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C h a p t e r 1

Introduction

In this chapter, I briefly review the motivation, background and aims of the work
presented in this thesis.

1.1 Soft condensed matter physics

Physics concerns itself with the study of matter: its nature, its interactions, and
its motions in space and time under the influence of fields and forces acting
upon it. At the largest length scales, astrophysics studies enormous objects up
to the universe itself, while the physics of elementary particles addresses the
properties of the smallest objects. In doing so, physics has uncovered many
mysteries of our life, but fortunately many are still to be revealed.

Much of what we do not yet fully understand happens in between the two
extremes of length scales - the scales proper to the objects we encounter in
our daily lives. These scales are the natural domain of soft condensed mat-
ter physics: Soft materials are made of basic constituents that may be a few
nanometers to a few micrometres in size, and everyday soft materials include

1



2 Introduction

plastics, biological cells, colloidal materials, polymer gels, liquids, foams and
sand.

The general motif in most soft materials is one where large numbers of atoms,
governed by well known physical forces [17], conspire to form aggregated
structures that, generally, lack the order typical of crystalline, "hard" condensed
matter. The distinction between soft and hard here is ultimately one of ener-
gies: In the domain of quantum physics, the interaction energy of extremely
small particles is typically in the range of electron-volts units (1 eV ∼ 10−19 J).
In the soft materials I will consider here, on the other hand, interactions are
typically entropic and much weaker, occurring at energy scales of the room
temperature thermal energy kBT (1 kBT ∼ 10−21 J) - hundreds of times weaker!.
Interesting things happen when the intrinsic energy scales are comparable to
the thermal energy. For one, such a system will become highly susceptible to
the effects of thermal fluctuations: The random kicks and pushes exerted by
any environment at finite temperature are sufficiently large to deeply affect
the behavior of soft matter, while they - quite literally - barely make a dent in a
hard condensed material such as a crystal. The orders of magnitude differences
in cohesive energy also make, that soft materials can accommodate deforma-
tions relatively easily: of constituents are not held together very strongly, they
will not mind becoming separated either. Soft matter is, therefore, literally me-
chanically soft compared to hard condensed matter. Under the influence of
these stochastic, random forces acting upon it soft materials are generally, in
one way or another, disordered rather than crystalline. Thus, the study of soft
materials is inextricably linked to the effects of fluctuations. As I will study in
this thesis, soft interactions determine both the structure and the mechanical
properties of soft hydrogel materials and it is the core challenge of soft matter
physics to measure, understand, predict and control the structure and response
of soft materials

Characteristic of soft materials is also their ability to self-organize. By this,
I mean the propensity to form complex aggregate structures that arise as
constituent components of the system attract and repel, in specific directions,
until some form of energetic equilibrium (or at least stationarity) is reached.
Generally, this happens in solution: one of these components is a continuous
medium in which the others are dissolved. The complexity (the shape, size,
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composition and possibly dynamics) of the self-organized structure sensitively
depends on thermodynamical and geometric parameters such as concentration,
temperature, pressure, and the degrees of freedom available to the components
involved. For example, when three particles are rigidly connected along a
line they have collective positional and rotational degrees of freedom, but if
their connection is flexibly hinged then twist as a third degree of freedom is
introduced which increases the complexity of the system and influences its
morphology. In this thesis I study the process of self-assembly of a networklike
material, and ask how interaction strength, flexibility, molecular dimensions
affect the self-assembled phase behavior, and how the structural characteristics
of the aggregates determine mechanical response.

Statistical mechanics is the branch of theoretical physics that provides the
framework to study the behavior of fluctuating systems consisting of many
interacting particles, using probability theory. This is appropriate, since in this
thesis I am generally not interested in the exact trajectories of each particle,
but rather in average, typical, generic behavior of the ensemble. Statistical
mechanics underpins basically all studies of macroscopic properties of soft
materials, as derived from their microscopic structure and properties. Based on
the principles of statistical mechanics, describing the collective response to the
microscopic interactions of particles in many-body systems, one may attempt
to predict the macroscopic properties of systems under study. Unfortunately,
it is only in very rare cases that such an undertaking may be performed by
analytical calculation.

To overcome this barrier we can use computer simulations. In this way, by
using a computational model and processing it on (a network of) computers,
we can study the time evolution, as well as the response properties of systems
of such structural complexity that direct computation is unfeasible. In many
such cases, computer simulations do not simply improve upon limiting-case
analytical or asymptotic results, but may in fact provide the only theoretical
handle on a given system. In addition, suitably chosen computational setups
allow unrestricted access to observables that may be exceedingly difficult to
measure in experiment, such as the positions and momenta of particles buried
deep in the bulk of opaque materials. However, computer simulations are
obviously not exempt from restrictions. For one, the time- and lengthscales as-



4 Introduction

sociated with physical experiments (typically, ≥ seconds) are generally much
longer than those easily feasible by state-of-the-art computational platforms
(∼ picoseconds to nanoseconds, in typical molecular dynamic simulations, ∼
microseconds to milliseconds in coarse grained simulations). In such cases,
simulations results may at best be qualitatively compared to experiment, and
not quantitatively and it may be difficult to assess whether the computational
model is in fact able to correctly predict the actual behavior of the systems.
Coarse graining allows the simulator to access longer length- and timescales,
and may relieve some of the most urgent temporal restrictions, but its effective-
ness and accuracy depend upon appropriate choices of the effective potentials
of interactions between the simulated entities. In this thesis, I aim to provide
initial qualitative insights in my system, and therefore will not place greatest
emphasis on direct validation against experiments. I will, however, motivate
my choices of interactions and dimensions with experiments in mind.

My thesis presents the results of simple analytical computations and large
scale molecular dynamics studies of self-assembly and mechanical properties
of macromolecules that spontaneously form associative networks. The direct
inspiration to study these materials arises from a desire to mimic the struc-
ture and properties of biopolymer networks - a versatile class of biological
soft materials with unique and desirable properties. To create so-called smart
materials - materials with intrinsic and non-generic mechanical functionality
- is one of the crucial challenges that materials science faces today, and self-
assembling synthetic soft materials provide an enticing motif to attempt to
enrich man made materials with specific bio-inspired functionality. In the fol-
lowing, I briefly review the structure and properties of the biological networks
that inspire this work.

1.2 Network structures

Biopolymers inside the cytoskeleton play a central role in mechanical stabil-
ity, generating force or deforming cell in response to external tension and
remodeling the structure of the cell dynamically.
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FIG. 1.1 The cytoskeleton is a filamentous structure inside the cell. It governs the
mechanical stability, the shape, and the motion of the cell.

In contrast with other soft materials such as foams, colloidal emulsions and
granular matter, they exhibit some striking and unique properties, most no-
tably among which is the tendency to strain stiffen already at fairly small
deformations. Inside the cell, the cytoskeleton is a composite fibrous network,
comprised of three distinct families of biopolymers. The three types of fila-
ments are microtubules, actin filaments and intermediate filaments (see Fig.
[1.1]). These filaments are present in the form of entangled or cross-linked
networks, and together are responsible for the mechanical functions of the cell.
Recently, it was shown that physically associated synthetic polymer networks
demonstrate strain stiffening to some extent in relatively small deformations
similar to biopolymer networks [33].

The objective of this thesis is to study networks of physically cross-linked
synthetic polymers, and to distill from the aggregating behavior of its build-
ing blocks their macroscopic response. All this, with the ultimate goal to gain
some control over mechanical properties and perhaps, some day, to mimic bi-
ological materials such as the cytoskeleton. Cytoskeletal mechanics has been
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Table 1.1 Comparison of the dimensions and persistence lengths of various biopoly-
mers[47, 56].

Name diameter persistence length contour length

Microtubule 25 nm ∼ 1− 5 mm 10’s µm
Actin filament 7 nm 17µm . 20 µm
Intermediate filament 9 nm 0.2 - 1 µm 2 - 10 µm
DNA 2 nm 50 nm . 1 m

actively studied, in bottom-up fashion approach, since the early 1990’s and has
proven quite successful in understanding and even predicting cell mechanics
and the macroscopic behavior of the biological material from its fundamen-
tal constituent components [8, 38, 63, 67, 72, 77, 120]. Among the different
biopolymers, the actin filament (also known as F-actin, where the F stands
for filamentous, to distinguish from G-actin which is the globular form) has
attracted probably most attention in this field. Reconstituted F-actin networks
are highly tunable, in the sense that a small change in various parameters of
the system can cause a significant difference in network structure. For instance
a typical F-actin gel consists of actin filaments that are the backbone of the
network, linked with some crosslinker protein, α-actinin for instance.

FIG. 1.2 Dependency of network architecture to concntration of αactinin. A composite
network (cα = 1.5µM), network of bundles (cα = 4µM) and network of short and
aggregated bundles of actin (cα = 20µM) [37].
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The structure of the actin network highly depends on the concentration of
the α-actinin (cα) that is present in the solution. As shown in Fig. [1.2] the
network architecture changes enormously with the concentration of α-actinin.
A composite network (cα = 1.5µM), a network of bundles (cα = 4µM) and a
network of short and aggregated bundles of actin (cα = 20µM) are all seen
within a relatively narrow range of crosslinker concentrations.

FIG. 1.3 Dynamic shear storage moduli measured at different strain amplitudes for
a series of crosslinked biopolymer networks. The real part, G′, of the storage modulus
reduces to the shear modulus G at zero frequency. Data shown are G′ (at 10 rad s−1)
values for F-actin, fibrin, collagen, vimentin and polyacrylamide, and shear modulus G
for fibrin and neurofilaments, plotted as a function of the dimensionless strain γ, from
[111].

The type of cross-linking protein as well as its concentration cause a dra-
matic change on the network architecture. Generally, at low concentrations
a composite network is formed whereas in higher concentration bundles of
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polymers aggregate and form a dense network that has smaller mesh size
[37]. These distinct network structures, in turn, have been shown to affects the
dynamic mechanical response and also the non-linear elastic response. Has
been observed that filamentous network of biological tissues respond to de-
formation by exhibiting an increasing stiffness, i.e., ratio between change of
stress and change of strain [89]. This has been demonstrated on individual
cells and through rheological experiments on in-vitro gels of cytoskeletal fila-
ments (actin, vimentin, keratin [45, 63, 75, 118, 124], and neuronal intermediate
filaments [71]), as well as on fibrin [6, 62]. These biopolymers fall within the
class of semiflexible polymers, which has also attracted huge attention by sci-
entists in the last decade [52, 76, 83, 90, 121]. Stiffness, measured in terms of
the shear moduli of various biopolymer networks is shown in Fig. [1.3]. These
biopolymer networks demonstrate over orders of magnitude in stiffening and
also in the strain they tolerate. A part of this thesis is discussions on vari-
ous parameters that cause different network structures and also I study the
parameters that affect formation and morphology of nodes of the network.

1.2.1 Self-assembly

The polymer network of the cytoskeleton is not built according to a fixed
blueprint - rather, it builds itself through the association of its constituent
proteins, whose interactions are such that they spontaneously form filamentous
networks under the ambient solution conditions in the cell. In physics, we
refer to such processes as self-assembly: atomic or molecular systems that have
the ability to spontaneously organize themselves in a specific environment,
position and shape. In polymer chemistry, the self-assembly may be put to
use when, for instance, parts of a polymer chain seek out similar (parts of)
molecules in the medium, and attach to them via reversible, physical bonds.
By these techniques one is able to design polymers that exploit self assembly, to
form specific structure in a particular environment, tailored to exhibit specific
properties.

A well-known soft material that in some sense is in a phase between solid and
liquid and resembles in many important ways the cytoskeletal polymer nets is
the hydrogel - a system that has been studied since at least the 19

th century [49].
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Hydrogels are self-assembled network of polymers in water. The polymers are
either entangled or cross-linked (with noncovalent reversible bonds or with
irreversible, chemical bonds), and the interactions - physical and chemical -
between polymers give rise to elastic behavior directly related to the spatial
arrangement, as well as single-chain properties, of the polymers. Due to the
non-covalent being non-permanent, hydrogel structures are very dynamic and
subject to change or re-arrange spontaneously or in response to deformation or
stress. The direct experimental observation of structure and dynamic behavior
on the microscale is very difficult if not, in some cases, impossible. Under-
standing the processes that lead to the self-assembled structures at smaller
time scales than typical timescale of experiments (hundreds of seconds) is an
even bigger challenge. Computer simulations are helpful means to study the
behavior at small scales. Although for such networks of complex molecules
it is computationally expensive to simulate all atoms present in the system
in longer timescales than picoseconds, we may use coarse grained simulation
techniques, where we replace groups of multiple atoms, as shown in Fig [1.4]
with simulation particles to reach millisecond time scale and enhance our
access to the self-assembly process in molecular dynamics simulations [106].

In this thesis, I theoretically study dynamics of self-assembly and mechanical
properties of a hydrogel, synthesized by my experimental collaborators which
are various structures made from a block copolymer base molecule. Its build-
ing blocks are macromolecules consisting hydrophobic, bis-urea motifs and
polyethylene glycol (PEG) or polyethylene oxide (PEO), hydrophilic chains [93].
Structures of two distinct systems that I investigate later in this manuscript are
shown in Fig. [1.5]. A tri-block copolymer that consists of a hydrophobic mid-
dle block, connected to two identical hydrophilic, flexible polymers at its ends
and a second system of a multi-block copolymer with alternating hydrophobic
and hydrophilic polymers. This trivial difference in chemical architecture pro-
vides a significant change in the structure of self-assembled molecules formed
by them as shown in Fig. [1.5]. Much like the biopolymer networks inside
the cell, hydrogels are basically connected networks, where network nodes are
linked to each other by linker chains. The structure of the linkers, as well as
the network as a whole, depends on the properties and geometry of the attrac-
tive binding groups, the length of the linking groups and also the strength of
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FIG. 1.4 In coarse-grained simulations I replace multiple atoms by a particle repre-
senting the approximate size and center of mass of the group of atoms. The interactions
between such coarse-grained particles are no longer direct atomic potentials, but poten-
tials of mean force representing all the interactions that are ’integrated out’.

the attraction energy. For example if one type of binding group is designed
to form limited number of directional bonds I might expect to see elongated
structures (so called rod-like micelles). In contrast, as shown in Fig. [1.5] for
a multiblock molecule, where binding and linking groups are repeated peri-
odically along a single chain, I see more flower-like micellar structure. Later
on in this thesis I will discuss the characteristics of formation of network and
mechanical properties of these two general structures in much more detail - for
now I simply wish to convey a sense of the possibilities that molecular design
offers for structural control.

1.3 Mechanical properties

In addition to examining the structural properties of self assembled hydro-
gels, I will also attempt to relate these to mechanical properties. Biopolymers
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FIG. 1.5 A bottom to top, schematic presentation of (left:) a PEO-Bis-urea-PEO that
forms to a self-assembled rod-like structure and to a network of cross-linked rods
(right:) a [PEO-bis-urea-PEO]m that forms an aggregated state of binding groups and a
network of flower-like micelles that are connected by the intermediate chains between
binders.
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networks are viscoelastic. This means, that they exhibit a mechanical response
intermediate between solid and a viscous fluid. Their mechanical behavior
is not described by Newton’s law for viscous fluids, nor by Hooke’s law for
elastic solids. Furthermore, the mechanical response of a viscoelastic material
depends characteristically on the time-scale on which the system is probed.
A practical technique for measuring the viscous and elastic response at the
same time is oscillatory rheometry. In this approach, the system is subjected to
an oscillatory shear deformation, at various amplitudes and frequencies. For
small strain amplitudes, the response will be linear, but there is a lot of interest
in non-linear (finite strain) response as well. In fact, the aforementioned strain
stiffening response is a direct example of such non-linear response.

In this approach I can directly examine the mechanical response by establishing
the relation between the applied shear deformation, strain γ and shear stress
response σ as shown in Fig. [1.6]. If the sample is solid-like, exhibiting purely
elastic response the relation is simply Hookean and linear

σ = Gγ , (1.1)

where G is the shear modulus. In the early chapters, I will use this elastic
modulus to qualitively assess the mechanical response.

FIG. 1.6 Simple shear deformation geometry. The dimensionless shear is defined as
γ = ∆l

l
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However, in experiments generally a full characterization of the dynamical
response is called for. In such cases, oscillatory rheometry permits one to
extract the storage and loss moduli (G′ and G′′) as a function of frequency.

G(ω) = G′(ω) + iG′′(ω) . (1.2)

In the final chapter, I implement such rheometric measurement directly in
my molecular dynamics simulations, and measure the linear and non-linear
dynamical response of my simulated materials.

1.4 Aim and outline of the thesis

The aim of this thesis is to predict the macroscopic mechanical behavior of di-
and multiblock copolymer networks from their microstructural organization,
by means of molecular dynamics simulations and statistical physical analysis.

• In Chapter 2, I present the basic statistical-mechanical and computational tech-
niques that I employ in this work..

• In Chapter 3, we show that for a network of amphiphilic chains the dynamic
modulus of the network increases with degree of cross-linking. Also we study
the morphology of such a network, and find that with using cross-linkers that
have non-similar end groups we can reach higher cross-linking density, thus
we enhance the mechanical properties.

• In Chapter 4, I take advantage of molecular dynamics simulations to simulate
and analyze a polymer network, I take further steps forward in tuning the
length of the linker chains and I find a phase diagram of the degree of cross-
linking as a function of the strength of the physical bonds and the length of
the linker chains. Then, using a theoretical model that predicts macroscopic
properties from microstates, I find a region in the phase diagram that has the
highest dynamic modulus.

• In Chapter 5, on cluster analysis, I develop a theoretical model to investigate
the morphology of the aggregates that predicts the shape and size of the clus-
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ter as a function of thermodynamical and physical parameters. I observe that
growing number of particles in a cluster leads to a transition in the shape of
the cluster from a sphere to rod-like structure. This agrees with results from
experimental data found in SAXS (Small Angle X-ray spectroscopy) measure-
ments.

• In Chapter 6, I introduce a computational technique to measure the viscous
and elastic modulus of a self-assembled network of block co-polymers. In
this technique, I make use of molecular dynamics simulations to simulate an
oscillatory shear deformation on a bulk network, and I analyze the response.

And in the final chapter - Chapter 7 - I present my conclusions: that changes
in the microstructure affect the macrostate of a polymeric system in a man-
ner that may be observed by experiments and predicted by analytical and
numerical techniques. That permits tuning by varying parameters accesible to
synthetic chemistry to control the self-assembly of the polymers and influence
the structure of the network.



C h a p t e r 2

Models and methods

In this chapter, I describe the theoretical and numerical approaches and techniques I
use in this thesis. First, I present a brief introduction of statistical ensembles and their
relation to thermodynamics, then I explain the molecular dynamics (MD) method and
associated techniques: the time integration algorithms that are commonly used in MD
simulations, and the interaction potentials I employ in my model and my choices and
approach to coarse graining the molecular system.

15



16 Models and methods

2.1 Statistical ensembles and implicit solvent

In the simulation of polymers or general biomolecules, usually the interac-
tion of the molecule in an aqueous solution, as a natural medium for such
molecules, is of the interest. The state of the system in equilibrium is dependent
upon its thermodynamic parameters, such as pressure and temperature. Statis-
tical mechanics, as a tool for studying many-body systems, offers us different
ensembles each of which allows to probe specific thermodynamic parameter
dependencies, while others are kept fixed. Depending on the experimental real-
ization, one may be chosen over the other although they all, technically, contain
the same information. The three most commonly used statistical ensembles
are the microcanonical, the canonical and the grand canonical ensembles.

