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1. INTROVUCTION 

The geometric approach to linear system theory has proved very succeBM 

ful in solving a variety of problems (see [14J for a detailed account of this 

theory). The principal concepts in this theory, which are instrumental in the 

description of many results, are (A,B)-invariant subspaces and reachability 

(controllability) subspaces. An alternative approach to linear system design 

has been developed in [11-13J. This theory depends to a large extent on poly

nomial matrix techniques. It is evident that a method for translating results 

of one theory to another is very desirable, because such a method would yield 

a better understanding of the relations between the two different approaches. 

This would be very useful, in particular since the geometric method may be 

viewed as exponent of the socalled "modern control theory" and the polynomial 

matrix method may be considered a generalization of the classical frequency 

domain methods. 

A number of papers with the objective of translating the results of geo

metric control theory into polynomial matrix terms have appeared (e.g. [1-3J, 

[8-9J). It is the purpose of this paper to show that a very useful link be

tween the two approaches can been based on the work of P. Fuhrmann ([6-8J). 

Specifically, it will be shown that using the state space model associated 

with a system matrix, introduced by Fuhrmann, one can give characterizations 

of the concepts of (A,B)-invariant subspaces and reachability subspaces in 

terms of polynomial matrices. This will be the subject of sections 3 and 5. 

An application of the polynomial characterization of (A,B~-invariant subspaces 

will be given in section 4, where it will be shown that the disturbance de

coupling problem (see [14, Ch. 4J) and the exact model matching problem (see 

[13J, [10J, [5J, [2J) are equivalent problems. In section 6, the concept of 

row properness defined in [12-13J is used to formulate a necessary and suffi

cient condition for the existence of a solution of the exact model matching 

problem and hence of the disturbance decoupling problem in terms of degrees 

of polynomial matrices. Also in section 6 a constructive characterization of 

the supremal (A,B)-invariant subspace and reachability space contained in 

ker C is given. 

The preliminary section 2 contains a short description of Fuhrmann's' 

state space model in addition to some auxiliary results. 
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2. THE STATE SPACE MOVEL ASSOCIATEV WITH A POLYNOMIAL SYSTEM MATRIX 

Let K be a field. We denote by K[s] the set of polynomials and by K(a) 

the set of rational functions over K. If S is any set and p,q €~, we denote 

by sP the set of p-vectors with components in S and by spxq the set of p x q 

matrices with entries in S. If A is a p x q matrix we denote by {A} the K

linear space generated by the columns of A. If U(s) € Kqxr[s] and £: Kq[s] + 

KP[s] is a linear map, then £U(s) denotes the result obtained by applying £ 

to each of the columns of U(s) • 

Let xes) E KP(s). We denote by (x(s» the strictly proper part of xes) 

and by (x(s»_l the coefficient of s-l in the expansion of xes) in powers of 
-1 

s 

(2.1) DEFINITION. Let T(s) E Kpxq[s]. Then K.r denotes the set of xes) E KP[s] 

foT' which theT'e exists a stT'ictZy propeT' U(S) E Kq(s) such that T(s)u(s) =x(s) • 

In what follows, KT plays a fundamental role (compare the closely related 

concept of right rational annihilator [4]). 

In particular, if p = q and T(s) is nonsingular then 

K.r = {xes) E KP[s] I T- 1 (S)X(s) is strictly proper} • 

In this particular situation we define the map 

p -1 
1fT: K [s] + K.r: xes) 1+ T(s) (T (s)x(s» _ • 

(Compare [5J and [7J where further properties of this map are given.) 

Following H.H. Rosenbrock (ell]) we consider a system represented by a 

system matrix 

(2.2) 
[

T(S) 
pes) = 

-V(s) 

U(S)] 

W (s) 

where T(s) E Kqxq[sJ is nonsingular and pes) E K(q+~)x(q+r)[sJ. 

We assume that the transfer function matrix 

. 1 I 

G(s) := V(S)T- (s)U(s) + W(~) , 
i~ 

and the matrix T- 1 {s}U(s} are strictlt proper. If the latter condition is 

not satisfied, we can obtain this by 1trict system equivalence (see [11, 

§ 3.1]). Indeed, if we define \ 

U1 (s) := 1T
T

(U(S» \ 

" 

t 
I 
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then· 
-1 Q(s) := T (s) (U(s) - U

1 
(s» 

is a polynomial matrix. Therefore 

:= [T(S) 

V(s) W(s) 

U1 (s) J 
+ V(s)Q(s) 

is a polynomial system matrix with the same transfer matrix G(s) • 

In the following we consider KT as a K-vector space. Define the linear 

maps 

A: ~ +~: X ( s) 1+ 1T T (sx ( s) ) 

B: Kr 
+ K

T
: ul+ U(s)u 

C: 
i -1 K + K : xes) 1+ (V(s) T (s) x (s» 

-1 
. T 

Then the following result is proved in [7J : 

(2.3) THEOREM. The system E:= (C,A,B) with state space ~ is a realization 

of G(s). The realization is reachable iff T(s) and O(s) are Zeft coprime and 

observable iff T(e) and V(s) are right coprime. 

We will call this realization E the state space model associated with pes). 

By definition, for xes) E ~ we have Ax(s) = sx(s) - T(s)c(s) for some 

c(s) E Kq[sJ. Since T- 1 (s)x(s} and T-1 {s)Ax(s) are strictly proper it follows 

that o(s) must be constant. Hence 

(2.4) Ax(s) = sx(s) - T(S)c 

for some c E Kq , depending on x (s) • 

We will also use the following result of Fuhrmann (see [6, Thros 4.5, 4.7J). 

