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Transshipments in a divergent two-echelon network using the 
consistent appropriate share rationing policy 

E.B. Diks and A.G. de Kok 
Department of Mathematics and Computing Science 

Eindhoven University of Technology 

Abstract 

Consider a two-echelon inventory system consisting of a central depot (CD) and a number 
of retailers. Only the retailers face customer demand. The CD is allowed to hold stock. In all 
stockpoints, the echelon inventory position is periodically raised to certain order-up-to-Ievels. At 
the central depot, incoming stock is allocated by using the consistent appropriate share rationing 
(CAS) policy. 

When the orders arrive at the retailers, an instantaneous rebalancing of the total net stock of 
the retailers takes place, so as to maintain all end-stockpoint inventory at a balanced position. This 
rebalancing is realized by the transshipment of stock, assuming that the time to transship stock 
from one retailer to another is negligible compared to the lead time between CD and a retailer. 

The objective of this analysis is the determination of all the control parameters (integral order
up-to-Ievel, parameters of allocation policy at the CD and of the rebalancing policy at the retailer), 
so that the desired (different) service levels are achieved at the retailers at minimal expected total 
costs. Exact expressions are developed to determine these parameters. However, we will use some 
heuristics to actually compute these parameters, because of the intractability of the exact expres
sions. All analytical results are validated by Monte-Carlo simulation. 

The model developed will be compared with the same model without periodic, instantaneous 
rebalancing at the retailer. This yields insight into the conditions under which transshipment could 
be useful. 

1 Introduction 

In this paper we consider a divergent two-echelon inventory system consisting of a central depot (CD) 
and a number of retailers facing customer demand. Lateral transshipments between the retailers is al
lowed. Our objective is to determine all the control parameters of this inventory system, so that the 
desired (different) service levels are achieved at the retailers at minimal expected total costs. Further
more, we like to get insight into the conditions under which transshipment could be useful. 

A lot of research has been done to determine good (optimal) stocknorms for the control of multi
echelon production and distribution networks. By' optimal' we mean that the total costs (holding costs, 
distribution costs, etc.) are minimized under the condition that all the end-stockpoints (retailers) attain 
their pre-determined target service levels. In most of the literature the stocknorms are determined by 
first defining a cost structure and next finding cost-optimal policies, e.g. [Hoadley & Heyman, 1977; 
Karmarkar & Patel, 1977; Federgruen & Zipkin, 1984; Federgruen, 1993]. The major disadvantage 
of this approach is that in practice penalty costs are often unknown and, therefore, the applicability of 
this approach is limited. 

Another approach [Sherbrooke, 1968; Tijms & Groenevelt, 1984; Eppen & Schrage, 1981; De Kok, 
1990], is a more 'service related' approach to determine the stocknorms. In De Kok [1990] a planning 
procedure has been determined for a divergent two-echelon inventory model that operates according to 
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a periodic review policy. No intermediate stocks are held at the central depot (CD), thus the CD serves 
merely as a coordinator. Later the model is extended in Seidel & De Kok [1990] and De Kok, Lagodi
mos & Seidel [1994] by allowing the CD to hold stock. In Verrijdt & De Kok [1993] some deficiencies 
are corrected in applying the logic proposed by De Kok [1990]. 

Another way to guarantee high service levels, but keeping low stocknorms is to allow lateral trans
shipments between the end-stockpoints. In situations where often some end-stockpoints have excess 
inventory while others face shortages, lateral transshipment has gained in popularity as the appropriate 
recourse action to avoid shortages. However, by allowing these transshipments extra costs are involved. 
So the appropriateness of using lateral transshipments depends on the trade-off between the extra costs 
involved with transshipments and the ability to ensure low stocknorms and thereby low holding costs. 
We have to realize that unit transportation costs are usually much higher than unit holding costs. 

In order to get insight into the usefulness of pooling this paper compares the expected total costs 
of a divergent two-echelon distribution system without transshipments with the expected total costs 
of the same system in which pooling is allowed. The former system is already analyzed in a paper of 
De Kok, Lagodimos & Seidel [1994]. In thei r paper the model under consideration consists of one CD 
(which is allowed to hold stock) serving a number of retailers. The CD uses a base-stock replenishment 
policy, i.e. every review period the CD orders enough from an outside supplierto bring the systemwide 
inventory position to a certain level. Upon receipt of this order, the CD allocates it to the retailers by 
using a Consistent Appropriate Share (CAS) rationing policy. The policy is introduced by De Kok, 
Lagodimos & Seidel [1994], and in Section 3.1 we explain how this policy works. 

In this paper we extend their model by allowing lateral transshipments between retailers every re
view period. Like Karmarkar & Patel [1977], Hoadley & Heyman [1977], Tagaras[1989,1995], Tagaras 
& Cohen [1992] and Cohen, Kleindorfer & Lee [1986] we assume that these transshipments are in
stantaneous, i.e. all transshipment lead times have a zero duration. In practice this may correspond to 
shipping stock overnight. In this way the inventory system experiences zero transshipment lead times, 
while in reality it takes some time to ship the stock. Furthermore, the model with nonzero transship
ment lead times are extremely hard to deal with analytically. 

Besides low stocknorms, lateral transshipments also considerably reduce the imbalance in the in
ventory system. Imbalance can be seen as the phenomenon of allocating negative stock quantities under 
some rationing rule. Most models concerning divergent multi-echelons systems assume the impact of 
imbalance on the service levels to be negligible. The papers of Donselaar [1990] and Verrijdt & De Kok 
[1993] examine when this assumption is reasonable. 

A similar study comparing a two-echelon system without transshipments with a model with trans
shipments (a redistribution system) has been presented by Jonsson & Silver [1987]. They showed that 
a redistribution system becomes more advantageous in situations with high demand variability, a long 
planning horizon, many retailers, a high service level and short lead times. The major difference be
tween the Jonsson & Silver [1987] model and the one studied in this paper is that in the former model 
the CD is not allowed to hold stock and positive transshipment lead times are assumed, whereas in the 
latter the depot may hold stock and the transshipment lead times are zero. Furthermore, they consider 
inventory systems in which the review period is very large compared to the depot lead time and the 
retailer lead time. Hence, every retailer has at most one outstanding order at the CD or at another re
tailer. Since, in our model the duration of the retailer lead time is at least one review period, it is well 
possible for a retailer to have more than one outstanding orders at the same time. As it will tum out 
later, this complicates the analysis of the model considerably. 

Another paper analyzing the phenomenon of pooling is by Tagaras [1989], in which a two-echelon 
distribution system with only two retailers is considered. Every retailer employs an order-up-to-level 
policy, and pooling between the retailers is allowed. The depot has infinite capacity and the replenish-
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ment lead time equals zero. Also the transshipment between retailers is assumed to be instantaneous. 
This model is characterized by complete pooling in that if there is an economic incentive to transship 
one item, then the maximum amount will be sent. The model studied here can be seen as a generaliza
tion of the model of Tagaras. 

The paper is organized as follows. In Section 2 we describe the system under consideration. In 
Section 3 we present the rationing policy at the retailers and the rebalancing policy at the retailers. Next, 
we decompose the problem of determining the control parameters of these policies into subproblems. 
First, in Section 4 the control parameters of the rebalancing policy and the system order-up-to-Ievel 
are determined. Next, in Section 5 the parameters of the rationing policy at the CD are determined. 
In Section 6 we present some numerical results and compare some of the results with the model of 
De Kok, Lagodimos & Seidel [1994]. Finally, we give a few concluding remarks in Section 7. 

2 Model description 

Consider an inventory distribution system consisting of a central depot (CD) and N retailers. Each re
tailer faces external customer demand, which is independent of the demand at other retailers. When a 
retailer cannot satisfy customer demand, the shortage of on-hand stock (Physical stock) will be back
ordered. Each retailer uses the following replenishment policy so as to keep the amount backordered 
within bounds: At the end of every review period retailer n (n = 1, ... , N) places an order at the CD 
to bring the inventory position (stock on-hand plus stock on order minus backorders) up to Sn. This 
order arrives after a positive, deterministic lead time of l review periods. Note that every retailer has 
the same replenishment lead time. After the arrival of a replenishment order a complete rebalancing of 
the net stock (stock on-hand minus backorders) of all retailers takes place by instantaneous transship
ment. The rebalancing policy we use in this paper corresponds to the CAS rationing policy of De Kok, 
Lagodimos & Seidel [1994]. In Section 3.2 the properties of this policy are elaborated. Immediately 
after rebalancing all retailers place an order at the CD to raise their inventory position to their order
up-to-Ievel. 

