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I INTRODUCTION

Data from experiments in plant breeding research are subject to variation. Part of

this variation is of a technical nature, e.g. measurement errors or errors in the application

of treatments (e.g. dose errors). A usually more prominent part of the variation is due to

differences between plants of the same genotype caused by unintended differences in

temperature and irradiance level, amongst other things. Another important source of

variation may be sampling variation, which is encountered in genetic studies if random

samples are taken from segregating populations.

In many textbooks on the application of statistical methods in biology the emphasis

has been on observations showing continuous variation, e.g. plant weight. The theoretical

basis for the analysis of such data is provided by the linear model. The basic assumption

underlying the linear model is that (sometimes after a suitable transformation) treatment

effects and random contributions can be added, at least within the range of values of the

character considered. Often it is also required that the observations follow normal

distributions with the same variance.

In many areas of biology data are not recorded on a continuous scale, but on a

discrete scale, i.e. a scale involving a limited number of possible values. Typical

examples are binary or binomial data, ordinal data and counts. Apart from the fact that

for discrete data usually the additivity rule does not hold, the interpretation of a difference

on the observation scale may not be the same over the entire range of values. For

example, for binary data a difference in probability between 0.5 and 0.55 may be totally

different from a difference between 0.9 and 0.95. For binary data interpretation of results

on a probit or on a logit scale is often preferred. Hence, discrete data usually require

special data-analytic techniques.

The class of generalized linear models (GLM) (NeIder and Wedderburn, 1972;

McCullagh and NeIder, 1983, 1989) was introduced as a unifying framework for

continuous as well as discrete data. Within this framework it is possible to specify

alternatives to the normal distribution, e.g. the binomial distribution and the Poisson

distribution, amongst others. At the same time it is possible to specify a suitable

transformation from the observation scale to a scale better suited to interpretation, by

means of a link function. Maximum likelihood estimates of parameters of generalized

linear models can be obtained by iterative weighted least squares, a technique which is

made available in statistical packages like GUM and GENSTAT.

However, application of generalized linear models in plant breeding research is

hampered by the fact that GLMs allow only one source of variation. Many experiments

exhibit some form of stratification or grouping. For example, in glasshouse experiments

experimental units may consist of a number of plants grown together in one pot. Plants
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Introduction

grown in the same pot may be more alike than plants grown in other pots with the same

treatment. In such a situation one has to consider between-pot and within-pot variation.

Both types of variation must be part of the statistical model used for analyzing such data.

However, also more complicated situations involving nested and crossed errors appear in

practice.

This problem can be solved by introducing variance components into the

generalized linear model. In this thesis a class of models is investigated, which is

obtained by adding random effects and associated variance components to the linear

predictor of a generalized linear model (Chapter II). It leads to a so-called generalized

linear mixed model. The method for estimating parameters that will be considered is

maximum likelihood. Practical applications are used throughout this thesis to illustrate the

methods.
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IT GENERALIZED LINEAR MIXED MODELS

1 Introduction

Long before NeIder and Wedderburn's classical paper (NeIder and Wedderburn,

1972) on generalized linear models (GLM), various types had already proved to be useful

in practical applications. The most prominent example is perhaps the probit model which

is often used in toxicology (Finney, 1971). The impact of NeIder and Wedderburn's paper

on statistical analysis was primarily brought about by the fact that the computing involved

in maximum likelihood (ML) estimation could be handled in a unified way by iterative

weighted least squares.

This algorithm has been implemented in various general statistical programs, e.g.

GUM (Baker and NeIder, 1978) and GENSTAT (Genstat 5 Committee, 1987), which

enabled widespread application of GLMs and led to the production of a vast amount of

literature on theoretical developments, and on applications in many areas of research

(McCullagh and NeIder, 1983, 1989).

The basic assumptions of a GLM are:

1. the observations are independently distributed according to some distribution in

the exponential family (e.g. normal, binomial or Poisson),

2. the mean values of the observations are related to linear predictors by means

of a link function (e.g. identity, probit, logit or log),

3. the linear predictors are linear functions of parameters.

The basic problem of using a GLM for analyzing observations from many

designed experiments in agricultural research and experimental biology is, that it cannot

cope with dependent observations. Many experiments have some form of structure which

may lead to observations being dependent. For example, if experimental units consist of

more than one plant, plants grown on the same unit may be more alike than plants grown

on other units with the same treatment. When using a GLM (with unit dispersion

parameter) this may lead to so-called overdispersion or extra-variation, i.e. the residual

deviance is greater than its expectation, the number of residual degrees of freedom

(Williams, 1982).

Overdispersion requires the class of generalized linear models to be extended. In

this chapter a class of generalized linear mixed models (GLMM) will be introduced. This

class of models will be compared with some well-known alternatives based on conjugate

distributions.
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2 Model Connulation

2.1 Assumptions

As for a GLM the formulation of a simple GLMM can also be given by making

three assumptions:

1. conditional upon ml' m2, ... , ml , observations YI , Y2' ... , YI are independently

distributed according to some exponential family distribution with mean ml' m2' ... ,

mt, respectively. Hereafter, the discussion will be restricted to the normal, the

binomial and the Poisson distribution.

2. a transformation from the measurement scale to an additive or linear scale is given

by

(i = 1, 2, ... , I). The function g is usually called the link function.

3. for the non-observable or latent random variables Yl' Y2, ... , YI a model is obtained

by adding a fixed effect and a random effect, i.e.

(0" ~ 0), where el' e2' ... , el are independently distributed according to a standard

normal distribution. The fixed effects {7Ji} are usually assumed to be linearly related to

covariates, Le.

t
7Ji = xJ3

where Xi (i =: 1, 2, ... , 1) is a P • 1 vector of known coefficients and {3 is a

p. 1 vector of unknown parameters. For 0" = 0 a GLM is obtained.

In matrices the linear model can be written as

y = X{3 + O"e

where Y = (Yl' Y2, ... , YI)t, e = (el' e2' ... , el)t and X is an I· P matrix, of which the

ith row is given by xi. The linear model can easily be extended to include more than one

variance component, e.g.
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where Z denotes an I· M matrix of known coefficients and el is an M· 1 vector

containing M random variables independently distributed according to a standard normal

distribution. The elements of el and e are also assumed to be independently distributed.

Such a model could be used for data from a split-plot experiment with M main plots. At

this stage only the model with one variance component will be considered in detail.

2.2 Normal model

Hereafter, the GLMM involving the normal distribution and the identity link

(shortly normal model) is primarily used as a simple analogue of models for discrete data

which are the topic of this research. Often the normal model allows explicit formulation

of properties by using simple arguments, which enhances interpretation.

In the case of the normal model the conditional probability density function (pdf)

of the observations reads

Hereafter, 'Al is assumed to be known, i.e. 'Al = 1/Ni , where Ni denotes the number of

measurements on unit i (= 1, 2, ... , I). It should be noticed that the case (J = 0

corresponds with a GLM for normal data with unit dispersion parameter.

For the identity link, i.e.

the pdf of mi reads

The conditional pdf of Yi and the pdf of mi have the same functional form; they are called

conjugate distributions.

The marginal pdf of Yi is obtained from

5
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00

[1] p(Yi ) I p(Yilm j ) p(m j ) dm j •

-00

which in this case can easily be written in closed form,

So, the observations Y1, Y2, '" , YI are independently distributed with mean T/j and

variance vi = <?+ l/Ni (i = 1,2, ... ,l).

Variance vj may be written as

where VOj = 1/Nj denotes the variance of lj if (J = 0, and

(i = 1, 2, ... , 1) denote the iterative weights used for fitting a GLM, i.e. if (J = 0.

The ML estimate of (3 is given by

where V = diag(vl' v2' ... , vI) and Y
A

related to {3 is given by

(Y1, Y2, ..• , YIt The information matrix

where N = diag(N1, N2, ... , NI ), P = diag(Pl, P2' ... , PI) and
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(i = 1, 2, ... , I). The quantities {pd determine the degree in which it is possible to

distinguish between units I, 2, ... , I. So, positive values of (J lead to a reduction of
A

information concerning f3 and a subsequent increase of the variance of the elements of f3
relative to the case (J = 0.

If (J = °the residual sum of squares is given by

If (J = 0, S follows a x2 distribution with I-P degrees of freedom. As a consequence its

expectation equals 1-P. The expectation of S for positive values of (J is given by

where Q = tr(N(I-H» and H is the so-called hat matrix.given by

So, the expectation of S is increased if (J is positive. If N j = N (i = I, 2, ... , I) the

expectation of S is given by (1- PH 1+ clN). The above expression for the expected

value permits the definition of a moment estimator for cl:

;2 = S-(1-P)

Q

For other GLMMs, the analogue of the residual sum of squares S is Pearson's X2

statistic (Pierce and Sands, 1975). Furthermore, Q should be replaced by Q = tr(Vii1(1

H», where

and Vo = diag(vOl' v02' ... , val) and Wo = diag(wOl' w02' ... , wO/) are diagonal
matrices containing variances and iterative weights of the corresponding GLM,

respectively. Expressions similar to those given above were used by Williams (1982) in

his treatment of overdispersion for binomial data.
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2.3 Binomial model

In the case the conditional distribution of the observations is the binomial

distribution, the probability function reads

where mj = NjF( TJj + aej ) and F represents the probability integral of a standard

distribution (e.g. normal or logistic).

The pdf of mj is given by

1 4>({F-1(m/Ni)-TJi}/a)

aNi 4>{F-1(mi INi )}

A graphical representation of pdf [2] is given in Figure 1. The distribution corresponding

with pdf [2] is called a gaussian-normal or a logistic-normal distribution depending on the

link function chosen. It should be noticed that if TJi = 0 and a = 1 the pdf of a uniform

distribution is obtained. For large values of a bimodal pdfs are obtained.

The marginal probability function of lj can be written in a form similar to [1], but

in this case the integral cannot be solved explicitly.

2.4 Poisson model

For the Poisson distribution the conditional pdf reads

A link function often used in connection with the Poisson distribution is the logarithmic

link function, i.e. Yj = In(mi ). In that case mi follows a log-normal distribution, of which

the density function is given by

8
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Figure 1: Graphical representation of the pdf of some logistic-normal distrihutions with u = 0.25
(-----) and (1 = 0.5 (---)

As for the binomial model, the marginal pdf of Yi , which can be written in a form similar

to [1], cannot be written in closed form.

2.4 Further remarks

Although the model specification of a GLMM is general, it is not possible to

obtain closed expressions for the marginal distribution of the observations except for the

normal distribution with identity link function. ML estimation would require evaluation of

integrals, which in this case can be achieved by using Gaussian-Hermite quadrature
formulae (Atkinson, 1978). But instead of using ML, alternative methods which require

only specification of mean and variance, may provide a sensible alternative. Second-order

approximations would enable the use of moment methods as described for the normal

model (Section 2.2). Hereafter, second-order approximations for the binomial and the

Poisson model will be considered.
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3 Second-order approximations

3.1 Preliminaries

The expectations of the observations Yl , Y2, •.. , Y/ can be obtained from

(i = 1, 2, ... , I). The variances are given by

var(Yi ) = E(var(Yilmi» + var(E(Yilmi»

= E(var(Yilmi» + var(mi)

(i = 1,2, ... , I); see Rao (1972). The conditional variance var(Yilmi) is either a

constant (normal model), a linear function of the conditional mean (Poisson model) or a

quadratic function of the conditional mean (binomial model).

For the normal model a result is obtained directly, namely E( lj) = 71i and var( Yi )

= c? + 11Ni . For the binomial and the Poisson distribution usually approximate results for

mean and variance are used.

3.2 Binomial model

For the binomial model, mi = Ni F(71i + IJei ), so that

00

Jl.i = E(mi ) = Ni J F(71i+ IJe i) <!>(ei ) de i .
-00

This integral cannot be solved explicitly except if F represents the probability integral of

the standard normal distribution. In that case

where <I> denotes the probability integral of the standard normal distribution.

10
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Also for this case Robertson (1950) describes a linear regression approximation

which can be used to approximate Vj = var(mj). This approximation takes the form

where

N· (f [ 1J. ]cov(mj,ej) = I cf> I •pp
Gilmour et al (1985) indicate that variances obtained by using this approximation are

smaller than the true value if

(f

r = ---===p
exceeds 0.25 and the discrepancy increases if r increases, and if I-'j approaches 0 or Nj .

However, approximations of I-'j and Vj are usually based on a linear approximation

of mj ,

where f denotes the first derivative of F. As a consequence, I-'j "'" NjF( 'YJj) and Vj "'"

<?{NJ('YJj)}2. It follows that the expectation and variance of the observation lj are

approximately equal to I-'j and

V· "'"I

respectively. For large Nj the variance is of the form VOj(1 + <?woj), where VOj and WOj

denote the variance and the iterative weights for a GLM for binomial data. It should be

noticed that WOj tends to zero if I-'j tends to 0 or Nj. In other words, information about

extra-binomial variation varies accross the range of values of I-'j'

11
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3.3 Poisson distribution

For the Poisson distribution with logarithmic link mi = exp(1)i+lTei)' i.e. mi
follows a log-normal distribution. Expectation and variance of mi are given by J1.i =
w1l2 exp(1)) and vi = (w-l)J1.l, where w = exp(~); see Johnson and Kotz (1970). As a

consequence the expectation of observation li is given by J1.i and its variance is given by

Vi = J1.i (1 + (w - 1) J1.i). For small values of IT, the expectation and variance of mi are given

by I-'i "" exp(1)) and vi "" ~ I-'l, respectively. As a consequence, the expectation and

variance of the observation li are approximately given by I-'i and vi = I-'i(l +~ I-'i)'

respectively. As for the normal and the binomial model the latter variance function is of

the form vOi(l + ~WOi). In this case wOi tends to 0 if I-'i tends to O.

It should be noticed that by this approximation mi has a constant coefficient of

variation, a property which holds exactly for the gamma distribution. Moreover, the

relationship between variance and mean is not affected by using a linear approximation of

mi. However, the interpretation of the parameters may differ, expecially if IT is not close

to zero.

4 Conjugate mixing distributions

4.1 Preliminaries

In the models considered above, mixing distributions are obtained by transforming

a normal random variable by means of the inverse of a link function. In general, this

definition of a mixing distribution does not lead to an explicit formulation of a compound

distribution. An explicit formulation is only obtained if the conditional distribution of the

observations is the normal distribution and the link function is the identity. In that case

the mixing distribution is also a normal distribution, and the resulting compound

distribution is again a normal distribution. The mixing distribution is a so-called conjugate

mixing distribution: it has the same functional form as the conditional distribution of the

observations and thus leads to an explicit formulation of the compound distribution. Such

a conjugate mixing distribution also exists for the binomial and the Poisson distribution.

12
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3.2 Beta-binomial distribution

The conjugate mixing distribution of the binomial distribution is the beta

distribution, of which the pdf is given by

where B('Yil,'Yi2) is the beta function; 'Yil and 'Yi2 are positive real numbers. By mixing

the conditional binomial distribution of the observations with the beta distribution the so

called beta-binomial distribution is obtained, of which the probability distribution is given

by

[
N.] B(Y+'V' I N-Y+'V· 2 )p(Y;) = I I II' I I II •

Yi B('Yil,'Yi2)

Application of the beta-binomial distribution in expe~imental biology has first been

discussed by Williams (1975). Maximum likelihood estimation for the beta-binomial

distribution is not easy and requires special programming (Smith, 1983).

The mean and variance of mi are given by IJ.i = Ni'Yil I ('Yil + 'Yi2) and Vi =
(1 +'Yil + 'Yi2 r 1IJ.i(N;-IJ.i)INi, respectively. A conventional restriction is to fix

(1 + 'Yil + 'Yi2r1 to be a constant, 0 2, say. Crowder (1978) mentions that to restrict the

pdf of the beta distribution to be unimodal, the value of 02 should be less than 1/3. The

mean and variance of the observations lj are given by IJ.i and

IJ.i(N~~ IJ.;) (1 + 02(Ni -1»),
I

respectively. A further simplification is obtained if the binomial indices are all equal to N,

so that var(lj) = if;2IJ.i(N-IJ.j)IN, where if;2 = 1 + 02(N-I). In the latter case an

analysis similar to analysis of variance can be justified (Engel, 1986). It should be noticed

that the multiplying factor in the variance function related to extra-binomial variation does

not depend on the value of IJ.i'

13
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3.2 Negative-binomial distribution

The conjugate mixing distribution of the Poisson distribution is the gamma

distribution of which the pdf is given by

[ ]
v []

_ v 1 v-l vmj
p(mj ) - - -- v exp -- .

IJ.j r(v) j./.j

If the distribution of the observations is a Poisson distribution and the mixing distribution

is a gamma distribution, the resulting compound distribution is a negative binomial
distribution. The pdf is given by

[ ]1 ]Y'[ ]V
v+Y-l 11., I 11.,

P(Yo) = I r"I 1_ r I

I Yj IJ.j+v IJ.j+v

Again ML estimation requires special programming and is considered by Johnson and

Kotz (1969) and Bishdp et al (1975).

The mean and variance of mj are given by IJ.j and IIj = IJ.1/ v, respectively. It

follows directly that the mean and variance of the observations lj are given by IJ.j and

IJ.j(l + IJ.J v).

5 Fitting models to data

ML estimation requires full specification of the distribution of the observations.

For GLMs ML estimates can be obtained by iterative weighted least squares, which

makes this class of models a powerful tool for statistical analysis. However, effectively,

the only distributional assumption which is used in the estimating equations concerns the

variance function V(IJ.j) and the link function g(IJ.j)'

The concept of maximum quasi-likelihood (MQL) , introduced by Wedderburn

(1974), allows the variance to be related to the mean by a function 1/;2 V(IJ.j), where 1/;2 is

an unknown scalar. Such models can also be fitted to data by iterative weighted least

squares. V(IJ.j) need not necessarily be a variance function related to a GLM. An obvious

estimate of the dispersion parameter 1/;2 is then obtained by taking the residual mean

deviance after fitting a generalized linear model, although Pearson's X2 divided by the

residual degrees of freedom is sometimes preferred.

14
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However, problems arise if the variance is a function of an unknown dispersion

parameter which is not a multiplying factor, e.g. var(Yj) = J.'j(l +rlJ.'j)' Fitting such a

model requires an estimating equation for (3 as well as for rl. For proportions, Williams

(1982) proposed to estimate rl by that value which makes Pearson's X2 equal to the

corresponding degrees of freedom. This idea was followed by Breslow (1984) for count

data. Moore (1986) proves that estimates of (3 obtained in such a way are consistent and

asymptotically normally distributed. A further account on hypothesis testing involving

overdispersed counts is given by Breslow (1990). NeIder and Pregibon (1987) introduced

the extended quasi-likelihood function, which makes it possible to find estimates of (3 and

a dispersion parameter by maximizing a single optimalitity criterion. The definition of the

extended quasi-likelihood function still enables (3 to be estimated by iterative weighted

least squares. A major drawback is that above methods are only applicable in situations

with one variance component.

Although compound distributions involving natural conjugate mixing distributions

do have closed expressions for their distributions there is no simple, general algorithm for

obtaining ML estimates. This is perhaps the principle reason for these distributions not

being used very often in practical applications.

A general algorithm for fitting GLMMs to data by ML is the EM algorithm which

turns out to be iterative weighted least squares (Anderson and Hinde, 1988). This

algorithm uses Gaussian-Hermite quadrature to evaluate integrals that are part of the

likelihood function.

6 Discussion

The success of the class of GLMs is to a large extent due to its unified estimation

procedure: iterative weighted least squares. The basic problem of applying GLMs in

experimental biology is its limitation to a single source of variation. The problem called

overdispersion has led to many ad-hoc solutions, in many of which estimation of

overdispersion parameters is treated as a step-child. Special solutions (Altham, 1978;
Kupper and Haseman, 1978, Prentice, 1986) may lead to confusion among biologists who

want to apply statistical methods in their work.

GLMMs as defined in this chapter provide a unified extension of GLMs: a

GLMM is obtained by adding independent random effects to the linear predictor of a

GLM. Moreover, fixed effects and random effects are handled in the same way as is done

in linear models. Extensions to more than one component of variance are straightforward.
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Extension of compound distributions based on conjugate mixing distributions is not

easily achieved. Moreover, parameter estimation for such models lacks the unified

approach possible for GLMMs. This will hamper application of such models in practice.

ML estimation for a GLMM can be done by iterative weighted least squares,

although fitting a GLMM requires much more computing than fitting an ordinary GLM.

Approximate methods (Williams, 1982) can be used if the aim of including a variance

component is to account for overdispersion, but if it is also important to know the

magnitude of variance components, combined estimation of fixed effects and variance

components (and corresponding standard errors) by ML may be more attractive.

Extension of approximate methods to more than one variance component are not

straightforward.

However, properties of the GLMM and its 'behaviour' in practical applications

need further investigation. The GLMM can also be extended to include models for ordinal

data (McCullagh, 1980) by using a composite link function (Thompson and Baker, 1982).
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ill APPROXIMATION OF EXPECTATIONS OF FUNCTIONS OF A

NORMALLY DISTRIBUTED VARIABLE

Summary

An introduction is given of the use of Gaussian-Hermite quadrature rules for

approximating expectations of functions of a standard normally distributed random

variable.

Keywords: Expectation, Gaussian-Hermite quadrature

1 Introduction

In this chapter the calculation of the expectation of a non-linear function h(e) is

considered. It is assumed that e follows a standard normal distribution. The expectation of

h(e) is given by

00

[I] E(h(e)) = J h(e) ¢(e) de,
-00

where ¢ (e) represents the probability density function of the standard normal

distribution,

1 [e 2 ]¢(e) = -- exp -- .
J2;" 2

Integral [I] can be calculated exactly if h(e) = exp(ao + al e + a2e2) or if h(e) is a

polynomial in e or if h (e) is the probability integral of the normal distribution.