(2.5) LEMMA. Let T1 (s) E ~p[sJ and T
2

(S) E Kqxq[s] be nonsingular. Then a 

map £: ~ + ~ is a K[sJ~odute homomorphism iff there exist L1 (S) and 
1 2 

L
2

(s) in KqxP[s] such that 

and 
L1 (S)T1 (9) = T2 (S)L2 (s) 

£x(s) = 1fT (L l (s)x(s» 
2 

for every xes) E ~1' The map £ is an isomorphism iff Ll (s) and T2 (S) are 
left coprime and T1 (s) and L2 (s) are right coprime. 0 
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In this lemma K and K are considered K[sJ-modules, where the scalar 
Tl T2 

multiplication is defined by 

pes) • xes) := 'If (p(s)x(s» 
T. 
~ 

for xes) E K
T

., pes) E K[s]. 
~ 

Most of our paper will be concerned with a special case of the above 

state space model, i.e., with the case V(s) = I, in which case W(s) = O. In 

this situation L will be an observable realization of the transfer function 

matrix 

(2.6) 
-1 

G(s) = T (s)U(s) • 

We call L the T-realization of G(s) and (2.6) a left matrix fraction refre

sentation of G(s) • 

It is well known that every (strictly proper) transfer matrix has a factori

zation of the form (2.6) for which T(s) and U(s) are left coprime, in which 

case E is also reachable. For our purpose, it is not necessary that T(s) and 

U(s) be left coprime. 

In the following section we will derive a number of results for the par

ticular system E. The question arises, whether these results are applicable 

if we are given an arbitrary system. The following lemma states that this is 

the case if the given system (C,A,B) is observable, for in that situation we 

can define T(s) and U(s) such that the T-realization ofT-1{S)U(s) is isomor

phic with (C,A,B). 

(2.7) LEMMA. Let (C,A,B) be an observable n-dimensional realization of an 

t x r transfer fUnction matrix G(s). Let T(s) and 5(s) be left coprime ma

trices suah that 

(2.8) C ( s I - A) -1 ::: T -1 (s) S (s) • 

Then we have 

i) The columns of S(s) form a basis of KT (aonsidered as a K-linear space), 

ii) If U(s) := S(s)B and (C,A,B) is the T-realization of G(s), then C,A and 

B are matrix representations of C, A and B with respect to the canoniaal 

bases of K and K
r and the basis S(s) of K • 

T 
iii) The K-Linear map S(s): K

n 
+ ~ provides an K-isomopphism between the 

reaLizations (C,A,B) a~ (C,A,B) of G(s) = T-1(S)U(s), i.e., 

AS(s) = S(s)A 

B lI: S(s)B 

CS(s) = c. 
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PROOF. 

i) Equation (2.8) is equivalent to 

T(s)C = S(S) (sl - A) • 

Therefore, according to lemma (2.3), the map 

is a K[sJ-module isomorphism. Since Ks1-
A 

= Kn , it follows that every 

xes) E KT can uniquely be represented as 

xes} = S(s)v 

n for some v E K , that is, as a linear combination of the columns of S(s). 

Consequently, the columns of S(s) are independent and form a basis of ~. 

ii) and iii) are obviously equivalent statements. 

iii) We have 

Bu = U(s)u = S(s)Bu 

f Kr 1 f Kn, or u E • A so, or x E 

A(s(s)x) 'ITT (S (s) (sI 

'ITT(T(S)CX) + S(s)Ax = S(s)AX 

and 

C(S(s)x) 

n for x E K • 

-1 
(T (s)S(s)x)_1 

-1 
(C(sI - A) x}_l = ex 

o 

(2.9) REMARK. If E ::: (A,B,C) is an observable realization with an abstract 

state space X, ~en choosing a basis matrix X for X we obtain an isomorphism 

X: Kn 
+ X. This isomorphism induces an observable realization with state 

space Kn, to which we may apply lemma (2.7). Thus we may conclude that E is 

isomorphic to a suitable state space model E of the type discussed in this 

section. o 

We conclude this section with two simple results, which will be needed 

in the sequel. 

~xn nxn nxr (2.10) LEMMA. Let Q{s) E K [sJ, A E K , B E K • Then 

i) (Q(s) (sl - A) -1) -1 = a irrrpUes that Q{sI - A) -1 is a poLynomial, matrix. 

ii) If (A,B) is peaahabLe and Q(s) (sl.- A)-lB is a pol,ynomiaL matrix~ then 

Q{sI - A)-1 i8 a pol,ynomiaL matpix. 
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PROOF. We decompose the rational matrix Q(s) (sI - A)-1 into its polynomial 

and strictly proper part 

Then 

-1 
Q(s) (51 - A) pes) + R(s) • 

RO := R(s) (51 - A) = Q(s) - pes) (sl - A) 

is a polynomial of degree zero and hence constant. 

i) (Q(s) (sI 
-1 

A) )-1 

implies Q(s) (51 - A)-1 = P{s). 

o 

ii) -1 -1 
If Q(s) (sl - A) B = P(s)B + R

O
(Sl - A) B is a polynomial, then 

R
O

(Sl - A)-1B = 0 (being strictly proper, while P(s)B is a polynomial). 