The CD uses a periodic review ordering policy to replenish the stock at the CD, so as to meet the 
demands of the retailers. In this paper the duration of the review period at the CD and at the retailers are 
equal, and the review moments are synchronized. At the end of every review period the CD places an 
order at an outside supplierto bring the echelon inventory position (stock on-hand at CD plus stock on 
order plus the inventory position of all retailers) to order-up-to-Ieve1 So. This order arrives after a pos
itive, deterministic lead time of L review periods. After receiving the order there are two possibilities 
at the CD: 

• The stock on-hand at the CD is large enough to raise the inventory positions of the N retailers 
to their order-up-to-1evels and the remainder is retained at the CD . 

• The stock on-hand at the CD is insufficient to meet the demand of all the retailers. When such 
a shortage occurs, we assume that the retail demand which cannot be met is lost. An allocation 
rule will be used to ration the on-hand stock over the retailers. Again a CAS rationing policy 
will be used, which will be thoroughly anal yzed in Section 3.1. This material rationing at the 
CD takes place after the rebalancing at the retailers. 

We like to emphasize that the rationing of this order occurs immediately after the rebalancing of the 
total net stock at the retailers. 

As we mentioned before, the CD places an order at an outside supplier at the end of a review period. 
We assume that this supplier has an infinite capacity. Hence the echelon inventory position can always 
be raised to So. 

The order-up-to-levels So and Sn have to be chosen in such a way that the disservice (the amount 
backordered per review period) of every retailer is acceptable. This is done by guaranteeing that retailer 
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n gets a customer service level f3!. The service criterion considered in this paper is the fraction of 
demand satisfied directly from the stock on-hand, i.e. the fill rate. This definition of the service level 
is widely used in practice [Silver & Peterson, 1985; Lagodimos, 1992; De Kok, 1990]. 

Figure 1 shows the inventory distribution system we analyze in this paper. The stockpoints are 
depicted by a triangle and the duration of the lead time from supplier to CD and the replenishment 
lead times are depicted above the arrows. We assume that the demand retailer n faces during one review 
period has mean J..Ln and squared coefficient of variation ~. 

L 

Figure 1: Schematic representation of the inventory distribution system. 

3 AnaJysis 

Without loss of generality we assume that the duration of one review period corresponds to the duration 
of one period. In this section we use the following notation: 
N .- Number of retailers, 
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Depot lead time, 
Retailer lead time, 
The integral system order-up-to-level, 
The order-up-to-level of retailer n, 
Stock on-hand at CD at time t just after arrival replenishment order, 
The inventory position of retailer n at time t just before rationing, 
The inventory position of retailer n at time t just after rationing, 
The net stock of retailer n at time t just before rebalancing, 
The net stock of retailer n at time t just after rebalancing, 
Aggregate system demand in [t, t + k), 
Demand at retailer n in [t, t + k), 
The systemwide projected net inventory at the CD at time t + f + 1, 
Mean demand at retailer n during one review period, 
Squared coefficient of variation of one period demand at retailer n, 
The systemwide projected net inventory at the retailers at time t + 1, 
Allocation-fraction of retailer n of rationing at CD, 
Allocation-fraction of retailer n of rebalancing at retailers, 
The total expected stock transshipped between all the retailers every period, 
The expected stock transshipped by retailer n every period, 

So - L~=1 Sn, 

L~=1 J..Ln, 
So - f). - do. 
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3.1 Rationing policy at the CD 

At the end of an arbitrary review period the CD raises the echelon inventory position to So. For no
tational purposes we will refer to this point in time as t = O. Because the depot lead time equals L 
periods, this order arrives at the CD at the end of period L. So the stock on-hand at the CD after arrival 
of this order, XL, equals 

N 

XL = So - DO,L - I: IZ . (1) 
n=! 

Now the following equation holds 

(2) 

Using (1) and (2) we get 

(3) 

By choosing a /:1 :::: 0 we can manipulate the role of the CD. When /:1 = 0 the CD serves merely as 
a coordinator. This means that when the stock arrives at the CD it is immediately allocated to the re
tailers. While when /:1 = 00 the considered inventory system in fact reduces to N I-echelon systems 
working in parallel. 

In order to explain the rationing policy properly we introduce ut, which will be referred to as the 
systemwide projected net inventory at the end of period t + l + 1 just before a replenishment order ar
rives at the retailers (see De Kok, Lagodimos & Seidel [1994 D. ut represents the best estimate for 
the sum of the projected net inventory of all retailers at the end of period t + l + 1 given the inven
tory position of the retailers at the end of period t. If Condition (3) holds all the retailers can raise 
their inventory positions to their order-up-to-levels at time t = L. Hence the systemwide projected net 
inventory at time L + l + 1 equals the planned cumulative safety stock of the retailers. In formula, 

N 

/:1 :::: DO,L => ut = I:(Sn - (l + I)JLn). (4) 
n=! 

But because the CD has a finite capacity, Condition (3) does not always hold. When this is the case 
the CD is unable to fulfill the demand of all the retailers, and therefore the systemwide projected net 
inventory does not coincide with the planned cumulative safety stock. Because the shortage in the CD 
equals DO,L - /:1 the following implication holds, 

N 

/:1 < DO,L => ut = I:(Sn - (l + 1)JLn) - (DO,L - /:1). (5) 
n=! 

Combining (4) and (5) in one general formula yields, 

ut = So - /:1- (DO,L - /:1)+ - (l + l)do, (6) 

where x+ = max(O, x). 
The rationing policy which is used in this paper is the Consistent Appropriate Share (AS) rationing 

policy introduced by De Kok, Lagodimos & Seidel [1994]. This CAS rationing can be viewed as an 
adaption of the allocation policy introduced by De Kok [1990] for two-echelon depot-less networks. 
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The purpose of CAS rationing is to ensure that a pre-specified target seIVice level can be achieved at a 
retailer. It rations the depot inventory such that 

d ii - (l + 1) JLn 
Pn = N (7) 

Leii - (l + l)JLi) 
i=l 

Oearly. we need that L~=l p~ = 1. The rational of this policy is that it attempts to keep the ratio of 
the projected net inventory at any retailer over the systemwide projected net inventory constant at any 
time. 

Next we will derive an expression for the inventory position of retailer n after rationing. ii.. As 
we mentioned before. if Condition (3) holds all the retailers can raise their inventory positions to their 
order-up-to-levels. Otherwise the on-hand stock of the CD will be divided over the retailers. Hence. 

N { So - DO.L 
'" ~n N 
~h= LSn 

n=l 

b. < DO.L 

b. ~ DO,L 
(8) 

Again after some straightforward algebra. using (6). (7) and (8). we obtain for ii: 

(9) 

This expression can be interpreted as follows: The inventory position of retailer n equals the expected 
demand at retailer n during the replenishment lead time plus a review period. plus a fraction of the 
systemwide projected net inventory. 

If the depot inventory stock is rationed using the CAS rationing policy described above. this stock 
is not allocated consistently over the retailers. To illustrate this inconsistency consider a retailer with 
a large allocation-fraction. When Vf is positive this retailer profits because he gets a large part of the 
systemwide projected net inventory. However. when Vi is negative this retailer is 'punished' because 
he gets a large part ofthe negative Vf. To deal with this problem we introduce an allocation-fraction 
~ for negative Vf. From the above argument it is clear that the following has to hold to provide a 
consistent rationing policy: 

Condition 3.1. If for every n we define cfn as a function of P~. then this function has to be monotonously 
decreasing in p~. 0 

Oearly. for cfn we require L~=l cfn = 1. From Condition 3.1 it immediately follows that ii. has to be 
adapted to ensure that an increasing p~ implies an increasing customer seIVice level. 

(10) 

In practice the retailers usually require high seIVice levels. Therefore. most of the times vt is positive, 
which implies that the impact of cfn on i,n is very small. Due to this, and the fact that (10) is rather 
cumbersome, De Kok, Lagodimos & Seidel [1994] decided to use (9) in their analysis. This coincides 
with defining cfn equal to p~. Later in this paper we also will relax Condition 3.1, since otherwise the 
computations become intractable. 