As an example the case of a generalized linear mixed model for count data

(Jansen, 1993b) will be considered. In that case the function h(e) is of the form

mY
h(e) = exp( -m) -,

Yl

where m = T/ + ae, -00 < T/ < 00, a ~ 0 and Y is a non-negative integer. To illustrate

the shape of h(e) for this particular application, Figure I contains a graph of h(e) for T/

= 0, Y = 3 and various values of a.
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Figure 1: Graph ofh(e) for '1 = 0, Y = 3 and (J = 0, 0.1, 0.2, 0.4 and 0.8.

In practical applications a numerical approximation of [1] may often be adequate.

2 Polynomials

Using a Taylor series expansion the function h (e) can be approximated by a

polynomial,

where

00

h(e) = h(O) + L
p=1

p

ape P "'" hp(e) = h(O) + L
p=1
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G = h [pl(O)
P p!

and h[pl(O) denotes the pth derivative of h(e) evaluated at e

can only be obtained if the first P derivatives of h exist.

By using this approximation it is found that

O. This approximation

[1] E(h(e») - f;, 'p [I eP ¢(e) de]

where J.l.p = 0 if p is odd and

J.l. p = (p-l)·(p-3)· ... ·3·1

if P is even (Johnson and Kotz, 1970). However, calculation of [1] requires the

coefficients Gp (P = 1, 2, ... , P) to be known. This is a disadvantage in practical

applications. It would be much more convenient if calculation of [1] would only require a

limited number of evaluations of the function h (e).

3 A discrete approximation of the standard nonnal pdf

In the following the expectation of h(e) with respect to the continuous probability

density function cj> (e) (- 00 < e < 00) is approximated by the expectation of h(e) with

respect to the discrete probability function {( uq , Wq); q = 1, 2, ... , Q}:

00

E(h(e») = J h(e) cj>(e) de
-00

Q

'"'L
q=l

It should be noticed that ~ q wq = 1. The above approximation of integral [1] is called a

quadrature rule, where {uq } are called quadrature nodes and {wq} are called quadrature

weights.

Furthermore, it will be assumed that the discrete probability function is symmetric

about zero, i.e. W q = WQ_q+ 1 and uq = -UQ_q+1. As a consequence, all odd moments of

the discrete probability distribution vanish as is the case for the odd moments of the

standard normal distribution. For the even moments it will be required that up to a certain
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level they are equal to the corresponding moments of the standard normal distribution.

For simplicity reasons we consider the case Q = 2. By using the above definitions

it follows that for Q = 2, wI = w2 = 1/2. Furthermore, ul = -u2' so that one

additional restriction has to be imposed to be able to calculate values of ul and u2' This is

done by equating the second moment of the discrete distribution to the second moment of

the standard normal distribution, i.e.

1.

It follows that ul = -1 and ~ = 1.
All odd moments of the discrete probability distribution are equal to zero and all

even moments are all equal to one. This means that the first three moments of the discrete

probability distribution coincide with the first three moments of the standard normal

distribution. Hence, if the function h (e) is a polynomial of degree three, a two-point

quadrature rule produces an exact result for integral [1]. However, if the degree of the

polynomial is larger than three, the result will not be exact, because the fourth and higher

order even moments of the discrete probability distribution differ from the corresponding

moments of the standard normal distribution.

For Q = 3 the restrictions are WI = W3' WI + W2 + W3 = 1, ul = -u3 and u2 = O.
In this case two restrictions have to be imposed: the second and the fourth moment of the

discrete probability distribution are set equal to the corresponding moments of the

standard normal distribution:

2 2
UI + W3 U3 = 2 WI

4 2
UI + W3 U3 = 2 WI

It is obtained that UI = -V3, ~ = v3 and WI = w3 = 1/6. The even moments of the

approximating discrete distribution are given by 3pI2 - 1, P = 2, 4, .... By using this

quadrature rule polynomials of degree at most 5 are integrated exactly.

The same arguments can be used for larger values of Q, in which case the algebra

becomes more difficult. However, the quadrature nodes {uq } can be obtained as zeros of

Hermite polynomials (Atkinson, 1978). Values of {uq IV2} and {wqV1r} are given by

Abramowitz and Stegun (1965). Tables of quadrature nodes and quadrature weights can

be used easily in computer programs.
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Figure 2a: Graphical representation of the value of E (h (e» (as a percentage of the value obtained for Q = 20)
versus the number of quadrature nodes (between 2 and 16) for a generalized linear mixed model for
poisson with '1 = 0, Y = 3 and (f = 0.1 (D), 0.2 ( +), 0.4 (0) and 0.8 ( .. ).

4 Examples

Two examples are used to consider the numerical precision of Gaussian-Hermite

quadrature. Two effects are considered. Firstly, the effect of increasing values of (J, and

secondly, the effect of increasing deviations between observation and the expected value

of that observation. This is done by finding an approximation to E(h(e», where h(e) is

given by [2] and .,., = O. Values for Yare 3 and 9. For values of Q between 2 and 16

approximation [2] is given as a percentage of the value obtained for Q = 20. The latter

value is considered as the 'true' value of the integral to be approximated.

Results are presented in Figures 2a and 2b. These figures indicate that if (J

increases a larger number of quadrature nodes is required to obtain the same relative

precision. The same holds if the deviation between observation and its expection becomes

larger.
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Figure 2b: Graphical representation of the value ofE(h(e» (as a percentage of the value obtained for Q = 20)
versus the number of quadrature nodes (between 2 and 16) for a generalized linear mixed model for
poisson data with lj = 0, Y = 9 and (f = 0.1 (D), 0.2 ( +), 0.4 ( 0 ) and 0.8 ( " ).

4 Discussion

The aim of applying Gaussian-Hermite quadrature rules is to approximate

expectations of functions of standard normally distributed random variables. From the

view point of computer time, the number of quadrature nodes should be kept as small as

possible. In the context of generalized linear mixed models the functions to be integrated

have a bell-shaped form (see e.g. Jansen, 1993a). In many applications the required

number of quadrature nodes is small (see e.g. Jansen, 1990 and references therein), but

convergence problems may sometimes arise. Such problems may be caused by the fact

that statistical models do not fit adequately to the data.
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IV THE ANALYSIS OF PROPORTIONS IN AGRICULTURAL
EXPERIMENTS BY A GENERALIZED LINEAR MIXED

MODEL

Summary

This paper is concerned with the statistical analysis of proportions involving

extra-binomial variation. Extra-binomial variation is inherent to experimental situations

where experimental units are subject to some source of variation, e.g. biological or

environmental variation. A generalized linear model for proportions does not account for

random variation between experimental units. In this paper an extended version of the

generalized linear model is discussed with special reference to experiments in agricultural

research. In this model it is assumed that both treatment effects and random contributions

of plots are part of the linear predictor. The methods are applied to results from two

agricultural experiments.

Keywords: Acceleration, EM algorithm, extra-binomial variation, Gaussian-Hermite

quadrature, generalized linear models, iterative weighted least squares, link function,

logit, maximum likelihood estimation, overdispersion, probit, variance components

1 Introduction

1.1 Data

This paper is concerned with the statistical analysis of binomial data from designed

experiments with special reference to agricultural research and experimental biology. The

data obtained from experimental unit i are denoted by pairs of numbers (lj ,Ni ), i = 1,

2, ... , I, in which Ni denotes the number of 'trials' and lj denotes the number of

'successes'. To illustrate the methods two practical applications will be considered.

Application 1: Infestation of Carrots by Larvae of the Carrot Fly

The data have been obtained from an experiment which was designed to compare a

number of genotypes of carrot with respect to their resistance to infestation by larvae of

the carrot fly. The data involve 16 genotypes which were compared at two levels of pest

control. The experiment was carried out in three randomised blocks. Each block consisted
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of 32 plots, one for each combination of genotype and level of pest control. At the end of

the experiment about 50 carrots were taken from each plot and assessed for infestation by

carrot fly larvae. The data are shown in Table 1.

Application 2: Infection of apple trees by apple canker

The data have been obtained from an experiment in which detached shoots of

apple trees were inoculated with macroconidia of the fungus Nectria galligena, which

causes apple canker. The experimental factors were INOCULUM DENSITY (3 levels:

200, 1000 and 5000 macroconidia per ml) and VARIETY (3 levels: Jonagold, Golden

Delicious and Jonathan). The experiment was carried out in four randomized blocks with

12 plots. Each plot consisted of one shoot on which five inoculations were made. The

numbers of successful inoculations per plot at day 17 after inoculation are given in Table

2.

1.2 Model

The model that will be considered for analyzing these data, consists of three com

ponents:

1. a linear model, Yi = TJi + uei (i = 1, 2, ... , I), in which TJi represents the effect of
the treatment applied to plot i and uei represents a random contribution of plot i.

It is assumed that TJi = x~l3, in which Xi is a P·l vector of known coefficients

and 13 is a P • 1 vector of unknown parameters. The vector x~ may be considered as

the ith row of an I· P design matrix X. The random variables e[, e2' ... , eI are

assumed to follow independent standard normal distributions.

2. a transformation, Pi = F(Yi) (i = 1, 2, ... , I), in which F is the probability integral

of a standard distribution defined on (- 00 , 00 ). The inverse of F, denoted by G, is

usually called link function.

3. the distributional assumption that conditional on PI> P2' ... ,PI' the random
variables Y1, Y2, ... , YI are independently distributed according to binomial

distributions with parameters N[, N2, ... ,NI andp[, P2, ... ,PI' respectively.

1.3 Review

The model described in Section 1.2 is a direct extension for binomial data of the
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Table 1: Data of the carrot experiment: the first figure refers to the sample size (N), the second figure
to the number of infestated carrots (y)

Treatment 2

Genotype Block 1 Block 2 Block 3 Block 1 Block 2 Block 3

1 53/44 48/42 51/27 60/16 52/ 9 54/26
2 48/24 42/35 52/45 44/13 48/20 53/16
3 49/ 8 49/16 50/16 52/ 4 51/ 6 43/12
4 51/ 4 42/ 5 46/12 52/15 56/10 48/ 6
5 52/11 51/13 44/15 51/ 4 43/ 6 46/ 9
6 50/15 49/ 5 50/ 7 51/ 1 49/ 8 54/ 3
7 52/18 47/13 47/ 7 52/ 2 52/ 4 52/ 6
8 47/ 5 49/15 50/ 8 56/ 6 50/ 4 42/ 6
9 52/11 45/ 6 51/ 5 54/ 3 51/ 8 53/ 3

10 51/ 0 39/10 48/14 50/ 3 50/ 0 51/10
11 52/ 6 46/ 4 37/10 52/ 1 38/ 7 48/ 4
12 52/ 0 55/ 4 40/ 1 50/ 1 50/ 3 45/ 1
13 45/14 43/18 40/ 4 51/ 4 46/ 7 45/ 7
14 52/ 3 53/12 55/ 4 52/ 3 48/ 7 49/12
15 52/11 54/ 6 49/ 5 50/ 2 46/ 4 53/14
16 53/ 4 40/ 1 52/ 4 56/ 4 44/ 1 42/ 3

classical linear model for continuous, normal data. If (J = 0, the model reduces to a

generalized linear model for binomial data (Neider and Wedderburn, 1972; McCullagh

and NeIder, 1989). The model can be considered as a special case of a threshold model

for ordinal data discussed by Jansen (1990). For a review of models for overdispersed

discrete data see Anderson (1988). Applications of the model in insecticide assays are

discussed by Preisler (1988a,b).

A method using a linear approximation is discussed by Williams (1982) and

Gilmour et al (1985). If (J > 0, calculation of the likelihood function involves integration.

Anderson and Aitkin (1985) used Gaussian-Hermite quadrature formulae to approximate

the likelihood function. The same procedure was followed by Hinde (1982) for poisson

counts and Jansen (1990) for ordinal data. Gaussian-Hermite quadrature formulae are also

used in this paper. Williams (1975) and Crowder (1978) discuss the use of the

beta-binomial distribution in a similar context.
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Table 2: Data of the apple canker experiment; the first figure refers to the number of inoculations (N),
the second figure refers to the number of inoculations that developed apple canker (Y)

Inoculum
density Cultivar Block 1 Block 2 Block 3 Block 4

200 Jonagold 5 / 1 5/2 5 / 1 5/0
200 Golden delicious 5/1 5/0 5/0 5/0
200 Jonathan 5/2 5 /2 5/2 5/0

1000 Jonagold 5/0 5/2 5/2 5/4
1000 Golden delicious 5/0 5/0 5/2 5/0
1000 Jonathan 5/4 5/4 5/4 5/0
5000 Jonagold 5/5 5/5 5/4 5/5
5000 Golden delicious 5/5 5/4 5/3 5/5
5000 Jonathan 5 /5 5/0 5/3 5/5

If (J = 0, maximum likelihood estimates of the vector of parameters {3 can be

obtained by iterative weighted least squares (McCullagh and NeIder, 1989). It can be

shown that maximum likelihood estimates of {3 and (J can also be obtained by iterative

weighted least squares. This procedure is an EM-algorithm (Dempster et aI, 1977;

Anderson and Hinde, 1988). Alternatives for the EM algorithm have been used, like

quasi-Newton methods and the simplex algorithm. The latter methods are used in the

program EGRET (Statistics and Epidemiology Research Corporation). Quasi-Newton

methods are not certain to converge since the Hessian matrix may not be positive-definite

during iteration (see Jansen, 1992). Anderson and Aitken (1985) and Preisler (1988) used

the EM algorithm by means of GENSTAT (Genstat 5 Committee, 1987) and GUM

(Baker and NeIder, 1978), respectively.

1.4 The aim of this paper

The aim of this paper is to investigate the use of the model described in Section

1.2 for the analysis of proportions from agricultural experiments, which often exhibit

extra-binomial variation. The analysis is based on the maximum likelihood method. The

paper summarizes computational aspects concerned with the application of iterative
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weighted least squares (Section 2), considers topics of practical importance (Section 3),

discusses application in designed agricultural experiments (Section 4) and finally makes

some specific comments (Sections 5 and 6).

2 Maximum Likelihood Estimation

2.1 The log-likelihoodfimction and its approximation

The log-likelihood function for the model described in Section 1 is given by £

£(a;Y) = Ei=1 In(p(Yi;a)), where Y = (Y\l Yz, ... , Yd, a = «(jt,al and

In [1], c/> refers to the probability density function of the standard normal distribution. A

maximum likelihood estimate of a is obtained by maximizing £ with respect a.

The integrals in the log-likelihood function can be approximated by using Gaus

sian-Hermite quadrature formulae (Atkinson, 1978). By using a Q-point quadrature the

integrals in the log-likelihood function are written as weighted sums of Q terms,

I [ Q [ N.] y. N _ Y ][2] £ = ~ In L Wq : Piq' (1 - Piq) ii,
.=1 q=1 Y;

where Piq = F(Yiq)' Yiq = 7]i + aUq and E~=1 wq = 1; {uq} and {wq} are called
quadrature nodes and quadrature weights, respectively. Values of wV11' and u/v2 are

given by Abramowitz and Stegun (1971). The numerical accuracy of the approximation

can be improved by increasing the number of quadrature points Q. An approximate

maximum likelihood estimate of a is obtained by setting the partial derivatives of the

approximation to £ with respect to a equal to zero.

2.2 Maximum Likelihood Estimation for the binomial model

If a = 0, the likelihood equations for (j read
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I

[3] ~ Yj-!J.jd -0
LJ -- j Xj - ,

j=1 vj

where!J.j = NjF(fJj), vj = !J.j(Nj-!J.j)/Nj, dj = N;f(fJj) andfis the first derivative of F.

Here, f represents a probability density function.

Likelihood equations [3] can be solved by iterative weighted least-squares

(McCullagh and NeIder, 1989). Iteration s+ 1 is given by

s = 1, 2, .... In [4], {} = D-1vn-1, D = diag(d1, dz, ... , dI ), V = diag(v1' vz,
VI)' Z = TI + D-1(y -It), TI = (fJ1' Tlz, ... , fJI)t and It = (!J.1' !J.z, ... , !J.I)t.

2.3 Maximum Likelihoodfor the model involving variation between plots

If (J > 0, a maximum likelihood estimate of ex can also be obtained by iterative

weighted least squares. The approximate likelihood equations can be written as a weighted

version of [3], namely

I Q
[5] L L

j=1 q=1

in which mjq = Njpjq' Vjq = mjq(Nj-mjq)/ Nj , djq = NJ(fJi + (Juq) and x*iq = (xL uq)t.

The weights are given by

[6] wiq =

where

W q p(Yjluq;ex)
Q

L wr p(Y;lur;ex)
r=1

denotes the binomial probability function.
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Likelihood equations [5] can be solved by a weighted version of [4], namely

In [7], X.q is an I· (P+ 1) matrix of which the ith row is given by X;iq' Furthermore, 1lq
= W;}D~IVqD~I, Wq = diag(wlq , W2q' ... , w1q ), D q = diag(dlq, d2q, ... d1q ), Vq =
diag(vlq' V2q' ... ,v1q ), Zq = Yq + D~I(Y-mq), Yq = (Yl q, Y2q' ... 'Ylq)t and rnq = (ml q ,

m2q' ... , mlq)t. In this case the linear predictor takes the form Yiq = x}{j + auq, so that

a is estimated in the same way as the elements of {j. Since wiq depends on a, its values

have to be recomputed from expression [6] at every iteration by using the previous

estimate of a.

For a = 0, the above method is Fisher's scoring technique. However, this is not

so for a > 0, so that the covariance matrix of the maximum likelihood estimate cannot be

obtained directly from the least squares calculations. The Hessian matrix is given by

Jansen (1990).

2.4 EM arguments

If the random contributions el' e2' ... , el could be observed, a maximum

likelihood estimate of a could be obtained by maximizing

with respect to a. Maximization of [8] is done by considering ~i = (xJ, eJ as covariates

in a generalized linear model for binomial data (Section 2.2).

However, the random contributions {ed cannot be observed, but they may be

considered as missing observations. In that case the EM algorithm (Dempster et ai, 1977;

p. 7) suggests to maximize instead of i., the expectation of i. with respect to the

conditional distribution of {ei } given {lj}. This conditional distribution should be

evaluated at a[s]' the estimate of a obtained at iteration s (= 0, 1,2, ... ). The expectation

Q(a;a[sl) of i. is given by
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where g(ej Ilf;t:Y[sl) is the probability density function of the conditional distribution of ej

given Yj , evaluated at t:Y[sl. By applying Bayes' theorem it follows that

p(Yd ej;t:Y[sl) ¢ (e)
g(e jIYj ; t:Y[sl) = -00-------'--'----

f p(Yjle;t:Y[sl) ¢(e) de
-00

where p(Yj Iej ; t:Y[sl) refers to the binomial distribution. Calculation of [9] constitutes the E

step of an EM algorithm, while maximization of [9] constitutes the M step of an EM

algorithm. Wu (1983) showed that a step of an EM algorithm always increases the

likelihood.

By using a Q-point Gaussian quadrature g(ej Ilf; t:Y[sl) can be approximated by

Wjq[sl (q = I, 2, ... , Q), given by [6]. The weights Wjq[s] (q = I, 2, ... , Q) constitute a

discrete approximation of conditional density g(ej Ilf; t:Y[sj)'

3 Practical Considerations

3.1 Choice of link function

In many applications either the logit link, G(p) = In(p/(l-p)), or the probit link,

G(p) = q.-l(p), is used. The function q. denotes the probability integral of the standard

normal distribution. The logit and the probit link are symmetric link functions. The logit

is nearly proportional to the probit if 0.1 < P < 0.9. In some applications, e.g. dilution

assays, the complementary log-log link, G(p) = In(-ln(l-p)), is used. This is an

asymmetric link function. In practical applications we may be interested to know what the

effect of the choice of link function is on our conclusions, e.g. those based on the

analysis of deviance.

Pregibon (1980), in his concluding remarks, presents a parametric link function,

which hereafter will be written as
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Likelihood equations [5] can be solved by a weighted version of [4], namely

In [7], X*q is an I· (P+ 1) matrix of which the ith row is given by X~iq' Furthermore, Oq

= Wq1D;/VqD;/, W q = diag(wlq , W2q' ... ,w/q ), Dq = diag(d1q, ~q, ... d/q ), Vq =

diag(vlq, V2q' ... , v/q ), Zq = Yq + Dql(Y-mq), Yq = (Yl q' Y2q' ... , y/q)t and rnq = (ml q,

m2q, ... , m/q)t. In this case the linear predictor takes the form Yiq = x} {j + auq, so that
a is estimated in the same way as the elements of (j. Since wiq depends on a, its values

have to be recomputed from expression [6] at every iteration by using the previous

estimate of a.

For a = 0, the above method is Fisher's scoring technique. However, this is not

so for a > 0, so that the covariance matrix of the maximum likelihood estimate cannot be

obtained directly from the least squares calculations. The Hessian matrix is given by

Jansen (1990).

2.4 EM arguments

If the random contributions el' e2' ... , e/ could be observed, a maximum

likelihood estimate of a could be obtained by maximizing

with respect to a. Maximization of [8] is done by considering ~i = (x}, e) as covariates
in a generalized linear model for binomial data (Section 2.2).

However, the random contributions {ei } cannot be observed, but they may be

considered as missing observations. In that case the EM algorithm (Dempster et al, 1977;

p. 7) suggests to maximize instead of l*, the expectation of l* with respect to the

conditional distribution of {ei} given {Yi }. This conditional distribution should be

evaluated at a[sl' the estimate of a obtained at iteration s (= 0, 1,2, ... ). The expectation

Q(a;a[sl) of l* is given by
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3.3 Acceleration of the EM algorithm

)

The EM algorithm may be very slow to converge. Jansen (1992) uses a simple

method of accelerating the algorithm by taking u~s] = u[s] + O(u[sru[s_lj) instead of u[s]

as the starting point for iteration s+ 1. Acceleration started at iteration 7. If 0 was set

equal to unity, acceleration worked well in a number of practical applications.

