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1. Introduction 

In IR+, Karamata's Abel-Tauber theorem for Laplace transforms is well-known and reads as fol
lows: 
THEOREM K [4, p. 445]. 

co 

Let U be a measure with Laplace transform U (s) = f e -sx dU (x) = s J e -8% U (x) dx, defined for 
o 0 

s > O. If L is slowly varying at infinity and 5:2: 0, then each of the relations 

u(l) -xI)L(x) (x ~ 00) 
x 

and 

1 I) 
U(x) - r(1-t-a) x L(x) (x ~ 00) 

implies the other. 

In this paper we generalize theorem K to functions of several variables. To this end we use two 
types of regular variation in dimension d:2: 2. For convenience we only state and prove the results 
for functions of two variables. Results of this type may be useful in a variaty of problems. We 
mention applications in number theory [1], renewal theory [9,10,11]; generalized renewal theory 
[11] and in characterizing domains of attraction of multivariate stable laws [6,7]. 

In section 2 we consider two possible generalizations to dimension 2 of the classical definition of 
one-dimensional regular variation. Then we prove an Abel-Tauber theorem for the Laplace 

" transform f of f, defined as 
00 00 

!(u,v)=uv J j e-IIX-VY!(x,y)dxdy 
o 0 

In section 3 we apply our results to power series of several variables, hereby generalizing some 
results of Alpar [1,2]. In section 4 an application to multidimensional renewal theory is given. 
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2. Regular variation in dimension 2 and Abel-Tauber theorems 

The first class of functions which we consider has been introduced by Omey [11] and De Haan et 
aI. [7]. 

Definition. A measurable function /: R~ -+ R + is regularly varying with auxiliary functions r 
and s (r, s: R + -+ R +) if for some {X>sitive function h and all x, y > 0, 

(2.1) lim /(r(t)x. s(t)y) ='If ) 

'--')00 h (t) ""x. y 

exists and is finite. Notation/(x, y) E RVF(r, s, h, A). 

This class of functions has been useful to characterize domains of attraction of stable laws in JRt 
(cf. [6], [7]. If ret) = s (t) = t, the class has been studied by Stam [13}, De Haan, Omey and 
Resnick [5], [6]. 

Apart from (2.1) we shall also consider measurable functions / for which 

I
. /(r(t)x, s(t)y) < 
Imsup h() co 
t-+eo t 

for all x, y > O. Notation / (x, y) E 0 -RVF (r, s, h). 

In the theorems below we assume that/is monotone in each variable separately and that the auxi
liary functions are regularly varying in R+. If r E RVa • S E RV ~ (0:, f3 > 0) and if lis monotone 
then the limitfunction A in (2.1) is continuous. If A '" 0 then A E RV I) (5 E JR) and A satisfies the 
functional equation A(aox, a~y) = aI)A(x, y) (a, x, y > 0). For further properties of RVF we refer 
to [7], [11]. 

The second type of regular variation is defined as follows. 

Definition. [11, p. 25]. 

A measurable function/: JR; -+ JR+ is weakly regularly varying if for some {X>sitive function h 
and all x, y > 0, 

(2.2) lim / (ax,by) = A(X, y) 
min(a, b)--')OO h (a, b) 

exists and is finite. Notation / (x, y) E WRV (h). 

If (2.2) holds and if A(xo, Yo) '" 0 for some xo,Yo > 0, it follows that 

(2.3) lim f (ax,by) = lJ,(x, y) 
min(a,b)--')OO /(a,b) 

for all x, y > O. Using the identity / (axu, byv) = / (axu'b;}) / (ax, by) it follows that 
/(ax, 

l1(xu, yv) = J.l.(u,v)lJ,(x, y). Hence l1(x, y) =XIXy~ for some real numbers 0: and f3 [11. lemma 2.4.1]. 
If (2.3) holds with l1(x, y) =XIXy~ we use the notation / E WRV(o:, f3). Obviously if (2.2) holds, 
then A(x, y) = CxIXy 1\ with C :?! O. 