In my studies of self-assembly, I will mostly be considering the canonical (or
NVT) ensemble, which applies to systems in which the number of particles,
the volume and the temperature are kept fixed. The variables conjugate to
these (chemical potential, pressure and entropy) are allowed to adjust as the
system reaches equilibrium. All thermodynamical information for the canoni-
cal ensemble is contained within the canonical partition function

ZNVT = ∑
φ

e−βE(φ) , (2.1)

where φ enumerates all the distinct microstates of the system, β = 1
kBT , and

E(φ) is the energy associated to state φ. I write Z here for a discrete set of
microstates, but the definition is readily extended to more general sets of states
by replacing the sum with an integral, or a functional integral, as appropriate.
If Z is known, one may obtain from it the Helmholtz free energy F, defined as

F = − 1
β

ln ZNVT . (2.2)

For a canonical system in equilibrium, the Helmholtz free energy F is minimal.
Most of the computations I do will be canonical, but in later chapters I will
also employ the isothermal-isobaric (NPT) ensemble. By standard thermody-
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namical methods, it too may be derived from a partition sum

ZNPT =
∫

ZNVT e−βPV dV , (2.3)

the natural log of which yields the Gibbs free energy G, which is the ther-
modynamic potential that is minimal in an isothermal-isobaric ensemble in
equilibrium

G = − 1
β

ln ZNPT . (2.4)

Using the theory of Legendre transforms, which transform one potential into
the other, one may show that

G = F + PV (2.5)

from which it is clear that no information is added or lost in going between
NPT and NVT. Depending on the experimental conditions, one may however
be chosen over the other - see Fig. [2.2].

FIG. 2.1 (a) Canonical ensemble: The system is in a closed box, and connected to
a thermal bath. This condition can be simulated by NVT simulation. (b) Isothermal-
isobaric ensemble in which system is connected to heat bath while its pressure is
maintained equal to outside pressure. To fulfill this condition, I use NPT simulations.

Using canonical ensemble formulation, I keep the volume of the simulation
box constant. This is useful to fix the concentration of the system under study.
At the same time, the temperature dependence of a system can be probed as
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well. In this case I accommodate N particles in a box of volume V, where the
temperature of the system is held to a fixed value T. This is known as NVT or
canonical MD simulation. In practice, considerable thought must go into the
manner in which the temperature is kept fixed in simulation. This procedure is
known as thermostatting, and I will return to this subject later in this chapter.

In rheology studies, I seek to measure the modulus of the system. To this
end, stresses must be recorded, which must generally be disentangled from
external (hydrostatic) pressures. To be able to distinguish, I execute rheological
simulations at fixed "reference" external pressure and temperature. NPT sim-
ulation is a way to fulfill this condition so the volume of the system is allowed
to change during the course of the run to keep the pressure at the reference
pressure point.

Temperature and pressure control in MD simulations are done by thermostats
and barostats respectively. The most commonly used thermostats are Berend-
sen[9], collisional [70] and Nosé -Hoover [86] and amongst barostats are An-
dersen [3] and Berendsen-barostat [9]. In the simulations done for this thesis
I used Nosé -Hoover for NVT simulations and for NPT simulations I employ
combination of Nosé -Hoover thermostat and Berendsen-barostat.

Simulating a polymeric system may require significant computational resources
if all explicit interactions with the solvent particles are taken into account. One
way of reducing the computational cost is to use implicit solvent, in which the
solvent is treated as a continuum medium. For polymeric systems, where only
the interaction and dynamics of the block copolymers and studied, I neglect
the effects of direct interactions with the solvent, but do take into account
dissipative effects due to the solvent, such as the hydrodynamic friction. The
thermostatted system is placed in a thermal bath that is full of virtual par-
ticles of mass m◦ and has a reference temperature T◦. The velocities of the
virtual particles are randomly taken from the Maxwell-Boltzmann distribution,
evaluated at the corresponding temperature. In every time step the simulated
particles collide with the virtual particle with a collision frequency. The mass
of the virtual particles and the collision frequency usually are chosen small
enough to avoid making significant changes in the trajectory of the simulation
particles.
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2.2 Basics of simulation

In the introductory chapter I briefly explained why numerical simulation is
often useful for studying many-body complex systems. Similar to what hap-
pens during an actual experiment, over the course of a run of a simulation
the state of the system evolves in time until the thermodynamic properties of
the system become quasi-stationary, fluctuating about some equilibrium value.
This procedure is called equilibration. Once equilibrium is achieved, one can
study the system under question by various types of measurements and anal-
yses. There are different methods of numerical simulation of complex systems,
each of which is particularly suited to a specific type of molecular systems.
The most frequently used techniques are Monte Carlo (MC) and Molecular
dynamics (MD). The former is based on repeated sampling of all possible
states - generally, an efficient way to characterize equilibrium distributions but,
without modifications, unable to capture dynamics. The latter, MD, relies on
the time integration of the classical equation of motion of all particles, subject
to the forces acting upon and in the system, is very suited for dynamics but
often, unmodified, limited in its temporal scope.

2.3 Molecular dynamics

The method that I am going to use to simulate block co-polymer macro-
molecules in this thesis is the MD simulation method. MD is widely employed
to study dynamics, kinetics, and equilibrium properties of complex many body
systems. In MD simulations the motion of all interacting particles are tracked
by numerically solving Newton’s equation of motion for every particle [16,
85, 103]. An MD algorithm divides the entire time span of a simulation into
shorter intervals called simulation time steps. The positions and velocities of
all particles are obtained by adding to the initial position the total displace-
ment over one simulation time step, in response to all forces applied to particle
during the time step [40]. By repeating this integration I can obtain positions
and velocities for all particles as a function of time. Newton’s equation of
motion for the ith reads
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F(t) = mi
∂vi(t)

∂t
, (2.6)

where F(t) is the sum of all applied forces at time t, mi is the mass of the ith

particle and vi(t) is the velocity of the ith particle at time t. The total force
F(t) generally has different contributions: it is the sum of particle-particle
interaction potentials, which may be bonded (i.e., present between two or more
specific particles, as is the case for instance in a chemical bond between atoms)
or non-bonded (i.e., present in principle between any two particles, such as
for instance electrostatic interactions) and any external potentials, such as the
electromagnetic field or gravity, present at the position of particle. The force
on particle i is the gradient of these potentials with respect to displacements
of particle i:

F(t) = −∇U

= −∂[U(r1, r2, r3, ..., rN) + Uext(ri)]

∂ri
, (2.7)

where U is the interaction potential on ith particle as a function of the position
of all other particles and Uext is the external potential applied on the particle i.
A important step in any MD simulation is to select the appropriate interparticle
and external potentials, as these completely determine the evolution of the
system.

2.4 Time integration algorithm

To actually step the system forward in time, a so-called time integration algo-
rithm is required which computes and updates the positions and velocities of
particles at every time step. In the LAMMPS molecular dynamics package that
I am using to simulate my molecular systems the velocity Verlet algorithm is
implemented.
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The frequency of this calculation is determined by the simulation timestep,
and uses as its point of departure the second order Taylor expansion of the
updated position:

x(t + ∆t) = x(t) + v(t)∆t +
1
2

a(t)∆t2 +O(∆t3) , (2.8)

Using Newton’s Eq. (2.6), the acceleration in this equation may be directly com-
puted from the forces and thus from the potentials a(t) = ∂v/∂t = F(t)/2m.
The next step in velocity Verlet is then to compute the updated acceleration
a(t + ∆t), using the updated position, from Eq. (2.7), and to use this updated
acceleration to move the velocity one step forward in time:

v(t + ∆t) = v(t) +
a(t) + a(t + ∆t)

2
∆t. (2.9)

This procedure is repeated for all particles, and repeated for the duration of
the simulation.

2.5 Force field and energy minimization

Force fields are the mathematical functions describing the interaction poten-
tials, bonded and non-bonded, between the particles in a MD simulation. The
naming is somewhat confusing, as these potentials are scalar functions of
the particle degrees of freedom, whereas the actual forces are vector-valued,
but such is the convention. Interaction potentials, U, in MD simulation are
generally categorized into bonded and non-bonded interactions. The bonded
interactions include bond stretching, angle bending, dihedral and improper
dihedral terms in particle-particle interaction. The bond stretching potential I
will employ is a harmonic spring potential defined and parameterized as

Ubond(ri, rj) =
1
2

kij(| ri − rj | −r0
ij)

2 , (2.10)
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in which the position vector of particle i and j that are connected via a spring
are denoted by ri and rj respectively. kij is the spring constant that sets the
curvature of the spring potential. r0

ij is the equilibrium bond length. Simi-
larly, a bending potential - penalizing deviations of the relative orientation of
subsequent links - is defined between every three particles:

Uangle(ri, rj, rk) =
1
2

kθ
ijk(θijk − θ0

ijk)
2 , (2.11)

where ri, rj and rk are the position vectors of the three particles, kθ
ijk is the

bending rigidity constant which determines the local flexibility of the molecule,
θijk is the angle between two bond vectors, ri − rj and rk − rj with the vertex
being at rj, and θ0

ijk the equilibrium angle between these vectors.

FIG. 2.2 A schematic coarse grained representation of a block co-polymer which has
a rigid head block (yellow) and a flexible tail (blue). r0

ij is the equilibrium distance
between two particles and σ is the diameter of one particle. In MD simulations, the
rigidity of the yellow trimer is effected by choosing a large value for the bending rigidity
kθ at the central yellow bead.

The non-bonded interactions in MD simulations take care of the electrostatic
interactions, the van der Waals interactions or combinations of the two. The
most common van der Waals interaction used in simulations is a pairwise
additive Lennard-Jones (LJ) potential. In the absence of electric charges, LJ is a
good approximation to the interaction between pairs of particles. It consists of
two terms: a repulsive term that describes Pauli repulsion at short ranges, and
an attraction at the long range which describes van der Waals attraction. The
potential between ith and jth particle then has the following form:

ULJ(ri, rj) = ε

[(
rm

rij

)12

− 2
(

rm

rij

)6]
, (2.12)
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where ε is the strength of the potential, rm is the separation at which the
potential is minimum between two particles that are rij apart. The first term
is the repulsive interaction, strongly rising as the particles get too close, the
second the attractive part.

In a simulation box of N particles with non-bonded interactions, the interaction
between every two particle has to be calculated. The time needed for this is of
the order of N2. The strength of short-range interactions quickly decays beyond
a certain distance. In order to increase the efficiency and reduce simulation cost
for large size MD simulations, it is useful to use a cutoff distance for the non-
bonded interactions. In the case of Lennard-Jones interactions, for instance, the
magnitude of the potential becomes small for large inter-particles distances,
and therefore only that part of the potential that is within a certain distance is
calculated - see Fig. [2.3]. Introducing such a cutoff length rmax means ignoring
a part of the potential energy, which can be shown to be finite and quickly
going to zero as r increases.

Two particles with Lennard-Jones interaction attract each other until a distance
called minimum of the potential, rm, particles closer than rm repel each other
increasingly. In my simulations, I will frequently use LJ potentials with a cutoff
radius smaller than rm. This is useful to simulate particles that effectively are
purely repulsive. This is called the truncated LJ potential. It is used to effect
self-avoidance in my simulated chains. In those cases, I want to identify the
point at which the truncated potential becomes zero with the particle diameter
σ. At r = σ, derivative of the potential is a finite negative value that determines
repulsive force between two particles. I introduce a repulsive cutoff length at
r = σ to simulate absolutely non-penetrable chains Fig[2.3].

To speed up the equilibration process in a MD simulation usually the system
starts from a random initial geometry at t = 0. However the positions of
particles in the random geometry will not necessarily be anywhere near a
state of minumum energy: when two particles overlap the hard core repulsive
forces will be large, causing unphysical effects and possibly even failure of the
simulation. To help the molecular system initiate from something closer to a
local minimum of potential energy in a MD simulations, energy minimization
can be used. In this technique, by adjusting the positions of the particles
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FIG. 2.3 The Lennard-jones potential as a function of separation distance between
two particles. For efficiency purposes the potential is cut off at r/σ = 2.5, beyond which
the value of the potential is negligible. Inset: a truncated LJ, particles within rm = 21/6σ
experience a purely repulsive interaction.

iteratively, a near-optimal initial (average) geometrical arrangement of particles
can be achieved.

2.6 Boundary condition

MD simulations are highly resource consuming, especially if the system in
question contains large numbers of particles. This becomes more important
when simulating a system of densely packed particles or biomolecules.

Not only is the simulation box, in such situations, generally quite filled with
interacting particles, but also to avoid boundary artifacts the simulation box
must be large enough to accommodate a sufficient number of particles. By
this I mean that ideally, particles in the center, far from boundaries, should
be properly bulk and not feel the boundaries. This produces extremely large
number of equations to be solved in every time step. To resolve this I can
apply periodic boundary conditions to the dimensions of the system. By this
technique, the smaller domain containing the interacting particles is in the
middle where the copies of this simulation box are virtually created around
it, so that the particles in the original simulation box interact with their image
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FIG. 2.4 Periodic boundary condition. The simulation box is in the middle and
surroundings are periodic images.

in the neighbor copy and they also can pass the boundaries and enter the
simulation box from the opposite face. As a result the unphysical effect of
boundaries is minimized, but one should be careful to assess the effects of the
periodic lengthscale that the procedure introduces.

2.7 Coarse graining

As advertised in the introduction chapter, I perform molecular dynamics sim-
ulation on self-assembling polymeric structures to study the microstructure of
such systems and link it to macroscopic properties of physical systems for ex-
ample hydrogels. My aim is to describe the experimental system studied by my
colleagues in chemistry and mechanical engineering: triblock and multiblock
amphiphiles containing bisurea hydrophobic groups flanked (or connected) by
polyethylene glycol (PEG) hydrophilic polymer chains of variable length.
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FIG. 2.5 Length scale and time scales of computational simulation for atomistic simu-
lations (left), molecular dynamics simulations (middle) and coarse grained simulations
(right). In coarse grained simulation, the computational power (in terms of accessible
length and timescales) is enhanced, in contrast with atomistic simulation - but at the
expense of ignoring molecular details [66].

The physical dimension of these molecules is, approximately, a few nanome-
ters wide, and at most a few micrometers long. These scales are quite large
compared to the length scales typically studied in full atomic MD simulations.
Furthermore, the time scale of the self-assembly of the above co-polymers is
orders of magnitude larger than what can be achieved by simulations. So,
a fully atomistic simulation of these molecules is beyond reach. Instead, to
perform large length scale and long time scale simulations, I ignore most of
the structural details of the polymers and study a coarse grained system that
retains the essential physical characteristics of the experimental system, but
ignores much molecular detail.



C h a p t e r 3

Controll ing hydrogel

connectivity by

heterocrosslinkers

In this chapter a, the significance of cross-linking density in macroscopic mechanical
properties of a polymer network is discussed. We introduce a block copolymer that self-
assembles into a cross-linked network. We first investigate the statistics of elastically
effective links, bridges and loops by means of probability theory and statistical mechan-
ics, in a calculation based upon a simple free energy. The dynamics of this model is
interpreted in the context of a simple gradient model. In a more detailed description,
taking into account also the combinatorial aspects of mixtures of distinct rod and linker
types, we show that hetero cross-linkers are better able to effectively crosslink a gel,
leading to elevation of the elastic modulus of the system. This trend is indeed also
borne out by experiments.

aThis chapter is based upon [M. M. Koenigs, A. Pal, H. Mortazavi, G. M. Pawar, C. Storm and R.
P. Sijbesma, Macromolecules, 2014, 47,2712-2717]
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3.1 Introduction

The systems we consider here are crosslinked: random parts of a polymer are
connected together to form a network. These connections can be either sticky
groups along the chain that attract each other directly, or a linking agent that
is a separate chain linking two other chains to each other by attaching to them
at both its ends. The crosslinks may also be permanent (induced by covalent
chemical bonds) or, as is most often the case in biology, reversible - effected by
non-covalent interactions. Cross-linking is used widely in polymer sciences to
promote various physical properties of polymers. Cross-linked materials are
either chemically synthesised or biologically developed: a prominent biological
example is the actin network inside cells, that is crosslinked by proteins such
as α-actinin [94].

There are different synthetic processes to form a cross-linked material. The
motif we will study here is the use of polymer chains consisting of repeating
sequences of hydrophobic and hydrophilic units. In an aqueous solution the
hydrophobic units attract each other - thus, they form aggregated structures
while the hydrophilic units are freely solved in the solution. In the presence
of a chain that can link these aggregates together we will have a reversibly
cross-linked network. The material made by this approach is called a hydrogel.
Hydrogels are important engineering materials - common uses include hy-
drogel scaffolds in tissue engineering, smart gels that are sensitive to changes
of the pH, concentration or temperature in the environment, food industry,
rectal drug delivery and more biomedical applications. In this chapter we will
investigate how molecular design might be used to gain some control over the
crosslinking density of self-assembled hydrogels.

The degree of cross-linking is the number of groups that interconnect separate
polymers. This interconnection can be a covalent or ionic bond or via a non-
covalent interactions like hydrogen bonding [4, 64]. In physically associated
hydrogels, the cross-links are reversible, and we control over mechanical be-
haviour by tuning the chemical structure to create well-defined and specific
cross-linking interactions. Also, the physical interaction strength determines
size and strength of the aggregation.
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In this chapter we study reversible aggregation of triblock copolymers. Tri-
block copolymers are amphiphilic chains in which a hydrophobic polymer is
connected to two hydrophilic polymers by its two ends. The reversible nature
of the physical bonds within the rod-like micelles makes them suitable as plat-
forms for reversible cross-linking. Furthermore, the triblock copolymers used
by our experimental collaborators do not gelate in the absence of cross-linkers,
making them ideal building blocks to control degree of cross-linking with
specifically designed cross-linkers. The introduction of bis(urea) recognition
unit was also shown to give rise to the phenomenon of self-sorting [84].

The network we chose to begin with is group of semi-flexible rod-like mi-
celles that are linked by flexible polymers. It has been shown that combined
hydrophobic interactions with the hydrogen bonding recognition motif of a
urea functional group in amphiphilic bis(urea) molecules that are aggregated
in water form rod-like micelles and tubular structures [87, 105].

The aim of this chapter is to investigate the macroscopic mechanical behaviour
of cross-linked networks and to gain control over the mechanical properties of
the hydrogels by tuning thermodynamic parameters, network morphology and
microscopic interactions. In earlier work, MacKintosh et al. showed that any
network of semi-flexible filaments cross-linked by appropriate cross-linkers
creates a viscoelastic network in the solution [14, 76]. This theoretical model
predicts that viscoelastic properties of these networks are function of density
of cross-linking. Based on this theory a synthetic system was designed where
self-assembled rods were cross-linked via flexible linkers. The cross-linkers
are composed of two hydrophobic units also found in the triblock copolymers,
connected via a flexible polyethylene glycol linker, Fig. [3.1]. A cross-linker that
has two hydrophobic ends can connect two rod-like micelles by incorporation
of the hydrophobic units into two separate rods.