In this paper a technique called Aitken's d2 is used (see Ross (1991)). This method

takes

elementwise. This step is obtained by projecting the chord joining (u[sl'u[s+ I]) and

(u[s+ 1],u[s+2]) to intersect the line of equality, i.e. the line through the origin under an

angle of 7r/4 radians. In the present algorithm accelerations are carried out at iterations 6,

8 and so on. The accelerations are limited to those parameters for which the acceleration,

given by ot:+21- u[s+21' does not exceed 3 times the last ordinary EM step, given by

u[s+2l - u[s+ll'

Although acceleration may undermine convergence of the EM algorithm (Jansen,

1992), the approach described above performs well in practice.

4 Applications

4.1 Analysis ofdeviance

In the following sections results of likelihood ratio tests are usually summarized in

analysis of deviance tables. We shall explain the lay-out of these tables for randomized

block designs. For the use of model formulae see Wilkinson and Rogers (1973). An

analysis of deviance can be constructed by subtracting deviances corresponding with

models contained in the model with linear predictor BLOCKS * TREATMENTS. This

formula can be rewritten as BLOCKS + TREATMENTS + BLOCKS.TREATMENTS.

The order in which the terms appear in the latter model formula must be preserved when

fitting models to data (Neider, 1965). As usual the component BLOCKS
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TREATMENTS is called RESIDUAL. The term TREATMENTS can be written as

GENOTYPES * PESTCONTROL (Application 1) or CULTIVAR * INOCULUM

DENSITY (Application 2). An analysis of deviance is constructed by subtracting devian

ces by considering the above-mentioned order and the fact that the deviance of a

component of TREATMENTS is obtained by eliminating the effects of other terms

contained in TREATMENTS considering marginality (McCullagh and Neider (1989), p.

35). This means that the effect of BLOCKS is obtained by subtracting the deviances

corresponding with the model with linear predictor BLOCKS and the model with linear

predictor GRAND MEAN (= intercept only). In the first application the deviance of

GENOTYPES (PEST CONTROL) is obtained by subtracting the deviance of the model

with linear predictor BLOCKS + GENOTYPES + PESTCONTROL from the deviance

of the model with linear predictor BLOCKS + PESTCONTROL (BLOCKS +
GENOTYPES). Furthermore, the deviance of GENOTYPES . PESTCONTROL is

obtained by subtracting the deviance of the model BLOCKS + GENOTYPES *
PESTCONTROL from the deviance of the model BLOCKS + GENOTYPES +
PESTCONTROL. Deviances of the second application are obtained in the same way.

4.2 Application 1: Infestation of Carrots by Larvae of the Carrot Fly

With u = 0, the model BLOCKS + GENOTYPES * PESTCONTROL gave a

residual deviance equal to 213.6 (probit) and 214.8 (logit). This is greatly in excess of its

expected value, 62, the corresponding degrees of freedom. This shows that there is a

considerable amount of extra-binomial variation or overdispersion in this set of data.

By accounting for between-plot variation (u > 0), the deviance of the model

BLOCKS + GENOTYPES * PESTCONTROL drops from 213.6 to 171.7 for the probit

link function and from 214.8 to 171.4 for the logit function. Estimates of u were 0.25

(s.e. = 0.034) and 0.45 (s.e. = 0.062), respectively. The ratio 0.45/0.25 is very close to

1rJV3, Le. the ratio of standard deviations of the standard logistic distribution and the

standard normal distribution, respectively. Usually both link functions give similar results.

Table 3 contains the analysis of deviance for the probit (u = 0), the probit (u >
0), the logit (u = 0) and the logit (u > 0). Table 3 shows that the deviances of treatment

effects become much smaller if the model accounts for between-plot variation (u = 0

versus u > 0). The differences between the probit and the logit link function are only

marginal. From Table 3 it follows that the interaction between GENOTYPES and PEST

CONTROL is significant at the 5 % level. Although this interaction is significant, its
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importance is relatively small compared to the main effects of GENOTYPES and PEST

CONTROL.

The parametric link function described in Section 3.1 was used to investigate the

stability of the interaction. The following deviances were found for the interaction

between GENOTYPES and PEST CONTROL: 34.7 [G.(p;3)], 25.0 [logit] and 19.3

[G+(p;3)]. So, the interaction vanishes if a link function is chosen for which the

corresponding probability density function is skew to the right.

It should be noticed that the residual deviances for the model with linear predictor

BLOCKS + GENOTYPES ... PEST CONTROL are equal to 177.4 [G_(p;3)], 171.4

[logit] and 171.3 [G+(p;3)]. This means that G+(p;3) provides a simpler description of

results, whereas the fit is similar to that of the logit link. GJp;3) provides a worse fit to

the data compared to the other link functions.

Table 3: Analysis of deviance for the carrot data

Probit Logit
Effect Df a=O a>O' a=O a>O'

BLOCKS 2 16.7 5.7 15.6 4.3
PEST CONTROL 1 102.2 23.8 110.7 27.6
GENOTYPES 15 504.3 91.7 513.6 90.0
PEST CONTROL. GENOTYPES 15 78.0 28.5 68.4 25.0

'Q = 20

The algorithm converges fairly quickly when the models with linear 'predictors

BLOCKS + GENOTYPES + PEST CONTROL and BLOCKS + GENOTYPES * PEST

CONTROL are fitted to the data. The numbers of iterations with the probit link function

were 10 and 12, respectively. The estimates of a were equal to 0.25 and 0.32,

respectively. The initial value for a was set equal to 1, whereas the stop criterion for the

deviance was set equal to 0.004.

For the models with linear predictors GRAND MEAN, BLOCKS, BLOCKS +
GENOTYPES and BLOCKS + PEST CONTROL the numbers of iterations were 10 , >
30, 18 and 27, respectively. For these cases the initial value for a was also set equal to 1.

The fact that convergence is slow, is mainly due to the fact that these models are not
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fitting the data well. This is also expressed by the estimates of u for these models, which

were equal to 0.72,0.66,0.62 and 0.39, respectively.

4.3 Application 2: Infection ofapple trees by apple canker

With u = 0, the deviance for BLOCKS + INOCULUM DENSITY * VARIETY

is equal to 64.9 for the probit link and 64.3 for the logit link. These values are based on

24 degrees of freedom. With u > 0, these values become 58.0 and 57.8, respectively.

The estimates of u are 0.63 (s.e. = 0.201) and 1.08 (s.e. = 0.357), respectively.

Table 4: Analysis of deviance for the apple data for various values of Q obtained with the probit link
function

u>O
Effect Df u=O Q= 4 Q=12 Q=20

BLOCKS 3 10.08 7.80 3.55 3.42
DENSITY 2 46.18 11.75 21.26 22.47

linear I 43.33 9.98 19.73 20.93
quadratic I 0.85 1.77 1.53 1.54

VARIETY 2 1.29 0.84 0.90 0.90
DENSITY . VARIETY 4 4.31 2.76 2.57 2.57

linear 2 0.75 0.64 0.64 0.64
quadratic 2 3.56 2.12 1.93 1.93

The analysis of deviance with the probit link function is given in Table 4 for

various values of Q. Table 4 shows that deviances are markedly reduced by incorporating

between-plot variation in the model. Also in this case the logit gave results similar to the

probit. The interaction between INOCULUM DENSITY and VARIETY is not significant

at the 5 % level. Furthermore, there are no significant differences between varieties. On

the logarithmic scale the linear component of INOCULUM DENSITY appears to be of

primary importance. Table 4 shows that a large number of quadrature points is required

for deviances based on models which do not contain the effect of INOCULUM

DENSITY. However, conclusions based on 4 quadrature points are not different from
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those on 20.

To illustrate the effect of incorporating between-plot variation in the model,

estimates and standard errors of the linear component of INOCULUM DENSITY will be

considered for various values of Q. If (J = 0, the estimate is equal to 0.82 (s.e. =
0.133). For (J > 0, we obtained the values 0.99 (s.e. = 0.225), 1.01 (s.e. = 0.229) and

1.01 (s.e. 0.229) for Q = 4, 12 and 20, respectively. Standard errors are considerably

increased by incorporating between-plot variation. The increase in the parameter estimate

is approximately equal to the scaling factor (~ + 1)1/2 = 1.24 (see Gilmour et al, 1985;

Zeger et al, 1988); the estimate of (J for the model BLOCKS + INOCULUM DENSITY

is equal to 0.73 (s.e. = 0.208).

Again the parametric link function described in Section 3.1 has been used to

investigate the interaction. The deviance for the interaction between INOCULUM

DENSITY and VARIETY is equal to 2.42 [G_(p;3)], 2.53 [logit] and 2.61 [G+(p;3)], all

based on four degrees of freedom. This means that, in this case, the interaction

component is stable. In this case the residual deviances for the model with linear predictor

BLOCKS + INOCULUM * DENSITY are equal to 58.5 [G_(p;3)], 57.8 [logit] and 58.3

[G+(p;3)]. In this application the fit of the model to the data is little affected by the value

of 'Y.

5 Goodness of fit

Until now no results are available about the distribution of the residual deviance

(see Anderson, 1988; Jansen, 1990). The values obtained for the residual deviance of the

model BLOCKS + TREATMENTS cannot be used to check the'quality of the fit by

comparing it with the x2 distribution as in the case of a generalized linear model.

However, in order to get an idea of the quality of the fit, a small simulation study was

carried out.

Data were generated according to the model with linear predictor BLOCKS +
TREATMENTS, thereby using the parameter estimates obtained from the applications.

For each application 40 data sets were obtained in this way and the model BLOCKS +
TREATMENTS was fitted to each of these data sets. For both applications values

obtained for the residual deviance have been plotted against the corresponding values of

~; see Figure 1. In both cases an approximately linear relationship is found between the
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Figure 1: Simulated values of the residual deviance for the model with linear predictor BLOCKS +
TREATMENTS plotted against the corresponding values of~; results are Based on 40 runs. (1) and
(2) refer to the carrot and the apple data. respectively. The dashed line indicates the expected value of
the deviance if there is no between-plot variation. Values of (f used in the simulations were 0.25 and
0.63, respectively.

residual deviance and the value of~. The variation in the estimates of ~ differs markedly

for both situations. This may be due to the fact that the binomial index (N) for the apple

data is much smaller than for the carrot data. The values obtained from the carrot data

and the apple data seem to be in line with the simulated results, if the relationship

between deviance and ~ is acknowledged. It can be observed in Figure 1 that ~ is biased

downwards. This may also have a downward effect on standard errors of estimates.

6 Discussion

This paper considers the analysis of proportions from agricultural experiments by

means of a generalized linear mixed model. This model is an extension of an ordinary

generalized linear model for binomial data which is capable of handling variation between

experimental units. The model used can be extended further to accomodate more levels of

variation, as in a split-plot experiment (see 1m and Gianola, 1988; Preisler, 1989; Jansen,

1992).

In the literature, the problem of overdispersion in binomial data has been
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considered in a way which is different from that used with continuous data, when an

analysis of variance (ANDYA) is carried out. In the analysis of variance the effect of

treatments is always gauged against the variation between experimental units. For

generalized linear models, however, a different viewpoint is taken. The variation between

experimental units is only taken into account if the residual deviance or Pearson's X2 of

the full model exceeds its expectation considerably (Williams, 1982). This expectation is

based on a generalized linear model for binomial data.

However, in the practice of agricultural or applied biological research there may

always be environmental or other types of variation between plots. This variation between

plots may be masked by binomial sampling variation. For our practice it may be argued

that (J should always be estimated from the data.

The effect of applying the method discussed in this paper is that by doing so

deviances for treatment effects are markedly reduced. The estimate of (J should be

non-negative. If (J is zero or close to zero, the analysis automatically reduces to the

analysis of a standard generalized linear model and standard errors are provided

accordingly. However, it is only possible to identify plots with the same treatment having

different values of p, if

- N is large and (J is moderate (Application 1) or large, or

- N is small and (J is large (Application 2).

In other cases it will be difficult to identify extra-binomial variation in the data.

There is still a clear need for methods which can be used to check the adequacy of

the assumptions of the model used in this paper. An attempt has been made to check the

effect of the link function, the transformation to achieve linearity, on our conclusions with

regard to the presence of interaction. For the carrot data it turned out that the interaction

disappeared if an asymmetric link function was used. The results of the logit and the

probit link function appeared to be very similar in both applications. Unless otherwise

stated, 20 quadrature points were used for approximating integrals. This number of

quadrature points requires enormous computational effort. However, in many practical

applications a smaller number (less than 10) is sufficient (Im and Giano1a, 1988; Jansen,

1990).

The simulation results indicate that the residual deviance is an increasing function

of ~ The experimental design and the binomial index N seem to affect the residual

deviance as well as the distribution of ~ It is obvious that ;,. underestimates (J. The

distribution of the residual deviance and ;"need further investigation.
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V PROPERTIES OF :ML ESTIMATORS IN A GENERALIZED

LINEAR MIXED MODEL FOR BINOMIAL DATA

Summary

This paper is concerned with an investigation into the properties of maximum likelihood

estimators in a generalized linear mixed model for binomial data. Besides theoretical

arguments the paper uses simulation results to determine the magnitude of the bias. A

bias correction is suggested.

Keywords: Bias, binomial model, generalized linear mixed model, maximum likelihood,

normal model, variance components

1 Introduction

1.1 Literature

Currently, there is much interest in the analysis of overdispersed binomial data;

see Anderson (1988) for an overview. A useful model for binomial data can be obtained

by adding independent normal errors to the linear predictor of a generalized linear model

(Anderson and Aitkin, 1985; Preisler, 1988; Jansen, 1993). Such a model will be called a

generalized linear mixed model (GLMM). Analogous models for poisson counts (Hinde,

1982) and ordinal data (Jansen, 1990) have also been described.

In the above-mentioned papers the method used for estimating parameters is the

maximum likelihood (ML) method. As an alternative maximum quasi-likelihood can be

employed by introducing an approximate variance function (Williams, 1982). A

convenient way for obtaining ML estimates is the EM algorithm (Dempster et ai, 1977;

Anderson and Hinde; 1988; Jansen, 1993). This algorithm turns out to be equivalent to

iterative weighted least squares.

1.2 Binomial Model

The model for binomial observations Y

considered, consists of three components:
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1. Distributional assumption:

Conditional upon PI' Pz, ... ,PJ' the observations Y1, Yz, ... , YJ are independently

distributed according to binomial distributions with index Ni and probability Pi (i = 1,

2, '" , /). As a consequence,

(i = 1, 2, ... , I).

2. Link:

mi = NJ(Yi)' or Yi = G(mJ N) (i = 1,2, ... , I), where F is the probability

integral of a standard probability distribution defined on (-00,00). The function Gis

called link function. Denote: di = omJ 0Yi'

3. Linear model:

y = 'rI + ue, where y = (YI' Yz, ... 'YJ)t and 'rI = ('1)1' 'l)z, ... , 'l)J)t = X(3, X is an

I' P design matrix of known coefficients and (3 is P'1 vector of unknown parameters.

Furthermore, u is an unknown parameter and the elements of the 1·1 vector e are

independently distributed according to a standard normal distribution.

1.3 Normal model

In the following, reference will be made to an analogous, but simpler model for

normal observations, which will also be denoted by Y. The comparative simplicity of this

model arises from the fact that the conditional variance Vi and the derivatives di do not

contain the random variable ei • In this model components 1. and 2. read:

1. Distributional assumption:
Conditional upon ml , mz, ... , mJ , the observations YI , Yz, YJ are

independently distributed according to normal distributions with mean mi and

variance )..z I Ni , i.e.

(i = 1, 2, ... , I). In order to obtain a model with unit scale parameter, )..Z is set

equal to unity, so that Vi = 1I Ni .

2. Link:

mi = Yi (i = 1, 2, ... , I), which is called the identity link. As a consequence, di
omiloYi = 1.
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A major distinction between the two models lies in the difference in Fisher's

information provided by the observation Yi about the underlying variable Yi' This

information is given by dl/ Vi' For normal data the information is equal to Ni . For

binomial data the information varies between °and (2/7r)Ni , and depends on the value of

'T/i' So, binomial data contain less information than normal data, a property which will

affect the precision of estimates of {3 and a.

1.4 Aim of this paper

It is well known, that ML provides biased variance estimators for the linear

model. The question can be raised whether estimates of {3 and corresponding standard

errors provided by ML for the GLMM are correct, especially in experiments with only a

few replications. The aim of this paper is to investigate properties of ML estimators for

the GLMM partly by giving theoretical arguments and partly by means of simulation

results.

2 Theoretical arguments

2.1 A simple normal model

The statistical properties of an estimator can easily be derived if the estimator can

be written as a function of the observations. For the model defined in Section 1.2

(binomial model) an explicit formulation of the ML estimator of a or ;. is not available.

For the model defined in Section 1.3. (normal model) an explicit formulation can only be

obtained if Ni = N (i = 1, 2, ... , I).

For the normal model with Ni = N (i = 1, 2, ... , I) the ML estimator ~2 is

equal to ~ if~ > 0, and °if~ :5; 0, where

RSS
I

1
N'

RSS = (Y-X(J)t(Y-X(J) and (J = (XtXr1Xty. In this case RSS/(l-+N-1) is

distributed according to a x2 distribution with 1- P degrees of freedom.

As a consequence, the probability II that if- is positive, is given by
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where x,;[ b] represents the 100b percent point of the .;- distribution with a degrees of

freedom. Furthermore,

The quantity rJ is equal to that part of the variance of the observations which can be

attributed to variation between different units.

Another consequence is, that

From expression [3] it follows that ~ becomes an unbiased estimator of er2 if I tends to

infinity.

2.2 Binomial model

For the binomial model no closed expression for the ML estimator of ~ exists. In

order to consider the properties of if for the binomial model, the discussion will first be

limited to the case." = .,,1, so that E(Y) = ",I where", = NE(p) and p = F(7J + ere).

Moreover, V(Y) = 8(~)I, where 8(~) = NE(p(l-p)) +N2 var(p) is a function of ~.

For large N the distribution of the elements of Y tends to a normal distribution. In

that case the ML estimate of '" is given by ; = It Y II, and the ML estimate of 8(~) is

given by RSSII, where RSS = (Y _;l)t(y -;1), which follows a xL distribution. The ML

estimate of ~ is obtained by solving 8(~) = RSS II.

It can be shown that for small values of er2 and large N

where v = N1r(l-1r), 1r = F(1)) and 0 = Na1rla7J. As a consequence, ~ = (RSSII

v)/o2• The ML estimate if is equal to ~ if ~ > 0, and equal to 0 if ~ :::; O. It

follows that the probability II that a positive estimate of ~ is obtained, is given by
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II

where

[5] r~ ""

Coefficient r~ is not only a function of if- and N, but also of 7r. In particular, r~ tends to

zero if 7r tends to zero or one.

For the binomial model no general expressions can be obtained, but the above

derivation suggests that expressions [1] and [3] can be used with r~ replaced with rJ,
given by [5]. This implies that the effect of having binomial data instead of normal data is

merely a matter of information reduction. In Section 3 the validity of this approach will

be investigated by a simulation study.

3 Simulation

3.1 Simulation experiment

Data have been generated according to a model where ." = X{3 = 0, or ." = 1.

For the inverse link function F the probability integral of the standard normal distribution

has been used. The value of (J has been set equal to 0.04 and 0.16, respectively. These

values are in accordance with values found in practical applications considered by the

author.

The design matrix X refers to an equi-replicate completely randomized design with

P = 20 treatments in R replications, so that the dimensions of X are 20R· 20 and the

dimensions of {3 are 20·1. Values of R used in the simulations are 2, 3, 4, 6, 8, 10 and

20. Furthermore, the values of the binomial index N that have been used, are 10 and 40,

respectively.

Values of rJ and rJ for the situations considered by simulation are given in Table

1. The values given indicate that especially for the case (if- = 0.04; N = 10) values of

rJ and rJ are very small. Table I also indicates the loss of information in binomial data

relative to normal data.
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Table I: Values of r~ and r~ for the situations considered in the simulation experiment.

c? r~
ri

N 'Yj = 0 'Yj = 1

0.04 10 0.29 0.20 0.15
0.04 40

0.62 0.50 0041
0.16 10
0.16 40 0.86 0.80 0.74

For each combination of values of R (:=;; 10), N and 11, 100 data sets were

generated and for each data set the parameter vector {3 has been estimated by maximum

likelihood. For situations with R = 20 only 40 data sets were used.

The number of quadrature points used for numerical integration is 5 (11 = 0.2) or

9 (11 = 004); for an explanation see Jansen (1993).

3.2 Results

Results are presented in Figure 2, 3 and 4. The legend for these figures is given in

Table 2.

Table 2: Legends for Figures 1, 2 and 3.

Case

c? = 0.04; N = 10
c? = 0.04; N = 40
c? = 0.16; N = 10
c? = 0.16; N = 40

Predicted

50

Simulated
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In Figure 1 the relationship between the probability II of finding a pOSitive

estimate of r?, and R is given. Estimates of r? are indicated as positive if ~ > 0.0025

(true value 0.04) or ~ > 0.01 (true value 0.16). Figure 1 shows a good agreement

between the values of II predicted by [1] (with rJ replaced with rJ) and the simulation

results.

Results for the bias factor B, defined as the ratio of the mean value of ~ and the

true value of r?, are given in Figure 2. Apart from the case (rl = 0.04; N = 10) a good

resemblance between theoretical predictions (based on [3] with rJ replaced with rJ) and

simulated values is found. For the case (r? = 0.04; N = 10) simulated results vary

considerably. For 1'/ = 1 they also appear to be larger than the predicted values over the

range of values of R considered. This may be due to the fact that many observations are

zero with, consequently, large values for y on the scale of the linear predictor.