Implicitly we assume the imbalance assumption of De Kok [1990] in (10). This means that for all 
t and n i,n ~ I? holds. When at a certain time t this assumption is violated the allocation of stock to the 
different retailers must be adapted. Then the procedure described in De Kok [1990] can be followed. 
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3.2 Rebalancing policy 

In Section 3.1 we analyzed how goods coming from the supplier are allocated over the retailers. After 
this allocation at t = L, the goods are shipped to the retailers. These orders arrive after l periods. During 
these periods retailer n faces a customer demand of D'i,L+1 and the total net stock is rebalanced l - 1 
times. Hence the net stock of retailer n after the arrival of the order at t = L + l yields 

L+l-I 

l'l+l = ii - Di,L+1 + L (~n - In· (11) 
l=L+1 

Notice that when l ~ 2 the net stock l'l+l depends on the complete history of the system. However, 
when the lead time from the CD to the retailers equals one review period (l = 1), lUI only depends 

on ii and D'L,L+I. 
Every time after the arrival of the orders at the retailers a complete rebalancing of the total net 

stock takes place by instantaneous transshipments. This is done by using a CAS rationing policy (see 
also Section 3.1). We know from the derivation of (6) that the inventory position of all the retailers 
together, after rationing at the CD, equals So - 6. - (DO,L - 6.)+. After l periods the orders arrive at 
the retailers. During this period the total demand at the retailers equals DL,L+I. So, the net stock of 
all the retailers, after arrival of the orders, equals So - 6. - (DO,L - 6.)+ - DL,L+I. Let us denote the 
systemwide projected net inventory at time t + I by U[ , which represents the best estimate for the sum 
of the projected net inventory of all retailers at the end of period t + 1 given the inventory positions of 
the retailers at the end of period t. Thus UL+1 satisfies 

UL+1 = So - 6. - (DO,L - 6.)+ - DL,L+1 - do. (12) 

Now units are transshipped instantaneously in such a way that after rebalancing the net stock of retailer 
n yields, 

(13) 

This expression is similar to that of (10). The net inventory after rebalancing equals the expected de
mand retailer n has to face before a new order arrives, plus a fraction of UL+I . Again we distinguish 
between a positive and a negative UL+I• If UL+1 is positive, retailer n gets fraction p~, otherwise he 
gets fraction if,.. Using an analogous argument like in the previous section we know Condition 3.2 has 
to hold. 

Condition 3.2. If for every n we define if,. as a function of p~, then this function has to be monotonously 
decreasing in p~. 0 

By choosing Ifn and if,. we are able to differentiate between the different retailers. The reason for fa
voring retailer n by choosing p~ relatively large, is based on the characteristics of retailer n (e.g. a 
high customer service level is demanded, or the customer demand is very unpredictable). How these 
differences between the retailers are expressed in the different sizes of the allocation-fractions is one 
of the main issues of this paper. In the next section we explain how to compute the allocation-fractions 
and in Section 6 we look at some examples. 

Similarly to the impact of iff. on it, the cfn will hardly effect J[ when the retailers demand high 
service levels. Like Condition 3.1, later in this paper we also will relax Condition 3.2, since otherwise 
the computations become intractable. 

It is easy to see that the expected shortage at retailer n in the time-interval [L + l, L + l + 1) equals: 

(14) 

7 



Expression (14) represents the expected shortage at retailer n just before a new order arrives at t = 
L + L + 1 minus the expected shortage at retailer n directly after rebalancing at t = L + L. Using the 
definition of the customer service level for retailer n, fJ~, yields 

(15) 

4 Determination of the control parameters of the rebalancing policy 

In this section we elaborate on how the control parameters of the rebalancing policy can be determined. 
These control parameters So, {p~} and {ifn} are implicitly defined by the service equations. However 
to determine these parameters we need a more tractable relation between the known fJ~ and the un
known control parameters. Therefore we fit a mixture of two Erlang distributions on the one-period 
demand distribution of every retailer. This means that the one-period demand of retailer n follows with 

probabilityal an Ek1,Al distribution and with probability a2 := 1 - al an Ek2 ,A2 distribution. In short 
we use the notation M E(al , a2, AI , A2, kl , k2). The mixed Erlang distribution is closely related to 
the gamma distribution. All advantages using the gamma distribution for lead time demand (Burgin 
[1975]) remain valid, but the computations are greatly simplified. The parameters of the mixed Erlang 

distribution can easily be solved from the mean and the variance. For more details of the fitting pro
cedure we refer to Tijms [1994] . With F(.), f( .) we denote the cdf and the pdf of these mixed Erlang 
distributions, respectively. 

To simplify the analysis of the service equations considerably we like to make an assumption sim
ilar to the one in De Kok, Lagodimos & Seidel [1994]. 

Assumption 4.1. X:= (DO,L - ~)+ + DL,L+I ,....- M E(fJI, fJ2, 4>1,4>2, It, h). 0 

In quite some papers (Langenhoff & Zijm [1990], Van Houtum & Zijm [1991] and Seidel & De Kok 

[1990]) similar assumptions have been made with satisfactory results. 
From Assumption 4.1 it is obvious that when ~ is small with regard to EDo,L (e.g. ~ = 0, which 

corresponds to a pure distribution system), (DO,L - ~)+ behaves almost like DO,L. This implies that 
X behaves almost like the convolution of the random variables DO,L and DL,L+I, which can well be 
approximated by a mixed Erlang distribution. When ~ is large with regard to EDo,L (e.g. ~ = 00), 
(DO.L - ~)+ will be zero most of the time. This means that X behaves almost as D L.L+{, which also 

can be well approximated by a mixed Erlang distribution. So only for ~ around EDo.L the impact of 
this assumption is not predictable in advance. Monte-Carlo simulation has been performed to test the 
impact of this assumption on the attained service levels for several ~. So far Monte-Carlo simulation 
reveals that indeed by making Assumption 4.1 only for ~ around EDo.L the attained service levels 
differs a bit (at most 0.004) from the service levels which would be attained if we had not made this 
assumption (see Appendix A). 

Using (15) and Assumption 4.1 we are able to rewrite the service equations in terms of the system 
parameters. In Appendix B.l an outline of this derivation is given. After considerable algebra we ob
tain, 

if ifn to, 
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if ifn = 0, 

2 kp-l Ai i (.) 
J-LII (1 - 13=) = Lap L -f L I. (-p:)j1/tJ (c, App:)ri_j(p:, Ap )+ (16b) 

p=1 i=O l. j=O ) 

(1 - FD •. 1 (JLII)) (1 - Fx(c)), 

where definitions of VtJ (v, 1}), rj(x, A) and Ji.j (A) are given in Appendix B. 
Notice that the above N equalities contain 2N + 1 unknown variables, namely {p~}, {ifnI and 

order-up-to-Ievel So. To reduce this number of unknown variables, we choose ifn in the following way, 
such that Condition (3.2) is satisfied, 

(17) 

Because L~= 1 p~ = 1 also holds, the number of equations equals the number of unknown variables. 
Hence p~ is implicitly defined as a function of f3= and So. 

Now we present a heuristic algorithm which determines the integral order-up-to-level So and the 
fractions p~. This heuristic is proposed by De Kok [1990]. Later some adaptations have been made 
by Verrijdt & De Kok [1993], and De Kok, Lagodimos & Seidel [1994]. 

1. Initialization of S, e.g. S := (L + l + 1 )do. 

2. Calculate p"'"n for n = 1, ... ,N, where ifn is the value for which (16) holds with order-up-to
level S. This can be done by using bisection, since the customer service level 13= is an increasing 
function of ifn. 

N -3. If LW=1 P.:n = 1 (close enough) then stop, else 
if Lifl P.!t > I then increase S and go back to 2, 
if Ln=1 JJ'n < 1 then decrease S and go back to 2. 

The algorithm above is a nested bisection scheme. The computational burden is related to step 2, where 
we have to solve N equations through bisection and iterate several times, depending on the stopping 
criterion in step 3. When this heuristic algorithm has stopped we use S and {ifn} as an approximation 
for the integral system order-up-to-Ievel So and the allocation-fractions {p~}, respectively. 

5 Determination of the control parameters of the rationing policy 

From (12), (13), and (15) it follows that the attained service level at retailer n is independent of {p~} 
and {tfn}. This enables us to choose suitable {p~} and {tfn}, i.e. minimizing the total expected stock 
transshipped every period, which is denoted by T. This corresponds to minimizing the expected trans
shipment costs every period, when the costs of shipping stock from one retailer to another are equal. 

Let III (x) E [0, 1] be a monotonously decreasing function on x E [0, 1], then the problem we have 
to solve can be formulated as a non-linear optimization problem with 2N variables, 

min T({p~}, (Inn 
s.t. p~ = III(cfn) 

N 

LP~ = 1, 
11=1 
N 

Lin = 1, 
11=1 

O~p~~1 
O~tfn~1 

9 

, n= 1, ... ,N, 

(18) 

,n=I, ... ,N, 
, n= 1, ... ,N. 