However such a cross-linker may also form intramicellar loops, thereby reduc-
ing effective cross-linking [115] or bridging that is linking two separate rods
in the system. The formation of loops can be the result of several thermody-
namical parameters, including such as concentration of the network backbone
or associative energy gains involved in linking the various motifs. Loops are
not counted in degree of cross-linking because they do not connect separate
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FIG. 3.1 Structure of triblock copolymers and cross-linkers. The numbers n and m
determines the length of the hydrophobic units, and thus type of the bis(urea) motif

rods together. We ignore the small chance of entanglement of several loops
into each other, and thus assume loops give a negligible contribution to the
mechanics. The objective, if one is interested in attaining a maximal degree
of crosslinking, is thus to suppress the formation of loops. To address this
problem we can make use of self-sorting, by this intermicellar loop formation
may be suppressed and using cross-linkers that preferentially connect to two
separate rods may increase the degree of cross-linking. It has been observed
that cross-linking by heterobifunctional molecules can influence the mechani-
cal properties of the material [81, 100, 104]. Here, using a statistical mechanical
approach, we calculate the probability of formation of loops and bridges for
a network of heterobifunctional cross-linkers in contrast to homobifunctional
cross-linkers. The dependence of free energy and modulus of a polymer net-
work on degree of cross-linking has been theoretically studied [32, 55]. Using
the described models we derive the modulus difference for the two systems
and then compare it with an experimental system.

3.2 Simple linking statistics for a network

Polymers in a solution, at a temperature T possess an average thermal energy
of kBT in equilibrium that causes them fluctuate significantly and as a result to
form an entangled network. The entangled network of polymers exhibits elastic
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response at short time scales. At longer time scales, if no further constraints
other than the entanglements in the network are present, a polymer can slide
inside the network and move along its length inside the tube-like volume
available to it, like a snake sliding through the network. This phenomenon
is called reptation. The strains incurred during this relaxation mechanism
are irreversible, causing the network to respond in viscous fashion at longer
timescales (or lower frequencies)[14, 15, 50, 111, 117].

Adding cross-linkers into entangled polymer network provides permanent con-
straints that govern the reversible mobility of chains. Depending on whether
the crosslinks are permanent or transient, the resulting material may remain
elastic over much longer timescales, possibly (in the case of covalent links for
stresses insufficient to physically break bonds) indefinitely.

FIG. 3.2 All possible configurations of a cross-linker chain. A loop is a chain with
both ends connected to one rod, a bridge is a link between two distinct rods and failure
is any free-ended chain.

There are three possible states in equilibrium for a cross-linker: loop, bridge
or failure - see Fig. [3.2]. The latter is a state in which one or both ends of
the cross-linker are not attached to any rods. If we associate to each of these
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three states an energy of ε l , εb and ε f respectively, the partition function may
be computed as

Z = Ωl exp
(
−ε l
kBT

)
+ Ωb exp

(
−εb
kBT

)
+ Ω f exp

(−ε f

kBT

)
, (3.1)

where Ωl , Ωb, Ω f are the numbers of possible configurations for loops, bridges
and a dangling ends respectively. Dangling is considered as failure in the
network.

FIG. 3.3 A schematic energy level of different configurations. Same energy difference
for loop and bridge provides equal probability for them but high energy level for failure
makes this configuration highly unlikely.

If the energetics of linking to a rod for both loop and bridge are equal - which
may be a reasonable assumption as for the linker there is at this point no dis-
tinction between the binding environment elsewhere along the same polymer,
or on a different polymer - we write ε = ε l = εb. We assume this energy as
a reference energy level ε = 0 then the failure energy penalty is ε f for each
end of a cross-linker that is not linked to any rod see Fig. [3.3]. Having this
free energy difference between failure and other configurations as a results in
equilibrium all chains have either loop or bridge configuration and the failure
term vanishes to zero. Note that this is still an assumption, it is likely that the
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number of failure states is much larger than any of the other numbers so a
large energy alone is not sufficient to ignore failure. Based on this assumption
we can neglect the last term in 3.1 so the only possible states are loops or
bridges with following expression for their probability:

Pl + Pb ≈ 1 , (3.2)

and the probability of for forming any particular loop or bridge, therefore, are
respectively:

Pl =
exp(−ε l

kBT )

Z
, (3.3)

Pb =
exp(−εb

kBT )

Z
. (3.4)

However, these probabilities still need to be multiplied by the number of ways
in which loops or bridges may be realized, so in this limit there is a purely
combinatorial distinction between loops and bridges. If the cross-linkers are
long enough they will behave like a Gaussian chains which implies that also
the numbers of realizations of loops and bridges become equal. Then, the
probability of forming a loop or bridge is equal - see Fig. [3.4].

Pl = Pb ≈ 1
2

. (3.5)

Taking into account the actual Gaussian conformations of the polymer to estab-
lish Ωb and Ωl , we can be a bit more precise: The probability of forming a loop
is equal to the probability of one end of a cross-linker being at a position that
a rod is present and the other end of the cross-linker being at a position where
another segment of the same rod is present. For probability of a bridge we
calculate the probability of the second end being in a position where a different
rod is present. For simplicity we assume the cross-linker is a flexible chain so
the end-to-end distribution is Gaussian ; this can be written as follows:
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FIG. 3.4 Dependence of Pl and Pb on the concentration of the rods, ρ. In very low
concentration regime, rods are too far for a cross-linker to link them. At very high
concentrations of rods the probability of finding a filament is large thus probability of
bridge.

P(R) =

(
3

2πNb2

)3/2
exp

(
−3

2
|R|2
Nb2

)
, (3.6)

where N is number of segments that are connected along the chain and b is
the Kuhn length. In a three dimensional lattice of stiff polymers the mesh size
is the typical distance between rods - in this case, the linear dimension of the
lattice unit cell. If a unit cell is represented by three orthogonal rods of length
µ and the volume of the unit lattice is µ3 then the concentration of the rods is:

ρ =
3µ

µ3 =
3

µ2 , (3.7)

this gives the familiar scaling of mesh size with concentration; µ ∝ ρ− 1
2 [102].

For the probability of loops or bridges we can now write:
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Pl =
∫ ∞

−∞
P(x, 0, 0)dx =

(
3

2b2π

)
1
N
∼ 1

lx
. (3.8)

And,

Pb =
∫ ∞

−∞
p(x, 0, µ)dx

=

(
3

2b2π

)
1
N

exp
(
−3

2
µ2

2b2N

)
∼ 1

lx
exp

(
1

lxρ

)
. (3.9)

where lx is the length of the cross-linkers and ρ is the number density of
the rods. In the region of low concentration of the rods where µ, the mesh
size of the network is too large compared to the length of the cross-linker the
probability of formation of bridge is close to zero, Fig. [3.4].

So, it would appear that a decent strategy to increase the number of bridges is
simply to raise the concentration. That, generally, is not how one would like to
proceed as much of the technological advantage that hydrogels offer is related
to their ability to gelate already at very low densities. So, in the following, we
explore a strategy to enhance crosslinking even in dilute regimes [93].

3.3 Free energy and statistics

The process of crosslink-mediated gelation in a solution of polymers begins as
the first cross-linker makes a bridge between two separate chains. The num-
ber of bridges increases with time while the system evolves. The equilibrium
state is reached when the free energy of the cross-linked network is minimal
although, because of the non-permanent nature of the physical bonds, the num-
ber of bridges in the equilibrium state might fluctuate about its equilibrium
value. The presence of loops in the network is inevitable but as we discussed
in section 3.1 they do not contribute in the mechanical properties of the sys-
tem, thus to analyze the mechanical behavior of a system as a function of
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free energy, one only needs to find the free energy as a function of number of
bridges.

The procedure we employ to compute the free energy as a function of the
number of bridges, including the binding energy and the chain conformational
statistics, is as follows.

• First, we determine Pb, the probability that any linker forms a loop, using the
binding energy and single chain statistics.

• Then, we factor in the combinatorics of the system of all NL chains to compute
Pnb , the probability of having nb bridges in total. We assume the binding ener-
gies of loops and bridges to be equal, therefore this system is microcanonical
with an internal energy of zero.

• Finally, we use Pnb to compute the entropy and the free energy of the collective
system and derive F(nb), the free energy as a function of the number of bridges.

We model the network as a two dimensional lattice on x − y plane, where
the distance between the rods is ξ in y direction. A loop configuration is one
where after N steps the y coordinate is zero Fig. [3.5]. Similarly for a bridge
configuration where y coordinate is ξ after N steps. So for a loop configuration
we count steps in the y direction that must be equal to steps in −y direction.
We have two following expression for steps in y direction:

Nup − Ndown = 0

Nup + Ndown = Ny

}
⇒ Nup =

Ny

2
, (3.10)

where Ny is total steps in ±y direction and Nup is number of steps in up and
Ndown is number of steps in down directions. All the possible states of the loop
configuration can be written as:

Ωl(N) =
N

∑
Ny=0

(Ny
Ny
2

)
, (3.11)
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where Ny is number of steps that chain has to go in y direction and N is the
contour length of the chain as a function of lattice size.

FIG. 3.5 A schematic configuration of a loop (red) and a bridge (blue) in a 2 dimen-
sional lattice.

For a bridge configuration we also count steps in the y direction that must
be equal to steps in −y direction plus ξ, the number of steps needs to be
taken to reach to another rod. Steps in y direction need to satisfy the following
equations:

Nup − Ndown = ξ

Nup + Ndown = Ny + ξ

}
⇒ Nup =

Ny + ξ

2
. (3.12)

All the possible states of the bridge configuration is as follows:

Ωb(N, ξ) =
N

∑
Ny=ξ

( Ny
Ny+ξ

2

)
, (3.13)

where ξ is the mesh size of the network. Because of even denominator, this
expression must be rewritten for even or odd ξ separately. Using Eq. (3.1), we
find the probability of formation of all the bridges:
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Pb =
Ωb × exp(−βεb)

Z
. (3.14)

This is the probability that a single linker forms a bridge. What, one may
ask, is now the probability that out of NL total linkers, nb form bridges. This
probability we shall call Ps, and is equal to

Ps = (Pb)
nb(1− Pb)

NL−nb

(
NL
nb

)
, (3.15)

Since nb linkers need to be bridges, and the remainder needs to not be a bridge.
This formula may be simplified by noting that of course 1− Pb = Pl . Note, that
this is the probability of one such state.

Since both the bridges and the loops have the same amount of binding energy,
and bridging or looping are the two possibilities we consider, each state of
many linkers - regardless of how they are distributed in terms of looping and
linking - has the same energy. Gauging away this constant energy to zero, we
may write the free energy of the system with nb bridge configurations can be
written as:

F(nb) = −TS(nb) . (3.16)

In Eq. (3.16), F(nb) is the free energy of the system as a function of number
of bridges and T is the temperature and S(nb) is the entropy of states with nb
bridges which is calculated from below expression. This entropy we calculate
using the expression for Pb derived above:

S(nb) = −kBPs ln Ps , (3.17)

i.e, the entropy is the number of ways in which nb bridges can be realized
times the entropy of one such state - this is simply restating S = −kB ∑ Ps ln Ps,
with Ps being the probability of a state that has nb bridges and NL being total
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number of linkers that might serve as a bridge or loop. Substituting Eq. 3.15,
and using Eq. 3.16, we finally obtain for the free energy

F(nb) = kBTPs ln Ps . (3.18)

This free energy has a deep minimum at a finite, optimal number of bridges
as is shown for typical values in Fig. 3.6.

FIG. 3.6 Free energy of the network as a function of number of bridges

We can describe the gelation process of the model as a function of time by
studying the free energy as a function of number of bridges in relaxed mode.
In the simplest mode of modeling, this may be done in the context of so-called
model A kinetics, defined by the following evolution equations for a general,
nonconserved observable ψ.

∂ψ(x, t)
∂t

= −Γ
δF

δψ(x, t)
(3.19)

where ψ(x, t) is a real order parameter depending on x parameter and time. Γ
is a kinetic coefficient.
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The right hand side in Eq. (3.19) causes the parameter ψ to relax toward a
configuration which minimizes the free energy [55]. For our system, in absence
of external field the Eq. [3.19] has the form:

∂nb(t)
∂t

= −Γ
δF(nb)

δnb
. (3.20)

Using Eq. (3.20) and from Eqs. (3.18, 3.15) one can find the time evolution of
nb.

3.4 Tuning cross-link density

In section 3.1 we explained that the degree of cross-linking is an important
parameter for the macroscopic mechanical properties of cross-linked networks
that its value directly influences the storage and loss moduli of the system.
This can be accomplished by either increasing the concentration of bridges
or by reducing the fraction of loops which are mechanically inactive. In this
chapter we show how to increase the cross-linking density by changing the
energies of loops against bridges. Then we compare with a similar experiment
that employs self-sorting rods and hetero cross-linkers to provide different en-
ergies for loops and bridges in a hydrogel. A synthetic strategy was developed
to prepare cross-linker molecules that combine two terminal hydrophobic-
bis(urea) blocks with a central hydrophilic PEO block (average molecular
weight = 8000). The synthetic strategy aims at cross-linkers with a segment
sequence hydrophilic- hydrophobic- hydrophilic- hydrophobic- hydrophilic
and provides cross-linkers with a single type of hydrophobic block (m = n) Fig.
[3.1]. However, with this strategy hetero-cross-linkers cannot be obtained in a
straightforward manner, and therefore the cross-linkers were prepared with a
statistical mixture of U4U andU6U hydrophobic segments. The resulting mix-
ture of cross-linker molecules is expected to contain 50% of 4× 6 hetero-cross-
linker and 25% of each homo-cross-linkers, 4× 4 and 6× 6, and is denoted as
4X6 Fig. [3.7].
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FIG. 3.7 Synthetic structure of PEO-bis(urea) cross-linkers 6× 6 and 4× 4, and the
statistical mixture of Homo and Hetero cross-linker 4× 6

3.4.1 Morphology

The UnU triblock copolymers that from long rod-like micelles can be imaged
by Cryo TEM [18, 92]. The samples for TEM and rheology were prepared by
mixing the respective dry compounds and dissolving them in deionized water
under sonication at 40◦C.
In the absence of triblock copolymers, the cross-linkers form ill-defined aggre-
gates in solution. When a matching cross-linker was added to a solution of
triblock copolymers, the length of the triblock copolymers rods significantly
decreased from an average of over 1µm to 30− 300nm. CryoTEM picture of
the effect of 6× 6 on a solution of U6U rods is shown in Fig. [3.8].

3.4.2 Rheology data

Linear and non-linear rheological behaviour of the cross-linked semiflexible
rods was determined under oscillatory shear by our experimental collaborator
group. All measurements were performed in a frequency independent regime.
To ensure an even comparison the weight percentage of the gelators was kept
constant. Typical concentrations were 1.0 wt% for the amphiphilic rods and
0.5wt% for the cross-linker.

Fig. [3.9] shows a significant increase of the moduli upon adding cross-linker
to the triblock copolymers. The storage modulus of the solution of triblock
copolymers was around 0.08Pa, where the torque is close to the detection
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FIG. 3.8 CryoTEM images of, left: U6U (1mg/ml) rods of the size range of 1µm and
diameter of 3− 5nm are visible, and right: a mixture of U6U (0.2mg/ml) and 6× 6
(012mg/ml) in which the length of the rods significantly decreased in presence of
cross-linker. The round darker features are contamination artifacts.

limit of the instrument. Therefore, not all data points are reliable, but an ap-
proximate value of the modulus can still be given. Mixing the rods and the
matching cross-linker creates a visco-elastic network in water with a modulus
that exceeds the values of the individual components. The network resulting
from a solution of the cross-linker 6× 6, which is an associative polymer, has
a G′ = 4Pa, giving a viscous liquid where G′ is storage modulus.

In order to investigate the effect of molecular recognition on the rheology,
0.5wt% of the 6× 6 cross-linker was mixed with separate, 1wt% solutions of
non-matching U4U triblock copolymers rods and with matching U6U rods. Fig.
[3.10] shows the strain dependent measurement of the storage and loss mod-
uli of these systems. The modulus of the system with matching cross-linkers
(U6U + 6× 6) increased approximately 75 fold compared to the solution of
the cross-linker alone. Remarkably, upon addition of the nonmatching U4U
triblock copolymers, storage and loss moduli decrease by a factor of almost 7.
Half of the molecules of statistical hetero-cross-linker 4× 6 contain two dif-
ferent bis(urea) motifs, which have been shown to self-sort in solution. Thus,
incorporation of 4× 6 in a system containing both triblock copolymers may
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FIG. 3.9 Strain dependent storage and loss modulus, showing the effect of cross-
linking at constant concentration of U6U (1wt%) and 6× 6 (0.5wt%), respectively, (ω =
0.1/s).

be expected to preferentially cross-link between U4U and U6U micelles, and
to have a decreased fraction of mechanically inactive loops as depicted in Fig.
[3.12].

When 0.5wt% of the hetero-cross-linker was dissolved together with 1wt% of a
1:1 mixture of triblock copolymers U4U and U6U, a gel with a storage modulus
of 6000 Pa was obtained Fig. [3.11]. This value is approximately 15 times higher
than the modulus (390 Pa) obtained obtained with homo-cross-linker 6× 6 in
the same mixture of triblock copolymers.

3.4.3 Statistics

Cross-link density is often only moderately controlled in viscoelastic networks.
The addition of the homo-cross-linker to the triblock copolymers shows this
phenomenon as well. Even though the molar ratio of the rods and the cross-
linker can be determined, one of the possible drawbacks of the system with
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FIG. 3.10 Strain dependent storage and loss modulus, showing the effect of matching
and non-matching cross-linkers at constant concentration of U4U or U6U (1wt%) and
6× 6 (0.5wt%), respectively, (ω = 1.0/s).

the homo-cross-linker is the possibility of looping of the flexible linker. In
equilibrium, the probabilities of looping or cross-linking are determined sta-
tistically by the binding affinities. For homo-cross-linkers, this affinity must
be the identical regardless of whether the linker loops back, or bridges to a
neighboring rod. While the energetics are the same, the effect on mechanics is
not. In the case of both ends of a linker connecting the same rod (i.e., a loop) it
provides no contribution to the modulus of the system. When the connection
is made between two different rods, the network structure is reinforced and
the cross-link does contribute to the macroscopic properties, i.e., the modulus
of the network.

Since we want maximal control over the effective linking in a network, we seek
to decrease the amount of loops formed in the network. This can be achieved
by exploiting the self-sorting effect in a solution of mixed semiflexible rods.
The design of the hetero-cross-linker is such that the two bis(urea) motifs
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FIG. 3.11 Strain dependent storage and loss modulus, showing the effect of homo-
cross-linking and hetero-cross-linking at constant concentration of U4U + U6U (1wt%)
and 4× 6 or 6× 6 (0.5wt%), respectively, (ω = 1.0/s).

have different methylene spacers. Mixing this with a mixture of two different
self-sorting triblock copolymers creates a system where the cross-linker will
preferentially bind between two rods. The driving force for this behavior is
the difference in binding energy for the matching and non-matching bis(urea)
motifs. This difference can be determined by reviewing the previous self-
sorting results of this system, according to Eq. (3.21) [91].

−∆G
RT

= ln
knon−match

kmatch
= ln

(
[U6U∗inU4Ur]
[U6Uf]×[U4Uf]

)
(

[U6U∗inU6Ur]
[U6Uf]×[U4Uf]

)
= ln

U6U∗inU4Ur

U6U∗inU6Ur
. (3.21)
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FIG. 3.12 Limitation of cross-linking by formation of loops (left); suppression of loop
formation in system of mixed triblock copolymers and hetero-cross-linker (right).

Equation (3.21) calculates the difference in binding energy between matching
and non-matching. U6Uf is the number of free monomers, U6Ur is the number
of rods, and U6U∗ is the number of molecules in the rods.

FIG. 3.13 A schematic energy level of different configurations. The energy difference
of loop and bridge configuration makes a bridge more favourable to happen.

From this, we determine that the difference in binding energy between the U4U
and U6U motifs is −6.48 kJ/mol, which equals 2.6 kBT at room temperature.
The net effect, therefore, is that we have lowered the energy of the bridge
configuration thereby rendering it more likely to occur. In what follows, we use
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this value as a mismatch penalty: the energetic cost of non-matched insertion
of a linker bis(urea) domain.