For comparative experiments the effect of underestimating tr on the standard error

of a treatment difference is important to consider. To that aim a bias factor Bsed is

defined by the ratio of the mean value of the standard errors assigned to estimated

treatment differences and the standard deviation of the estimated treatment differences. In

Figure 3 results for the bias factor Bsed have been plotted against the number of

replications R. Figure 4 indicates that for more than six replications the (downward) bias

is less than 10 %. The bias of (r? = 0.04, N = 10) appears to be very little affected by

an increase of the number of replications R; values found are always larger than 0.9. This

is due to the fact that in this case most of the variation in the observations is binomial

variation (see Table 1).
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Figure la: Graphical representation of II (the probability of a positive estimate of 0'2) versus R (the
number of replications) for 'I = O.
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Figure Ib: Graphical representation of II (the probability of a positive estimate of 0'2) versus R (the
number of replications) for 'I = J.
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R

Figure 2a: Graphical representation of B (bias factor of 02) versus R (number of replications) for 1) = O.
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Figure 2b: Graphical representation of B (bias factor of 02) versus R (number of replications) for 1) I.

53



Properties

Baed 9

0.9
D D D

..
0.8

2010

0.7 +-_"'--- ~---------~----.J

o
R

Figure 3a: Graphical representation of Bsw (bias factor of a difference between treatments) versus R
(number of replications) for '1 = O.
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Figure 3b: Graphical representation of Bsw (bias factor of a difference between treatments) versus R
(number of replications) for '1 = 1.
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4 Discussion

In the case of binomial data the value of rJ may vary considerably accross an

experiment due to differences the value of 1r as well as N. As a consequence, the

information about the random part of the variation between plots is not constant.

However,

where

2rBi 2 2
a 0i + Vi

may be used as the relative contribution of plot i to the bias. The quantity B = L i Bi can

be used to obtain a less biased estimator of ~ by taking if-IB instead of if-.
For the carrot fly data considered by Jansen (1993) application of the bias

correction leads to an increase of the estimate of a from 0.25 to 0.42. For the apple

canker data the estimate is increased from 0.63 to 1.32. Values relate to the probit link

function. A simple bias correction accounting for loss of degrees of freedom only would

lead to new estimates equal to 0.31 and 0.98, respectively.

It should be noticed that bias correction only works if a positive estimate of ~ is

found. The results of this paper show that depending on the situation 'overdisperion'

relative to the binomial distribution can go unnoticed with a non-zero probability.

A practical consequence of the above results is that if experiments are carried out

with a small number of replications, results may too often be indicated as statistically

significant. In every experimental situation efforts should be made to get insight in the

true variability in the data. This implies that the number of replications used in an

experiment should be large enough to be able to obtain a estimate of ~, with a small

bias. For R ~ 6, approximately, a positive estimate of ~ is obtained with high

probability, except if ~ is small or N is small. However, in the latter case the effect of

estimating ~ is only limited, i.e. the bias in the standard error of a treatment difference

is small.

Tn this paper it appears that some of the properties of ML estimators of a

generalized linear mixed model for binomial data are the same as those for a linear mixed

model. The major distinction concerns the information in the observations about the
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underlying scale. Extensions to more than one variance component are required.

References

Anderson, D.A. (1988) Some models for overdispersed binomial data. Australian Journal
of Statistics, 30: 125 - 148.

Anderson, D.A. and Aitkin, M. (1985) Variance component models with binary
response: interviewer variability. Journal of the Royal Statistical Society B, 47:
203 - 210.

Anderson, D.A. and Hinde, J.P. (1988) Random effects in generalized linear models and
the EM algorithm. Commun. Statist. - Theory Meth., 17: 3847 - 3856.

Dempster, A.P., Laird, N.M. and Rubin, D.E. (1977) Maximum likelihood from
incomplete data via the EM algorithm (with discussion). Journal of the Royal
Statistical Society B, 39: 1 - 38.

Hinde, J. (1982) Compound regression models. In GLIM82 , R. Gilchrist (ed.), pp. 109 
121. New York, Springer.

Jansen, J. (1990) On the statistical analysis of ordinal data when extravariation is
present. Applied Statistics, 39: 75 - 84.

Jansen, J. (1993) The analysis of proportions in agricultural experiments by a generalized
linear mixed model. Statistica Neerlandica (in press).

Preisler, H.K. (1989) Maximum likelihood estimates for binary data with random
effects. Biometrical Journal, 30: 339 - 350.

Williams, D.A. (1982) Extra-binomial variation in logistic-linear models. Applied
Statistics, 31: 144 - 148.

56



VI FITTING REGRESSION MODELS TO ORDINAL DATA

Summary

This paper deals with the analysis of ordinal data by means of a threshold model.

Maximum likelihood estimation is discussed and two examples are used to illustrate the

methods.

1 Introduction

The class of generalized linear models (McCullagh and Neider, 1989) has proved to

be a useful tool for analyzing a wide range of data. Maximum likelihood (ML) estimation

for the class of generalized linear models can be carried out by iterative weighted least

squares, which very much enhances its application in practice.

Regression models for ordered categorical or ordinal data (McCullagh, 1980) are

useful in many practical applications. Strictly speaking these regression models do not belong

to the class of generalized linear models. Thompson and Baker (1981) mention that

regression models for ordinal data can be embedded into the framework of generalized linear

models by introducing the concept of a composite link function. Consequently, ML

estimation for regression models for ordinal data can also be carried out by means of iterative

weighted least squares.

This paper is concerned with computational methods for fitting McCullagh's

regression model to data. Basic properties of McCullagh's model are presented in Section 2.

Section 3 considers ML estimation. In Section 4 a number of practical applications will be

considered in detail.

The methods developed in this paper form the basis of methods developed for the

analysis of ordinal data involving extraneous variation (Jansen, 1990, 1992).

2 A regression model for ordinal data

Suppose y is a non-observable continuous random variable with unknown mean 1J and

unknown scale parameter A,

[1] Y = 1J + Ae .

Typical distributions for e are the standard normal distribution, the standard logistic

57



Ordinal regression

distribution or the standard extreme-value distribution. The cumulative distribution function

of e is denoted by F(e). In practice, the aim is to compare different treatments with respect

to their values of 71. Since Y is not observable the scale parameter /.. is set equal to unity, i.e.

/.. is the unit of measurement on the y-scale.

Ordinal data can be considered to arise from linear model [1] in the following way.

The real line can be divided into C disjoint intervals by means of unknown thresholds ()o = 
00 < ()J < ()2 < ... < ()c-J < ()e = 00; see Figure 1 for the case C = 4. It is assumed

that an individual is observed in category c of an ordinal scale with C categories if its value

ofy lies in the interval «()e-J'()e]'

A data set involving ordinal data can be represented by an 1· C matrix Y. The i th

row of Y refers to treatment i (= 1, 2, ... , 1) and the cth column to category c (= 1, 2,

... C). Treatment i is applied to Ni individuals, each of which is assigned to one of the C

categories of the ordinal scale. Row i of Y, denoted by the C· 1 vector y i
l

, contains for

treatment i the numbers of individuals in the categories 1, 2, ... , C, respectively. It is

assumed that the C· 1 vectors Y J' Y2' ... , YI of observations are independent and follow

Multinomial distributions with parameters Ni = yill and 'Il'i = ('Il'J' 'Il'2' ... , 'Il'Ct The C

elements of the C· 1 vector I are all equal to unity.

The probabilities 'Il'ic (c = 1, 2, ... , C) are given by

[2] 'Il'ie = P«()e-l < Yij ~ ()e) = F«()e -71;) - F«()e-1-7J;)

in which Yij = 7Ji + eij' The random variables {eij} are independently distributed. The linear

predictors 7Ji (i = 1, 2, ... , 1) are usually linear functions of a P·l vector of unknown

parameters {3, 7Ji = xi
l{3, where xi is a P·l vector of known coefficients (McCullagh and

Neider, 1989). The aim of this paper is to investigate ML estimation of {3 and () = «()J' ()2'

... , ()c-J )1.

The log-likelihood function f is given by

I C

f = constant + L L lie In('Il'ie),
i =J e= J

where the constant does not involve unknown parameters and lie is the cth element of the

C·l vector Vi' The problem is to find values of () and {3 which maximize f. In order to be

able to obtain an estimate of ex = «()t,{3I)1 one restriction on the parameter vector ex has to be

imposed. In the following ()J is set equal to 0; ()! is the origin of the y-scale. The number of

elements of the parameter vector ex equals C + P - 2. Jansen and Klarenbeek (1986) use the
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y

Figure 1: Graphical representation of the threshold model for the analysis of ordinal data with four
categories (C = 4) and two treatments (l = 2)

restriction (h = -0) in their analysis of sensory measurements by a signal detection model

with three ordered categories (see Section 4.2).

For C = 2 the threshold model for ordinal data reduces to a threshold model for

proportions, e.g. the logit model in case F represents the standard logistic distribution and

the probit model in case F represents the standard normal distribution (see Cox and Snell,

1989).

3 Maximum likelihood estimation

The likelihood equations read

lic a'/ric

'/ric aex
0,
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where dje = dFj) d"(je and Zje = d"(jel dOl, It should be noted that d1t"il I dOl = dil zil and

d1t"jC 1dOl = -di[C-ljzi[C-lj' It follows that

where /lj = Nj '/rj' Dj = diag(dil , dj2, ." ,di[C-I])' and, for example, for C = 4,

[-~
0

-~ ]
o 0 I

-Xj

1 I
C j '" Nj

-1
and Zj 0 0 -Xj

0 o 0 I
-Xj

The matrix Cj is called a composition matrix (Thompson and Baker, 1981). In the case °1

is set equal to zero, the first column of Zj has to be deleted.

By using the above results and the fact that CIVj-l/lj = 0, the likelihood equations

can be written in the form

where Vj = diag (/lj)'

Linearization of JJ.j gives

Subscript [0] indicates that values have been calculated by using an initial estimate OlIO] of

a, By putting expression [4] into equations [3] the following approximation to the likelihood

equations is obtained,

Solving equations [5] provides a new estimate all] of a,
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[6]

where rlol = CiDi[OIZicx[OI + (Yi-Jli[OI) is a working dependent variate. A solution to the

likelihood equations can be obtained by using expression [6] iteratively.

Iterative solution of [6] leads to a solution of the likelihood equations provided that

is positive definite at every iteration. The ML estimate of cx will be denoted by ~.

It can be shown (see Appendix) that A is Fisher's information matrix, i.e. the

expected value of the Hessian matrix corresponding to the log-likelihood e. The inverse of

A obtained at convergence and denoted by A-I, can be used as an estimate of the asymptotic

covariance matrix of ~.

Summing up, a threshold model can be fitted to ordinal data by iterative weighted

least squares by taking as

working dependent variate:

regressors:

weights:

(~, ~, ... , iV

This means that the working dependent variate and the weights, but also the regressors have

to be recomputed at every iteration. The above algorithm can be implemented in computer

packages like GENSTAT (Genstat 5 Committee, 1987) and GUM (Baker and NeIder, 1978).

Starting values for the iteration process described above can be obtained easily. A

good initial estimate of /lic (c = 1, 2, ... , C), which avoids the problem of zeros in the

data, is given by

[

Yic +0.5 ]
/lic[ol = Ni N

i
+0.5 C '

from which an initial estimate of 'ric (c = 1,2, ... , C-l) can be obtained,
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e

'Yielol = F -I( L J.I.;e/[OI / N; ).
e/=1

The linear predictors 1/; (i = 1, 2, ... , I) may be linear or non-linear functions of

the vector of parameters {3. In the case 1/i is a non-linear function of {3, i.e. 1/; = gi ({3), we

obtain x; = a1/;!a{3 = h;, where the elements of h; are the derivatives of g; ({3) with respect

to {3. So, linear predictors involving non-linear parameters can be treated in a similar way

to linear predictors involving linear parameters. In case of non-linear parameters the

regressors h; have to be recomputed at every iteration.

The residual deviance is defined by

I I

=L -2 L A

D D i (~ - f;),
;=1 ;=1

where

C C
A

L
A

=L~ Y;e In( 'lrie) and f i lie In( Yie / N j ) •

C=I e=1

For large values of N; (i = 1, 2, ... , /) the distribution of the residual deviance tends to a

x2 distribution based on (/-l)(C-l)-(P-l) degrees of freedom if the model fits the data

adequately. The contributions of the treatments to the residual deviance can be used for

checking the adequacy of the model.

4 Another look at the algorithm

The matrix Zi can be written as

Z;=[ll-lx~],

and after some algebra it follows that expression [6] can be written as
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1/Ij = Wj(O-lx~{3) + DjCtv~l(Yj-P,i)'

{} = diag(wl' W2' .•• , Wj), Wi = ItWjl, ~ = (~l' ~2' ... , ~j)t and

~. = -ltW.O/w.+xt.{3-1tD.Ctv~1(y.-".)/w.c;, I I I I I I r, I'

With regard to {3, expression [9] provides essentially iterations for an ordinary

generalized linear model. The multivariate character is only present in that part of

expression [9] which is related to O. However, although expression [9] looks simple, it is not

easy to apply in the standard computer packages GENSTAT anq GUM.

Equations [9] suggest that the hat-matrix should be defined as

Diagonal elements of H may be used to identify influential observations in regression

applications (Hoaglin and Welsh, 1978).

4 Examples

4.1 Vascular wilt disease in carnation

The first example deals with a small part of a larger data set concerning vascular wilt

disease (caused by the fungus Fusarium oxysporum f.sp. Dianthi) in carnation (Dianthus

caryophyllus L.). In this example two isolates of fusarium have been applied to four

genotypes of carnation. In the experiment there were about 35 plants with each combination

of fusarium isolate and carnation genotype. At the end of the experiment plants were assigned

to one of four categories:
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Table 1: Data from the Fusarium experiment

Category
Isolate Genotype 2 3 4

1 1 1 3 12 19
1 2 0 6 23 6
1 3 0 13 20 2
1 4 20 12 0 0
2 1 1 12 18 4
2 2 1 16 17 1
2 3 16 19 0 0
2 4 27 8 0 0

category 1: plant was not affected,

category 2: plant showed discolouration of the vessels,

category 3: plant showed discolouration of the vessels and also wilting symptoms,

category 4: plant had died.

The data are shown in Table 1. For F the cumulative probability distribution function of the

standard normal distribution is used.

An analysis of deviance can be constructed by subtracting residual deviances in the

way described by McCullagh and Neider (1989). The analysis of deviance for the Fusarium
data is shown in Table 2. Table 2 shows that the two isolates differ considerably in their

effect, and also that genotypes differ considerably in their resistance to the fungus.

Moreover, a significant interaction between isolates and genotypes is present which needs

further investigation. Deviances have been compared with tables of the x2 distribution with

numbers of degrees freedom as shown in Table 2.

Inspection of Table 1 shows that genotype 3 is more affected by isolate 1 and less

affected by isolate 2 than expected from the model where effects of isolates and genotypes

are additive on the underlying scale. This conclusion is supported by the fact that if this part

of the interaction is added to the model involving main effects of isolates and genotypes, the

deviance for the remaining interaction equals 3.5 based on two degrees of freedom. This is

not significant at the 5 % level.

McCullagh and NeIder (1989) argue that the asymptotic distribution of the residual

deviance can be improved by combining categories in order to obtain not too small numbers
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Table 2: Analysis of deviance for the data from the Fusarium experiment

Effect Df Deviance

Isolates 1 60.1
Genotypes 3 207.0
Isolates.Genotypes 3 18.1

Lack of fit 14 16.7

in extreme cells of the table. A difficulty with tables like Table I is that it is impossible to

remove cells with small numbers by combining categories. This problem may also arise with

quantitative factors. The x2 approximation the distribution of the deviance must therefore be

used with great care.

The contribution of the data of isolate 1 and genotype 1 to the residual deviance of

the full model, i.e. the model involving the main effects of isolates and genotypes as well as

the interaction between these factors, is equal to 9.5. This very high value is caused by the

value 1 in category 1; the fitted value for that category is equal to 0.01. Removing this value

from the data leads to a residual deviance of 7.9 instead of 16.7. However, the general

conclusions of the analysis remain unaffected.

4.2 Sensory Measurements of Odour Intensity

The second example involves the analysis of sensory measurements by means of a

signal detection model; for full details see Jansen and Klarenbeek (1986). The model that was

used to analyze data of the type given in Table 3, can be represented as follows:

'7r-Cx) = F(-a-bx),

'7ro(x) = F(a-bx)-F(-a-bx),

'7r+(x) = I-F(a-bx).

Jansen and Klarenbeek used for F the probability integral of the standard logistic distribution,

so that '7r+ (x) = 1 - F(a-bx) = F( -a+bx). Thus, '7r_(0) = '7r +(0) = F( -a) and
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Table 3: Results from sensory measurement of odour intensity

Concentration of
ventilation air, %

(x)

0.00
0.49
0.86
1.16
1.56
1.78
2.02

I
o
I
o
o
o
o

Decision
0 +

3
2 2
I 2
3 1
0 4
0 4
0 4

11"0(0) = 1 - 2F (-a). This model can be considered as regression model for ordinal data with

three categories and OJ = -a and °2 = a.

The maximum likelihood estimates obtained from the data in Table 3 are a= 1.6
A

(s.e. = 0.34) and b = 2.2 (s.e. = 0.39). The estimated correlation between the estimators

aand bis equal to 0.67. For this set of data the iterations gave the following sequence of

~alues for the residual deviance: (1) 15.06, (2) 11.40, (3) 10.12 and (4) 10.12. The estimates

b obtained for a large set of combinations of observers and samples of ventilation air were

used for studying the sensitivity and stability of observers for the measurement of odour

intensity.

5 Discussion

The threshold model provides a useful tool for experimenters in those areas where

observations are recorded on an ordinal scale. This paper shows that maximum likelihood

estimates can be obtained fairly easily by the iterative procedure outlined in Section 3. This

iterative procedure can be implemented on computers in several ways. Implementation in

GUM is discussed by Hutchison (1985) and implementation in GENSTAT by Jansen (1988).

The threshold model can be extended by allowing different scale parameters for

different treatments. In that case one of the scale parameters should be set equal to unity.

The inclusion of different scale prameters is only of importance if the number of observations

at each treatment is large.
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Parameterizations of the model may be chosen in various ways as shown by the

examples. For example, in the analysis of the Fusarium experiment the general mean could

be set equal to zero instead of the first threshold.

In applications in agricultural research and other fields of research experimental units

may consist of a number of individuals each of which is assigned to one of the categories of

an ordinal scale. In that case the data may show overdisperison relative to the assumed

multinomial distribution. The model described in this paper can be extended to cope with

overdispersion. For that case maximum likelihood estimates can be obtained by an extension

of the weighted least squares procedure described in this paper (Jansen, 1990).
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Appendix: Derivation of Fisher's information matrix A

The second derivatives of £ with respect to 01 take the form

~ = t t [YiC a27riC _ Yic a7ric a7riC ] •

aOiaOit i=1 c=1 7ric aOiaOit 7r2 aOi aOit
IC

Fisher's information matrix A is obtained by taking the expectation of _a2 £/(aOi aOlt) with

respect to variation in the data, i.e. by replacing lic by Ni 7ric = P-ic' Since L c 7ric = 1 (i

1, 2, ... , I),

c
L
c=1

and consequently,

By using results obtained in Section 3 it follows that A is given by [7].
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vn ON TIlE STATISTICAL ANALYSIS OF ORDINAL DATA WHEN

EXTRA-VARIATION IS PRESENT

Summary

Threshold models can be useful for analyzing ordered categorical data, like ratings. Such

models provide a link between the ordinal scale of measurement and a linear scale on which

treatments are supposed to act. In this paper a simple agricultural plot experiment is

considered with two sources of variation, namely between-plot variation and within-plot

variation. So far, methods for analyzing ordered categorical data are not capable of handling

such a situation adequately. It is shown that for a threshold model with two sources of

variation maximum likelihood estimates can be obtained by iterative weighted least squares.

The computer package GENSTAT is used to carry out the computations. To illustrate the

methods an application concerning damage in strawberries due the fungus Phytophthora
fragariae is given.

Keywords: Composite link function, extra-variation, Gaussian-Hermite quadrature, maximum

likelihood, ordered categorical data, threshold model

1 Introduction

In many experiments in agricultural research and in experimental biology data are

recorded on an ordinal scale. Often experimental units consist of several plants or animals,

each of which is assigned to one of the categories of the ordinal scale. In that case, for every

plot the data are the numbers of plants or animals in each of the categories of that scale.

In this paper a threshold model is defined to provide a link between the ordinal scale

of measurement and a linear scale on which treatments are supposed to act. This threshold

model is used for analyzing data from an experiment concerning resistance against the fungus

Phytophthora jragariae in seedling populations of strawberries.

Two types of variation are considered, namely between-plot variation and within-plot

variation. If the between-plot variation is assumed to be absent, a model similar to the

proportional-odds model (McCullagh, 1980) arises. However, application of this model to

the strawberry data shows that ignoring between-plot variation is not correct, and that

between-plot variation should be incorporated into the model.

Fitting the model involving between-plot variation by maximum likelihood (ML)

requires evaluation of an integral. This is done by means of Gaussian quadrature. The latter
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method is also used by Anderson and Aitkin (1985) in the case of binary data exhibiting

extra-variation, and more recently by 1m and Gianola (1988) for the analysis of a mixed

model involving proportions.

For ordinal data maximum likelihood estimates of parameters are obtained by

extending Thompson and Baker's (1981) method for generalized linear models with

composite link functions. Jansen (1988) shows that Thompson and Baker's method for ordinal

data can be carried out by using the regression facilities of GENSTAT (Genstat 5 Committee,

1987). GENSTAT is also used to fit the model involving extra-variation.

2 Threshold model

A linear model for observation Yjj on plantj (= 1, 2, ... , ~ ) of plot i (= 1, 2, ... ,
[) reads

[1] Yij = TJi +aei + )...eij

where TJi = xU3, XiI is the ith row of the [.p design matrix X and fJ is a P·1 vector of

unknown parameters. The quantities {ei } and {eij} are supposed to be independent and

normally distributed with zero mean and unit variance. The variance components cl- and )...2

represent between-plot and within-plot variation, respectively. In the present situation Yij is

not observable; in the example (Section 4) Yij can be considered as the 'liability' of plant j

on plot i to the pathogen.