The objective function T can be interpreted as the total expected outflow of all the retailers. Thus, 

N 

T = L:Tn where Tn = E(JZ+I - iZ+I)+· (19) 
n=1 

Tn equals the expected stock transshipped from retailer n to another every period. In order to evaluate 
Tn we need a tractable expression for the net stock J'L+I' Unfortunately when 1 > 1, we know from (11) 
that J'L+I depends on the complete history of the system. Hence an analytic approach to determine Til 
becomes cumbersome. Therefore we shall distinguish between the case where 1 = 1 and I > 1. 

5.1 Case where 1 = 1 

In this case every retailer has exactly one outstanding order at the CD at any time. Because during the 
shipment of such an order no rebalancing takes place, the sum on the rightof(ll) equals O. Now using 
(6), (to), (11) and (12) we can rewrite (19), 

Tn = E [l1-n - D'L,L+l + p~ (c - (DO,L - ~)+ - do)+ - cfn «DO,L - ~)+ + do - c)+ 

-[I;. (c - (DO,L - ~)+ - DL,L+I)+ + ifn «DO,L - ~)+ + DL,L+I - c)+ t . (20) 

Tn consists of a number of nested max-operators, which makes it (almost) impossible to derive a tractable 
expression for Tn. If we now relax Condition 3.1 and 3.2 we could define 

In :=p~ ,n = 1, ... ,N, 

c!n :=p~ ,n = 1, ... ,N. 

(21a) 

(21b) 

In this way the computation of Tn would simplify considerably, because using the property x = x+ -
(-x)+ and substitution of (21) in (20) yields 

where Xn = (p~ - p~)(DO,L - ~)+ , 

Yn = p~ L:DLL+I ' 
i#n 

Zn = (1 - [I;.)D'L,L+I ' 
Kn = (p~ - p~)c + p~do -l1-n' 

(22) 

By defining {cfn} and {ifn} as in (21) we violate both Condition 3.1 and 3.2. Due to this relaxation 
of Condition 3.1 and 3.2 the rationing policy at the CD and the rebalancing policy will allocate more 
stock to retailers with relatively small allocation-fractions p~ and p~, respectively. To explain this we 
compare the following two scenario's: 

I-p~ I-p~ 
1. In=N-l and c!n=N_I' 

2. cfn=p~ and ifn=P~ (see (21». 

Notice that scenario 1 satisfy both conditions in contrast with scenario 2. From (10) we can easily 
verify that 

E[in • ..d = 1- p~] 
I' qn N-l 

E[in . ..d = 1- p~] 
I' qn N-l 

to 

p~ < liN 

p~ > liN 



For the case l = I this implies 

,. d I-p~ 
> E[J, ; '1,. = N _ 1 ] 

< E[r. d = 1 - p~] 
I ,'1,. N - 1 

By using similar arguments, from (13) one can easily verify 

p~ < liN 

p~ > liN 

p~ < liN 

p~ > liN 

(23) 

(24) 

Let T,.(k) (k = 1,2) denote T,. when scenario k is used. Then from (23), (24) and (19) it can be shown 
that 

1 
/\ p~ < N ====} T,. (2) < T,. (1), 

I 
/\ p~ > N ====} T,. (2) > T,. (l ) . 

Unfortunately, if both p~ < liN and p~ < liN, or if both p~ > liN and p~ > liN the effect on 
T,. is not known in advance. In order to get insight as to the impact of definition (21) on the behavior 
of T, we simulated a distribution system (N = 2, L = 6, l = 1, 6. = 0, ILl = 10, c1 = 1.0, ,8j = 
0.9, IL2 = 40, ~ = 1.4, and f3i = 0.9) for both scenario's. 

35r_------.-------r_----~,_----~,_----~r_----_. 

o~------~------~----~~------~------~----~ 
0.1 0.15 0.2 0.25 0.3 035 0.4 

AllocaIion·fraction retailer 1 

Figure 2: The behavior of TI, T2 and T as a function of p1 for both scenario's, when (N = 2, L = 
6, l = 1, 6. = 0, ILl = 10, cT = 1.0, ,8j = 0.9, IL2 = 40, ~ = 1.4, and,8i = 0.9. 

Figure 2 depicts the results of the Monte-Carlo simulation. It shows the behavior of T1, T2 and T 

as a function of the allocation-fraction p1 for both scenario's. One might argue that it is better to use 
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scenario 2, since for every allocation-fraction p1 in Figure 2 the expected total amount transshipped for 
scenario 2 is less than for scenario 1. However, one has to keep in mind that choosing ifn as described 
in (21b) affects the attained service levels. From (15) and (24) it follows that when scenario 2 is used 
a retailer n with p~ > II N will not be able to meet its target service-level! 

Notice that the allocation-fraction p1 for which T is minimized are equal in both scenario's, al
though the total expected amount transshipped for both scenario's differs significantly. If this result 
would hold in general, the use of definition (21), which is in conflict with Condition 3.1 and 3.2, is 
allowed in order to determine the {p~} for which T is minimized! Some more Monte-Carlo simula
tions are performed to check whether this result is valid in general. This has been done for distribution 
systems with N = 2, L E {1,6}, I = I, /). E to, 1.1LLILn}, ILI!IL2 E {0.25, 1.0}, ct = 1.0, q E 

{0.6, 1.0, 1.4}, tli = 0.9, and tli E {0.7, 0.8,0.9, 0.99}. Let (p1)* and (p1)A denote the allocation
fraction minimizing T for scenario 1 and 2, respectively. P and TA denotes the minimal total expected 
transshipment quantity for scenario 1 and 2, respectively. Appendix C depicts both the absolute error 
I (p1)* - (p1)A I and the relative error IT* - TA liP (in percents) for all instances. The simulation 
results in Appendix C reveals that in 68 out of the 96 instances the p1 differs at most 0.001 with the 
(p~)A. While, in 82 out of the 96 instances (p1)* differs at most 0.006 with (p1)A. 

From the tables in Appendix C we conclude that defining {~} and {ifnI as in (21) has a very small 
effect on the {p~} minimizing T, but can have a large effect on the size of the minimal T. Therefore, 
in the remainder of this Section 5.1 we use definition (21) in order to give a good approximation for 
the optimal {p~}. This means that Tn is given by equation (22). In Appendix B.2 we assume I Xn I, Yn , 

Zn to be distributed as a mixed Erlang distribution. This enables us to derive a tractable expression for 
Tn. So when the {p~} are given we are able to compute the total expected stock T transshipped every 
period. Due to the definitions of {~} and {ifn} the non-linear optimization problem (18) corresponds 
to the so-called resource allocation problem [Ibaraki & Katoh, 1988], 

min T({p~}) 

N 

s.t. LP~ = 1, 
n=! 

O:::p~:::1 ,n=I, ... ,N. 

Before we present an algorithm to solve this non-linear optimization problem with N variables. we 
look at Theorem 5.1. 

Theorem 5.1. For all the retailers the expected stock transshipped every period is a strictly convex 
function of the allocation-fraction p~ . 0 

This theorem has been proven in Appendix 0 and implies that our optimization problem is in fact a con
vex resource allocation problem. Using the convexity property of the objective function we are able 
to solve the problem with a 'conventional' optimization algorithm. The gradient projection method of 
Rosen could for example be used. This method projects the negative gradient in such a way that in 
each step of the iteration process the value of the objective function decreases. while maintaining fea
sibility of the current solution. For a more extensive explanation of this method we refer to the book 
of Bazaraa & Shetty [1979]. In Section 6 we use this projection method in the cases where 1 = 1 to 
determine the optimal {p~}. 

5.2 Case where I > 1 

In this case every retailer has several outstanding orders at the CD. During the time such an order is 
shipped from the CD to the retailer the total net stock at the retailers is rebalanced several times. This 

12 



is expressed by the summation term in (11), which is not equal too zero in general . This term causes 
JL+1 to depend on the complete history of the system. Hence an analytic approach becomes cumber
some. Therefore we make the following assumption. 

Assumption 5.1. All the allocation-fractions at the CD are equal to the allocation-fractions at the re
~~ 0 

The impact of this assumption on P is analyzed by simulation of several instances. For every in
stance we determine the {p~} which minimizes T. In order to find the optimal {p~} we use Monte-Carlo 
simulation. Since the simulation procedure is extremely time consuming we restrict ourselves to two
retailer systems. We only need to determine (pt)*, since (p~)* = 1 - (pt)'*. Based on the simulation 
experience so far, we conjecture T to be a convex function of pf, This conjecture generalizes Theorem 
5.1, which only holds for the case l = 1. Notice that we cannot proof this conjecture, since so far we 
have not been able to obtain a tractable expression for T in the case where l > 1. From this conjecture 
it is obvious that a bisection procedure can be used to find the (pt)*. 