By reachability it follows that RO = 0 and hence Q(s) (51 - A) -1 = pes) .0 

3. (A,BJ-INVARIANT SUBSPACES 

We give a characterization of the (A,B)-invariant subspaces of the state 

space model E associated with the system matrix P(s), as defined in the pre

vious section. For the definition of (A,B)-invariant subspaces we refer to 

[14]. 

(3.1) THEOREM. Let ~(s) be a q x m polynomial matrix. Then {~(s)} is an 

(A~B)-invaPiant subspace of ~ iff there exist c1 E K
qxm

3 F1 E K
rxm 

and 
mxm h A1 E K suc that 

(3.2) 

PROOF. Suppose that {w(s)} is an (A,B)-invariant subspace, i.e., 

(3.3) A{~(s)} ~ {W(s)} + im B • 

Applying (2.4) to each column of W(s), we find that A~(s) = W1 (s), where 

(3.4) W1 (s) := sW(s) - T(S)C
1 

qxm 
for some C1 E K • On the other hand, (3.3) implies 

mxm rxm 
for SOme Al E K and F1 E K • Combining (3.4) and (3.5) yields (3.2). 
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Conversely, if we assume (3.2), then 

(3.6) 

is strictly proper and hence {~(s)} ~ K
T

. Furthermore, if we define ~l(s) by 

(3.4) then (3.5) follows from (3.2) and hence {~1 (s)} £ K
T

. It follows that 

Thus, (3.5) implies (3.3). 

The next result gives a characterization of (A,B)-invariant subspaces 

contained in ker C. 

o 

(3.7) THEOREM. Let ~(s) be a q x m poZynomiaZ matrix. Then {~(s)} is an (A,B)

invapiant subspaae in ker C iff thepe exist c
1 

E Kqxm, Fl E Krxm, Al ~ Kmxm 

and an ~ x m poZynomial matrix ~(s) suah that 

(3.8) pes) ~lJ = ['1'(S)] (sI - A
1

) 

~ 1 ~ (9) 

whepe pes) i8 the system matrix (2.2). 

PROOF. By theorem (3.1) {~(s)} is an (A,B)-invariant subspace of KT iff for 

some C
1

,F
1

,A
1 

we have (3.2) and hence (3.6). But then 

-1 
C~(s) = (V(s)T (s)~(s»_l = 

= «V(s)C
1 

+ (G(s) 

-1 
= «V(s)C

1 
- W(S)F 1) (51 - A 1) )-1 

-1 since G(s) and (51 - A
1

) are both strictly proper. Now we may appeal to 

lemma (2.10) and conclude that 

(3.9) 

is a polynomial iff C~(s) = O. Combining (3.2) and (3.9) yields the desired 

result. 0 

In the case V(s) = I, the characterization of theorem (3.7) can be sim

plified considerably. 



- 8 -

(3.10) COROLLARY. Assume that V(s} = I (and W(s) = 0). Let ~(s) E KqxmCs]. 

Then {~(s)} is an (A,B)-invariant subspace contained in ker C iff there 

exist matrices Fl,A
l 

such that 

(3.11) 

PROOF. In this case (3.8) reduces to: 

-C 
1 

The second equation can only hold if C1 == 0, ep(s) 

(3.11). 

O. Hence we must have 

o 

(3.12) COROLLARY. Under the conditions of corollary (3.10) we have the fol

lowing: If {~(s)} is an (A,B)-invariant subspace in ker Cz then {~(s)} ~ KU' 

PROOF. According to (3.11) we have 

The results follow immediately from definition (2.1). o 

The foregoing implies that the set of (A,B)-invariant subspaces in ker C 
is uniquely determined by the numerator polynomial matrix of the matrix frac

tion representation of the transfer function matrix: 

(3.13) COROLLARY. Let U(s) E KqxtCs], T. (s) E Kqxq[s] (i = 1,2) such that 
~ 

-1 
G

i 
(9) :"" Ti (s)U(S) 

is strictly proper for i = 1,2. Let (C.,A.,B
i

) be the state space models as-
~ ~ 

sociated with the system matrices Pi (8) (where vi (s) = I, wits) = OJ. Then 

M ~ Ku is an (A
1

,Bl ,-invariant subspace of ~ contained in ker C1 iff M is 

an (A
2

,B
2
)-invariant subspace of ~ containea in ker C2 • 

2 

Finally, we give a characterization of the maximal (A,Bl-invariant sub

space contained in ker C: 

(3.14) COROLLARY, Assume that V(s) = I. Then Ku is the largest (A,B)-inva

riant subspace of ~ oontained in ker C. 
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PROOF. Because of (3.12) it suffices to show that KU is an (A,B)-invariant 

subspace. Let KU = {~(s)} for some polynomial matrix ~(s). By definition 

(2.1) there exists a strictly proper matrix Q(s) such that U(s)Q(s) = .,.). 
Let (F1/A

1
,B

1
) be a reachable realization of Q (s) , so that 

-1 
U(S)F 1 (81 - A

1
) Bl = ~ (s) 

It follows from lemma (2.10) that 

\[I (8) := U(S)F
1 

(sI - Al ) 
-1 

is a polynomial matrix. Since ~(s) = \[I(s)B we have KU {~(s)} ~ {\[I(s)}. On 

the other hand, corollary (3.10) implies that {\[I(s)} is an (A,B)-invariant 

subspace contained in ker C. Hence, by corollary (3.12) {\[I(s)} ~~, and 

consequently,~ = {\[I(s)} is an (A,B)-invariant subspace contained in ker C.o 

The result of corollary (3.14) can be generalized to the situation des

cribed in theorem (3.7). We define 

(3.15) COROLLARY. If (C,A,B) is the reaZization associated with the system 

matrix pes), then the Largest (A,B)-invariant subspace Of ~ contained in 

ker C is P{Kp )' 

The proof is similar to the proof of (3.14) and will be omitted. 

