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INTRODUCTION 

In most institutions of higher education of the pbysical sciences 

the basic courses in physics and chemietry are supplemented by 

laboratory sessions during which the studente perform classical 

experiments. 'The main purpose of th.ese laboratory exercises is 

of course to allow the student to beoome familiar with the standard 
' tools of the laboratory and to acquire manipulative skill in their 

use. A second objective is to create in the student's mind a more 

concrete picture of the theories presented in the basic courses, 

by allowing him to reproduce some of the experiments by whic.h these 

theories are experimentally verified. It is for this reäson that 

the laboratory exercises are generally quantitative. Thus the 

student makes measurements, obtains quantitative data, and is in

structed t~ examine these in the light of known theoretical rel

ationships. In many instanoes the student is even requested to 

oomment on the degree of agreement between the theory and his own 

experimental results. 

In many colleges and universities, a third objective is to teach 

th~ student to examine his experimental results by means of the 

"statistical theory of errors". The nature and extent of this 

examinatien var" appreciably trom one institution to another. 

Nevertheless, in most cases the student is given a very brief 

introduetion tosome basic statistica! concepts, generally going_ 

as far as the law of propagation of errors. He is then instructed 

to evaluate the precision of his direct measurements by computing 

the standard deviations of duplicates or replicates; and that of 

his derived measurements through the application of the law of 

propagation of errors. Thus the laboratory exercises are used to 

some extent to teach the student the rudiments. of the statistica! 

treatment of data. 

Quite apart from these laboratory exercises, some studente (and 

in some institutions !!! studente) tollow one or more courses in 

statistica. In many cases the illustrative examples used in these 

courses are taken trom economics, agronomy, or biology·with only 

an occasional example trom the physical sciences or trom engine.1ng. 
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Even if the latter are liberally represented, the student does not 

always obtain a cléar understanding of the physical or engineering 

context. Indeed, the authors of text-books, and many professors of 

statistica, are naturally most concerned with the teaching of statis

tical concepts and procedures. They do not, therefore, nor can they, 

devote much space or time to the discuesion of non-statistica! as

pects of the examples used tor illustration. 

It is clear trom the preceding discuesion that a double opportunity 

is lost through the failure to link the courses of statistica (or 

at least one of these courses) to the experimental work done in the 

laboratory : In the first place the student fails to perceive how 

statistieal methode ean help him in his experimental work. Seeondly, 

the statistica he learns does not beoome suffieiently alive because 

of the student•s lack of familiarity with the background of the 

illustrative examples. 

The object of this thesis is to study some of the simple physical 

classroom experiments trom a statistica! point of view, and to 

investigate the feasibility of using these experiments as basic 

examples in teaching a course in statistica> Such a course would 

not replace an elementary statistica course, but rather supplement 

it. Not only would this help the student to beoome aware of the 

practical usefulness of statistica; it would also make his labor

atory work far more interesting. Indeed, it is only by adding 

analysis and interpretation to experimentation that the latter be

comes a really scientific activity. Thus the student would be 

better prepared for scientific research by learning not only to 

perform experiments but also to interpret them. 
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APPROACH AND SCOPE 

It is clearly impossible to give a general outline, or blueprint, 

for a course of the discuseed type, since the laboratory work varies 

considerably between teaching institutions. The approach used in 

this presentation is therefore more of an exploratory type. 

Specifically, we have selècted three rather simple examples trom 

the exercises performed by first- and second-year studente at the 

Technologtcal University of Eindhoven. The•three examples are: 

(1) The determination of the accerelation of gravity, &t by means 

of a pendullllll. 

(2) The determination of the absorption-coefficient, for gamma

radiation, of lead and aluminium, using a Geiger-MÜller 

counter. 

(3) The determination of the focal length of a lens, using two 

different methode. 

We will present, for the first two examples, the complete set of 

results obtained by a group of studente of the same class and then 

analyse and interpret these results in terms of the physical theory 

underlying the experiments. For the third example, we will discus 

some theoretica! aspects of the analysis of errors, and demonstrate 

their bearing on a correct evalustion of experimental results. At 

all times, the arialysis will be directed toward the physical meaning 

of the experiment. Thus the discuesion is not one of statietics 

"per se" but rather of statistica used as a scientific tool. 

DATA ANALYSIS AND DESIGN OF EXPERIMENT$ 

It is customary to teach the design of experiments as an autonomous 

statistical discipline. In the physical sciences, however, the 

design of an experiment is a process of great complexity, involving 

at each step a great many non-statistical considerations in addition 

to its statistica! aspects. The author is of the opinion that a 
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more effective way of teaching the design of experiments to studente 
in the physical sciences would consist in beginning with the analysia 
of data reaulting from experiments that have already been performed, 
and to use these analyses as a basis for evaluating, and if necessary 
·ror criticizing, the design of the experiments. Starting from such 
analyses, meaningful suggestions can generally be made for improv
ements in the design of the experiments. Illustrations will be given 
in the discussions that follow. 
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FIRST EXAMPLE: The Aeceleration of' Gravity, .s 

1. Principle and Metbod of Maasurement 

A pendulum is eonstructed by suspending a metal sphere of' about 

3 cm. in diameter by means of a thread of negligible weight and 

elongation. The length of the pendulum, from the point of sus

pension of the thread to the eenter of gravity of the sphere, is 

determined by means of a measuring tape. The pendulum is made to 

swing with an amplitude not exceeding 10 percent of its length, 

and the time for 50 oscillations is recorded three times in suc

cession. 

The measurements are earried out for 5 values of A (the length of 

the pendulum), equal approximately to 175, 150, 125, 100 and 75 em. 

The studente are instructed to plot T2 versus ~' T being the period 

of the oscillation, and determine 5, the aceeleration of gr.avity, 

by using the relation 

( 1a) 

41t2 
Thus, 5 is calcul.ated trom the slope, equal to g', of the straight 

line relating '1' 2 to A • 

2. The Data 

Table 1 lists for each. of 10 studente, the five valnes of ! with 

the corresponding measured valuea f'or 50'1'.; Each value of 50'1' is 

actually the average of 3 replicate determinationa, using the same 

value of .& • Student no.6 made no measurements for ! = 150 cm. 
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Table 1 

Basic Data for the Determination of a 

Student Measurements 
( 1) 

1 
50: I 175.2 151.5 126.4 101.7 77.0 

132.5 123.4 112.8 101.2 88.2 

50 :1 179.0 150.0 125.0 100.0 75.0 
133.? 122.3 111.3 99.8 85.8 

50 :1 170.0 149.3 124.8 100.4 ?6.4 
130.8 122.5 112.1 100.5 8?.6 

4 
50:1 

165.1 149.8 125.0 100.0 75.0 
129.0. 122.8 112.2 100.0 86.8 

5 
50:1 

171.5 150.0 124.9 100.0 ?5.0 
131.1 122.6 111.9 100.1 86.8 

6 
50 :1 175.8 125.0 99.7 75 .• 0 

132.8 112.0 100.1 86.8 

7 
50:1 

172.0 150.0 125.0 100.0 75.0 
131.6 122.8 112.0 100.2 86.8 

8 50:1 175.3 .149.9 125.0 100.0 75.0 
132.1 122.2 111.8 100.0 86.5 

9 
50 ~I 

165.5 150.0 125.0 100.0 75.0 
128.9 122.7 112.0 100.2 86.9 

10 
50 ~I 

175.8 150.7 125.8 100.8 74.6 
132.8 123.0 112.3 100.7 86.7 

( 1) .& is expressed in cm. ; 50 T in seconde. Each value tor 50 T 
is the average of triplicate determinations; the staAdard 

deviation among triplicates is o.o8o. 
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:;. Anal:ysia of the Data; Part I 

For each student,thevalue~ Ta WAS calculated for each of his 

! -valuea. Using the method of least squares for linear regression, 

which is described in most textbooks of statieties (see for 

example ~~0]), a straight line was fitted to the (T 2 ,l) po~nts, 

as follows 

(1b) 

The quantity a is the intereept·of the line, ~ its slope. This 

equation is slightly more general than Eq. (1a), which it contains 

as a special case, namely when a= o. The reasona for using this 

proeedure will be explained below. 

The results are summarized in Table 2, which'lists the intercepte, 

slopes, and residual standard deviations for all regreesion linea. 

A1so listed are, for reasons to be discuseed later, the ordinates 

of the fitted linea for J = 125 cm. 

At this point an excellent opportunity arises for the studente to 

attempt to formulate questions that are pertinent in terms of the 

physical theory (Equation (1)), underlying the experiment. The 

instructor can then show how these questions are translated in 

statistical terminology and explain the statistical methodology 

used for their elucidation. We will illustrate this point by posing 

the following questions : 

(1) Are there systematie differences between the regreesion linea 

for the different studente ? 

(2) If sueh differencee are found, are they due uniquely tó dif-

terences between the intereepts, or are the slopee also dÜ-
ferent? 

~ n2 
(3) How do the slopee compare with the 11theoretical" value, 

g 
where 4 is given its known value for the Netherlands, 

g = 981.3 !m__ , thus making the theoretical slope equal to 
sec2 
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Table 2 

Results for Res;ression ot T 2 on J 

Student Number of Interce:et Slo:ee Standard Deviation Height( 1) 

:eoints (sec 2) (sec 2/cm) of Residuals (sec2) 

(sec2 ) 

1 5 o.045 3·o9863 X10-· 0.0067 5.0280 

2 5 - 0.072 4.0345 o.o165 4.9711 

3 5 - o.oo6 4.0278 o.oo5o 5.0290 

4 5 - 0.033 4.0500 o.o120 5.0294 

5 5 0.009 4.0024 0.0029 5.0124 

6 4 0.011 4.0065 o.oo24 5.0167 

7 5 - o.o16 4.0333 o.oo64 5.0256 

8 5 o.o24 3.9708 0.0099 4.9876 

9 5 o.ou 4.0065 0.0035 5.0207 

10 5 o.o22 3.9992 o.oo57 5.0210 

(1) Ordinate of fitted line tor ~ = 125 cm. 
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2 
4.0231 x 10- 2 (in !!.!!L)? cm 

(4) How do the results compare with the theoretical straight line 

which, in addition to having a slope of 4.0231 x 10- 2 sec2/cm, 

must also have a zero-intercept ? 

The studente can be shown at this point that the general statistical 

theory for fitting linear models provides a powerful and elegant 

tool for answering these questiona ( 1). The basic idea underlying 

this procedure is to "embed" the model that is to be tested into 

a more general linear model, i.e. one with a larger number of es

timated parameters. An elementary expoaltion may be found in [10 ]. 

Denoting the length by ~ and the square of the period, T2 , by z, 
Equation (1a) can be written 

(2) 

where E(y) represents the flexpected value" of y, i.e. the value of 

the y freed o.f random experimental error. 

If & is given its theoretical value, g = 981.3, model (2) involves 

no unknown parameters and beoomes 

(3) 

This model can be embedded in the slightly more general model 

(4) 

( 1) It is assumed he re that the stude.nts have a sutficient back

ground in statistical theory to follow such an analysis. For 

studente with a leseer background, the instructor can proceed 

at once with the control chart analysis (section 4). 
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Schematic Representation of the Statistica! Testing Process 

Symbol Model Number of Residual Degrees Sum of Mean Square 

Parameters of Freedom Squares of Residuals of Residuale 

(10
6 

sec
2

) (10
6 

see
2

) 

(A) E( y) = IX i + ~ i x 20 29 2042 70.4. 

(B) JE(y) • • +pi • 11 38 5763 152 

(Bt) E(;r) =~i x 10 39 5768 148 

(C) E(y) =«i+. 15 x 11 38 520? 137 

( C I) \ E(y) • 111
1 

+ (4.0231 10-•)x 10 39 6037 155 

(D) E(y} = IX+ ~X 2 47 22169 472 

(G} E(y) = 13x 1 48 22172 462 

(H) E(y) = (4.0231 10-2 )x 0 49 33476 683 
~ 

~ .... 
<11 
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where ~ may differ from the theoretical value 4.0231 x 10-1 
• 

Model (4) can in turn be embedded in one allowing for a non-zero 

intercept 

E(y) = ex+ px. (5) 

It is conceivable that either ex, or Jl , or both, vary from student 

to student, in which case we obtain the models 

{

E(y) = 

E(y) = 

(6a) 

(6b) 

{where the subscript ! refers to the !th student) or the more general 

model 

(?) 

Equation (6a) contains the interesting sub-model 

and Equation (6b) similarly includes the case 

E(y) 0 + pi x. (9) 

Now, while a ph;rsicist would probably start by assuming that 

Equation (3) holde, and only abandon this hypothesis if it is 

definite1;r contradicted b;r the data, the statistician would 

generally choose the inverse path. In other words, the statistician 

would start with the most general (and therefore safest) assumption 

expreseed b;r Equation (?), and then attempt to particularize it 

graduall;r, i.e. reduce graduall;r the number of parameters to be 

estimated, using the data as a criterion for the validit~ of each 

step in the reduction process. !he process is schematicall;r re-
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Table 4 

Bas~c Calculations 

Student x y u w p 

1 631.8 25.411 85,896.14 138.??6639 3452.5794 
2 629.0 25.017 85,791.00 136.016095 3415.9500 
3 620.9 24.980 82,682.65 133.851690 3326.7410 
4 614.9 24.738 80,948.05 131.132852 3258.0492 

5 621.4 24.918 83,137.26 133.648110 3333.3366 
6 475.5 19.094 62,095.73 100.087500 2492.9908 
7 622.0 25.007 83,334.00 134.?61129 3351.1440 
8 625.2 24.946 84,450.10 134.355178 3368.4217 

9 615.5 24.723 81,140.25 130.868821 3258.6380 
10 627.7 25.213 85,167.57 137.320741' 3419.8318 

Sum 6083.9 244.o47 814,642.75 1310.818755 32,677.6825 

Student u 'Ir p 

1 6o61.89 9.632855 241.6454 
2 6662.80 10.846037 268.8114 
3 5579.29 9.051610 224.7246 
4 5327.65 8.739124 215.7700 
5 5909.67 9.466765 236.5276 
6 5570.67 8.942291 223.1916 
7 5957.20 9.691119 240.2732 
8 6275.09 9.894595 249.1739 
9 5372.20 8.623475 215.2367 

10 6366.11 10.181667 254.5918 

Sum 59,082.5'7 95.069538 2369.9462 
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presented in Table 3. The statistica! analysis consiste in testing 

each of the successiTe models against one in which it can be em

bedded, starting trom the top and procseding gradually downward. 