Each of these states is characterized by an energy which equals the number of
mismatches (i.e., 0, −2.6 kBT or −5.2 kBT). Because of this energy difference a
bridge made by a hetero cross-linker has 2.6kBT lower free energy that makes
it more favourable. According to Eqs. (3.8, 3.9) the probability of bridge in
different concentrations can be determined, see Fig. [3.14].

loop

bridge

0.0 0.2 0.4 0.6 0.8 1.0
0.0
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probability

FIG. 3.14 Probability of a bridge configuration vs a loop configuration in different
concentrations. Because of hetero cross-linker energy difference, a loop has an energy
penalty of 2.6kBT which makes a bridge more likely to occur.

Using Eq. (3.1) we can write the partition function for all possible states. As we
discussed in section 3.2 the failure term in partition function again vanishes
to zero. we enumerate all different states ϕi of the system in question, as well
as their energies εi. Different possible states are demonstrated in Fig. [3.15] In
equilibrium the probabilities of each of these states is given by:

P(ϕi) =
1
Z

e−εi/kBT , (3.22)
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with Z being partition function, as the summation of all possible states:

Z = ∑
i

e−εi/kBT . (3.23)

FIG. 3.15 (a) Combinatorics of possible bridge and loop conformations for a homo
cross-linker which has two identical end groups that are same colors here. (b) Com-
binatorics of possible bridge and loop conformations for a hetero cross-linker with
non-identical end groups, different colors here. Specific energies are associated with
each combinatorics depending on the number of mismatches.

We then proceed to sum over all states that yield bridges, and repeat this
procedure for the homo- and the hetero systems separately to determine the
probability ratio of bridges between the hetero and homo systems.

The homo-cross-linker system is one containing a 1:1 mixture of U4U and U6U
rods, combined with 100% 6× 6 linkers. The complete set of states is readily
listed: two looped configurations U4U::6× 6 (double mismatch) and U6U::6× 6
(no mismatch), and three distinct bridged configurations U4U:6× 6:U4U (dou-
ble mismatch), U4U:6× 6:U6U (single mismatch, and carries a combinatorial
factor of two due to the distinct rods) and finally U6U:6× 6:U6U (no mismatch).
The partition function is computed as

Z = Ω0 exp
(

0
kBT

)
+ Ω1m exp

(
−2.6
kBT

)
+ Ω2m exp

(
−5.2
kBT

)
. (3.24)
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The probability of formation of a bridge is

Pbridge,homo =
1
Z ∑

i
Ωbridge exp

(
−εi
kBT

)
≈ 0.53 . (3.25)

Next, for Hetero-cross-linker system we consider the 1 : 1 mixture of U4U
and U6U rods, combined with 100% 4× 6 linkers. Again, we enumerate the
complete set of states: two looped configurations U4U::4× 6 (1 mismatch) and
U6U::4× 6 (single mismatch). The heterosystem has more bridged configura-
tions: U4U:4× 6:U4U (1 mismatch), U4U:4× 6:U6U (no mismatch, combinato-
rial factor of two), U6U:4× 6:U4U (double mismatch, combinatorial factor of
two), U6U:4× 6:U6U (single mismatch).

The bridging probability is

Pbridge,hetero =
1
Z ∑

i
Ωbridge exp

(
−εi
kBT

)
≈ 0.93 . (3.26)

There is no difference, at least not in our approach here, between the mismatch
energy penalty for a 6 linker into a U4U rod and vice versa. The statistical
mixture of linkers considered in Fig. [3.11] is therefore described as a 50%
hetero, 50% homo mixture. The change in bridging probability which also
gives the ratio of the number of the bridges will be:

Pbridge,mixture

Pbridge,homo
=

1
2 (Pbridge,hetero + Pbridge,homo)

Pbridge,homo
≈ 1.37

=
Nbridge,heterocross−linker system

Nbridge,homocross−linker system
. (3.27)

In other words, at the exact same polymer concentration, the hetero-cross-linker
system is 45% more effectively linked by the same amount of cross-linker,
which is a powerful way to create densely connected gels without increasing
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their mass. To relate this figure to an increase in mechanical modulus, we
note the relation between G′ and gel architecture for semiflexible systems as is
appropriate for the fairly rigid rods in our system. MacKintosh and co-workers
[76] derived that

G′ ∝
kBTL2

p

ξ2L3
x

, (3.28)

where Lp is the persistence length of the rods, ξ is the mesh size of the gel, and
Lx is the length between two linker molecules along the backbone of a polymer.
We compare the homo and the hetero systems, which will have approximately
similar persistence lengths. The cross-linking length, however, will scale as the
inverse number of cross-linkers. The mesh size is a function of the polymer
concentration, and scales as c−1/2 [102].

While it might appear that this concentration remains constant, there is a
subtlety here: only those rods that are actually part of the meshwork contribute
to the low-strain, low frequency modulus. This is where the heteronetwork
receives another boost in modulus; because of the enhanced bridging, more
rods are recruited into the network and the effective concentration rises as a
result. With this recruitment effect, the concentration ratio between the homo-
and hetero systems also becomes 1.37, and using Eq. (3.28) we may summarize
the predicted relative increase in modulus as

G′(hetero)
G′(homo)

=

(
c(hetero)
c(homo)

)(
Nbridge(hetero)
Nbridge(homo)

)3

=

(
Nbridge(hetero)
Nbridge(homo)

)4

≈ 3.6 . (3.29)
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This illustrates the feasibility of mechanical control through designer cross-
links: the system is highly dependent and responds strongly even to small
changes in the energetics. Shen et al have reported on the pronounced ef-
fect of heterobifunctional cross-linkers on the erosion resistance of physically
cross-linked hydrogels, but the difference in modulus between systems with
homo- and hetero-cross-linkers is about 20% [104]. In recent work by Mes et
al, an increase in modulus, of 10− 30% compared to homo-cross-linkers was
reported [81]. However, direct comparison between homo-cross-linkers and
hetero-cross-linkers is difficult, because additional parameters, such as solubil-
ity, are affected by the change in structure. The 15 times increase in storage
modulus as a result of the increased efficiency of the hetero-cross-linker shows
that small molecular differences can have a great impact on the macroscopic
properties of hydrogels, especially when important parameters such as the
cross-linking density are targeted. The current work shows quantitatively that
the increase can be attributed to the difference of 2.6 kBT in binding energy
and using standard statistical mechanical calculations that this would give an
increase of a factor 3.6 in the storage modulus. This closely matches our experi-
mental result demonstrating that indeed, due to the effects of self-sorting of the
different bis(urea) motifs and therefore the hetero-cross-linking, considerable
increases in mechanical functionality may be obtained.

3.5 Conclusion

The cross-link density is an important parameter for the macroscopic mechan-
ical properties of a viscoelastic network. However, in addition to the concen-
tration of cross-linkers, the efficiency of the cross-linker has to be regarded. In
the system with the homo-cross-linker it was shown that the semiflexible rods
could be linked together into a viscoelastic network. The hetero-cross-linker
suppresses looping, which is an intrinsic problem in physically cross-linked
systems: the system is driven to an equilibrium state in which the probability
of forming a loop is statistically larger when there is no preference for binding
other rods.
We showed the efficiency of the hetero-cross-linker in terms of modulus of
the system increases by a factor of 15 compare to that in a homo-cross-linker
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system. This shows that by using self-sorting and the resulting difference in
binding energy of 6.5 kJ/mol, a highly efficient cross-linked system is obtained.
Standard statistical mechanical calculations show that the difference in binding
energy would result in a network topology whose G′ is increased, as indeed is
the case in the experimental results - although the extent of the increase is un-
derestimated in our approach. The difference in the cross-linking efficiency of
the homo-cross-linker and hetero-cross- linker shows supramolecular control
over the mechanical properties.



C h a p t e r 4

Self-assembling multiblock

copolymers: design,

structure and mechanics

In this chapter, the formation of a self-assembling cross-linked network is discussed.
I perform off-lattice, canonical ensemble molecular dynamics simulations of the self-
assembly of long segmented copolymer. In such systems, the molecular design of the
molecule directly determines the balance between energetic and entropic tendencies. I
determine the structural phase diagram of this system, which shows collapsed states
(dominated by the attractive linkers’ energies), swollen states (dominated by the random
coil linkers’ entropies) as well as intermediate network hydrogel phases, where the long
molecules exhibit partial collapse to a single molecule network state. I present an
analysis of the connectivity and spatial structure of this network phase, and relate its
basic topology to mechanical properties, using a modified rubber elasticity model. I
find that it is possible to optimize the mechanical performance by an appropriate choice
of molecular design, which may point the way to novel synthetics that make optimal
mechanical use of constituent polymers.

53
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4.1 Introduction

Biological materials consist mostly of networks of filamentous fibers. A prime
example is the cytoskeleton, which governs - among many other properties
- the mechanical stability, the response to stress, and the motility of the cell.
Its mechanical properties, particularly in the non-linear regime are uniquely
linked to its molecular architecture: an open meshwork of interconnected semi-
flexible fibers [8, 13]. Mimicking these mechanical properties in a synthetic
material would offer important new possibilities both for cell research and
health technologies such as drug delivery or cell growth, as well as for novel
bio-insipred and bio-based performance materials. In this chapter, I investigate
a self-assembly route to recreating the topology of such materials in synthetic
associative polymers, and ask the question how these should be designed in
order to spontaneously produce networks that present optimal mechanical
performance. To this end I study, numerically, a self-assembling system of
block copolymers that forms an effective cross-linked network.

The self assembling system I focus on here is a multiblock amphiphile, con-
sisting of many regular repeats of alternating hydrophilic and hydrophobic
blocks. Previous work, which I will briefly review in a moment, has identi-
fied such molecules as quite promising candidates for precise regulation of
self-organized architecture, but so far experimental realizations have largely
been lacking. Polysaccharides with hydrophobic substitutions - methylcellu-
lose, in particular - possess the required alternating hydrophilic/hydrophobic
backbone structure, but in more or less randomly distributed blocks [101]. Re-
cently, however, a novel molecule was synthesized and studied [93] that does
allow precise control over the spatial arrangement of the alternating blocks,
and in fact also over the attractiveness of the individual hydrophobic blocks.
Its basic building blocks (shown in Fig. 4.1) are macromolecules consisting of
alternating binder (attractive) and linker blocks, which are, respectively, bis-
urea hydrophobic motifs (essentially identical to those discussed in [69]), and
polyethylene glycol (PEG) hydrophilic chains [93]. The objective of this work
is to provide an initial survey, based upon Molecular Dynamics simulation
and elementary rubber elastic theory, of the expected microstructure of the
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FIG. 4.1 I simulate long copolymers consisting of alternating binder (yellow) and
linker (blue) blocks. The linker blocks consist of repeating PEG units, the binder blocks
are bisurea motifs. In synthesis, the length of both these blocks is separately tuneable.
In my simulations, I coarse grain these molecules into beads representing many atoms
at once. The molecular design is fixed by specifying values for n, m and k.

self-assembled states of this molecule, as well as the mechanical properties of
its gel/network phase.

In my simulations, I coarse grain many repeat units into beads that interact via
standard hard-core repulsive and - for the binder blocks - attractive potentials.

In aqueous solvent the amphiphilic design of these molecules leads to aggre-
gation and causes the long molecules to partially collapse into clusters that are
connected via one or more links. Clearly, if the attraction is too weak the chains
will adopt random coil configurations, while if the attraction is too large the
molecules will collapse on themselves forming compact globular aggregates.
In between, as I will show, there is an intermediate regime where the system
spontaneously aggregates into a network phase of connected clusters linked to
each other. Here I present simulations in which I control the linker length and
the interaction potential between the binders to tune the relative importance of
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energy and entropy in this self-assembly process, and characterize the resultant
network in terms of cluster size and connectivity. I summarize these findings
in a phase diagram, identifying the experimentally most promising regime for
recovering biopolymer network-like architectures in self-assembling copoly-
mers. I then analyse the mechanical properties of these networks, first in the
context of a rubber-elastic theory for networks of variable functionality, then
in direct numerical simulations. I am not the first to consider models of self
assembling multiblock copolymers: Rooted in extensive work on the assembly
and rheology of amphiphilic block copolymers (see, e.g., [1] and references
therein) more recent work has also explicitly considered the multiblock design.
Early scaling theory by Halperin [51] anticipated the emergence of flower-like
micellar structures, either single or multiple such structures connected to each
other in the manner of pearls on a string, depending on the quality of the
solvent. Subsequent efforts [68, 126] refined the conditions for formation and
stability of the flowerlike micelles. Later numerical work [113, 114] confirmed
that indeed such structures may form in dilute systems. In [57, 58], the Monte
Carlo (MC) technique on a lattice model was applied on the system to establish
an equilibrium phase diagram, which features characteristic phases of isolated
micelles, connected micelles, but also laminar and tubular phases. Similar re-
sults were reported in [20, 114] in yet more MC simulations. More recently, the
first dynamical simulations (Brownian Dynamics, BD) were presented, vary-
ing systematically the solvent quality. Again, the familiar structural phases
were reported [127]. The picture that emerges is a very rich self-assembling
molecular system, which - provided one has some synthetic control over the
molecular architecture - provides a direct control over mesoscopic organiza-
tion of a hydrogel. A question that has received very little attention, so far,
has been the implications of such structure for mechanical performance. My
ultimate ambition is to simulate dynamical rheology for these networks, in
conjunction with the self-assembly. While this manuscript focuses on static,
(quasi-)equilibrium properties and thus does not yet take full advantage of the
MD method applied to this system, I do focus on those structural aspects of
the hydrogel phase that govern mechanical response. In chapter 6, I perform
oscillatory rheology on the networks presented here. While - aside from the
polysaccharides mentioned above - there are few experimental realizations to
compare to, the molecular design I coarse grain here was, in fact, studied in
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previous experimental work [93], which revealed a tendency to form strong hy-
drogels, whose rheological properties make them uniquely suited as injectable
substrates for drug delivery. However, despite the detailed AFM and SAXS
analysis of the self-assembled hydrogels, the question of the precise molecular
structure of the gels remained unanswered. In this chapter, I use molecular
dynamical simulations to address this question, which enables us to determine
a relation between molecular design, gel structure, and mechanical properties
that breaks ground for further rational design in these materials.

This chapter is organized as follows: Section 4.2 presents the experimental
model system, the modeling environment and approach I have adopted, and
the relevant interaction potential I employ. In Section 4.3 the simulation proto-
col in coarse-graining the model system is presented. In Section 4.4, I present
data on the phase behavior resulting from the self-assembly process. Section
4.5 analyzes the topology of the network phase and presents results on the
size and distribution of the connectivity of clusters. In Section 4.6, I recall and
apply a modified rubber elastic model, and present my conclusions for the re-
lation between molecular design, supramolecular network structure and in my
system. I then relate these findings to experimental observations, and finish
with some conclusions.

4.2 Model system and coarse grained MD setup

As indicated in Fig. 4.1, the multiblock copolymer I study here is a poly-
mer consisting of repeating diblock units. Its structure may be denoted as
[[PEG]n[bisuream]]k; n, m and k are the repeat numbers of the PEG molecule,
the bisurea motif, and the resultant diblock unit respectively. In typical experi-
mental settings, n ∼ 102, m ∼ 5, k ∼ 10 [93]. The PEG chain is hydrophilic and
highly flexible which results in a tendency to swell in water due to entropy
maximization. The bis-urea block, in contrast, is stiff (nonswellable) and hy-
drophobic, resulting in a generic tendency to aggregate in water. This tendency
is further enhanced in by the ability of the urea to hydrogen bond, leading to
an increased stability of their aggregates. Thus, the ultimate behavior of this
long copolymer is determined by conflicting tendencies imparted by binders
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and linkers; depending on the dominating feature the system will lean towards
collapsed (binder dominated) states or swollen (linker dominated) states. In-
terestingly, the geometry of the molecule may be used to directly affect this
balance between energy and entropy. The longer the linker chain (n), the larger
the entropic contribution; the longer the bisurea block (m) the stronger the
hydrophobicity/hydrogen bond-driven tendency to collapse.

FIG. 4.2 Lennard-Jones potential that is present between binder beads (left). The force-
field of a linker bead with the rest of either linker beads of binder beads is truncated
Lennard-Jones at r = σ to simulate hard-core potential of the beads (right).

In my simulations, I am initially interested in the generic features of this class
of systems. I therefore model a copolymer chain as a sequence of permanently
attached beads of fixed (and equal) radius σ. There are two distinct types
of beads, and they are distinguished by their mutual interactions (see Fig.
4.2). All beads repel strongly at distances shorter than σ, to enforce hard-core
repulsion and non-crossing of the copolymer (I address this in more detail
below). Binders mutually attract at distances larger than σ, whereas linkers
experience no interactions, either with other linkers or binders, beyond their
hard-core radius. As I am initially interested in open, meshworked phases I
shall use as my two main control parameters in this system the number of
binder beads Nb, the number of linker beads Nl , and the strength of the LJ
attraction as measured by the LJ well depth ε. As the experimental molecules
have either m = 4 or m = 6, the physical size of the binder region does not
vary much, which is why I choose to fix Nb = 3, reducing the number of free
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parameters. Simulated coarse grained molecules are denoted as B(Nb)L(Nl),
so that, for instance B3L24 denotes a molecule whose repeating diblock motif
consists of 3 binder beads and 24 linker beads. For all simulations reported
here, I use 500 repeats of this diblock, so that each molecule in each simulation
contains 500 binder regions.

FIG. 4.3 Left to right: Development of the self-assembly of a network during the
course of the run. All simulations start from a random geometry, depending on the
parameters, they lead to different morphologies.

As was previously observed in lattice Monte Carlo simulations [57, 58], the
equilibrium phase diagram of such systems is already very rich. At low values
of ε, or very large linker regions, the entropy dominates and swollen phases
are expected. For very high values of the LJ attraction, or for short linkers,
energy dominates and complete collapse (similar to a polymer in poor solvent)
is observed. In the intermediate regime, chains of micelles are reported, as are
nonspherical aggregates. The objective of the present chapter is to establish
whether these structures are also present in off-lattice MD simulations. As will
show, most do indeed feature in my simulations, although a large region of
the dynamical phase space is occupied by meshlike structures which are best
termed flowerlike micellar networks, which appear to be dynamically arrested
intermediates that are unable to fully equilibrate to a single collapsed state,
see Fig. 4.3. As these flowerlike micellar networks most closely resemble the
biopolymer gels whose topology I aim to recreate, I characterize the connectiv-
ity structure and relate it to mechanical response using modified rubber elastic
theory.
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My simulations are carried out using the LAMMPS molecular dynamics pack-
age [95]. I represent the long copolymers using a bead-spring model, under
fixed boundary conditions, with two distinct types of beads to represent binder
and linker segments. Adjacent beads interact via a harmonic bond poten-
tial of the form Ubond(r) = kb(r − lb)2, and a harmonic bending potential
Uangle(θ) = ka(θ − π)2, is applied to each set of three neighboring binder
beads (where r is the distance between the centers of mass of pairs of beads,
lb = 1.2σ is the equilibrium bond length, σ the size (diameter) of the beads and
θ the angle formed by the two bonds that connect the middle bead to its two
adjacent beads). kb and ka are the stretching and bending stiffnesses, which are
both fixed at fairly high values: kb = 200 kBT/σ2 and ka = 400 kBT , to enforce
inextensibility of the backbone, and inflexibility of the binder region during
the simulations. The bending stiffness is set to zero for linker beads, so that the
linkers are represented as flexible polymers of molecular weight proportional
to Nl . All binder beads that are not first or second nearest neighbors (i.e., those
that are part of different binder domains) interact through a full Lennard-Jones
(LJ) potential, whose attractive strength measured by ε:

U(r) = 4 ε

[(σ

r

)12
−
(σ

r

)6
]

. (4.1)

The interactions involving linker beads (i.e, linker-linker and binder-linker) are
purely repulsive, and are modelled with a truncated LJ potential, (see Fig. 4.2)

U(r) =

4 εrep

[(
σ
r
)12 −

(
σ
r
)6
]

if r ≤ σ

0 if r > σ,
. (4.2)

In the latter equation, εrep measures the strength of the repulsion, which in
my simulations is set equal to 0.01 kBT; r is still the center-to-center distance
between the beads. The repulsive potential is used to ensure that the polymer
obeys self-avoidance: I geometrically ensure that the chain cannot cross itself
by setting the bead-bead distance to 1.2 σ, and I truncate the LJ potential at
r = σ. The repulsive LJ potential takes care of the self avoidance of all beads,
and to prohibit self-crossing of the polymer I choose an equilibrium bond
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length la of 1.2 σ. This leaves a gap with an equilibrium size of 0.2 σ between
neighbouring beads, and as one may see in Fig. 4.4, the bond length never
fluctuates to lengths sufficient to leave a space through which another segment
of polymer may pass.

bond < Σ 2

1.15 1.20 1.25
0.00

0.01

0.02

0.03

0.04

lb�Σ

PHlb�ΣL

FIG. 4.4 The histogram of bond length distribution in one snapshot of simulation.
The probability that parts of chain cross is close to zero.