(3.16) REMARK. The results may be specialized to the case U(s) = 0, that is, 

B = O. In that case we have a realization of G(s) = 0 with the same state 

space ~ and the same map C as before. An (A,B)-invariant subspace of ~ then 

is just an A-invariant subspace. Thus we obtain the following characteriza

tion of A-invariant subspaces • 

. PROPOSITION. Let \[I(a) be a q x m poZynomiaZ matrix. Then,{~(s)} is an A-in

variant subspace of KT iff there exist Q1 E K
qxm

, Al E K
mxm 

such that 

T(S)Ql = \[I(s) (sl - Ai) 

Furthermore {\[I(s)} is an A-invariant subspace of ~ contained in ker C iff 
h . qXm mXm h ha t ere ex~st Qi E K ,Ai c K sua t t 

[
T(S)]Q = 

-V(s) 1 

for some t(e) € Ktxm[ o 
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4. EXACT MODEL MATCHING AND DISTURBANCE DECOUPLING 

If we have an observable system (C,A,B) with state space X then we may 

consider the problem of characterizing the (A,B)-invariant subspaces contain

ed in ker C. Using the isomorphism given in lemma (2.7) (see also remark 

(2.9» we transform the problem to the case of a suitable T-realization. For 

this case we may appeal to corollary (3.10) by which a complete characteriza

tion is given. It is important that, as already noted in corollary (3.13), 

this characterization depends only on the numerator polynomial U(s). Conse

quently, we have the following result 

(4.1) THEOREM. Let 1: (C ,A',S) be a realization with state space X of a 

transfer matrix G(s) T-l(s)U(s)~ and let E = (C,A,B) be the T-realization 

of G(s). If E and E are isomorphic by the isomorphism L: x + K~ then M ~ X 

is an (A,B)-invariant subspace contained in ker C iff there exist constant 

matrices F
1

,A
l 

satisfying 

U(s)F
1 

== 'P(a)(sI - A
1

) 

where 'P(s) is a basis matrix of L(M) • 

Thus we see how characterizations for (A,B)-invariant subspaces of the 

particular state space model E can be generalized to arbitrary (observable) 

state space models. 

In this section we use the theory developed thus far to show the equi~ 

valence of the exact model matching problem and the disturbance decoupling 

problem. 

(4.1) PROBLEM (Disturbance decoupling problem (DDP». Given the system 

x(t) = Ax(t) + Bu(t) + Eq(t), 
(4.2) 

y (t) == ex) t) , 

where (e,A) is observabLe~ detep,mine a constant matrix F such that if 

u (t) = Fx(t) (t ~ 0), 

the output yet) does not depend on q(t) (t ~ 0) • 

The following result has been given in [14, Theorem 4.2] in a slightly 

different but equivalent formulation: 
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( 4.3) THEOREM. Prob rem (4. 1) has a so lu tion iff there exis ts a subspace M 

of the state space such that 

AM S M + {B} 

{E} S M S ker C • o 

In this paper we will also consider a slightly modified problem (com

pare also [15J). 

(4.4) PROBLEM (Modified disturbance decoupling problem (MDDP». Given sys

tem (4.2), dete~ine constant matrices F and D such that if 

u ( t) Fx ( t) + Dq ( t) , 

the output does not depend on q(t) • 

In the modified problem one assumes that not only the state but also 

the disturbance is directly available for measurement. Similarly to (4.3) 

we have the following result 

(4.5) THEOREM. Problem (4.4) has a soLution iff there exists a subspace M 

such that 

AM S M + {B} 

{E} S M + {B} 

M S ker C • 

The exact model matching problem is defined as follows 

o 

(4.6) PROBLEM. Given transfer function matrices G
1 

(s) and G
2

(s) determine a 

(i) strictLy proper or (ii) proper rational matrix Q(s) such that 

Problem (4.6) (i) will be called the exact model matching problem (EMMP) 

and (4.6(ii) will be called the modified exact model matching problem (MEMMP). 

It is the purpose of this section to show that the existence of a solution 

o~roblem (4.1) is equivalent to the existence of a solution of problem 

(~6) (i). Similarly: (4.4) has a solution iff (4.6) (H) has a solution. We 

Will concentrate on the modified problems. The original problems can be dealt 

wi t.h similarly. 
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First we have to indicate which MEMMP corresponds to a given MDDP and 

vice versa. Let us start with system (4.2). The data G
1 

(s) and G
2

(s) of MEMMP 

are then defined by 

:= C{sI - A)-1B 

-1 
C(sI - A) E 

Conversely, if we are given G
1 

(s) and G
2

(s) in MEMMP, we construct an observa

ble realization (C,A,[B,E]) of the transfer matrix [G1 (s) ,G
2
(s)]. Then C,A,B,E 

are the data for MDDP. Thus,we have a one to one correspondence between MEMMP's 

and MDDP's. 