If (2.2) is replaced by 



limsup f (ax,by) < 00 

min(a,bHoo h(a,b) 

we use the notation f E 0 -WRY (h). 
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Our first result is the following two-dimensional analogue of theorem K. 

Theorem 2.1 

Suppose that f: R~ ~ R + is nondecreasing and that f(u, v) < 00 for u, v > O. 

(i) Let r E RV CX' S E RV p and h E RV 6 (a, P > 0, O~ 0). Then for some 4~ 0 we have 

f(x, Y) E RVF(r, s, h, 4) if and only if for some cp~ 0, f(~.~) E RVF(r. s, h, cp). More
x y 

1 1 A 

over both imply that cp( -, -) = A,(u, v). 
u v 

(ii) Let hE WRV(a. P) (a, p~ 0). Then we have f(x, y) E WRV(h) if and only if 
A 1 I 
f( -, -) E WRV(h). Moreover if the limitfunction of f is A(X, y) = CXCXyP then 

x y 
... x 1... 
f(;;. b) _ Cr(1+a)r(1~) 

lim -
min(a,b)__ h(a,b) - XCXyP 

Proof. 

(i) See [7, Theorem 2.4]. 

(ii) First supposef(x, y) E WRV(h). We will prove that there exist positive constants to. 'Y and 
C ~ 1 such that for all a, b ~ to, 

f(ax,by) {C ifx~ e,y~ e 
(2.4) h(a,b) ~ C(max(x, y»l ifx~ e ory~ e . 

To prove (2.4), note that for x S e and y ~ e we have 

and 

f (ax,by) S f (ae, be ) ~ C, Va. b ~ to 
h(a,b) h(a,b) 

h(ae.be) < C 
h(a,b) - , Va, b ~ to 

where C ~ 1. If x and yare such that e" ~ max(x, y) ~ e"+1 we have 

f (ax.by) < f (ae"+1 ,be"+1) IT h (aell:+1 .bek+l) 

h(a,b) - h(ae",be") 11:=0 h(aell:,be k ) 

~ C. C" . 

By the choice of n we obtain (2.4). Now by (2.4) and Lebesgues theorem on dominated conver
gence we obtain 
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A S t f(- -) 00 CO 

lim a • b = lim st J J e-sx-ry f (ax, by) dxdy 
min(a.b)-+- h(a,b) min(a.b)-+- 0 0 h(a,b) 

= cr(1 + a) r(1 + ~)s-at~ . 

All 
Next assume thatf(-, -) E WRV(h). For an. bn such that min(an, bn) -+ 00 (n -+ 00) define Fn 

x y 
as 

Then Fn is nondecreasing and for all u, v > 0 we have 

lim ;1I(U, v) = Cu-av~ . 
n-+oo 

It follows from the continuity theorem for Laplace transfonns [12, lemma 4] that 

lim Fn(u. V)=A(U. v) ae. 

and that i(u. v) = Cu -av ~. Since this limit is independent of the sequences {an} DV and {bn} DV 

we obtain that f E WRV (h). IJ 
For O-regularly varying functions we have the following 

Theorem 2.2 

Suppose that f: lR; -+ lR + is nondecreasing and that I(u, v) < 00 for u, v > O. 

(i) If r E RVa • S E RV p (a., ~ > 0), h nondecreasing and 

1· h(xt) ow > 1 
l~P h(t) < 00, vX_ 

thenf(x, y) E O-RVF(r. s. h) if and only if/(~.~) E O-RVF(r, s, h) 
x y 

(ii) If he O-WRV(h), then f (x. y) E O-WRV(h) if and only if/(~.~) E O-WRV(h). 
X Y 

Proof. The only if parts of both (i) and (ii) follow from the inequality I(u, v) ~ e -au-bv f (a, b). 
The if part of (i) follows in a similar way as the proof of Theorem 2.4 in [7]. The if part of (ii) fol-

lows from (2.4) since to obtain (2.4) we only used the boundedness of f~~:::;) and h~~:::;) 
as min(a, b) -+ 00. IJ 