The basic numerical material eonsiste of the quantities 

1: x and E x2 , I: y and E y1 , · I: xy , 

which we denote respectively by the aymbols 

X= 1: x, U= E x2 , Y = I: y, W = E y 2 , P,. EX)' (10) 

and of the derived quantities 

u = I: (x - i)1 "' E ,/l 

w"' 
Fl --a 

(11) 

p = E (x - i)(y - f) EzE:y __ p 
=Ex:r- -n 

XY --· a 

where A is the number of experimental points in a regreesion line. 

These quantities are tabulated in Table 4 tor each of the ten studente. 

Table 3 also gives the degrees of freedom, sums of squares and mean 

squares of the residuals for all of the modela considered (•). 

Using the latter as a guide one readily finds the model into which 

each model to be tested is to be embedded. Thus it is elear that 

(B) and (C) are both tested against (A); (B') is tested against (B), 

and (C') against (C). The model (D) can.be embedded in (A), (B), 

or (C); which of these is ohosen will depend on the outcome of the 

tests for models (B) and (C). Model (G) can be embedded in (D), and 

model (H) in (G). 

(•) The only model for which the computations are not directly 

apparent is (B). The appropriate formulaa for this model are 

given in Appendiz A • 
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In praotice it is unlikely that ~any of these tests will have to 

be ~ade, since any finding of significanee will generally make sub

sequant reduction steps of academie interest only. Thua, in the 

case of our data, models (B) and (C) are both unacceptable ~d it 

is therefore unnecessary to continue the statistica! testing prooess 

to the ~ore speoialized ~odels. In testing any hypothesis, such 

as for example (C), one first calculates the rednetion in the sum 

of squares trom (C) t~the more general model (A), divides this by 

the oorreeponding reduotion in the degrees of treedom and compares 

this mean square, by ~eans of the F test, to that corresponding to 

the more general model {A). Thus, for testing (C) we have 

F == (5207 - 2o42)/(38 • 29) __22g 
70.4 == 70:4 = 5.00 

with 9 and 29 degrees of freedom. 

The conclusion of the statist~cal analysis is that the data are not 

consistent with the hypothesis that all the studente obtained the 

theoretica! relation between T2 and ! , nor even with the hypothesis 

that they all obtained the same (incorrect) relationship. It is 

also seen that both the slopes and the intercepts vary from student 

to student. The only acceptable model is (A), which associates 

with each student an individual relationship between T2 and ! • 

It is indispensible, before accepting this hypothesis, to examine 

the residuals individually, and to verify that they do not display 

striking patterne of non-rando~ness. Table 5, which lists the 

residuale, throws no serioue suspicion on the validity of model (A). 

After performing the analysis based on the general linear hypothesie, 

it is well to point out that while this method ie elegant and power

tul, it fails to provide detailed information about the results of 

each individual student. An excellent way of obtaining the latter 

consiste in earrying out a eontrol chart type of analysis. 
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Table 5 

Residuals from Model (A) ( 1 ) 

Student 

Approx. ! 1 2 3 4 5 6 7 8 9 10 

175 -6 0 2 2 2 0 6 -5 2 2 

150 7 3 -6 -2 -1 - -2 -3 -1 3 

125 5 -16 5 7 1 -1 -8 12 -3 - 9 

100 -2 22 2 -17 -3 3 -1 5 -3 3 

75 -2 -9 -3 10 3 -2 5 -9 3 2 

( 1 ) All residuals were multiplied by 1<Y • 
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4. Analzsis of the Data; Part II 

Table 2 is the starting point o:f the second part of the analysis. 

It may be observed that the situation is quite analogous to that 

encountered in the evaluation of' interlaboratory test results [10,11] • 

The central idea in such an evaluation is the setting up o:f a model 

containing parameters that may vary from laboratory to laboratory 

(in the present case : from student to student), and to display the 

variation of the parametera by means of control charta [ 1 ] • 

Table 2, when viewed as a representation o:f model (A), contains three 

variable parameters : the intercept, the slope, and the standard 

deviation about the regreesion line. However, the intercept and the 

slope are highly correlated, in a statistical sense. This means 

that the types of in:formation provided by these two parameters 

largely overlap. For this reaeon it is advisable to replace one 

of these parameters, :for example the intereept, by one that is in

dependent of' the other (the slope). In our case, the .ordinate of 

the regreesion line at J = 125 cm is, for all studente except 

student no.6, very close to the ordinate of the centraid of the 

line, and theref'ore essentially independent of the slope. For these 

reasons, the control charta ahown in Figure 1 are those of the or

dinate at J = 125 cm (which we shall call the 11height" of the line), 

the slope, and the standard deviation about the regreesion line. 

The control linea, which are all "two-sigma linea", are based, f'or 

all three charta, on the average of' the st.andard deviations tor T2
: 

Ö = 0.0071 sec 2
• The central linea f'or the height and the slope 

were taken each at their theoretical value (i.e. the values required 

by Eq. (1), assuming g = 981.3). 

Control linea for standard deviations may be derived from the 

chi-square distribution, using the relation ns1 I a 2 = :t~, where 

n is the number of degrees of treedom and X 2 the chi-square 
- n 
variate with s degrees of freedom. From this relation it :follows 

that 95 percent control linea may be calculated from the double 

inequality 
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where a may be approximated by the average value of the standard 

deviations and X a and Xb are respectively the 2.5 and the 97.5 

percentiles of chi. These percentile-values may be found in the 

Biometrika tables [ 3 ]. The number of degrees of freedom in our 

case is 3, except for student 6. Tbe calculations w_ere made, using 

n = 3. The standard errors for tbe height and the slope were com-

puted u.dng the classic al formulas ( fl / Vn and cl\ f 1 1 

) , 

V E (x- i)1 

iri which an average value was taken for 1'! (x- i)1 (omitting student 

6 in the average). 

The general picture emerging from these charta is one of considerable 

skepticism about the work of the studente in this test. The standard 

deviation tor one student is suspect. For the beight, only four 

students show values that are not significantly different trom 

theory, and for the slope only five studente agree with theory to 

within the residual error. For only two students do the values for 

both parameters agree with theory. 

The important question is of course to discover the physical causes 

(shortcomings in the experiment) that· led to this státe of affaire. 

The studente should be encouraged to offer suggestions. 

It is also interesting to oompare the average standard deviation, 

·a = 0.0071 sec, with that expected from the known experimental 

errors in measuring ~ and T. The estimate ä is that obtained trom 

a regreesion of T1 on é• The replicatien standard deviation for 

50 T was found to be 0.080 sec, tor an average (of 50 T) of about 

112 sec. Thus the coefficient of variatien (e.v.) is o.OS0/112 
= 7.1 x 10-'. Therefore, the C.V. for T1 is 14.2x10-\ The 

average of T1 being about 5 sec 2
, we therefore have an expected 

o = 5 x 14.2 x 10- 4 = 71 x 10- 4 sec 2
• Since averages of triplicates 

Tl 
were used, the atandard error of each plotted point (assuming l 
to befree of error) is 71 x 1o-• = 0.0041 aec8 • Actually, l 

0 
was not free of error, and its error is reflected in the scatter 

about the,regression line. Assuming an uncertainly range of about 

1.0 cm for ! (the studente reported ± 0.2 to ± 0.5 cm), the 
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standard deviation would be of the order of 15° = 0.2 cm. Since 

the slope of T2 versus J is.about 0.04 sec1 /cm, this corresponds 

to a standard deviation along the ordinate of o.o4 x 0.2 = o.oo8. 
Thus, the total standard deviation expected about the regreesion 

line is about Y (0.0041)1 + (o.oo8o) 2 '= 0.0090 sec2 , which is 

comparable to the observed average ä = 0.0071 sec1
• Thus, the 

observed scatter about the regreesion linea is consistent with the 

estima~ed error, confirming once more the adequacy of model (A). 

In conclusion, the analysis indicates the presence of une~lained 

systematic errors tor almost all studente. 

5. Critigue of the Experimental Design 

This experiment presente an opportunity to raise the general 

question of the relationship between design and analysis. 

While the target values for ! are specifically given in the 

instruction manual used by the studente, nothing is said about 

the desired closeness of the actual values selected by the student 

to those values. 

Two rather different experimental situations can arise: 

1) the values of! are fixed, and the student is instructed to 

approach them as accurately as he can; or 

2) J is set only roughly near the target values, but measured 

as accurately as possible. 

In the first design, a regreesion analysis of T2 versus ~' using 

the ordinary equations (x-variable free of error), is justified, 

as was shown by Berkeon [2,10]. In the second design, both T1 and 

~ are subject to error (though their errors are uncorrelated). 

In that case, the regreesion calculations are somewhat more complex, 

and much of the simplicity and elegance of the statistical analysis 
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is lost, unless the error of J is made to be negligible in 

camparieon with that of T2 • 

Suppose that, in accordance with the instructien manual, 4 is 

determined from the alope of the regression of Ta on ! , and that 

! is either a controlled variable, in the Berksonian sense, or 

is measured with negligible error. Then, in order to avoid the 

complications of a weighted regreesion analysis, the varianee of 

T1 should be the same for all ! . Let ! be the time required for 

~ complete oscillation of the pendulum. Then we have 

t = n T, ( 12} 

at = naT • (13) 

We require that 

t1 constant , 
Ta 

(14) 

hence a 
2 

2 T a T = constant. 
T 

(15} 

Introducing Eq.C13) in Eq.(14) we obtain 

at 
2 T n = constant. (16) 

We may assume that the standard deviation of the time-me~surement, 

at• is a constant. Then, Eq.(16) requires that ~ be taken propor

tional to T. This is equivalent to requiring that ! be proportional 

to T8
, i.e. to ~. This result may seem surprising, inasmuch as, 

for a determination of g in accordance with Eq.(1), the relative 

error ,! is already more disturbing for small :! , and this is now 

aggravated by making the relative error for the time maasurement 

also larger for small :! • The answer to this apparent paradox is 

of course that in the present procedure, g is net determined 

directly from Eq.(1), but rather from the slope of a regreesion 

line of T1 on ..! • The instructor can use this opportunity to further 
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stress the important relationship that always exists between the 

design of an experiment and the manner in which the data will be 

analyzed. 

The preceding discuesion shows that the number of oscillations for 

which the total time was measured should have been different for the 

different lengths of the pendulum : thej' should have been taken 

proportunally to ~ t in order to make the unweighted regreesion 

analysis strictly valid. 

Finally, it should be noted that the usual precantions of ran

domization, to avoid systematic errors, were not observed in the 

experiment here described. Thus, the five values of A should not 

have been taken eonsistently in the order 175, 150, 125, 100 and 

75 cm. The student should be shown that to do so may introduce 

·rictitious changes in the slope and the intercept of the regreesion 

line, due to possible trends in the measuring technique. 
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SECOND EXAMPLE : Experiment uaing a Geiger - MÜller Counter 

1. Objectivea and Metbod of Measurement 

A souree of radio-active cobalt is placed on a bench and aurrounded 

by a small metal cylinder. Its emiasion of y -ra:ys is meaaured by 

a Geiger- MÜller counter placed vertically above it. The student 

is given a set of 10 plates of lead and a set of 10 plates of 

alumi.nium. !rhe thickness of a lead plate is about 1 mm. and that of 

an aluminium plate about 1.5 mm. Leaving the counter in a fixed 

position, the student places consecutively 1, 2, 3, ••• ,10 lead

plates between the souroe and the counter, using the little cylinder 

as support for the plates, and determines in each case the time 

required to register 10,000 pulses on the counter. The maasurement 

is also made in the abseace of plates, and the background radio

activity ("noiee") is measured by a count made after removal of the 

souree. The experiment is repeated, using the aluminium plates. 

According to theory, the intensity of radiation recorded by the 

counter (number of pulses per second) is related to the thickness, 

x, of the radiation-absorbing metal by the formula 

puls es 
aeoond 

A e-11x (17) 

where p is a constant characterizing the metal with regard to ita 

absorption of radiation of a given wavelength. The constant A 

depende of course, for a given souree and counter, on the distance 

between the souree and the counter. 