Besides T* we also determine T H, which denotes the minimal expected total stock transshipped 
every period, when the assumption holds. Now we arc able to determine the relative error 8 = IT* -
TH II T* (in percents). The results of this study are shown in the tables of Appendix E. 

Table 7 depicts 8 for distribution systems without any intermediate stock (~ = 0), L + l = 7 and 
cr = 0.6. This table indicates that the assumption is reasonable, since 8 :::: 3% for all instances. Also 
notice the decrease of 8 with ILl I IL2. The good performance is for a large part the result of the behavior 
of T as a function of the {p~} . Like Figure 2, around the optimal {p~} the curve is flat. 

Table 8 examines whether ~ influences the validity of the assumption. This is done by analyzing 
the same instances like in Table 7, now however ~ equals 85% of the mean pipeline stock of the CD. 
Comparing the results of Table 7 and 8 indicate that ~ hardl y influences the results. 

In Table 9 we investigate the impact of the retailers having different target service levels. This ta
ble indicates that the assumption (almost) holds for I ~ 2, since 8 :::: 3%. However, when I = 1 for 
some instances (e.g. c~ = 1.4 and f32 E {0.7, 0.8}) the assumption is violated, since 8 ~ 8%. For these 
instances it is better to use the developed analysis of Section 5.1, which for example would yield the 
optimal {p~} for the above mentioned instances (see Table 4 in Appendix C). Furthermore, the per
formance improves when I increases. Finally, notice that when f3i equals 0.9 the assumption (almost) 
holds, since then both retailers demand the same service levels. 

Table 10 examines the same instances as in Table 9, when ~ equals 150% of the mean pipeline 
stock of the CD. Observe that in general the differences between Table 9 and 10 are small. This sug
gests that keeping stock at the CD hardly influences the impact of the assumption on P. 

Finally, we have been able to determine all the control parameters of the two-echelon model. Un
fortunately, we have not been able to derive an analytic, tractable expression for Tn. Therefore we sug
gest to determine Tn by simulation, which is feasible because at this point all the control parameters 
are known. 

6 Numerical results 

In this section we shall try to give insight as to when pooling between retailers could be profitable. We 
compare the results of our model with the results of De Kok, Lagodimos & Seidel [1994]. They also 
analyze the same divergent 2-echelon distribution system as we do. However, in their model transship
ments between end-stockpoints are not allowed. Therefore, the control parameters of their model are 
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the allocation-fractions at the CD. and the integral systcm order-up-to-Ievel denoted by SOl. These pa
rameters are determined by the same heuristic we used to determine {Pn} and So. Notice that in their 
model the {p~} plays the same role as the {Pn} in our model. Whcn the retailers demand significantly 
different service levels the imbalance assumption in the non-transshipment model is violated. caus
ing large differences between the target service-levels and the achieved service-levels. Due to this we 
are unable to determine SOl. Hence. we restrict the comparison of both models to a special class of 
distribution systems. in which the retailers demand the same target service level. 

With the transshipments extra costs Ce per unit per period are induced. On the other hand these 
transshipments results in a reduction Cr per unit per period. To simplify the computations we assume 
that Ce only consists of the distribution costs of shipping stock between retailers. and that these costs 
are equal for all retailers. Hence. 

Ce = aT, a ~ 0, 

where a := costs per period of shipping one unit of stock from one retailer to another. 
Assume that the reduction in costs by transshipment is given by 

where h := holding costs per period of one unit of stock. 
S~b integral order-up-to-leve1 for system without transshipment. 

We assume that the holding costs at the CD and at all the retailers are equal. This assumption is reason
able in distribution systems, since no value is added to the goods during the flow through the inventory 
system. For notational purposes we define r := al h, which is supposed to be a known constant. So 
transshipment becomes profitable when the cost-quotient Q := CelCr satisfies 

T 
Q = r SOl _ So < 1. 

First we analyze the relation between Q and the system parameters of some distribution systems. 
In Figure 3 we vary lead time L from 1 to 5, while keeping I constant. This figure shows that when 

the total lead time increases, pooling becomes less advantageous. The impact of the total lead time on 
Q is very small, specifically, in the case where the CD holds no stock (~ = 0) and the retailers demand 
low service levels (f3* = 0.7), and the case where the CD hold stock (~ = 1.5Ldo) and the retailers 
demand high service levels (f3* ~ 0.85). 

Figure 4 depicts the effect of the CD-location on Q, by varying lead time I and keeping L + I con
stant. This has been done forthe parameter set {(c~, f3*) I c~ E {0.6, 1.0, 1 A}, f3* E {0.7, 0.85, 0.99}}. 
Observe that pooling becomes more advantageous when the CD is positioned as close as possible near 
the supplier which seems intuitively clear. Besides this also the demand variability (~) plays an im
portant role when service level f3* and lead time I are not too large. The larger q is the more advan
tageous pooling becomes. Most of the above observations can be explained by the effect of statistical 
economies of scale [Eppen & Schrage, 1981]. At the end of an arbitrary review period the echelon 
inventory position is raised to the integral order-up-to-level. In the model of De Kok, Lagodimos & 
Seidel [1994] the allocation of this order to the individual retailers take place at the CD, after L periods. 
In the next I periods prior to the arrival at the retailers, every retailer has to overcome the fluctuations of 
the demand all by himself. In the transshipment model however the actual allocation to the individual 
retailers takes place after the arrival of the order at the retailers at time L + I. Hence compared to the 
model without transshipment fluctuations in the demand are shared by all retailers for an additionall 
periods. Finally, from Figure 4 we conclude that when high service levels are demanded and the CD 
holds stock the position of the CD has practically no effect on Q. 
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Figure 3: A distribution system with N = 2. I = 1. ILl / 1L2 = 0.67. ci = 0.6 and ci = 1.0. 
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Figure 4: A distribution system with N = 2. L + 1= 7. ILl / 1L2 = 0.67 and q = 1.0. 
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Figure 5: A distribution system with N = 2, L = 6,1 = 1 and cf = q = 0.6. 

Figure 5 depicts that Q decreases with the service level f3*. Furthermore, Q gets larger when the 
differences between mean demands per period at the retailers increases. This effect is enhanced when 
the CD holds some stock. 

Finally we like to analyze the effect of the number of retailers on Q. In Figure 6 we try to get in
sight into this effect, which is complicated by the rapidly growing number of parameters. Figure 6a 
and 6b depicts the identical retailer case and the non-identical retailer case, respectively. In the former 
figure a retailer n has JLn = 15 and ~ = 1. In the latter figure the characteristics of the demand pro
cesses of the retailers are presented in Table 1. An 'X' in the table means that this retailer is present in 
that distribution system. Figure 6 shows that Q decreases with N. The extent of this decrease is deter
mined by service level f3*. However, the demand characteristics of the added retailer also influence the 
extent of this decrease. Notice that when N increases the probability of some retailers having excess 
inventory while others face shortages increase. Hence transshipments become more advantageous and 
Q decreases. 

Retailer i JLi cf N=2 N=3 N=4 N=5 
1 5 1.0 X X 
2 10 0.6 X X X 
3 10 0.6 X X X X 
4 15 1.0 X X X X 
5 20 1.4 X 

Table 1: The characteristics of the demand processes of the retailers and the participating retailers for 
the several distribution systems. 

So far, we assumed that before analyzing the distribution system we have knowledge about 1:::.. 
However, we do not know which I:::. would be optimizing the total costs. Therefore, we conclude this 
section with a discussion on how this optimal I:::. could be determined. Notice that the stock on-hand at 
the CD at time t (after rationing) equals (I:::. - Dt-L,t )+. Hence when I:::. increases, the mean amount of 
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(a) Identical retailers. (b) Non-identical retailers. 

Figure 6: A distribution system with L = 4 and l = 1. 

stock held at the CD increases. The stock held at the CD can not be used to satisfy customer demands. 
therefore the integral system order-up-to-Ievel So has to increase to guarantee the service levels. On 
the other hand an increase of II diminishes the imbalance and simulation also reveals a decrease in T H. 

This result can be explained intuitively by realizing that by increasing II the retailers more often meet 
their order-up-to-levels (see (3)). Therefore there is less variability in the inventory positions of the 
retailers. This enables the rebalancing policy to use less transshipments in order to obtain the desired 
net stocking levels at the retailers. 

The optimalll depends on the trade off between the increase of So (holding costs) and the decrease 
of T M (transshipment costs). Figure 7 depicts this trade off for a distribution system with N = 2. L = 3. 
1 = 4. ILl = 1O.1L2 = 15. q = 0.6. q = 104. f3i = 0.95 and f3i = 0.8. For the optimal 1:1 holds 

aso aTM 
all = -r all . 