Ordinal data can be considered as being produced by splitting the real line into C

disjoint intervals by means of unknown thresholds 80 = -00 < 81 < 82 < ... < 8e-1 < 8e
= 00. So, plantj of plot i is classified in category c if 8c-1 < Yij :::; 8c (c= 1, 2, ... , C).

The probability that plant j of plot i is classified in category c, conditional on ei' is
given by

Pic = P[8c- 1 < Yij :::; 8el
= <P [(8 c-TJi-aei) I)...] - <P [(8c-1-TJi-aei)/)...],

where <P is the cumulative probability distribution function of the standard normal

distribution. As Yij is not observable, the origin and the scale of the y-axis have to be fixed.

Hereafter, 81 = °and )... = 1.
So far, the statistical literature has only considered the case where a = 0, i.e. the
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between-plot variation is assumed to be absent. This case will be considered first. If the

distribution of {eij } is assumed to be logistic instead of normal, this model is often referred

to as the proportional-odds model (McCullagh, 1980).

3 Between-plot variation assumed absent

The observations on plot i are denoted by lil' li2' ... , lie, being the numbers of

observations in categories 1, 2, ... , C, respectively. The vectors li = (Yi1 , li2' ... , liei

are independent and follow multinomial distributions with parameters Ni = yitl and Pi =
(Pi!' Pi2' ... 'Pie)!, where Pic = 'f>(Oe-'Y/i) - 'f>(Oe_l-'Y/i)'

The log-likelihood function is given by

I e
£ = constant + L L In(Pie) '

i;l e;l

where the constant does not contain unknown parameters. The likelihood equations take the

form

[2] a£ =t t lie aPic = 0,
aa i;l e;l Pic aa

where at = (O!,{Jt), 8 = (°2, °3, ... , 0e_l)t. Following suggestions made by Thompson and
Baker(1981), Jansen (1988, 1991) shows how to obtain a maximum likelihood estimate of

a by iterative weighted least squares, and discusses implementation of the algorithm in

GENSTAT (Genstat 5 Committee, 1987). Implementation in GUM is discussed by Hutchison

(1985).

4 Between-plot variation assumed present

If there is between-plot variation, as in any experiment subject to some source of
environmental variation,

is a random variable. The log-likelihood function for this case is given by
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f = constant + t In [J p(Yilei;a) c/>(ei) de i ] ,
1-1 -00

where the constant does not involve unknown parameters,

c
p(Yilei;a) = II Pi/iC

e=1

and c/> is the probability density function of the standard normal distribution.

For binary data Anderson and Aitkin (1985) used Gaussian quadrature for

approximating the integrals in the log-likelihood. In the present situation Gaussian quadrature

can also be used. Thus the following approximation to the log-likelihood function is obtained:

I - constant • ~ Jo [~ wq p( Vi Idq;a)1'

where Q is the number of quadrature nodes, dq (q = 1, 2, ... , Q) are known quadrature

nodes and Wq (q = 1, 2, ... , Q) are the corresponding quadrature weights. Values of dr/-f2

and Wq-f'/r are provided by Abramowitz and Stegun (1974).

By differentiating f with respect to a = (Ot,{3t,aY and putting the result equal to zero,

the likelihood equations are obtained:

af I
=E

aa i=1

Since,

[4] t. f wiq [f lie a
Pikq

] = 0,
i=1 q=1 e=l Pieq aa
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where

Wqp( Yildq;a)

Q

L wrp(Yddr;a)
r=l

Compared with equations [2], equations [4] contain an extra summation involving weights

{Wiq }. It should be noted that the weights {wiq } depend on the vector of parameters a.

The likelihood equations can be solved by applying the following iterative scheme:

1. Set {wiq } = 11Q;

2. Estimate a = (Ot,{3t,eJ)t by solving [4]; the estimate of eJ equals zero;

3. Set eJ = 0.25;

4. Compute {wiq };

5. Estimate a = (ot,{3t,eJ)t by solving [4];

6. Go to 4. until convergence.

Steps 2. and 4. of the iterative process can be carried out by means of a weighted

least squares regression by extending the method described by Jansen (1988,1991). The

components for carrying out the regression calculations are

working dependent variate: CiDiq'Yiq + (Yi - P.iq)'

weights: W iq = wiq [diag(p.iq>r l ,

regressor variates: CPiqZiq'

where 'Yiq = ('Yilq' 'Yi2q' , 'Yici = Xiqa, Diq = diag(a<Pic/ aZicq) , <Pikq = <P(Zicq)' P.iq =
NiPiq' Piq = (Pilq' Pi2q' , Pici and Picq = <Picq-<Pi[c-Ijq' For C = 3,

The regression calculation described above do not provide an estimate of the

covariance matrix of :X, the ML estimator of a. In order to obtain the covariance matrix of

:x the Hessian matrix corresponding to the log-likelihood is required; for a derivation see

Appendix.
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5 Application

5.1 Data set

The data are obtained from an experiment concerning the disease red core in

strawberries, which is caused by the fungus Phytophthorafragariae. In this example twelve

populations of strawberries were tested in a randomized blocks experiment with four blocks.

Plots usually consisted of ten plants; in a number of cases only nine plants were observed.

At the end of the experiment each plant was assigned to one of three ordered categories,

representing increasing damage caused by the fungus.

Table 1: Data of the strawberry experiment

Block
2 3 4

Male Female Disease category
parent parent 2 3 123 123 2 3

1 1 o 3 6 2 2 6 2 3 5 2 5 3
1 2 2 3 5 0 3 7 4 6 0 2 3 5
1 3 3 4 3 7 2 1 1 1 7 2 3 5
1 4 o 5 5 5 4 1 2 8 0 1 4 5
2 1 1 4 4 2 2 6 1 2 7 1 5 4
2 2 1 4 5 3 4 2 1 6 3 4 2 4
2 3 4 3 3 5 1 4 3 3 4 4 2 4
2 4 1 4 5 1 2 6 8 2 0 253
3 1 o 0 9 3 5 2 2 5 3 0010
3 2 532 3 2 5 3 6 1 217
3 3 036 2 5 3 1 3 6 037
3 4 307 5 2 3 7 3 0 343

The twelve populations were obtained by crossing three genotypes (used as a male

parent) with four other genotypes (used as a female parent). Thus, the twelve populations can

be considered to have a factorial structure with factors named Males (three levels) and

Females (four levels). The data are given in Table 1. Variation between and within plots is

partly environmental and partly genetical, as plants from the same cross are genetically not
identical.
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5.2 Between-plot variation assumed absent

The residual deviance of the model with linear predictor Blocks+Males*Females

equals 155.5 with 80 degrees of freedom. However, this residual deviance consists of two

components, namely a between-plot component (deviance equals 94.5 with 33 degrees of

freedom) and a within-plot component (deviance equals 61.0 with 47 degrees of freedom).

When compared with tables of the x2 distribution the deviance of the within-plot

component is not significant at the 5 % level. The between-plot component is greatly in

excess of its expectation under the assumption that between-plot variation is absent.

One way to proceed is to calculate deviance rations for the effects of the experimental

factors and to compare these with tables of the F-distribution. The between-plot component

of the residual deviance would seem to be the most suitable divisor to use in the deviance

ratios. The analysis of deviance is shown in Table 2.

Table 2: Analysis of deviance if between-plot variation is assumed absent

Mean
Effect Df Deviance deviance

Blocks 3 16.0 5.3
Males 2 1.2 0.6
Females 3 18.3 6.1
Males.Females 6 12.0 2.0
Between plots 33 94.5 2.9
Within plot 47 61.0 1.3

Deviance
ratio

1.9
0.2
2.1
0.7

It is also possible to obtain standard errors of parameters. In order to account for the

incorrect assumption, the standard error obtained from the iterative least squares calculations

can be multiplied by the square root of the mean deviance for between-plot variation.

However, this approach lacks a theoretical basis, and merely follows a recipe suggested by

analysis of variance.
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5.3 Between-plot variation present

The method developed in Section 4 has been applied to the data of the strawberry

experiment. The number of quadrature nodes was set equal to five (see Section 6). Deviances

relating to the effects of experimental factors are given in Table 3. Values shown in Table

3 can be compared with tables of the x2 distribution. It appears that there are significant

differences between female parents (P < 0.05), and that there are considerable differences

between blocks. The estimate of a for the model Blocks+Males*Females is equal to 0.35

(s.e. = 0.084).

Estimates of the differences between female parents 2, 3 and 4 on the one hand and

female parent 1 on the other hand are given in Table 4 under the heading Analysis 1. These

estimates refer to the linear scale. Also standard errors for these estimates are given. It

follows that female parents 2 and 4 differ significantly from female parent 1 in producing

offspring less liable to Phytophthora (P < 0.05).

Estimates and standard errors can also be obtained from the analysis where the

between-plot variation is assumed to be absent (see Section 2.5). Values are given in Table

4 under the heading Analysis 2. For this particular experiment Analysis 1 produces larger

differences between female parent 1 and the the other three female parents than Analysis 2.

Analysis 1 also provides smaller standard errors.

Table 3: Analysis of deviance if between-plot variation is assumed present (Q = 5)

Effect Df Deviance

Blocks 3 8.59
Males 2 1.02
Females 3 8.50
Males.Females 6 6.07

5.4 Goodness offit

The residual deviance D of the full model equals 145.3. It is calculated from
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At present no results are available about the distribution of D for models like the one

discussed in this paper. Consequently, no general statement about goodness of fit can be

given.

In order to get some idea about the quality of the fit contributions of the 48 plots in

the strawberry experiment to the the value of D may be considered to identify outlying

observations. A histogram of the contributions is given in Figure 1. Figure I shows that two

plots have a fairly large contribution compared with the rest of the data. These plots are

those with the combination of male parent 3 and female parent 4 in block 1 and the one with

the combination of male parent 1 and female parent 4 in block 3. The first of these has 7

plants in category 3 and 3 in category 1, and the second has 8 plant in category 2 and 2 in

category 1. The data of both plots are in disagreement with the assumptions concerning

within-plot variation.

Table 4: Differences between female parents 2, 3 and 4 and female parent I on the linear scale together
with standard errors

Analysis 1 Analysis 2
Female Difference with Standard Difference with Standard
parent female parent 1 error female parent 1 error

2 -0.50 0.231 -0.43 0.266
3 -0.42 0.228 -0.37 0.267
4 -0.70 0.230 -0.63 0.266
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Figure 1: Histogram of the contributions to the residual deviance of the 48 plots of the strawberry experiment if
between-plot variation is assumed present (Q = 5)

6 Some remarks about the algorithm

The higher the number of quadrature nodes Q used, the more accurate the

approximation to the integral in the log-likelihood will be. However, the computational effort

increases rapidly if the number of quadrature nodes increases. For values of Q between 2 and

9, Table 5 shows values of the residual deviance and; for the full model. It appears that for

the present application four or five quadrature nodes provide a good approximation.

Parameter estimates and their standard errors do not change very much if the number of

nodes is more than four.

Convergence of the algorithm appears to be rather slow. The algorithm may be

considered as an EM algorithm (see Anderson and Aitkin (1985», which is often slow.

Moreover, the likelihood surface is fairly flat in the direction of (J.

In the GENSTAT procedure used for the calculations the number of quadrature nodes

Q is set equal to a fixed value. However, computationally it may be more efficient to use an

adaptive approach, starting with Q set equal to two, and increasing Q as iteration progresses.
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Table 5: Values of the residual deviance and ~ for values of Q between 2 and 9 for the full model

Number of quadrature Residual
nodes (Q) deviance (f

2 144.78 0.365
3 145.23 0.359
4 145.36 0.353
5 145.35 0.354
7 145.34 0.353
9 145.34 0.353

7 Discussion

An important aspect of the model discussed in this paper is that, as in analysis of

variance, both treatment effects and variation between plots appear on the same linear scale.

The link between the linear scale and the measurement scale is provided by a threshold

model, which is appealing to experimenters in many fields of application.

It is shown how maximum likelihood estimates can be obtained by iterative weighted

least squares. Thus computing can be done by GENSTAT, a computer package having

facilities for iterative weighted least squares. However, computational efforts increase

rapidly. In the algorithm described in this paper the length of arrays used in the regressions

equals I· C' Q. In the example the length equals 288 if Q = 2, and increases to 720 if Q =

5. In practice, larger experiments and more than three categories are common. For

experiments with nested strata the length of arrays becomes I· C· OS-I, where s is the number

of strata. As mentioned by Anderson and Aitkin (1985) special purpose programs may then
be necessary.

In plant and animal breeding, data involving more than one variance component are

common. Moreover, variance components or derived quantities may be of primary

importance. The situation discussed in this paper is therefore related to the problem of

predicting 'breeding values' for ordinal data discussed by Harville and Mee (1984).

The algorithm of Jansen (1988, 1991) converges very quickly. However, inclusion

of the parameter (f in the model reduces the rate of convergence considerably. Increasing the
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number of quadrature nodes requires an increasing amount of computing, although it may

be expected that results become more accurate. So, in practice a balance between required

numerical accuracy and available computer time must be found.

Model [l] could be extended by incorporating different scale parameters. For

example, scale parameter Acould be different for different treatments. One of the AS should

then be set equal to unity to fix the scale of the y-axis. This extension of the model can only

be considered in a sensible way if the number of plants in each plot is large. However, at

present the possibilities for including scale parameters depending on treatments is limited due

to the enormous computational requirements. The other possible extension of model [1] is

to allow heterogeneity of variance between plots related to treatments.

Important work has to be done in order to obtain the distribution of goodness of fit

measures like the residual deviance for the model developed in this paper. Contributions of

individual plots to the deviance were used to indicate plots whose observations were out of

step with the main body of observations. However, formal results are needed to come to

more definite conclusions about outlying observations. The robustness of the method against

deviations from the model assumptions needs also further consideration.
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Appendix: Derivation of the covariance matrix of ;;

It follows from equations [3] that the Hessian matrix is given by

where Aicq and Bicq are symmetric matrices,

A. = w. [ ric a 2Picq _ ric apicq aPiCq]
ICq Iq t 2 at'

Picq alii alii p. III alii
Icq

After some algebra it follows that

The above matrix is calculated during the iterations. Furthermore,
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Q C

LL
q-l c-l

where

_ ail>icq aZicq _ ail>i[c-llq aZi[c-ljq
aicq - ----

aZicq aex aZi[c-J]q a ext

The inverse of -a2 f / (a ex f ext) can be used as the covariance matrix of ;X .
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VIII STATISTICAL ANALYSIS OF THRESHOLD DATA FROM
EXPERIMENTS WITH NESTED ERRORS

Summary

Threshold models may be useful for analyzing binary and ordinal data. They provide a

link between the binary or ordinal measurement scale and an underlying, linear scale on

which treatments are assumed to act. In many experiments some form of stratification is

present. This paper is concerned with situations in which there are nested strata, as, for

example, in the practically important split-plot design. A treshold model is defined in

which two nested errors appear on the linear scale. It is shown that maximum likelihood

estimates can be obtained by iterative weighted least-squares. Maximum likelihood

estimation involves integration; integrals are approximated by means of Gaussian-Hermite

quadrature formulae. Practical applications are used to illustrate the methods.

Keywords: Acceleration, composite link function, EM algorithm, extra-variation,

Gaussian-Hermite quadrature, maximum likelihood, ordered categorical data,

overdispersion, threshold model, variance components

1 Introduction

Measurements recorded on an ordinal scale are very common in agricultural

research and applied biology. McCullagh (1980) discusses a model that may be useful for

analyzing ordered categorical data. This model provides a link between the ordinal scale

of measurement and a linear scale on which treatments are supposed to act. Thompson

and Baker (1981) embedded the model into the class of generalized linear models by

introducing the concept of composite link functions.

Many experiments involve some type of stratification, e.g. plants may be grouped

into plots, and plots into larger entities called blocks or main-plots. Stratification may

lead to correlations between observations. For example, plants grown on the same plot

may be more alike than plants grown on different plots. The model described by

McCullagh is not capable of handling correlated observations. Correlations may be

introduced into McCullagh's model by entering additive random effects with

corresponding variance components on the linear scale.

Anderson and Aitkin (1985), 1m and Gianola (1988) and Preisler (1989) describe a
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model for binomial data involving two nested errors. In the present paper it is shown that
McCullagh's model can also be extended further by incorporating a nested error structure.

Also this extension includes a model for binomial data as a special case. This model

makes it possible to analyze ordinal data from experiments with two nested errors, such

as the practically important split-plot experiments. The analysis of ordinal data involving

one variance component besides multinomial variation is discussed by Jansen (1990),

whereas the analysis of binomial data is discussed by Anderson and Aitkin (1985) and

Preisler (1988).

In Section 2 a threshold model for ordinal data involving two nested errors is

defined. In Section 3 maximum likelihood estimations is discussed. It is shown that

maximum likelihood estimates of parameters can be obtained by iterative weighted least

squares by extending the method of Thompson and Baker (1981); see also Jansen (1991).

The iterative least-squares procedure is an EM algorithm (Dempster et al, 1977). In
Section 4 practical applications are discussed. In Section 5 a simple method of

accelerating the EM algorithm is evaluated.

2 Model

2.1 Linear model

A linear model for observations from an experiment with a nested structure

involving three levels can be represented by

In [1], Yijk represents the kth observation (k = 1,2, ... , Nij) on plotj (= 1,2, ... ,J)

in main-plot i (= 1, 2, ... , J). The grand mean and the effects of treatments to obser

vation Yijk are represented by the linear predictor TJij' which is the same for all

observations on plotj in main-plot i. In general, it is assumed that 1/ij = xij{3, where xij is

a P • 1 vector of known coefficients and {3 is a p. 1 vector of unknown coefficients. The

random variables e i , eij and eijk represent random contributions of main-plot i, plot j in

main-plot i and observation k on plot in main-plot i, respectively. All random

contributions are assumed to be independent and standard normally distributed. In the

present paper, the primary aim is to estimate {3, or linear functions of {3, and to provide

standard errors. In the present context the parameters aI' a2 and" may be considered as

nuisance parameters.

84



Nested errors

2.2 Modelfor threshold data

In the present situation Yijk cannot be observed, but may be considered as a latent

variable. Instead data are recorded on an ordinal scale with C categories. It is assumed

that observation k on plotj in main-plot i is in category c if 8e_1 < Yijk :5 8e, where 81

< 8z < ... < 8C-I are unknown thresholds. Furthermore, 80 = -(Xl and 8C = (Xl. The

data of plotj in main-plot i consists of a C·l vector Yij = PiY I , Y;J2I, , YJCI)t,

where y;Jel denotes the number of observations in category c (= 1, 2, , C). The

probability that an observation in category c, conditional upon ei and eij' is given by

leI
[2] Pij = ifJ (8e- Yij)/'A) - ifJ ((Ie-I -Yij)/A) ,

(c = 1,2, ... , C) where Yij = flij+ulei + uZeij' In [2], ifJ represents the probability
integral of the standard normal distribution. In order to guarantee estimability of

parameters, 'A is set equal to unity and (II is set equal to zero; see Jansen (1990). It

follows that [2] may be written as

Furthermore, pJCI = ifJ(-8c_1 + Yij)' It will be assumed that, conditional upon ei and eij'

the vectors Yij are independent and follow multinomial distributions with parameters Nij

= - L e YJel and Pij = (pJII, pJZI, ... ,Pi;cI)t, where pJe] (c = 1,2, ... , C) is given

by [3]. For C = 2 a model for binomial data is obtained.

2.3. Likelihood function

Conditional on ei and eij' the distribution function of Yij is given by

C ( Ie]) fi)C]
[4] Pij(Yijlei,eij) =M(Yij) II PlJ '

e=l

where pJel is given by [3] and M(Yij) is a multinomial coefficient. The likelihood
function is given by
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considered as a function of ()( = (8t,{3t,ut l. In [5], ¢ represents the probability density

function of the the standard normal distribution. For the binomial case see Anderson and

Aitkin (1985), 1m and Gianola (1988) and Preisler (1989). In practical applications <11 and

u2 may be zero (or very close to zero). In that case one or both of the integrals in [5]

vanish. In case both u1 and u2 are equal to zero expression [5] reduces to the likelihood

function the threshold model discussed by McCullagh (1980); see also McCullagh and

NeIder (1989).

In the case Nij = 1 (i = 1,2, ... , I; j = 1,2, ... , J), the additional restriction

<12 = 0 has to be made. In that case the likelihood function takes the form

Ezzet and Whitehead (1989,1991), with special reference to cross-over trials, showed that

in this case integration can be simplified if in [3] the normal probability integral is

replaced by its logistic counterpart.

3 Maximum likelihood estimation

3.1 An approximation to the likelihood function

A maximum likelihood estimate of ()( is obtained by taking the partial derivatives

of the log-likelihood £ = In(:£) with respect to the elements of ()( and setting these equal

to zero. The likelihood function, given by [5], contains integrals which have to be

evaluated numerically. These integrals can be approximated by means of Gaussian

Hermite quadrature formulae (Atkinson, 1978),

[7] I =~ In [ ~ wq [if [~ w,PU(YU Id,'d,)] ] ],

where
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and Yijqr = 1/ij + CT1dq + CT2dr; Q and R are the number of quadrature nodes used at the

main-plot and the plot level, respectively. Values of the quadrature nodes d and

quadrature weights w can be obtained from Abramowitz and Stegun (1972).

3.2 Likelihood equations

Approximate likelihood equations are obtained by differentiating [7] with respect

to the elements of ex and setting the result equal to zero. It can be shown (see Appendix

A) that the likelihood equations can be written as

I Q
[8] L L

i=l q=l

[e] [e] 1Yij aPijqr

P [~] aex
lJqr

The weights Wiq and Wijqr are given by

where

Piq = IT [r. WrPijqr ]
j=l r=l

and Pijqr = Pij (Yij Idq,dr ). It should be noted that the weights depend on the vector of

parameters ex. It follows directly from Jansen (1990) that equations [8] can be solved by
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iterative weighted least squares, whereby the weights Wiq and Wijqr have to be

recomputed at every iteration using the estimate of ex obtained from the previous iteration.