The object of the experiment is to determine p tor lead and tor 

aluminium, for the gamma- radiation emi tted by the co balt souree, 

by determining the slope of the straight line relationship 
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Table 6a 

Absorption of Gamma- Radiation by Lea'd 

(1) (2) Number of plates, nj 

0 1 2 3 4 5 6 7 8 9 10 

1 x 0 1.07 2.16 3.24 4.33 5.41 6~49 7.56 8.64 9.72 10.82 
y 889 874 848 826 810 783 765 734 708 686 667 

2 x 0 1.05 2.13 3.22 4.31 5.38 6.47 7.55 8.61 9.68 10.77 
y 956 950 930 915 883 862 852 826 813 789 765 

3 x 0 1.08 2.23 3.27 4.32 5.40 6.44 7.50 8.54 9.59 10.62 
y 924 882 859 842 811 795 768 748 729 699 686 

4 x 0 1.06 2.14 3.20 4.27 5.34 6.40 7.48 8.54 9.61 10.68 
y 951 930 908 889 866 841 823 795 780 776 725 

5 x 0 1.08 2.17 3.25 4.32 5.41 6.49 7.55 8.63 9.69 10.73 
y 926 885 872 845 819 788 784 759 724 705 . 683 

6 x 0 1.10 2.17 3.22 4.27 5.34 6.4o 7.49 8.56 9.58 10.65 
y 928 884 873 844 818 805 787 766 743 720 697 

7 x 0 1.08 2.17 3.27 4.32 5.38 6.49 7.57 8.67 9.74 10.78 
y 946 910 898 867 858 833 815 794 772 749 726 

8 x 0 1.02 2.04 3.11 4.17 5.25 6.34 7.44 8.48 9.52 10.63 
y 913 885 863 845 820 795 769 746 732 702 682 

9 x 0 1.08 2.13 3.29 4.42 5-53 6.63 7.68 8.73 9.84 10.94 
y 946 923 895 880 853 833 806 792 770 743 725 

10 x 0 1.09 2.22 3.31 4.40 5.48 6.57 7.66 8.76 9.84 10.92 
y 978 938 909 881 870 843 828 8o4 768 749 725 

(1) Student number 

(2) r = ............. meto1, in ... 

y = 1o3 [log 10 PU:::s - 1] :: 1o3 ( z - 1) 
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Table 6b 

Absor:r2tion of Gamma- Radiation b;t Aluminium 

( 1) (2) Number of platest nj 

0 1 2 3 4 5 6 7 8 9 10 

1 x 0 1.58 3.09 4.64 6.16 ?.?5 9.29 10.82 12.37 13.92 15.46 

7 887 880 869 860 856 846 841 836 824 819 816 

2 x 0 1.55 3.10 4.62 6.16 7.71 9.21 10.68 12.18 13.68 15.18 

7 964 951 952 938 939 932. 920 920 907 903 908 

3 :x; 0 1.54 3.07 4.69 6.22 7.76 9.24 10.69 12.19 13.69 15.19 

7 939 913 913 903 896 889 884 875 866 862 862 

4 x 0 1.49 3.03 4.57 6.09 ?.62 9.14 10.66 12.18 13.70 15.25 

7 987 974 968 958 9!;0 943 939 939 927 920 910 

5 x 0 1.53 3.05 4.58 6.14 7.70 9.24 10.77 12.31 13.86 15.36 
y 925 887 890 886 870 867 858 849 851 857 833 

6 x 0 1.55 3.12 4.65 6.19 7.74 9.23 10.72 

7 928 902 901 898 ss, 881 867 876 

7 x 0 1.55 3.07 4.62 6.1? 7.67 9.17 10.72 12.21 13.68 15.18 

1' 946 929 917 916 909 898 899 894 883 880 878 

8 x 0 1.56 :;.oB 4.63 6.17 7.66 9.18 10.72 12.22 13.?3 15.26 

7 920 899 886 873 873 863 860 856 853 844 818 

9 x 0 1.55 3.10 4.63 6.17 ?.?3 9.23 10.73 12.22 13.68 15.18 
.,. 939 924 916 908 904 901 897 891 887 881 875 

10 x 0 1.53 :;.04 4.57 6.1? ?.67 9.20 10.73 12.27 13.82 15.32 
.,. 983 970 933 947 934 938 921 929 923 914 905 

(1) Student n1111ber 

(2) {: 
= thiolmess of metaJ., in mm. 

= 1o' [loc 10 
pulses - ~ = 1o3 ( z - 1) sec 
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pulses 
sec = log e A - lt x (18) 

between the logarithm of the messurement and the thicknesa x of 

the interposed metal. Before computing the logarithm of the 

radiation intensity, the latter is first corrected for the back

ground "noise" ( 1
). For eonTenience, the logarithms are computed 

in the base 10, so that Eq.(18) beoomes: 

log pulses 
10 sec log 10 A - --"-- x. 2.30 

Repreaenting the log 10 by z, we can therefore write: 

z a bx (19) 

The parameter of importsnee is the slope b, a quantity proportional 

to \he absorption coefficient ll • 

2. The Data 

Table 6a lists, tor each of 10 studente, the logarithm (base 10) 

of the pulses per seeond, eorresponding to zero, one, two, ••• , ten 

interposed plates of lead. Also given are the measured thicknesses 

of the interposed atacks of plates. Table 6b is a aimilar tabulation 

for the reaults obtained with the aluminium plates. 

3. Analrais of the Data 

For each of the metals, the data for each student were analyzed 

by earrying out a linear regreesion of the logarithm of the number 

of pulses per second on the thiokness of the interposed stack of 

(1) This correction was small in the present experiment : ot the 
order of 0.25 pulsea per second• 
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Analysis of Data of Tabl.es 6a and 6b 

Lead Alum:1n:1um. 

Student Slope( 1) Std1 dev.< 1) Slope( 1) 

1 21.11 4.74 4.688 

2 18.20 5.97 3.969 

3 21.81 6.33 4.?85 

4 20.10 7.91 4.608 

5 21.87 7.37 4.621 

6 20.41 7.08 4.757 

7 19.45 5.16 4.146 

8 21.56 3.41 5o230 

9 20.10 3.35 3.709 

10 21.99 7.84 4.101 

Average 20.66 5.92 4.461 

( 1) in units of ~ (see Tables 6a and 6b) 
A x 

( 2) in units of y (see Tables 6a and 6b) 

Std.dev.< 2> 

2.61 

4.81 

5.64 

3.68" 

10.56 

8.12 

5.22 

8.57 

4.15 

11.35 

6.47 
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plates. No "weighting" is required in the least squares fit, fo;x: 

the following reason. The recorded counts follow. tor a fixed time 

interval, a Poisson distribution. Therefore the standard deviation 

is equal to the square-root of the number of counts. Since the 

latter was always 10,000, the standard deviation is 100, and the 

coefficient of variation, 1 percent. The error in the time 

maasurement need not be considered, being far smaller than the 

fluctuation due to the Poisson proces~. Since the coefficient of 

variation of the number of pulses per second is constant, its 

logarithm bas a constant standard deviation [ 10]. 

The data in question present an excellent opportunity tor a class~ 

room discuesion of the importance of examining residuale. Table 7 

presente a summary of th• results of the analysis and Table 8 shows 

the residuale. These exhibit a rather definite lack of randomness, 

a.S is immediately apparent from the pattarn of their algebrdc si.gna • 

especially for the aluminium data. The lack of randomness of the 

residuals is also reflected in their column averages, shown at the 

bottom of eaoh table. The residuals suggest that the point corres

ponding to zero plates (nj = O), lies, in most cases,~ the straight 

line that best fits all other points. In this example, the explanation 

of the anomalous behavior of the first point is simple. Tbe souroe 

emits, in addition to gamma-~a7s, also a small amount of beta

radiation. In the absence of a radiation-absorbing material, this 

~ -radiation will increaae the number of ~ulses recorded by the 

counter; but even a single plate of aluminium (and a fortiori of 

lead) is suffieient to absorb practically all the beta-rays. The 

analysis was therefore repeated, excludins the measurements for 

nj ; o. The results are presented in Table 9, and the residuals 

in Table 10. The behavior of the residuals is now far more 

satisfactory than under inclusion of the measurements for zero 

plates. It is true that the column averages of the residuals for 

aluminium still show a non-random pattern but a closer examinatien 

of the table shows that this is due exolusively to the data of 

student 10. Table 9 then shows that the standard deviation ob-

tained by this student for aluminium is exceptionally high, as 

will be.confirmed by the control chart analysis below. 
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Table 8 

Residuala( 1) of Analysis of Tables 6a and 6b 

Lead (Table 6a) 
n:f 

{2) 0 1 2 ' 4 5 6 7 8 9 10 

1 -6.0 1.6 -1.4 -o.6 6.4 2.2 ?oO -0.6 -4.6 -3.8 o.4 
2 -9.3 3.8 3.5 8.3 -3.8 -5.3 4.5 -1.8 4.4 -0.1 -4.2. 
3 12.2 -6.2 -4.1 1.6 -6.6 1.0 -3.3 -o.2 3.5 -3.6 5.8 
4 -0.3 0 -0.3 2.0 0.5 -3.0 0.3 -6.o 0.3 1?.8 -11.6 
5 9.0 -8;4 2.4 -1.0 -3.6 -10.? 8.9 ?.1 -4.3 -0.1 o.6 
6 13.0 -8.5 2.3 -5.2 -9.8 -1.0 2.7 3.9 2.7 o.6 -o.6 
7 ?.4 -?.3 1.6 -8.0 3.4 -1.0 2.6 2.6 2.0 -0.2 -2.9 
8 3.7 .. 2.3 -2.3 2.? o.6 -1.1 -3.6 -2.9 5.5 -2.1 1.9 
9 2.6 1.3 -5.6 2.7 -1.6 o.B -4.1 3.0 2.1 -2.6 1.5 

10 12.8 -3.3 -?.4 -11.5 1.5 -1.8 ?.2 ?.2 -4.6 0.1 -0.1 

Avg. 4.5 -2.9 -1.1 -0.9 -1.3 -2.0 2.2 1.2 O.? o.6 -0.9 

Aluminium { Table 6b) 

nj 

(2) 0 1 2 3 4 5 6 7 8 9 10 

1 2.2 2.6 -1.3 -3.1 0.1 -2.5 -0.2 1.9 -2.8 -0.5 3.7 
2 3.3 -3.5 3.6 -4.4. 2.8 1.9 -4.1 1.7 -5.4 -3.4 ?.6 

3 11.2 -7.4 -0.1 -2.3 -2.0 -1.6 0.5 -1.6 -3.4 -0.2 6.9 
4 5.1 -1.0 o.1 -2.8 -3.8 -3.8 -o.8 6.2 1.2 1.2 -1.6 
5 19.2 -11.7 -1.? 1.4 -?.4 -3.2 -5.1 -7.0 2.1 15.3 -1.8 
6 10.1 -8.6 -2.1 2.2 -3.5 -0.1 -7.0 9.1 
7 9.9 -o.7 -6.4 -1.0 -1.5 -6.3 o.9 2.3 -2.5 o.6 4.8 
8 12.2 -o.6 -5.? -10.6 -2.5 -4.? 0.2 4.3 9.1 s.o -10.0 
9 8.6 -o.7 -2.9 -5.2 -4.5 -0.7 o.8 o.4 1.9 1.3 0.9 

10 15.5 8.8 -22.0 -1.8 -8.4 1.9 -8.8 5.5 5.8 3.2 0.3 
-.)- ___",_ 

Avg. 8.7 -1.4 -3.6 -3.'0 -2.? -1.9 -1.7 1.4 o.6 2.5 1.1 

*) {exclusive of student 6) 
(1) in units of y (see Table 6a and 6b) ; (2) Student number 

41 



Analysis of Data of Tables 6a and 6b 

Excluding the Measurements for n:f = 0 

~ Aluminium 

Student Slope( 1) Std.dev. (2) Slope( 1) Std1dev.< 2> 

1 21.48 3.88 4.594 2.42 

2 18.77 4.48 3.822 4.58 

:; 21.02 3.55 4.283 2.76 

4 20.11 7.93 4.385 2.98 

5 21.31 6.28 :;.?92 6.6:; 

6 19.59 4.37 3.809 5.53 

7 19.00 4.15 3.708 3.06 

8 21.33 3.02 4.690 6.78 

9 19.94 3.16 3.326 1.90 

10 21.20 5.61 3.430 9.22 

Average 20.38 4.64 3.984 4.59 

Fit wi.th 
common 20.:;8 5.62 3.998 5.27 
slope 

(1) in units êz (see Tables 6a and 6b) 
b.x . 

(2) in units of y (see Table 6a and 6b) 
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Table 10 (1) Residuals of Analysis of Tables 6a and 6b 

Excluding the Maasurement for n;! = 0 

Lead ~Table 6a) 

nj 

(2) 1 2 3 4 5 6 7 8 9 10 

1 -o.a -3.4 -2.2 5.2 1.4 6.6 -1.4 -4.2 -3.0 1.6 
2 0.1 o.4 5.9 -5.7 -6.6 3.9 -1.9 5.o 1.1 -2.4 
3 -1.2 0 4.8 -4.1 2.6 -2.5 -0.2 2.6 -5.3 3.4 
4 -0.1 -o.4 2.0 o.5 -3.0 0.3 -6.0 o.4 17.9 -11.6 
5 -4.9 5.4 1.4 -1.8 -9.6 9.4 7.0 -5.0 -1.4 -1.2 
6 -3.3 6.7 -1.8 -7.2 o.B 3.5 3.9 1.8 -1.2 -3.2 
7 -4.6 ~+.1 -6.0 4.9 0 3.1 2.6 1.5 -1.1 -4.4 
8 -0.9 -1.1 3.7 1.3 -o.6 -3.4 -2.9 5.3 -2.5 1.1 
9 2.3 -4.7 3.4 -1·1 1.1 -4.0 3.0 1.9 -3.0 1.0 

10 1.9 -3.2 -8.1 4.o -0.1 8.1 7.2 -5.5 -1.6 -2.7 --- ---
Avg. ":'1.2 o.4 0.3 -o.4 -1.1+ 2.5 1.1 o.4 o.o -1.8 

Al.uminiUil ~'lable 6b2 

nj 

(2) 1 2 3 4 5 6 7 8 9 10 

1 3.5 -o.6 -2.5 0.5 -2.2 -0.1 1.9 -3.0 -o.8 3.2 
2 -2.~2 4.7 -3.5 3.4 2.3 -3.9 1.'1 -5.'6 -3.8 6.9 
3 -2.8 3.7 0.7 0.2 -o.2 , •• 2 -1.6 -4.2 -1.8 4.7 
4 1.0 1.8 -1.5 -2.8 -3.1 -o.4 6,.2 o.9 o;.6 -2.6 
5 -4.1 4.7 6.5 -3.6 -0.7 -3.8 -7.0 o.s 12.7 -5.6 
6 -2.7 2.2 5.1 -2.1 -0.2 -8 .. 5 6.2 
7 3.3 -3.1 1.7 o.4 -5.0 1.5 2.3 -3.2 -0.7 2.8 
8 4.3 -1.8 -7.3 -0.1 -3.1 1.1 4.3 8.3 6.4 -12.4 
9 2.8 0 -2.9 -2.8 o.4 ~,.4 o.4 1.3 0.2 -o.B 

10 14.9 -17.1 2.4 -5.3 4.0 -7.8 ;.; 4.8 1.1 -2.8 ----- ---
Avg. 2.1 -o.8 -0.6 -1.0 -o.a -1.1 1.4 o.o 1.4 -0.7 
(excluding student 6) 
(1) in units of y (see Tables 6a and 6b); (2) Student number 
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The preceding diacuesion illustrates, not only the examinatien of 

residuale, but also the use of statistical analysis as a diagnoetic 

· tool [7,10]. While the interpretation of the experiment is, and 

should always remain, the prerogative of the subject-matter specialist, 

the statistician can nevertheless make an important contribution by 

calling attention to any anomalous or atriking behavior of the data, 

as judged from a caretul statistica! analysis. Such facta are the 

clues needed by the subject-matter specialist for a meaningful inter

pretation of the experiment. As in the first example, the results 

of the analysis should be interpreted in the light of the underlying 

theory {Eq.19). Of special pertinence are the queations: 

(a) Are the slopee obtained by the studente the same to within 

experimental error ? 