More extensive research has to be done to get more insight in how the optimalll depends on the control 
parameters. 

7 Conclusions and further research 

In this paper we considered a two-echelon distribution system consisting of a cental depot (CD) and a 
number of retailers. Every review period an instantaneous rebalancing of the total net stock takes place. 
by transshipping stock from one retailer to another. The rebalancing policy used is the CAS rationing 
policy of De Kok. Lagodimos & Seidel [1994]. just like the rationing policy used at the CD. In this 
paper the integral system order-up-to-Ievel and the allocation parameters of the rebalancing policy are 
detennined. so as the desired (different) service levels are attained. Furthennore we derived an ana
lytical approach to detennine the parameters of the CAS rationing policy at the CD. so as to minimize 
the mean total transshipment costs. This expression only holds when every retailer has at most one 
outstanding order at the CD all the time. i.e. the lead time from the CD to a retailer equals 1. because 
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Figure 7: The trade off between So and TH for a distribution system with N = 2, L = 3, I = 4, ILl = 10, 
IL2 = 15, cT = 0.6, c~ = 1.4, f3i = 0.95 and f3i = 0.8. 

if a retailer has more than one outstanding orders the analysis becomes cumbersome. For these cases 
we made an assumption which is reasonable when the lead time from the CD to a retailer exceeds 1. 

A comparison ofthe described transshipment model with the same two-echelon distribution model 
without transshipment [De Kok, Lagodimos & Seidel, 1994] shows that often the former model yields a 
considerably smaller integral system order-up-to-level. However, additional costs to rebalance the total 
net stock every review period are incurred. Therefore a condition under which transshipment could be 
useful is derived. This shows that the transshipment model becomes more advantageous in situations 
with many retailers, a high service level, mean demands per period of the same size, a small total lead 
time and the CD located as close as possible to the supplier. These results correspond to the results of 
Jonsson & Silver [1987]. 

Finally, a disadvantage of the model presented is that every review period a rebalancing between 
the retailers takes place. Therefore a model should be developed, which only transships when this is 
really necessary. This could be a topic for further research. 

18 



References 
BAZARAA, M.S., AND C.M. SHETTY [1979], Nonlineair Programming-Theory and Algorithms, Chapter 10, 

389-399. 
BURGIN, T. [1975], The gamma distribution and inventory control, Operational Research Quarterly i6, 507-

525. 
COHEN, M.A., P.R. KLEINDORFER, AND H.L. LEE [1986], Optimal stocking policies for low usage items in 

multi-echelon inventory systems, Naval Research Logistics Quart. 33, 17-38. 
DONSELAAR, K. VAN [1990], Integral stock nonns in divergent systems with lot-sizes, European journal 0/ 

operations research 45, 70-84. 
EpPEN, G., AND L. SCHRAGE [1981], Centralized ordering policies in a multi-warehouse system with lead 

times and random demand, Managment Sciences 16,51-67. 
FEDERGRUEN, A. [1993], Centralized planning models for multi-echelon inventory systems under uncertainty, 

in: S.C. Graves et al. (ed.), Handbooks in OR and MS, Elsevier Science Publishers, Chapter 3,133-173, 
Vol. 4. 

FEDERGRUEN, A., AND P. ZIPKIN [1984], Approximations of dynamic, multilocation production and inven
tory problems, Management Science 30, 69-84. 

HOADLEY, H., AND D.P. HEYMAN [1977], A two-echelon inventory model with purchases dispositions ship
ments, returns and transshipments, Naval Res. Logist. Quart. 24, 1-19. 

HOUTUM, G.J. VAN, AND W.H.M. ZIJM [1991], Computational procedures for stochastic multi-echelon pro
duction systems,lnternalional Journal 0/ Production Economics 23, 223-237. 

IBARAKI, T., AND N. KATOH [1988], Resource Allocation Problems: Algoritmic Approaches, The MIT Press. 
JONSSON, H., AND E.A. SILVER [1987], Analysis of a two-echelon inventory control system with complete 

redistribution, Management Science 33,215-227. 
KARMARKAR, U.S., AND N.R. PATEL [1977], The one-period, n-location distribution problem, Naval. Res. 

Logisl. Quart. 24,559-575. 
KOK, A.G. DE [1990], Hierarchical production planning for consumer goods, European Journal o/Operational 

Research 45, 55-69. 
KOK, A.G. DE, A.G. LAGODIMOS, AND H.P. SEIDEL [1994], Stock allocation in a 2-echelon distribution 

network under service-constraints, Technical report, TUE/BDK/LBS/94-03. 
LAGODIMOS, A.G. [1992], Multi-echelon service models for inventory systems under different rationing poli

cies, International Journal 0/ Production Research 30, 939-958. 
LANGENHOFF, L.J.G., AND W.H.M. ZIJM [1990], An analytical theory of multi-echelon production! distri

bution systems, Statistica Neerlandica 44, 149-174. 
SEIDEL, H.P., AND A. G. DE KOK [1990], Analysis 0/ stock allocation in a 2 -echelon distribution system, Tech

nical Report 098, CQM, Philips Electronics. 
SHERBROOKE, C.C. [1968], Metric: A multi-echelon technique for recoverable item control, Operations Re

search 16, 122-141. 
SILVER, E.A., AND R. PETERSON [1985], Decision Systems/or inventory management and production plan

ning, John Wiley and Sons, New York. 
TAGARAS, G. [1989], Effects of pooling on the optimization and service levels oftwo-Iocation inventory sys

tems, liE Transactions 21, 250-257. 
TAGARAS, G. [1995], Pooling in multi-location periodic inventory distribution systems, Presentation at the 

EURO XIV-conference, Jerusalem. 
TAGARAS, G., AND M.A. COHEN [1992], Pooling in two-location inventory systems with non-negligiblere

plenishment lead times, Management Science 38, 1067-1083. 
TIJMS, H.C. [1994], Stochastic Models: an Algoritmic Approach, Wiley, Chichester. 
TIJMS, H.C., AND H. GROENEVELT [1984], Simple approximations for the reorder point in periodic review 

and continuous review (s, S) inventory systems, European J. o/Operat. Res. 17, 175-190. 
VERRIJDT, J.H.C.M., AND A.G. DE KOK [1993], Distribution Planning/or a Divergent 2-Echelon Network 

without Intermediate Stocks under Service Restrictions, Technical report, TUE/BDK/LBS/93-27, (To 
appear in EJOR). 

19 



A Performance of Assumption 4.1 

cf = 0.5 cf = 0.75 
t:J. (*EDo.d SOH Exact Approx SOH Exact Approx 

0.0 0.0000 
0.848 (0.006) 0.849 (0.007) 

0.0000 
0.849 (0.006) 0.849 (0.008) 

0.847 (0.007) 0.847 (O.OlD) 0.848 (0.008) 0.848 (0.008) 

0.2 0.0000 
0.847 (0.006) 0.849 (0.005) 

0.0000 
0.849 (0.006) 0.850 (0.006) 

0.848 (0.007) 0.847 (0.007) 0.849 (0.008) 0.848 (0.009) 

0.4 0.0000 
0.847 (0.007) 0.848 (0.007) 

0.0000 
0.848 (0.006) 0.849 (0.008) 

0.847 (0.007) 0.848 (0.007) 0.847 (0.008) 0.848 (O.OlD) 

0.6 0.0000 
0.845 (0.007) 0.849 (0.007) 

0.0000 
0.847 (0.006) 0.850 (0.008) 

0.846 (0.007) 0.847 (0.005) 0.847 (0.008) 0.850 (0.005) 

0.8 0.0000 
0.846 (0.006) 0.850 (0.006) 

0.0000 
0.847 (0.006) 0.850 (0.009) 

0.847 (0.007) 0.849 (0.007) 0.847 (0.008) 0.848 (0.009) 

1.0 0.0000 
0.848 (0.006) 0.849 (0.006) 

0.0000 
0.849 (0.005) 0.849 (0.008) 

0.848 (0.007) 0.850 (0.008) 0.848 (0.008) 0.849 (0.010) 

1.2 0.0019 
0.849 (0.006) 0.849 (0.006) 

0.0026 
0.850 (0.005) 0.849 (0.007) 

0.848 (0.007) 0.847 (0.006) 0.849 (0.008) 0.849 (0.011) 

1.4 0.0291 
0.849 (0.006) 0.849 (0.007) 

0.0330 
0.851 (0.006) 0.849 (0.006) 