Remark. If we replace (2.2) by 
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(2.5) lim f (ax,by) = A(X, y) , x, y > 0 
min { (a,b)! cS;~C J~oo h (a,b) 

a 

where 0 < C < C < co, then again A is of the fonn A(X, y) = Cxay~. The analogue of Theorem 2.1 
for functions satisfying (2.5) is easily established. 
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3. Abel-Tauber theorems for power series 

Let {an.m) JNxJN denote a sequence of nonnegative real numbers and suppose that its generating 00 _ 

function A (x, y) := L L afl.mXflym is finite for 0 S x, y < 1. 
n=Om=O 

Clearly A (e-II
, e-V

) is the Laplace transfonn of the monotone function S(x, y):= L L an,m. An 
nSxmSy 

application of the results of section 2 now yields 

Corollary 3.1 

(i) If r E RV IX' S E RV Ih hE RVa(a., ~ > 0, o~ 0) then for some A~ 0 and <I>~ 0 we have 
S (x, y) E RVF (r, s, h, A) if and only if for all x, y > 0, 

A (l-2-,l--L) 
r(t) s(t) -A.I ) 

h (t) - '!'\x, Y . (3.1) lim 
t-+"" 

,.. 
Moreover, if (3.1) holds then <I> = A. 

(ii) If h E WRV(n,~) (n, ~~ 0) then for C ~ 0 we have lim S ~~'~) = CxayP if and 
min(a.b)........ a, 

only if 

Proof. 

(i) From Theorem 2.1 it follows that regular variation of S (x, y) is equivalent to the existence 
of 

(3.2) lim 
t-+oo 

A (exp(-2-). exp(--L» 
r(l) s(t) = "'(x y) 'Vx y > 0 . 

h (t) 'f' , , 

Since <I> is continuous this implies (3.1). Conversely, if (3.1) holds, then <I> is continuous [7] 
and (3.2) follows. 

(ii) Similar, now using Theorem 2.1 (ii). o 

The previous corollary (ii) generalizes Theorem 1 of Alpar [2] in which h (a, b) = aIXbP• Result 
(i) generalizes Theorems 1 to 4 of Alpar [1] in which h (t) = tor h (t) = t 2• 

Remarks. 

1. Note that S (X. y) can be intetpreted as the measure M (.) of the rectangle 
L = {(u, v) lOS u S x, 0 S v S y }. Now weak regular variation of S is equivalent to 
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(3.3) 

u v 
M({(u, v) I (-'b) E L}) 

lim a =m(L) 
min(a,b)___ h (a,b) 

where m(L) is measure with distribution function Cxay il . It follows as in Alpar [2, p. 172] 
that (3.3) remains valid if F is a general Jordan measurable subset of JR;. 
Similarly, regular variation of S is equivalent to 

u v 
M({(u,v) I (-()' -(» E L}) 

Ii r t s t = (L) t'!' h(t) m 
(3.4) 

where m (. ) is the measure with distribution function A(x, y). 

2. If the sequence {an m} /Nx/N is monotone then regular variation (resp. weak regular varia-
, 2 

tion) of S implies that the function f(x,y) :=a[.x1.LY) E RVF(r, s, hlrs, ~Oy A.) (resp. 

f E WRV( h(x,y) ». The proof of both results follows as in the proof of Theorem 2.3 of De 
xy 

Haan et al. [6]. 

Our next application is devoted to the convolution product of sequences. Let 
{an•m} INx/N. {bn.m} INx/N and {cn.m} /NxIN be sequences of nonnegative real numbers related by 

n m 

cn•m = L L an-k.m-1bk,1 . 
k=O/=O 

If the generating functions A (x, y) and B (x, y) are finite for 0 S x, y < I, then also C (x, y) is 
finite for 0 S x. y < 1 and 

C (x, y) = A (x, y) B (x, y) . 