To verify that indeed, this reproduces correct polymer scaling, I turn off the
attractive interactions (setting εrep, as well as the bond-bending term) and
record the radius of gyration as a function of the length of the polymer. As
one may see in Fig. 4.6, I recover the correct self-avoiding scaling Rg ∼ Lν

with a Flory exponent ν of about 0.6. To assess the dependence on the level
of course graining, I verify that the scaling is unaffected by the actual size of
beads, as long as I keep the ratios of bond length to bead size the same. The
repulsive LJ potential, Eq. (4.2), exists between all beads, its value affects the
effective radius of a bead. If I choose it to be too small, the beads become
’soft’ and may overlap slightly. As one may see from Fig. 4.6, the exponent ν

rises quickly from 0.5 (the ideal chain value) to its self-avoiding value upon
0.6 for increasing values of εrep. I fix εrep at 0.01 because at this value, I first
see (within my numerical accuracy) the correct exponent of 0.6.
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4.3 Simulation protocol

In my LAMMPS simulations, each simulation is repeated from random initial
conditions for 5 different systems, which are then averaged over. My protocol
is as follows: I begin each simulation by an equilibration process starting
from a random initial geometry. To capture the effects of different attractive
strengths (representing the different cohesive energies, which rises with m in
the molecule) and different linker lengths, I simulate twelve types of coarse
grained molecules: B3L3, B3L4, B3L5, B3L6, B3L9, B3L12, B3L18, B3L24, B3L45,
B3L75, B3L120, B3L150, and each of these is simulated for twelve values of ε.
After an initial randomization, I turn on the attractive interactions and watch
the system evolve.

FIG. 4.5 Rg scaling for contour lengths of 20, 50, 100, 200 and 300 beads. The attractive
potentials are switched off. The Flory exponent for beads of diameters of d = 0.5, 1 and
2 is in agreement with theoretical prediction.

4.4 Phase diagram

What happens next obviously depends on the strength of the attractive interac-
tions, and the geometry of the molecule. For low values of ε, much like swollen
polymers in a good solvent, I see random coil configurations, determined by
the entropy of the linkers. Upon increasing ε, the chains start to self-assemble
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FIG. 4.6 Scaling exponent ν for different εrep. I have chosen εrep = 0.01 in all my
simulations which as this is the value where correct real chain scaling is first observed.

and form clusters. I see the size of clusters grow with increasing ε but their
growth rate is limited by the entropy of the linkers. For short linkers, collapse
to a single cluster at high ε values is observed. For even longer linkers, however,
the average cluster size remains limited since the entropic penalty for packing
the linkers into the corona of the aggregate rises strongly with their length.
The intermediate regime is where I see a network of flowerlike micellar cores
(small aggregates of binders), linked to other such clusters by one or more
linker chains - see Fig. 4.7. This phase diagram is in good agreement with a
similar result reported in earlier lattice Monte Carlo simulations, though I ob-
viously cannot reproduce the lattice-induced layered aggregate phase reported
there.

A second, more striking difference is that the network phase I see appears to
be more prevalent in my MD simulations than in the earlier MC work [57,
58, 127]. I attribute this to kinetic trapping of the structures: while truly long
relaxation might recover collapsed phases as true thermal equilibria, on the
timescales that I am able to access in my MD simulations the system tends to
arrest in long lived, but possibly metastable, stationary states. In the following,
I characterize the topology in this network phase.
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FIG. 4.7 The phase diagram of the self-assembled states of the macromolecule is di-
vided into three distinct phases: large single clusters (violet), single molecule networks
(green) and random coils (purple). The network phase is also loosely divided into three
sub-phases: One with a broad distribution of cluster sizes (♦), ane with much tighter
distribution of cluster sizes (•), and one with a combination of clusters and isolated
single beads (4).

4.5 Network structure analysis

Clearly, the region in the phase diagram that most closely resembles that
of a crosslinked biopolymer mesh is the network phase. As is known from
extensive previous work [8, 13, 42, 43, 59, 111, 122], the topology of such a
network (connectivity, crosslinker density) greatly influence the mechanical
response. I will quantify the connectivity and cluster size of the networks that
form in the intermediate regime, as these parameters are expected to directly
translate into effective parameters for the crosslinked network: I identify each
cluster with a network node, whose cohesive energy is determined by the
number of binders it contains, and I count the number of connecting links
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between such network nodes to determine the distribution of functionalities
in the network.
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FIG. 4.8 Frequency distribution of the step length Ns for B3L7, at ε = 1.5. The rapid
decay justifies the approximation I will make, which is that all linkers are one step
linkers.

My method to identify the clusters is as follows: After equilibration, I export
the MD trajectories of all beads. To identify individual clusters, I sort all binders
that are within dmax from each other in a group. dmax is the mean value of
the longest distance between two center of mass (3.4σ) (the heart-to-heart
distance between the central beads of two aligned binder blocks) and the
shortest such distance (σ) (i.e., the heart-to-heart distance between the central
beads of two parallel binder blocks). The average cluster size is then an average
over the distribution of number of binders in each group. This computation
is averaged over five separate runs. I also calculate the functionality f of each
cluster, defined as the number of linker chains that bridge to other clusters
emanating from one particular cluster. In my simulations I count all of the
chains that connect two separate clusters together. However, the length of
these bridges can be one or more times the linker length, and the length of
the linker determines its effective elasticity. To keep track of this, I also record
the step length Ns of bridges, denoting the number of linkers n that connect
one cluster to the next. I find, however, that the distribution of the step length
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decays rapidly with Ns, suggesting that the initial approximation that most
bridges are one-step is justified - see Fig. 4.8.

As Fig. 4.9 shows, the cluster size increases with increasing attractive LJ
strength ε. Basically, I am increasing the importance of energetic over entropic
effects. The upper bound of 500 on the cluster size is determined by my choice
of system - as stated I have 500 total binder motifs in each simulation (i.e., 1500

binder beads). A system that reaches a cluster size of 500 is therefore fully
collapsed. For very low values of ε, the cluster size is 1 which means no binder
is connected to any other binder, and the system is swollen. The cluster size
measure is thus able to distinguish between the extremes of swollen random
coil phase and collapsed state. For intermediate values of ε, the system settles
into the network phase (see also Fig. 4.9) and exhibits a finite cluster size,
below 500 but significantly greater than one.

The other way in which I can alter the balance between energy and entropy
is by increasing the linker length. The longer the highly flexible linker chains
become, the more configurational entropy they possess. This is indeed borne
out by Fig. 4.10, which shows that for short linkers, I generally see full collapse
but that for larger values of Nl , the system swells and - at a rate that depends
on ε - reverts to the fully random swollen state.

Clearly, the combination of ε and Nl determines the size of the clusters, as well
as the connectivity between them. I may now ask what the projected mechan-
ical properties of the resultant network phase will be. These too will depend
on the structure of the network: in a dilute system, such as the ones I consider
here, both the random coil state and the collapsed state are expected to have
poor mechanical performance, if not complete lack of rigidity - below the over-
lap concentration, distinct molecules will not entangle to any significant degree
in the random coil phase, and most certainly will not do so in the collapsed
state. In the intermediate, network phase different molecules will participate in
a single, connected network of flowerlike micelles. In the following, I estimate
the mechanical modulus of such a network based on the structural features I
have just discussed.
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FIG. 4.9 Average cluster size vs ε. Networks with large ε tend to form bigger clusters.
This tendency is more pronounced in molecules with shorter linkers.
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FIG. 4.10 Average cluster size vs linker length. Increasing the proportion of linker
beads increases the contribution of the entropy of the linker to the overall free energy,
favoring smaller clusters.
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4.6 The mechanical response

In the simplest approximation, I shall consider the effective network that
emerges in the regime of intermediate ε and Nl as a rubber with Gaussian
linkers connecting crosslinkers of varying functionality. In previous work, Yeo
et al. [125] established that the shear modulus G of such a network may be
computed according to a modified classical rubber model (see, for instance,
[99]) , as

G = g( f )νe kBT . (4.3)

In this equation, νe is the number concentration of elastically effective chains,
and g is the so-called front factor, which is to be determined according to
the functionality distribution. In principle, νe counts both the contributions
from physical entanglements (νp) and crosslinkers (νc), but since my network
- outside of the network phase and at sufficiently low concentrations - does
not possess entanglements that contribute to the modulus I will set νe = νc.
The front factor g( f ) accounts for changes in density due to the contraction
of the network upon crosslinking, as well as for the role of functionality. The
combined result, obtained first by Yeo and based upon earlier work by Duiser
and Staverman [30], Graessly [48] and Tobolsky [116] then yields, for a network
of average functionality f̄

G =

(
f̄ − 2

f̄

)(
〈r2〉
〈r2〉0

)
νc kBT . (4.4)

In this equation 〈r2〉
〈r2〉0

is the ratio of the mean squared end-to-end distance of
the polymer chains in the crosslinked network to that of the same chains in
the uncrosslinked state. Because, as we have seen, primarily unit step length
bridges occur I will count only those as elastically effective in the following.
Using Eq. (4.4), I may now estimate the shear modulus of the various network
states in my simulations, using the functionality distribution to compute f̄ ,
and counting the number density of clusters to determine νc. Sample results
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are presented in Fig. 4.11. The general trends I observe are consistent with
what the phase diagram also suggests: As a function of both linker length
and ε, there exists and intermediate regime where cluster sizes are sufficiently
large to permit high functionalities (many opportunities for connecting to
other clusters), but are not yet so large that the number of potential partner
clusters becomes limiting and the clusters become single collapsed entities. For
shorter linker lengths (Fig. 4.11) the dropoff in modulus at higher values of ε

is very pronounced, as the clusters quickly become fully isolated - for larger
linker lengths, the wider reach of every cluster (even when it is already fairly
large) allows the system to retain some connectivity even at larger cluster sizes.
Similar figures may be drawn for the dependence on the linker length, and in
Fig. 4.12 I collect these into a modulus diagram.

This diagram illustrates what I feel is a crucial point about these networks:
more is not always better for increased rigidity. An optimum in modulus
exists at intermediate ε as well as Nl , where the balance between connectivity
opportunities and functionality is optimal for overall mechanical response. It
would be interesting to explore whether indeed such an optimal regime exists.
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FIG. 4.11 Rubber elastic modulus,according to Eq. (4.4), vs ε for B3L12. At large ε,
the high degree of association of the cluster suppresses the potential for connecting to
other clusters - large clusters spaced further apart. Thus, the modulus of the network
drops off at higher ε. The solid line is a guide to the eye.
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FIG. 4.12 Overview of computed moduli for all molecular architectures studied here.
Mechanical performance that is optimal in the sense that it provides the highest modu-
lus arising due to a favorable balance between cluster size and cluster functionality is
obtained for B3L75 and ε = 10.

Finally I note that, obviously, fancier models are available to predict the me-
chanical properties of networks such as those I consider. Once fully formed,
the structure of the hydrogel is no different from that of a telechelic gel, which
was shown to be well-described by the classical theories of Flory [39] and Stock-
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mayer [110], and whose kinetics of aggregation and de-aggregation may be
used to assess their visco-elastic response [107, 108, 123]. In a future manuscript,
I will show that indeed - when subjected to oscillatory strain - the dynamic
response of my systems is reasonably well captured by such models.

4.7 Conclusion

My MD simulations suggest that the motif of using repeating hydrophilic and
hydrophobic blocks gives rise to interesting self-assembling phase behavior. In
a large regime of phase space (defined by a combination of ε and Nl) I observe,
in NVT MD simulations, network phases where small clusters of the hydropho-
bic blocks are connected by (typically) single hydrophilic linker chains to other
such clusters, giving rise to a "single molecule networks". The connectivity
of this network is generally determined by a combination of the size of an
aggregate, which sets the number of outgoing linkers and thus the potential
for bridges, and the number of aggregates which sets the number of potential
partners for such bridging. At intermediate values of ε and Nl , the combination
between "supply and demand" of linkers is optimal which should result, in the
highest moduli for the network material. The multiblock amphiphile system
thus allows direct control over its supramolecular arrangement through molec-
ular design, and thus to mechanical properties. This suggests much richer
applications for these systems than what has been established thus far, and
in particular makes them suitable candidates for exploring future biomimetic
mechanical performance.
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C h a p t e r 5

Cluster morphology: Shape

and size of aggregates

In this chapter, the morphology of aggregates is discussed. How do associating particles
gather to form an aggregate? What sets the size of the aggregate? What internal
structure does the aggregate possess, and what conditions determine its overall shape?
First, I review an existing theoretical model, first proposed by Z. Fahimi and H. Wyss
[36] for predicting of size and shape of hydrophobic aggregates, formed in a solution
of block copolymers. The model calculates the free energy of such structures, and
balances energy and entropy associated with the binder interactions and the linker
conformations, respectively. I expand and refine this model to more accurately describe
my simulations, and show how the morphology of an aggregate undergoes a transition
from a sphere to an ellipsoid. These findings are compared to my numerical MD
simulations.

73
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5.1 Introduction

A dissolved polymer chain expands in a good solvent, and collapses in a poor
solvent [39]. By changing the temperature or the solvent composition, it is
possible to cross over from one behavior to another. This problem is of consid-
erable theoretical interest, as a first step towards the understanding of micellar
structures [26]. Amphiphilic polymers contain both hydrophilic and hydropho-
bic groups, which have different affinities for water or other polar solvents
[119]. The ability of amphiphilic block copolymers to self-assemble in aqueous
solvents forming aggregates or micelles has attracted considerable attention
over the past years [19, 29, 41]. Self-assembly is the organized association of
block copolymers dissolved in a solution that occurs in order to minimize con-
tact between the insoluble block and the solvent system. Micelles, for example,
are structures that consist of a compact core of the insoluble block surrounded
by a flexible corona of the soluble block. One particular type of micelles are the
so-called flower-like micelles, that have a relatively small core and an extended
corona [96].

The aggregate morphology is determined by a complex force balance that exists
between the repulsion of corona chains, the interfacial tension between the core
and the solution, and the cohesive energies between the core’s constituents.
While the increase in the strength of the interfacial tension of the core forces
more core chains to aggregate, the repulsion of the corona chains resists against
the densified packing into a confined volume. Consequently, all the above
factors contribute to the free energy of aggregation. Tuning the parameters
that influence the above balance may present an interesting mode of control
over the architecture of aggregates.

It is well known that control over aggregate size and morphology can be
achieved by controlling parameters such as the polymer molecular weight, the
hydrophobic-to-hydrophilic relative block length, the chemical nature of the
repeat unit or the chain architecture [2, 5, 21, 54, 98, 112, 128]. The latter how-
ever requires new synthesis of polymers for each specific application, which
can be challenging, expensive and time consuming. Studies on block copoly-
mer aggregates showed that the shape, as well as the size of the aggregates
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FIG. 5.1 An aggregate of multiblock copolymer. The core of the aggregate is where
all the associative groups attract and bind, whereas linkers, connected to associative
groups by their two ends form a corona around the aggregate. As may be seen here, the
aggregate typically is not spherical, and the hydrophylic linkers are positioned mainly
on the outer surface of the aggregate. This a snapshot from a simulation of a B3L6
molecule, at ε = 15, T = 1.

depend not only on polymer related properties, such as the molecular weight
or the relative block length, but also, and to a greater extent, on the solution
conditions [19].

Theoretically a number of techniques have been applied to study , such mi-
celles, including some exact calculations [28], scaling relations [12, 23, 88], and
renormalization group calculations [82]. The difficulty of exact calculation for
many body systems leads us to the other two approaches. The renormaliza-
tion group approach is based on extracting macroscopic properties from a
microscopic model. The assumption in this approach is that the macroscopic
properties are independent of the detailed microscopic aspects of the system.
In the scaling approach the generic dependence of an observable - such as for
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the instance radius of gyration of a chain - on an underlying control variable
such as the number of segments in the chain is analyzed.

The importance of the morphology of aggregates in the network is twofold.
First, dense aggregations of anisotropic units tend to exhibit complex ordered
phases, which will have a large influence on the mechanical behavior. In my
systems, however, I also find elongated aggregates in more dilute phases, below
the overlap concentration. In this case, a potentially relevant regime may be
accessed where the amphiphiles - themselves of course polymers - aggregate
into mesoscale, large aspect ratio entities which act as effective polymers and
become entangled or crosslinked. In wormlike micelles, for instance, this motif
has been explored to study systems with tunable persistence length (where
the stiffness of the micelles is controlled by the pairwise interactions between
amphiphiles). In the latter case, mechanical properties of network of rod-like
structures similar to stiff filamentous networks inside the cytoskeleton inside
the cell might be accessible. The elasticity of semiflexible filamentous networks
has been attracting attention and its origin is well known [73, 74, 121]. Lin et
al. investigated the elasticity of the intermediate filament networks which have
the shortest typical contour length compare to the other cytoskeleton filaments
and they reported linear mechanical properties and remarkable non-linear
strain stiffening [73]. They find that the elastic response of these networks is
consistence with the theory of semiflexible polymers. [44, 45, 46, 76].

Similarly, study of rod-like structures and spherical aggregates in self-assembling
networks are of considerable importance. The transition from spherical to rod-
like shapes has been studied in various self-assembling systems. The sphere
to rod transition was first described by Luzzati in 1964 [97] and has been
studied since then in experiments by light scattering techniques, and electron
microscopy [10, 80]. Most sphere to rod transitions have been explained in
terms of so-called packing models [61], which are based on three inputs: (i)
the surface-to-volume ratio of the aggregates in relation to the molecular di-
mensions, (ii) the fact that the radius of the core cannot exceed the maximum
projected chain length, (iii) the fact that smaller aggregates are entropically
favored over large ones [53]. My theoretical scaling approach also takes into
account the entropic effect of the confined corona. I also show, by molecular
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dynamic simulations, that as the size of aggregates increases their morphology
indeed changes to more elongated shape and eventually a rod-like structure.