Following lemma (2.7),we assume that 

with T(s) and S{s) relatively prime and U(s) = S(s)B and we consider the T

realization (C,A,B) of G
1 

(s) = T- 1 (s)U(S). According to lemma (2.7) the map 

x I~ S(s)x: Kn ~ K is an isomorphism. Consequently, we introduce the polyno-
T 

mial matrix R(s) := S(s)E as representative of E in K
T

• Then we have G2 (s) = 
-1 = T (s)R(s) and we can state the following result 

(4.7) THEOREM. Let {~(s)} be an (A,B)-invariant subspace in ker C~ so that 

there exist constant matrices F1 and Al satisfying 

(4.8) 

In addition~ assume that {R(s)} ~ {~(s)} + {U(s)}, so that there exist matri

ces Bl and Dl such that 

(4.9) R(s) = ~(S)Bl + U(S)D1 . 

Then Q(s) := F1 (51 - A
I
)-l Bl + Dl is a solution of MEMMP. Conver.sety~ tet 

Q(s) be a solution of MEMMP and let (F
l

,A
1

,B
l

,D
l

) be a reachable realization 

of Q(s). Then there exists a polynomial matrix ~(s) satisfying (4.8) and 

(4.9) •. 

PROOF. If ~(s) satisfies (4.8) and (4.9) then 

U(s)Q(s) = ~(s)B1 + U(S)D l = R(s) 

which implies G
l 

(s)Q(s) = G
2

(s). Conversely the latter equation implies 

U(s)Q(s) = R(s). Hence 

(4.10) R(S) - U(S)D
1 

• 
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Since (A
1

,B 1) is reachable it follows from lemma (2.10) that 

(4.11) 

is a polynomial. Now (4.10) and (4.11) imply (4.9) and (4.8). o 

(4.12) COROLLARY. MEMMP has a solution iff the corresponding MDDP has a so

lution. 

Similarly one proves 

(4.13) PROPOSITION. EMMP has a solution iff the corresponding DDP has a soLu

tion. 

Thus, if we want to solve (M)EMMP we may construct the data A,B,C,E of 

(M)DDP and solve the latter problem. Then we do not only obtain a solution 

Q(s) of (M)EMMP but also a realization of this solution. In this respect, it 

is important to note that the solution of (M)EMMP only depends on the nume

rator polynomials U(s) and R(s). Consequently, by a suitable choice of T(s) 

(not necessarily equal to the original denominator polynomial) we may try 

to obtain a simple (M)DDP, compare [2J. We will more explicitly formulate 

this idea in section 6. Also in section 6, we will give existence conditions 

for a solution of (M)EMMP and hence of (M)DDP in terms of U(s) and R(S). 

The following result states that if disturbance decoupling is at all 

possible by a (dynamic) control depending causally upon q(t), then it is 

possible by a feedback control of the form u = Fx + D
1
q. 

(4.13) COROLLARY. Let there exist a proper rationaL matrix H(s) such that, 

if the control u = U(s)q is used in (4.2), the output does not depend on q. 

Then MDDP has a solution. If there exists a strictZy proper matrix H(s) with 

this property, then DDP has a solution. 

PROOF. If the control u = H(s)q is used in (4.2), then the transfer function 

matrix from q to y is G
1 

(s)H(s) + G(s). If y does not depend on q, then this 

transfer matrix must be zero, hence 

that is, -H(s) is a solution of MEMMP. Consequently, by corollary (4.12), 

MDDP has a solution. o 
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5. REACHABILITY SUBSPACES 

If the matrix ~(s) occurring in theorem (3.1) etc. has full column rank, 

it is possible to give an interpretation to the matrix A
1

,F
1

,c
1

. For in that 

case there exists a K-linear map F: K + K
r 

satisfying 
T 

F~(s) = Fl . 

Then equation (3.2) implies 

(A - BF) ~ (x) 

It follows that {~(s)} is (A - BF)-invariant and that Al is the matrix of the 

restriction of A - BF to {~(s)} with respect to the basis matrix ~(s). In ad-

dition is the matrix (with respect to the basis matrix ~(s) of {~(s)} and 

the natural basis in Kr) of F. In addition if V I, W = 0, we have 

so that C
1 

is the matrix of the restriction of C to {~(s)} with respect to 

the basis matrix ~(s) of {~(s)} and the natural basis of Kt (compare corol

lary (3.10». 

Now, let Bl be any constant m x p matrix such that {~(S)Bl} S. {U(s)}, 

say 

Then B1 is the matrix of the (codomain) restriction of BLl to {~(s)}. It 

follows that 

for every v E KP . Consequently 

(5.1) 

This formula immediately implies the following result: 

(5.2) THEOREM. Let ~(s) be a (full column rank) basis matrix of an (A,B)

invariant subspace. Then 

(i) {~(s)} is a reachability subspace iff there exists a constant matrix 

Bl such that {~(S)B1} c {U(S)} and (A
1

,B
l

) is reachable (here Al is 

given by (3.2». 

(ii) If B1 is a constant matrix such that 

(5.3) {~(S)B1} = {U(s)} n {~(s)} 

m-1 then {~(s)[Bl, •.• ,A1 B
1
]} is the supremal reachability subspace con-

tained in {~(s)}. 0 
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Let us now consider reachability subspaces contained in ker C. Let ~(s) 

be a basis matrix of such a space. According to (3.10), there exists matrices 

Fl and A1 such that 

(5.4) 

It follows from (5.2) that there exists B1 such that (A
I

,B1) is reachable 

and {'f(S)B
l

} 5:. {U(s)}, say ~(S)Bl = U(s)L I , Hence 

(5.5) U(s)Q(s) = U(S)L
1 

-1 
where Q(s) := F1 (sI - AI) B

1
, Also, since ~(s) has full column rank, 

(F
I

,A
1

) is observable, as follows from (5.4). Hence (F
1

,AI ,B I ) is a minimal 

realization of Q(s) • 

(5.5) COROLLARY. There exists a rwntrivial reachability suhspace contained 

in ker C iff 

{U(S)} n Ku # {a} • 

PROOF. If ~(s) is a basis matrix of the (A,B)-invariant subspace KU and 
-1 

'f(s) = U(S)F
1 

(s1 - A1) , then the supremal reachability subspace contained 

in Ku (or, equivalently, in ker C) is nontrivial iff B1 # 0, where B1 is a 

matrix satisfying (5.3). 0 

According to (5.4), Q(s) - Ll is a nontrivial right zero matrix of U(s) . 

