (k,k1,k2) =
(ωkωk1ωk2)

1/2

8π
√
2σ

(
Lk1,k2

(k1k2)1/2k
− Lk,−k1

(kk1)1/2k2
− Lk,−k2

(kk2)1/2k1

)
,

Lk1,k2 = k1 · k2 + k1k2.
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It is known as the kinetic equation for the wave occupation number n(k, t).
In analogy to kinetic equations involving discrete particle collisions, the right-
hand side of (6.23) is called the collision integral. It describes the scattering
of waves at k1 and k2 into waves at wavevector k. We now make another key
assumption, which is that Faraday waves are isotropic. In this way, we can
consider the direction averaged wave occupation numbers

n(k) =
∫
2πk n(k) dθ. (6.24)

The theory of weak wave turbulence is formulated either in wavenumber or in
frequency space. Both are related through the dispersion relation ω2 = αk3,
with α = σ/ρ. Since our experimental detection is in frequency space, we
make the transformation (6.2). The directional averaging of (6.23) is done in
Appendix A (section 2). The result is an expression for the temporal evolution
for the wave occupation number N(ω):

∂N(ω)
∂t

=
∫ ω

0

(
ω1/3Nω1Nω−ω1 − (ω − ω1)1/3NωNω1 − ω1/3

1 NωNω−ω1

)
ω5/3

×S
(ω1

ω

)
dω1 − 2

∫ ∞

ω

(
ω

1/3
1 NωNω1−ω−

−(ω1 − ω)1/3Nω1Nω − ω1/3Nω1Nω1−ω

)
ω

5/3
1 S

(
ω

ω1

)
dω1, (6.25)

where we have written the ω-dependence of N as subscripts to gain compact-
ness, and with the function S(ξ)

S(ξ) =
(1− ξ)1/3ξ1/3

(
(1−ξ2/3)2
(1−ξ)1/3 +

(1−(1−ξ)2/3)2
ξ1/3 − (ξ2/3 − (1− ξ)2/3)2)2

24πσ
√
4ξ4/3(1− ξ)4/3 − ξ4/3 − (1− (1− ξ)4/3)2 .

(6.26)

6.5 The Kolmogorov solution

In the stationary case, the transport of energy to higher wavenumbers is bal-
anced by forcing at the largest scale. In agreement with our earlier qualitative
arguments for the form of the equilibrium spectrum (6.6) we are now interested
in stationary solutions of (6.25) of the form

N(ω) = Aωx. (6.27)

To derive it, we first turn the two integrals of (6.25) into one with a simple
coordinate transform shown in Appendix A (section 3). The result is

∂N(ω)
∂t

= A2ω2+2x

∫ ω

0

((ω1

ω

)x(
1− ω1

ω

)x − (1− ω1

ω

)1/3(ω1

ω

)x−
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Figure 6.1: Behaviour of the dimensionless integral I(x).

(ω1

ω

)1/3(
1− ω1

ω

)x)(
1− 2

(ω1

ω

)−2x−4
)
S(ξ) dω1,

where ξ = ω1/ω. Performing the coordinate transformation ω1 → ξω in the
rest of the integral, we can write

∂N(ω)
∂t

= A2ω2x+3 I(x) (6.28)

I(x) =
∫ 1

0

(
ξx (1− ξ)x − (1− ξ)1/3 ξx − ξ1/3 (1− ξ)x

)
×

× (1− 2ξ−2x−4
)
S(ξ) dξ

The stationary solutions which we seek are the zeros of I(x). It is easy to check
that the first factor of the integrand of I(x) becomes zero for x = −2/3. To
see the second solution, we note that the integrand is symmetric with respect
to the exchange of ξ and (1 − ξ), except for the term 1 − 2ξ−2x−4. We can
make the integral zero by making this term anti-symmetrical with respect to
the exchange ξ ↔ (1 − ξ). To do this, we require −2x− 4 = 1, so x = −5/2.
The function I(x) is drawn in Fig. 6.1. Outside the interval shown in the figure,
I(x) tends to infinity.

The solution x = −2/3 corresponds to a fluxless regime which is in thermo-
dynamical equilibrium. It is called the Rayleigh-Jeans distribution [145]. The
solution x = −5/2 corresponds to a regime which sustains an energy flux from
the excitation region at large scales to the dissipation region at small scales.

This power-law solution obtained via the kinetic equation agrees with the
solution obtained from the dimension analysis from Sec. 6.2. There, we saw
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that a slope -5/2 for the wave occupation number implies a slope -3/2 for the
energy density spectrum. So, we may conclude that in ideal fluids where the
main energy transfer mechanism is by means of three-wave interactions, we
expect the slope of the energy spectrum to be -3/2.

6.6 The energy flux

Looking at Eq. 6.3, we see that if we know the constant C, we can determine
the energy flux P . From the flux P , we can compute the Kolmogorov length,
which is defined as the length scale where the viscous dissipation becomes equal
to the energy flux P . The Kolmogorov length serves to delineate the inertial
region, where viscosity plays no role, from the viscous region, where viscosity
dominates the dynamics. We only expect to see power law scaling in the inertial
regime, so the knowledge of the Kolmogorov length is very important for the
correct interpretation of numerical as well as experimental results.

To determine the value of the energy flux and the Kolmogorov constant C,
we start with the equation of continuity for the spectral energy density

∂Eω

∂t
+
∂P

∂ω
= 0, (6.29)

where we had Eω = ωNω. So we have

∂P

∂ω
= −A

2ω2x+4

24πσ
I(x), (6.30)

which gives

P = −
∫
A2ω2x+4

24πσ
I(x)dω =

A2

24πσ
ω2x+5

2x+ 5
I(x). (6.31)

Naturally, (6.31) predicts a frequency independent energy flux P for x = −5/2.
Since the denominator of the second factor in (6.31) vanishes at this point, we
apply L’Hopital’s rule to compute the Kolmogorov constant from the derivative
of I(x) at the point x = −5/2.

P = − A2

48πσ
∂I

∂x

∣∣∣∣
x=−5/2

(6.32)

Using E = Aω−3/2 and E = CP 1/2σ1/2ω−3/2, and substituting (6.32) we
obtain

C =
4
√
3π√

− ∂I
∂x

∣∣
x=−5/2

. (6.33)
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The expression for ∂I/∂x is rather lengthy:

∂I

∂x
=
∫ 1

0

log(1−ξ)(1−2ξ−ξ17/6+2ξ23/6)+log(ξ)(1−2ξ−(1−ξ)17/6−2ξ(1−ξ)17/6−4ξ23/6)

ξ5/2(1−ξ)5/2 ×

×
(1− ξ)1/3ξ1/3

(
(1−ξ2/3)2
(1−ξ)1/3 +

(1−(1−ξ)2/3)2
ξ1/3 − (ξ2/3 − (1− ξ)2/3)2)2

√
4ξ4/3(1− ξ)4/3 − ξ4/3 − (1− (1− ξ)4/3)2 dξ,

where we have substituted x = −5/2. Evaluating the last integral numerically
results in the value 2.2242, so we get for the Kolmogorov constant C = 8.234,
which is slightly different from that given by Pushkarev & Zakharov in [116].

6.7 Numerical simulation of the kinetic equation

The emergence of the equilibrium spectrum E(ω) = CP 1/2σ1/2ω−3/2 is the
most salient prediction of the kinetic theory of the previous paragraphs. How-
ever, the way it is realized in an actual experiment depends on how the energy
is pumped at large scales, or how the energy is injected at small wavenumbers.
This may be, for example, through continuous forcing in a narrow band of
frequencies, such as is the case for Faraday waves. Another possibility is that
the wave field is allowed to decay after energy injection at the initial time. In
these special cases, the equilibrium spectrum may not emerge, but the kinetic
theory may still hold. This problem was also recognized by Fal’kovich and
Shafarenko [42], and is revisited here to study the effect of forcing which is
particular to Faraday waves. To this purpose, we also formulate the problem
directly in frequency space. The kinetic equation then reads

∂Nω

∂t
=
∫ ω

0
ω2

(
Nω1Nω−ω1 −

(
1− ω1

ω

)1/3
NωNω1 −

(ω1

ω

)1/3
NωNω−ω1

)
×

×S
(ω1

ω

)
dω1 − 2

∫ ∞

ω
ω2

1

(
NωNω1−ω −

(
1− ω

ω1

)1/3

Nω1Nω−

−
(
ω

ω1

)1/3

Nω1Nω1−ω

)
S

(
ω

ω1

)
dω1 + γω + fω,

with S(ξ) as in (6.26). The terms γω and fω have been added, and will be
used for dissipation and injection of energy, respectively. The spectrum of
occupation numbers Nω is divided in bins of size ωb, which means that the
spectrum is described at the points ωb, 2ωb, . . . , Lωb, with a total of L modes.
We will call ω/ωb = i and ω1/ωb = j, so we can write

∂Ni

∂t
=

i−1∑
j=1

i2ω2
b

(
NjNi−j −

(
1− j

i

)1/3

NiNj −
(
j

i

)1/3

NiNi−j

)
×
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×S
(
j

i

)
ωb − 2

L∑
j=i+1

j2ω2
b

(
NiNj−i −

(
1− i

j

)1/3

NjNi−

−
(
i

j

)1/3

NjNj−i

)
S

(
i

j

)
ωb + γi + fi. (6.34)

Equation (6.34) is a set of ordinary coupled nonlinear differential equations,
which was partially studied before in [121]. To forward the solution in time, a
4th order Runge-Kutta integration scheme was used. Convergence was checked
by halving the time step. As a check of the correctness of the integration
procedure, the total energy

∑
ωNi is computed at each time step. In the

case of absence of dissipation and pumping, the total energy should remain
constant.

The dissipation of energy at the high wavenumbers was modeled in two dif-
ferent ways. The first approach is just to simulate viscous dissipation. Viscous
dissipation leads to the decrease in the energy in the form

∂Eω

∂t
= −2µk2Eω = −2µω4/3

(ρ
σ

)2/3
Eω. (6.35)

So, with Eω = ωNω, and moving to discrete frequencies ω = iωb we have

γi = −2µ i4/3ω4/3
b

(ρ
σ

)2/3
Ni. (6.36)

A different approach is to allow the drift of waves into the region i > L. This
method was introduced in [43]. The way to do this is to put N(i) = 0 for i > L
and extend the second term in (6.34) from j = i+1 . . . L to j = i+1 . . . L+ i.
As N(i) = 0 for i > L, only the product NiNj−i is non-zero. This gives for the
dissipation term

γi = −2
L+i∑

j=L+1

j2NiNj−iS

(
i

j

)
ωb. (6.37)

This term provides an efficient sink of energy. We will call this method wave-
drift dissipation, and later in the chapter both dissipation mechanisms are
compared.

These two dissipation mechanisms are very different. Viscous dissipation
acts on all length scales but it dominates at scales larger than the Kolmogorov
scale which is set both by the energy flux P put into the waves and the viscosity.
Wave drift dissipation acts almost exclusively at the smallest scale which is only
set by the artificial cutoff L of the surface modes.

There are several ways to study the evolution of the spectrum. First, we
will let the spectrum evolve freely after having primed it in an initial state. In
this way we will study the influence of the two types of dissipation. Next, we
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will force the system of interacting waves both with broad and narrow sources.
Finally we will discuss the situation which faithfully models the experiment.

According to Sec. 6.5, the equations of motion sustain an equilibrium spec-
trum which scales as Eω = Aω−3/2. To see if we can reproduce this prediction
we start with an initial condition which is broad, and let the spectrum evolve
without injecting energy. As a suitable initial condition, we take Ni = e−i/10/i,
which gives a broad bump in the spectrum. Using the wave drift dissipation,
the evolution of the spectrum is shown in Fig. 6.2. It is clear that the shape of
the spectrum follows the expected scaling very well. At large times the height
of the spectrum decreases due to the dissipation of energy.

To determine the influence of the two dissipation mechanisms on the evolu-
tion of the spectrum, and to track possible distortions of the spectrum caused
by the dissipation, we use as an initial condition the Kolmogorov spectrum
E ∝ ω−3/2, and let both dissipation mechanisms act on this spectrum. All
simulations were performed with 250 modes and a time step of 10−4 sec. Fig-
ure 6.3 shows the evolution of the spectrum without any dissipation, and it
is clear that energy accumulates at the high frequency end of the spectrum,
which of course is an unwanted artifact.

Figure 6.4 shows the effect of the wave drift dissipation. We see that even
at long times, the effect on the shape of the spectrum is very modest. The total
height of the spectrum decreases due to the dissipation. Note the appearance
of a small bump at the high frequency end of the spectrum, which is the
well-known “bottleneck” in a turbulent spectrum. Due to the dissipation, the
occupation numbers at high frequency decrease rapidly (in fact, we put them
to zero), and this causes a decrease of the flux at high energy. This decrease
causes an accumulation just before the region affected by dissipation. This
is probably the cause of the change of the spectrum slope -1.5 to -1.4. The
formation of the bottleneck in turbulent spectra is a very interesting subject in
itself, which we will not pursue here. For an analysis of this effect, see [84,85].

Figure 6.5 shows the effect of viscous dissipation. We see that while at
first the evolution still shows pile-up at high frequency, later on the shape is
dominated by viscosity, with a rapid fall-off of the energy at high frequency.
The last part of the spectrum has exponential decay, which is shown in Fig. 6.6.

6.7.1 Energy injection

Of course, in most situations there is a continuous supply of energy. To deter-
mine what happens in that case, we supply energy in the low frequency region.
We use the forcing function fi = ae−i/10/i, such that

∑∞
i=1 fi = 0.7Wm−2.

Figure 6.7 shows the evolution of the spectrum with wave-drift dissipation.
It is clear that the steady state resembles the Kolmogorov solution very well.
Figure 6.8 shows the spectrum with the ordinary viscous dissipation −µk2. It
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Figure 6.2: Evolution of broad spectrum with wave-drift dissipation using 500
modes. 1: initial condition; 2,3,4,5: spectrum after 0.02, 0.03, 0.04, 0.12 sec.
The short line represent the expected scaling E ∝ ω−3/2.

Figure 6.3: Evolution of spec-
trum without dissipation. Dashed
line:initial condition. 1,2: spectrum
after 5 and 15msec, respectively.

Figure 6.4: Evolution of spectrum
with wave-drift dissipation. Dashed
line: initial condition. 1,2: spectrum
after 5 and 15msec, respectively.
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Figure 6.5: Evolution of spectrum
with viscous dissipation. Dashed line:
initial condition. 1, 2, 3, 4: spectrum
after 5, 10, 20, and 100msec. Viscos-
ity: 3.3 · 10−6m2s−1.

Figure 6.6: Spectrum of Fig. 6.5,
number 4 with linear x-axis. It is
clear that the tail of the spectrum has
an exponential fall-off.

is now much more difficult to observe scaling in the steady state as the inertial
range, characterized by an algebraic behaviour, gradually turns into the dissi-
pative region of the spectrum. Clearly, the extent of the inertial range is set
by the energy input and by the viscosity.