In orderto formulate our next result, we define S"(x, y) = L L an•m and similarly Sb and SC. 
nS;t; mSy 

Corollary 3.2 

(i) Suppose r E RVa, S E RV 1.\' h E RV 8. g E RV. (a, ~ > 0, cp, o~ 0) 
S"(x, y) E RVF(r. s, h, Aa). Then Sb(x, y) E RVF(r, s, g, A.b) if 
SC(x, y) E RVF(r. s, gh, I.e). Moreover, both statements 

A.c(x, y)= S;S;4(x -u, y -v)A.,,(du, dv). 

(ii) Suppose h E WRY (a, ~), g E WRY ('Y, 1\) (a, ~, 'Y.1\ ~ 0) and suppose 
r SQ(u,v) -N 
un -. 

min(lI,lI)_ h(u,v) 
where N>O. Then Sb(x. y) E WRV(g) 

SC(x. y) E WRV(gh). Moreover, if A.b(X, y) =Mxayil (M~ 0) 
= MN r(1 +ex+"() r(1±P+rt) 

r(1 +ex) r(1 +~) r(1 +"() r(1 +1\) 

if 

and suppose 
and only if 
imply that 

and only if 

then A.c(x. y) 

0 

Corollary 3.2 is applicable to obtain some results in connection with (C, ;.1\)-summability of 
double series (cf. [2, p. 166], [8. p. 209-213]). For 1\, ; E IN let 
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~:'Il = [n+l;l [m+T\l 
AlI,m n J m J 

and 
II m 

(3.5) S~~ = L L A~~k,m-l ak,I 
k:{)l:{) 

The quotient C~:~ = S~:~/A~:~ is called the (n. m)th Cesaro mean of order (;.1'1) of the sequence 
{ all,m } JNxJN· 

The sequence {an,m} JNxJN is called (C, ;, 11.)-summable if the limit 

lim C~,~ =: C~,l1 
min(II,m)__ • 

11 m 
exists and is finite. It is easy to see that S~:2. = S (n, m) and that S~~ = L L Sti·1)-l for 

k:{)I:{) 

;,11. E IN o. 
Also 

and 

11 m 
(3.6) A~:~ = 1: 1: At"i1.1)-1 for~, 1'1 E IN 0 

k:{)l:{) 

We now prove that (C, 0,0) summability is equivalent to (C.;, 11.) summability for all 
;.11. E IN o. 

Corollary 3.3 

For each ~. 11. E IN ° we have 

lim S(n. m) = lim C~·2. =Co.o 
min(II,m)__ min(II,m).....-' 

if and only if 

lim C~·Tl = Co.o 
min(lI.m)__ lI.m 

Proof. Let a~.m = At,!;1)-l , b~m = a ll•m and c~.m = St~·tt-l . Then from (3.5) we have 

11 m 

c~.m = L L a~-k,m-lb~l 
k:{)l:{) 

and from (3.6) we have 

, ; n~mll 
S(II.m) =AII:~ - r(l+l;)r(1+T\) (min(n. m) 4 00) . 
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An application of Corollary 3.2 shows that 

lim Sb' (n, m) = eM 
min(n,m)~ 

holds if and only if 
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4. Application in multidimensional renewal theory 

Let {(X"' Y,,)} IN denote a sequence of i.i.d. !lon-negative random vectors with common distribu-

" " tion function F and let (S!, S~) = (l: Xi. l: Yi). Following Hunter [9] we define 
;=1 j=l 

Nl(x) :=max {n :S!s; xl 

N 2(y) := max {n : S; S; y} 

N(x, y):= max {n :S! S; x, S; S y} = min(Nl(x), N2(y» . 