Consequently, if the supremal reachability subspace contained in C is non

zero then U(s) is not left invertible. The converse, however, is not true. 

For example, if U(s) = [U
1 

(s) ,OJ where U1 (s) is left invertible, then it is 

easily seen that U(s) is not left invertible and {U(s)} n Ku = {oJ. In or

der to give a necessary and sufficient condition for the existence of a ma

ximal reachability subspace contained in ker C, we consider the K[s]-module 

(5.7) { v(s) a} 

This module is generated by the columns of a matrix M(S) (see [5, Thm 3.1J) • 

(5.8) COROLLARY, There exists a rwntrivial reachability suhspace contained 

in ker C iff the module ~ defined in (5.7) is not generated by a constant 

matrix. 
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PROOF. Let M(s) be a generator matrix of ~ of minimal degree, say 
k -k -1 -k 

M(s) == MaS + ••• + Z\.' Then s M(s) = Q(s) - Ll where Q(s) = MIS + •.. + Z\.s 

and Ll = -MO' We have 

U(s)Q(s) = U(s)L
l 

and U(slL
l 

f 0, since otherwise [M(s) -

of lower degree than k. It follows that 

{U(S)} n Ku f {oJ. 

k s MO,M
O

] would be a generator matrix 

{U(S)L
1
} ~ {U(S)} n K

u
, so that 

Conversely, suppose that ~ is generated by constant matrix, say D, and 

that v E {U(S)} n KU' say v = U(s)c = U(s)r(s), where c is a constant vector 

and res) is a strictly proper rational vector. It follows that there exists 

a rational vector q(s) such that c-r(s) = Dq(s). Decomposing q(s) into a . 

polynomial and a strictly proper part q(s) ql (s) + q2(s) , we conclude that 

c = Dql (s), so that v = U(s)c O. Hence {U(s)} n Ku = {a}. 0 

Now we have a procedure for constructing reachability subspaces con

tained in ker C. Choosing any matrix Ll such that {U(S)L1} £ KU' we have 

U(s)Q(s) = U(S)L1 for some strictly proper Q(s). If (F1 ,Al ,B 1) is a minimal 

realization of Q(s), it follows that W(x) := U(S)F1 (sI - A
1
)-1 is a basis 

matrix of a reachability subspace, provided the columns of W(s) are indepen

dent. In general, it seems difficult to formulate conditions upon Ll and Q(s) 

that guarantee that W(s) has full column rank. A sufficient condition for 

this is, that Q(s) be a strictly proper rational matrix with minimal McMillan 

degree satisfying the equation U(s)Q(s) = U(S)L
1

• Indeed, if in this case 

W(s) does not have full column rank, there exists ~(s) with less columns than 

W such that {~(s)} = {W(S)}. Since {~(s)} is an (A,B)-invariant subspace, 
-1 

there exist F2 ,A
2 

such that ~(s) U(S)F
2

(SI A
2

) . Also, there exists D1 

such that W(s) = ~(S)D1' Hence, 

(5.9) THEOREM. Let L1 be a constant matrix such that {U(S)L1} = {U(s)} n KU' 

Let Q(s) be a strictly proper rational matrix of minimal McMillan degree~ 

satisfying the equation U(s)Q(s) = U(S)L
l

• Let (F
1

,A
1

,B 1) a minimal realiza

tion of Q(s). Then ~(s) := U(S)F
1 

(sI - A
1
)-1 is a basis matrix of the supre

mal reachability space contained in ker C. 
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PROOF. The supremal reachability subspace contained in ker C is the (unique) 

minimal (A,B)-invariant subspace V satisfying im B n W ~ V £ W, where W is 

the supremal (A,B)-invariant subspace contained in ker C. To see this,obstlrve 

that an (A,B)-invariant subspace V satisfying (im B) n W £ V £ W is (A - 8F)
invariant for every F such that W is (A - BF) -invariant. Indeed, (A - BF) V ~ 
(A - BF)W ~ Wand (A - BF)V £ V + im B imply 

(A BF)V ~ W n (V + im B) = V + W n im B c V . 

Since {U(s)} n Ku {U(S)L1} = {~(S)B1} £ {~(s)} SKu and because of the mi-

nimal McMillan degree of Q(s) the result follows. o 

In the next section it will be shown how theorem (5.9) can be used for 

the explicit construction of the supremal reachability subspace. 

6. CONSTRUCTIVE CHARACTERIZATIONS 

Conditions for solvability and the characterization of solutions of va

rious problems can be made explicit by the use of row and column proper ma

trices (see [13J). This will be the subject of this section. 

p~ th If R E K [sJ has rows r
1

(s) , ••• ,rp(s) then deg r. (s) is called e 
V. 1. 

ith row degree of R(s). The coefficient vector of s 1. in r. (s), where V. = 
1. 1. 