0.849 (0.007) 0.848 (0.007) 0.850 (0.008) 0.849 (0.008) 

1.6 0.1526 
0.850 (0.006) 0.849 (0.008) 

0.1593 
0.850 (0.006) 0.850 (0.007) 

0.850 (0.007) 0.849 (0.009) 0.849 (0.008) 0.848 (0.008) 

ct - 1.5 
Exact Approx 

0.0 0.0000 
0.849 (0.008) 0.846 (0.007) 
0.849 (0.008) 0.848 (0.008) 

0.2 0.0000 
0.849 (0.008) 0.849 (0.011) 
0.849 (0.006) 0.849 (0.009) 

0.4 0.0000 
0.848 (0.008) 0.848 (0.009) 
0.848 (0.006) 0.849 (0.008) 

0.6 0.0000 
0.847 (0.008) 0.849 (0.008) 
0.847 (0.008) 0.849 (0.008) 

0.8 0.0000 
0.848 (0.007) 0.850 (0.010) 
0.848 (0.006) 0.850 (0.008) 

1.0 0.0002 
0.848 (0.008) 0.848 (0.010) 
0.848 (0.006) 0.849 (0.008) 

1.2 0.0052 
0.849 (0.008) 0.847 (0.009) 
0.849 (0.006) 0.847 (0.007) 

1.4 0.0447 
0.849 (0.008) 0.851 (O.OlD) 
0.849 (0.006) 0.848 (0.007) 

1.6 0.1781 
0.850 (0.008) 0.849 (0.012) 
0.849 (0.007) 0.849 (0.009) 

Table 2: The attained service-levels of all retailers for a distribution system with N = 2, L = 3,1 = 2, 
J.lIiJ.l2 = 0.67, c~ = 1 and fJ* = 0.85. SOH denotes the mean stock on-hand at the CD expressed in 
the mean total period demand. Exact and Approx denotes that Assumption 4.1 is not used and used, 
respectively. The number between brackets indicate the 95% confidence interval. 
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B Definitions 

In this Appendix B we first give an outline on how equality (16) can be derived. Secondly we introduce 
some assumptions to derive a tractable expression to compute Tn. 
But before we do this we introduce the following notation: 
If X rv M E(exl, ex2. AI. A2, kl. k2) then holds. 

Al (j +kp -I)! eX. (x) = ex p -----':..........,---:- --..!...---
p.} O .. p +X)j+kp (kp - I)! 

1/1 (v. 7]) = 

Furthermore. we define 

( A) e-)..(jLn+xC)L ~ (A(JLn +XC»k 
OJ x, = 'J+l ~ k' ' 

,.. k=O . 

J~~(v. A) = 
}. 
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B.l Outline derivation service equations 

In (15) the definition of the customer service level of retailer n, f3~, is given. Substitution of (13) in 
equality (15), yields 

f3! = 1 - E(Yl.n - JLn)+ - ECY2.n - JLn)+, n = 1, . . . , N. 
JLn 

with Yl.n = D'i+I.L+I+l - P~CUL+/)+ +tfnC-UL+/ )+, 

Y2.n = Yl.n - D'i+I.L+l+l . 

(25) 

Next we determine the expected shortage at the end of a period, E(Yl.n - JLn)+. It can be shown that 
E(Yl,n - JLn)+ yields 

The expected shortage immediately after rebalancing E(Y2.n - JLn)+ yields 

2 Ip-l (~y ( ¢p) 
;; f3 p t; -i-! T:j ifn, cfn 

o 

Substitution of (26) and (27) in (25) yields (16). 

B.2 Expression for Tn 

In order to obtain a tractable expression for Tn we make the following assumption: 

Assumption B.l. For the random variables of equation (22) holds 

for all n E {I, ... , N} . 

1 Xn I""' M ECa7, ai, A7, Ai, k'{, "2), 
Yn ""' ME (f37 ' f3i, ¢7 ' ¢i ' 17 ' Ii ) , 

Zn ""' M E(yj, Yi, 'fJ7, 'fJi, m7, mi)· 
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After considerable algebra we get, 
ifpr _ pd > 0 n n _ t 

l{Kn:::O} [(E I Xn I +EYn - Kn)Fzn (-Kn) - EZn + ofn (-Kn, O)J + 

t~;/I: (E I Xn I +1;; i) (4)~)i t (i.)K~-j1if.~«-Kn)+,4>;)+ 
p=l i=O p t. j=o ) 

t :: ~ (~- i) (A~)i t (i.) (-l)j i: (i ~ j)K~-j-k JJ,~«-Kn)+' A;), 
p=l p i=O l. j=o } k=O 

if Pn - p~ < 0, 

Tn = 1 {K.:::O} (EYn - EZn - Kn)Fz.(-Kn) - E I Xn I +o~X.I(-Kn,O)J + 

1 {Kn:::O} t r; mEl (-EYn + m; n- i) (_~;)i t (i.)K~-jVtj~;I(-Kn' 11;) + 
p=l i=O 11 p l. j=O } 

(28a) 

1 {K.:::O} t~;/I:(I;-i)(4>~)it(i.)i:(i~j)K~-j-kJJ.~(-Kn'4>;) + (28b) 
p=l 4>P i=O t. j=O } k=O 

t ~ II: (I; - i) (4)~)i t (i.) 0;' (0,4>;) i: (i ~ j) K~-j-ke~~~I« -Kn)+, 4>;). 
p=l p i=O l. j=O } k=O 

C Simulation results of scenario 1 and 2 

6 =0 6 = 1.1 L L J.Ln 

~2 ~2 
L c~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 

0.6 0.005 0.000 0.000 0.000 0.005 0.005 0.000 0.000 
1 1.0 0.008 0.005 0.000 0.000 0.038 0.018 0.000 0.000 

1.4 0.011 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.6 0.008 0.008 0.000 0.000 0.021 0.021 0.000 0.003 

6 1.0 0.000 0.004 0.000 0.000 0.013 0.016 0.000 0.000 
1.4 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.006 

Table 3: Absolute error I(pt)* - (pt)AI when N = 2,1 = I, J.LIiJ.L2 = 1.0, q = 1.0 and ~r = 0.9. 
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~=O ~ = 1.1L:L JLn 

f3i f3i 
L ~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 

0.6 0.006 0.000 0.000 0.003 0.002 0.026 0.000 0.000 
1 1.0 0.005 0.000 0.018 0.000 0.000 0.000 0.000 0.000 

1.4 0.001 0.000 0.005 0.000 0.001 0.000 0.000 0.000 
0.6 0.000 0.013 0.000 0.000 0.029 0.000 0.000 0.006 

6 1.0 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000 
1.4 0.000 0.000 0.004 0.000 0.000 0.000 0.000 0.001 

Table 4: Absolute error I (p1)* - (p1)A I when N = 2, l = 1, JLl / JL2 = 0.25, S = 1.0 and f3i = 0.9. 

~=O ~ = 1.1L L JLn 

f3i f3i 
L ~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 

0.6 1.6 2.1 1.1 0.6 1.1 1.9 1.1 0.6 
1 1.0 2.6 0.8 0.0 0.2 3.5 1.4 0.0 0.1 

1.4 4.9 1.5 0.4 0.0 4.8 1.4 0.4 0.1 
0.6 3.0 2.7 1.1 0.6 2.4 2.3 1.1 0.5 

6 1.0 1.6 0.8 0.0 0.1 2.1 0.6 0.0 0.2 
1.4 4.5 2.5 0.5 0.1 4.3 1.8 0.5 0.1 

Table 5: Relative error IT* - TAI/T* (in percents) when N = 2, l = 1, JLl/JL2 = 1.0, cT = 1.0 and 
f3i = 0.9. 

~=O ~ = 1.1L:L JLn 

f3i f3i 
L c2 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 

0.6 15.5 7.2 3.4 1.5 15.5 6.2 3.7 1.3 
1 1.0 12.6 3.7 11.4 2.1 12.0 2.1 11.0 2.1 

1.4 10.7 0.9 16.2 3.1 10.1 3.1 15.7 2.9 
0.6 14.5 9.0 0.9 3.0 13.2 7.5 3.1 3.3 

6 1.0 12.8 7.7 7.6 4.1 11.3 5.1 10.4 3.7 
1.4 12.4 6.4 14.5 3.9 11.3 2.8 16.7 4.0 

Table 6: Relative error IT* - TA I/T* (in percents) when N = 2, l = 1, JLl / JL2 = 0.25, cT = 1.0 and 
f3i = 0.9. 
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D Proof of Theorem 5.1 

In this section we give the proof of Theorem 5.1. For that purpose we determine the second derivative 

of Tn to p~, where 

After conditioning of Yn and Zn in (29) we obtain 

where v(y, z, p~) = z - y + l(p~do - JLn) + (p~ - p~)c. 
Taking the second derivative of Tn to p~ yields 

a~~)2 = 100 100 

H(y, z, p~) dFYn (y)dFZn (z) , 

d a2E[(p~ - p~)(DO,L - ~)+ - v(y, z, p~)t 
where H(y, z, Pn) = a(~)2 

(29) 

(30) 

By conditioning on (DO,L - ~)+ and case distinction of Pn - p~ we are able to get an explicit expres
sion for H(y, z, p~). After some straightforward algebra, we get 

Pr _pd 
n - n 

H(y, z, p~) = 
r d (31) 

Pn > Pn . 