The counting processes Nt and N 2 are the (univariate) renewal counting processes; the vector 
(N l (x),N2(y» is called the bivariate renewal counting process and N(x,y) is the two
dimensional renewal counting process. It is well known that 

H 1(x) :=E(Nl(x) + 1) = ~P{S! S; x} 
11=0 

n=O 
co 

H(x, y) :=E(N(x. y)+ 1)= l: P{S!S x, sis y} 
n=O 

It is also easily seen that 
co co 

K(x,y):=E(N 1(x)N2(y»= l: l: P{s!s;x,S~S;y} 
n=lm .. l 

In univariate renewal theory the follOwing is well known (see e.g. Feller [4]): let III =E(X 1) and 
112 =E(Xh 

(4.1) Of th I' HI(t) 1 
1 III < 00, en 1m -- = -

t -+<"> t III 

(4.2) ifll2 < 00, then lim H1(t)- _,_ = 1122 
t -+<"> III 2111 

(4.3) • ° 1 It 1 X 112 If 112 < 00, then lim - (H (x) - -) dx = -2 
t -+<"> t 0 III 2111 

(4.4) 
1 2 

'f th lim var(N (t» 1l2-tll 
1 112 < 00, en = 3 

t -+<"> t III 

. We first prove the two-dimensional analogue of (4.1) for the functions H(x. y) and K(x, y). 

Theorem 4.1 

Assume III =E(Xl) < 00 and VI =E(Y1) < 00. Then 
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(i) lim H(rx, ty) =min(..!.... L) (x, yS 00) 

t-+<><> t III VI 

(ii) 

Proof. 
00 00 

It is easy to see that B(s, t)= J J e-sx-tydH(x, y)= ,,1 
2 0 I-F(s.t) 

where (i) 

Since 1· I-F(as.at) + tv 
lID = Sill 1 

a-+O a 
it follows that 

lim a B(as, at) = I . Since H is monotone we have from Theorem 2.1 (i) that 
a-+O Sill +tvl 

lim H(rx,ty) =4I{x,y) where ~s, t)= I . It is easily seen that 
l-+e>o t Sill +tvl 

cp(x, y) = mine ..!..., 1-). 
III VI 

(ii) Using Laplace transfonns we obtain 

,.. 0000,.. A 0000". A 

K(s, t) = L L Fk(S. t)Fr (0. t) + L L Fk(s, t) F r (s. 0) 
k=t r=l k=I r=O 

" " .. 
= F~s.t) {F~O,t) + F~s, 0) + I} 

(I-F(s,t» I-F(O,t) I-F(s, O) 

Since III < 00 and VI < 00 it follows that 

lim azK(as. at) = 1 (_1_ + _1_) = 1 
a-+O IlIS+Vlt illS vIt IlIVISt 

Since K is monotone, an application of Theorem 2.1 (i) yields the desired result. 0 

Being interested in the difference H (X, y) - min(..!.... L) (cf. (4.2) and (4.3» we now estimate 
III VI 

% Y 
W(x. y)= J I [H(u, v)-min(J£., ~)]dudv. 

o 0 III VI 

Theorem 4.2 

Assume that W (x. y) is nondecreasing and assume that Ilz + V2 = EXt + EYt < 00. then 

112 1l2VI x 2 
• x Y 

-xy -(---E(XIY1» - If-S-
21lt III 21lt III VI 

V2 V2J.lI L x y 
-xy-(---E(XIYI» if-;;=:-
2VI VI 2vt III VI 

lim W(rx,ty) = 
t-+<><> t2 
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" 1 A 1 
Proof. We have W(s, t) = -(H(s, t) - ) so that 
-- st J.l.lS+Vlt 

2 ,.. 1 E (sX I +tf 1)2 
lim a W(as, at) = - -~---=-
a~ st 2(J.LIS+Vlt)2 

2 
(J.LIS+Vlt)2 

{

y(X-y ) ~y 
Now let g(x,y)= 0 :xS.y,/(x,y)=g(y,x) and h(x,y)=min(x2,y2). It is easily seen 

A t A 2 
that g(s, t) = 2 and that h(s, t) = 2 . 

s(s+t) (s+t) 

Hence lim a2W(as, at) = pes, t) where 
a~ 

A S t 1l2Vl A V2J.1.l ,.. EXlfl A 

p(-, -) = -2- I(s, t) + -2- g(s, t) + 2 h(s, t) . 
J.l.l VI J.l.l VI 

Since by assumption W is monotone, an application of Theorem 2.2 (i) yields 

lim W(xt,yt) =p(x, y) where 
t-¥'O t 2 

J.l.2Vl v2J.1.1 EX I f I 
P (J.LI X, vlY) = -2- I(x, y) + -2- g (x, y) + 2 h (x, y) and the result follows. 