In the experiment, the ideal algebraic spectrum is further compromised by
the narrow-band energy injection. In order to remain close to the experimental
observations, we use the somewhat artificial functional form S(|ω−ω0|) for the
injection of energy, with

S(x) = ae−(
x
α)

1− x
β

(6.38)

for the injection of energy at ω0. With the parameters a, α and β, the height,
width, and tail of the peak can be varied. The problem with the functional form
(6.38) is that for large x, it increases again. Therefore, we only use the part of
(6.38) that is monotonously decreasing. For realistic values of the parameters,
the shape is shown in Fig. 6.9. In the next chapter, we compare this expression
for the shape with peaks as they appear in the experiment.

In order to recognize weak wave turbulence in the experiment, it is of crucial
importance to study the effect of narrow band excitation on the equilibrium
spectrum. To this aim, we excite standing waves using f(ω) = S(|ω − ω0|)
as in equation (6.38), with ω0 = 200Hz and constants a, α, and β such that
the forcing function has a width of 50Hz. Energy loss is through wave drift
dissipation. The result in Fig. 6.10 shows a number of peaks on a decreasing
background. At high frequencies, the peaks merge with the background, and
the Kolmogorov scaling (line 1 in Fig. 6.10) is recovered quite well. The maxima
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Figure 6.7: Evolution of spectrum
with continuous input of energy and
wave-drift dissipation. 1, 2, 3, 4:
spectrum after 0, 10, 20, and 40msec.
Number 4 is steady state.

Figure 6.8: Evolution of spectrum
with continuous input of energy and
viscous dissipation. 1,2,3,4: spectrum
after 0, 10, 20, and 95msec. Num-
ber 4 is steady state. Viscosity: 3.3 ·
10−6m2s−1.

Figure 6.9: Shape of the peak model (6.38), for different values of the width.
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Figure 6.10: Narrow band energy injection using wave drift dissipation. Details
are given in the text. Dashed lines: lines connecting maxima and minima.
1: scaling E ∝ ω−3/2. 2: scaling E ∝ ω−5/2. 3: scaling E ∝ ω−1/2. All
simulations shown have reached steady state.

of the peaks have a very different scaling, however. It is found that the scaling
exponent of the peaks is one less than the Kolmogorov scaling, which gives E ∝
ω−5/2 (line 2 in the figure). The scaling of the background seems suggestive of
E ∝ ω−1/2.

The scaling of the peaks can be understood by considering two facts. First
of all, it is found that the total energy in the peaks does follow the Kolmogorov
scaling. This is shown in Fig. 6.11, which depicts the summed energy in a
peak versus the frequency of that peak. The second fact follows from the
resonance condition. Consider waves with frequencies in the narrow interval
(ω−∆ω, ω+∆ω). Nonlinear interactions, constrained by energy conservation
and thereby subject to ω1 = ω2+ω3, will spawn waves with frequencies in the
interval (2ω − 2∆ω, 2ω +2∆ω). In turn, these waves generate new waves with
frequencies in (3ω − 3∆ω, 3ω + 3∆ω), etc. We therefore expect the widths of
peaks to grow linearly with their central frequency. If the area of the peaks
scales as E ∝ ω−3/2, and the width of the peaks increases linearly with ω, then
the amplitude of the peaks has to scale with E ∝ ω−5/2.

Figure 6.12 shows the width of the peaks as a function of frequency. It is
clear that the width scales linearly for the first 4 or 5 peaks, and then starts
to deviate. This deviation is caused by the interaction of the peaks with the
background. Linear scaling over a larger number of peaks was found for a
narrower injection band. Due to interaction with the background, the total
energy in the peaks falls of as ω−ζ with ζ = −1.36, which is slightly smaller
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Figure 6.11: Total energy in peaks
for Fig. 6.10. The line connecting the
dots is merely a guide to the eye. The
straight line is the scaling E ∝ ω−3/2.

Figure 6.12: Width of peaks versus
frequency for Fig. 6.10. The straight
line is a linear fit through the first four
points.

than the theoretical ζ = −3/2.
One of the assumptions of weak wave turbulence is the existence of an

inertial range where viscosity is not important. In this case, the transfer of
energy in the inertial range only depends on the flux of energy P , which carries
the energy put into the large scales to the region of viscous dissipation. The
question we ask here is if we can indeed recognize an inertial range in the actual
experiment, and, if so, what the extent of the inertial range is. The separation
between the inertial region and the viscous region is traditionally designated
by the Kolmogorov length, which per definition is the length scale where the
viscous dissipation equals the flux P .

The influence of viscous dissipation on the evolution of the spectrum for
one value of the input power is shown in Fig. 6.13. As we expect the energy
transfer rate P to be proportional to the energy, (6.35) predicts an exponential
decay of the spectrum. This is illustrated in Fig. 6.14 where we have plotted
the same data, but now with a linear frequency axis.

From the expression for the evolution of the wave occupation numbers
(6.34) and the expression for the viscous dissipation (6.36), we see that the
flux of energy due to the interactions is proportional to N(ω)2, while the vis-
cous dissipation is only proportional to N(ω). Therefore, if we make the energy
input large enough, we may expect the flux of energy to dominate the viscous
dissipation. This is shown in Fig. 6.15, which shows the steady state spectrum
for a single value of the viscosity, but for different values of the input power.
Clearly, an inertial range develops for higher values of the input power. Fig-
ure 6.16 shows the local energy flux P (ω) for the lines in Fig. 6.15. In the case
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Figure 6.13: The effect of viscosity.
Same simulation as Fig. 6.10. (1):
wave-drift dissipation, (2). . .(4): vis-
cosity 8 · 10−7, 1.6 · 10−6, 3.2 · 10−6,
respectively. Input power is equal to
0.6 watt m−2 in all cases. All cases are
steady state.

Figure 6.14: Same plot as Fig. 6.13,
with linear x-axis to stress exponential
decay. The dashed line in 4 (hardly
visible as it coincides with line 4) is
an exponential fit.

Figure 6.15: Dependence of the spec-
trum on the energy input. Value of
the viscosity is constant for all lines
and equal to 3.2 · 10−6. (1). . .(4):
Input power Pin =0.5, 2, 8, and
32watt m−2, respectively. All cases
are steady state.

Figure 6.16: The energy flux
P (ω) versus frequency for the
lines (1). . .(4) in Fig. 6.15.
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of an inertial range, the flux should be a constant. The question if an inertial
range is present therefore depends both on the value of the viscosity and on
the energy input.

6.8 Modeling the experiment

In the previous sections we have seen that there are several factors that can
compromise the observation of weak turbulence spectra in an experiment. Let
us therefore now faithfully model the experimental situation. To this aim, we
first estimate the energy input from known experimental parameters. Next we
compute the detailed spectral energy balance.

6.8.1 The energy input

We need an estimate of the energy that is absorbed by Faraday waves. We use
two techniques to compute this quantity. The first considers the system as a
simple Matthieu oscillator, of which the energy can be obtained through direct
integration. The second approach computes the energy from the linear growth
rate introduced in chapter 2. It is shown that both approaches yield consistent
results, albeit formulated in different parameters.

We first consider the effect of excitation by means of vertical oscillation.
Consider a wave system driven by g(t) = g + q(t) with q(t) = f cos(Ωt). Take
the linearly unstable wave to be η̂k = 1

2A cos(Ωt/2 + φ). We use the factor of
1/2 so the resulting standing wave has amplitude A. Using the lowest order
term in the Hamiltonian (A.3), we compute dH/dt:

dH

dt
= −1

8
ρ
dq

dt
η̂2
k =

1
2
ρfA2Ω sin(Ωt) cos(

Ω
2
t+ φ). (6.39)

If we integrate this over one period of the drive, we arrive at the power input
per period of the drive:

W =
1
16
A2πρfΩ sin(2φ). (6.40)

Dividing through the period, we arrive at the energy input per unit of time,
per unit of surface area. As we would like the energy input of the standing
wave, we multiply by an additional factor of two (in the integral, we encounter
both k and −k).

dE

dt
=
A2

16
fρΩ sin(2φ). (6.41)

We can give a rough estimate by using the following parameters, which are
representable for the our experiment. We take the forcing to be 30% above
onset (ε = 0.3). This gives A = 3mm, f = 3.48m/s2, ρ = 892 kg/m3, Ω =
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270 rad/s, and φ ≈ π/4. The value for the phase was found in the experiment.
These values give dE/dt ≈ 0.052watts.

A second method for computing the energy input starts from the analy-
sis in chapter 2, where we considered the linear stability problem of the full
hydrodynamic equations. We arrived at an amplitude equation given by

dA1

dT
= αA1 − g0A3

1 −
∑
m	=1

g(Θm,1A
2
mA1), (6.42)

with A the amplitude of the standing wave, T = εt the slow time variable, g0
the self interaction of the wave, and g(Θm,1) the nonlinear interaction between
the waves.

We consider only the linear part, dA1/dT = αA1. Written in the fast time
scale, this becomes dA1/dt = εαA1, so εα is the linear growth rate which we
will call s. From (2.45) we know that in first order, s = εγω0. Therefore, we
have

dA

dt
= εγω0A. (6.43)

The energy in the wave per unit of surface area is given by

E =
A2

4
(ρg + σk2

0), (6.44)

which is just the potential energy (gravitational plus surface tension) in a
standing wave of amplitude A. So we have

dE

dt
=
A

2
(ρg + σk2

0)
dA

dt
. (6.45)

Substituting (6.43) we have

dE

dt
=
A2

2
(ρg + σk2

0)εγω0, (6.46)

which, using the dispersion relation, can be written as

dE

dt
=
A2ω3

0ργε

2k0
. (6.47)

Using the above values for the parameters (with ε = 0.3 and γ = 0.032), we
get dE/dt ≈ 0.013.

To compare the results of both methods, we have to remember that with the
second method we computed just the energy that goes into growth of the wave;
part of the absorbed energy is immediately consumed by viscous dissipation.
Observe that if we had no forcing, ε = −1, and the growth term just represents
viscous dissipation. We can therefore get the total of absorbed energy by
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putting ε = 1.3 in (6.47). This gives dE/dt ≈ 0.057, compared to 0.052 for the
first method. If we use the additional term εγ3/2/2 in the expression for the
growth rate (see Sec. 2.45), we arrive at dE/dt ≈ 0.052, so the final agreement
is excellent. The expressions for the energy absorption are used to compute the
relevant values for the energy input in the numerical experiments that follow.

6.8.2 Development of the spectrum

The key question now is whether at typical forcing powers the energy injection
and dissipation scales are well enough separated, such that an inertial range
region with constant energy flux can be recognized. Of course, we have to keep
in mind that it is not the absolute dissipation that is important, but rather the
ratio between the energy flux P and the dissipation. If this ratio is large, the
dissipation is negligible with respect to the nonlinear transfer of energy. The
local energy flux P (ω1) can be computed readily in our numerical model from
integrating the collision integral ∂N(ω)/∂t (Eq. 6.34):

P (ω1) =
∫ ∞

ω1

∂N(ω)
∂t

ω dω. (6.48)

The simulation which we perform has a narrow band energy input of
0.64 watt (representative for the actual experiment), at a central frequency
of 30Hz. Fig. 6.17 shows the result of this computation for the case of wave
drift dissipation. Clearly, the flux is constant over a large region of the spec-
trum, so an inertial region is present, which reaches almost up to the end of
the spectrum. We can now check the expression for the energy spectrum (6.3),
with the Kolmogorov constant C = 8.2 as we found in Sec. 6.6. First of all,
note that the value of the plateau of the flux is 0.64 watt, which is equal to
the injected energy. Secondly, consider the energy density at 1000Hz, which is
2 · 10−6 kg s−1. Using (6.3), we arrive at P = 0.81watt, which is close to the
expected 0.64 watt. The discrepancy is due to the influence of narrow band
forcing. We have checked that if we start with the equilibrium spectrum, the
values agree precisely.

The result changes dramatically if we consider viscous dissipation. Fig-
ure 6.18 shows the spectrum for the value of the viscosity which is used in
the real experiment. We see that the energy spectrum shows the well-known
exponential decay at high frequencies. Perhaps surprisingly, almost all of the
injected energy is seen to be dissipated directly where it is injected, which is
in sharp contrast with the presence of an inertial range. As the energy flux is
obviously not a constant, we may conclude that the input of energy is not large
enough for the scales of injection and dissipation to separate, as was shown in
Fig. 6.15. On the other hand, we see that the flux of energy is larger than
the viscous dissipation by a factor of ten at most frequencies. So even when
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Figure 6.17: Energy flux using wave drift dissipation. 1: Equilibrium energy
spectrum. 2: Total input of energy per unit of time. 3: Dissipation of energy
per unit of time. 4: Flux of energy per unit of time. 5: scaling E(ω) ∝ ω−3/2.

Figure 6.18: Energy flux using viscous dissipation. 1: Equilibrium energy
spectrum. 2: Total input of energy per unit of time. 3: Dissipation of en-
ergy. 4: Flux of energy per unit of time. 5: scaling E(ω) ∝ ω−3/2. Viscosity
3.3 · 10−6 m2s−1.
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Figure 6.19: Amplitude of second peak in Fig. 6.17 versus time for different
amplitudes of the first peak. Time is measured in periods tf0 corresponding to
the frequency of the first peak f0. (1 . . . 4): amplitude of first peak is 0.5, 1,
1.5, 2 times the amplitude shown in Fig. 6.17.

the nonlinear flux is much stronger than the dissipation, the spectrum is still
severely affected by the viscous dissipation.

We conclude that the wave drift dissipation gives an overly optimistic pic-
ture of the formation of the spectrum. If we use viscous dissipation, the iden-
tification of an inertial range becomes very questionable. As we have used
realistic values for the viscosity and the injection of energy, we may expect
that in the real experiment, viscosity will play a dominating role.

A second important question concerns the timescale of the energy transfer
between waves versus the timescale of spatial correlation of a single wave. We
may expect that if the correlation time of a single wave is much shorter than the
typical time over which energy is transported in a three-wave interaction, the
transfer of energy will be frustrated. To assess this point, we study the time
scale of the interaction between the first and second peak in the numerical
simulation of Fig. 6.17. As the initial condition we choose the first peak at
its steady state amplitude. We then study how the amplitude of the second
peak changes as a function of time. The results for different amplitudes of
the first peak are shown in Fig. 6.19, where we measure time in terms of the
period corresponding to the centre frequency of the first peak. We see that for
the value of the energy input used in Fig. 6.17, the amplitude of the second
peak reaches 50% of its maximum value after ≈ 8 periods, and its maximum
after ≈ 35 periods. In the next chapter, we will compare these results to the
measured correlation time of the surface.
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We also note that when the amplitude of the first peak is higher, the second
peak reaches its maximum faster. This can be understood from the fact that
the change of the wave occupation numbers ∂N(2ω)/∂t (6.34) is proportional
to N(ω)2, so the transfer of energy is faster when the amplitude of the first
peak is larger. After the amplitude of the second peak reaches its maximum,
it decreases again. This can be understood from the fact that when the spec-
trum becomes more developed, the second peak transfers part of its energy to
higher wavenumbers. In the beginning of the evolution of the spectrum, the
wave occupations numbers at high frequencies are small, so the flux to these
wavenumbers is also low. When the higher wavenumbers reach an appreciable
amplitude, the flux of the second peak to higher peaks increases, causing a
decrease of the amplitude of the second peak.

