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THE LEAD TIME SHIFT THEOREM FOR THE
CONTINUOUS REVIEW (s,Q) AND (s,S) INVENTORY SYSTEMS

Jan van der Wal, University of Technology Eindhoven

ABSTRACT

In Vander Veen [2] a conjecture is used relating changes in the lead
time to changes in the waiting time distribution for customers in a con
tinuous review (s, Q)-inventory system. This note proves this conjecture
by sample path comparison and shows that it holds for the continuous
review (s,S)-system as well. However, it does not hold for priodic review
systems.

Keywords: continuous reVIew (s,Q) and (s,S)-systems, waiting times,
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1. INTRODUCTION

In Van der Veen [2] and De Kok [3] a conjecture is found stating that the waiting time
distribution for customers in a continuous review (s,Q)-inventory system depends on the
lead times for replenishments in a very simple way. The waiting time of a customer is
defined as the time that elapses until his demand is completely satisfied.

In order to formulate the conjecture we consider two (s,Q)-systems that are completely
identical except for the lead times of the replenishments. The lead times in the second
system are x smaller than in the first system. I.e., if L O is the lead time in the first system
then the lead time LX in the second system x is given by

LX = max {Lo -x, O} (1)

From now on these two systems will be referred to as the O-system and the x-system
respectively.

If we denote the waiting time distributions in the two systems by FO and FX respectively,
then the conjecture reads as follows:
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Conjecture

For all x ~ 0 and all t ~ 0

FO(x + t) = FX(t).

In words, if the lead times are reduced by x then so are the waiting times.

(2)

We will prove this conjecture by coupling the sample paths for the two systems.

Above we formulated the conjecture for the (s, Q) system but as we will see the same
result holds for the continuous review (s,S) system.

2. THE MODEL

In the (s,Q)-inventory system customers arrive according to an arbitrary arrival process
at nondecreasing instants AI, A 2, .... The demand of the n-th customer is a nonnega
tive random variable Dn .

We will distinguish two inventory levels, denoted by X and Y. The X-level is the physi
cal stock minus the backlog of the customers. The Y-Ievel, further called the economic
inventory level, is the X-level plus the outstanding orders of replenishments.

The rule is that if a customer asks for more than the physical stock he will receive the
complete physical stock right away and the rest of his demand later on. Customers are
always served in order of arrival. So customer n cannot receive anything before the cus
tomers 1 upto n -1 are completely satisfied.

The (s, Q) rule prescribes to reorder if the economic inventory level drops to s. The order
size is the multiple kQ of the standard order quantity Q with k the smallest integer for
which Y + kQ > s.

Note that since the replenishment rule only looks at the Y-Ievel of the process, and the Y
level is independent of the lead times, the replenishments in the O-system and the x

system are identical. I.e., they are ordered at the same time and they are identical in size.

We have to assume that s is nonnegative. If s is nonnegative each customer is satisfied
from the physical stock or by orders placed prior to his arrival or by an order placed
immediately after his arrival. If s is negative however he might have to wait for the next
customer(s) to arrive before the still unsatisfied part of his demand is ordered.

We will also need the following notations. The times upon which replenishments are
ordered are denoted by T1 , T2, .... The amount ordered at time Ti is equal to Qi' The
lead time for the order placed at time T; in the O-system is denoted by L? In the x-system
the lead time is reduced by an amount x (if possible), so
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Lf =max {L? -x, OJ.

Note that replenishments are ordered at customer arrival instants only so the set of time
points {Tj } is a subset of the set {An}.

It is assumed that although the leadtimes for replenishments may be dependent, they can
not overtake eachother.

As said before we will compare the two systems by coupling the realizations. So let us
consider a fixed realization of the O-system and compare it with exactly the same realiza
tion of the demands and replenishments in the x- system.

We will be looking at the waiting times ~ and W~ of customer n in the two systems.
Noting that it is possible that a customer does not receive all his demand at the same
point in time, the waiting time is defined as the time a customer has to wait before his
demand is completely satisfied.

Finally, we denote by Y(A;) the Y-level of the system just before the arrival of the n-th
customer.

3. THE ANALYSIS

We will prove the following result.

Theorem 1

For all n for all x and for all t

(3)

In order to prove this, we first rewrite~ $ t + x as follows

00

~$t+x <=:> Y(A;)- LQ;I{T;<AnandT;+L?>An+t+x} -Dn (4)
;=1

00

+ ~Q;I{T,.=A andT,.+L~<A +t+x} ~O.~ I n I J - n
;=1

Here Iv is the indicator function having the value 1 on the set V and 0 elsewhere.

This equivalence is used implicitly in Van der Heijden and De Kok [1].