It can be shown that the method described above is an EM algorithm (see

Anderson and Aitkin, 1985; Anderson and Hinde, 1988; Hinde, 1982). Wu (1983)

showed that an EM iteration always increases the log-likelihood and leads to a solution

within the parameter space. This means that estimates of (11 and (12 converge to zero if

there is no overdispersion at the main-plot or plot level, respectively.

3.3 Covariance matrix

Unless (11 and (12 are both equal to zero, the above-described method does not

provide directly an estimate of the covariance matrix of parameter estimates. However, at

convergence the Hessian matrix of the log-likelihood can be calculated (Appendix B) and

the negative of its inverse can be used as covariance matrix; see Louis (1982). The

Hessian matrix consists of three components. One component relates to the multinomial

variation, whereas the other two components relate to the variation at the main-plot and

plot level, respectively. The components relating to main-plot and plot variation vanish if

the corresponding variance components are equal to zero. Formula of the Hessian matrix

make it possible to avoid the use of numerical second derivatives; see 1m and Gianola

(1988). However, it cannot be guaranteed that the negative of the Hessian matrix is non

negative definite for all values of Q and R. With increasing values of (11 and (12' Q and R

should be given larger values.

4 Applications

4.1 An experiment involving apple canker

The data are obtained from an experiment involving the inoculation of detached

shoots of apple trees with macroconidia of the fungus Nectria galligena, the causal agent

of apple canker. The experimental factors were (inoculation) METHOD (4 levels),

(inoculum) DENSITY (3 levels) and VARIETY (4 levels). The experiment was carried

out as a split-plot experiment whereby the factor METHOD was confounded with main

plots. The experiment contained 16 main-plots and 12 plots per main-plot. Each plot

consisted of one shoot; on each shoot five separate inoculations were made. Of each shoot

the number of successful inoculations (with possible outcomes 0, 1, 2, ... , 5) was

88



Nested errors

recorded.

The data revealed a very high level of overdispersion relative to the binomial

distribution. The residual deviance of the full model METHOD*DENSITY*VARIETY

obtained with 0"1 = 0"2 = 0 was equal to 498.0 with 144 degrees of freedom. Deviances

for treatment effects (McCullagh and NeIder, 1989) are given in Table 1. A possible way

to proceed is to divide these deviances by the residual mean deviance, i.e. 498.0/144 =
3.46, and use tables of the F distribution for tests of significance. However, the residual

mean deviance may be composed of two components, i.e. one related to variation

between main-plots and one related to variation between plots. By dividing deviances by

the residual mean deviance the fact is neglected that in the present experiment one factor

has been applied to main-plots, whereas the two other factors have been applied to plots.

Table 1: Deviance for the Nectria data

0"1 =0"2=0 0"1 and 0"2 estimated

Effect Df Q=5 Q=7 Q=9

METHOD.DENSITY.VARIETY 18 54.2 28.6 27.7 27.4
METHOD.DENSITY 6 6.5 3.0 2.8 2.7
METHOD.VARIETY 9 30.5 12.9 14.4 14.4
DENSITY.VARIETY 6 18.7 6.2 7.6 8.1
METHOD 3 18.4 3.2 3.8 3.9
DENSITY 2 4.6 1.7 2.1 2.1
VARIETY 3 1.2 0.8 0.4 0.3

An alternative way to proceed is to incorporate the structure of the experiment into

the analysis by estimating 0"1 and 0"2 for all models fitted to the data. In this application

the number of quadrature nodes at the main-plot level and the plot level are given equal

values, i.e. R = Q. The residual deviance of the full models reduced to 388.8 (Q = 5),

389.5 (Q = 7) and 389.6 (Q = 9). Estimates of 0"1 and 0"2 obtained for the full model, as

well as their standard errors are given in Table 2 for Q = 5, 7 and 9.

Deviances for treatment effects are given in Table 1. These results indicate no

significant effects compared with tables of the x2 distribution; all treatment effects are

overshadowed by the variation encountered in this set of data. Results obtained with more

than five quadrature point are accurate enough for obtaining an analysis of deviance in
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Table 2: Estimates of at and 0'2 for the Nectria data obtained for the full model

Number of quadrature nodes (Q = R)
5 7 9

this application.

0.38
0.121

0.87
0.116

0.38
0.119

0.84
0.098

0.37
0.115

0.84
0.096

4.2 Somaclonal variation in tomato with respect to bacterial canker

The second application concerns the supposed presence of genetical variation,

known as somaclonal variation, in a population of genotypes of tomato obtained from

tissue culture with respect to resistance against bacterial canker. Bacterial canker is

caused by Clavibacter michiganensis, and leads to wilting of the leaves. In this

experiment each of 63 genotypes was grown on two plots, each of which contained six

plants. Each plant was assigned to one of three categories of an ordinal scale,

representing increasing wilting symptoms. In this application the variance components al

and a2 represent variation between genotypes and variation between plots within

genotypes, respectively. Estimates of al and a2' obtained with Q = R = 9, were 0.00

and 0.36 (s.e. = 0.069), respectively. This result indicates no presence of genetical

variation in the population of tomato somaclones with respect to resistance against

bacterial canker.

4.3 Successive measurements

The third application also deals with bacterial canker in tomato. The data consists

of three successive measurements on an ordinal scale with three categories on 90 tomato

plants, 45 plants of the cultivar Moneymaker and 45 plants of Irat, another tomato

cultivar. When analyzing these data, plants were considered as main-plots and successive

occasions within plants are considered as plots. In this case Nij = I, so that a2 has to be
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set equal to zero. For Q = 9, residual deviances for models included in the full model

GENOTYPE*TIME are given in Table 3. The estimate of 0"1 obtained for the full model

is equal to 1.10 (s.e. = 0.204). This indicates that successive observations on the same

plants are highly correlated. The deviance for the GENOTYPE.TIME interaction is equal

to 10.4 with 2 degrees of freedom; this is significant at the I % level when compared

with tables of the i distribution.

Table 3: Residual deviances for the Gavibacter data

Model

GENOTYPE*TIME
GENOTYPE+ TIME
TIME
GENOTYPE

5 Acceleration of EM

Number of
parameters

7
5
4
3

Residual deviance
(Q = 9)

380.2
390.6
407.4
477.6

Convergence of the EM algorithm is often extremely slow, especially as iterations

approach convergence. Speeding up convergence of the EM algorithm has been discussed

by Louis (1982), and by Thompson and Meyer (1986) with special reference to variance

component estimation in linear mixed models. A heuristic way of accelerating the EM

algorithm is by stretching the EM steps by using

[9] ()/~) = (){(s) + E «(){(s) _ (){(s -1»

instead of (){(s) , as the starting point of iteration s+ 1. In [9], (){(s) is the estimate of (){

obtained from iteration s and E is a non-negative constant. If E = 0, the EM algorithm is

obtained again.

For the three applications discussed in Section 4, and for the application involving

Phytophthora in strawberries discussed by Jansen (1990), the effect of a simple rule as [9]

is presented in Figure 1. The values used for E were 0, I and 1.5. In the first two
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applications, the initial values for at and az were set equal to unity. In the third

application the initial value for at was set equl to unity while az was set equal to zero; in

the strawberry application at was set equal to zero, while the initial value of az was set

equal to unity. Louis (1982) argued that acceleration should start as iterations approach

convergence. In the applications acceleration was started at the 7th iteration.

In the first two applications a considerable reduction of the number of iterations

was obtained by setting E = 1, relative to E = O. Although a further increase of E may

lead to a further decerease of the number of iterations, it may also lead to divergence as

in the second application. This divergence is due to increasing oscillations of the value of

the second threshold and the grand mean. In this application the estimate of at converges

to zero. In the third and fourth application, in which the model contains one variance

component to be estimated, the effect of acceleration is limited because convergence of

the EM algorithm is fairly fast. This may be the effect of only one variance component

instead of two.

6 Discussion

The model discussed in this paper extends the generalized linear model for

binomial and ordinal data (McCullagh, 1980; McCullagh and NeIder, 1989) by

incorporating two nested errors. As in the model underlying the analysis of variance,

treatment effects and errors appear on the same linear scale. Thresholds are used to

provide a link between the continuous, linear scale and the discrete, ordinal measurement

scale.

The computational problems encountered when fitting the model to data are caused

by the required evaluation of integrals and are merely a matter of computer time. In

practical applications a balance must be found between statistical and numerical accuracy

(Jansen, 1990).

The analysis of experiments whereby the emphasis is on estimating treatment

effects, may require other standards than required for estimation of variance components

(Harville and Mee, 1984; 1m and Gianola, 1988). 1m and Gianola consider data from

animal breeding where the number of fixed effects is small compared with the number of

variance components. This is similar to the second example of this paper. When analyzing

data obtained from designed experiments, the number of fixed effects may be very high,

whereby fixed effects are of prime importance. The method can still be used even if the

numbers of plants per plot are unequal or if some plots are missing.
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Figure 1: Residual deviance versus iteration number for E = 0 (-), 1 (------) and 1.5 ( •••• ) for the
following applications:
(1) Neetria ealligena in apple
(2) Somaclonal variation in tomato
(3) Snccessive measurements
(4) Phytophthora in strawberries (Jansen, 1990)

Further research is needed to give evidence about statistical properties of the

method, such as the asymptotic distribution of the residual deviance; see also Anderson

(1988) and Jansen (1990). Jansen (1990) used deviance residuals to indicate outlying

observations. Such residuals can also be defined for the case of nested strata. The model

discussed in this paper can be adapted to cope with Poisson counts (Hinde, 1982) and can

be used as an alternative to the quasi-likelihood method described by Morton (1987).

In the third application of this paper the split-plot covariance structure was used to

cope with time-dependent data. However, this covariance structure appears to be too

restrictive in many applications involving continuous data (Rowell and Walter, 1976;

Keen et al, 1986). For binomial and ordinal data, a more general covariance structure as

described by Rao (1965) and Stiratelli et al (1984) may provide a sensible alternative.

In this paper a simple way of accelerating EM iterations was considered. In the

applications considered a reduction in the number of iterations is obtained by setting the
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stretching factor equal to unity, although the reduction may be small if the EM algorithm

itself converges fairly fast. Since it is possible to calculate the Hessian matrix, an

alternative optimization procedure could be, to start with the EM algorithm, and to

continue after a number of iterations with a Newton procedure.
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Appendix A: Derivation of the likelihood equations

The approximated log-likelihood [7] can be written as

I

e = L In(A;)
;=1

where
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and

It follows that

where Wiq = WqBiq / Ai' With

R'

Cijq = L: wrPi/Yijldq,dr),
r=1

it is found that

J

=L:
j=1

J

~L:
j=1

aln(pij(Yijldq,dr)) = f
aa e=1

Appendix B: Hessian matrix

.lel a [el
fij Pijqr

P
!d --a;;-'
ljqr

The Hessian matrix is given by H = HI + Hz + H3, where
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H 1 = E E
i=1 q=1

Wiq [ E'f, Wijqr aijqr 1[E 'f, Wijqr a~qr ]
j=1 r=1 j=1 r=1

Wiq [ t 'f, Wijqr aijqr] 1[f ltiq [ t
)=1 r=1 q=1 )=1

Nested errors

I Q

[~
R

Wijq, 'ij,' '~q, ]H2 =E E W iq E
i=1 q=1 r=1

I Q

[~ [~ w,jq, aij" ] [
R

Wi}" ':j" ] ],-E E ltiq E
i=1 q=1 r=1

C

aijqr = E
e=1

and

[el
OPijqr

~'

A
ijqr

= t [ y,[~ell 02P&ir Yi~el 2 OPoltJr OP&ir ] .

e=1 e OOtO/ ([el ) a 0 at
Pijqr Pijqr

In order to simplify computations Yljel is replaced by NijPJ~~, so that

C

A ijqr = -Nij E
e=1

This approximation provides the information matrix when (11

Hi and H2 vanish.
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IX A SIMPLE METHOD FOR FITTING A LINEAR MODEL

~OL~GV~CECOMPONENTS

Summary

This paper describes a simple method for combined maximum likelihood estimation of

treatment effects and variance components in a linear mixed model. Estimates are

obtained by a simple modification of iterative weighted least squares. The method is

illustrated using plating efficiencies of So/anum and Lycopersicon species.

Keywords: Conditional representation, linear mixed model, variance components

1 Introduction

Unbalanced data appear regularly in biological studies. It is often the product of

biological variability, e.g. variability in numbers of flowers per plant or numbers of

offspring. In experiments with balanced data, estimation of treatment effects and

calculation of corresponding standard errors is straightforward, and estimation of variance

components is hardly perceptible, because variance components play no role in the

estimation of treatment effects. However, with unbalanced data, estimation of variance

components becomes important. They playa role in the weighing of observations, e.g. by

iterative weighted least squares.

Estimation of variance components in linear models has been investigated in great

detail, whereby a great variety of methods has been developed. A survey of methods

based on maximum likelihood (ML) is given by Harville (1977). A recent survey of

variance components with unbalanced data is given by Engel (1990). Sometimes primary

interest is in estimating fixed treatment effects, whereby two or more variance

components have to be taken into account.

Recently, there is much interest in ML estimation for models for discrete data

involving variance components (1m and Gianola, 1988; Preisler, 1988, 1989; Jansen,

1990, 1992). One of the methods advised uses an EM algorithm (Dempster et al, 1977;

Anderson and Hinde, 1988). The models used consist of a linear model involving random

effects, and a link function to provide a transformation to the scale of observation.

Conditional on the random effects, assumptions about the distribution of the observations

are made, e.g. the binomial distribution in the case of proportions. Such a representation
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of a model involving variance components will be called a conditional representation.

Evaluation of the marginal distribution of the observations involves integration.

The conditional representation can also be used for a linear model involving

variance components. However, methods devised so far are based on what may be called

the multivariate representation, whereby use is made of the multivariate normal

distribution. The primary aim of this paper is to describe a simple method for combined

estimation of treatment effects and variance components based on the conditional

representation.

A secondary aim is to get more insight into properties of ML estimators for

related models involving discrete data. In the case of models for discrete data application

of the EM algorithm involves numerical integration, whereas in the case of a linear model

integrals can be evaluated analytically.

2 Model

In this paper the following linear model will be considered,

In [1], Yij represents thejth observation (j = 1,2, ... , Ni ) on unit i (= 1,2, ... ,I).

The linear predictor TJi usually takes the form TJi = xi (3, in which Xi is a P' 1 vector of

known coefficients and (3 is a P' I vector of unknown parameters. The random variables

{ei } and {eij} are independently distributed according to a standard normal distribution.

The parameters (J and Aalso have to be estimated from the data. The quantities a'2 and A2

are usually called variance components.

From [1] it follows that observations on the same unit are dependent. The

correlation between two observations on the same unit is equal to p2 = a'2/ (?+A2).

However, conditional on ei' observations Yi I' Yi2' ... , YiNi are independently distributed

according to normal distributions with mean TJi and variance A2. As a result, the

simultaneous probability density function of Yi = (fil , Yi2' ... , YiN/' conditional upon

ei , is given by
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Equivalently,

I 2] [ t 2]-N/2 S· (Yjo -x.{3-lJe j )
[2] p(Y

j
Ie j ) = (2'lr>,.2) i exp __I exp 1 ,

2>,.2 2>,.2/N.
1

where Yjo = (Lj Yjj)/Nj and Sl = Lj (Yij-Yjo )2. It should be noted that in [2] IJ is

treated in a similar way as (3.

The unconditional probability density function of Yj is obtained as the expectation

of p(Yjlej) with respect to ej , i.e.

where

- [S2](S 2 ~2) (2 ~2) N/2 1P j ,/\ = 'lr/\ exp--
2>,.2

and

the probability density function of the standard normal distribution.

The likelihood function :£ is given by :£ = np(Yj ), considered as a function of

ex = ({3 ,IJ ,>,.2), where

However, in the sequel formulation [4] will not be used for deriving ML estimators of
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parameters. Instead the conditional formulation is used as the basis of maximum

likelihood estimation.

3 Maximum Likelihood estimation

3.1 Likelihood equations

The likelihood equations are given by

a £ I aln(p(Y j»)
[5] : L : 0,

aex j=1 aex

where £ = In(~). It can be derived (Appendix A) that the likelihood equations can be

written in the form

I "'I a In(p(Y·1 e.»)
[6] L ------=-a-ex-'-'- p(ejlY j) dej : 0,

j=! -'"

where p (ej IYj ) denotes the conditional distribution of ej given Yj • So, in order to obtain

the likelihood equations, partial derivatives of the logarithm of the probability density

function of the conditional distribution of Yj , given ej (i = I, 2, ... , 1), have to be

calculated. This conditional density function is simply the density function of a normally

distributed random variable.

Since In(p(Yjlej» is a quadratic function of ej , evaluation of its conditional

expectation only requires knowlegde of the conditional mean and the conditional variance

of ej given Yj . It can be shown (Appendix B) that

It should be noted that with regard to variation in the data, Ej follows a normal

distribution with zero mean and variance equal to I - JJ?
To obtain ML equations for ex the partial derivatives of the logarithm of [2] with

102



Linear model

respect to the elements of cx have to be evaluated.

3.2 Estimation of {j and a

The partial derivatives of [2] with respect to cx. = ({j!,a)t are given by

where x.j = (x/,ej)t. Expression [7] can be written in the alternative form

In order to obtain ML equations for (j and a from expression [8], ej has to be replaced by

Ej and el has to be replaced by E( ell Yj ) = El + vj. In order to be able to calculate

these conditional expectations, initial estimates of {j, a and ).,2 are required.

The ML equations for {j and a can be written in matrices in the following way,

[9]

where X = (Xl' X2' ... , XI)!, N = diag(NI , N2, ... , NIl. E = (EI' E2' •.. , E/)t, V =
(vI' v2' ..• , vl)t and Y = (YI 0 , Y20 , ... , Ylo )t. Subscript [0] indicates that values have

been obtained by using initial estimates {j[Oj, a[O] and ).,rOl of (j, a and ).,2, respectively.

3.3 Estimation of).,2

The partial derivative of [2] with respect to ).,2 is given by

103



Linear model

aIn(p(Y j Iej ) )

a)...2

Consequently, the ML equation for )...2 is given by

[10] AlII "~ • [~ I N,( Y,. -X~Pr01- "ro, e,)' Pro] (e, IY,) de,] 1[~ N,]

" ~~ •~ (N,( Y,. -x~Pro] - "ro] 'ro]<)' • "~, 'lor')1[t N,].

where ~?v = (Lj S?)/(Lj Nj ). Estimator [10] involves both within-unit variation as well

as a lack of fit component.

. An alternative estimator of )...2 based on within-unit information only would be ~?v.

Furthermore, an unbiased estimator of )...2 is given by ~?v. (Lj N)I(Lj (Nj-I». The

advantage of the latter two estimators is that no iterations are required.

3.4 Iterations

An iterative scheme for estimating {3, a and )...2 could be of the form

1. Set a = 0;

2. Calculate {310] = (XtNXr l XtNY;

3. Calculate )...[0] = ~tv;

4. Set a[O] = J)...~];

5. Set s = I;

6. Calculate f[s_1] and P[s-I];

7. Calculate {3[s] and a[s] from [9];

8. Calculate )...[~] from [10];

9. Calculate s = s + I;

10. Go to 6. until convergence.

If estimation of )...2 is based on within-unit variation only, step 8. can be omitted

from the iterative scheme. The only requirements to be provided, as far as the data are

concerned, are the vector of means Y, a diagonal matrix containing the numbers of
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observations N and ~1v'

3.5 EM arguments

The above results can also be obtained by replacing p (ej IYj) in equation [6] by

p[ol(ejIYj), which is evaluated at a[OI' an initial estimate of a. Since In(p(Yjlej» =
In(p(Yj,ej )) - In(cP(ej)), the equations obtained in this way are the normal equations

corresponding with the criterion

J 00

Q(a;a[OI) =~ J In(p(Yj,ej)) p[ol(ejIY j) de j •

1=1 -00

The criterion Q(a;a[OI) is used by Dempster et al (1977) in the definition of an EM

algorithm. Computing Q(a;a[OI) constitutes the E-step, whereas maximizing Q( a;a[OI)

constitutes the M-step of the EM algorithm. Wu (1983) showed that EM iterations always

increase the log-likelihood.

4 Application

4.1 Regeneration ofprotoplasts ofLycopersicon and Solanum species

The data in Table 1 refer to plating efficiencies of protoplasts obtained from plants

of seven species of the genera Lycopersicon (tomato) and Solanum (potato). For each

species three or four isolations of protoplasts have been used and depending on the

availability of protoplasts a varying number of platings have been carried out. Per plating

approximately 105 protoplasts were put on a petri dish and after four weeks the

proportion of dividing protoplasts was recorded. The results in Table I are percentages.