(b) Are the estimates of experimental.error {standard deviationa of 

residuals about the regreesion line) consistent with the value 

derived trom the assumption that the counts follows a Poisson 

distribution? 

Let us first examine question (b}. We have already found that the 

coefficient of variatien of the number of pul·aes per second is 1 

percent. Therefore the standard deviation of its logarithm to the 

base 10 is ~:~6 = 0.0043. We see that for both metals, the average 

of the standard deviations found by the studente for the fluctuations 

about the regreesion line co.oo46) is very close to the theoretica! 

value. To test the individual standard deviations, it is useful to 

make a control chart similar to that made in the ftrst example. This 

will be discuseed below, after an examinatien of question (a). This 

question can of course be treated by the theory of the general linear 

hypothesisá.e. by fitting linear models, see first example), by 

teating the nuli-hypothesis that the slopes, for each of the two 

metals, have a c~on value for all studente. The analysis ia ahown 

in Table 11. In the case of lead, the nuli-hypothesis of a common 

slope for all studente is not acceptable at a level of significanee 

of 5%. For aluminium, the nuli-hypothesis is just barely acceptable 

at the 10% level. Here again more insight is gained by drawing 

control charta. Figurea 2 and 3 present control charta for the 

residual standard deviations and for the slopee of the individual 
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Table 11 Analysis of Varianee for Data of Tables 6a and 6b 

Residuals 

Lead Alumi.nium 

Fitted Model .!!: ss< 1> !§.(1) .!!: §!(1) MS(1) 

7= ui - ~ix 80 1898 23.72 77 2002 26.00 

7 = "t-JJx 89 280.5 31.52 86 2388 27.77 

Difference 9 907 100.8 9 386 42.89 

F = 42.89 = 
9,77 26.00 

(1) in units of (z8
} (see Tables 6a and 6b) 
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2; Absorption of Gamma Radiation by Lead. 

Control Chart Analysis. 

Slopes (in units of • see Table 6a. 
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Fig. 3: Absorption of Gamma Radiation by Aluminum. 
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regreesion linea. No attempt was made to introduce "theoretical." 

values tor the slopea, since the absorption coefficient ia a tunetion 

of the wavelength of the y -rays, which was not exactly known in 

this experiment. Therefore the central linea of the control charta 

are the average values of the results of all studente. The control 

linea are "two- sigma" linea. 

It has already been pointed out that the central line for the standard 

deviations lies, for both metals, at a value that is exactly consistent 

.!th the experimental error due to the Poisson fluctuations. In both 

cases, all but one or two studente obtain valnes inside the control 

band. Thus the internal precision of the studente• work is, on the 

whole, fairly satisf~ctory. As to agreement between the slopee (or 

their proportional values, the absorption coefficients), it is seen 

that the results are aomewhat better for aluminium than for lead. 

However, even for the former, four studente obtain valnes beyond, or 

close to, the two-sigma linea. A possible explanation for this state 

of affaire might be that the distance between the souree and the 

counter, which varied between studente, bas an effect upon the slope 

of the regreesion line. This could happen, for example, if the edges 

of the metal cylinder around the souree eaueed scattering of the 

radiation. To explore possibilities of this type a supplementary 

experiment was carried out. 

4. Supplementar;r Experiment; Design 

In the supplementary experiment, the distance between the souree 

and the counter was varied over a wide range (it was meaaured by 

means of a measuring tape (1 )), and introducedas a systematic 

( 1) No attempt was made to messure the distanoe in a precise manner, 

since it would have been difficult to determine the exact point 

in the counter where the radiation "enters". The distances 

given here should be considered as only rough approximations. 
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faotor in the experiment. Besidee the presenoe of this factor, 

the experiment differed from that carried out by the studente in 

the following respects : 

(a) Only 5000 oounts were made each time, instead of the 10,000 

made by the studente. 

(b) Only 5 thioknesses were oonsidered for each of the tw.o metals, 

in addition to the "zero-plates" measurements. The ten plates 

of eaoh metal were numbered from 1 to 10 and used in the tollowing 

combinations : plate 1 , plates 1 through 3, plates 1 through 6 1 

plates 1 through 7, plates 1 through 10. This set of oombinations 

was retained for all the dietances (between souree and counter) 

included in the experiment. Thus, the points on the x-axis 

(thickness of radiation-absorbing metal layer) are no longer 

equidistant, but they are the same for all distances. 

(c) Two serie.s of experiments were made for each of the two metals, 

using different sources,different counters, and different 

operators. 

(d) The order of the measurements was completely randomized in each 

of the four series, except that all measurements oorreeponding 

to a given distance between souree and counter were made con

secutiveiy (but in a random error) without dieturbing the 

experimental set-up. 

The reasens for this experimental design, espeoially point (b), 

will beoome more apparent when we discues the statistica! analysis 

of the data. For this analysis we have ohosen a metbod that differs 

appreciably from that used for the studente• data, in order to 

illustrate a novel technique that bas wide applicability in the 

physical sciences. 

5. Supplementary Experiment, Data 

Table 12 lists the results for all four series. The values given 

are logarithms to the base 10, of the number of pulses per second, 
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Tabl.e 12 

Supplementary Experiment - Data (1) 

~umber of Plates, nj 

0 1 3 6 7 10 

~- Di stance 
cm 

~ 

1 3.8 1.848 1.801 1.765 1.696 1.6?0 1.6o6 
2 5.1 1.658 1.621 1.5?2 1.516 1.486 1.425 

3 6.0 1.569 1.526 1.481 1.406 1.4o1 1.333 
4 9.0 1.230 1.222 1.169 1.102 1.078 1.010 

5 12.6 1.020 0.9?3 0.939 o.862 o.85o 0.781 

6 3.8 1.852 1.805 1.768 1.704 1.680 1.615 

7 5o1 1.653 1.609 1.572 1.511 1.482 1.408 
8 6.0 1.545 1.494 1.461 1.387 1.324 1.315 
9 9.0 1.264 1.233 1.208 1.130 1.111 1.046 

10 12.6 1.007 0.978 0.930 o.8?o o.844 0.7?9 
11 16.0 o.838 0.?89 0.?3? o.68o o.654 0.584 

Al'WIIi.ni 11111 

12 3.8 1.849 1.834 1.818 1.811 1.?90 1.??? 
13 5.3 1.666 1.632 1.613 1.6oo 1.603 1.597 
14 6.1 1o532 1.509 1.482 1.4?6 1.454 1.44? 
15 9.1 1.257 1.249 1.224 1.204 1.211 1.179 
16 12.4 1.017 0.986 0.971 0.966 0.960 0.943 
17 15.9 o.83o 0.793 o.8o1 0.?55 0.?54 0.763 

18 3.8 1.946 1.916 1.913 1.884 1.88? 1.8?1 
19 5.3 1.?54 1o732 1.t723 1.698 1.696 1.674 
20 6.1 1.662 1.632 1.624 1.592 1.588 1.5?9 
21 9.1 1.382 1.344 1.341 1.312 1.311 1.290 
22 12.4 1.142 1.118 1.118 1.1o6 1.o86 1.066 
23 15.9 0.954 0.924 0.913 0.906 o.892 o.8?o 

( 1) Tabulated val.ue "' log10 
pulsea (corrected tor background noise) sec 
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first corrected for backgro.und noise. Note that the experiments 

for lead and aluminium are tabulated together; we also intend to 

first analyze them together, despite the fact that the average 

thickness of an aluminium plate is about 50% greater than that of 

a lead plate and that the absorption-coefficient is of course 

different for the two metals. ·This matter will be explained in 

detail in the following section. 

6. Principle of the New Metbod of Anal:sis 

According to theory (Equation 19), the values in each row of Table 

12 are linearly .related to the corresponding thicknesses of the 

interposed metal. For each of the two metals, the values in the 

various rows are.therefore linearly related toeach other. lf we 

assume that all plates of the same metal have the saae thicknesa 

(the extent to which they differ has an effect that is negligible 

in comparison with the experimental error of the radiation 

measurement), then we can even state that ~ the rows of Table 12 

are linearly related to each other, including rows corresponding 

to different metals. lndeed, if ePb is the thickness of a lead 

plate and eAl that of an aluminium plate, and repreaenting the 

messurement in the !th ·row and jth column by zij' we have 

-tor i ll!ii 11 
llpb 

éPb.nj zij :: ai- 2.30 (20) 

for i ii!lo 12 zij = ai -
... Al 

2.30 eAl.nj (21) 

where nj represents the number of plates corresponding to column 

j of the table, and 11 ·represents the absorption coefficient tor 

the metal in question. 

We see that the results in each row are linearly related to nj. 

They are therefore linearly related to each other, and this remains 

true even if we consider 'Pb ~ ~Al to be functions of the distance, 
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i.e. functions of !• We are therefore justified in applying the 

metbod of analysis for the "linearmodel" described in reference 

[ 10]. 

7 • Joint AD.a.lzsis of the Data for Pb and J\1 

For a better understanding of the analysis, let us summarize the 

basic equations derived from the physical theory; we have : 

or 

pulses = 
sec A 

_,x 
• t 

z 

z 

1 pulaes = 
og 10 sec-

a - b x where {: 

log 10 A - &a x 

log 10 A 

It is aeen that ~ depende on the diatance, i.e. on the !2!! of 

Table 12; s depende on the metal uaed (Pb or Al) and is therefore 

also associated with the !2!! .of Table 12. On the other hand, ~. 

the thickness, is associated with the ~ of the table. We may 

therefore repreaent the data by the general model [1,10]: 

where ~j ia the obaervation in the !th row and Jth column of the 

table. 

This equation represents a bundle of straight linea, ea.ch line 

oorreeponding to one of the rows of the table. The parameter Mi 

is denoted as the "height" of the line oorreeponding to row !t and 

B1 as :Lts 11slope". The parameter Cj is associated wil:h the column J• 
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Table 13 

Set no. Distanoe 
cm. 

1 

2 

3 
4 

5 

6 

7 
8 

9 
10 

11 

Ave rag;: 

12 

13 
14 

15 
16 
1? 

18 

19 
20 
21 

22 

23 

Average 

n 0 

3.8 
5.1 
6.o 
9.0 

12.6 

3.8 
5.1 
6.0 
9.0 

12.6 

16.o 

3.8 
5.3 
6.1 
9.1 

12.4 

15.9 

3 .. 8 
5.3 
6.1 
9.1 

12.4 
15.9 

1 

Joint Analyeis for Pb and Al of Supplementary 

3 

~ 
M (1) 

:i 

'1.7310 
1.5464 
1.4527 
1.1352 
0.9042 

1.7374 
1.5392 
1.4210 

1.1654 
0.9014 
0.7137 

Al'WIIini.um 

1.8132 
1.6185 
1.4834 
1.220? 

0.9?39 
0.782? 

1.9029 

1.7129 
1.6129 
1.3300 
1.1o60 

0.9099 

6 7 

Experiment - Paralletere 

B (2) 
i 

1.5841 

1.5358 
1.5523 

1.5128 

1.5614 

1.5386 

1.5?72 
1.6288 
1.4575 
1.5150 
1.6383 

0.46539 
0.42443 
0.55609 
0.50088 
o.42794 
o.47959 

0.,47154 
0.50826 
0.55214 
0 .. 56233 
o.45777 
0.49191 

0.49152 

10 

,o3:;i 

3.91 
6.11 

?.56 
"15.82 

5.97 

3.70 
8.32 

19.69 
11.12 
8.39 
5.?3 

5.40 
12.48 
8.69 
?.36 
8.43 

15.56 

7~45 

?.Oiir 

8.11 

c~3) 1.412 1..3'79 1.354 1.,312 1.296 1.259 

(1) M = height at centroid; (2) B = slope with respect to column 

averages; {3) Cj "' column-average f'or col.um.n j. 
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It is constructed in such way that Ej Cj o. 

Theoretically, Mi and Bi could be functions of both the distance 

(between souree and counter) and tne type of metal (Pb and Al). 

We will see, however, that the analysis will reveal that B1 does 

not depend on the distance. The parameter Cj is of course a 

tunetion of. the number of plates, ~j· 

Finally we will assume that the standard deviation of the random 

error in the model equation could be a tunetion of ! 1 but not of j. 

We repreaent it accordingly by ai. 

Estimates of Mi' Bi' O"i and Cj for the data of Table 12, are given 

in Tal•le 13. They are exhibited in such a way that their relationships 

with the associated physical factors, distance, type of metal, and 

number of plates, ean be evaluated. 

Table 13 lends itself to many interestin~ con~iderations, related to 

the physical theory. For example, the following points are pertinent ; 

(a) How is Mi related to the distance? 