5.2 Methods

To avoid artifacts of the attraction interaction between binders in the simulation
box with their periodic images, particularly in the regimes where I expect to
see single clusters I perform these simulations at fixed boundary conditions.
The walls of the simulation box in this case act as reflecting walls. If a particle
hits the wall of the box during the simulations the direction of the velocity
component of the particle perpendicular to that wall changes is reversed. All
simulations reported here are done in the NVT ensemble at T = 1 in reduced
LJ units.

Every binder is a rigid three-body unit of beads connected by two harmonic
springs. The position of the center of mass of each binder in the simulation
output results is recorded as the position of the entire binder unit. The average
distance between two binder center-of-masses is dc = r0 + σ. Binders that are
within this distance are counted as part of the same cluster - see Fig. [5.2].
Thus, a cluster is iteratively defined: starting with one binder, I identify all
other binders whose centers of mass are within dc and count those as part
of the cluster. Then, for each of the now cluster members, the procedure is
repeated until no new members are identified.

Once the members of a cluster are identified, I may compute the aspect ratio
λ, of a cluster. I define this as the distance between the two furthest center of
masses inside the cluster, divided by the diameter of the sphere that would fit
all of the binders. In other words, if a cluster is in the shape of a perfect sphere,
the aspect ratio is one, and for all elongated shapes it is larger than one. Because
of the elongated shape of the binders themselves in my simulations, the clusters
in the simulations actually are never quite spherical, and the smallest aspect
ratio in practice starts from a value above one.

By changing the volume of the simulation box, I may also study the effect of
concentration on the formation of clusters and their shape. In the remainder
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FIG. 5.2 Configuration of the closest center of masses of two adjacent binders (left)
and the furthest (right) in a cluster. The mean value of these two, dc, is determined as
the cutoff distance of being member of a cluster.

of this chapter, the dissociation and reforming of the clusters into elongated
shape is clearly shown. I find, that increasing the length of the linker moves
the sphere-rod transition to lower aggregate sizes, while the transition point
moves towards increasingly large aggregates for shorter linkers. Evidently, the
molecular architecture is a direct way to control aggregate morphology.

5.3 Theoretical model

My model is based on the multiblock amphiphiles molecules introduced in
previous chapters. Each molecule has repeating segments of hydrophilic and
hydrophobic particles. The amphiphilic molecule can be designed in order to
have different lengths of polyethylene glycol (PEG, hydrophilic) segment (in
particular, 8000 g mol−1 and 20000 g mol−1 for the "8k" and "20k" linkers, re-
spectively) and different lengths of the bis-urea group (hydrophobic) segments
(denoted, as before, U4U and U6U). The latter tunes the association energy
between the hydrophobic blocks, althought the exact mechanism by which
this occurs is not known. These molecules form a coil-like structure in a good
solvent with positive excluded volume. This tendency to swell is counteracted
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by the attraction between hydrophobic groups. As a result of this interaction,
aggregates typically form as shown in Fig. [5.3]. Since there is one hydrophilic
chain between every two hydrophobic groups, the hydrophilic chains will ei-
ther become a link between two aggregated clusters or form a loop starting
from surface of a cluster and ending to the surface of the same cluster.

FIG. 5.3 Swelling and aggregation of the multiblock amphiphile. Left: Simulation of
an amphiphilic chain with no interaction energy of binders. The entire polymer adopts
a swollen coil configuration. Right: Interaction energy activates the attractive units to
collapse and bind as in poor solvent for hydrophobic polymers.

The potential between two binder particles is a standard LJ potential, as il-
lustrated in Fig. [5.4]. I take ε, the LJ well depth, as a proxy for the cohesive
energy gain incurred upon stacking two binders. As in previous chapters, the
interactions between linker beads are purely repulsive and are implemented
by a truncated LJ potential lacking the attractive well.

5.3.1 Free energy of the cluster core

The average size of a clusters depends on the two parameters that I can tune
in my system: The associative energy gain of two binders, and the entropy loss
incurred upon confining the self-avoiding linker chains to the corona space
enveloping the cluster. This energy gain can obviously increase by increasing
the LJ well depth ε, encoding stronger interactions between two binder particles.
The entropy loss can be decreased by shortening the length of the linkers,
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FIG. 5.4 Lennard-Jones potential between two particles separated by a distance r
from each other. The long-range potential is an attractive potential that has its energy
minimum at r0. Closer than that, particles strongly repel.

lowering the relative importance of their conformational entropy by reducing
the number of degrees of freedom. Thus, I may write for the total free energy

Fcluster = Fcorona + Fcore , (5.1)

where Fcore is the free energy gained by the group of binders forming the core
of the cluster and Fcorona is the cost of free energy for the confinement of the
linkers within a shell around the core. The free energy of a core consisting
m binder particles is estimated as the energy gain of one binder-binder bond;
kBTε, multiplied by 1

2 z the average number of connections that every particle
has with its interacting neighbours, and this times the total number of binders
in the aggregate m:

Fcore = −
1
2

kBTmzε , (5.2)

I correct this for boundary effects, by noting that in the case of a spherical core,
particles on the boundary have only half of the interacting neighbours of the
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FIG. 5.5 A core of a cluster where boundary particles (red) are distinguished from
bulk particles (green). Interacting particles for each boundary particle is half of the
interacting particles for each bulk particle.

particles inside the bulk of the core. Therefore, I split up m = mbulk +mboundary
- see also Fig. [5.5] With this correction the free energy of the core can be written
as:

Fcore = −
1
2

kBT
(

mbulk +
1
2

mboundary

)
zε =

1
4

kBT
(
(m1/3 − 1)3 + m

)
zε .

(5.3)

This is the core free energy for a spherical aggregate. Aspherical shapes have
different bulk to surface ratios, and thus the core free energy will, in general,
depend on the shape. For an elongated, spheroidal aggregate with a and R as
semi-major and semi-minor radii, I will call λ = a

R , the aspect ratio. Thus, a
value of λ of one designates a perfect sphere, whereas λ’s greater than one are
elongated shapes. The area A and volume V of the λ-spheroid, expressed as a
function of R and λ are
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A(R, λ) = 2πR2
(

1 +
(

λ√
1− λ−2

)
arcsin

(√
1− λ−2

))
, (5.4)

V(R, λ) =
4
3

πλR3 . (5.5)

The total volume of the particles inside the cluster’s core is mvm where m is
number of particles (of diameter b) inside the spheroid and vm = 1

6 πb3 is the
volume of each particle. I may substitute this to obtain R as a function of m
and λ:

R(m, λ) =
1
2

(m
λ

)1/3
b . (5.6)

Assuming that the boundary layer for the spheroid is one particle length b
wide, I can also determine the semi-minor diameter for the bulk part of the
λ-spheroid; Rbulk = R− b. This may be rewritten as a function of λ and m, to
yield

Rbulk(m, λ) =
1
2

(m
λ

)1/3
b− b . (5.7)

Using Eq. (5.5) I can now determine the number of binders inside the bulk:

mbulk =
Vbulk(Rbulk, λ)

1
6 πb3

= (m
1
3 − 2λ1/3)3 . (5.8)

The number of particles in the boundary region with 1
2 z nearest neighbours

simply is:
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mboundary = m−mbulk , (5.9)

and thus, according to Eq. (5.10) I obtain the following expression for the full
free energy of the core, as a function of its size m and aspect ratio λ

Fcore(m, λ, ε) =
1
2

kBT
(
(m

1
3 − 2λ

1
3 )3)εz

+
1
4

kBT
(
m− (m

1
3 − 2λ

1
3 )3)εz . (5.10)

Note, that this expression reduces to that for the sphere if I set λ = 1.

5.3.2 Entropy of the corona

In equilibrium, if no external deforming force exists, the cluster of hydrophobic
particles prefers to form a spherical shape to assure the lowest surface to bulk
ratio. The lower average functionality z at the surface leads to an effective sur-
face tension on the aggregate; surface is energetically penalized. As explained
in the caption to Fig. [5.6], I consider linker confinement to the corona as the
problem of a polymer inside a cylinder of diameter b and length N = L

2 are
connected to that where L is the number of beads in one linker.

Such a chain, inside a pore, may be thought of as a sequence of blobs each of
size D. At length scales smaller than D, the chain does not feel the compression
so the statistics of the chain inside one such blob are are real chain statistics.
Therefore, I may write for the number of segments g (i.e., the number of bead-
bead bonds) inside one such blob that

D ∼ bgν , (5.11)

Where b is the length of one segment g is the number of segments in one blob
and ν is Flory exponent which is to good approximation equal to 3

5 for real
chains. With this, by solving Eq. (5.11) for g I find that
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FIG. 5.6 Schematic coarse-grained representation of corona (blue) and core (yellow)
chains. I think of every single linker chain emanating from (and folding back onto) as
confined to an imaginary pore of diameter D, caused by excluded volume effects of the
surrounding linker polymers. For larger aggregates, the linkers become increasingly
confined to narrowing pores; this entropic cost ultimately outweighs the core energy
gain and thus the size of the aggregate is set. However, by changing shape to spheroids,
additional surface area is created to accomodate the linker chains. This of course at the
expense of cohesive energy inside the core.

g ∼
(

D
b

)5/3

. (5.12)

The free energy of confinement is estimated to be kBT per confinement blob
[27], and for a polymer of N segments in total there are N/g such blobs, in
each of the m confined linkers. Thus, I may estimate using Eq. (5.11)

Fshell ∼ mkBT
(

N
g

)
∼ mkBT

(
b
D

)5/3

. (5.13)
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Now, I ask how the effective pore diameter depends on the cluster size m.
Intuitively, it is clear that the larger m is, the smaller the available surface
area and thus the smaller D. The core is consist of m spherical particles of
diameter b, thus the volume of the core is mvm where vm = 1

6 πb3 is volume of
each particle. For every particle in inside the core, there is a chain emanating
from the core surface that is confined in a pore of diameter D. Surface of the
core, in this case, will be the product of number of pores and its cross-section,
m× (D

2 )
2π. For the surface of the core, using Eqs. (5.4, 5.6) I can write:

A(m, λ) =

b2m
2
3 π

(
1 + λArcSec(λ)√

1− 1
λ2

)
2λ

2
3

. (5.14)

The area of a disk of diameter D is then simply this surface area divided by
the total number of emanating chains and so, using Eqs. (5.13, 5.14), I compute
Fshell as a function of m and λ

Fshell(m, λ, N) = kBT
mN

2
5
6

(√
−1+λ2 + λ2 ArcSec(λ)

m
1
3 λ

2
3

√
−1+λ2

)5/6 . (5.15)

I now have all the ingredients - using using Eq. (5.1, 5.10) and (5.15), to con-
struct the full free energy of the cluster, Fcluster(m, λ, ε, N) = Fcore(m, λ, ε) +

Fshell(m, λ, N). For a given molecular architecture (specified by ε and N), this
allows one to optimize for m and λ, the two parameters that define the shape
and the size of the aggregate.

5.4 Morphology analysis and results

The lowest free energy of a spherical and an elongated cluster, denoted in Eq.
(5.1) is shown in Fig. [5.7]. Initially, for small m, the sphere (λ = 1) is the
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FIG. 5.7 Free energy as a function of m, number of binder groups in the core of the
cluster for spherical core (blue) and rod-like core (red). Above: For clusters containing
less than 60 particles the spherical shape (λ = 2.35), has the lowest amount of free
energy. Below: In a cluster of 100 particles a spheroid geometery with λ = 6 is preferred.

optimal shape. Beyond a critical value of m however, the entropic penalty of
the corona in spherical clusters becomes prohibitively large for further growth,
and the clusters transition to increasingly elongated shapes. The lowest free
energy of the aggregated structures, beyond the critical value of m is obtained
for larger values of λ, suggesting that elongated geometery is preferred for
large m’s Fig. [5.9].

Figure [5.10] shows the aspect ratio as a function of m, both for the analytical
model, λ, and for the numerical system, µ, defined by Eq. (5.16). the analytical
and numerical aspect ratio vs m. As long as m is below the critical cluster size
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FIG. 5.8 The lowest free energy of an aggregate, optimized for λ (z = 4, ε = 3.7).
Around m = 7, the lowest free energy occurs on the branch of solutions that have λ 6= 1
- this is the sphere-to-rod transition point, below which λopt = 1 and beyond it λopt > 1.

FIG. 5.9 Free energy as a function of m for different λ’s. The solid blue line is the
free energy of a sphere (λ = 1) and the green dashed lines are free energy of elongated
structures with λ ranging of 1 to 10. This figure shows, that as m grows the optimal
shape of the aggregate becomes increasingly elongated.

limit, the shape of the cluster is spherical. Beyond the critical size, reforming
the shape of the cluster requires dissociation of some of the core particles. In
this phase, clusters are smaller but still with an aspect ratio greater than 1.
As a result, there is a phase in which spherical and elongated clusters coexist.
Beyond this regime, in the third phase, the spheroid geometry has the unique
lowest free energy, and thus clusters form elongated shape with aspect ratio
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FIG. 5.10 Left: optimal λ vs m for different linker lengths N, at ε = 6. In the first phase
(blue) the clusters are spherical. There is an optimum m beyond which clusters choose
to form a spheroid shape because of lower free energy (green). There is a middle phase
between these two where free energy minima are present, and reforming into elongated
shape is done by dissociating some of the cluster particles. Right: Molecular dynamics
simulation results (B3L6, ε = 9, T = 1) for different linker lengths. µ, representing the
aspect ratio is defined in Eq. (5.16). Reforming the clusters in transition from spherical
clusters to rod-like clusters are coupled with dissociation process in the core of clusters.
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of λ > 1. The aspect ratio of the cluster as a function of increasing m is plotted
in Fig. [5.10].

5.5 Concentration dependence: morphology change

on compression

I now investigate the morphology of my system as a function of the polymer
concentration of the system in my MD simulations. To control the concentra-
tion, I compress the system by shrinking the box size in a fixed boundary
condition (the procedure is explained in more detail in Chapter 6). I note, be-
forehand, that this procedure may not be identical to experimentally increasing
the concentration. To be sure, as the system is compressed the concentration
is increasing, but this is happening concurrently with an increased pressure.
Also, though they are elongated, my aggregates are typically quite irregularly
shaped and measuring the asphericity as the ratio between a major and minor
axis is difficult. Instead, I shall take as a measure of the degree of asphericity
the ratio of the longest separation between two particles in one cluster - Lc - to
the ds, diameter of the sphere that would hold all m particles inside the cluster.
So,

µ =
Lc

ds
=

(
4π

3

)1/3 ( Lc

V1/3
c

)
, (5.16)

where Vc is the volume of the entire cluster. To compare the analytically de-
fined aspect ratio (λ) with measure of aspect ratio in simulations (µ), it is
straightforward to show, that for the ideal λ-spheroid µ is related to the actual
aspect ratio λ. In fact, for those µ = λ2/3.

With those caveats and definitions, I plot λ as a function of the inverse system
volume in Fig. [5.11]. What I see, is that as the system is increasingly com-
pressed, the aspect ratio rises from its initial value of about 1.2 (as I noted
before, because of the anisotropic shape of the binder blocks I do not expect
to see perfectly spherical aggregates ever) to a more pronounced aspherical
shape with a λ of at most about 2. This, as the system becomes more densely
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FIG. 5.11 λ as a function of concentration for different ε.

packed the aggregates become increasingly elongated. However, truly large
aspect ratios are never observed so the sought regime of "effective polymers"
is still far away and, realistically, is likely unattainable in these settings. My
findings, however, agree qualitatively with what is seen in experiments: SAXS
results by Fahimi and Wyss [36] that at increasing binder attraction, the system
tends to form more elongated aggregates. The reported aspect ratios, likewise,
were only modestly different from one.

A possible route toward understanding the morphological response to com-
pression is to note that the core of the cluster is mostly rigid, and its volume
does not change upon compression. So, the volume change needs to be mostly
accomodated by the coronas, and thus the cylinderical confinenement tubes
for the linkers shorten, while theur diameters remain constant. A simple cal-
culation shows that the compression energy inside a blob is [39]

F(R) = kBT
(

3R2

2Nb2 +
N2

R3

)
. (5.17)
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According to Eq. (5.17) I can thus write for the full free energy of a compressed
cluster:

Fcluster = Fshell + Fcore + (F(C0)− F(C)) .

(5.18)
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FIG. 5.12 Free energy of a cluster as a function of m. Two different colors indicate two
values for interaction energy, ε = 2 (solid line) and ε = 3 (dashed line). b = 2.95, N = 20
for both figures. (a) In a semidilute regime, cluster sizes in a steady state are m ≈ 7
and m ≈ 30 for ε = 2 and ε = 3 respectively. (b) In a system with three times higher
concentration, steady state m values are m ≈ 14 and m ≈ 60 for ε = 2 and ε = 3
respectively.

In Eq. (5.18), C0 is the overlap concentration (below which, all corona linker
chains are at their equilibrium lenght). As shown in Fig. [5.12] the lowest
free energy of a cluster, calculated form 5.18, which indicates the size of the
cluster in the stationary state, moves to the larger cluster sizes m when the
concentration is increased. It is also shown that changes in the ε has significant
effect on the size of the clusters.
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5.6 Conclusion

Experimental and numerical observations of self-assembling block copolymers
of different molecular architecture, or at different concentrations, show a tran-
sition in the morphology of aggregates from spherical to elongated structures.
In this chapter I review a theoretical model that describes the morphology of
a cluster of particles by calculating its free energy as a function of aggregate
size using self avoiding chain scaling formulation. The model indeed shows a
transition between two distinct regimes of spherical and spheroid shapes. For
large aggregates, the flexible hydrophilic chains connected to the core of the
aggregate are densely packed at the surface and cause a huge entropic penalty
for accommodation of any extra chains. To over come this energy barrier, the
aggregate tends to become elongated in shape to provide more room for more
material. This effect was also justified by NVT MD simulations where I see a
similar change in the aspect ratio of formed aggregates. The simulation results
also showed that the size of aggregates increases as a function of concentra-
tion (in compressed systems) which eventually leads to more elongated shape
aggregates in highly compressed regimes.



C h a p t e r 6

Dynamical computational

rheology of a multiblock

copolymer network

In this chapter, I study the rheology of the self-assembled networks of the previous chap-
ters. I ask and answer the following questions: How can we characterize the dynamical
mechanical response of a viscoelastic material? Which parameters of the material must
be determined, and which methods are used to measure the mechanical properties of
a molecular system? Is it possible to perform rheology by means of computer simu-
lation? What are the drawbacks and advantages of computational rheology? Is the
result of computational rheology on a coarse-grained molecular system consistent with
experimental results measured by typical rheological equipment? In this chapter I first
present and discuss a molecular dynamics-based approach to obtaining the viscoelastic
properties of a soft material. I then apply computational rheology, and discuss the effect
of changing chain length, bond potentials, density and temperature on the mechanics.
The temperature dependence is compared qualitatively to experimental findings.

93



94 Dynamical rheology

6.1 Introduction

The relation between the complex viscoelastic properties of polymer networks
and their microscopic structure and dynamics is a key issue in materials sci-
ence and biophysics [31, 35, 79]. The significance of the mechanical properties
of biological material and respectively biomimetic material was already dis-
cussed in Chapter 5. I recall, too, that the mechanical properties of filamentous
networks are uniquely linked to their molecular architecture, and I presented a
method to predict the macro-scale, low frequency mechanical behavior of such
a network using its micro-scale molecular properties. As soft materials gener-
ally display time-dependent mechanical properties, dynamic shear rheological
measurements have routinely been performed in order to investigate a wide
range of soft matter and complex fluids including polymer melts and solutions,
block copolymers, biological macromolecules, polyelectrolytes, surfactants, sus-
pensions, emulsions and beyond [60]. The effect of chain architecture on linear
and non-linear rheology of block copolymer systems has been studied using
tensile measurements [22, 25]. Characterising the mechanical behaviour of soft
materials however, requires careful consideration, because of the fact that most
of them are viscoelastic, so their mechanical properties lie between a purely
elastic solid and that of a viscous liquid. Using oscillatory rheology makes it
possible to quantify both the viscous and the elastic properties of a material at
different time scales (see Fig. [6.1]).