6.9 The validity of weak wave turbulence theory

In this section we say a few words about the range of validity of the weak wave
turbulence theory. We will focus on the assumptions of the theory, which are:

• The fluid is non-viscous
• The dispersion relation is scale-invariant
• Wave slopes are small
• Three-wave interactions dominate the dynamics
• The spectrum is isotropic

• Wave phases are random

A subtle but important effect of viscosity is its influence on the three-wave
interaction mechanism which lies at the heart of weak wave turbulence. Due to
viscosity, the three-wave coupling function g(θ) (Eq. (3.1) is no longer a delta
peak, which allows energy transport for waves that do not exactly satisfy the
resonance conditions. Second, the Hamiltonian description of Sec. 6.3 assumes
irrotational flow. It was explained in Sec. 3.1.4 that to get the right coupling
function g(θ), one cannot ignore the rotational flow component, even for small
viscous dissipation.

About the second assumption, the dispersion relation of Faraday waves is
only invariant for capillary waves. In the gravity-capillary regime, where most
of the weak wave experiments on Faraday waves have been performed, the
dispersion relation is not scale-invariant.

The assumption that wave slopes are small is often violated in experiments.
For example, in the Faraday experiment all of the energy is injected in a very
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narrow range of wavenumbers, which cause these waves to have considerable
slope, often of order 1. Although at other wavelengths the condition of small
slope is satisfied, the large slopes at one wavelength might influence the dy-
namics. Moreover, waves of large amplitude generate other waves through the
high gradients in the surface slope. Here one can think of the peaked shape
of gravity waves at sea, which generate capillary waves of very different scale.
Similar effects play a role for steep capillary waves. In the next chapter, we
give more details on this point.

The validity of the fourth assumption is also not clear. Although the capil-
lary wave dispersion relation is of decay type and therefore affords three-wave
interactions, four-wave interactions are also always allowed. The three-wave
interactions are always stronger by an order of magnitude, as the strength of
an interaction involves the amplitudes of two waves, whereas the strength of
a four-wave interaction involves the amplitudes of three waves. On the other
hand, the resonance conditions on three-wave interactions are very strict, which
means that not so many waves interact. In the four-wave case, resonance con-
ditions allow many more interactions. The net effect of these two opposing
trends is not clear.

As to the fifth and sixth assumption, in the experiment ordered patches of
crystalline structure are observed deeply into the turbulent state. This clearly
breaks isotropy and the random phase condition.



Chapter 7

Experimental investigation of
weak turbulence in Faraday
waves

The theory of weak wave turbulence, as it was introduced in the previous chap-
ter, has been applied to many different systems. The theory yields predictions
on the occupation numbers of the linear modes of the systems, from which an
expression for the scaling of the energy spectrum can be obtained. Despite
considerable progress in the theory of weak wave turbulence in past decades,
experimental verification has lagged behind. One of the systems which has
received considerable experimental attention is the weak turbulence formed by
a system of interacting gravity waves, as they are encountered at sea. Several
authors [48,81,114] compare measurements of the wave height to the theoret-
ical predictions, but the comparison has not been very conclusive. One of the
problems is that the main source of energy at sea is the wind, which causes the
injection of energy to be fundamentally anisotropic.

Other systems which have been considered in this respect, are electro-
magnetic waves in plasmas, acoustic waves, and optical turbulence in lasers
(for references, see [145]). Most of these systems indicate agreement between
theory and experiment, although experimental problems and uncertainties are
still considerable.

Capillary waves on the surface of a fluid have long been considered to be an
appropriate model system for the study of weak wave turbulence. Most of the
experimental efforts have concentrated on waves excited on water in a wind
tunnel [83]. However, in order to remain as close as possible to the theoretical
assumptions, it is desirable to have isotropic forcing. A recent experimental
investigation of weak wave turbulence in Faraday waves has been undertaken
by Wright et al. [140, 141]. They use light diffusing through a milky fluid to
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measure the local depth of the fluid. In this way, they have access to the
instantaneous surface height over an extended region. For the wave height
spectrum they measure a scaling ∝ k−4.2, where the theoretical exponent is
-15/4 (= −3.75). They report a scaling exponent of ω−3.2 for the temporal
wave height spectrum, where the theoretical value is -17/6 (≈ −2.83). Recent
work by Henry et al. [67], who also use the diffusing light technique, reports a
scaling exponent of the surface height spectra close to the theoretical value of
-17/6. A problem of both experiments is that it is hard to assess the linearity
of their measurement technique.

Recently, numerical simulations of capillary waves have been carried out by
Pushkarev and Zakharov [116], which seem to show agreement with the theory.
However, they do not use realistic dissipation. Furthermore, they use broad
band injection of energy, which is hard to realize in an actual experiment.
A quite interesting issue in their paper is the influence of the discreteness of
the wavenumber spectrum on the development of an equilibrium spectrum.
With stringent boundary conditions in a finite size container, the number of
available modes is severely restricted. Whether resonances occur or not then
becomes a number-theoretic issue. This circumstance results in spectra of
intriguing forms. However, as explained in Sec. 5.3, mode quantization will
be very difficult to observe in Faraday waves, especially if the experiment is
operated far above the instability threshold.

In this chapter, we present detailed measurements of the turbulent state
of Faraday waves. The key question is whether disordered Faraday waves can
indeed be viewed as weak turbulence. A direct comparison with the theoretical
predictions will be through measurement of surface slope spectra, which are
presented in Sec. 7.4. Furthermore, we discuss the statistical properties of the
wave field and the important issue of intermittency.

7.1 Phenomenology of the turbulent state

First, we recapitulate the phenomenological behaviour of the Faraday system as
a function of the dimensionless distance from threshold ε. Just above threshold,
(ε ≈ 0.05), only one or a few modes are excited. In a circular container,
these are Bessel modes. For slightly stronger excitation (ε ≈ 0.1), enough
modes are excited for the system to form regular patterns, like the square
and hexagonal patterns shown in chapter 5. Increasing the excitation further
(ε ≈ 0.5), dislocations appear in the regular patterns, which increase in number
as ε increases. These dislocations destroy the long-range correlation present in
the regular patterns. Patches of surface become uncorrelated, a regime which
is called spatio-temporal chaos. When ε is increased still (ε ≈ 1 · · · 4) the
system enters a region where there are many excited modes which exchange
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(a) (b)

Figure 7.1: (a) Picture taken sideways of the container. Parallel light from
beneath is scattered by milk added to the fluid. Excitation frequency 50Hz,
ε = 0.2. (b) Shadowgraph picture of square pattern at same conditions. Parallel
light from beneath is focused and defocused by crests and troughs on the fluid
surface. A screen is placed above the container.

(a) (b)

Figure 7.2: (a) Diffusing light picture at ε = 4.5. (b) ε = 6.

energy among themselves. The fluid surface appears very irregular. Beyond
this regime (ε >≈ 4.5) droplets are ejected from the fluid surface.

In Fig. 7.1 we show a picture of Faraday waves at a low value of ε. Parallel
light coming from beneath is scattered by a small quantity of milk added
to the fluid, a technique that was already used by Faraday [44]. One can
distinguish the standing waves. Fig. 7.1(b) shows a shadowgraph image of the
same pattern. In Fig. 7.2(a) and (b) we show what state of the surface for
ε = 4.5 and ε = 6, respectively. Clearly, for strong excitation the surface
becomes very irregular. For ε � 4.5, droplets start to be ejected from the
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Figure 7.3: Path of a light ray through the set-up.

surface.

7.2 Experimental set-up

To obtain information on the wave field we again apply the laser diffraction
method discussed in the previous chapter. To trace possible dependencies on
the size of the experiment experiments were performed in both the large (di-
ameter 440mm) and in a small (diameter 120mm) container. In both cases,
the PSD detector was placed directly underneath the glass bottom of the con-
tainer. In the large container, the large PSD (20 × 20mm) was used, in the
small container the small PSD (10 × 10mm).

When the PSD is placed beneath the bottom of the container, we have
to slightly change the calculation of the slope of the surface. The principle
is depicted in Fig. 7.3. The goal is to compute from the position on the PSD
back to the position on the glass surface at the bottom of the container that
is in contact with the fluid, and after that apply the technique described in
Sec. 4.3.1.

It turns out that it suffices to consider the problem in 2D. To find the
positions xg1 and xg2 we minimize the time it takes the light ray to travel from
x0 to xpsd. As the total time is proportional to

na

√
ha

2 + (xpsd − xg2)2 + ng

√
h2
g + (xg2 − xg1)2 + nf

√
hf

2 + x2
g1, (7.1)

we have to differentiate with respect to xg1 and xg2 and put these to zero.
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In Fig. 7.4 we have plotted xg1 as a function of xpsd for typical sizes of the
small container. As we see, the relationship is approximately linear for xpsd
smaller than ≈8mm. In practice, the laser beam rarely exceeds 7mm on the
PSD. Therefore, the measured deflection is proportional to the surface slope.

7.2.1 Data acquisition and analysis

In all cases, the signal from the position sensor was low-pass filtered at 10 kHz
and digitized at 20 kHz with a 12 bit ADC. The measured quantity is the
position of the laser beam on the PSD. From this we compute the slope of
the surface as explained above. To ensure convergence of several computed
quantities to be mentioned later, the signal was sampled for long times. A
typical run lasted 14 minutes, corresponding to 1.7·107 data points. In Fig. 7.5 a
typical signal is depicted for a forcing frequency of 150Hz and ε = 1. Figure 7.6
shows the same situation for ε = 4.

It is clear in the case of low ε the waves present on the surface change their
amplitude and/or position only slowly. In the case of high ε, however, the slope
appears much more irregular, with many higher frequencies clearly present in
the signal. We also see that for strong excitation, the slope is of order one.

7.3 Statistics of the surface slope

To learn more about the state of the free surface for high ε, we measure the
statistics of the surface slope as a function of ε. The first quantity of interest
is the probability density function (PDF), which just counts the occurrence of
each value of the slope in the signal. The symmetry of the measured PDF can
be used to test the quality of the experiment.

Figure 7.7 shows the PDF of the surface slope in the x-direction for an
experiment performed at ε = 4. At a low probability level, the slope of the
surface reaches a value up to almost 2. One of the assumptions of the weak wave
turbulence theory was that wave slopes are small, e.g. � 1. This point may
already warn us as to the applicability of the weak wave turbulence ideas. We
further notice that the probability density function is strongly non-Gaussian,
and displays an exponential core. The exponential core becomes more ev-
ident as ε increases, as is shown in Fig. 7.8. We believe that this peculiar
shape of the PDF is a simple consequence of a slope measurement on ran-
dom waves with algebraically decaying amplitudes. To check this, we perform
a simulation in which we model the surface as consisting of a wave with its
higher harmonics, all with random phases, and we compute the PDF of the
surface slope. Thus, we model the surface slope as a sum of random variables
ak cos(2πx1) cos(2πx2)| cos(2πx3)|, where the xi are uniformly random phases,
and a1 is the amplitude of a given wave with a2 . . . an its higher harmonics.
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Figure 7.4: xg1 as a function of xpsd for the values used in the large container:
ha =5mm, hg =15mm, hf =5mm. Solid line: exact result. Dashed line:
linear approximation, tangent to the exact result at the origin.

Figure 7.5: Slope of the surface in the
x direction for low excitation, ε = 1.
Excitation frequency 40Hz.

Figure 7.6: Slope of the surface in the
x direction for high excitation, ε = 4.
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Figure 7.7: Probability distribution function of surface slope at ε = 4, excitation
frequency 40Hz. Solid lines: exponential fit.

Figure 7.8: Probability distribution function of surface slope as a function of ε.
Only the part with positive slope is shown, the other side is symmetrical. (1)
ε = 1, (2) ε = 1.75, (3) ε = 2.25, (4) ε = 2.75, (5) ε = 3.25, (6) ε = 4.
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Figure 7.9: Simulation of PDF. Solid line: wave field with four higher harmon-
ics (N = 5). Straight line: Exponential fit. Dashed line: Gaussian fit through
tails.

The three random variables occur due to the random spatial and temporal
phase, and the random direction. For the decrease of amplitude of the higher
harmonics we use an algebraic scaling, in this case ak ∝ ω−2

k . The exponent
−2 has no further justification, as exponents in the range -1 to -4 all give the
same qualitative behaviour. This results in the PDF of Fig. 7.9, which shows
a striking resemblance to the measured PDF shown in Fig. 7.7.

7.4 Spectrum of the surface slope

The most direct test of the validity of the weak wave turbulence theory is
to check the prediction for the Kolmogorov scaling of the energy density as
a function of frequency. We have performed two sets of measurements, at
excitation frequency of 40 and 150Hz, respectively. In both cases, the surface
slope was measured as a function of time for values of ε in the range 1 . . . 4.5.
The experiment with excitation frequency of 40Hz was performed in the large
container (∅440mm), while the experiment with excitation frequency of 150Hz
was performed in the small container (∅120mm). In both cases, data was
collected during 14 minutes for each value of ε. The results are shown in
Fig. 7.10 and Fig. 7.11.

We first notice that both experiments give very similar results. For small
ε, we see a sequence of large peaks. For higher ε, the peaks become broader,
and for high ε, a section appears with power law scaling. Figure 7.12 compares
the results for the 40Hz and the 150Hz runs at the highest value of ε (ε = 4).
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Figure 7.10: Energy density as a function of frequency. Excitation frequency
150Hz. From bottom to top: ε =1, 2, 3, 3.5, 4, 4.5. Experiment performed in
small circular container (∅120mm with small PSD (10× 10mm).

Figure 7.11: Energy density as a function of frequency. Excitation frequency
40Hz. From bottom to top: ε =1, 2, 2.5, 3, 3.75, 4. Experiment performed in
large circular container (∅440mm) with large PSD (20× 20mm).
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Clearly, there is very little difference between the two results; the result at high
frequency is merely a shifted version of the result at low frequency.

In qualitative agreement with Fig. 6.13 and Fig. 6.18 which were computed
using the kinetic equation with narrow band forcing, the experimental spectra
show a series of peaks followed by a region of algebraic decay E(ω) ∝ ω−α.
In striking contrast with the theoretical prediction, α = 3/2, the measured
exponent is α = 3.6± 0.1.

We have used the shape of a single spectral peak in our model (6.38) of the
experiment. Figure 7.13 shows that the used functional form fits the experiment
better than a simple stretched exponential E(ω) ∝ e−α|ω−ω0|β . Clearly, the top
of the peak has an exponential decay.

7.4.1 Scaling of the peak height and area

From the numerical simulations of the kinetic equation in Sec. 6.7 we have
learnt that for narrow band excitation, the peak content already reveals the
equilibrium spectrum, whereas the peak width scales linearly with frequency.
These predictions agree with our experimental results.

The area of the peaks was measured by adding all power in a peak, where a
peak was taken to be the region between two minima in the power. Figure 7.14
shows the scaling of the area of the peaks for the experiment at 150Hz, at
ε = 1.