To understand this expression recall that none of the customers arriving after customer n
can receive anything before customer n is completely satisfied, and that replenishments
can not overtake eachother. So the n-th customer will be served before t + x if the X-level,

at time t + x is nonnegative in a modified system in which after his arrival no more custo-
mers arrive. For this situation (no arrivals after An hence no additional orders) the sum of
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the first three terms on the right hand side is equal to the X-level at time (t +x) without
the possible order at An. The last term covers the possible order placed because the
demand of customer n made the Y-level drop to s.

Similarly we have for W~ ~ t

00

w~ ~t <=> Y(A;)- LQ;I(T;<AnandT;+Lf>An+t} -Dn
;=]

00

+ L Q; I (T; =An and T; + Lf S; An + t) ~ 0 .
;=]

(5)

In order to prove the theorem we have to show that the right hand sides of (4) and (5) are
equal. Clearly the first and third term are equal. The second and forth term are equal if
for all i

I (Tj < An and T; + L? > An + t +x} = I (T; < An and T; +Lf > An + t}

and

(6)

I (T; =An and Tj + L? S; An + t +x) =

We have to consider two cases.

Case 1 • L? ~ x which implies Lf = L? - x.

Then we easily see that (6) and (7) hold.

I(T-=A andT-+L~<A +t}·I n I , - n
(7)

Case 2: L? < x implying Lf = O.

One may verify that under this condition both sides in (6) are equal to 0 since the two
conditions Tj < An and Tj > An + t contradict for all nonnegative t.
In (7) on both sides the second condition is implied by the first one which is the same on
both sides. So (7) holds as well.

So for any coupled pair of sample paths Theorem 1 holds. From this we conclude that
the conjecture formulated in the introduction holds:



- 5 -

Theorem 2

In a continuous review (s,Q) inventory system with nonnegative S we have

for all x ~ 0 and all t ~ 0

FO(x + t) =FX(t).

4. THE CONTINUOUS REVIEW (s,S) MODEL

Looking at the line of proof we see that we did not use that the batch sizes Qj were multi
ples of Q. What we did use was that the reorder process was not affected by the realiza
tions of the lead times, and that each customer was served at the latest by a replenishment
order placed at the time of his arrival! This is the case for the continuous review (s,S)

strategy as well, provided that S is nonnegative. So for this model the lead time shift
theorem holds as well:

Theorem 3

In a continuous review (s,S) inventory system with nonnegative S we have

for all x ~ 0 and all t ~ 0

FOCx + t) =FX(t).

Remark 1

The arrival process of customer orders may be a stationary point process. This covers the
case that the customer orders are replenishment orders from a finite set of warehouses.
Further, the replenishment strategy can be allowed to be a lot more general than (s,Q) or
CS,S), e.g., if the size of a replenishment order is influenced by discounts.

Remark 2

If S is negative then the result does not hold. In order to see this, take for example a prob
lem with zero lead times. Then LX =L°=0 for all x, hence FXCt) = FOCt) for all x and t.
But then Theorem 2 would imply FO(t) =FOCu) for all t and all u ~ t, so FOCt) =1 for all
t. Thus all waiting times would be zero. But if S is negative it may happen that an order
causes the physical stock to drop to a level between 0 and s, and then the order has to
wait at least until the next order arrives.
The proof fails at exactly the same place as in the case of periodic review models which
will be discussed in the next section.
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5. PERIODIC REVIEW MODELS

In the preceding section we said that it is important that no customer will be satisfied by a
replenishment order placed later than his arrival instant. This is no longer guaranteed in
the case of negative s. In periodic review models this conditon is also lost and therefore
the theorem does not hold anymore.
To see this let us first look at the proof in section 3. The only difference with the continu
ous review models is that the equality Ti =An in the fourth terms in (4) and (5) changes
into the inequality Ti ~ An. So the periodic review equivalent of (7) will be

(8)

One easily verifies that for L? < x (Case 2) the second condition in both sides of (8) is no

longer implied by the first one. So the proof fails.

A simple counterexample shows that the theorem does not hold. Consider the periodic
review (s,S) strategy with S =S =0 and periodlength R. Assume that the customers
arrive according to a Poisson process and that all lead times are equal to zero. Then the
waiting time of a customer is uniformly distributed on the interval [0, R]:

FO(t) =max(t/R, 1) t ~ 0

In this situation the lead time shift has no effect at all, so FO =F X for all x, which con
tradicts (2).

A possibility to obtain a similar result is to redefine the concept of waiting time by saying
that waiting does not start before the end of the review period. Let us call this the

modified waiting time. Then we see that the modified waiting times are the same as the
normal waiting times in the system where all customers arrive at review points. In that
case we again have the equality signs in (7). So we can show analogously to sections 3
and 4 that the lead time shift theorem holds.

CONCLUSION

In the periodic review (s,Q) and (s,S) systems with nonnegative s the modified waiting

times satisfy the lead time shift theorem.
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