Experimental measurement of these material properties requires synthesized
samples to be present for each separate molecule under question which can
be a limiting factor in scanning the design space for optimal properties. To
provide an in silico alternative to this, I assess the feasibility of computational
rheology of polymer networks by molecular dynamics simulations. Numerical
simulations have been employed to probe the rheology behavior of soft mate-
rial using atomistic simulation techniques in Brownian dynamics simulation
[109] and Monte Carlo methods [65] but a rheological investigation of coarse
grained polymer networks using LAMMPS molecular dynamics simulations
package is still missing. In the remainder of this chapter I present a method
to perform numerical simulation of oscillatory shear of a fully self-assembling
polymer system of block copolymers using the LAMMPS MD package [95]
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FIG. 6.1 Oscillatory shear rheology can be used to determine the mechanical response
of soft viscoelastic materials. In this approach, the resistance to a deformation is mea-
sured by deforming the sample with an applied strain, (quantified, for instance, by the
dimensionless shear strain γ), at a frequency ω, and recording the stress σ that develops
in response. Alternatively, a stress-controlled experiment may be conducted, in which
the strain is measured. Either approach allows one to extract the dynamical relation
between stress and strain, to obtain the dynamical modulus G(ω) = σ(t)/γ(t).

and I assess the differences between various possible approaches pertaining
to computing the stress response, and the manner in which I coarse-grain the
heavy block copolymer molecules. Towards the end of this Chapter, I compare
my simulation results with experimental data performed on the same system.

6.2 Methods

Hydrogels exhibit a mechanical response that in general depends on the time
scale in which the system is being probed. Quantitative characterization of
viscoelastic response of such material is experimentally challenging. There
are various rheological methods, including micro- and macroscopic probing
methods that can characterize the mechanical behavior of polymer networks.
Microrheology is based on the tracking of one or more particles in the system.
In this approach, the particle’s time-dependent mean square displacement,
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〈∆r2(t)〉, is extracted from its trajectory that can be measured either in ex-
periments, ex. by means of laser deflection particle tracking, or in numerical
simulations by simply recording the trajectory of coordinates. Then dynamic
modulus, G∗(ω), can be obtained from a frequency-dependent form of the
Stokes-Einstein equation [78]. The thermal fluctuation of every bead in the
network is influenced by its mechanical constraints, and the response of the
entire system may be studied by observing and analyzing these fluctuations.
The other, more traditional approach is bulk rheology. By this method one can
relate the shear deformation (i.e., the strain γ), to the shear response (the stress
σ) in a sample. Fig. [6.2] shows a simulation box under oscillatory shear. For
purely elastic response this relation is σ = Gγ, where G is called the shear
modulus. For viscoelastic materials, that exhibit viscous responses as well as
elastic responses, G is usually decomposed into a real and an imaginary part:

FIG. 6.2 In my oscillatory shear simulations the box is deformed (right) in the xy-
plane, and executes a periodic oscillation characterized by a frequency ω and an am-
plitude γ0. The network contained inside will accomodate this dynamic deformation
differently depending on its ability - or inability - to undergo structural relaxations on
the timescale of the applied strain.

G(ω) ≡ G′(ω) + iG′′(ω). (6.1)

In this equation, G′ is the storage modulus, that characterizes the elastic re-
sponse of the material. The loss modulus G′′(ω) quantifies the viscous re-
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sponse. For a purely Hookean solid, G′(ω) is constant, and G′′(ω) = 0. For a
Newtonian fluid, conversely, G′(ω) = 0 and G′′(ω) = ωη with η the dynamic
viscosity. In oscillatory rheology, a time-dependent strain of the form

γ = γ0 sin ωt, (6.2)

where γ0, amplitude, is the maximum deformation applied in each cycle. The
time lag between two sinusoidal signals determines the viscoelastic moduli of
the system:

G′ =
σ

γ
cos δ and G′′ =

σ

γ
sin δ. (6.3)

In the above equations, δ is the phase lag between the stress and strain signals.
The phase lag for a viscoelastic system is shown in Fig. [6.3].

∆

0 200 400 600 800 1000
-2

-1

0

1

2

time

di
st

an
ce

stress, Σ

strain, Γ

FIG. 6.3 The phase lag between sinusoidal signal of deformation and response deter-
mines the elastic and viscous modulus. In this figure an example of δ = π

4 is shown.
This is an example of an ideal viscoelastic response G′ = G′′.
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In the case of linear response, this is the entire story - stress and strain always
have the same frequency as no higher harmonics are generated. The only
degree of freedom that linear response allows is the phase lag δ, but in linear
response the moduli themselves cannot in any way be functions of time, or of
the strain amplitude, themselves. Since I will be interested in the non-linear
(finite strain) response as well, it is useful to expand the stress response in the
higher harmonics, expressing it as a Fourier series

σ(t, ω, γ0) = γ0 ∑
n
{G′n(t, ω, γ0) sin(nωt) + G′′n (t, ω, γ0) cos(nωt} . (6.4)

Where G′n is storage modulus, a measure of elastic energy stored in the material.
Provided the applied strain is sinusoidal, G′n indicates the magnitude of the
nth harmonic of the stress response. The loss modulus G′′n is correlated with
the viscous dissipated response and measures the out-of-phase component of
the stress. If one has the full signals σ(t) and γ(t), all the moduli Gn can be
determined from the complex coefficients cn of the discrete Fourier transform
of the discrete stress time series σt

cn =
1
N

N−1

∑
t=0

σte−i2πnt/N , (6.5)

where N is the period of the applied strain times the sampling frequency.
Using the relationships between the Fourier coefficients an = cn + c−n and
bn = i(cn + c−n), along with knowledge that c−n is the complex conjugate of
cn, each harmonic modulus can then be determined as

G′n =
bn

γ0
=

2=(cn)

γ0
and G′′n =

an

γ0
=

2<(cn)

γ0
. (6.6)

With =(cn) and <(cn) being the imaginary and real parts of the complex
Fourier coefficients respectively. To assess whether or not a particular system,
exposed to a strain with period ω and amplitude γ0 can be considered in a
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regime of linear response, I typically monitor the ratio of the first to the third
harmonic modulus (the second is zero, by symmetry).

6.2.1 Model and simulation protocol

In this chapter I perform molecular dynamic simulations of a self assembled
network of amphiphilic chains. The hydrophobic and hydrophilic motifs are
represented by binder beads and linker beads respectively. As I stated in Chap-
ter 4, in all of my simulations so far I have studied a single, very long chain
consisting of 500 repeats of the binder+linker motif. In the experiments, chains
are typically much shorter. I expect there to be little difference between study-
ing one long chain, or chopping this long chain up into many smaller chains.
Now, I verify this explicitly: I compare the results of one repeating chain of
500 binder-linker groups with those obtained for 27 individual chains of 19
binder-linker groups each (this is the typical repeat number for the experimen-
tally used Poly(8kU4U) molecule). Both systems are allowed to self-assemble
into a crosslinked network. Each binder is made up of three spherical beads
and every linker is made up of N beads, and I let N vary corresponding to
the length of the linker from 3 to 150 beads. Adjacent beads are connected via
a harmonic bond potential of the form Ubond(r) = kb(r − lb), where r is the
distance between the two beads, and lb = 1.2 σ is the equilibrium bond length
with σ being the diameter of the beads. kb is the bond harmonic potential
coefficient; it quantifies the strength of the bond (see Fig. [6.4]). To ensure a
fixed bond length in my simulations, I choose a large value for the strength of
the bond potential kb = 400 kBT/σ2, where kBT is the thermal energy. I also
compare the results of simulations for harmonic bond potential with FENE
bond potential [11] by which the nearest-neighbour beads along the chain in-
teract through an anharmonic, finitely extensible, non-linear, elastic potential
given by

UFENE(r) = −
1
2

kR2
0 ln

[
1−

(
r

R0

)2
]

, for r < R0. (6.7)
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The parameter values of R0 = 1.2 and k = 100 prevent entanglement and
overlapping of chains [7]. The FENE potential diverges logarithmically as
r → R0, providing a finite distance between chain beads. It is used in coarse
grained simulations to encode the finite extensibility of real polymers.

FIG. 6.4 Harmonic bond potential present between two adjacent beads, and the har-
monic bending potential acting between two neighboring bonds.

As shown in Fig. [6.4], each three bound beads are in addition connected via a
harmonic bending potential of the form Uangle(θ) = ka(θ − π)2, where θ is the
angle that is formed between two bonds that link these three beads together
and ka is the strength of the bending potential that determines the rigidity of
the finitely flexible chain. The hydrophobic chains in the experimental system
are quite short, roughly 5nm, which makes them act like a stiff rod [93]. To
simulate this I choose a large value for the strength of bending potential ka =

50 kBT/σ2. All binder beads in my simulations, except those that are nearest-
or next nearest neighbors in a chain, interact via the Lennard-Jones potential
while the linker beads, which experience only hard-core interactions, interact
only via a repulsive Lennard-Jones:

ULJ(r) =
{

4ε
(
( σ

r )
12 − ( σ

r )
6) if r ≤ σ

0 if r > σ
(6.8)

According to the above equation, particles closer than σ interact via a repulsive
Lennard-Jones potential whereas beyond σ the interaction is zero to ensure



6.2 Methods 101

real chain scaling - See also Chapter 4. I study the effect of temperature and
density on the mechanical properties of the system and compare them with
the experimental results. To simulate experiments at different concentrations, I
keep the number of the beads in simulation constant, but change the size of the
simulation box to decrease or increase the concentration. To do so, I perform
NPT simulations: here, I dial in the pressure to control the box volume. I note,
that this may induce other effects besides those of concentration alone, as I
necessarily have to go to elevated pressures to realize higher concentrations.
I have not studied these prestress effects separately. I choose three different
initial pressures to work with: P = 200, 250 and 300 (molecular dynamics
units*). My procedure for the equilibration and determining the pressure and
volume of the system is as follows:

FIG. 6.5 Left: the system as it is started off, from a random initial geometery in a big
box. Right: the pressurized system, self-assembled in an NPT run

All simulations start from a random geometry in an enormously large box. In
the first stage of the simulation, I perform a NVT simulation, that is coupled
to a Nosé -Hoover thermostat, in a large box to thermostat the temperature of
the system to a desired temperature (figure 6.5). In the next stage, I shrink the
simulation box to a very high density via a NPT ensemble simulation while

*The molecular dynamic units and their conversion to real units are discussed in Appendix A
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also self-assembly of the block copolymers takes place. Once the temperature
and the total energy of the system become stationary, I perform a series of
NPT runs to expand the box until the pressure is just zero. This is the volume
at which the chains precisely fit inside the box, but do not exert any outward
(or inward) pressures on it. I take this volume to be the proper volume of a
particular self-assembled configuration, and use it to determine the density.
This density, φ∗, corresponds - though likely not identical - to the overlap
concentration in experimental systems which is:

C∗ ∼ N
R3

g
, (6.9)

where N is degree of polymerization and Rg is radius of gyration of polymer
[24]. Since the number of beads in my simulations do not vary, I can say that
C/C∗ = φ/φ∗. This run is followed by more NPT runs which the simulation
box is compressed to provide higher density systems.

The rheology simulations are performed with periodic boundary conditions us-
ing the NVT ensemble, which serves to ensure that the pressure of the system
changes corresponding to the applied deformation - in LAMMPS the stress
must be determined from the pressure tensor. I solve the SLLOD equations
of motion which were proven to be equivalent to Newton’s equations of mo-
tion for shear [34]. In this method, instead of boundary driven deformation ,
where shearing deformation is induced to the particles by the motion of the
boundaries, a velocity gradient is generated to move all the particles propor-
tional to the deformation of the boundaries. These equations are coupled to a
Nosé -Hoover chain thermostat in a velocity Verlet formulation. The oscillatory
shear strain - according to Eq. (6.2) - is applied to the simulation box in the
xy-plane, for various amplitudes and oscillation periods. To obtain the shear
stress response, I compute the xy component of the symmetric (Cauchy) stress
tensor, σxy, for every bead in the simulation box and sum over all atoms every
5 simulation time-steps. In the following sections I investigate the feasibility
of performing rheology with the LAMMPS molecular dynamics package [95].
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6.2.2 Computing stress and temperature control

The oscillatory shear simulation imparts a continuously changing deformation
to the simulation box. As a result, for affine deformation, each atom (bead)
in the simulation box can be thought of as being forced to drift at a given
velocity. For example, if the box is being sheared in the xy-plane the atoms at
the bottom of the box (low Y) have a smaller velocity in the x-direction than
those atoms at top of the box (at high y). LAMMPS subtracts this spurious
position-dependent drifting velocity from each atom while shearing.

To obtain the viscoelastic modulus of a molecular system using Eq. (6.4), one
needs to compute the stress response of each particle inside the system to
external deformation. The Cauchy stress tensor, a 3 by 3 tensor, completely
defines the state of stress at any particular point of a material structure in a
given deformed state. Written out in components, the Cauchy stress tensor has
the following form:

σ =

σxx σxy σxz
σyx σyy σyz
σzx σzy σzz

 . (6.10)

Thus, σij is the force in the i-direction on the surface whose normal is in the j-
direction. The diagonal components of the stress tensor are force per area in all
three dimensions, and contain the hydrostatic pressure as well as any normal
stresses that develop inside the material. In my simulations, the complete stress
tensor for atom i in my simulations is computed as follows:
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FIG. 6.6 Stress fluctuations. Here I show the stress response over one period of the
strain, for two different maximal shear values. The stress response is drawn in red every
50 cycles, and the blue line is the average of all the cycles. (a) The shear rate is slow
compared to fluctuation timescales, so the stress response is slightly different in every
cycle. (b) For higher deformation, larger than γ ≈ 8%, the system becomes more rigid
and fluctuations are suppressed.

σij = −[mvivj +
1
2

Np

∑
n=1

(r1iF1j + r2iF2j)

+
1
2

Nb

∑
n=1

(r1iF1j + r2iF2j)

+
1
3

Na

∑
n=1

(r1iF1j + r2iF2j + r3iF3j)]. (6.11)

The first term is a kinetic energy contribution for atom i. The second term is
a pairwise energy contribution where n runs over the Np neighbors of atom i
which are all the atoms that are within the cut-off range of the potential, r1 and
r2 are the position of the two atoms involved in the pairwise interaction, and
F1 and F2 are the forces on the 2 atoms resulting from the pairwise interaction.
The third term is a bond contribution of similar form for the Nb bonds which
atom i is part of. There is also a similar term for the Na angle interactions
that atom i is involved in. The so-called virial stress tensor is similar to the
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FIG. 6.7 The stress signal for γ = 8%, t = 4 and ω = 0.2, reconstructed from only
the first harmonic of the full Fourier expansion fits very well to the numerical stress
data, evidencing that I am in a regime of linear response.

Cauchy stress tensor, and has all the above terms except for the contribution
from the kinetic energy. In my systems I find no significant difference in the
moduli calculated by these two different methods of computing the stress
tensors, because the actual velocities remain low and the energy is dominated
by the bonded and non-bonded contributions. The comparison is presented in
Fig. [6.10]. As discussed in section 6.2, I convert the stress signal to dynamic
moduli using discrete Fourier function. In the linear regime only the first
Fourier harmonic of the stress signal has contribution to the modulus. To
check that the calculated modulus is in the linear regime I reconstruct the
stress signal from only the first Fourier harmonic using the following equation

σ(t) = G′′0
γ0

2
+ γ0 ∑

n=1,3,5,...

(
G′n sin(2πnt) + G′′n cos(2πnt)

)
, (6.12)

where G′′0 is the n = 1 component of Eq. (6.6). The reconstructed stress, ob-
tained from the above formula, fits very well to the stress data from simulations.
This is shown in the Fig. [6.7].
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FIG. 6.8 Strain dependent modulus for B3L45, t = 4, φ/φ∗ = 2.7. The rise of modulus
in the high shear rate region is due to bond stretching and hard core potential of the
beads during the simulation. This regime is unphysical - at such high strain rates the
implicit solvent interactions break down and my simulations can no longer capture the
actual deformations of the material. I discard points after the minumum, and interpret
the rapid dropoff as yielding behavior for my system.

In molecular dynamics simulation of oscillatory shear, care should be taken
in choosing the right deformation rate. If the box deformation rate is larger
than the time-scale in which the beads interact and fluctuate then the position
and interaction of the beads are the same in all of the oscillatory cycles (see
Fig. [6.6]) and the response is similar to the response of a crystalline materials
which has significantly higher modulus than soft materials. Obviously increas-
ing the shear rate eventually would lead in stretching the bonds more than
equilibrium bond distance which breaks the bonds and stops the simulation. In
the Fig. [6.8] is shown that the mechanical response of the system increases for
γ > 8 which is towards suppressing the fluctuations and solid-like structures.
This rise in modulus eventually terminates at γ = 25 where the simulation
stops because of excessive bond stretching.

In MD simulations a thermostat must be used as a means of controlling the
temperature of particles. Typically a target temperature T is specified by the
user, and the thermostat attempts to equilibrate the system to the requested T.
To compute the temperature, the kinetic energy is divided by the Boltzmann
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constant and ndof, number of degrees of freedom present in the system:

Ekin =
1
2

kBTndof

T ≡ 2Ekin
kBTndof

. (6.13)

Since the kinetic energy is a function of particle velocity, there is often a need
to distinguish between a particle’s streaming velocity which occurs due to group
motion of aggregated particles and its thermal velocity due to thermal fluctua-
tion. The sum of the two is the particle’s total velocity. Using the Nosé -Hoover
equations [86] I thermostat the translational velocity of particles and subtract
a velocity bias that is the result of deforming the simulation box. Hence the
dependence of the computed stress on temperature is only the contribution of
thermal velocity which is due to the fluctuations of the particles.

6.3 Results

Now, I present the results of a series of oscillatory rheology simulations of
the self-assembling multiblock copolymer system. First, I study the effect of
changing the molecular architecture from a single long chain to several short
chains: Strain-controlled simulations results at different densities are shown in
Fig. [6.9]. To justify the validity of my coarse-grained model to simulate a block
copolymer, I compare the results of two different system, (i) a one repeating
chain that is self-assembled to a flowerlike network (ii) split chains which are
27 chains of 19 hydrophobic-hydrophilic block each. The system sizes in both
cases are equal to 24000 particles. Fig. [6.9] shows equivalent results for both
systems.

Second, I demonstrate the practical equivalence (in my simulation settings) for
the virial and Cauchy stress approaches [129, 130]. Here I compare modulus
of one system using Cauchy and Virial stresses. As shown in Fig. [6.10], the
difference of two stresses in my model is small.

Finally, I examine the effects of the details of the bond potential. As discussed
in section 6.2, FENE bonds are often used as finitely extensible bonds in coarse
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(a) Single chain snapshot (b) Split chain snapshot

(c)

FIG. 6.9 Simulation snapshots of (a) single long chain with 500 repeating
binder+linker blocks and (b) split chain, where the separate chains are distinguished
by different colors.(c) Strain-dependent simulation results for two different systems of
single chain (solid line) and split chain (dashed line). Storage modulus is shown in
blue color and loss modulus is shown in red color. As may be seen here, the results are
identical for the split and the long system.

grained MD simulations to better reflect the finite backbone length of polymers.
To compare the effect of harmonic bonds vs. FENE bonds in the shear defor-
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FIG. 6.10 Strain-dependent modulus of a of B3L45 crosslinked network at φ/φ∗ = 2.7,
ω = 1. The complex modulus was calculated from the two different stress tensors:
Cauchy and Virial.