It is interesting to make a plot of M versus distance (remembering 

however, that the latter is not precisely defined). 

(b) All slopes B1 for Pb should be estimates of the same quantity; 

similarly for the Bi oorreeponding to Al. The ratio of these 

two quantities is, according to Eqs (20) and (21) : 

Q 

He nee, knowing a Pb 

slopes. Al 

e 
Pb .Al. (22) 

from the ratio of the 

(c) The column-averages, Cj' should be linearly related to nj. Plot 

therefore Cj versus nj and study the relationship. 

(d) The standard deviations should ~ be estimates of the same 

quantity, derived from the standard deviation of a Poisson 
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Table 14 

Supplementary Experiment,Joint Analysis, Residuals (1) 

nj 

Set no. 0 1 3 6 7 10 

1 -4.3 0.7 4.4 2.2 1.1 -4.1 
2 -6.o 7.4 -3.1 5.6 0.2 -4.2 
3 -2.6 5.4 -0.7 -10.3 9.2 -1.2 
4 -21.0 20.6 5.6 2.3 2.1 -9.7 
5 -3.8 0.5 5.6 -5.6 7.0 -4.0 

6 -3.2 0.3 1.9 2.7 2.9 -5.0 
7 -7.0 o.s 3.4 8.8 4.6 -10.8 
8 -0.7 1.? 9.6 4.2 -33.2 18.3 
9 -13.9 3.8 15.4 -1.2 2.7 -8.1 

10 -10.4 10.3 0.3 4.1 2.0 -6.8 
11 -1.2 3.6 -?.3 4.7 4.5 -4.6 

1.2 0.2 o.4 -3.9 8.? -5.0 -0.7 
13 15.0 -5.1 -13.4 -8.5 1.1 10.9 
14 6.0 1.3 -11.8 5.6 -7.6 6.o 
15 -2.1 6.4 -6.1 -4.9 9.9 -3·5 
16 10.3 -6.6 -10.9 2.1 2.9 1.8 
17 10.6 -10.8 9.3 -16.4 -9.9 16.9 

18 7.0 -7.5 1.3 -?.8 2.6 4.1 
19 2.2 -3.1 o.6 -3.0 3.0 -0.1 
20 7.8 -5.1 o.8 -?.9 -3.3 8.2 
21 8.9 -10.6 0.5 -4.8 3.0 2.9 
22 0.9 -8.o 3.5 10.? -2.1 -5.1 
23 6.4 -7.4 -6.1 ?.6 1.4 -2.4 

( 1') multiplied by 103 
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Table 15 
Supplementary Expériment 

Separate Analyses for Pb and Al - Parametera 

~ 

Set no. Distance cm. M:l. B:l. 103~ 

1 3.8 1.7310 1.0181 2.66 
2 5.1 1.5464 .9877 3.95 
3 6;o 1.4.$27 .9968 8.07 
4 9.0 1.1352 .9784 11.24 
5 12.6 .9042 1.0032 5.78 

6 3.8 1.7374 .9886 3.39 
7 5.1 1.5392 1.0149 5.74 
8 6.0 1.4210 1.0444 20.62 
9 9.0 1.1654 .9399 ?.63 

10 12.6 .9014 .9760 4.26 
11 16.0 .7137 1.0519 6.74 

Average 1.0000 ?.28 
Aluminium 

12 3.8 1.8132 .9267 6.97 
13 5.3 1.6185 .8972 9.05 
14 6.1 1.4834 1.1284 7.54 
15 9.1 1.2207 .9905 . 9.50 
16 12.4 .9739 .8852 5.54 
17 15.9 .7827 .9987 13.38 

18 3.8 1.9029 .9646 4.40 
19 5 .. 3 1.7129 1.02o4 3.8o 
20 6.1 1.6129 1.1264 4.61 
21 9.1 1.3~00 1.1506 4.15 
22 12.4 1.1060 .9125 8.50 
23 15.9 .9099 .9986 5.81 

Average 1.0000 6.94 

n 0 1 3 6 7 10 

cj {Lead 1.408 1.368 1.327 1.260 1.234 1.173 
Aluminium 1.416 1.389 1.378 1.359 1.353 1.338 
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, proces a, namely : 

a -- 1 :13§§§. -- 0.0061 • (23) 
2.30 5000 

We shall not consider these equations at this point, because the 

residuals of the analyais, shown in Table 14 exhibit a definite 

lack of randomnesa, the nature of which suggests that the 

maasurement for n. = 0 depart from the linear relationships ex-. J 
hibited by the other points, and that the extent ot this anomaly 

is different tor the two metals. We must therefore abandon the 

joint analysis and carry out, in its place, separate analysis tor 

the two metals. For these separate analysis we use the same 

statistical procedure. as for the joint analysis. 

8. Separate Analysis for Pb and Al 

The parameters resulting from these analysis are shown in Table 15 

and the residuals in Table 16. The latter are now 11well-behaved 11
9 

except for the diturbance caused by one exceptionally discrepant 

observation (for set 8 at nj = ?). We will however. pursue the 

analysis, accepting this observation as a genuine measurement. 

The questions of greatest interest are (b), (c), and (d) of section 

7 above. We shall now examine these points. 

It is tmmediately apparent that there exists no systematic 

relationship between t~e slopes and the distances. To test for any 

possible lack of homogeneity among the slopee (due to additional 

~ scatter), the theory of the "linear model" [9110] can be 

applied. Table 17 shows the breakdown of the interaction term, 

in each of the two tables, into a "slope-effect" and "residual:". 

In both cases there is no indication of significant differences 

among the slopes. 

57 



'rable 16 

Supplementary Experiment 
Residuals(1) in Separate Analyses for Lead and Al.uminium 

D.:f 

Set no. 0 1 3 6 7 10 

!:t..d 
1 2.6 -4.4 1.1 o.4 o.8 -0.5 
2 o.6 2.4 -6.3 4.0 -0.4 -0.6 
3 4.3 o.4 -3.9 -12.0 8.8 2.2 
4 -15.2 15.3 2.2 o.8 2.2 -5.5 
5 3.0 -4.5 2.4 -7.3 6.7 -0.5 

6 3.5 -4.7 -1.3 1.0 2.6 -1.5 
7 -0.3 -4.4 0 7.1 3.4 -7.1 
8 6.6 -3.3 6.3 2.4 -33.6 21.7 
9 -7.0 -1.1 12.2 -2.7 2.7 -4.4 

10 -4.1 5.3 -2.9 2.6 1.8 -3.0 
11 6.1 -1.6 -10.'7 2.9 4.2 -1.1 

Al.uminium 

12 -4.7 5.2 -1.0 9.9 -5.1 -4.5 
13 s., -1.6 -11.0 -6;.8 2.0 9.2 
14 -0.7 6.6 -8.4 7.3 -7.4 2.2 
15 -7.0 11.6 -2.9 -3.8 9.7 -?.8 
16 4.4 -2.8 -8.4 3.6 3.4 -0.6 
17 3.7 -6.5 12.1 -14.8 -9.2 14.5 

18 1.0 -3.2 4.1 -6.3 2.9 1.1 
19 -3.5 1.9 3.8 -1.6 3.0 -4.0 
20 -0.1 0.1 4.1 -6.2 -2.9 4.6 
21 1.7 -5.4 3.9 -3.0 3.5 .-o.6 
22 -3.9 -3.2 6.3 11.9 -2.2 -8.8 
23 0.5 -2.7 -3.1 9.1 1.6 -5·'7 

(1) multiplied by 1oJ 
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Table 17 

Souree 

Interaction 

Slopes 

Residual 

Souree 

Interaction 

Slopee 

Residual 

( 1 ) in units of' 

Supplementary Experiment 

Separate Analyses for Pb and Al 

Analyses of Varianee 

~ 

DF ss< 1> MS(1) 

50 3750 75.0 
10 396 39.6 
40 3354 83.9 

AJ.uminium 

DF ss< 1) MS(1) 

55 3032 59.4 
11 370 33.6 
lt4 2662 60.5 

[103 lo pulses] 
2 

g 10 sec • 
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Since in each of the two analyses, the slopes are relative to the 

column-averages, the relationship between the slopes for Pb and Al 

must be interred from the column-averages themselves. Figure 4 is 

a plot of the Cj of Pb versus those for Al. The graph confirma 

both the anomsly of the point tor nj = 0 (the highest point in the 

graph), and the linearity for the remaining points. (It is also 

instructive to plot each of the two series of Cj versus nj. These 

plots are not shown bere, but they lead to the same conclusion\ 

linearity for all points except for nj = o.) Thus, the application 

of this metbod of analysis has allowed us to include ~ points in 

the analyses (also those for nj = O) and yet diagnose the anomaly 

tor the points oorreeponding to nj = O). 

An opportunity exists here to fit a straight line when both variables 

are subject to error. We may assume (see the average standard 

deviations in Table 15) that the ratio of the error-varianoes of the 

two variables is unity. Applying the appropriate formulas [ 10] 1 

and omitting of course the anomalous point, we obtain for the slope 

of the line in Figure 4: slope (CPb/CAl) = 3.797. The best 

fitting line bas this slope and passes through the centroid, this 

line has been drawn in the f'igure. 

Using Eq (22), and the ratio ~ 1•0754 - o.zo4o (derived trom 
aAl = 1.5275 -

the studente' data), we obtain : 

This value should be compared with that obtained from the studente' 

data (Table 9), which is ~~§if = 5.115. Calculations basedon the 

law of prope;gation of errors [ 10] will show that the difference 

between these two estimates is not alarming. 

As for previously discuseed data, a control-ehart analysis is 

extremely useful. Figure 5 shows control chart for the slopee and 

standard deviations listed in Table 15. A single chart covers both 

metals for the standard deviations since the latter should, according 
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~: Absorption of Gamma Ra dia ti on 
Supplementary E~periment 

Plot of ei Values; Pb. vs. At. 

c. for Pb 
J 

1.42 . 
1.40 (0) 

1.38 

1.36 (1) 

1.34 

1.32 3) 

1.30 

1.28 

126 
6) 

1.24 

1.22 
7) 

1.20~ 

1.33 1,34 1.38 1.39 1,41 1.42 
Cj for Al 
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to theory, belong to the same population. The control linea (all 

two-sigma) for the slopee differ for the two metals, since the 

spread of values of the independent variable in the regreesion 

analysis (the column-averages Cj) differs for the two metals. The 

control chart for standard deviations reveals one questionable 

point. The average value of the standard deviations, 7.10 which, 

uncoded, equals 0.0071, is in reasonably good agreement wi"th the 

theoretica! value 0.0061 (Eq.23). The agreement becomes very good 

when the outlying value is.removed, forthen the average standard 

deviation becomes 0.0065. 

The control charta for .slopes .show a very satisfaetor:r state of 

affaire, and conf~~ the analysis of varianee (Table 1?). 

9. Coneltn~ions 

The supplementary experiment has established that the distance 

between souree and counter has no detec~able effect on the slope 

of the linear relation between the logarithm of the pnlses per 

second and the thickness of the interposed metal. It also confirma 

the anomaly of the messurement for nj = o, whieh is ver,- probably 

due to the presenee of some be,ta-radiation. By applying the 

analysis of the "linear model" it has been possïble to eonduet this 

experiment with a non-equidistan( set of nj' without thereby causing 

computational eomplications, and without having to determine the 

thickness of each individual plate. This method of analysis has 

the further advantage that the anomalous point (at nj = O),did not 

have to be omitted from the main analysis of the data. The reaeon 

for this is that the regreesion is earried out against the column

averages of the data; thus, if every messurement at nj = 0 is raised 

by a constant amount, then their average is raised by the same amount, 

and the linear~ty of the relationship is preserved. The anomaly of 

the first point was however not obscured by this analysis, since the 

column-averages, when plotted either against n
3
, or against each 

other, elearly revealed it. In fact, because of the averaging of 
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experimental errors in the Cj' the sensitivity for the detection of 

such a disturbance is increased. 

It is also worth noting that the metbod of analysis in question 

retained its validity despite the !act that one series of measurements 

was shorter than the others (5 instead of 6 distances) and that the 

distances between souree and counter were not exactly alike for both 

metals. 

For each ot the two metals, the two experimenta, though carried out 

with different sourcea, on different counters, and by different 

operators, showed nevertheless excellent agreement. The question 

why the students did not all obtain satisfactory results has not 

been resolved. 
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THIRD EXAMPLE: The Focal Distance of a Lens 

1. Principle of Methode of Determination 

Two methode were used in tinB laboratory exercise. In the first 

method, referred to henceforth as the "!:- 2, method" {trom "voor

werp" and "beeld"), the object (V), the lens {L}, and the screen 

(B) on which the image appears are located, in that order, at three 

points of a straight line track (See Figure 6). If!: represents 

the distance VL and 2, the distance LB, the focal distance of the 

lens, f, is given by the relation 

1 
1 1 + 

V 

1 
b • (24) 

In the second method, known as the "Bessel method", the experimental 

set-up is the same as for the !: - 2, method. Let R_ denote the distance 

VB (See Figure 10). If R_ > 4!, there exist two positions, L
1 

and 

1
1 

, of the lens for which the image will be sharp on the screen. 

If s represents the.distance between these two positions, i.e. 

s = L1L2 , the following relation holds : 

t = ( 25) 

2. The v- b Metbod 

Here the student first determines two "corrections" : the first, p, 
is the distance between the true position of the screen and that of 

the pointer which is attached to it; the second, A, is the distance 

between the true poaiti.on of the lens and that of an arbitraril;:r 

selected, fixed point of its support (the "reference point"), this 

point being used henceforth to locate the position of the lens. 
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Fig. 6. Diagram for V-b method. 

True Values. 
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The correction P is determined by a direct measurement on a graduated 

scale. The correction À is determined by first noting the position 

of the chosen reference point on the support of the lens, then turning 

the lens with its support by 180 degrees about a vertical axis, 

refocusing and noting the new position of the reference point; the 

distance between the two positions of the reference point is twice 

the value of À. 