The area A(ω) of the peaks is found to scale algebraically with their centre
frequency as A(ω) ∝ ω−α, with α = −4.0± 0.1. This exponent is close to the
one found at high ε where the energy spectrum displays unambiguous algebraic
behaviour. At this driving amplitude also the heightH(ω) of the peaks depends
algebraically on the frequency H(ω) ∝ ω−α, with α = −5.0± 0.1, which is one
less than the scaling exponent of the peak content.

In the experiment the peak width was defined as the distance between
the points at each side of the maximum where the spectral power is a factor
of 5 lower than the maximum. Figure 7.15 shows the width as a function of
frequency for two different excitation strengths. Similarly to the numerical
simulations of the kinetic equation, we observe that also in the experiment
the width increases linearly with the frequency. This behaviour is very strong
evidence that also for Faraday waves the turbulent regime is dominated by
three-wave interactions.

7.4.2 Intermittency

The central idea of weak wave turbulence is that the statistical properties of
the fluctuating fluid surface in the inertial range follow from an energy flux
which has no statistical properties of itself (it is assumed constant). A visual
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Figure 7.12: Energy density as a function of frequency. Line (1): excitation
frequency 40Hz, ε = 4, slope straight line -3.7. Line (2) excitation frequency
150Hz, ε = 4, slope straight line -3.5.

Figure 7.13: First peak in the energy spectrum. Driving frequency 50Hz, ε =
2.5. Solid circles are experimental data. Solid line (1): fit of the function
exp(αx)1−βx) with x = |ω − ω0|, which was introduced in Sec. 6.7.1. Dash-
dotted line (2): fit of stretched exponential E(ω) ∝ e−αxβ

. Dashed line (3):
simple exponential ae−x/b.



128 Experimental investigation of weak turbulence in Faraday waves

Figure 7.14: Area of peaks as a function of frequency. Excitation frequency
150Hz, ε = 1. Open circles: area of peak. Lower straight line: power law
fit through maxima of peaks, slope = −5.0. Upper straight line: power law fit
through areas, slope = −4.0.

Figure 7.15: Peak width as a function of frequency. Open circles: ε = 0.5.
Solid circles: ε = 1. Excitation frequency 150Hz. Straight lines: linear fit.
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Figure 7.16: Slope of surface at ε = 4, high pass filtered with 400Hz cutoff
frequency. The excitation frequency is 40Hz. Inserted figure: enlargement of
second large peak. The repetition frequency of the burst in the first section of
the figure is 20Hz, which is equal to the frequency of the waves. This may
signify that the bursts are caused by steep slopes on the surface.

inspection of the signal, however, teaches that there are extremely local regions
of very strong slope changes and thus very local dissipation. This is seen most
clearly in the high-pass filtered signal shown in Fig. 7.16. Faraday waves were
excited at ω0 = 20Hz, with reduced excitation amplitude ε = 4. The slope
signal was high-pass filtered at 400Hz. Regions of extremely strong activity
are interspersed with relatively quiescent regions.

A close inspection of the slope series shows that the high frequency bursts
are caused by sharp kinks in the slope, which are shown in Fig. 7.4.2. It may
very well be that most of the spectral energy at high frequencies is caused
by the isolated events of Fig. 7.4.2. As strong fluctuations of the dissipation
are incompatible with weak wave turbulence, the theory may not apply to
Faraday waves. In the next section we will study high-order statistics of the
surface slope in an attempt to quantify intermittent behaviour.

A second illustration that localized events affect the spectral energy at many
frequencies simultaneously is provided by looking at the temporal evolution of
the energy spectrum. This is done by computing the power spectrum over a
short time interval, and shifting the time interval. The intervals are chosen so
that each next interval overlaps the previous one by three-quarters. The result
is shown in Fig. 7.18. It is clear that there are “bursts” of high power in the
spectrum. Furthermore, we note that the regions of high power are present in
the same instant in time in a large part of the spectrum.
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(a) (b)

(c) (d)

Figure 7.17: Surface slope data at ε = 4, showing kinks. The excitation fre-
quency is 40Hz. (a): slope data, with the time origin placed at the position
of a sharp change in the surface slope. The dashed lines denote the regions of
subsequent blow up in (b), (c) and (d).

This signifies that wave interaction cannot have been responsible for the
high frequency content of the bursts, as wave interactions take more time to
transfer energy. Remember that for energy to transfer from the low frequency
part to higher frequencies, one needs many interaction steps.

The spatial distribution of dissipation in disordered Faraday waves was
measured by Wright et al. [140] using the diffusing light technique. They show
regions of strongly increased dissipation which have a thread-like structure.

A different illustration of the intermittent behaviour of the surface slope is
the probability density function (PDF) of the differences of the surface slope
at a given time lag τ . For large τ , the slope is decorrelated, and hence we
expect a Gaussian distribution. For small τ , however, the behaviour is very
different, as shown in Fig. 7.19. The scaling of the PDF changes from less than
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Figure 7.18: The temporal evolution of the energy spectrum. Light regions
denote high power. Frequency increases in the vertical direction from 10Hz
to 10 kHz. Time runs in the horizontal direction from 0 to 10 sec. Excitation
frequency 40Hz. ε = 4. The spectrum is computed over time intervals of
0.4 sec.

exponential for small τ , through exponential at intermediate τ , to Gaussian
for large τ .

7.4.3 Structure functions

Whereas the spectrum is defined in frequency (or wavenumber) space, the
structure function measures the fluctuations in the time domain. If Sx(t) is
the time-dependent slope in the x-direction, the structure function of order n
is defined as

Gn(τ) = 〈(Sx(t+ τ)− Sx(t))n〉, (7.2)

where 〈〉 denotes the ensemble average. The structure functions measure the
degree of smoothness of the signal on a scale τ .

The structure function of order 2 is trivially related to the energy spectrum
as

G2(τ) = 2
∫ ∞

−∞
(1− eiωτ )E(ω) dω. (7.3)

Consequently, if the energy spectrum has algebraic behaviour E(ω) ∝ ω−α, so
will the second order structure function

G2(τ) ∝ τα−1. (7.4)

An obvious problem is that the spectrum is not a simple algebraic decay and
the question is what the exponent α corresponds to in the spectrum. The
structure function concentrates the infinite recurrence of spectral peaks in a
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Figure 7.19: Probability density function of differences of surface slope, as a
function of the time lag τ . The excitation frequency is 40Hz, at ε = 4. Time
lags of lines 1 . . . 6: τ =0.5, 1, 2, 5, 10, and 20msec.

single point (at time delay 2/F , with F the excitation frequency), so perhaps
the structure function at small time delay measures the detailed shape of a
single spectral peak.

The advantage of the structure function is that high-order statistical prop-
erties can be computed readily. In contrast, it is much more difficult to define
high-order spectra. Large moments n emphasize the increasingly rare instances
of increasingly large slope-increments. For smooth, differentiable signals, the
structure function of order n scales as

Gn(τ) ∝ τn. (7.5)

This can be understood readily by expanding Sx(t+ τ) in (7.2),

〈(Sx(t+ τ)− Sx(t))n〉 ≈ 〈
(
∂S

∂t

)n

〉τn. (7.6)

As we will always present structure functions in the form Gn(τ)1/n, we expect
the structure functions to have slope 1 for a smooth signal, independent of the
order n. In the case of the surface slope, we expect a smooth signal for high
frequencies as a result of the action of viscosity.

The second order structure function for increasing driving strength is shown
in Fig. 7.20. A clean scaling behaviour is seen, but the slope is trivially that
of a smooth signal G2(τ) ∝ τ2. The energy spectrum Fig. 7.12 for this case
has a range f ∈ [300, 3000] Hz with algebraic scaling behaviour E(ω) ∝ ω−α
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with exponent α = 3.7. Accordingly, we would expect algebraic behaviour
G2(τ) ∝ τα for times τ ∈ [3 × 10−3, 3 × 10−4] sec with α = 2.7. This is
obviously not the case and we conclude that it is difficult to compare scaling
behaviour of the structure function and the spectrum in case that one of them
is not purely algebraic. Still, at strong excitation the large moments clearly
demonstrate the effect of intermittency.

From Fig. 7.20 we learn that for the case with strongest excitation (ε = 4),
the exponent ξn of the structure function

G1/n
n (τ) ∝ τ ξn (7.7)

is ξ2 = 1.0, ξ4 = 0.85, and ξ6 = 0.68. In the case of self-similar signals, all
these exponents would be unity. In view of the rather modest n-dependence
of ξn, we do not believe that intermittency is responsible for the extremely
anomalous scaling exponent of the spectrum of surface slopes which we found
in the experiment.

An important issue is the accuracy of the higher order moments. As these
higher order moments are sensitive to rare occurrences, we need to have enough
statistics. One way of appreciating the statistical quality of the data is to use
the following definition of the structure function (see [110])

Gn(τ) =
∫ +∞

−∞
|sn|pτ (s) ds, (7.8)

which is equivalent to (7.2). Here pτ (s) is the probability of measuring a
difference in the slope between s and s+ds, at a time-lag τ . These PDFs were
already shown in Fig. 7.19. The curves |s|np(s) can now be used to check the
statistical convergence of the data. For high n, these curves amplify the far tails
of the PDF, where statistics is poor. Thus, for high n, the poorly resolved tails
of the PDF dominate the integral (7.8). When this analysis is performed using
the PDFs shown in Fig. 7.19, the result is that while the structure functions
with n = 2 and n = 4 show good convergence, the convergence of n = 6 is
poor, so the n = 6 structure function should be interpreted with caution.

7.4.4 Autocorrelation

To learn more about the temporal evolution of the wave field, we study the au-
tocorrelation function (ACF) of the surface slope. The autocorrelation function
of a function f(t) is defined as

Auto(τ) =
∫ ∞

−∞
f(t+ τ)f(t)dt, (7.9)

with τ the time lag. The ACF measures the correlation length of the signal,
and can be easily calculated using the Fast Fourier transform. Figure 7.21
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(a)

(b)

(c)

Figure 7.20: Structure functions Gn(τ)1/n for excitation frequency 40Hz. (a)
G2(τ)1/2. Data from bottom to top: ε =1, 2, 3, and 4. Solid lines: power
law fit. Scaling exponents: bottom line 0.991, top line 0.977. (b) G4(τ)1/4.
Scaling exponents from bottom to top line: 0.982, 0.978, 0.935, and 0.850. (c)
G6(τ)1/6. Scaling exponents from bottom to top line: 0.995, 0.939, 0.779, and
0.677.
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Figure 7.21: Autocorrelation of surface slope. Excitation frequency 150Hz,
ε = 4.5.

shows the ACF at high ε, at an excitation frequency of 150Hz. The two things
to note are the oscillatory nature of the ACF, and the decay of the envelope,
which turns out to be exponential. The oscillation is easily explained by noting
that the amplitude of a standing wave moves from positive values to negative
values in half a wave period. So even if the standing wave on the surface does
not change its position, if the lag τ equals half the wave period, the integral
(7.9) gives a negative value.

The exponential decay signifies that after a certain characteristic time τc,
the surface state has becomes uncorrelated from its earlier state. As the tem-
poral phase of the wave slope is dictated by the excitation, and therefore will
always be correlated, this means that the spatial phase has become uncorre-
lated.

Of course, we expect that for higher ε, the correlation time will be shorter.
Figure 7.22 shows the maxima of the autocorrelation function as a function of
ε. Clearly, for higher ε the correlation time becomes shorter. We also note that
while for higher ε the decay is exponential (linear in log-plot), for lower ε the
decay is not exponential. It is likely that in the case of high ε, the correlation
is determined by the generation of defects, and that for the case of low ε, the
correlation time is determined by a slow drift of the pattern.

We fit the ACFs with an exponential decay of the form exp(τ/τc), with τc
the correlation time. The correlation time defines a characteristic fluctuation
frequency ωf = 2π/τc. In Fig. 7.23 we show the relative fluctuation frequency
ωf/ω0, with ω0 the frequency of the wave. We see that the relative fluctuation
frequency scales as (ε− εc), with εc ≈ 0.8. The presence of a critical εc is to be
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Figure 7.22: Maxima of autocorrelation function for different values of ε.
(1 . . . 7): ε = 1, 1.5, 2, 2,5, 3, 3.5, and 4.5.

Figure 7.23: Relative fluctuation frequency ωc/ω0 as a function of ε. Solid line:
linear fit.
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Figure 7.24: Analytical shape of traveling capillary waves for different wave
heights.

expected, as the loss of correlation is connected to the break up of the pattern
due to defects, and defects only occur above a certain threshold excitation
amplitude. This scaling behaviour agrees with the results of Bosch [14], who
uses an excitation frequency of 160Hz and a container diameter of 130mm,
although he finds a lower critical excitation amplitude εc ≈ 0.1.

7.5 Conclusion

Faced with the apparent contrast between the experimental energy spectrum
and the theoretical one based on three-wave interaction, the question naturally
comes up if the structure of the spectrum might be caused by other mecha-
nisms. Above, we have already put forward our expectation that intermittent
structures present on the surface might account for energy at high frequencies.
Moreover, the surface slopes present at the surface in a typical experiment are
of order one, which may induce other nonlinear mechanisms that also distribute
energy among different scales. For example, the sharp 120◦ angle of a steep
gravity wave causes capillary ripples to be formed on the forward face of the
wave. This is caused by the high curvature of the crest of the wave.

Similar effects may play a role in steep Faraday waves. Figure 7.24 shows
the theoretical shape of traveling capillary waves for different amplitudes due to
Crapper [24]. It is clear that where at small amplitudes the wave is sinusoidal,
for high amplitudes the waves develop very steep faces. We have checked that a
wave field consisting of the steep capillary waves shown in Fig. 7.24 does indeed
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possess higher frequencies, but the energy spectrum of such a wave system
decays very fast (≈ ω−5.5), so this effect alone is not sufficient for explaining the
shape of the energy spectrum. Of course, Faraday waves are standing waves,
which may have a different shape. Recent studies [12,31,46,72,87] show that the
shape of nonlinear standing capillary (or capillary-gravity) waves can deviate
significantly from the linear shape, which may yield the basic assumptions of
weak wave turbulence invalid.

A different mechanism at high ε may be the occasional ejection of droplets
by the surface. Of course, the release of a droplet causes very complex mo-
tion of the surface, without doubt high frequencies will be generated by the
reverbration of the fluid when the droplet disconnects from the body of fluid.

Another reason why the scaling deviates from the theoretical expectations
might be that the spectrum is dominated by the energy present in the observed
“bursts”, which seem to be connected to events of rapid change in the surface
slope. The energy present in these bursts and its scaling with frequency is not
accounted for in the theory.

A second reason why the energy spectrum is different from the theoretical
prediction may be the anisotropy present in the wave field. We have seen
that three-wave interactions result in strong anisotropy because the linearly
unstable waves couple back to themselves via the harmonic waves. One of the
assumptions of the kinetic theory presented in the previous chapter was the
isotropy of the wave field.

A very interesting problem is the disparity between spectra derived from
surface height measurements such as performed by Wright et al. [140,141], and
the spectra derived from surface slope measurements obtained by us. While
Wright et al. measure the surface height spectrum ζ(ω)−α with α = −3.2, we
measure an exponent α = −4.9 (computed from the exponent of the surface
slope spectrum). Apparently, spectra derived from measurement of surface
height and surface slope are not trivially related. This disparity may signify
that it is not possible to move from k-space to ω-space using the dispersion
relation, which is the theoretical assumption on which the equivalence of height-
and slope-spectra rely.