Define, 
G):= {(y, z) E Rt I v(y, z, p~) < OJ , 
G2:= fey, z) E G) I z - y + l(p~do - JLn) ::P OJ, 
G3:= {(y, z) E Rt I v(y, z, p~) > 0, z - y + l(p~do - JLn) ::P oJ. 

It is easy to see that G), G2 and G3 are non-empty sets. Using equations (30) and (31) yields 

a2Tn II d a(~)2 = G H(y, z, Pn) dFYn (y)dFzn (z) , 

where G equals G), G2 or G3. depending on p~ and Pn. 
Therefore G is non-empty. hence there exist a (y, z) E G. For this (y, z) holds that H(y, z, p~) > O. 
Hence the second derivative of Tn to p~ is positive. So Tn is a strict convex function of p~. Then it 
is clear that the expected stock transshipped every period. T, is a convex function of the allocation
fraction P~. because the sum of strictly convex functions is also strictly convex. 0 
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E Impact of Assumption 5.1 on T 

1 = 1 1=2 
f3* f3* 

ILl! IL2 c2 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 1.1 1.2 1.1 0.8 1.2 1.3 0.8 0.8 

0.25 1.0 2.2 2.0 1.5 0.0 2.3 2.1 1.2 0.2 
1.4 2.4 1.8 0.9 0.0 2.1 1.8 2.3 1.1 
0.6 0.4 0.4 0.3 0.0 0.3 0.6 0.5 0.3 

0.67 1.0 0.6 0.2 0.0 0.0 0.3 0.3 0.2 0.4 
1.4 0.3 0.0 0.0 0.1 1.0 0.7 0.5 0.5 
0.6 0.0 0.0 0.0 0.0 0.2 0.1 0.3 0.3 

1.00 1.0 0.0 0.0 0.1 0.2 0.0 0.0 0.1 0.2 
1.4 0.0 0.1 0.3 0.4 0.4 0.6 0.7 0.5 

1=3 1=6 
f3* f3* 

ILl! IL2 c2 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 0.4 1.2 1.7 1.0 0.0 0.3 1.1 0.4 

0.25 1.0 1.9 1.8 0.8 0.0 1.4 1.5 0.4 0.0 
1.4 1.4 0.5 0.0 0.0 0.7 0.3 0.1 0.0 
0.6 0.0 0.1 0.3 0.0 0.2 0.0 0.4 0.0 

0.67 1.0 0.5 0.4 0.3 0.0 1.0 1.2 0.3 0.0 
1.4 0.3 0.2 0.0 0.4 0.8 0.3 0.1 0.1 
0.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

1.00 1.0 0.4 0.2 0.1 0.2 0.7 0.6 0.2 0.0 
1.4 0.2 0.0 0.0 0.8 0.7 0.4 0.1 0.2 

Table 7: Estimates for the relative error 8 for distribution systems with /). = 0, N = 2, L + 1 = 7 and 
cr = 0.6. 
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1 = 1 1=2 
f3* f3* 

ILl / 1L2 c1 1 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 1.3 1.3 1.2 0.8 1.4 1.6 1.4 0.8 

0.25 1.0 2.4 1.9 1.3 0.0 2.1 2.3 1.6 0.2 
1.4 2.3 1.3 0.4 0.0 2.0 2.3 2.3 0.1 
0.6 0.6 0.3 0.2 0.0 0.5 0.5 0.3 0.2 

0.67 1.0 0.6 0.2 0.0 0.0 0.5 0.3 0.5 0.4 
1.4 0.2 0.0 0.0 0.1 1.0 0.8 0.5 0.5 
0.6 0.0 0.0 0.0 0.0 0.2 0.2 0.0 0.3 

1.00 1.0 0.0 0.0 0.1 0.2 0.0 0.0 0.1 0.2 
1.4 0.0 0.1 0.3 0.5 0.4 0.6 0.7 0.5 

1=3 1=6 
f3* f3* 

ILl / 1L2 c~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 0.6 1.4 1.7 0.9 0.0 0.2 0.7 0.1 

0.25 1.0 1.7 1.4 0.4 0.0 0.8 1.0 0.1 0.0 
1.4 0.8 0.1 0.1 0.0 0.3 0.1 0.0 0.0 
0.6 0.0 0.1 0.3 0.0 0.2 0.0 0.2 0.0 

0.67 1.0 0.6 0.6 0.3 0.0 0.4 0.8 0.4 0.0 
1.4 0.5 0.2 0.0 0.3 0.8 0.8 0.3 0.0 
0.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

1.00 1.0 0.6 0.5 0.1 0.2 1.2 0.9 0.6 0.0 
1.4 0.4 0.1 0.0 0.7 1.3 1.1 0.3 0.1 

Table 8: Estimates for the relative error 8 for distribution systems with fj" = 0.85Ldo, N = 2, L +1 = 7 
and cr = 0.6. 
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1 = 1 1=2 
f3i f3i 

JLti JL2 c2 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 3.1 2.9 2.6 6.1 1.5 1.2 1.0 2.4 

0.25 1.0 5.3 5.3 3.4 4.6 2.6 2.7 1.2 2.3 
1.4 8.3 8.5 2.2 5.6 3.0 2.9 1.1 2.5 
0.6 2.9 2.7 1.4 5.8 1.3 1.3 0.5 2.4 

1.00 1.0 4.2 3.6 1.2 5.6 2.2 1.6 0.1 2.2 
1.4 7.1 4.9 0.3 5.5 2.4 2.0 0.6 2.4 

1=3 1=6 
f3i f3i 

JLti JL2 c~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 1.7 1.5 1.3 1.7 1.4 1.5 1.4 0.7 

0.25 1.0 2.1 1.9 1.5 1.3 2.1 1.3 1.2 1.2 
1.4 2.6 2.6 1.2 1.3 1.8 1.9 0.9 0.7 
0.6 1.2 1.1 0.2 1.5 2.1 2.1 0.4 1.0 

1.00 1.0 2.2 1.8 0.1 1.8 2.6 1.7 0.2 0.8 
1.4 2.5 1.9 0.1 1.8 2.3 1.5 0.2 0.9 

Table 9: Estimates for the relative difference 8 for distribution systems with tJ,. = 0, N = 2, L + 1 = 7, 
cT = 1.0 and f3i = 0.9. 

1 = 1 1=2 
f3i f3i 

JLIi JL2 c~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 3.3 3.8 2.5 5.6 1.4 1.5 1.3 2.5 

0.25 1.0 6.4 6.1 2.0 5.0 2.7 2.8 1.2 2.3 
1.4 8.6 9.0 2.4 5.5 3.0 3.2 1.6 2.6 
0.6 3.4 3.7 1.6 5.8 1.4 1.3 0.4 2.3 

1.00 1.0 6.9 4.0 1.3 6.1 2.4 1.7 0.1 2.4 
1.4 9.5 4.2 1.5 6.1 2.6 2.1 0.6 2.4 

1 = 3 1=6 
f3i f3i 

JLti JL2 c~ 0.7 0.8 0.9 0.99 0.7 0.8 0.9 0.99 
0.6 1.7 1.7 0.8 1.0 1.5 1.6 1.4 0.7 

0.25 1.0 2.6 2.6 1.1 1.4 2.0 1.8 1.2 1.1 
1.4 2.7 2.6 0.4 1.5 1.8 1.9 0.8 0.7 
0.6 1.7 1.9 0.7 1.8 2.3 2.2 0.5 0.9 

1.00 1.0 3.3 2.1 0.3 1.7 2.8 1.7 0.2 0.8 
1.4 3.1 1.4 0.2 1.9 2.5 1.6 0.1 0.9 

Table 10: Estimates for the relative difference 8 for distribution systems with tJ,. = 1.5Ldo, N = 2, 
L + 1 = 7, cT = 1.0 and f3i = 0.9. 
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