The student then selecte a value of ~ and, leaving object and lens 

intact at a distance ~ from eaeh other, determines ~ ten times in 

succession by moving the screen until the image is in focus on the 

screen. The entire operatien may be repeated for other values of 

~· By applying first the proper corrections to ~ and ~ (using À 

and ~),!is determined by means of Equation (24). 

3. The Bessel Method 

The object and screen are put in fixed positions at a chosea 

distance ~ from each other (See Figure 10)• (Use is made of the 

correction ~ to get the proper value of~.) The lens is then moved 

to find the two positions (leading to a "large" image and a "small" 

image respectively) for which the image is in focus on the screen. 

Each of these two positions is determined ten times. The distance, 

.9.• between these two positions is determined. The entire operatien 

may be repeated for different values of ~· Finally, using Equation 

(25),! is calculated from ~ and .9.• The correction A is not needed 

in the Bessel method, since it cancelsoutin the distance .9.• 

4. Statistica! Analysis of Errors; Approach 

In making use of this example, we will employ a different approach: 

rather than analyzing the data obtained by the studente (which were 

generally poor as a results of various errors, particularly in the 
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corrections À and ~),we will discussin detail the theoretica+ 

situation that prevails, in each of the two methode, in regard to 

experimental errors and their propagation into the calculated values. 

This is indeed a problem of the greatest importance in scientific 

experimentation, perticularl~ in the correct interpretation of 

measured quantities, and its discussion in terma of a laboratory 

exercise, such as this test, presente an excellent opportunit~ 

for acquainting the student with a number of facta of general 

interest. 

5. Theoretical Error Analzsis of the v- b Metbod 

Let us, for the moment, ignore the pand À corrections~We will 

return to them later.) As stated above, the metbod consiste in first 

selectins a value for ~. and setting the object and the lens at 

this distance from each,other. Thus we hàve a nominal value JU 
( the selected value, numerically known) and an .!!i!!'!!!!. value ~ 

( unknown). The two differ beoause of two possible errors, ~ 1 and 

ea, oorreeponding to the positions of the object and the lens, 

respectively. Hence (see diagram in Figure 6) : 

V (26) 

The aecond step consists in setting the screen at the focus of the 

image. Let ~ repreaent the ~ distance between lens and image. 

The measured value for ~. which we denote b~ bm , differs from ~, 

first because of I a, and secondly because of the focusing error , 

b , committed in trying to set the screen at the place of the image. 

Thus ( see Figure 6) : 

b = bm + e a - b. (2?) 

According to theory we have 
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1 1 1 - + 
T b f 

or 

1 1 1 (28) + = - • .., + r:i- ca b + e - b f 
n •m 2 

The measured value of t, which we denote by f
111

, is, by definition, 

given by 

1 :::- + 

We are interested in the difference (f - f). 
111 

The usual metbod for ~eriving this ditterenee 

of the 11law of propag~tion of errors" [ 10 ] • 

(29) 

is through application 

It is based on the 

assumption that the errors :In - .! = e: 2 -ei and !!,. - ,2 = b - e 2 

are small, in absolute value, with respect to the corresponding 

quantities .! and ~ • Since both these quantities are at least 

equal to !t this assumption ia justified, provided that ! itself 

is appreciably larger than the errors. Under these conditions we 

tirst rewrite Eq.(29) in the form: 

1 
+ 

1 (29a) 

Differentlating with respect to ei, e 2 , and b, we obtain: 

Neglecting secoud ordertermsin the small errors ei, e: 1 , and b 

we obtain 
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It is eonvenient to introduce the quantity 

k 

Then Eq.(31) becomes 

.!. where k ~ 1. 
f 

(32) 

{33) 

Eaeh of the errors c1 , t 1 , and b can concei vably contain both a 

systematic part and a random part. Thus, the correction À may be 

considered as a systematic portion of c 
1

, and the correction ~as 

a systematic portion of b. Denoting by « a possible systematic 

portion of c 1 , and the random portions of e 1 , & 2 , and b by !. 1 , 

~ 2 , and _!!, we obtain : 

Only the second part of the right hand side of this equation is a 

random error of zero expectation; the first part is a systematic 

error. We therefore have, denoting by E(Af) the expected value 
m 

of àfm and by V(tm) its varianee : 

V(f ) 
m 

Several remarke are pertinent at this point. 

4 (k ~ 1) V(d). 

(36) 

(a) It should be observed that, by the very nature of the experiment, 

the errors ~ 1 1 !_ 2 1 and ,!! are mutually independent; this is a 
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neceasary requirement for the validity of Eq.(36). 

(b) The law of propagation of errors, as usually defined, concerns 

only the random portions of the errors, i.e. Eq.(~6) •. However, 

syatematic errors are also propagated and it is often important 

to evaluate their effect on the calculated values. 

In the present instance, for example, it is important to know by 

how much l_ may be in error as a result of non-determined or poorly 

determined 1 and 1'1 correct i ons. This in turn may lead to the 

possibility of designing the experiment in euch a way that the effect 

of such systematic errors can be eliminated, or at least detected. 

(o) One should pay special attention to any partlal derivative, in 

Eq.(35) and (36), that can take the value zero. In the present 

instance, the multipliers of 1'1 and V(!) beoome zero tor ~ = 1. 

Literally interpreted, this would imply that if the true 

distance ~ is exactly equal to the focal length of the lens, 

an error in the setting of the screen, no matter how large, 

will have absolutely no effect on tbe measured value of i• One 

might then be tempted to conclude that in order to eliminate 

errors due to & , :!u, should be selected as closely as poasible 

to !• But when ~ = !• then ~ = ~ and there will be no sbarp 

image on the screen. Furthermore it is of course impossible 

to set In exactly equal to ! witbout knowing! exactly, wbich 

would make the experiment unnecessary. A slightly different 

situation prevails at ~ = 2 ; for this value the multipliers 

of À and .!. 1 beoome equal to zero. However, here the 

behavior of Af may be interred from Equations (35) and (36), - . whereas in the case of~= 1, the fact that ~ then beoomes 

infinitely large, renders these formulas invalid. All this is 

mentioned here, merely to draw attention to the danger of 

thoughtless appllcation of the law of propagation of errors, 

and to the need for investigating its validity in every 

particular application. In brief, Eqs.(35) and (36) aan not 

be relied on when ~ is very close to unity. 

(d) In considering Eq.(36) one must keep in mind that the varianoes 

V(,!.1), V(,!.1 ) and V(!) might themselves depend on~· In our 
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situation, it is unlikely that V(~1 ) and V(~2 ) are functions of 

~. since they are essentially scale reading errors, but V(i), 

which involves a focusing operation, could well depend sys

tematically on~· It is therefore necessary, in order to make 

effective use of Eq.(36), to study the relationship between V(i) 
and ~. and this can be done only by experiment. Such an experiment 

was performed and the results are discussed in a subsequent 

sec ti on. 

(e) It is interesting and useful to study, in addition to the effect 

of random errors, the possibility, suggested by the theoretical 

relationships, of detecting the presence of systematic errors. 

To illustrate this point, let us rewrite Eq.(35) as a function 

of ~· We thus obtain : 

or 

E( ll f ) 
m 

E(f ) 
m 

) 1 1 
E( fm - f = ~ - l - 2( ~ - l.) k + (~-ex) kz 

1 1 
(f+J3-l)-2(~-À)k-+ (~-cx)

ka 
(37) 

Thus, by making measurements of 1.m at different values of ~, and 

then plotting f versus 1/k , one would obtain a parabola ,( 1) • -m 
If ex and 13 are both zero, or if their difference is zero, th-e 

plot should yield a straight line. The slope of this line is zero, 

i.e. the line is horizontal, when À and ~ are both zero, or when 

they are equal to each other. If À ! P , the slope yields precisely 

the quantity by which the intercept, f + p -À, should be corrected 

to given the correct value of !• Such a correction procedure is 

~ recommended for the eliminatien of appreciable systematic errors, 

but at any rate, the nature of the plot provides a means for the 

detection of systematic errors. It is interesting to note that a 

total absence of bias is fm' though not of random error, is also 

(1) 
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and f is not known until after the experiment, this is not 
striëtly true. However, an approximate value of ! can be 
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for the plot. 



achieved whenever.a = l = ~. Thia is an interesting example of 

"compensating systematic errors". This example offers therefore 

an opportunity to stress the desirability of incorporating within 

an experiment, whenever possible, self-checking devices by which 

errors of various kinds may be detected. 

6. Experimental Determination of a! as a Function of~ 

Using a lens for which the focal length was known to be 286 mm. 

(to within 2 mm.), an experiment was made in whioh each of three 

observers made ten replicate settings of the screen at lens 

.positions oorreeponding toa preselected set of~ values. This 

set included 38 values, ranging from ~ = 1.12 to ~ = 5.00. The 

order in which they were used was randomized. Table 18 lists the 

standard deviations of the ten replicate settings of the screen, 

for each of the three observers, at each of the 38 ~-values. 

It is interesting to investigate first whether the replicatea 

follow, at least approximately, a normal (Gaussian) distribution. 

This can be none by means of a plot of' order statistica [ 10 J • 

Suppose that the ten replicate readings of each se·t, for a particular 

observer, are written from left to right in ascending order of 

magnitude. If Z:i,(j) represents the ,.;tth order statietic in the !th 

set, and if p. 1 and a i are respectively the mean and the standard 

deviation oorreeponding to the !th set, then we have, for the 

expected value of Yi(j} : 

(38) 

where 1j is the expected value of the jth order statietic of the 

reduced distribution [ 10]. If we assume this distribution to 

be Gaussian, the numerical values of !j are avsilable [ 5 J • Thus, 

by ~lotting ~(j) versus !j one should obtain, apart from random 
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.... Hl ... v- b Method, Standard Deviation of' 6 , in mm. r;. 
.... • 

k(1) 2:.e.!!:.t.1 Oper.2 Oper.3 k(1) Oper.1 0per.2 Oper.3 ..... 
()0 

1.113 2?.4 75.9 19.3 1.?93 4.8 2.1 1.7 
1.153 22.3 44.9 16.9 1.793 2.? 2.4 2.6 
1.193 22.3 19.8 13.0 1.993 3.9 2.2 2.3 
1.233 17.2 17.6 11.3 2.193 1.8 2.2 1.5 
1.243 4.2 13.6 4.7 2.393 2.0 1.6 1.5 
1.293 15.5 20.8 4.7 2.593 3.1 3.7 2.2 
1.293 8.1 1?.6 5.8 2.593 2.2 1.? 1.5 
1.343 5.3 9.1 4.0 2.793 1.6 1.3 1.2 
1.393 8.5 18.4 5.6 2.993 1.5 2.4 1.2 
1.393 8.7 5.8 4.1 3.193 2.3 2.2 1.3 
1.443 4.2 5.7 3.0 3.393 1.5 2.3 1.0 
1.493 2.2 6.4 4.8 3.593 1.4 1.6 1.5 
1.543 2.6 3.4 2.7 3.793 1.9 3.1 1.8 
1.593 3.4 2.9 2.0 3o993 1.8 2.2 0.9 
1.593 2.8 4.4 2.4 4.193 1.1 2.1 1.5 
1.643 3.6 2.2 2.0 4.393 o.8 2.6 0.9 
1.693 3.1 4.2 3.8 4.593 2.5 1.6 1.1 
1.743 3.8 5.0 z.o 4.793 0.7 2.7 0.9 
1.793 5.9 3.8 2.7 4.993 1.3 1.7 1.2 

(1) k =i; originally the kvalues ranged trom 1.12 to 5.oo; they had however been applied without aaking 
allowance tor the ~ -correction; the values given in this table are the corrected ~· 



7. 

method 

Plot of order stalistics lor the setting of the screen. 
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f'luctuations, a straight line of' intercept ll i >and slope a i. 

Rather than making a plot for each individual set, it is preferable 

to plot the averages of oorreeponding (aame j) order statistica of 

a large number of sets. Thus, we would, af'ter writing down the 

order statistica for all sets of a given observer, using a new row 

for each ~-value, compute the column averages of the table. Denoting 

these b;r Y(j)' we obtain, from Eq.(38):. 

(39) 

This.plot is more reliable than one made for an individual row 

(~-value), becauae of the reduction of random errors through the 

averaging procesa. Figure 7 exhibita these plots, using the tj 

derived from the normal distribution. Since we are onl;r interested 

in the linearity of the points, and not in the actual value of llt 

all three sets were started at the same point, of coordinates 

(-1.54,0). It is quite apparent that the distribution of replicate 

settings of the screen can be considered to be Gaussiaa for all 

practical purposes. It is also interestiag to note the difference 

in slope (ä) between the three observers. These differences are 

probably not f•rtuitoue; the raaks of the slopee are identical with 

those of the ages of the observers. It may be eurmised that the 

ability of a person to focus precisely an image on a screen tende 

to decrease with increasing age, but three persons are too few to 

eettle this point with a reasonable degree of certaint;r. 

Ret'IU'Jling nów to Table 18• we wish to exprees ad as a tunetion of 

~· JN..gure 8 is a plot of the averages of the etä'ndard deviations 

of the three abservers, as a function of ~· The function is seen 

to be of a hyperbolle type, wi th asymptotes parallel to the 

coordinate axes. One may attempt tó repreaent the relationship by 
the empirical fit [ 10 ] : 

B = A(k - k. ) 1 0 

where B will be negative. 