It is clear that Faraday waves present an exciting and rich experiment, in
which the fundamental assumptions of weak wave turbulence can be tested.
The experiment calls for the combination of local measurements, which probe
the temporal spectrum of the wave field and extended spatial measurements,
which probe the spatial spectrum. Looking back at the theoretical assumptions
addressed in Sec. 6.9, we feel that the most important issues are the effect of
viscosity, isotropy and intermittency. To address isotropy and intermittency,
spatial measurements are essential. Furthermore, it is desirable to obtain broad
band forcing, as steep events caused by narrow forcing may hide an underlying
Kolmogorov spectrum. Broad band forcing could be obtained by multiply
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frequency forcing, although this introduces new problems concerning temporal
phase of the forcing.
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Chapter 8

Coherent structures in
thermally driven surface
waves

In the first few chapters of this thesis, we were in the fortunate circumstance
that the weakly nonlinear theory that describes the behaviour of the Faraday
system just above threshold could be obtained from first principles. Starting
from the Navier-Stokes equations with boundary conditions, it is possible for
weak nonlinearity to derive an amplitude– or envelope equation which describes
the slow evolution of the standing wave pattern. However, for many systems
it is too difficult to make such a step.

In such a case it is still possible to write down a nonlinear envelope equation
whose form depends mainly on the symmetry and the nature of the first in-
stability. Much as in Eq. (3.15), the coefficients are determined by the detailed
hydrodynamics, but they cannot be derived from first principles here.

/
)

Figure 8.1: The heated wire experiment.

In this chapter we will change our perspective: we will discuss several salient
properties of envelope equations for traveling waves, and we will design an ex-
periment to test the predictions. The experiment consists of a thin wire which
is stretched just beneath (2mm) the free surface of a fluid, as shown in Fig. 8.1.

141
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The wire is heated by applying an electrical current, so the control parameter
is the dissipated power Q. When the wire is heated, two convection rolls form
parallel to the wire. Above a certain threshold power Qc, the rolls become
unstable to waves traveling along the wire. Because of symmetry, these waves
can be either left or right traveling. Patches of left- and right-traveling waves
are separated by coherent structures called “sources” and “sinks”, depending
on whether the waves on both sides move toward the coherent structure, or
away from it1. The free surface is essential for the dynamics; waves can be
observed by the perturbation of the surface. These traveling waves, and the
coherent structures that separate them, form the subject of this chapter.

An exhaustive study of the relevant envelope equations, the coupled com-
plex Ginzburg-Landau equations, was recently done by Van Hecke, Storm &
Van Saarloos [132]. This led to several remarkable predictions about the prop-
erties of sources and sinks. As the heated wire experiment has a forward
bifurcation to the traveling wave state, it should be an ideal testing ground for
these predictions.

Seminal experiments were done by Vince & Dubois [136,137] who explored
several key aspects of the experiment for the first time. They found that
the transition towards traveling waves is indeed supercritical, and that the
inverse width of the sources scales linearly with the heating power Q. Other
experiments were reported by Alvarez, Van Hecke & Van Saarloos [3], who
found that sources were stationary but non-unique; different sources were found
to emit different frequencies. Both experiments were unable to probe the region
for very small ε, the dimensionless distance from threshold.

In this chapter we focus on the behaviour of the width of the sources which
is predicted to depend non-monotonously on the distance ε above threshold. It
will turn out that a test of this prediction needs a much better precision of the
experiment so that the system can be explored much closer to the instability
threshold than what was possible so far.

8.1 Buoyancy and Marangoni convection

In Fig. 8.2(a), we have indicated the temperature differences that play a role
in the experiment. Buoyancy effects are determined by the temperature dif-
ference ∆Tb between the fluid near the wire and the fluid surface. Marangoni
convection, which we discuss later in this section, is determined by the tem-
perature difference ∆Tm between the fluid at the surface in the middle of the
container and the sidewall.

The hot wire causes a vertical temperature gradient in the fluid. As a con-
sequence, a buoyancy-driven convective motion develops. Interestingly, this

1The definition is actually a little different, and is given in Sec. 8.2.1.
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Figure 8.2: Buoyancy driven convection.

convective motion has no threshold, in contrast with Rayleigh-Bénard convec-
tion between flat horizontal walls. To see this, we first draw some isotherms
around the wire, as shown in Fig. 8.2(b). Next, we integrate the density over
the two lines indicated in the figure, to arrive at the pressure at the two points
p1 and p2. Clearly, as the temperature above point 1 is on average higher
than the temperature above point 2, the pressure at point 1 is lower than the
pressure at point 2. This pressure difference will always cause a motion. The
absence of a threshold in this case is caused by the fact that the hot wire set-up
is not homogeneous in the lateral dimension. In contrast, the Rayleigh-Bénard
experiment is homogeneous in the lateral dimensions.

Consider a hot wire at depth h below the free surface and distance d from
the sidewall. The temperature difference with the surface is ∆Tb and with the
sidewalls ∆Tm. (Fig. 8.1 and 8.2). The time scale τb of the buoyancy can be
estimated by considering the acceleration of a fluid parcel moving to the fluid
surface. Writing F = ma for a fluid parcel, we get

α∆Tbρg =
ρh

τ2
b

, (8.1)

where α is the linear coefficient of expansion, ∆T is the temperature difference,
ρ is the density of the fluid, and h is the distance between the wire and the
surface. Rewriting, we get

τ2
b =

h

α∆Tbρg
, (8.2)

which expresses that buoyancy is more effective with higher temperature gra-
dients, and less effective for small depths.

Due to the hot rising fluid, a temperature gradient forms at the free surface.
As the surface tension is temperature dependent, the temperature gradient
causes a stress at the free surface which tends to pull the fluid from regions of
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Figure 8.3: Marangoni convection in container with sidewalls at different tem-
perature. Buoyancy is absent. See for example [49,104].

high temperature towards regions of lower temperature, e.g. the sidewall. The
fluid convection caused by this stress is called Marangoni convection.

The stress at the free surface due to the temperature gradient causes a flow
in the container. As an example, we consider what happens if we have a fluid
bounded by vertical walls, where the left wall is kept at a higher temperature
as the right wall (see Fig. 8.3). The tension at the free surface sets up a flow
which in the steady state is equal to the viscous stress at the surface

τyx = −µ∂vx
∂y

=
dγ

dT

dT

dx
, (8.3)

with vx the velocity in the x direction and µ the viscosity. As a result, liquid
is pulled from the hot wall towards the cold wall. In this way, a convection roll
develops, even in the absence of buoyancy. The flow is depicted in Fig. 8.3.

We define the Marangoni timescale as the balance between viscous forces
and surface tension. In both cases we take distance between the wire and the
sidewall d (see Fig. 8.1) as the relevant length scale. From (8.3) it then follows

vm
d
=
Γ∆Tm
ρνd

, (8.4)

where Γ = dγ/dT . With τm = d/vm it then follows

τm =
ρνd

Γ∆Tm
, (8.5)

which expresses that Marangoni convection is more effective for a higher tem-
perature gradient on the surface. A hot blob of fluid which reaches the fluid is
disrupted in a time τm. This disruption is called Marangoni disruption.

In the heated wire system, both buoyancy and Marangoni convection act
at the same time. One of the important variables which determines which
mechanism is dominant is the depth of the wire h. For large depth, convection is
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Figure 8.4: Mechanism of the instability.(a,b): Hot fluid rises due to buoyancy.
(c): When the hot fluid reaches the surface, it is pulled apart due to Marangoni
convection. The Marangoni disruption causes a convective cooling around the
wire. (d): During the brief stagnation of the flow the fluid around the wire
heats up again.

dominant because on its way to the free surface, the fluid is already considerably
cooled down because of thermal diffusivity, so Marangoni convection will be
less effective. For small depth, the effects are reversed. Marangoni convection
is stronger in this case, due to the large temperature difference between the
fluid above the wire at the free surface and the sidewalls.

The mechanism of instability can be qualitatively understood by consider-
ing the time scales τb for buoyancy convection and τm for Marangoni convection
introduced in the previous section. Fluid heated by the wire travels up towards
the surface in a time τb, and is transported to the sidewalls in a time τm. If
τb � τm, the hot fluid is transported to the surface quickly, and transported
to the sidewalls much slower, giving rise to stable motion. On the other hand,
if τb � τm, the fluid moves slowly to the surface, where it is disrupted very
fast (see Fig. 8.4). The fast disruption pulls the fluid in the centre upwards,
providing a convective current around the wire, which cools it. This will cause
the buoyancy-driven flow to stagnate for a moment, until the fluid around
the wire heats up again, which leads to an oscillatory fluid motion. Although
numerical simulation of the system [88] reproduces the stationary convective
states and the combined effects of buoyancy and surface Marangoni convection
very well, but the oscillatory motion of the fluid and the formation of traveling
waves has not yet been understood to a satisfactory degree. The bifurcation
towards traveling waves occurs at a threshold value of the heating power, which
is shown in Fig. 8.5.

As waves can move both to the left and to the right, domains develop with
left- or right traveling waves. The domains are separated by domain walls. A
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Figure 8.5: Sketch of the phase diagram of the hot wire experiment, showing the
depth of the wire h versus the heating power Q. Above the solid line, traveling
waves are formed, below the line the convection is stationary.

typical experiment will show several of these domains, which looks like

←←←←So•→→→→Si•←←←←←←So•→→→→→→→Si•←←←←←←So•→→ (8.6)

where the So and Si denote “sources” and “sinks”, respectively. A space-time
plot of such a state is shown in Fig. 8.6.

We note that it is possible to judge the relative importance of Marangoni
convection and buoyancy convection directly from the experiment. When
Marangoni convection dominates, the free surface directly above the wire is
depressed, while when buoyancy dominates, the surface is slightly elevated
above the wire.

8.2 Amplitude equations

The physical mechanism sketched in the previous section lends itself almost
ideally to an envelope equation description. The key ingredients are that in
a very long cell the waves arise in a forward bifurcation. The traveling wave
basis state is of the form

ARe
−i(ωct−kcx) +ALe

−i(ωct+kcx) + c.c., (8.7)

where AR and AL are the complex amplitudes of the right- and left-traveling
waves, respectively, ωc is the critical frequency of the waves, and kc is the
critical wavenumber. Furthermore, the system has left-right symmetry.

If Qc is the critical power where traveling waves first form, we define the
dimensionless distance from threshold ε as ε = (Q − Qc)/Qc. When ε is
small, we expect the wave amplitudes to scale as ε1/2 just above threshold,
where the dimensionless distance from threshold ε is defined as ε = (Q −
Qc)/Qc. Here Qc is the critical dissipated power at which traveling waves first
form. Furthermore, we expect the amplitudes to vary only on slow spatial
and temporal scales when ε is small. From these assumptions, the governing
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Figure 8.6: Space-time plot of traveling waves. The visualization method is
explained in Sec. 8.3.1. Time runs in the vertical direction, and from top to
bottom. Two sinks with a source in the middle are present on the fluid surface.
In time, one of the sinks annihilates with the source.
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Figure 8.7: Definition of sources and sinks. Top figures: the nonlinear group
velocity s points in the same direction as the linear group velocity s0. Bottom
figures: s and s0 point in opposition directions.

amplitude equations are found to be the coupled complex Ginzburg-Landau
(CGL) equations [22,27–29,74,75,138], which have the form

∂tAR + s0∂xAR = εAR + (1 + ic1)∂2
xAR − (1− ic3)|AR|2AR −

−g2(1− ic2)|AL|2AR

∂tAL − s0∂xAL = εAL + (1 + ic1)∂2
xAL − (1− ic3)|AL|2AL −

−g2(1− ic2)|AR|2AL (8.8)

with s0 the linear group velocity of the traveling waves (i.e. the group velocity
of the fast modes). Equation (8.8) implies that the wave amplitude must
scale as ε1/2 near threshold. The coefficients c1 and c3 describe the linear
and nonlinear dispersion of a single mode, while the coefficient c2 describes
the dispersive effect of one mode on the other. The coefficient g2 describes the
mutual suppression of the modes. Depending on the values of these coefficients,
a large variety of dynamical behaviour has been found [4,29,122,123].

8.2.1 Sources and sinks

The CGL equations (8.8) describe the amplitudes of waves traveling to the
left or to the right. If the mutual suppression g2 of the waves is large enough,
the system forms domains where only left-traveling waves are present, and
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domains with only right-traveling waves. The domains are separated by domain
walls, called “sources” and “sinks”. Any disturbance of the amplitude of the
waves moves with the group velocity of the waves. As the waves have a finite
amplitude, the group velocity is the nonlinear group velocity s, which may be
different from the linear group velocity s0. The difference between sources and
sinks is based on the nonlinear group velocity s, which may be different from
s0, and which may even have a different direction (see [132]). In the case of a
source, s points outwards, while in the case of a sink, s points inward, as shown
in Fig. 8.7. Physically, this corresponds to the situation where disturbances
move away from sources and towards sinks. If s and s0 point in the same
direction, this also means that the waves themselves move away from sources
and toward sinks. This is not strictly necessary, however, it is possible that s
and s0 point in different directions, as shown in Fig. 8.7. This corresponds to
the counter-intuitive situation that waves move toward sources and away from
sinks.

In an experiment, one observes the movement of points of constant phase.
The direction of the phase velocity vph is therefore known. Fortunately, in the
case of the heated wire experiment, the nonlinear group velocity s and the
phase velocity vph point in the same direction, as was shown in [3]. Therefore,
what experimentally looks like a source, really is a source according to the
definition.

8.2.2 Counting arguments

The analysis of sources and sinks is based on the observation that both are
so-called “coherent structures”. The shape of these structures does not change
over time, and they have a constant velocity v (which may be zero). Apart
from a phase factor, these structures are stationary in the co-moving reference
frame ζ = x− vt, so the single variable ζ suffices to describe the shape of these
structures. As only one variable is needed, the structures can be described by
ordinary differential equations (ODEs) rather than partial differential equa-
tions.

Waves which are asymptotically either left or right traveling are fixed points
of the ordinary differential equations. A source or sink is a phase space orbit
from one fixed point to another one. Whether there is a continuous family
or them of whether they come in a discrete set depends on the dimensions of
the stable and unstable manifolds of the fixed points. Therefore, the charac-
terization of coherent structures can be done by counting. It is expected that
the outcome of such arguments does not depend in an essential manner on the
value of the parameters of the CGL equations.

Counting arguments do not strictly prove the existence of coherent struc-
tures, nor do they give the dynamically relevant solutions. One has to rely on
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Figure 8.8: A wide source. (a) Amplitude of left- and right-traveling wave for
a wide source. In the centre part, both amplitudes are near zero. V ∗ is the
velocity of the front propagating in the unstable centre region. s0 is the linear
group velocity of waves coming out of the source. (adapted from [132]). (b) A
single front. The waves are traveling to the right. The growth of fluctuations
in the tip is denoted by the vertical arrow.

other methods, for example numerical investigations, to obtain the structures.
Counting arguments then give the multiplicity of these solutions, and show if
a solution is part of a discrete set, or part of a continuous set of solutions.
By a discrete set is meant that if a parameter is changed slightly, there is no
solution infinitesimally close to the solution already obtained. These counting
arguments [132] give three important predictions for the generic behaviour of
sources and sinks:

(a) Sources occur in a discrete set.