J.l.l VI [] 

The limit function in Theorem 4.2 is continuous but not differentiable on the expectation line 

y = ~x. As one can expect it may be difficult to obtain the asymptotic behaviour of 
J.l.1 

H (n, ty) - t mine ~, L) in this case. If y "" ~x however the limit function in Theorem 4.2 
III VI III 

behaves nice and we have the following refinement. 

Lemma 4.3 

1l2. VI 
-lfy>-x 
21lt III 

IfJ.12 + V2 < co, then lim H(n, ty) - t min(~, L) = 
t-¥'O J.11 VI ~ ify < ~ x 

2vy III 

Proof. 

Suppose that ~ < L (similarly if ~ > L). From Theorem 2.6 of Bickel and Yahav [3] it 
J.l.1 VI III VI 

follows that for such x and y, 



- 13-

lim H(tx, ty)-Hl(tx)=O . 
t-+"" 

Using (4.2) we obtain the desired result. [] 

If. on the other hand, 112 VI = V21l1 = EX I Y 1, then the limit function in Theorem 4.2 is differen-
III VI 

tiable everywhere. We show that in this case, the r.v. Xl and Y I have a correlation p = 1. To see 
• v21l1 1l2vl.. 0'1 VI 

this, note that the equality --= -- Implies that -- = 0'2' and that the equality 
VI III III 

1l2VI O'rVI 
--= EX 1 Y I implies that p = whence p = 1. 

III 0'10'2111 

This implies that Y I = ax 1 + b. Using the identities 

O'~ = alO'I and v2 = a 21ll + 200111 + b l 

together with the previous equalities leads to the solution a = ~ and b = O. That this case is 
III 

trivial may be seen from the following 

Lemma 4.4 

VI 
If Y 1 == - X l> then for all x, y > 0, 

III 

lim H (tx, ty) - t min( ~, .L) = ~ 
t~co III VI 21lt 

VI VI 
IfYI = - Xl and hence S; = -S! we have 

III III 

H(x,Y)=:E P{S!s min(x, YIlI)} = HI (min (x, YIlI» . 
n=O VI VI 

Using (4.2) yields the desired result. [] 

In Theorem 4.5 below, we show that on the expectation line, the result of Lemma 4.3 drastically 
changes. First we need the following result, interesting in its own right. In the result we estimate 
C(x, Y) := Cov(NI(x), Nl(y» and p(x, y) :=Corr(N I (x),N2(y», the covariance (resp. correla
tion) between N I (x) and Nl(y). 

Lemma 4.5 

(i) C (x, y) = 0 if and only if X 1 and Y I are independent 



(ii) If 112 + V2· < 00 and if +C (x, y) is nondecreasing, then 

1
. C(tt,ty) COV(X h Y1) . (x v) 
1m - = mm -.~ 

t...- t III VI III VI 

and 

(iii) If J.l2 + V2 < 00, then C (tx, ty) = OCt) (t ~ 00). 

Proof. 

(i) See Hunter [9, Theorem 3.5]. 

(ii) Using Laplace transfonns we obtain 
A A A A A 

A A F(s, 0) 
C(s, t) =K(s, t) - ---',,:,..;.-:-

1-F(s,t) 

F(O,t) F(s,t)-F(s, 0)· F(O,t) 
A = A A A 

I-F(s,t) (l-F(s,t»(l-F(s,O»(I-F(O,t» 

Since J.l2 + v2 < 00 it follows that 

" Cov(X bY 1) 
lim aC(as, at) = ----
a~ 1l1Vl(SIl1+tv2) 

and the result for C follows. The result for p follows from this result and from (4.4). 

