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Abstract

Conditions for the reachability and stabilizability of systems over polynomial rings are well
known in the literature. For a system E = (A, B) they can be expressed as right-invertibility
conditions on the matrix (zI - A IB). Therefore there is quite a strong algebraic relationship
between both conditions, but unfortunately they are difficult to check explicitly. In this
paper we introduce for each system E = (A, B) a corresponding polynomial ideal I which
characterizes both reachability and stabilizability in a very straightforward way. Moreover,
methods are given to compute this ideal and its variety explicitly using Grabner Bases
techniques. With help of the Grabner Basis of the ideal I, conclusions on the reachability
and stabilizability of the system E = (A, B) are easy to draw.
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1 Introduction

Systems over (polynomial) rings can be seen as a rather straightforward generalization of
ordinary systems over fields. In the last three decades these systems have been investigated
quite extensively (see for example [1] and [7]), not only because they highlight the most im
portant system theoretic properties very clearly, but also because they have very interesting
applications. For example, systems over polynomial rings can be used to model systems
with varying parameters and time-delay systems. In the last case, some delay operators
tTt, ••. , tTl are introduced which act on the state trajectory x(t) and the input trajectory
u(t) of the system:

tTiX(t) = x(t - Ti), tTiU(t) =u(t - Ti), (1)

where the Ti, (i = 1, ... ,l), are l incommensurate time-delays. A time-delay system can
then be written as:

{
x(t) = A(O't,""O'l)X(t)+B(O'},""O'l)U(t),
yet) =C(O't, ••. ,00l)X(t) +D(0'1, . .. 'O'l)U(t),

where the matrices A = A(0'1, ... ,O'l), iJ = B(O't, •.• ,O'l), 6 = C(O'}, ••• ,O'l) and b =
D(O't,"',O'l) are all matrices over the polynomial ring R[O't, .•. ,O'd. So the quadruple
E = (A, iJ, 6, b) can be seen as a system over the polynomial ring R[O't, ••• , O'l]'

Several system theoretic concepts which are well-known for systems over fields, such
as reachability and stabilizability, are easily generalized to the (polynomial) ring case. The
conditions for these properties look very much the same as in the field case, but unfortunately
they are far more difficult to test explicitly. In this paper we propose a method for such
tests using polynomial ideals and Grabner Bases.

2 Reachability and stabilizability conditions in terms of a
polynomial ideal

Let JC be an arbitrary field of characteristic zero. We denote the ring of all polynomials in
l indeterminates O'b'" ,O'l with coefficients in /C by n := /C[O'b'" ,O'l]. Let A and B be
n X nand n x m matrices respectively, which have all their entries in n. Then the concept
of reachability is easily generalized to the ring case: I; = (A, B) is called reachable if and
only if the columns of the matrix (B I AB I ... I An-1 B) span the free module nn. It is
possible to reformulate this condition as a generalized PBH-test (see [6]):

Lemma 2.1 Let E = (A, B) be s system over n. Then (A, B) is reachable if and only if

(zI - A I B) is right-invertible over n[z]. (3)

In this algebraic approach the idea of stability is somewhat more difficult to grasp. In
most cases, stability is defined with help of a so-called Hurwitz-set V (see [5, p. 105]).
This is a subset of 'R[z] , which is multiplicative and saturated, and consists only of monic
polynomials. One can think of this set as the set of all stable polynomials. A system
E = (A,B) is called internally stable w.r.t. V if det(zI - A) E V. With the Hurwitz-set V
we associate a ring of fractions, denoted by nv(z):

nv(z) := {:~;~ E n(z) Ip(z) E n[z]; q(z) E V}.
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Then it is easy to generalize the PBH-test for stabilizability to the ring case, though in this
case dynamic state feedback is necessary to achieve stability (see [6]).

Theorem 2.2 Let I: = (A, B) be a system over'R. Then I: = (A, B) is internally stabiliz
able by dynamic state feedback if and only if

(zI - A IB) is right-invertible over'Rv(z). (5)

The conditions (3) and (5) look very similar, and it is possible to reformulate both of
them with help of one and the same polynomial ideal. This ideal associated with the system
I: = (A, B) is defined as:

I:= {c/>(z) E 'R[z] 13M(z) E 'R[z](n+m)xn S.t. (zI - A IB)· M(z) = c/>(z), I}. (6)

In this paper the ideal I plays the leading part. It can be seen as the ideal describing
the set of all internal dynamics that can be obtained from the system I: = (A, B) by
dynamic state feedback. Therefore this ideal can be used to characterize both reachability
and stabilizability of the system I: = (A, B):

Theorem 2.3 Let I: = (A, B) be a system over 'R. Define the ideal I as in (6). Then

(i) I: = (A,B) is reachable if and only if I = 'R[z],

(ii) I: = (A, B) is stabilizable by dynamic state feedback if and only ifIn 'D :f; 0.

So, to test reachability and stabilizability we want to find a characterization of the
ideal I that is somewhat more manageable than the original definition (6). Because 'R is a
polynomial ring, this can be done with help of Grabner Bases.

3 Computation of the ideal T

The computation of a Grabner Basis for the ideal I is rather involved. But fortunately
there exist some ideals which are strongly related to I and more easily characterized using
Grabner Basis methods. With help of these ideals it not only possible to find a description
of I in terms of Grabner Bases, but also to describe the variety V(I) of I without computing
I explicitly.

Let A E 'Rnxn and B E 'Rnxm. We start defining three different ideals associated
with the system I: = (A, B). Their definitions are motivated by the three methods to test
reachability described in [4]. The relationship with the ideal I is clarified later.