(b) There is a unique stationary source (v = 0).

(c) Sinks occur in a two-parameter family, meaning that they are not ex-
pected to be unique, and they can move with different velocities.

The generic scenario is that for small ε, sources become wider. To analyze
this widening, note that a wide source has a large region where the amplitude of
both waves is near zero, as shown in Fig. 8.8(a). We may then view the source
as a weakly bound state of two widely separated fronts. To analyze what
happens in this case, we consider the movement of a single front, depicted in
Fig. 8.8(b). This front can be described by a single CGL equation

(∂t + s0∂x)AR = εAr + (1 + ic1)∂xxAR − (1− ic3)|AR|2AR. (8.9)

We are interested in the speed of the front v∗ as a function of ε. There are two
effects that determine the speed of the front. First of all, when ε is very small,
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the waves hardly grow, and the front profile of the waves is carried away to
the right with the linear group velocity of the waves s0. So we expect v∗ = s0
for ε = 0. However, for higher ε the fluctuations in the tip of the front grow
exponentially, which tends to move the front to the left. Therefore, the speed of
the front is determined by a competition between spreading and growing of the
waves. Fronts of this type moving into unstable regions have been extensively
studied [134], and it is known that in this case, the velocity of the front is
equal to the linear spreading velocity v∗, which is the speed at which a small
disturbance around the unstable state spreads, and which is given by

v∗ = s0 − 2
√
ε(1 + c21)

ξ0
τ0
, (8.10)

where ξ0 and τ0 are the units of space and time, respectively. We see that for
small ε, the front moves to the right with s0, but that for high ε, the velocity
becomes smaller, and can even become negative. A negative v∗ corresponds to
the situation that disturbances grow very fast, and are convected away slowly.
In this case, the two fronts in Fig. 8.8(a) will move towards each other, and
some sort of bound state will emerge. In the case of positive v∗, however, the
two fronts will move apart. This leaves a large unstable region in the center,
which will quickly develop growing fluctuations. So for v∗ positive, we do not
expect stationary sources. Clearly, the value v∗ = 0 divides two regions with
different source dynamics, with stable sources for v∗ < 0, and unstationary
sources for v∗ > 0. The value v∗ = 0 leads to a critical value for ε,

εsoc =
s20

4 + 4c21
. (8.11)

Below εsoc , we do not expect to see stationary sources.
Using other results for front propagation in unstable states, it is possible

[132] to obtain predictions for the scaling of the width of sources and sinks
with ε. The main predictions for sources and sinks are summarized below:

(d) There exists a finite value εsoc which separates regions of different scaling
behaviour for sources.

(e) For ε > εsoc , the sources are stable and stationary, and their structure
and multiplicity are found from the ODEs.

(f) When ε approaches εsoc from above, the width of the source diverges as
ε−1. When ε is slightly larger than εsoc , the source consists of two widely
separated fronts, with a large section in the centre where both amplitudes
are very small. This section in the centre can become unstable.
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(g) For ε < εsoc , the centre section is unstable. In this situation, fluctuations
in the centre section continuously emerge and grow, giving the source
a “breathing” appearance. So while no stationary sources exist in this
regime, non-stationary sources are still possible [23,132].

(h) In the case of sinks, there is no critical value for ε.

(i) The width of sinks diverges as ε−1 for small ε.

Earlier experimental work [3,33,136,137] has revealed that the bifurcations
towards traveling waves is supercritical [137], and that the group velocity has
the same direction as the phase velocity [3]. The scaling of the width of the
sources has been investigated by Vince & Dubois [137], who find that the
inverse width is proportional to the heating power, and associate this with a
scaling of the source width as ε−1. Unfortunately, it is unclear from their data
how their ε is actually defined, and it is impossible to say whether the critical
εsoc was observed. In this chapter we will demonstrate that this was not the
case: in order to make connection with the CGL equation it is crucial to go
to much lower values of ε. On the width of sinks, Dubois et al. [33] note that
even in the case of wide sources, sinks are always narrow.

Alvarez et al. [3] note that the sources are stationary, but do not have
a unique wavenumber. This does not agree with prediction (b), and it was
suggested that the sources were pinned on inhomogeneities. It must also be
said that the aspect ratio of the experiment of Alvarez et al. was very small.
The intervening sinks were found to move with a velocity such as to match
the phase of the waves at both sides. The complex Ginzburg-Landau equation
which is expected to describe the dynamics of sinks cannot possibly allow for
this phase matching, as envelope equations do not account for fast dynamics
anymore. This means that the fast and the slow scales are still connected in
these experiments. Alvarez could only access the range 0.25 ≤ ε ≤ 0.5, where
the weakly nonlinear theory may not be applicable.

8.3 The experimental set-up

In Fig. 8.1 the principle of the heated wire experiment is shown. The wire is
stretched beneath the free surface of the fluid, and the depth can be varied.
The sidewalls of the container are water cooled to a constant temperature.
When the wire is heated by an electrical current, two convection rolls forms
parallel to the wire. Above a certain threshold power Qc, the rolls become
unstable to waves traveling along the wire. The dimensionless distance from
threshold is measured in the usual way as ε = (Q−Qc)/Qc.

The experimental set-up used is shown in Fig. 8.9 and Fig. 8.10. To avoid
possible end effects, the container has a length of 2m. The length of our
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Figure 8.9: Experimental set-up of the heated wire experiment. Side view.
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Figure 8.10: Cross section of the set-up. The typical wire depth h is 2mm.

experiment is much larger than what was customary so far. With source widths
becoming as large as 30 cm, we believe that a long experiment is crucial. The
wire, which has a diameter of 0.2mm and has a resistivity of 50Ωm−1, is placed
under the free surface of the fluid at a distance between 0.5 and 4mm. The
material of the wire is an alloy of chrome, aluminium and iron. The depth
of the wire can be adjusted by two micrometers placed at the ends of the
container. The wire is kept stretched close to its breaking limit by a spring at
one side of the container. It was computed that the sagging of the wire in the
centre of the container is a mere 0.1mm.

The sides of the container are made of brass. In the sides, copper tubes
are placed and soldered to the brass to guarantee a good thermal contact.
Cooling water of 21.0±0.1◦C is fed through the tubes. In an experiment with
the highest power dissipation in the wire, temperature differences in different
locations at the brass side walls were all down to 0.1◦C.
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Figure 8.11: Shadowgraph method using a laser sheet parallel to the wire.

The fluid used in this experiment is the same low surface tension silicon oil
as was used for the Faraday experiment. The low surface tension guarantees
a clear surface at all times. Moreover, the boiling temperature of silicon oil is
much higher than that of water. If water is used, boiling occurs near the wire
at high power dissipation in the wire. The vapour creates an insulating layer
around the wire, causing the wire to overheat and break. The voltage over
the wire and the current through the wire are monitored continuously by a
computer, and the power dissipated in the wire is kept constant using a simple
linear feedback loop.

8.3.1 Shadowgraph imaging

To access the state of the system we may either use the deformation of the free
surface, or the temperature differences. To obtain information over the whole
length of the wire, we use a laser sheet which is directed through the bottom
of the container, parallel to the wire, as shown in Fig. 8.11. Both the thermally
induced density differences and free surface elevations cause the laser light to
refract. Above the container a mirror is placed that reflects the laser sheet
onto a screen placed about 3 meters away. A CCD camera records the image
of the laser sheet. The laser sheet itself was formed using a 30 mW HeNe laser
and a cylindrical lens. Figure 8.12 shows part of a typical image obtained with
the CCD camera.

Space-time plots can be easily obtained by taking one line from the camera
image for every time-instance, and by putting them together, as shown in
Fig. 8.6. However, we have found that this technique is only feasible for large
values of ε (ε ≈ 1.0), due to its relative insensitivity.
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Figure 8.12: Shadowgraph image obtained in the set-up described in Fig. 8.11.
The shape of the waves is not very clear, as many sources and sinks are present
in this picture. Only a small part of the total image length is shown.
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Figure 8.13: Laser reflection set-up. (a): principle. (b) scanning set-up.

8.3.2 Laser reflection imaging

To overcome the problems inherent in the shadowgraph method, we have de-
vised a method which gives a linear measurement of the surface slope. To this
end, a laser is reflected off the surface. The deflection of the laser beam is
recorded using a Position Sensing Device (PSD) in the same way as described
before (see Sec. 4.3.1). Figure 8.13(a) shows the principle of the technique.
From the position of the laser beam on the PSD, the slope of the free surface
can be retrieved. To obtain information on the whole length of the wire, the
laser beam is scanned over the wire using the set-up shown in Fig. 8.13(b). This
is a very sensitive technique; the theoretical resolution of the set-up as shown
in Fig. 8.13(b) is 0.45 seconds of arc (with a 12 bit ADC), which corresponds
to a wave height of 0.01µm at a wavelength of 1 cm. Of course, electrical noise
and mechanical vibrations prevents this accuracy to be obtained.

For increased sensitivity, we use a lens to focus the laser beam on the
surface. As the lateral extent (perpendicular to the wire) of the waves is of the
order of 2mm, we can use the focused beam to probe the wave exactly above
the wire, where the surface elevation is at its maximum. If we do not use the
lens, we may average over the lateral extent of the wave due to the extension
of the laser beam (diameter ≈ 1mm). Due to mechanical restrictions, the lens
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Figure 8.14: Threshold of the linear instability versus wire depth h. The thresh-
old was determined by visual inspection.

was only used for point measurements.
The sketched set-up is extremely sensitive to mechanical vibrations and

a concentrated effort was undertaken to isolate the set-up from disturbances.
It was almost impossible to avoid the excitation of wave motion of the free
surface. To reduce the noise, the surface slope signal was band-pass filtered
around the (known) frequency of the waves. When performing a scan, one of
course has to account for the Doppler shift of the wave frequency. The images
were recorded using the same set-up as described in Sec. 4.4.

8.4 Experimental results

A typical experiment shows patches of left- and right-traveling waves. The
typical wavelength is 2 to 2.5 cm, with a speed of ≈5mms−1. This speed is
much lower than the capillary wave speed, so these waves are not capillary
waves. At ε = 0.1, the typical wave height is 0.4µm (!), which was measured
using the laser reflection technique.

8.4.1 The linear instability

Figure 8.14 shows the experimental threshold of the linear instability. The pres-
ence of waves on the surface was judged by eye using the shadowgraph method.
The error bars denote the uncertainty in the determination of the threshold.
The fact that the error is quite large is caused by the inherent insensitivity
of the visual method used; for accurate measurements of the threshold at a
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specific height we use the linear scaling of the power with ε to extrapolate the
threshold value, as explained below.

The threshold shows a minimum around a depth of 2mm. The presence
of the minimum can be understood from the consideration that the time scale
of Marangoni convection has to be shorter than, or at least comparable to,
the timescale of buoyancy. For large depth, the hot fluid cools while it is
transported to the surface. For the Marangoni convection to be effective, a
large temperature difference is needed between the sidewalls and the surface
fluid in the centre of the container. Therefore, for larger depth, the power
dissipation has to increase. Similarly, for small depth the timescale of buoyancy
becomes small because the distance the fluid has to travel is small. For the
Marangoni convection to be stronger, the temperature difference has to be
high, so for smaller depth, the power dissipation also has to increase.

The model equation we use is valid just above threshold. An important
question is up to which ε the amplitude description is valid. We can try to
answer this question by measuring the amplitude of the waves as a function
of ε, which should scale as A ∝ ε1/2. This is also a check if the bifurcation is
supercritical, as we supposed in the derivation of the theoretical model. The
amplitude of the waves was measured using the laser reflection method on one
location, using a focused beam for increased sensitivity. The amplitude was
determined from the Fourier transform of the recorded signal, where we use the
energy contained in the first peak. The spectral power contained in the first
peak, which is proportional to A2, should therefore scale as P ∝ ε. The result
is shown in Fig. 8.15. It is clear that the bifurcation is supercritical, and that
the scaling holds up to ε = 0.5. We also use this measurement to define the
threshold power Qc, which is found by extrapolating the linear curve to zero
power. Therefore, the linear fit always passes through the origin in Fig. 8.15.

A second way to assess the range of validity of the amplitude equations is
to look at the actual surface deformations themselves. This is easily done by
measuring the slope as a function of time with the laser refraction method, and
integrating the slope to obtain the surface height. The result for different ε is
shown in Fig. 8.4.1. We see that for ε = 0.12, the surface resembles a sinusoid,
while for ε � 0.2, the surface deformation develops higher harmonics and is
not simply sinusoidal anymore. Although the amplitude of the first harmonic
scales as expected up to ε ≈ 0.5 (Fig. 8.15), it is clear that higher harmonics
develop for ε > 0.2. While it is not clear up to which value of ε the theory
is valid, from this evidence it seems desirable to perform experiments with
ε < 0.2.

Measurements of the surface slope at one position cannot be performed at
very low ε, as the laser light influences the surface waves. Even though the
laser power is only 5mW, it has proven possible to drag a source along by
moving the laser very slowly along the wire. Although this behaviour may be
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Figure 8.15: Scaling of amplitude of wave with ε for a wire depth of 2mm.
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Figure 8.16: Surface deformation as a function of lateral cross section, for
various values of ε. Horizontal axis: surface deformation (amplitude scaled to
unity). Vertical axis: lateral position in units of the wavelength. From top left
to bottom right: ε =0.12, 0.2, 0.72, 2.4, 4.1, 6.9. Wire depth 2mm.
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Figure 8.17: Time after which waves reach full amplitude as a function of ε.
The inset shows that the time scales as τ ∝ ε−1.

interesting for certain measurements, it is generally unwanted, and we have to
rely on scanning the laser over the surface.

As the bifurcation towards traveling waves is supercritical, we expect the
amplitude to grow exponentially when the wire heating is turned on. This can
be seen from (8.8); if we neglect nonlinear terms and spatial variations of the
amplitude, we just have

τc∂tAR = εAR (8.12)

for the temporal evolution of the amplitude of a right-traveling wave. We have
put the characteristic time τc, which was scaled away in (8.8) by a transforma-
tion of time, back into the equation. The equation has the simple solution

AR = eεt/τc . (8.13)

As the growth is exponential, the wave amplitude quickly reaches a value close
to its asymptotic value. We may approximately measure the time constant τc/ε
by measuring the time after which the wave amplitude is indistinguishable
from its final value after the wire heating is turned on. The result of this
measurement is shown in Fig. 8.17. The inset in the figure indeed shows that the
inverse time scales linearly in ε. From the slope in Fig. 8.17 we can determine
the characteristic time to be τc = 120 sec.