(iii) First note that by definition 

Sh1(x) S x < Sh1(x)+1 and s'k2(Y) S y < S'k2 (Y)+1 

so that 

Some straightforward calculations show that for n, m ~ 0, 
E(S!+l • S~+d =E(S!· S~) + (n + m)J.lIVl + E(X I. Y 1) whence 

E(Sk l (X)+l' s'k2(Y)+1)=E(Sk t (x) .s'k2(y»+1l1Vl(E(Nl)+E(N2»+E(X l Y t ) . 

Using E(Sh1(x» = IlIE (N 1) it follows that 

Cov(sk l {%), s'k2(y»S xy -1l1V1E(N 1)E(N2) 

S Cov(skl(x) , s'k2(y»S xy -lltVl (E(N 1) + E(N2» + EX lY 1 

Using (4.2) and (4.1) it follows that as t ~ 00 

(4.5) COV(Shl(Ix)' s'k2(ty» =O(t) . 

To finish the proof note that E (S !S~) = min(n, m) Cov(X. Y) + nmJ.ll VI so that 

E(Skl(x) • s'k
2
(y) =E(min(N 1 (x», N2(Y» Cov(X, Y) 



and hence 
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Cov(skl(x), S~2(y» = E(min(N 1 (x», N2(Y» Cov(X, Y) 

+ JiIVt C (x, y) . 

Using Theorem 4.1 (i) and (4.5) we obtain that C(rx, ty) = OCt) as t -+ 00. 0 

We are now ready to complete lemma 4.3 and lemma 4.4 and we estimate 

H (rx, ty) - t mine ...!.., ..L) on the expectation line. 
Jil VI 

Theorem 4.6 

If P == p(X 1, Y 1) '¢:. 1, then as t -+ 00, 

Ji2 V2 {j) _r _r 
H(tJilo tvI) - t = -2 + -2 - _r::- "'It + o ("'It» 

4Jil 4Vl "'I21t 

O't 01 PO'l0'2 
whereD=-+--2 . 

Jil VI "Jil VI 

Proof. 

From the central limit theorem for the vector (N 1(x),N2(Y» (cf. [10, p. 551-552]) we deduce 
that as t -+ 00 

N I(tJil)-N2(tvl) d 
..fi =>Z 

where Z has a nonnal distribution with mean 0 and variance D. 

Now E(N1(tJll)-N2(tvl»2 =var(Nl(tJil» +var(N2(tvl» + (H1(tJil) -H2(tvI»2 
-2cov(N1(tJll),N2(tvl»' Using (4.4), (4.2) and lemma 4.5 we obtain that as t-+oo 
E(N t (tJiI) - N2(tvl»2 = O{t). It follows from e.g. Feller [4, p. 252J that 

(4.6) lim E I N 1(tJil)-N2(tv t) 1 =EIZI = 2{j) . 
t-+oo..fi V2; 

E(N 1 (x»+E(N2(Y» 
Now E(min(N1(x).N2(y»)= 2 -tE I Nl(X)-N2(Y) I from which it fol-

lows that 

H 1(tJil)+H2(tv l) 
R(tJlI.tvt)= 2 -tE I Nl(tllt)-N2(tvl) I 

Using (4.2) and (4.5) we obtain the desired expression. o 

These results generalize some results obtained by Hunter for the case where (X 1, Y I) has a dou
ble exponential distribution. 
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Example [Hunter 9,10] 

Suppose (X 1, Y 1) has a double exponential distribution defined by its Laplace transfonn 

F p(s, t) = [(1 + J..I.ls)(l +Vtt) - PJ..I.IVlSt]-l . 

It is easily seen that Xl and Y I are exponentially distributed with means J..I.I and VI respectively 
and that corr(X I, Y 1) = p. Some straightforward calculations give 

if p(s, t) = (J..Lls +Vlt + (1- P)J..I.IVtstrl + 1 

and 
,. A 

C(s, t) = p(H p(s, t) - 1) . 
,. A 

It follows that H p(s, t) = (1- p) H 0«1 - p)s, (1- p)t» + P so that 

Hp(x, y)=(1-p) Ho(~, J.-)+ P 
I-p I-p 

and 

C(x,y)=p(Hp(x,y)-I) . 

Theorems 4.2-4.4 are applicable. 
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