First we consider a sort of column-wise definition of I. Let ei denote the i th unit vector
in 'Rn (i =1, ... ,n), and define

'Hi .-. {c/>(z) E 'R[z] I 3t1'(z) E 'R[z]n+m s.t. (zI - A IB)· tI'(z) = c/>(z), ed, (7)
n

'H .- n'Hi. (8)
i=l

Then it is easily seen that 'H = I.
Next, let Tl,'" ,TK E 'R[z] denote all the n x n minors of the matrix (zI - A I B), and

define the ideal :J as the ideal in 'R[z] generated by all these minors:

(9)
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It is not difficult to prove that .1 C I c rad(.1).
Finally, let i E {I, ... , n} and introduce n - i indeterminates qi+l,' .. ,qn' Define the

polynomials Pit, ... ,Pin+m in 'R.[z, qi+I, ... ,qn] by the following product:

(Pit" 'Pin+m ):= (Q.:.:..:91 1Iqi+I· ··qn)· (zI - A I B).
i-I

Now the ideal Li in 'R.[z] is defined as the intersection of'R.[z] and the ideal in the extended
polynomial ring 'R.[z, qi+l, ... ,qn] generated by the polynomials Pit" .. ,Pin+m :

Li := (Pin'" ,Pin+m ) n'R.[z].

The intersection of all ideals Li (i = 1, ... , n) is called L:

n

L := nLi.
i=I

(10)

(11)

The next theorem describes the relationship between the ideals L and I, and summarizes
some of the results already mentioned above.

Theorem 3.4 Let E = (A, B) be a system over 'R., and define the associated ideals I, 1i,
.1 and L as in (6), (8), (9)and (11) respectively. Then

(i) .1 c I = 1i C L,

(ii) V(.1) = V(I) = V(1i) = V{L).

Although the ideals .1 and L are not exactly the same as I, they have one important ad
vantage: they are easily characterized using Grabner Basis techniques. For.1 this is trivial:
application of Buchberger's algorithm on the minors rI,"" TK yields a Grabner Basis for
.1. The ideals Li are also easily obtained: a Grabner Basis of the ideal (pit, . .. ,Pin+m ) w.r.t.
a pure lexicographic ordering with {qi+l ... qn} highest in rank, can be used to eliminate
these indeterminates, and a Grabner Basis for Li remains. Finally it is possible to compute
a Grabner Basis of the intersection L by applying the method described in [2, p.187].

Unfortunately, the computation of Grabner Bases for the ideals 1ii (i = 1, ... , n) is
somewhat more involved, but still possible due to the next lemma:

Lemma 3.5 Let qT := (qI ... qn) be an n-rowvector of indeterminates and define

Consider PI, ... , Pn+m as polynomials in 'R.[Z, qI, ... ,qn] and define for i = 1, ... , n the
ideals 'Pi := (PI, ... ,Pn+m)n'R.[z, qi]. Then

Vi E {l, ... ,n}: 1ii = {~(z) E 'R.[z] I qi ·~(z) E 'Pi}' (12)

Using formula (12) it is easy to find a Grabner Basis for 1ii, once a Grabner Basis for
'Pi is computed. So, starting from the original system E = (A, B), Lemma 3.5 describes a
little detour to compute a Grabner Basis for the ideal I =1i. With the original definition
of I (compare (6» this was impossible.
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4 Testing reachability and stabilizability

Given a system E = (A,B) over 'R, we recall from Theorem 2.3 that I = 'R[z] is a necessary
and sufficient condition for the reachability of E. According to the Hilbert-Nullstellensatz,
I = 'R[z] if and only if V(I) =0. But because of Theorem 3.4 (ii) this last condition can
also be tested using the ideals 1i, .J and £'. The reachability tests in [4] are based on this
observation. Moreover, it is also possible to derive a right-inverse of (zI - A I B) directly
from the Grobner Basis computation of 1i.

Stabilizability is in general far more difficult to test. Although the ideal I can be
computed exactly, the Hurwitz-set 1) is in general not easily manageable: it is only a
multiplicative set. In a lot of interesting cases however, the set 1) is defined as a set of
polynomials without zeros in some specific region. In that case it is sometimes possible to
use the variety V(I) again to test stabilizability.

As an example, consider a system with f. incommensurate time-delays Tl,' •• ,Ti. Define

(13)

Then stability of time-delay systems with f. incommensurate time-delays is described by the
following Hurwitz-set V:

V = {p(z,u}, ... ,Ui) E R[z,u}, ... ,ue] I 'Vii. E W: p(ii.) # O}. (14)

The next theorem is a reformulation of an earlier result of Emre and Knowles (see [3]):

Theorem 4.6 Let E = (A, B) be a time-delay system with f. incommensurate time-delays,
modeled as a system over the ring'R = R[u}, ... , ue]. Define I and W as in (6) and (13)
respectively. Then E = (A, B) is stabilizable by dynamic state feedback if and only if

V(I)nW = 0. (15)

To test condition (15), first the variety V(I) has to be computed. For this purpose
however, the ideals .J and £, can be used too. This is advantageous from the computational
point of view, because Grobner Bases of these ideals are much easier to compute. Moreover,
if I is a zero-dimensional ideal, the test becomes extremely simple: one only has to test
whether a finite number of points (Le. all the points in V(I), calculated with help of Grobner
Bases), are elements of W. The little numerical problems that pop up in this last test are
easily solvable.

5 Conclusion

In this paper a unified approach to test reachability and stabilizability of systems over
polynomial rings was proposed. In this approach the ideal I, describing the set of all
internal dynamics obtainable from the original system by applying dynamic state feedback,
is the key-notion. This ideal can be approximated by other ideals which are more easy to
compute with Grobner Basis methods. Based on these ideals, several explicit reachability
and stabilizability tests were proposed.
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