(40) 
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Table 19 

v - b method 

Varianee f f ( 1) 
0 - t 

with Components due to ~ree Sourees of Error 

Con tribution of Tot al Total,for Total.,for 
5 repli- 10 repli-

k(2) cates of eates of 
~ !.L l d d 

1.12 .159 .025 .164 .348 .217 .200 
1.16 .138 .021 .120 .279 .183 .171 

1.20 .120 .o18 .120 .258 .162 .150 
1.25 .102 .o14 .133 .249 .143 .129 
1.30 .o88 .012 .127 .227 .125 .113 

1.35 .075 .009 .167 .251 .117 .101 
1.40 .065 .007 .186 .258 .109 .091 
1.45 .057 .oo6 .208 .271 .105 .o84 
1.50 .049 .oo4 .225 .278 .098 .076 
1.60 .038 .002 .249 .289 .090 .065 
2.00 .o16 0 .391 .407 .094 .055 
2.40 .oo8 .001 .486 .495 .106 .058 
2.8o .004 .003 .553 .560 .118 .062 
3.20 .002 .oo6 .609 .617 .130 .069 
3.60 .001 .oo8 .652 .661 .141 .074 
4.00 .001 .010 .686 .697 .148 .o8o 
4.40 .001 .012 .715 .728 .156 .o84 
4.80 .ooo .014 -738 .752 .162 .o88 

( 1) in mm• , as estimated by Eq.(36). 

( 2) For the present table, the small error in k, due to negleeting 

the j! -eorreetion, is unimportant. 
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A plausible value for o
0 

is the scale reading error, since each 

focusing is accompanied by the reading of the acale. As for k
0

, 

it is likely that for ~ close to unity, for which ~ tends to 

infinity, the standard deviation of focusing will be extremely 

large. Thus k
0 

= 1 would be a likely choice. However, since we 

are bere interested in a purely empirica! fit, values for o
0 

and 

k
0 

were selected trom the appearance of the graph, to obtain a 

close fit to the actual measurements. The following empirical 

equation was obtained, where o is expreseed in mm.: 

0 = 1 1.38 
+ k - 1.08 • (41) 

It should be emphaaized that this is merely an empirical re

presentation of the data. It cannot, for example, b.e used for 

extrapolationa beyond the range of k values examined, but it is 

quite ueeful tor the determination of optimum operating conditions. 

7. Optimum Operating Conditiona 

Tbe error ~ 1 depende on the reproducibility of setting the object. 

With the equipment at hand, this operatien was ~ot easy, and the 

etandard 'deviation of.~ 1 was of the order of 0.5 mm. The error~ 2 

was smaller; its standard deviation was of the order of 0.2 mm. 

Usinc these values and Eq,.(41), .a table of estimates of V(.!m) can 

be constructed in accordance with Eq.(36). These are shown in 

Table 19. 

The values given in this table should not be considered as precise 

eTaluations of the errors, but they can be used as general guide

lines, particularly tor the purpose of experimental design. First 

we see that the contribution of ~~· which is a random error that 

affects both ~ and ~. is very small. To improve the precision of 

the test with the existing eqaipment, it is therefore advisable 

to oonsider mainl7 .!, 1 ud .4: by repeating the experiment for various 
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settings of the object, and foousing the image on the screen several 

times for each such setting, both the contributions of ~ 1 and g can 

be reduced. Table 19 auggeste that for a single setting of the 

object, following by a single foousing of the screen, the greatest 

precision is achieved at a nominal in for which ~is close to 1.3. 

If each setting of the object is followed by five replicate settings 

of the screen (a reasonable way of performing the test), the optiaum 

lies close to ~ = 1.6 • For purposes of comparison wi tb the Beesel 

metbod, to be discuseed later, the varianoes have also been computed 

for ten replicate settings of the screen : bere the optimum lies near 

~ = 2.0 • The point of general interest bere is that in most experiments 

there exist no absolute "optimum operating conditions". These depend 

indeed on a number of circumstances, one of which is the number of 

measurements tbat one is willing to make. Others are the coat and 

the duration of the various operations inTolved in the experiment. 

It is customary to denote by the precision of a measuring technique 

the degree of reproducibility of which this technique is capable 

under specified eonditions. The concept of acouraey, on the other 

hand, relates to the eloseness of tbe measurements to either a 

specified raferenee value [ 10 ], or to the so-ealled "tru.e" value, 

in case the latter can be reasonably defined. Thua, aeeuraey 

relates essentially to the absence of arstematie errors. In a 

situation such às tbe one under discussion, one would probably 

preter to sacrifice some precision in order to gain information on 

accuracz. Eq.(3?) shows that this can be done by selecting several 

values of ~, which should be spaeed so as to cover the greatest 

possible range obtainable with the available equipment. To illustrate 

this point, the results, uncorrected for >. and p, obtained b;r ob

server 3, for ~ values ranging from 1.25 to 5.0, were plotted against 

(1/~), as suggested by Eq.(3?). As seen in Figure 9 the point are 

definitely not located on a horizontal line, thus indicating the 

presence of systematic errors. The graph also shows that this trend 

could have been readil;r detected with far fewer valnes of~. 

In practice, after having gained assurance of the absence of serious 

81 



systematic errors, one would select an "optimum" value of~ for the 

final determination. 

8. A Theoretical Model tor the v - b Method 

A caretul analysis of the experimental procedure for this test 

shows that the errors t 1 , . t 11 , ·and ö are involved in entirely 

different ways. Relerring to Eq.(28), we see that t 1 and c 11 are 

independent of ~· which is iudeed a known numerical quantity. In 

repeated performances of the test (always to be considered when 

statistical considerations enter), one conld leave Ia constant 

between repetitions, but t , and c 11 would of course vary trom one 

test to another. The quantity ln is a controlled variable in the 

Berk:sonian sense [2,10], i.e.: a variable for which nominal values 

are preselected, and the ~ values of which are taken as 

closely as possible to these nominal values. The quantity !m plays 

an entirely different role : for a fixed value of l!. , the error ö 

is .!12! independent of the measured quantity ~; but ö !!! independent 

of the "true 11 value l!.• From a theoretical s.tatistical viewpoint, 

these differences, while subtle, are important. Tney can be taken 

into account by reformulating the problem in the following way. 

The variable .!.. is controlled; the (only) measurement is b ; f is .. --not a measurement but rather an unknown parameter. Thus we rewrite 
Eq.(28) as follows: 

b =[.l m f 
(42} 

which is of the form 

(43) 

where F denotes a mathematical function. If the systematic errors 

ex , A. , and (3 are split otf from their random part a, we obtain, 
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(44) 

This tunetion containa three different types of variables. Firat 

we have the four unknown parameters f, «, À, Jl. Then we have the 

controlled variable .In• which is chosen by the experimenter a.nd 

therefore numerically known (and of course free of error). Finally, 

we have the mutually indèpendent random·errors e 1 , e 2 , d. 

These are also independent of the parameters as well as of the con

trolled variable vn• They are however part of the experimental 

error of ~· which they influence in different ways. These random 

errors all have zero expectation since their systematic parts have 

been split off. The problem can now be attacked from the least 

squares point of view. Since there are four unknowu parameters, 

we need at least four measurements of b • Unfortunately Eq.(42) -is not linear in f, nor in ex , À , !, 1 and !. 2 • It will therefore 

be necessary to start with an initial set of values for the unknown 

parameters~ and apply the least squares procedure to a linearized 

form of the equation [10 ]. When this approach is used, the problem 

of experimental design is mainly one of selecting an appropriate 

set of .In-values, with the objeetive of minimizing the error of the 

' estimate of ! • Attention must also be given to any appreciable 

laek of homoscedasticity of the error term (the varianee of which 

depends on .In) and proper weighting must be applied. 

This approach is perhaps too tedious for practical use. But if 

measurements of this type are to be made on a routine basis, the 

calculations could easily be programmed for a high-speed computer. 

One advantage of this metbod lies in the possibility of determining 

all necessary corrections by calculation rather than by separate 

measurements. The real importance of looking at the problem trom 

this point of view, however, is that it provides a precise conceptual 

and mathematica! framework in which the pertinent statistica! problems 

can be clearly understood and clearly formulated. 
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Fig. 10. Diagram for Bessel method. 
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9. Theoretica! Error Analysis of the Bessel Method 

The theoretical principles do not differ essentially between the 

two methode. We will therefore be brief in discussing the error

analysis of the Bessel method. The schematic diagram is given in 

Figure 10. 

In this method, the distance ·En is a "control:led11 variable, .9.m le 

measured as the distanee between two settings of the lens for a 

fixed En, one for a "large image" and one for a "small image". The 

equations are : 

:e• - ga 

4p 
= t, (45) 

P!- ~ 
fm' = 

4p. 
(46) 

where fm is a caleulated value. 

Aceording to the diagram we have 

(47) 

(48) 

To simplify the notation, let us .write: 

y and (49) 

Then: 

Pn = P + T, (50) 

(51) 
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and 

Eq,(46) can be written as: 

t = ~-
111 4 

(g + e)lil 

4(p + r) 

(52) 

(46a) 

In applying the law of propagation of errors, it must be remembered 

that the error e is not necessarily always small with respect to ~· 

Indeed, for ~ = 4!, we obtain ~ = o. 
It is therefore necessary to also include 1 in the Taylor expansion, 

the term containing the second derivative with respect to e • Thus 

we write : 

or, taking the differentials at the "true11 point: 

+ .S:. r - f e - 4n e2 
• 

ll) 1 
p2 p p 

(54) 

In analogy to our treatment of the .! -.!:!. method, we introduce the 

quantity 

k' = p/f t where k' ii!> 4. (55) 

Then p k'f and q [k'(k'-4)] tr. 
Using these relations, Eq.(54) becomes : 

k'-2 (k'-4)t t:.t =-r-t-. e-
m 2k' k' 

(56) 

It is unlikely that e will contain a systematic portion, since any 

systematic error in b is likely to appear also in ~ and will there

fore cancel out ( 1) in their difference e • On the other hand, y 
(1) 

This is no longer true, of course, when the scale on which the 
readings are made is faulty. 
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may well contain a systematic part., namely J3 - a. We theref'ore 

obtain, denoting the random parts of' y and e by ,!!: and E. respec

tively: 

E( At ) k' -2 
( J3 - «> 1 (5?) =- - -- V(u), m 2k' 4k1 f' 

1 
= V(f ) 1 (~)2V(h) 1 k' • 4 V( ) V( u 2). +7j:- u + m 1j: k' k' 16k12f' 2 . 

(58) 

The second equation holds if we assume that ~ is symmetrically 

distributed about a zero mean, since under those conditions the 

covariance of u and u 2 is zero. 

The importance of the term in V(,E) in the expression for E( A tm> 
lies in that it shows that even if J3 - « = 0, there remains a 

bias in !m• This bias tends to underestimate fo Similarly, in 

the second equation, the term in V(u 2) indicates an effect of the 

error ,E even when ~· = 4. Whether these additional terms in the 

two equations are of practical importance depende of course on 

the behavior of the error E. in the vioinity of' ~· = 4. As in the 

case of the .!. -!!. method, the varianee of ~ must be studied 

experimentally as a tunetion of~·· 

10. Experimental Determination of V(u) as a Function of k' 

The same lens was used as in the oorreeponding experiment in the 

.!. -!!. method. Thirteen values of k' were selected in the range ( 1) 

( 1 ) Since the length of the track was 2 meters, it was not possible 

to go far beyond ~· = 6.2 (which makes~= 1830 mm.) 
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Table 20 

Bessel Method 

Varianee of f ( 1) 
m ' 

with Components due to Two Sourees of Error 

Total, tor 
Contribution of Tot al 5 replicatea 

~ h ~ 
of~ 

4.2 .020 .136 .156 .047 
4.4 .022 .169 .191 .056 
4.6 .023 .191 .214 .061 
5.0 .026 .225 .251 .071 
5.4 .029 .246 .275 .078 
5.8 .031 .266 .297 .o84 
6.2 .033 .278 .311 .089 

(1) a . a in mm t as estimated by Eq.(58), omitting the term in V(u ). 
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k' = 4.2 to k' = 6.4 • Three observers measured s ten tim~s at 

each setting of~·. accoruing toa randomized order of the ~·. 

An empirical equation was fitted to the observed (average) standard 

deviations of ~' as a function of ~·. This equation was : 

0 = 
~ 

(59) 

Plots of order statistica were made as in the case of the .! - È. 

method; they led to the conclusion that both b and ~ can be 

considered to follow a Gaussian distribution. Therefore ~ , which 

equals ~ -.b, less a possible systematic part,is also normally 

distributed. 

We may assume, as in the case of the .! -l!. method, that a 

and a = 0.2 mm. 
ca 

c1 
0.5 mm. 

Then V(h) = (0.5) 2 + (0.2) 2 = 0.29 mm2 • Using this value and Eq.(59), 

a table of varianoes can be constructed for f , in accordance with 

Eq.(58). The quantity V(~2 ), for ~ normally-:istributed can easily 

be shown to be V(~2) = 2[V(~) ] 2
• 

It is then easily seen, from Eq.C58), and the values of V(~), that 

for all values of~· used in the experiment, the term in V(u 2
) is 

completely negligible in comparison with that in V(~). Therefore 

only the terms in V(~) and V(~) were retained in the calculations. 

Table 20 gives the results, both for a single maasurement of s and 

for the average of five measurements of s at each setting of the 

object and the screen. It is apparent that the smaller values of 

~· leadtobetter precision than the larger ~·· However, below 

~· = 4.2, the setting of the lens for a proper focusing of the 

image on the screen becomes rather difficult. It is therefore 

unlikely that further impravement in precision can be achieved in 

this way. In termsof Eq.(58), it is quite possible that the term 

in V(u 2
) becomes indeed predominant at values ot ~· very close to 

4. 

Another conclusion from Table 20 is that it is definitely advisable 

to make 5 replicate settings of s at each setting ot .:2 : in that way 
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the contribution of the error of s beoomes of the same order of 

magnitude as that resulting from errors in .:e. • 

It is also evident, from a oomparieon of the last columns of Tables 

19 and 20, that both methode, .! - .2, and Beesel, yield about the 
{1) 

same precision for a comparable number of measurements , pro-

vi.ded that both methode are used under close-ta-optimum conditions. 

When performed with care, both methode can yield excellent results, 

even ~th a fairly primitive experimental set~up, such as the one 

used by the studente. 