= deg r. (s) is called the i th leading coefficient row vector and is denoted 
1. 

[r.] . We denote by [R] the matrix of leading coefficient row vectors, that 
1. r r 

is the constant matrix with rows [r
1 

' .•• , [r ] • Similarly, [R] denotes 
p r c 

the matrix of leading coefficient column vectors, that is [R] = ([R'] )'. A c r 
matrix is called row (column) proper if [R] ([R]) is nonsingular. A row - r c 
proper matrix is easily seen to be right invertible. Conversely we have (see 

[13, Th. 2.5.7J). 

(6.1) LEMMA. If L(s) E Kpxq[sJ is right invertible there exists a unimodular 

matrix M(s) E KPxP[s] such that M(s)L(s) is row proper with row degrees 

v
1

, ••• ,v
p 

satisfying v
1 

~ ••• ~ vp' If L(s) E Kpxq[s] is not right invertible~ 

there exists a unimodular matrix M(s) such that 

M(s)L(s) 

where Ll (s) is row proper with row degrees v1 ~ ..• ~ v
t

. The number t of rows 

of Ll (s) equals the rank of L (s) • 
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The row degrees v. are independent of M(s) (which is not unique) and 
~ 

will be called the row indices of L(s) . 

The following result (see [12, Prop. 2.2J) states a simple criterion 

for the properness of a rational matrix T- 1 (S)U(s) if the denominator poly

nomial matrix is row proper. 

(6.2) LEMMA. Let T(s) be row proper with row degrees v
1

, ••• ,v
q

' If the row 

degrees of U(s) are A
1

, ••• ,A then T-
1 (S)U(s) is proper iff A. :s;v. (i=l, •• ,q) 

q ~ ~ 

and strictly proper iff A. < v. (i =: 1, ... ,q) • 
~ 1. 

Observe that, if T is not row proper, there exists a unimodular matrix 

M(S) such that T1 (S) M(s)T(s) is row proper. If we define U1 (s) :=M(s)U(s) 
-1 -1 

we have T (s)U(s) = Tl (s)U
1 

(s) and we may apply lemma (6.2). 

Let us now consider (M)EMMP as defined in 4.6. Assume that we have a 
-1 

matrix fraction representation T (s)[U(s) ,R(s)J of [G1 (s) ,G2 (s)J. Then the 

equation for Q(s) reads 

(6.3) U(s)Q(s) = R(s) . 

In order that this equation has a (not necessarily proper) rational so

lution, it is necessary and sufficient that rank U(s) ::: rank[U(s) ,R(s)J. 

For the existence of a proper solution additional conditions have to be im

posed. Writing down the i th row of (6.3) 

u. (s)Q(s) 
1. 

r. (s) 
1. 

we note that a necessary condition for the existence of a proper solution is 

deg u. (s) ~ deg r. (s). The following result shows that this is also suffi-
~ ~ 

cient provided that D(s) has the form 

with U1 (s) row proper. According to lemma (6.1) this can always be obtained 

by premultiplying (6.3) with a suitable unimodular matrix M(s) • 

(6.4) THEOREM. Let M(s) be a unimodular matrix such that 

M(s)U(s) ~
1 (S)J 

M(s)R(s) =: 

R
2

(S) 
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where u
1

(s) is r'ow proper'. Let the row degrees o],u
1

(s) be vl"",v
t 

and 

let the row degrees of Rl (s) be A
1

, ..• ,A
t

. Then (6.3) has a proper solution 

iff R2 (S) = 0 and A. S v. (i = l, .. ,t). Equation (6.3) has a strictly proper 
1 1 

solution iff R
2

(S} = 0 and Ai < Vi (i = l, ... ,t). 

PROOF. The conditions are necessary according to the foregoing discussions. 

Now assume that the conditions hold. Then there exists L € K
rxt 

such that 

Ul (s)L is a row proper i x t matrix with row degrees vl, .•. ,v
i

. Define 

-1 
Q(s) := L(U1 (S)L) Rl (s) . 

Then Q(s) satisfies (6.3). It follows from (6.3) that Q(s) is proper. The 

proof for the strictly proper solution is similar. 

We can express the result of theorem (6.4) in a way not involving ex

plicitly the matrix M(s) : 

(6.5) COROLLARY. Equation (6.3) has a proper solution iff U(s) and 

[U(S) ,R(s}] have the same rank and the same row indices. 

o 

o 

The set KU is the largest (A,B)-invariant subspace contained in ker C. 
By definition xes) E KU iff the equation 

U (6) v(S) x (6) 

has a strictly proper solution v(s). Therefore, using theorem (6.4) we can 

give a constructive characterization of Ku' 

(6.6) COROLLARY. Let M(6) be as in theorem (6.4). Then xes) E KU iff 

yes) := M(s)x(s) satisfies the conditions 

deg y. (6) < V. 
1 1 

y. (s) 
1 

o 

(i = 1, ... ,£') 

(i t+l, ... ,q) 

Here y. (s) denotes the i th component of yes). In particular~ if we introduce 
1 k-l 1 

the row vector wk(s) := [s , ... ,1], thenM- (s)W(s) is a basis matrix of KU~ 

where 

,W1 (S)] 
W(s) := L 0 ' 

with w1 (s) := diag (w 1 (6) I' •• ,w 1 (s» . 
v

1
- v

i
-
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One way of solving (6.3) already mentioned in section 4, is the refor