Fitting model [1] to the logarithms of the data of Table I gives a value for -2£

equal to 68.8. Estimates of the means of the seven genotypes and their standard errors are

given in Table 2. By assuming that differences between genotypes are absent the value

of -2£ is increased to 94.3. This increase in value of -2£ is usually referred to as the

deviance for differences between genotypes. Its value, in this case 25.5, must be

compared with tables of the x2 distribution with six degrees of freedom. The value found

shows that differences between genotypes are highly significant.
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Table 1: Plating efficiencies of seven accessions of Lycopersicon and Solanum accessions

Accession Isolation 1 2 3 4 5 6 7 8 9 10

1 1 8.9 6.3 10.5
1 2 3.1 2.7 4.1
1 3 2.1 1.9 1.4 1.5
1 4 2.5 2.9 2.6 2.6 2.6 2.6 2.8 2.7 2.8 2.7
2 1 0.2 0.9 0.5 0.6 1.2 0.4
2 2 1.8 1.6 1.6
2 3 6.6 7.5 5.4 5.3 5.0 6.5 6.3 5.8 5.9 5.6
3 1 1.8 1.5 1.9 1.7 1.3 1.5
3 2 1.5 3.2 1.1 1.3 1.8 1.2 1.6 1.4 1.2 1.8
3 3 2.0 2.3 2.8 2.6 3.2 2.2 2.5 2.4 2.8 2.4
4 1 11.4 11.3 14.4 13.7
4 2 2.9 3.8 4.7 5.1 2.7 3.2
4 3 2.3 4.4 4.8 4.9 5.8 4.7 5.6 4.2 3.3 4.5
5 1 21.5 25.5 18.1 22.2
5 2 18.7 20.0
5 3 11.5 13.1 11.5 16.2 10.1 17.2 16.0 10.5
6 1 4.6 3.4 2.7 3.0 4.1 3.1
6 2 2.4 2.4 2.0 2.5 3.6 3.2 2.6 1.4 2.5 2.7
6 3 1.6 1.1 1.6 1.3 1.6 1.0 0.8 1.3 0.8 2.2
7 1 3.0 4.0 4.1 4.4 2.8 3.3 4.5 3.3 3.0 3.2
7 2 2.5 2.5 2.5 2.7 2.3 2.6
7 3 2.6 2.7 2.9 2.7 2.7 2.6
7 4 2.9 3.0 3.0 3.1

The ML estimate of (J is equal to 0.50 (s.e. = 0.077); the estimate of ,,2 is equal

to 0.050. The estimate ~~ of ,,2 (based on within-isolation variation only) is equal to

0.047 (s.e. = 0.0049). An unbiased estimate of ,,2 is equal to 0.055 (s.e. = 0.0068). In

this case the contribution of the lack of fit component is small. The magnitudes of the

estimates of ~ and ,,2 indicate that variation amongst isolations is much more important

than variation amongst platings within isolations.
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4.2 A comparison with residual maximum likelihood

ML estimation of variance components does not account for the estimation of fixed

effects. REML (= Residual Maximum Likelihood) (Patterson and Thompson, 1971) has

been developed to overcome this problem. Also in this case REML estimates can be

obtained. For the protoplast data the REML estimates of;' and ")..2 are equal to 0.37 (s.e.

= 0.133) and 0.055 (s.e. 0.0069), respectively. These results have been obtained with

REML facilities of GENSTAT (Genstat 5 Committee, 1987).

Table 2: Average values of the plating efficiencies (logarithmic scale) of seven accessions of
Lycopersicon and Solanum species <* after bias correction according to [11])

Genotype Mean S.e. S.e. *

1 1.21 0.257 0.302
2 0.56 0.295 0.347
3 0.61 0.293 0.345
4 1.76 0.294 0.347
5 2.87 0.298 0.350
6 0.79 0.293 0.345
7 1.07 0.255 0.300

4.3 Bias reduction

A possible way of reducing the bias of the ML estimator of ;. is obtained by

taking ~ = if- /B, where B = 0: i B) II and
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Zr i

i = 1, 2, '" , I. Arguments for using [11] are given by Jansen (1993). It follows from

[11] that if tT tends to unity, the value of Bi tends to 1- P/I. If that is the case for all

units the standard correction for bias due loss of degrees of freedom is obtained. By using

[11] the improved ML estimate for r? for the protoplast data becomes 0.35 (s.e. =

0.151).

5 Discussion

The method presented in this paper provides an easy way of fitting a linear model

involving variance components to experimental data. The method can be programmed in

any program with facilities for iterative weighted least squares, like GENSTAT (Genstat 5

Committee, 1987) and GUM (Baker and Ne1der, 1978). Convergence of the method is

slow, but the rate of convergence can easily be increased, e.g. by applying Aitken's dZ

(Ross, 1990). Moreover, the costs of an iteration are usually small; they mainly depend

on the number of regressor covariates in the linear predictor.

The method can easily be extended to cope with nested or crossed random effects.

This only requires the calculation of conditional means and conditional variances at a

higher level.

In the method described in this paper no effort is made to account for the effect of

the loss of degrees of freedom on the bias of the estimator of (J. However, a bias

correction is proposed which can easily be carried out at convergence.

The information about the parameter (J is a function of the regression coefficients

bl , bz, ... , bI> where

i = 1, 2, ... I. The information is small either if (J is close to zero or if (J is very large.

In the latter case the within-unit stratum vanishes and only one observation per unit
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suffices. The other way around, the between-unit stratum vanishes of (J is small. In both

cases the rate of convergence appears to be low.

For discrete data the integral in [3] has to evaluated numerically. For discrete data

this problem can be overcome by considering a simplified problem, whereby the

conditional log-likelihood is replaced by a quadratic approximation in terms of the random

effects {e} (Longford, 1991; Jansen, 1993). However, such an approximation will only

be a close representation of the orginal model if (J is not too large.
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Appendix A: Derivation of equation [6]

It follows from [5] that

The above derivation assumes that differentiation under the integral is permitted. By

applying Bayes' theorem equation [6] is obtained.

Appendix B: Derivation of conditional expectations

It can be found by partial integration, that

E(el Y) = E [ aInv;<eY Ie») IY]

E(e"IYJ = (a-J)E(e"-'IY) + E [e"-1 aln~~Yle») 1, a" 2.

By using the above results it follows that

E(eIY) ~ II (Y -TJ), where TJ = xt {3,
r?+),hN .

Also higher-order moments are easily obtained in this way.

Appendix C: Information matrix

Hereafter, we restrict ourselves to that part of the information matrix related to 0'*

= ({3t,II)t. The Hessian matrix is given by
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1

-E
i=l

The information matrix I is obtained by taking the expectation of -H with respect to

variation in the observations.

It can be shown that the expectation of first component of H related to a'* is equal

to the negative of the expectation of the second component of H, so that only the third

part is important. It can be shown that the component of I related to a'* is given by

where V = diag(c?+}h Ni ; i = 1, 2, ... , I) and P = diag(2[oi(cl+A2 j N)]2); i = 1,

2, ... /).
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X ANALYSIS OF COUNTS INVOLVING RANDOM EFFECTS

WITH APPLICATIONS IN EXPERIMENTAL BIOLOGY

Summary

This paper is concerned with the analysis of count data with special reference to

experimental biology and agricultural research. The model considered in this paper is

obtained by extending a generalized linear model by introducing random effects with

associated variance components on the scale of the linear predictor. Maximum likelihood

estimation is discussed and compared with a method which uses a simplified version of

the likelihood equations. Two practical applications are used to illustrate the methods.

Keywords: Counts, generalized linear model, generalized linear mixed model, Poisson

distribution, variance components

1 Introduction

Data in the form of counts appear regularly in studies on transformation and

regeneration in modem plant breeding, and also in plant pathology. When using a

generalized linear model (Poisson distribution, log link) it is often found that

overdispersion or extra-Poisson variation is present. Many experiments have some form

of structure. Engel (1986) discusses the analysis of a split-plot experiment involving

numbers of soldering failures on print panels. In other experiments the interest may be to

estimate (genetic) components of variation which may be a source of the extra-Poisson

variation. In many cases the amount of extra-Poisson variation is appreciable.

Hinde (1982) describes a model which accounts for extra-Poisson variation by

incorporating a random effect in the scale of the linear predictor of a generalized linear

model and shows how to obtain maximum likelihood (ML) estimates. ML estimation

requires integration, which is usually done by applying Gaussian-Hermite quadrature rules

(Atkinson, 1978). A similar model for binary data has been considered by Anderson and

Aitkin (1985), 1m and Gianola (1988) and Preisler (1989); for ordinal data see Jansen

(1990, 1992).

Breslow (1984) uses iterative weighted least-squares to fit models for counts where

(in his Procedure II) the variance function of the Poisson distribution, V(JL) = JL, is

replaced by V(JL) = JL + .,2JL2. Variance function V(JL) = JL + .,2JL2 can be derived in
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two different ways. In Hinde's model conditional expectations of the observations are

given by m = exp(7J + ae), from which it follows that p. = w1l2 exp(7J), w = exp(a2
)

and ?- = w - 1. As a consequence In (p.) = 7J + a2 / 2. For small values of a2, it follows

that p. "'" exp(7J) and ?- "'" a2 . Another way of deriving the above variance functions is

by assuming that m follows a gamma distribution with mean p. and index v, so that -?
v·I. Compound distributions involving the gamma distribution will not be considered in

this paper; see e.g. Van Duijn (1991).

In case of the log-normal model, m = exp(7J + ae), it is necessary to

acknowledge the value of the parameter a2. In this paper ML will be used to estimate

parameters in a number of practical situations with an appreciable level of extra-Poisson

variation. In a number of these situations more than one variance component is present.

However, it is easy to extend the above model to include nested errors.

ML estimation requires a fair amount of computer time. Therefore, instead of

solving the likelihood equations, solving a simplified version of the likelihood equations

will be considered as an alternative. This approach, which will be referred to as

approximate maximum likelihood, requires less computer time. Two applications are used

to illustrate the methods and the problems encountered in practice.

2 Model

2.1 Linear model

In this paper, we consider situations with two nested errors. Extensions to more

general structures can be obtained by following the same arguments. A linear model for

observations from an experiment with a nested structure involving two levels can be

written as

In [1], Yij represents a random variable related to sub-unit} (= 1, 2, ... Ii) in unit i (=

1, 2, ... , I). The linear predictor 7Jij contains the effect of the treatment applied to sub

unit} in unit i. In general, it is assumed that 7Jij = xjj (3, where xij is a p. 1) vector of

known coefficients and {3 is a P • 1 vector of unknown parameters. The random variables

{ed and {eij} represent random contributions of units and sub-units, respectively. All

random contributions are assumed to be independent and standard normally distributed.

In matrices, model [1] can be written as
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where y is an N· 1 vector, N = Ej Jj , X is an N· P matrix of known coefficients and Z

is an N·] matrix of known coefficients. Finally, el = (el' e2' ... , eI)t and e2 = (ell'

e12' ... , eIJ1)t.

2.2 A model for counts

In order to get from a linear model to a model for count data, the following

transformation is considered,

[3] mij = exp(Yij)

where fJ.Oij = exp(11ij)' Furthermore, Zj = exp(ulej) and zij = exp(u2eij)' The random

variables {Zj } and {zij} are independently distributed according to a log-normal

distribution. It should be noticed that fJ.Oij denotes the expectation of mij if the variance

components ul and u2 are equal to zero.

It is assumed that conditional upon {mij}' observations {Yij} are independently

distributed according to Poisson distributions with mean {mij}' The model defined in this

way can be considered as a log-linear mixed model. The expectation of mij is fJ.ij =
exp (11jj + U[ /2 + u1 /2). As a consequence, the linear predictor 11 is shrunk by introducing

variances on the scale of linear predictor.

If U[ and uI are close to zero the above model is similar to a model described by

Morton (1987). In that case, E(zj) = 1, E(.z;) = 1, var(zj) = U[ and var(zj) = ui. In

this paper, we will consider situations where the variances are not necessarily close to

zero.

3 Maximum likelihood estimation

3.1 Likelihood equations

The log-likelihood function takes the form

115



Count data

I 00 J 00

f =~ In{ f {n: { f p(Yijle;,eij;a) ¢(e;) deij } } ¢(ei ) de; },
I=} -00 J=} -00

where

Y;j
m"

p(Y,Ij"le;,e,Ij,.;a) = exp(-m .. ) ---..!!..-
IJ Y.. l

I)"

and mij is given by [3]. The likelihood equations are obtained by differentiating f with

respect to the vector of parameters a = ({3t, OI)t, 0 = (o},a2)t. It can be shown (Appendix

A) that the likelihood equations take the form

[4]

where integration takes place with respect to the conditional distribution of the random

effects given the observations. For a related situation, Jansen (1992) describes iterative

solution of [4] by using Gaussian-Hermite quadrature formulae to evaluate the integrals.

The same approach will be followed in this paper. The algorithm may be considered as an

EM algorithm (Dempster et al, 1977).

It can be shown that the likelihood equations can be written as

Xl/IX Xl 0 * Xl p..0 f2 Xl p..0 5p.. f}

[::][5] * I Ox * t 0 * * t 0 * t 0f1 p.. f} p.. f} +/'1 f1 p.. f2 +/'12 = f} p.. 5+0}

f~p..°X I 0 * t 0 I 0
f2p.. f1 +/'}2 f2p.. f2 +/'2 f2p.. 5+02

where p.. = E1(~(m)), f; = p..-OE}(mOZe}), f2 = p..-oE}[~[mOe2]]' 5 = p..-oE}(E2(mOz))

and z = y + m-ii(Y-m). E1 and E2 denote expectations with respect to the distribution of

e1 and e2, conditional upon the observations. Furthermore, /'1 = E} (e\ ZtmoZe}) -
*1 0 * too t I 0 * 0 ~f1 p.. f}, /'2 = E}(~(e2m e2)) - f2 p.. f2' /'J2 = E}(e} Z (~(m e2))) - fJ p.. f2' uJ =
EJ(e~Zt(~(mOz)) - f; p..°rand 02 = E1(~(~(mOz») - f~p..°r.

Although likelihood equations [5] look reasonably simple, their solution is not
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straightforward. It should be noticed that, apart from X, all quantIties in [5] involve

conditional expectations which have to be obtained by numerical integration. Solving

likelihood equations [5] usually requires a fair amount of computer time. Therefore, a

simpler, less computer intensive method is needed, especially for larger data sets and

more complicated error structures.

3.2 A simplification of the likelihood equations

It follows from [5] that the likelihood equations assume a much simpler form if m

and Z do not depend on the random effects e\ and e2' In that case E\(~(m» = Ito and

E\ (~(z» = Zo = 17 + It-g(y-Ito), i.e. values obtained if the variance components are set

equal to zero. The approximation to the likelihood equations then becomes

Xl Ox Xl It~Z€\ Xl ° Xl °Ito ItO€2

[::]
Itozo

[6] I I ° I I ° I I ° I I °El Z ltoX fl Z ItO ZEI +1'1 fl Z ItOE2 +1'12 = El Z ItOZo

° ° ° I °E2 ltOX E2ltOZ f1+1'12 €2ltO E2 +1'2 E2 ltOZO

where, now, fl = E 1(el), f2 = E1(~(e2»' 1'1 E1(e~ ZI itO Zel) - E~ ZIIt° ZEI

tr(ZIIt°ZY1), 1'2 = El(~(e~lt°e2» - E~lt°E2 = tr(lt°y2) and 1'12 = El(e~ZI(~(lt°e2»)

f~ ZI itO f2 = tr(ZIIt°Y12)' Values of El' f2' Yl' Y2 and Y12 can be obtained by applying

Gaussian quadrature rules, but analytical approximations can be used instead (Appendix

B).

Equations [6] can be solved by a linear regression of Zo on X, Zf\ and E2 with

weights Ito, whereby the sum of squares and products related to (11 and (12 need some

modification. Solving [6] in an iterative way can easily be done in GENSTAT (Genstat 5

Committee, 1987).

The use of equations [6] requires that In(p(Yij Iei,eij;Ol» is close to a quadratic

function with regard to the random effects. For In(p(Yij Iei,eij;Ol» the following quadratic

approximation is used,

where
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and In(p(YijIO,O)) = -1J.Oij + Yijln(1J.oij) - In(li)). In the above approximation, second

order derivatives have been replaced by their expectation with respect to variation in the

observations. This is similar to the approach followed when using Fisher's scoring

technique for the estimation of {3 in the absence of random effects. Quadratic

approximation [7] is also used by Longford (1991).

3.3 Approximation to the deviance

By using quadratic approximation [7] the deviance D can be approximated by jj

= Do - X6 + sZ, where

[8] S2. t In [I [if I{exp [ -~('wr "~/( "Ie;· "2eij»)2] ,I>(eij) deij} 'WI) de;

and Do and X6 denote the deviance and Pearson's X2 obtained with 0"1 = 0"2 = 0. The

integrals in [8] can be evaluated explicitly. It should be noticed that s2 is not a log

likelihood and the algorithm to be described in section 3.4 does not minimize jj in

general.

3.4 Iterations for solving the simplified likelihood equations

If the variance components have been set equal to zero, the ML estimate {3 of {3 is

given by {3 = (Xt pg Xr1 X t pg [X (3 + Po°(y -Po)], which gives

By using this property, it can be shown that for orthogonal designs, e.g. if

XtZ = Iplj,

and
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Values of ~1 and ~2 are obtained by replacing p. with; in the formulae for fl and f2'

respectively.

As a consequence, for orthogonal designs a two-step procedure will reduce the

computational workload, especially if the number of treatments is large. The two steps of

the procedure read

1. Set (Tl = (T2 = 0 and estimate {3 by iterative solution of

Xt p.~ X{3 = Xt p.~ zo;

2. Estimate (Tl and (T2 by iterative solution of

[ Ktf~:I+1'1 f:Z~P.~f2+1'12] [:1] = [f:Z~P.~ZO]
f2P.O Zfl +1'12 f2fJ.O f2 +1'2 2 f2P.OzO

where K = 11101N/ I. It should be noticed that in step 2. weights and working dependent

variate do not have to be recomputed during iteration.

For non-orthogonal designs the same strategy may be followed, whereby step 2. is

changed into:

2'. Estimate {3, (Tl and (T2 by iterative solution of [6].

In this case, the estimate of {3 is changed during iteration and weights and working

dependent variate have to be recomputed.

3.5 Residuals

Typical residuals for the Poisson model with variance components are regression

predictions of the random effects {ei} and {eij}' i.e. conditional expectations of the

random effects given the observations, and calculated with the parameter values found at

convergence. For the simplified iterative process these predictions are used in the

iterations; for the full maximum likelihood approach they have to be obtained afterwards

by numerical integration.

The predictions are functions of the observations and to be useful they have to be

standardized. Variances of the predictions with respect to variation in the observations are

given by the diagonal elements of VI and V2' which are also calculated during iteration.
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It should be noticed that the residuals obtained in this way do not account for estimation

errors in the parameters.

Table 1: Numbers of buds counted in the Cucumis experiment

Explant
Cultivar Medium Petri dish 1 2 3 4 5 6

1 1 1 10 7 5 7 12 1
2 6 16 20 5 16 13
3 10 12 13 0 12 15
4 10 12 2 8 15 2

2 1 20 16 14 18 17 20
2 12 8 18 20 20 17
3 22 13 24 15 10 14
4 11 12 18 19 14 18

3 1 20 18 15 18 20 18
2 5 20 0 18 5 0
3 17 10 20 12 14 21
4 4 8 5 12 10 15

4 1 10 4 0 5 4 8
2 5 5 6 2 3 1
3 7 5 10 2 10 0
4 9 5 8 4 4 7

2 1 16 9 10 11 9 12
2 13 7 3 2 3 12
3 14 6 9 9 15 18
4 13 0 3 7 5 2

2 2 1 8 9 10 9 15 9
2 11 12 8 9 12 10
3 15 6 9 9 16 16
4 18 12 6 0 13 14

2 3 1 8 12 6 4 6 11
2 10 10 12 12 15 10
3 10 10 17 10 14 12
4 10 14 14 10 9 14

2 4 1 9 5 1 9 15 9
2 2 6 2 3 7 0
3 4 12 2 0 4 3
4 6 1 9 3 5 8
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4 Applications

4.1 Bud formation on leaf explants of Cucumis

This application concerns a factorial experiment involving cotyledonous explants of

cucumber (Cucumis sativus L.) with two factors, GENOTYPE (2 levels) and MEDIUM

(4 levels). Each of the eight combinations of the levels of GENOTYPE and MEDIUM

was applied to four petri dishes, each one containing six leaf explants. On each of the leaf

explants the number of buds was counted. The observations are given in Table 1.

In this application two sources of variation are present, namely variation between

petri dishes and variation between explants within petri dishes. For the model with linear

predictor GENOTYPE * MEDIUM maximum likelihood estimates of al and a2 (obtained

with nine quadrature points) are equal to 0.16 (s.e. = 0.052) and 0.33 (s.e. = 0.043),

respectively. Approximate maximum likelihood gives 0.22 (s.e. = 0.042) and 0.27 (s.e.

= 0.032), respectively.

Table 2: Deviances for the Cucumis data

Model

CONSTANT
GENOTYPE
MEDIUM
GENOTYPE + MEDIUM
GENOTYPE * MEDIUM

ML

451.2
448.4
418.5
415.1
411.9

Approximate
ML

466.2
473.4
426.5
423.6
419.8

Deviances obtained with maximum likelihood as well as approximate maximum

likelihood are given in Table 2. In this case approximate maximum likelihood produces an

increase of the deviance if the GENOTYPE is added to the model with linear predictor

CONSTANT. It should be noticed that the models involved, i.e. models with linear

predictor CONSTANT and GENOTYPE, do not provide an adequate fit to the data.

Both methods indicate significant differences between media. A summary of

results is given in Table 3. Table 3 shows that parameter estimates obtained by maximum

likelihood and approximate maximum likelihood are very similar. Medium 4 produces
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Table 3: Parameter estimates and standard errors for the Cucumis data

ML Approximate ML

Parameter Estimate S.e. Estimate S.e.

Constant 2.12 0.100 2.21 0.116
Medium 2 0.42 0.138 0.39 0.161
Medium 3 0.27 0.138 0.26 0.162
Medium 4 -0.56 0.146 -0.56 0.169

less shoots than the other three media. The standard errors for differences between media

obtained with approximate maximum likelihood are larger than those obtained with

maximum likelihood. This is caused by the fact that the estimate of 0"1 obtained with

approximate maximum likelihood is larger than the estimate obtained with maximum

likelihood.