To obtain information on the spatial variation of the wave amplitudes, we
record the surface slope versus the position along the wire. Figure 8.18(a)
shows the recorded slope for part of the wire, for an experiment at ε = 0.095.
Clearly, the surface deformation can be measured very accurately in this way,
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even down to small ε. The structure present in Fig. 8.18(a) is a source with a
width of ≈ 15 cm. The nature of a structure (source or sink) is determined by
visual inspection of the directions of the waves. Figure 8.18(b) shows a scan at
ε = 0.12. The structure present is again a source, but now it is much narrower
due to the higher value of ε. Figure 8.18(c) shows both a source and a sink at
ε = 0.095. Clearly, the sink is very narrow, while the extent of the source is
appreciable for this ε.

8.4.2 The profile, scaling, and stationarity of sources

To measure the spatial profile of a source, we perform many scans over a source.
The slope signal is band-pass filtered around the frequency of the waves. For
every scan, we determine the maxima of the waves, and we plot all maxima in
one graph. As the waves move, the maxima will trace out the profile of the
source. The result of this method is shown in Fig. 8.19. The large spread in
the amplitude of the waves outside the source we attribute to imperfections
in the set-up, notably mechanical vibrations and scratches in and dust on the
glass cover. Especially dust and scratches cause large spikes in the data, which
are effectively removed by the band-pass filter, but at the cost of a disturbed
amplitude of the remaining signal. We fit the source with the sum of two
hyperbolic tangent functions which describe the amplitude of the left- and
right traveling waves

A(x) = a((1 + tanh(bx+ c)) + (1− tanh(bx− c))), (8.14)

with x the distance from the centre of the source, a the amplitude of the
structure, b a scaling factor, and c and −c the positions where the left- and
right-traveling wave have half their maximum amplitude. The solid line in
Fig. 8.19 denotes the fit (8.14), while the dashed lines in Fig. 8.19 denote the
contribution of the left- and right-traveling wave, respectively. Clearly, the
profile of the source can be well approximated by (8.14). The spatial profile
shown in Fig. 8.19 is in good agreement with the theoretical profile of a wide
source at ε = 0.15 shown in Fig. 4 in [132].

To show that this technique works down to very low ε, we show in Fig. 8.20
the profile of a source for ε = 0.05. Here, we have only used two scans to
determine the profile. The other scans performed in this experiment showed the
development of a growing wave in the centre of the region where the amplitude
is close to zero, which again demonstrates that the sources show dynamical
behaviour at low ε. This is shown in Fig. 8.21.

According to prediction (f) and (g) there is a critical εsoc below which the
scaling of the width of sources is different. Furthermore, sources are expected
to be stationary above εsoc , and may show dynamical behaviour below this
value.
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(a)

(b)

(c)

Figure 8.18: Slope of surface versus position. (a): ε = 0.095. In the centre,
a source is present. The identification of the structure as a source is done
by visual inspection of the dynamics during the scan. (b): ε = 0.16. Again
a source is present, but it is clearly much narrower. (c) ε = 0.095. The
structure at (1) is a source. The structure at (2) is a sink with waves of different
wavelength coming in on both sides. Clearly, the sink is much narrower than
the source.
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Figure 8.19: Profile of source at ε = 0.14. Open circles: experimental maxima
of waves. Solid line: fitting function a((1+ tanh(bx+ c))+ (1− tanh(bx− c))),
where x is zero at the centre of the source. Dashed lines: a((1 + tanh(bx+ c))
and a(1 − tanh(bx − c))) shown separately. (1): amplitude of right-traveling
wave. (2): amplitude of left-traveling wave.

Figure 8.20: Profile of source at ε = 0.052. Open circles: experimental maxima
of waves. Solid line: same fit as Fig. 8.19. Dashed lines: amplitudes of left- and
right-traveling waves shown separately. Note the extreme width of the source,
close to 30 cm.
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Figure 8.21: Source at ε = 0.05. Solid line: profile of waves, with large region
of small amplitude in the centre. Dashed line: profile of the waves at a later
time. In the centre unstable region, a disturbance has developed.

Figure 8.22: Scaling of width of source versus ε. The solid line are linear fits.
Line (1): slope 0.50. Line (2): slope 1.04.
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Figure 8.23: Position of source as a
function of time. Solid circles: ε =
0.04. Open circles: ε = 0.28.

Figure 8.24: Width of source as a
function of time for same experiment.
Solid circles: ε = 0.04. Open circles:
ε = 0.28.

We define the width as the distance between the points on both sides of the
source where the amplitude reaches 90% of its equilibrium value. The width
is obtained from the surface scan as shown in Fig. 8.19, where we average over
many scans. For low ε, the width is less well defined due to fluctuations, and
we average the width measured in scans at different times. The results are
shown in Fig. 8.22. It is clear that the inverse width indeed scales linearly in
ε, and that at ε ≈ 0.15 there is a cross-over in the scaling. Furthermore, we
notice that the linear scaling of the low-ε part, when extended, passes through
the origin. Interestingly, the slope of the high-ε part of the graph is exactly
twice the slope of the low-ε part of the graph.

As regards the stationarity of sources, it is observed that for high ε both
the width and the position of the sources are stationary, as shown in Fig. 8.23
and Fig. 8.24. We have checked the homogeneity of the set-up by performing
many experiments and recording the positions of the sources, which were seen
to be uniformly distributed, with no favoured positions. This indicates that
the sources are not pinned to inhomogeneities of the wire. For ε < 0.05, the
position of the source fluctuates over time, as is shown in Fig. 8.23 and Fig. 8.24.
The fluctuation can be understood from the dynamical behaviour of a source
explained in Sec. 8.2.2. There, we saw that below εsoc the fronts of the waves
tend to separate, leaving a large region of near zero amplitude in the centre.
As this region is unstable, fluctuations will grow and give rise to a new front.
Figure 8.21 shows the behaviour of an unstationary source. At first the source
is very wide, but at a later time a wave develops in the low-amplitude part of
the source.
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8.4.3 The behaviour of sinks

Figure 8.25 shows a scan over the surface at ε = 0.15. The positions of a
source and a sink are indicated in the figure. Clearly, the width of the sink is
of the order of one wavelength, which is much smaller than the width of the
source. Numerical investigation of the CGL equation shows that sinks indeed
are expected to be much narrower than sources (Fig. 5 in [132], which shows
that the spatial profile for a sink at ε = 0.05). However, the amplitude change
of the sink in Fig. 8.25 occurs within one wavelength, which is not in accord
with the demand for separation of scales. Therefore, the results of the CGL
equations have to be interpreted with caution in this case. Indeed, the sinks
are so narrow that it has not been possible to measure the scaling of the width
with ε with any accuracy.

Figure 8.26 and Fig. 8.27 present a detailed view of the behaviour of a sink.
In Fig. 8.26 twelve surface scans are superposed to reveal the position of the
sink, which presents itself as a point of zero amplitude. Figure 8.27 shows
the sink at different moments in time. Clearly, the amplitude of the waves
diminishes in a very narrow region around the sink. The waves coming in
on both sides are seen to connect with a 180◦ phase difference. This phase
matching behaviour cannot be described by the CGL equations, as the phase
of the waves is not present in the envelope description. The behaviour of the
sink apparently is determined at the fast timescale.

8.5 Conclusion

In this chapter, we have presented measurements on the wave amplitudes of
traveling waves above a hot wire placed beneath the free surface of a fluid. We
have shown that in order to make the comparison with the theory based on the
CGL equations, it is necessary to measure at small ε, preferably ε < 0.15. The
critical value εsoc below which sources are expected to be unstationary has been
corroborated by the experiment, and was found to be equal to εsoc ≈ 0.15. Both
below and above this value, the width of sources was found to scale as ε−1,
although the offset of the scaling relations is different for both regimes. We have
observed the formation of waves in the unstable region in the centre of a wide
source, giving support to the idea that this is the mechanism by which sources
become unstationary. Sinks were found to be always much narrower than
sources. Furthermore, the incoming waves of a sink connect with a 180◦ phase
difference. That the envelope description seems to fail for sinks, is probably
due to the fact that sinks are too narrow, and thus do not possess the necessary
separation of scales.

We conclude that the behaviour of sources can be accurately described by
the envelope equations. Indeed, the correct prediction of εsoc , and the scaling
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Figure 8.25: Surface scan at ε = 0.15.
(1) a wide source. (2) a sink.

Figure 8.26: Enlargement of area be-
tween dashed lines in Fig. 8.25. The
plot shows the superposition of twelve
scans. The dashed line indicates the
position of the sink.

Figure 8.27: Enlargement of area between dashed lines in Fig. 8.25. The dif-
ferent scans in Fig. 8.26 are shown separately. The amplitude of the waves on
opposite sides of the sink is seen to be anti-symmetrical.
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behaviour of sources based on the CGL envelope equations show that the use
of model equations is an extremely powerful tool in cases where it is difficult
to derive an envelope description from first principles.
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Appendix A

Theory of weak wave
turbulence

A.1 Expanding the Hamiltonian

The Hamiltonian given in (6.12) has to be expanded in powers of the slope ∇η.
We make the assumption that ∇η is small, so it functions as a small parameter.
The Hamiltonian is given by

H =
1
2

∫ η

−∞

∫
ρ(∇φ)2 dr dz + 1

2

∫
ρg|η|2dr+

∫
σ(
√
1 + |∇η|2 − 1) dr. (A.1)

The next step is to go over to a description in the Fourier transforms of ψ and
η, where we use the following conventions:

ψk =
1√
2π

∫
ψre

−ik·rdr ⇐⇒ ψr =
1√
2π

∫
ψke

ik·rdk

ηk =
1√
2π

∫
ηre

−ik·rdr ⇐⇒ ηr =
1√
2π

∫
ηke

ik·rdk

δ(k) =
1
2π

∫
e−ikr dr. (A.2)

To give an example of the expansion of the Hamiltonian we expand the surface
tension term up to the second order:

σ

∫
(
√
1 + |∇η|2 − 1)dr = σ

∫ ( |∇η|2
2

+O(|∇η|4)
)
dr ≈

≈ σ

∫
1
4π

∣∣∣∣∇
∫
ηke

ik·rdk
∣∣∣∣
2

dr

=
σ

4π

∫
|k||k1||ηk||ηk1 |

∫
ei(k+k1)·rdr dk dk1
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=
σ

2

∫
|k||k1||ηk||ηk1 |δ(k + k1)dk dk1 =

σ

2

∫
k2η2

k dk.

Expanding the other terms and keeping terms up to 4th order, we get

H = H0 +H1 +H2 + . . . (A.3)

H0 =
1
2

∫ (
ρ|k||ψk|2 + (ρg + σ|k|2)|ηk|2

)
dk

H1 = − 1
4π

∫
Lk1k2ψk1ψk2ηk3δ(k1 + k2 + k3)dk1 dk2 dk3

H2 =
1

16π2

∫
Mk1k2k3k4ψk1ψk2ηk3ηk4δ(k1 + k2 + k3 + k4)×

×dk1 dk2 dk3 dk4 +
1
4π

∫
k1k2k3k4ηk1ηk2ηk3ηk4δ(k1 + k2 +

+k3 + k4)dk1 dk2 dk3 dk4

Lk1k2 = k1 · k2 + k1k2

Mk1k2k3k4 = k1k2(
1
2
(|k1 + k3|+ |k1 + k4|+ |k2 + k3|+ |k2 + k3|)− k1 − k2).

Here H1 describes three-wave interactions, and H2 describes four-wave inter-
actions. As in our case the dispersion relation is of decay type, we will not
consider the four-wave interaction term.

True to our promise, we can now introduce variables a(k) and a∗(k) which
reduce the first order term of the Hamiltonian to the dispersion relation [144].
This gives

η(k, t) =
√

ω

2ρ(g + σ
ρk

2)
(a(k, t) + a∗(−k, t))

ψ(k, t) = −i
√
g + σ

ρk
2

2ρω
(a(k, t) − a∗(−k, t)). (A.4)

A.2 Integrating the kinetic equation

The kinetic equation takes the form [116]

∂nk

∂t
=
∫
(Rkk1k2 −Rk1kk2 −Rk2kk1)dk1 dk2, (A.5)

Rkk1k2 = 4πV 2
kk1k2

δ(k− k1 − k2)δ(ωk − ωk1 − ωk2)×
×(nk1nk2 − nknk1 − nknk2), (A.6)

Vkk1k2 =
(ωkωk1ωk2)

1/2

8π
√
2σ

(
Lk1,k2

(k1k2)1/2k
− Lk,−k1

(kk1)1/2k2
− Lk,−k2

(kk2)1/2k1
), (A.7)

Lk1,k2 = k1 · k2 + k1k2, (A.8)
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The right hand side of equation (A.5) is called the collision integral, and it
describes the evolution of the wave occupation numbers nk. We will look for
solutions of (A.5) that are symmetrical with respect to rotations in k-space. We
will construct an equation for Nω, which equals the wave occupation numbers
as a function of the frequency ω, and look for solutions of this equation that
have the shape Nω = Aωx. To do this, we average (A.5) over angles in k-space.

First, put dk1 → k1 dk1 dθ1 and dk2 → k2 dk2 dθ2:

∂nk

∂t
=
∫
(Rkk1k2 −Rk1kk2 −Rk2kk1)k1k2 dθ1 dθ2 dk1 dk2. (A.9)

The parts in the integral that are dependent on the angles θ1 and θ2 are the
Dirac delta function in Rkk1k2 , and the inner product in Lk1,k2 . We can make
use of the Delta function to write Vkk1k2 in a way that just depends on the
absolute values of the wavevectors:

Vkk1k2 =
(ωkωk1ωk2)

1/2

16π
√
2σ

(
k2 − (k1 − k2)2

(k1k2)1/2k
+
(k − k1)2 − k2

2

(kk1)1/2k2
+
(k − k2)2 − k2

1

(kk2)1/2k1

)
,

(A.10)
which holds provided k = k1 + k2. The next step is to write

δ(k− k1 − k2) =
1
π2

∫ ∞

0
ei(k−k1−k2)·rdr =

1
π2

∫ ∞

0
eik·re−ik1·re−ik2·rdr

=
1
π2

∫ ∞

0

∫ 2π

0
eikr cos(ϑ)e−ik1r cos(θ1)e−ik2r cos(θ2)r dϑ dr.