. mulation of (6.3) as a (M)DDP. In doing so, it is not necessary to use the 

original denominator matrix T(s) . We rather try to find a new denominator 
-1 

matrix Tl (s) such that Tl (s)U(s) is strictly proper and T1 (s) is as simple 

as possible. If we choose T1 (s) row proper, then according to lemma (6.2), 
-1 

it suffices for the strict properness of Tl U, that the row degrees of Tl 

are larger than the row degrees of U. If we denote the latter by A1, .•. ,A 
A 1 +1 A +1 q 

the simplest choice of Tl (s) is Tl ( diag(s , •.. ,s q ). We define 

n:= r (A. + 1) and we may choose Kn as state space for an observable rea
l i=l 

-1 
lization of Tl (s)U(s). Such a realization will be represented (with respect 

to the canonical bases of Kr,Kn,Kq ) by (C/A,B) where 

A : diag (A1 ' ••. IAq) , 

[1,0" OJ (A.+1)X(A.+1) 
"''-''''0 K 1 l.. if A. Ai := I '" E 
; , , :' 1 1 

0------ 0 

0 E K 
1x1 

if A. 
l.. 

Furthermore, if we denote the i th row of U(s) by u, (s) 
1 

~ ] 

i 
Bl u A, 

• • 1 
• - .- I B.- I ,B, .-: • 

I l.. • 

B'q u~ 

Finally, C := diag (C
1

, .•. ,c
q
), where 

C := [1 0 ••• OJ E K1x (Ai+1) 

> 0 

0 . 

A. 
l.. 

i j 
= I u,s I then 

j=O J 

-1 
A realization of T1 (s)R(s) is given by (C,A,E), with the same C,A, and 

where r, (s) : = 
1 

A. 
1 

I 
j=O 

i j 
r,s . 

J 
Notice that deg r(s) ~ deg u, (s) if equation (6.3) 

1 

has a solution. For this construction it is not necessary that U(s) is in 

column proper form. But if we transform D(S) such that it has the form given 

in theorem (6.4), then the dimension of the state space will be minimal 

(ccmpare [2 J, [3 J) • 
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We conclude this section with a construction of the supremal reachabi

lity subspace contained in ker C. To this end, we consider the space 

11 : = {v (s) E K
r 

(s) I U (s) v (s) 0 } 

and we choose a minimal basis for 11 (see [5]) I that is, a basis for ~ (see 

(5.7» which is column proper. We define Ll := [M]c' Furthermore we choose 
Q,xt 

any D(s) E K [s] which is column proper and has the same column degrees 

as M(s). Then we observe (by lemma (6.2» that, if 

then Q(s) 

N(s) : LlD{S) M(s) 

-1 
:= N(s)D (s) is strictly proper. Now we have: 

(6.7) THEOREM. 

(i) {U(S)L1} == Ku n {U(s)}, 

(ii) Q(s) is a strictly proper rational matrix of minimal McMillan degree 

satisfying 

(6.8) U(s)Q(s) == U(S)L
l 

Hence~ if (F
i

,A1 ,B l ) is a 
-1 f(s) : U(S)F

1 
(sl - A

l
) 

space contained in ker C. 

minimal realization of Q(s), then 

is a basis of the supremal reaehaciZity sub-

PROOF. 

(i) Since U(s)M(s) = 0, it is easily seen that (6.8) is satisfied. This im

plies that {U(S)L1} S KU n {U(S)}. Suppose that there exists a matrix 

L1 of full column rank such that {U(S)L1} ~ {U(S)Ll } and U(S)L
1 

== 

U(s)Q(s) for some strictly proper Q(s). Let N,D be right coprime po-
- --1 -

lynomial matrices such that Q(s) N(s)D (s) and D(s) is column proper, 

with [0] 
c 

I. Then 

Since Q(s) is strictly proper, tile columns of N(s) 

ly independent over K(s). But then Ll cannot have more columns than L 1 . 

Consequently, {U(S)L1} = {U(S)Ll}' 

(ii) Suppose that Q(s) = N(S)0-1(s) has a lower McMillan degree than Q(s) 

and that N(s) and D(s) are relatively prime and that O(s) is column 

proper with [O(s)J I. Then we have 
c 
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and hence N(s) LID(S) = M(s)R(s). By the "predictable degree property" 

(see [4, section 3, Remark 3J) this implies that the sum of the column 

degrees of D(s), and hence deg det D(s) is not less than deg det O(S) 

which contradicts our assumption. 0 

REMARK. The choice of the denominator matrix D(s) in the foregoing construc

tionis free up to the columnproperness condition and the column degrees. Let 

these columns degrees be ~I""'~~ and satisfy ~I ~ ••• ~ ~~. According to 

Rosenbrock's theorem we can, for any choice of polynomials ~1 (s) "",~~(S), 

satisfying the conditions 

(i) ~k+ll~k 
k k 
I deg ~. ~ I ~j (k 1 f ••• ,~) 

j=l J j=l 
(ii) 

~ ~ 

I deg ~. = I llj 
j=1 J j=l 

(iii) 

find a matrix D(s) such that the polynomials ~1 (s) , •.• ,~~(s) are the inva

riant factors of D(s). Since the invariant factors of D(s) are equal to the 

invariant factors of the matrix A1 (i.e. of the polynomial matrix sI - A1) 

it follows that we have a version of Rosenbrock's generalized pole assign-

ment theorem for the supremal reachability subspace. IJ 
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