11. Detection of Systematic Errors 

If, in Eq. (57), we neglect the term in V(J!), we obtain : 

E(f ) 
m (f+~) 1 

( ~ - ex) kt • 

Theoretically, this relation could be used to detect the sys-
1 

tematic error ( J3- ex), by plotting .!'.m as a fu:nction of kt • 

(60) 

However, the available range of 1/.§1 is relatively smalÏ: from 
1 1 b.:'2 to '4.'2 , or 0.161 to 0.238. Assume an error in J3 - ex as 

large as 15 mm. This would then cause a range in .!'.m , of 

15(0.238 - 0.161) 1.16 mm. Taking a standard error, per 

plotted point, of V o.o8' = 0.28 mm (see Table 20), this total 

range is equivalent to about 4 standard deviations of error. On 

the other hand, with the .! - .2, method, the usable range of values 
1 1 

for 1/,5 was from 
5

• 0 to 1•
3 

, or 0.20 to 0.77 • For a systematic 

error of 15 mm, this would lead to a range of 15(0.77·- 0.20) = 8.6 

mm. Taking again a standard error 1 per plotted point ~ = 

= 0.28 mm. (see Table 19), the range of f , in this method, would -m 

( 1 ) The Beesel method requires 2 settings of the lens, whereas the 

.! - .2, method requires on1y a single setting of the screen; 

therefore, the comparison is between 10 replicate setting.by 

the .! - .2, method and 5 replicatea of .9. by the Beesel method. 
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be equivalent to about 30 standard deviations of error. It is 

clear that the procedure for the detection of systematic errors 

is much more sensitive by the .!: -!!. method than by the Bessel 

method. 

12. Theoretical Model for the Beesel Method 

As in the case of the .!: -!!. method, a theoretically more satis

factory model can be constructed. Here, pn is a controlled 

variabie in the BerkBon sense, .!l.m is a measurement subject to 

error, ! is an unknown parameter. Eq.(52) can be written in the 

form: 

a= [(p -y) 2 -4f(p -r)]t+a, (61) -m n n 

which is of the type : 

(62) 

After splitting off systematic parts of e , this equation beoomes : 

(63) 

Again, the relation is not linear in the unknown !t nor in In and 

Î!• Similar considerations apply here as in the case of .!. -!!. 
method. 
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CONCLUDING REMARKS 

The preceding discuesion has been aeant to illustrate the use of 

statistica in the analyeis and interpretation of data, and there

by demonstrate its ueefUlnese as a scientific tool. Admittedly, 

the ohosen examplea, being only studente• laboratory exerciees, 

are of a far aimpler type than most problems of actual experimental 

research, but the questiona they raise in terma of data analysis 

are quite typical. Furthermore, their simplicity bas the advantage 

of giving greater transparency to the statistical problema in

volved in their interpretation. These are univeraal probleas in 

data analysis. Among them we have encountered: 

(1) The problem of asaessing the nature of the diatributton of 

random errors; 

(2) The problem of outliers; 

(3) Determining the variability of replicate resUlta obtained by 

a single experimenter (student, laboratory), as well as 

between experimenters (studente, laboratories); 

(4) The detection and correction of systematic errors; 

(5) The oomparieon Óf alternative methode of meaaurement; 

(6) The searoh for optimumeperating conditions and related questions 

of experimental design. 

In discussing these problems we have had an opportunity to make 

use of some basic statistical concepts and techniques. 

Thus we have discuseed : 

(1) Order statistica; 

(2) The concept of a mathematioal-.statiatical model; 

(3) The general theory of fitting linear models; 

(4) The metbod of least squares, particularly for linear regression; 
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{5) The analysia of variance; its relation to linear models and to 

regression; the partitioning of the interaction term in two

way classifications; 

{6) The law of propagation of errors, both for systematic and for 

random errors; 

(?) The fitting of experimental curves; 

(8) The uae of control charta for the analysis of laboratory- data. 

These concepts and methode do of course not constitute an exhaustive 

list. In particular, many situations will call for non-parametrie 

methods; others will require a more substantial use of the Poisson 

distribution and of other discrete- variable distributions. Problems 

will arise in which the errors are correlated, for example reaction 

rate studies in whieh the errors may be of a cumulative type. 

Extreme- value problems, questions of minimization and maximization, 

sampling problems, all of these, and many others, require the use 

of statistica for their solution. A promising field, too little 

employed in the physical sciences, lies in the use of principal 

components for data analysis [6,8,13] • The instructor will have 

little trouble in finding examples for many of those, even in as 

limited.a field as the laboratory work of studente. 

Used in this fashion, the laboratory work will fulfill the two

fold function, of becoming the student's training ground, not o.nly 

for the manipulation of testing equipment, but also for the 

scientific evaluation of experimental data. At the same time, 

statistica! methods will be shown to be generally useful, intel

lectually stimulating, and pertinent to the student's field. The 

author realizes that under the conditions now prevailing in most 

universities, the general use of fairly advanced statistical 

techniques by students in the physical sciences is a project for 

the future. It is hoped, however, that the present exposition 

mayt to some extent, act as a stimulus in this direction. 
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APPENDIX A 

Gi ven !! sets of points (xij ,;rij) where the subscipt ! , J refers 

to the jth point in the !th set; we wish to fit the model 

where the ~ij are independent errors; of zero-mean and a common 

variance. 

The theory of least squares readily yields the normal equations : 

(i = 1, ••• ,m) 

Using the notation introduced in the main discuseion of the first 

example, and denoting I: 1 n1 by N, we may wri te these equations 

as 

Solving tor cc and the Pi we obtain the least squares eçtimates: 
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"' « = 

According to the theor,y of least squares we have furthermore, for 

the sum of squares of residuals : 

which, after some algebraic simplifications, beoomes : 

ss = res. 
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CURRICULUM VITAE 

De samensteller van dit proefschrift werd op 12 juli 1914 te 

Antwerpen geboren. Hij doorliep het Koninklijk Atheneum in zijn 

geboortestad en studeerde van 1933 tot 1937 aan de Université 

Libre de Bruxelles, w11ar hij in 1937 "lls "licencié en sciences 

chimiques" gediplomeerd werd. Van 1 tot 1940 was hij in Gent 

en van 1941 tot 1946 in New York als chemicus werkzaam, met een 

onderbreking van één jaar in 1944 voor een studie in de mathema

tische statistiek aan de Columbia University onder H11rold Hotel

ling en Abraham Wald. Vanaf 1947 is hij als toegepaste statis

ticus werkzaam in het National Bureau of Standards te Washington. 

Hij is de schrijver van een vijftigtal artikelen over toepassing 

van de statistiek bij de interpretatie van technologische metin

gen, en van een boek getiteld "The Statistica! Analysis of 

Experimental Data" (Wiley and Sons, 1964). 
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STELLINGEN 

Vele proeven in natuurkundige en chemische laboratoria leiden tot 

waarnemingen met cumulatieve fouten. Indien daarmee geen rekening 

wordt gehouden, leidt dit tot een ernstige onderschatting van de 

experimentele meetfout. 

Literatuur. J.Mandel, Fitting a Straight Line to Certain 

Types of Cumulative Data, J .Amer.Statistical Assn., !2, 1 

552- 566 ( 1957). 

2 Door een generalisatie van F'ieller's stelling kan men betrouwbaar

heidsintervallen berekenen voor een willekeurige functie van para

meters welke door middel van een kleinste kwadraten analyse geschat 

zijn. }1en maakt daarvoor gebruik van de betrouwbaarheidsellipso:l:de 

voor de parameters gebaseerd op de beschikbare schattingen. 

Literatuur. 

(1) D.J.Finney, Statistical Metbod in Biological Assay 1 

Charles Griffin & Company Ltd., London, 1952, blz. 27- 29. 

(2) J.Handel, A Note on Confidence Intervals in Regression 

Problems, Annals of Mathematical Statist:i.cs 1 ~. 903- 907 

( 1958). 

3 Er is onvoldoende aandacht besteed aan de ontwikkeling van sequente 

statistische methoden met een d:i.agnostisch doel. Het door vele 

statistici ingenomen standpunt dat de methode voor de analyse der 

waarnemingen reeds v65r het verzamelen dezer waarnemingen vastge

legd moet zijn is in strijd met moderne opvattingen over het wezen 

der wetenschap. 

Li.teratuur. 

(1) G.E.P.Box and w.G.Hunter, The Experimental Study of 

Hechanisms, Technometrics 1 z, 23-42 (1965). 

(2) J.Mandel, The Statistical Analysis of Experimental Data, 

Wiley, 1964. blz.25, 160- 162, 205-219, 259-269. 



4 De verdiensten van alternatieve meetmethoden kunnen bepaald worden 

zonder gebruik te maken van een standard methode. 

Literatuur. 
(1) J.Mandel and R.D.Stickler, Sensitivity- A Criterion f'or 

the Comparison of' Methods of' Test, J.Research Natl. Bur. 

Standards, .!?J., No.:;, 155-159 {Sept. 1954). 

(2) J.Mandel, The Statistica! Analysis of Experimental Data, 

Wiley, 1964, blz. :;6:;- 389. 

5 De methode der "principal- components", waarvan in de psychologie 

vrij veel gebruik wordt gemaakt, heeft tot dusver weinig toepassing 

gevonden in de natuurkundige en technische wetenschappen. Zij zou 

echter met voordeel kunnen worden gebruikt voor het aanpassen van 

krommen en oppervlakten aan experimentele waarnemingsresultaten. 

Heeft men geen electroniache rekenmachine ter beschikking, dan kan 

men benaderingamethoden gebruiken die op een machine met handbe~ 

diening kunnen worden uitgevoerd. 

Literatuur. 

(1) H.Hotelling, Analysis of a Complex of Statistica! 

Variables into Principal Components, J.Educatorial Psychology, 

24, 417-41, 498-520 (1933}. 
{2) B.A.H.Thomas, Some Induatrial Applicationa of Multi

variate Analysis, Applied Statistica, 1Q, 1-8 (1961). 

6 Het is wenselijk dat iedere student in de natuurkundige of tech

nische wetenschappen in zijn eerste studiejaar een cursus in 

statistiek volgt die tenminste de volgende onderwerpen bevat : 

(a) De begrippen : steekproef, populatieparameters en hun steekproef 

schatters; 

{b} De wet van de voortplanting der fouten; 

{c} De elementaire theorie van controle kaarten. 

Zelfs zulk een rudimentaire voorbereiding zou het de student moge

lijk maken zijn waarnemingsuitkomsten op een verantwoorde manier te 

analyseren. Indien meer tijd ter beschikking staat, kan men de 



cursus aanvullen met een behandeling van "order statistica", van 

de theorie van kleinste kwadraten, en van statistische toetsen. 

7 Bij een nauwkeurig onderzoek van elementaire leerboeken over sta

tistiek blijkt meestal het volgende : In een inleidend hoofdstuk 

wordt de waarschijnlijkheidsleer ingevoerd aan de hand van uitvoe

rige kansberekeningen voor het spelen met dobbelstenen, of zelfs 

met behulp van symbolische logica en Venn- diagrammen. Verder 

wordt echter geen gebruik gemaakt van de waarschijnlijkheidsleer. 

Daaruit blijkt dat de statistiek~e voor het analyseren van waar

nemingsuitkomsten nodig is, slechts zeer weinig voorbereiding in de 

waarschijnlijkheidsleer vereist. 

8 Het nut van controle kaarten is niet beperkt tot de kwaliteits

controle in de industrie. Ook in het laboratorium kan men ze met 

voordeel gebruiken voor het analyseren van waarnemingsuitkomsten. 

Literatuur. 

(1) G.Wernimont, Use of Control Charta in the Analytical 

Labaratory 1 Ind. and Eng.Chem., Anal.Ed., .1!!., 587- 592 ( 1946) 

(2) J.Mandel, The Statistical Analysis of Experimental Data, 

~iley, 1964, blz. 80-85. 

(3) ASTM Manual for Conducting an Interlaboratory Study of a 

Teat Method 1 ASTM Special Technical Publication No. 335, 

Amer.Society for Testing and Materials, Philadelphia, 1963. 

9. Een bezoeker uit de Verenigde Staten krijgt de indruk dat Europese 

autobestuurders in het algemeen roekeloos en onvriendelijk zijn in 

het verkeer. Dit geldt zelfs voor Nederland, waar de bewoners in 

elk ander opzicht van een voorbeeldige vriendelijkheid zijn. Een 

mogelijke verklaring voor dit verschijnsel is dat autobezit op gro

te achaal betrekkelijk nieuw is in Europa. Blijkbaar worden de 

traditionele deugden van vriendelijkheid en consideratie voor de 

medemens bij het autorijden buiten spel gezet. Het zou wenselijk 

zijn een campagne te organiseren om de autobezitters betere rijge

woonten bij te brengen en daardoor het verlies van mensenlevens in 

steden en op autowegen te reduceren. 



Literatuur. ''More deaths in Europe", Time Magazine, April 16, 

1965, blz.66, Time International, Amsterdam, 1965. 

10 Volgens het standpunt der "Bayesians" moeten alle statistif?che 

methoden zogenaamde "a priori waarschijnlijkheden" insluiten. Deze 

drukken uit hoeveel vertrouwen ("degree of belief") de onderzoeker 

in zijn hypothesen heeft vóórdat hij het experiment uitvoert. 

Statistici die dit standpunt innemen, combineren subjectieve ge

voelens en experimentele resultaten in één en dezelfde formule, 

door beiden waarschijnlijkheidewaarden toe te voegen. Zij geven 

daarmee een grondbeginsel der wetenschappelijke methode op : 

namelijk de voorrang van objectieve waarnemingBuitkomsten boven 

subjectieve gevoelens. 

Literatuur. D.V.Lindley1 Introduetion to Probability and 

Statistica from a Bayesian Viewpoint, Parts 1 and 2, Cambridge 

University Press, Cambridge, 1965. 
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