We now integrate this equation over the angles ϑ, θ1 and θ2. This yields

1
π2

∫ ∞

0

∫ 2π

0
eikr cos(ϑ)e−ik1r cos(θ1)e−ik2r cos(θ2)r dϑ dθ1 dθ2 dr = (A.11)

8π3

π2

∫ ∞

0
J0(rk)J0(rk1)J0(rk2)rdr =

8π3

π2

1
∆kk1k2

, (A.12)

∆kk1k2 is just the area of the parallelogram spanned by the vectors k and
k1 [143], and is equal to

∆kk1k2 =
1
2

√
2(k2k2

1 + k2k2
2 + k2

1k
2
2)− k4 − k4

1 − k4
2

=
1
2

√
4k2

1k
2
2 − (k2 − k2

1 − k2
2)2. (A.13)

We arrive at

Rkk1k2 = 32π
2
V 2
kk1k2

∆kk1k2

δ(ωk − ωk1 − ωk2)(nk1nk2 − nknk1 − nknk2). (A.14)
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Equation (A.5) is still expressed in terms of the two-dimensional wave occu-
pation number density nk. We move to a description in terms of the one-
dimensional wave occupation number density Nω, which is equal to

Nω =
∫
nkk dθ

dk

dω
= 2πk nk.

dk

dω
(A.15)

Using the dispersion relation for capillary waves ω2 = αk3, where α = σ/ρ
for ease of notation, we get dk/dω = (2/3)α−1/3ω−1/3, so we can write nk =
Nω(3/4π)α2/3ω−1/3. Moving from an integration over k1 and k2 to an integra-
tion over ω1 and ω2, and taking care of the Jacobian, we arrive at

∂Nω

∂t
=
∫
(Rkk1k2 −Rk1kk2 −Rk2kk1)(ωω1ω2)1/3

16π
27α2

dω1 dω2 (A.16)

with

Rkk1k2 = 18α4/3
V 2
kk1k2

∆kk1k2

δ(ω − ω1 − ω2)(ωω1ω2)−1/3 ×

×(ω1/3Nω1Nω2 − ω1/3
2 NωNω1 − ω1/3

1 NωNω2). (A.17)

The next step is to write the functions Vkk1k2 and ∆kk1k2 in terms of ω. After
some algebraic manipulation, we arrive at

Rωω1ω2 = δ(ω − ω1 − ω2)(ω1/3Nω1Nω2 − ω1/3
2 NωNω1 − ω1/3

1 NωNω2)Sωω1ω2 ,
(A.18)

with

Sωω1ω2 =
(ωω1ω2)1/3

24πσ

√
4ω4/3

1 ω
4/3
2 −

(
ω4/3 − ω4/3

1 − ω4/3
2

)2
×

×



(
ω2/3 − ω2/3

1

)2

ω
1/3
2

+

(
ω2/3 − ω2/3

2

)2

ω
1/3
1

−
(
ω

2/3
1 − ω2/3

2

)2

ω1/3




2

.(A.19)

Observe that Sωω1ω2 is a homogeneous function of order 5/3, which means that
S(τω, τω1, τω2) = τ5/3S(ω, ω1, ω2). As Rωω1ω2 is symmetrical for the exchange
of ω1 and ω2, we can write (A.16) as

∂Nω

∂t
=
∫
(Rωω1ω2 − 2Rω1ωω2)dω1dω2 (A.20)

The next step is to integrate over ω2. Using the delta function, we put ω2 =
ω − ω1 in the term Rωω1ω2 and ω2 = ω1 − ω in the term Rω1ωω2 . We also have
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to change the integration boundaries. This gives

∂Nω

∂t
=
∫ ω

0
(ω1/3Nω1Nω−ω1 − (ω − ω1)1/3NωNω1 − ω1/3

1 NωNω−ω1)×

×Sωω1(ω−ω1) dω1 − 2
∫ ∞

ω
(ω1/3

1 NωNω1−ω − (ω1 − ω)1/3Nω1Nω −

−ω1/3Nω1Nω1−ω)Sω1ω(ω1−ω) dω1 (A.21)

Looking at the right hand side, we have the terms Sωω1(ω−ω1) and Sω1ω(ω1−ω).
Exploiting the fact that S is homogeneous, we can write this as S(x, y, x−y) =
x5/3S(1, ξ, 1 − ξ) with ξ = y/x. As we have only one variable left, we might
as well write x5/3S(ξ). So now we can write Sωω1(ω−ω1) = ω5/3S(ω1/ω) and

Sω1ω(ω1−ω) = ω
5/3
1 S(ω/ω1) with

S(ξ) =
(1− ξ)1/3ξ1/3

(
(1−ξ2/3)2
(1−ξ)1/3 +

(1−(1−ξ)2/3)2
ξ1/3 − (ξ2/3 − (1− ξ)2/3)2)2

24πσ
√
4ξ4/3(1− ξ)4/3 − ξ4/3 − (1− (1− ξ)4/3)2 .

(A.22)

A.3 The Kolmogorov solution

We are looking for a solution of the wave occupation number of the form

N(ω) = Aωx. (A.23)

We start by turning the two integrals of (A.21) into one, by using the simple
coordinate transform ω1 → ω2/ω′

1 with Jacobian ω
2/ω′2

1 . This gives

∂Nω

∂t
=
∫ ω

0
(ω1/3Nω1Nω−ω1 − (ω − ω1)1/3NωNω1 − ω1/3

1 NωNω−ω1)ω5/3 ×

×S(ω1/ω)dω1 − 2
∫ ω

0

((
ω2

ω′
1

)1/3

NωNω2

ω′
1
−ω
−
((

ω2

ω′
1

)
− ω
)1/3

Nω2

ω′
1

Nω−

−ω1/3Nω2

ω′
1

Nω2

ω′
1
−ω

)(
ω2

ω′
1

)5/3

S(ω′
1/ω)

(
ω2

ω′2
1

)
dω′

1

=
∫ ω

0
(ω1/3Nω1Nω−ω1 − (ω − ω1)1/3NωNω1 − ω1/3

1 NωNω−ω1)ω
5/3 ×

×S(ω1/ω)dω1 − 2
∫ ω

0

(
ω

ω′
1

)2x+1/3 (
ω1/3Nω′

1
Nω−ω′

1
−

−(ω − ω′
1)

1/3NωNω′
1
− ω′1/3

1 NωNω−ω′
1

)(ω2

ω′
1

)5/3

S(ω′
1/ω)

(
ω2

ω′2
1

)
dω′

1
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= ω5/3

∫ ω

0
(ω1/3Nω1Nω−ω1 − (ω − ω1)1/3NωNω1 −

−ω1/3
1 NωNω−ω1)

(
1− 2

(
ω

ω1

)2x+4
)
S(ω1/ω) dω1. (A.24)

So effectively we have turned two integrals into one. Using (A.23), substituting
(A.22) and taking a factor ω2x+1/3 out of the integral, we get

∂Nω

∂t
= A2ω5/3+2x+1/3

∫ ω

0

((ω1

ω

)x (
1− ω1

ω

)x − (1− ω1

ω

)1/3 (ω1

ω

)x−
−
(ω1

ω

)1/3 (
1− ω1

ω

)x)(
1− 2

(ω1

ω

)−2x−4
)
S(ξ) dω1. (A.25)

The stationary solutions of this equation are found in Sec. 6.5.



Summary

In nature, many systems exist that spontaneously form patterns when driven
from equilibrium. Examples range from thermal convection, Taylor-Couette
flow, nonlinear optics, flame fronts, granular media, and solidification fronts
to systems with parametric instabilities, oscillatory chemical reactions and bi-
ological systems. In general, the homogeneous state of the system becomes
unstable to perturbations of a certain (spatial or temporal) scale when some
control parameter is varied. Above this threshold, the most unstable modes
of the system grow and interact through the nonlinearities present in the sys-
tem to yield many different kinds of patterns. Well-controlled experiments in
pattern formation, which are needed to guide and inspire further theoretical
understanding, are limited in number. The present investigation comprises
precise experiments in two pattern forming systems, which were chosen with
the goal of directly confronting theory and experiment in mind.

The first system we study is Faraday waves, which are the standing waves
obtained when a layer of fluid is subject to vertical oscillation (as can for ex-
ample be observed in a cup of coffee in a train). When the forcing is strong
enough, surface waves are excited which form a surprising range of crystalline
patterns. Depending on the frequency of the forcing, we see square, hexago-
nal, and a number of quasi-crystalline patterns. The recent availability of a
completely weakly nonlinear theory for this system prompted us to perform
precise measurements of the wave field. Apart from discussing the complete
nonlinear theory and its implications for experiments, we show that the for-
mation of patterns can be easily understood from the nonlinear interactions
between waves. We show that so-called three-wave interactions, in which three
waves of different frequency and wavelength exchange energy are responsible
for the formation of patterns. Furthermore, we discuss the crucial influence of
the physical size of the system on the pattern formation dynamics.

Whereas a measurement of the stability boundaries of patterns requires
only qualitative information on the wave field, it is much more challenging to
obtain quantitative information. Such information is needed to test the predic-
tions of the weakly nonlinear theory. To this end, we have devised a method
that directly measures the slope of the free surface in real time. The experi-
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ments that we have done lead to very accurate agreement with the theoretical
predictions. This is remarkable, because the theory is valid only for infinitely
large surfaces. We conclude that the problem of pattern formation at threshold
can be considered to be a solved problem.

When the strength of the excitation of Faraday waves is increased, the
crystalline patterns give way to a highly disordered state. It has long been be-
lieved that such an ensemble of interacting waves may be a good model system
for the study of weak wave turbulence. Weak turbulence, in which the rele-
vant dynamical equations can be expanded around a small parameter, stands
in sharp contrast with strong turbulence where such a small parameter is not
present. We describe the theory of weak wave turbulence as it is applied to
capillary waves, and we show that we can arrive at a complete description of
the formation of the Kolmogorov-like energy spectrum. We perform numeri-
cal simulations to study the effects of small-bandwidth energy input and the
influence of viscosity. The predictions are compared with precise experiments
on the statistics and energy spectrum of the wave field. We show that the
experimental results raise serious questions towards the applicability of weak
turbulence theory in this system. High levels of excitation still present great
challenges to our understanding.

The second system we study consists of a thin wire stretched beneath the
free surface of a fluid. If the wire is heated by passing an electric current
through it, traveling waves develop above the wire when the dissipated power
passes some threshold. We show that these waves are caused by an inter-
play between convection of hot fluid and the change of the surface tension
with temperature. Right- and left-moving patches of waves are separated by
coherent structures, which are called sources and sinks. The theoretical de-
scription of this system uses the one-dimensional complex Ginzburg-Landau
equation, which in general describes traveling waves in one dimension. From
this model equation, the behaviour of the coherent structures, like the scal-
ing and movements, can be found. We present experimental results that are
in close agreement with the theoretical predictions. In particular, we show
the existence of a critical value for the control parameter below which sources
become unstationary.



Samenvatting

In de natuur bestaan vele systemen die spontaan patronen vormen wanneer
ze uit evenwicht worden gebracht. Voorbeelden strekken zich uit van thermi-
sche convectie, Taylor-Couette stroming, niet-lineaire optica, difussievlammen,
granulaire media en solidificatie tot en met oscillerende chemische patronen
en biologische systemen. In het algemeen wordt de homogene toestand van
een systeem instabiel voor verstoringen met een bepaalde (ruimtelijke of tem-
porele) schaal als een parameter een kritische waarde overschrijdt. De groei
van de instabiliteit verzadigt door de niet-lineariteit. Zo geeft de niet-lineariteit
aanleiding tot ruimtelijke patronen. Nauwkeurige experimenten op het gebied
van patroonvorming, die nodig zijn voor het inspireren en sturen van verder
theoretisch onderzoek, zijn zeldzaam. Dit onderzoek omvat experimenten in
twee patroonvormende systemen, die zijn gekozen met het specifieke doel the-
orie en experiment met elkaar te confronteren.

Als eerste bestuderen we Faraday golven, de staande golven die verkregen
worden als een laag vloeistof een verticale oscillatie ondergaat (zoals bijvoor-
beeld gezien kan worden in een kopje koffie in de trein). Als de excitatie
sterk genoeg is, ontstaan er oppervlaktegolven die een verrassende verzameling
kristallijne patronen vormen. Afhankelijk van de frequentie van de excitatie
zien we vierkante, hexagonale en een aantal quasi-kristallijne patronen. De
recente beschikbaarheid van een complete zwak-niet-lineaire theorie voor Fara-
day golven is de aanleiding geweest om precieze metingen te verrichten aan
het golfveld. Nadat we een presentatie van de zwak-niet-lineaire theorie en de
implicaties voor experimenten hebben gegeven, laten we zien dat de vorming
van patronen eenvoudig begrepen kan worden door de niet-lineaire interacties
tussen de golven. We tonen aan dat zogenaamde drie-golf interacties, waar-
bij drie golven van verschillende frequentie en golflengte energie uitwisselen,
verantwoordelijk zijn voor de vorming van patronen. Verder bespreken we
de cruciale invloed van de fysieke maat van het systeem op de dynamica van
patroonvorming.

Hoewel voor een meting van de stabiliteitsgrenzen van patronen alleen kwa-
litatieve informatie van het golfveld nodig is, is het een grotere uitdaging om
kwantitatieve informatie te verkrijgen. Zulke informatie is nodig om de voor-
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spellingen van de zwak-niet-lineaire theorie te testen. Hiertoe hebben we een
techniek ontworpen die direct de helling van het vrije oppervlak meet. De
gedane experimenten tonen een zeer accurate overeenkomst met de theoreti-
sche voorspellingen. Dit is opmerkelijk, omdat de theorie slechts geldig is voor
oneindig grote oppervlakken. We concluderen dat het probleem van patroon-
vorming bij zwakke excitatie als opgelost kan worden beschouwd.

Als de sterkte van de excitatie van Faraday golven wordt verhoogd, maken
de kristallijne patronen plaats voor een zeer wanordelijke toestand. Men heeft
lange tijd vermoed dat zo’n verzameling van interacterende golven een goed
modelsysteem vormt voor de studie van zwakke golf-turbulentie. Zwakke turbu-
lentie, waarbij de relevante dynamische vergelijkingen kunnen worden ontwik-
keld in machten van een kleine parameter, staat in scherp contrast met sterke
turbulentie, waar zo’n kleine parameter niet aanwezig is. We beschrijven de
theorie van zwakke golf-turbulentie zoals zij wordt toegepast op capillaire gol-
ven, en we laten zien dat we een complete beschrijving van de vorming van
het energiespectrum kunnen geven. We gebruiken numerieke experimenten om
het effect van smalbandige energietoevoer en het effect van viskositeit te on-
derzoeken. De voorspellingen worden vergeleken met precieze metingen van de
statistiek en het energiespectrum van het golfveld. We laten zien dat de expe-
rimentele resultaten serieuze vragen oproepen omtrent de toepasbaarheid van
zwakke golf-turbulentie in dit systeem. Hoge niveaus van excitatie in Faraday
golven vormen nog steeds een grote uitdaging aan ons begrip.

Het tweede systeem dat we bestuderen bestaat uit een dunne draad, ge-
spannen onder het vrije oppervlak van een vloeistof. Als de draad wordt ver-
warmd met behulp van een elektrische stroom, ontstaan lopende golven boven
de draad als het gedissipeerd vermogen boven een zekere grens uitstijgt. We
tonen aan dat deze golven ontstaan ten gevolge van de interactie tussen convec-
tie van warme vloeistof en de verandering van de oppervlaktespanning met de
temperatuur. Gebieden bestaande uit rechts- en links-lopende golven worden
gescheiden door coherente structuren, die bronnen en putten worden genoemd.
De theoretische beschrijving van dit systeem gaat uit van de één-dimensionale
complexe Ginzburg-Landau vergelijking, die in het algemeen lopende golven
in één dimensie beschrijft. Uit deze modelvergelijking kan het gedrag van de
coherente structuren, zoals de schalingseigenschappen en de beweging, worden
gevonden. We presenteren experimentele resultaten die in precieze overeen-
stemming zijn met de theoretische voorspellingen. In het bijzonder tonen we
het bestaan aan van een kritieke waarde van de parameter waarbeneden de
bronnen instationair worden.
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