(a) Harmonic spring bond, φ/φ∗ = 2.7 (b) FENE bond, φ/φ∗ = 2.7

FIG. 6.11 Strain-dependent comparison between a bead-spring polymer network of
harmonic bonds vs a bead spring network of FENE bonds for B3L45, ω = 1 and T = 2.
The storage modulus is shown in solid symbols, the loss modulus is shown in open
symbols.

mation simulations I compare the modulus for two systems containing two
above bonds in Fig. [6.11]. Again, the results are completely similar: This may
be understood from the fact that in the regime where I measure, the non-linear
stretching regime is never engaged and the FENE bonds act as linear springs.
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The effect of concentration is also shown in Fig. [6.12]. The overlap concen-
tration - which is the concentration at which the single molecule network
precisely fits within the box φ∗ - is obtained by relaxing the network volume
until the pressure first reaches zero. Higher concentrations are shown in units
of this overlap concentration.

(a) , φ/φ∗ = 2.7 (b) φ/φ∗ = 2.9

(c) φ/φ∗ = 3.1

FIG. 6.12 Dynamic moduli G′ and G′′, measured in strain-controlled settings at ω =
0.2 and T = 1 at various concentrations. The storage modulus is shown in solid symbols,
the loss modulus is shown in open symbols.

The temperature of the simulation also influences the modulus of the system.
Using Eq. (6.13), I can change the temperature in the simulation. It affects the
mechanics in two ways: first, the self assembly process is affected as elevated
temperatures favor high entropy states more than high energy states, which
skews the architectures towards smaller cluster sizes. This tends to lower G′.
Secondly, the mechanical response due to the linkers is itself temperature
dependent: entropically elastic effects scale with temperature. This latter effect
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(d) T = 4, φ/φ∗ = 2.7

(e) T = 5, φ/φ∗ = 2.7
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(f) T = 6, φ/φ∗ = 2.7

FIG. 6.13 Dynamic moduli G′ and G′′, measured in strain-controlled settings at ω =
0.2 and φ/φ∗ = 2.7 at various temperatures. G′ is shown by solid symbols and G” is
indicated by open symbols.

would raise the storage modulus as a function of temperature, as is the case
in rubber elasticity. In the Fig. [6.13] the strain dependent shear modulus for
γ̇ ≤ 20% at different temperatures is shown. The modulus is calculated based
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(a) T = 1 (b) φ/φ∗ = 2.7

FIG. 6.14 The linear modulus as a function of temperature and density for B3L45 at
ω = 0.2. (a) The slope of power-law fit is 1.28.

on the stress data from simulations that include all the contributions of the
stress tensor. The result shows a linear regime up to γ = 5%, after which G′

drops off rapidly. Linear modulus as a function of temperature and density is
shown in a logarithmic plot in Fig. [6.14]. The slope of the power law fit to the
temperature dependant linear modulus from numerical results is 1.28, that is
close to theoretical prediction for spherical flower-like micelles, i.e. 1.95.

The yield point for all of the systems in Fig. [6.13] is where the G′ starts to
drop, at γ ≈ 5%. That this is the yield point is also evidenced by the concurrent
and characteristic rise in G′′. To investigate the effect of the temperature on the
modulus I plot the elastic modulus for all temperatures as a function of strain
in 6.15. The experimental measurements at large strains gives a quantitative
comparison of the contribution of the elastic response at different temperatures
(Fig. [6.16]). A decrease in the magnitude of the modulus with the temperature
is observed which is in good agreement with the simulation results I find here
Fig. [6.15]. The fact that the overall effect of temperature in these networks
is to lower the modulus suggests that, apparently, the effect of temperature
on the aggregate size is dominant over the single-chain elastic contribution.
This suggests that rubber elasticity theories should be modified to include
also the temperature dependent changes in connectivity to fully capture the
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mechanical response of the system (and that, therefore, the model presented
in Chapter 4 may not offer a complete description.)

FIG. 6.15 Dynamic moduli G′, measured in strain-controlled settings at ω = 0.2
and φ/φ∗ = 2.7 at various temperatures. Different colors corresponds to different
temperatures as indicated in the legend.

FIG. 6.16 The experimentally determined large modulus for different temperatures:
blue(15◦C), red (20◦C), green (25◦C), black (30◦C) and cyan (35◦C). Figure reproduced,
with permission, from [36].



114 Dynamical rheology

6.4 Conclusion

Experimental rheology measurements have measured the viscoelastic behavior
of amphiphilic multiblock copolymers in a solvent. I develop a MD simulation
algorithm and protocol to measure the viscoelastic properties of previously
developed crosslinked networks of self-assembling multiblock copolymer. The
protocol I present is rather robust, showing similar results for different molec-
ular spatial organizations, and different bond stretching potentials, suggesting
that I am indeed probing generic, geometric and association/dissociation type
relaxations in the material. My results for the density- and temperature de-
pendence of the linear modulus compare well to experiments, but only in the
qualitative sense: precise numbers for moduli or exact agreement in terms of
scaling is difficult to establish and needs further work. Overall, the technique
shows some promise as a fully MD based approach to dynamical rheology,
allowing in principle to concomitantly study self assembly and rheology.



C h a p t e r 7

Conclusion

7.1 Aim of the thesis

Most soft tissues in nature owe their structural integrity, and indeed their me-
chanical properties in general, to filamentous fibres arranged into network
architectures that exhibit various degrees of ordering. Among the best known
examples is the cytoskeleton, a meshwork of three distinct types of protein
polymers inside the cell (actin, microtubules and intermediate filaments) which
is a crosslinked polymer network that provides the cell with its mechanical
strength, shape and motility. Some of the characteristic mechanical proper-
ties of such biological materials have been observed in physically associated
network of synthesized polymers. An important class of these are the block
copolymers: long chain molecules with repeating associating groups. Taking
advantage of competing hydrophobic and hydrophilic interactions such mate-
rials can be synthesized such that, when dissolved in water, they self-assemble
into a gel-like material called a hydrogel, which may exhibit a range of differ-
ent morphologies at the microscale. This variety in microstructure gives rise
to versatile macroscale properties of such material. The advantage of employ-
ing amphiphilic polymers is that their behavior is highly tunable by chemical
architecture, as well as by thermodynamical parameters. Properties of the as-

115



116 Conclusion

sociating groups, properties of the solvent, temperature or concentration all
potentially alter microsctructure and thus their mechanical response. Taken
together, this provides ample parameter space to control the mechanical prop-
erties of the resulting materials, and designer hydrogel materials are consid-
ered a promising motif for application in biomedical technologies and, general,
’smart materials’ - designer materials with intrisic mechanical functionality.
The relation between the micro structures and molecular interactions and the
macroscopic properties of the materials that develops as result is not fully
understood, neither in biological nor in synthetic materials. To advance our
understanding of the structure-property relations of these highly nonstandard
materials, avoiding the temporal and monetary expenses of broad screening,
a computational platform to assess the self-assembly and mechanical proper-
ties of these materials is needed. In this thesis, I take the first steps towards
such a platform: I develop a theoretical and numerical model for such sys-
tems and compare the outcome with the known experimental findings. While
there remains much to be done, in the process I do shed some light on the
basic physics that govern self-assembly and mechanical performance of self-
assembling hydrogels. In the following, I briefly summarize the main findings
in each of the chapters.

7.2 Summary and conclusions

• I showed that the hetero-crosslinkers in the self-assembling networks suppress
looping, which is an intrinsic problem in physically crosslinked systems. I
showed the efficiency of the hetero-crosslinker in terms of modulus of the
system increases compare to that in a homo-crosslinker system. This shows
that by using self-sorting and the resulting difference in binding energy of 6.5
kJ/mole, a high-yielding crosslinking functionality may be obtained. Statistical
mechanical calculations also show, that the difference in binding energy would
result in a network topology whose G′ is enhanced - as is indeed seen in experi-
ments. The difference in the crosslinking efficiency of the homo crosslinker and
hetero crosslinker points the way to some degree of supramolecular control
over the mechanical properties.
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• Using MD simulations I suggest that the motif of using repeating hydrophilic
and hydrophobic blocks gives rise to interesting self-assembling phase behav-
ior. In a large regime of phase space, defined by a combination of interaction
potential and entropic penalty of flexible chains I observe, in NVT MD sim-
ulations, network phases where small clusters of the hydrophobic blocks are
connected by hydrophilic linker chains to other such clusters, giving rise to a
"single molecule network". The connectivity of this network is generally deter-
mined by a combination of the size of an aggregate, which sets the number of
outgoing linkers and thus the potential for bridges, and the number of aggre-
gates which sets the number of potential partners for such bridging. I show
that intermediate values of interaction energy and entropic penalty, the combi-
nation between "supply and demand" of linkers is optimal which I predict to
result in the highest moduli for the network material.

• My numerical approaches showed that in multiblock amphiphile systems,
changes in molecular design allows direct control over its supramolecular
arrangement, and thus to mechanical properties. This suggests much richer
applications for these systems than what has been established so far, and in
particular makes them suitable candidates for exploring future biomimetic
mechanical performance.

• I expand an existing theoretical model that describes the morphology of a
network cluster by calculating its free energy as a function of aggregate size
using the real chain scaling formulation. The model explains a transition be-
tween two distinct regimes of spherical and spheroid shapes where for large
aggregates the flexible hydrophilic chains connected to the core of the aggre-
gate are densely packed at the surface and cause a huge entropic penalty for
accommodation of any extra chain. I derived in a theoretical approach that
the molecule tends to become elongated in shape as the aggregate grows in
number of particles, to provide more room for more material.

• The effect of transition from rounded to more elongated cluster structures
was also justified by NVT MD simulations, where I see a clear change in the
aspect ratio of formed aggregates. The simulation results also showed that the
size of aggregates increases as a function of concentration which eventually
leads to more elongated shape aggregates in higher concentration regime.
These parameters allow control on morphology of aggregates, and thus to the
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mechanics of the network. While the maximal elongation I have seen so far
remains moderate, it nonetheless suggests a regime where networks with a
higher degree of crosslinking may be accessed.

• To be able to measure the viscoelastic properties of molecular structures I
develop a MD simulation algorithm to measure the viscoelastic properties of
previously developed crosslinked networks of self-assembling block copoly-
mers. I found similar results for alternative force fields commonly used for
coarse-grained simulations, also I compared a single chain of repeating blocks
with split block copolymers, both self assemble to a similar final state. Com-
putational rheology results justified the validity of employing a single repeat-
ing block copolymer. I presented linear rheology and the starting region of a
non-linear regime and I identified the yield point in MD simulations under
oscillatory shear.

• A qualitative consistency between computational rheology results and exper-
imental rheology, particularly for the temperature dependence of the moduli
was observed. Strain dependent measurements of such materials show that
the modulus decreases with increasing temperature but, as evidenced also in
experiments, they all yield at some point. There is certainly much work to be
done to push this technique from qualitative to quantitative, but the results so
far are encouraging.

7.3 Outlook

Self-assembling block copolymer systems have attracted great interest of mate-
rial scientists and biomedical researchers, and show great promise for a wide
range of applications. In this thesis, I have sought to obtain a multiscale un-
derstanding of the basic principles governing the assembly, structure and dy-
namical mechanical properties of such materials, and while this is certainly
not complete the approaches I provided to model and predict the structural
analysis and macroscopic properties, both theoretically and numerically, are
ready to be extended to a variety of different elements and molecular designs.

Experimental access to the energies (enthalpies) of association would be ex-
tremely useful, as these set most of the basic scales in the problem. Unfortu-
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nately, these quantities are exceedingly difficult to extract from experimental
measurements. As for numerical approaches, since the computational power
is growing at a very fast pace, it would be useful to modify the simple bead-
spring model to a more complex molecular model and replace the coarse-
grained technique with, for instance, united atom techniques to permit a more
detailed view on the interaction of smaller building blocks of a polymer.

The greatest challenge that lies ahead is to use techniques similar to those
developed here to develop a quantitatively accurate multiscale model. This
is where a fundamental difficultly arises: the very nature of multiscale sys-
tems implies that in one or possibly several stages of the modeling process,
coarse graining must be applied to suppress the number of degrees of freedom.
Physics is generally still lacking a consistent and systematic approach to com-
puting the appropriate potentials of mean force to be used in the next-highest
level in the multiscale hierarchy, and assumptions must be made. These in-
herently introduce a disconnect between the scaling levels. This operation is
only feasible if the modeling can be validated to experimental results at each
of the stages if the hierarchy. It will be exciting to see whether computational
sciences - against the backdrop of ever increasing computational power - will
be able to meet this challenge.
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Appendix A: Reduced MD

units and level of

coarse-graning

In our simulations, to reduce the computational cost, we work with reduced
MD units in which all fundamental quantities mass, sigma, epsilon, and the
Boltzmann constant are set to one. The distances, energies and other quantities
are multiples of these values. To convert the reduced units to actual physical
units one can use following formula to extract the actual physical values along
with the knowledge of actual values of beads sizes, σ, and interaction energies,
ε, from specific experiments.

Distance = X/σ,

energy = E/ε,

time = t
√

ε
m2 ,

temperature = kBT/ε,

and

pressure = Pσ3/ε.

Also we use the following protocol to coarse-grain our molecular model.

121



122 Conclusion

Coarse-graining by weight

One PEG monomer is O-CH2-CH2 = 44 g/mole. So,

the 8k molecules have 8000/44 = 181 PEG units. The 20k molecules have
20000/44 = 454 PEG units.

Bisurea Blocks have:

U4U has 6 O, 24 CH2, 4 N, 4 H = 492 g/mole,
U6U has 6 O, 26 CH2, 4 N, 4 H = 520 g/mole.

So, the weight of one binder + one linker unit is

8kU4U : 8000 + 492 = 8492 g/mole
8kU6U: 8000 + 520 = 8520 g/mole
20kU4U: 20000 + 492 = 20492 g/mole
20kU6U: 20000 + 520 = 20520 g/mole

Max monomer weights as reported at [93] are:

Poly(8kU4U): 160000 g/mol = 18.8 repeats of the binder+linker diblock
Poly(8kU6U): 134500 g/mol = 15.8 repeats of the binder+linker diblock
Poly(20kU4U): 86000 g/mol = 4.2 repeats of the binder+linker diblock
Poly(20kU6U): 92000 g/mol = 4.5 repeats of the binder+linker diblock

If we choose to coarse grain by weight, and fix that the binder block is repre-
sented by 3 beads, then For U4U molecules, 1 bead = 492/3 = 164 g/mole.
With that unit, the amount of beads per linker is

8k linker: 8000/164 = 48.8 beads
20k linker: 20000/164 = 122.0 beads

for U6U molecules, 1 bead = 520/3 = 173.3 g/mole

With that unit, the amount of beads per linker is

8k linker: 8000/173.3 = 46.2 beads
20k linker: 20000/173.3 = 121.0 beads
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Thus, a consistent CG keeping 3 beads per binder is

Poly(8kU4U): 19 repeats of 3 binder beads + 49 linker beads.
Poly(8kU6U): 16 repeats of 3 binder beads + 47 linker beads.
Poly(20kU4U): 4, maybe 5 repeats of 3 binder beads + 122 linker beads
Poly(20kU6U): 4 or 5 repeats of 3 binder beads + 121 linker beads

Coarse graining by length

PEG is O-C-C-O-C-C-O-C-C-O-C-C-

One PEG monomer is thus about 2 O-C bonds, (0.143 nm each) one C-C bond
(0.154 nm). So, one PEG repeat measures 0.44 nm.

U4U has 33 bonds. Most are C-C, with 0.150 nm as an average length. Total
length of the binder U4U is 4.95 nm.

U6U has 35 bonds. Most are C-C, with 0.150 nm as an average length. Total
length of the binder U4U is 5.25 nm.

So, representing again the binder motif by three beads, we have for U4U
molecules that one bead corresponds to 1.65 nm. In that case,

8k linker = 181 PEG units = 79.64 nm = 48.3 beads
20k linker= 454 PEG units = 199.66 nm= 121.0 beads

For U6U the same calculation yields that one bead corresponds to 5.25/3 =

1.75 nm.

8k linker = 181 PEG units = 79.64nm = 45.5 beads
20k linker= 454 PEG units = 199.66nm = 114.1 beads

Thus, a consistent CG by length keeping 3 beads per binder is

Poly(8kU4U): 19 repeats of 3 binder beads + 49 linker beads.
Poly(8kU6U): 16 repeats of 3 binder beads + 46 linker beads.
Poly(20kU4U): 4, maybe 5 repeats of 3 binder beads + 121 linker beads
Poly(20kU6U): 4 or 5 repeats of 3 binder beads + 114 linker beads
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Level of coarse-graining based on both approaches, calculating by length of
weight, are very similar.
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Summary

From Self-Assembly of Microstructures to
Mechanics:
Multiscale Modeling of Polymer Networks

The mechanical properties of living cells are largely due to their cytoskele-
ton, a network of various biopolymers. Biopolymers inside the cytoskeleton
play a central role in generating forces, deforming the cell and remodelling
the structure of the cell dynamically. The goal of this research is to model
and develop biomimetic materials that exhibit similar mechanical properties to
biopolymer networks. I begin this thesis with an overview of recent research
on physically associated synthetic polymer networks. In the first chapter I in-
troduce a network made of repeating flexible and rigid polymer blocks that are
physically bonded to each other. I employ the molecular dynamics simulation
method, and coarse graining techniques to simulate various microstates of the
coarse grained beads in the chain and their effect on the macroscopic structure.
Then, I use existing viscoelastic theoretical models to predict the mechanical
behaviour, which is explained in the second chapter.

It has been observed that the mechanical strength of a filamentous network
is highly dependent on the density of cross-linkers that link the nodes of the
network. In chapter three, I show that for a network of amphiphilic chains the
dynamic modulus of the network increases with degree of cross-linking. Also I
study the morphology of such a network, and find that using cross-linkers that
have non-similar end groups allows one to reach higher effective cross-linking
densities, and thus to enhance the mechanical properties.
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138 Summary

In chapter four, on network analysis, I take advantage of molecular dynamics
simulations, and take further steps forward in tuning the length of the linker
chain. I find a phase diagram of the degree of cross-linking as a function of the
strength of the physical bonds and the length of the linker chains. Then, using
a theoretical model that predicts macroscopic properties from microstates, I
locate a region in the phase diagram that has the highest dynamic modulus.

Molecular dynamics simulation gives us a powerful tool to study the behavior
of the building blocks of the network separately. In chapter five on cluster
analysis, I develop a theoretical model to investigate the morphology of the
aggregates that predicts the shape and size of the cluster as a function of
thermodynamical and physical parameters. I observe that growing the num-
ber of particles in a cluster leads to a transition in the shape of the cluster,
from a spherical to a more rod-like, elongated structure. This agrees with re-
sults from experimental data found in SAXS (Small Angle X-ray spectroscopy)
measurements.

In chapter six, I develop a computational technique to measure the viscoelas-
tic properties of the network in question, and that is able to determine both
the elastic and the viscous modulus of a self-assembled network of block co-
polymers. In this technique, I make use of molecular dynamics simulation to
simulate an oscillatory shear deformation on a bulk network, and I analyze
the response.
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