Figure I shows residuals (see Section 3.6) for the model with linear predictor

GENOTYPE * MEDIUM. This figure indicates that the result of one petri dish, petri

dish 1 of the combination of genotype 1 and medium 3, is higher than expected (residual

= 2.78). Moreover, the distribution of the residuals at the petri level appears to be

slightly wider than expected. This may be due to underestimation of 0"1'

4.2 Genotypic variation in regeneration from explanrs in leek

This application involves an investigation into the genotypic variation within

cultivars of leek (Allium porrum L.) with respect to formation of adventitious shoots on

callus tissue. The data in Table 4 refer to 20 genotypes of one cultivar. Each genotype is

represented by six calli. These observations are the number of shoots per callus.

The data in Table 4 are subject to two sources of variation, i.e. variation between

genotypes and variation between calli within genotypes. Three parameters, a constant and

two variance components, have been estimated by maximum likelihood as well as

approximate maximum likelihood. Results of both methods are given in Table 5. In order
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Figure 1: Histograms of residuals for the Cucumis data

to investigate the effect of the number of quadrature points Q used for integration, results

of ML are given for values of Q between 2 and 10.

Maximum likelihood automatically shrinks the linear predictor. For approximate

maximum likelihood this can be achieved at convergence by taking as the estimate for the

constant 1.10 - (0.802 + 0.562)/2 = 0.62. The results of both methods are again very

similar. Results obtained with ML look even poorer in case a small number of

quadrature points is used. This may be due to the size of the variance components (see

Jansen, 1993).

Examination of the residuals at the genotype level indicates that many genotypes

are much more extreme than accounted for by the model. Genotypes 1, 7, 15, 17 and 18

produce very few adventitious shoots (residual < -3), whereas genotypes 5, 11 and 20

produce relatively large number of adventitious shoots (residual > 3). Examination of

residuals at the callus level indicates one major outlier: callus 4 of genotype 20 (residual

= 4.9). The second largest value is found for callus 5 of genotype 12 (residual = 2.5).

5 Discussion

This paper describes ML estimation for count data involving nested errors and

compares the results with those obtained by an approximate method. The two methods

gave similar results for the data sets used in this paper. With regard to such a comparison

it should be noticed that ML itself is approximate unless a large number of quadrature
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Table 4: Data of the Allium experiment

Callus
Genotype 1 2 3 4 5 6

1 0 0 0 0 3 0
2 9 0 1 5 2 4
3 2 4 4 0 4 0
4 1 2 5 9 0 4
5 6 3 8 3 5 9
6 6 2 4 4 2 7
7 0 2 0 0 1 0
8 1 1 3 1 0 2
9 3 3 1 0 6 2

10 3 6 4 7 1 8
11 2 6 8 8 7 5
12 0 0 3 2 10 6
13 9 3 5 5 6 4
14 2 3 2 0 3 2
15 0 0 0 0 1 1
16 5 4 4 7 7 1
17 1 0 0 0 0 1
18 0 1 0 0 1 0
19 1 4 6 3 0 7
20 4 3 5 18 4 0

nodes is used to evaluate integrals.

ML usually works well in practical applications involving binary and ordinal data,

and the number of quadrature nodes required for integrating out the random effects with

enough precision to satisfy practical requirements, is limited (Anderson and Aitkin, 1985;

1m and Gianola, 1988; Jansen, 1990, 1992). As a consequence, ML does work well in

situations with nested errors where the number of levels is small; the maximum number

of levels considered so far is two. With crossed errors the integration becomes

impracticable (Jansen, 1989), and approximate methods have to be used anyway.

The approximation used in this paper would imply that the method works well if

the variance components are small. In the applications discussed in this paper the size of

the variance components is appreciable, but this does not affect the estimation of variance

components by approximate ML in a serious manner.
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Table 5: Results for the Allium data

ML

Number of
quadrature points (Q) D 11 al a2

2 239.6 0.25 0.99 0.55
3 245.0 0.60 0.65 0.68
4 237.8 0.25 1.36 0.62
5 247.3 0.75 0.61 0.71
6 243.8 0.83 0.91 0.52
7 243.3 0.56 0.80 0.53
8 246.1 0.67 0.72 0.58
9 243.3 0.62 0.86 0.54

10 245.8 0.61 0.75 0.55

Approximate ML

jj 11 al a2

255.5 1.10 0.80 0.56

Underestimation of variance components by ML may be a serious problem in

small experiments and a form of restricted ML may provide results which are less biased,

see e.g. Schall (1991) and Engel and Keen (1993). It should be noticed that it is (still) not

possible to define a REML analogue of the full ML method.

Residuals as defined in this paper seem to be a useful tool for identification of

outlying observations. They may also be used to indicate whether the model fits the data

adequately. With regard to the Allium experiment it is doubtful whether the variation

between genotypes is well described by the model.

Approximate ML as described in this paper can easily be extended to binary and

ordinal data (see Jansen, 1992).
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Appendix A:

The log-likelihood function can be written as

I 00

[9] t = E I p(Y j Iej;a) ¢(ej ) dej ,
j=l -00

where

J 00

p(Y j Iej;a) = II I p(Yij Iej,eij;a) ¢(eij) deij .
j=l -00

By differentiating [9] with respect to a it follows that

at I
=Eaa j=l

By applying the same arguments again, likelihood equations [4] are obtained.

Appendix B:

By using expression [7] the following approximations to conditional means and

variances are found:

.!.o
2

f2 = uZA(r-uIPO Zfj)

A = (IN+CT~P~)-l
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VI (I 2zt 0z -1= / + U1 "'0 )
2u1V2 = A + "2(lr A)V1(IrA)

u2

Ul
V12 = --(lr A)V1

u2

and ro and "'0 are N· 1 vectors with elements rOij and P-Oij' respectively (i = 1, 2, ... , I; j

= 1, 2, ... , J/).
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XI CONCLUDING REMARKS

General

Generalized linear mixed models (GLMM) as defined in this thesis provide a

powerful statistical tool for the analysis of discrete data involving variance components.

The models combine the flexibility of both the generalized linear models (GLM) and the

linear mixed models (LMM). They provide a unified alternative to models based on

conjugate distributions.

The driving force behind this thesis is the application of GLMMs in plant breeding

research. The applications are concerned with studies in plant resistance and cell biology.

The data have been obtained from designed comparative experiments. The numbers of

observations are usually small compared with data sets from sample surveys. Often the

linear predictor contains a relatively large number of unknown parameters (fixed effects).

Mostly the emphasis is on estimating parameters and assigning proper standard errors. In

genetic studies the emphasis may be on estimating variance components.

In this thesis only situations with nested random effects are considered, although

crossed random effects may also occur practice.

Overdispersion

It may be argued that the GLM is not a suitable model for data which are subject

to some form of stratification. The effect of stratification may be that the residual

deviance or Pearson's X2 relating to the full model is greatly in excess of its expectation.

This situation is referred to as overdispersion. One possible action is to extend the GLM,

or adapt its analysis, if the residual deviance exceedS the 95 % point ofax 2 distribution.

This approach may work in the case of a single stratum, but not if more than one stratum

is present, e.g. in the case of a split-plot design.

In the case of a simple, linear model the between-unit variation is used as a

yardstick for gauging treatment effects. This is done automatically by entering unit means

in the analysis. However, if between-unit variation is neglectable compared with within

unit variation, the yardstick for gauging treatment effects becomes automatically the

within-unit variation. In the case of binomial data this would be binomial variation. In the

approach followed in this thesis this would mean that a GLMM is reduced to a GLM due

to the fact that the between-unit variance is estimated by zero.
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Computing

The majority of problems encountered when fitting a GLMM to data by the

maximum likelihood (ML) method are concerned with computing. In this thesis the EM

algorithm is used for ML estimation. The ML equations for a GLMM are obtained in the
following way:

1. Write down the ML equations for the situation where the random effects are

considered to be given. It should be noted that in these ML equations the iterative

weights and the working dependent variate depend on the random effects.

2. Calculate the expectation of the left-hand side and the right-hand side of the

equations obtained under 1. with respect to the conditional distribution of the

random effects given the observations.

ML estimation involves numerical approximation of integrals (= expectations)

which is done by Gaussian-Hermite quadrature. Fitting a GLMM requires much more

computing than an ordinary GLM. The amount of computing depends on the number of

quadrature nodes, the number of variance components and the structure of the random

effects. Crossed random effects require much more computing compared with nested

random effects.

For a LMM integrals can be calculated explicitly. This is due to the fact that that

iterative weights and working dependent variate of the equations obtained under 1. do not

involve the random effects. In a LMM only conditional expectations and conditional

(co)variances of the random effects have to be computed. This leads to a considerable

reduction in computing.

If the conditional log-likelihood of the observations is close to a quadratic function

of the random effects, such a simplification can also be obtained for a GLMM. This

would imply that the variance components associated with the random effects should not

be too large.

The EM algorithm is usually slow to converge. An easy way of accelerating the

EM algorithm is Aitken's d2 method. This method works well in practical applications

provided that the model fits the data adequately. Models that do not fit the data

adequately may arise when an analysis of deviance table is constructed, whereby to

calculate deviance parameters are deleted from the linear predictor, e.g. the linear

predictor relating to the full model.
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Properties

ML estimates of variance components in a linear model are biased downward. The

reason is that in calculating ML estimates of variance components the estimation of fixed

effects is not taken into account. To overcome this problem in LMM residual maximum

likelihood (REML) has been developed.

The downward bias of estimates of variance components can also be expected to

be found when using GLMM. For a simple GLMM for binomial data two related

quantities have been considered:

1. the probability that a positive estimate of a variance component is found,

and

2. the expectation of that variance component.

Predictions for these quantities have been obtained by considering simpler but

analogue situations. The bias of a variance component estimate of a GLMM depends on

the actual magnitude of the variance component as well as on the information contained in

a particular unit about the scale of the linear predictor. It is found that although

approximate, the predictions are close to values obtained by simulation.

One of the consequences is that observations with expectations close to the

boundary of the scale do not contribute to finding the proper value of a variance

component. For binomial data this means that values close to zero or close to the

binomial index are not informative with regard to estimation of a variance component.

The same holds for units of which the binomial index is small.

The predictions can be used to obtain a bias correction for a variance component.

This is not only important if the primary interest is in the variance components (e.g. in

genetic studies), but also for assigning proper standard errors to estimated differences

between treatments. An extension of the given predictions for more complicated situations

is straightforward, but their adequacy remains to be considered. A comparison with

REML-based procedures must be a topic of further research.

Ordinal data

Ordinal data appear regularly in studies on disease resistance. Strictly speaking the

threshold model for ordinal data does not belong to the class of GLM, but it can be

treated as a GLM by using the concept of a composite link function. This makes it

possible to fit a threshold model for ordinal data by iterative weighted least squares. Also

the model involving variance components can be fitted to data by iterative weighted least
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squares.

It is possible to write the ML equations in a way similar to those for an ordinary

GLM. The essential difference lies in the estimation of the thresholds. As a consequence

the simplified ML method for estimating variance components can also be used.

Model checking

Standardized regression predictions of the random effects can be used as residuals.

These residuals can be used to identify whether the model fits the data adequately. One

aspect to be considered is whether there are gross deviations from the assumptions

concerning the random effects. Residuals are easily obtained from the simplified approach

for solving the likelihood equations.

With regard to ordinal data it should be noticed that two sorts of residuals are of

interest. Besides the standardized predictions of the random effects, referring to the

location of observations on the scale of the linear predictor, also the distribution of the

observations over the categories of the scale has to be considered when checking the

model.

Finally, the choice of link function has been considered for the binomial case. In

this thesis a parametric family of link functions has been considered which contains the

logit (as the centre), and left-tailed and right-tailed alternatives. Such a family of link

functions may be used to determine the adequacy of the fit of a model or the sensitivity of
conclusions with respect to the choice of link function. The same parametric link function

can also be used for ordinal data.

Computer software

The application of GLMM in practice depends very much on the development of

accessible computer software and a unified formulation of models. For example, in

GENSTAT code a statement of the form

MODEL [DISTRIBUTION=BINOMIAL;LINK=PROBIT;RANDOM=R] \

DATA=Y;NBINOMIAL=N

FIT F

would be most welcome. In these statements Rand F refer to model formulae describing

the structure of the random and the fixed effects, respectively.
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SUMMARY

The applications described in this study indicate that variance components play a

prominent role in a wide range of applications of plant breeding research involving

discrete data. The study shows that the class of generalized linear mixed models

(GLMMs) provides a powerful and unified way of modelling discrete data involving

variance components.

Chapter II provides an introduction to the generalized linear mixed model. It is

compared with models based on conjugate distributions. The latter models lack the

general flexibility of modelling. To obtain maximum likelihood estimates for each of the

models based on conjugate distributions special programming is required. A disadvantage

of the GLMM is that, apart from the model involving the normal distribution and identity

link function, (numerical) integration is required to calculate the likelihood function.

Chapter III is concerned with Gaussian-Hermite quadrature. Gaussian-Hermite

quadrature is used for approximating integrals in the likelihood function of a GLMM. In a

statistical setting Gaussian-Hermite quadrature can be considered as replacing the

expectation of a function of a standard normal variate by the expectation of that same

function with respect to a discrete, symmetric distribution of which the moments are to a

given order equal to the moments of the standard normal distribution.

Chapters IV and V are concerned with binomial data. In Chapter IV it is shown

for a simple GLMM that maximum likelihood estimation of the fixed effects and the

variance component representing between-unit variation can be carried out by iterative

weighted least-squares. Calculation of the weights involved requires the evaluation of

integrals (Chapter III). Consequently, it requires more computing than needed for a

generalized linear model (GLM).

The algorithm can be considered considered as an EM algorithm. This general

algorithm is very reliable, but usually slow. Acceleration of the EM algorithm may

reduce the number of iterations in many cases (see also Chapter VIII), but leads to less

reliability. In some cases it may even lead to diverging iterations. The acceleration

method called Aitken's d 2 appears to be working well in practice. In Chapter IV also the

use of a parametric family of link functions is considered, which makes it possible to

gauge the effect of the choice of link function with regard to skewness on the results of a

statistical analysis.

In Chapter V it is shown that maximum likelihood estimates of the variance

component of a simple GLMM are biased downwards. Moreover, the maximum

likelihood estimate of a variance component may be zero with a non-zero probability,

where the true value of the variance component is positive. In the latter case an ordinary

GLM is obtained automatically. It is also shown that standard errors of treatment
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differences are biased downward, although if the variance components are small the bias

will also be small. In general, the bias of the standard error of a treatment difference is

acceptable « 10 %) if the number of replications is at least six. In the situations

considered this amounted to 100 degrees of freedom for error. The theoretical arguments

given suggest a bias correction, which can be carried out after convergence.

Chapters VI, VII and VIII are concerned with a threshold model for ordinal data,

which contains a GL(M)M for binary/binomial data as a special case. In Chapter VI it is

shown that maximum likelihood estimates for the parameters of a threshold model can be

obtained by iterative weighted least squares by using the concept of a composite link

function.

In Chapter VII it is argued that for ordinal data a distinction should be made

between lack of fit and between-unit variation. This paper compares an ad-hoc method

based on the assumption that between-unit variation is absent with an analysis based on a

GLMM. For the latter situation deviance residuals are used to indicate outlying

observations. For the data under study relatively large deviance residuals were found for

units of which the data showed an aberrant distribution of plants over the categories of the

scale.

In Chapter VIII it is shown that the methods for ordinal data can be extended to

copy with more than one variance component. It is mentioned that by using a small

number of quadrature nodes a not always positive definite Hessian matrix is obtained. The

procedures are applied to a number of applications, of which the analysis of a split-plot

experiment is very important for practical use.

A second-order approximation to the log-likelihood enables an analytic formulation

of the likelihood equations (Chapters IX and X). In Chapter IX the situation is considered

where the conditional distribution of the data is a normal distribution and the link function

is the identity link. The iterations can be written in a form which resembles iterative

weighted least squares. The algorithm can easily be implemented in computer packages

like GUM and GENSTAT.

Chapter X shows for Poisson counts involving two variance components the

simplification which is obtained if it is assumed that the conditional log-likelihood is

approximated by a quadratic function. Conditional expectations of random effects are used

in the likelihood equations, and after convergence standardized values of these conditional

expectations can be used to consider the form of the distribution of the random effects or

the presence of outliers. The amount of computing is small compared with maximum

likelihood involving integration and depends primarily on the number of regression

parameters.
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SAMENVA'ITING

De toepassingen die worden behandeld in dit proefschrift, tonen aan dat variantie

componenten van belang zijn bij een groot aantal toepassingen in het planten

veredelingsonderzoek. In veel gevallen zijn de resultaten van veredelingsonderzoek

discreet. Het gaat vaak om binomiale gegevens, waarderingscijfers of tellingen. Dit

proefschrift laat tevens zien dat gegeneraliseerde lineaire gemengde modellen (GLMMs)

een belangrijk gereedschap zijn voor het modelleren van discrete gegevens waarbij

variantiecomponenten een rol spelen.

In Hoofdstuk II worden de GLMMs ingeleid. Deze modellen worden vergeleken

met modellen gebaseerd op geconjugeerde verdelingen. Deze laatstgenoemde modellen

zijn minder flexibel dan GLMMs. Voor het schatten van de parameters van elk van de

modellen gebaseerd op geconjugeerde verdelingen is andere programmatuur vereist. Ben

nadeel van GLMMs is dat, behalve voor het model gebaseerd op normale verdelingen met

identieke link functie, numerieke integratie moet worden toegepast voor het berekenen van

de likelihood functie.

Hoofdstuk III houdt zich bezig met Gaussisch-Hermite kwadratuur. Gaussisch

Hermite kwadratuur wordt gebruikt om integralen in de likelihood functie van een GLMM

te benaderen. Vanuit statistisch oogpunt kan Gaussisch-Hermite kwadratuur worden

gezien als het vervangen van de verwachting van een functie van 'een standaard normale

variabele door de verwachting van dezelfde functie met betrekking tot een discrete,

symmetrische verdeling die tot een gegeven orde dezelfde momenten heeft als de

standaard normale verdeling.

In Hoofdstuk IV en Hoofdstuk V wordt aandacht besteed aan binomiale gegevens.

In Hoofdstuk IV wordt beschreven dat voor een eenvoudige GLMM maximum likelihood

schattingen voor vaste effecten en variantiecomponenten kunnen worden verkregen met de

iteratieve gewogen kleinste kwadraten methode. Voor het berekenen van de gewichten

moeten integralen worden berekend (Hoofdstuk III). Daarom is de hoeveelheid rekenwerk

aanzienlijk groter dan benodigd voor een overeenkomstig gegeneraliseerd lineair model

(GLM).

Het algoritme kan worden beschouwd als een EM algoritme. Dit algemeen

toepasbare algoritme is zeer betrouwbaar, maar erg traag. Versnelling van het EM

algoritme kan tot minder iteraties leiden (zie ook Hoofdstuk VIII), maar het algoritme

verliest daardoor aan betrouwbaarheid. In sommige gevallen kan versnelling leiden tot

divergentie. De versnellingsmethode genaamd Aitkens d2 levert in praktische toepassingen

goede resultaten. In Hoofdstuk IV wordt tevens het gebruik van een parametrische link

functie bestudeerd. Deze maakt het mogelijk om het effect van de keuze van de link

functie (m.b.t. scheefheid) op de resultaten van een statistische analyse te onderzoeken.
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In Hoofdstuk V wordt aangetoond dat de maximum likelihood schatter van de

variantiecomponent van een eenvoudig GLMM onzuiver is met een tendens naar te kleine

waarden. Bovendien kan de maximum likelihood schatter met een positieve kans de

waarde nul aannemen. In dat geval wordt automatisch een GLM verkregen. Tevens wordt

aangetoond dat standaardwijkingen van verschillen tussen behandelingen onzuiver zijn met

een tendens naar te kleine waarden. In het algemeen is de onzuiverheid van de

standaardafwijking van een verschil tussen behandelingen aanvaardbaar « 10 %) als het

aantal herhalingen tenminste zes is. In de situaties die zijn bestudeerd betekent dit dat er

100 vrijheidsgraden voor de rest nodig zijn. De theoretische argumenten die zijn gebruikt,

maken een onzuiverheidscorrectie mogelijk. Deze kan worden uitgevoerd na convergentie.

In Hoofdstuk VI, VII en VIII wordt aandacht besteed aan een drempelmodel voor

ordinale gegevens. Dit drempelmodel bevat het GLMM voor binaire/binomiale gegevens

als speciaal geval. In Hoofdstuk VI wordt aangetoond dat maximum likelihood schatters

voor de parameters van een drempelmodel kunnen worden verkregen met behulp van de

iteratieve gewogen kleinste kwadraten methode waarbij gebruik wordt gemaakt van

samengestelde link functies.

In Hoofdstuk VII wordt gesteld dat voor ordinale gegevens een onderscheid

gemaakt moet worden tussen lack offit en variatie tussen experimentele eenheden. In dit

hoofdstuk wordt een ad hoc methode, gebaseerd op de veronderstelling dat er geen

variatie is tussen experimentele eenheden, vergeleken met de analyse gebaseerd op een

GLMM. In het geval van een GLMM worden deviance residuen gebruikt om uitbijters

aan te wijzen. In het voorbeeld zijn grote deviance residuen gevonden voor experimentele

eenheden met een afwijkende verdeling van planten over de categorieen van de ordinale

schaal.

In Hoofdstuk VIII wordt beschreven hoe methoden voor ordinale gegevens kunnen

worden uitgebreid voor situaties met meer dan een variantiecomponent. Er wordt melding

gemaakt van het feit dat bij een gering aantal kwadratuurpunten niet altijd een positief

definiete Hessiaan wordt verkregen. De methode is toegepast in een aantal situaties,

waarvan de analyse van een split-plot experiment een zeer belangrijke plaats inneemt.

Ben tweede-orde benadering van de conditionele log-likelihood maakt het mogelijk

om het iteratie proces analytisch weer te geven (Hoofdstuk IX en X). In Hoofdstuk IX

wordt ingegaan op de situatie waarbij voor de conditionele verdeling van de

waarnemingen voor de normale verdeling is gekozen en waarbij de identieke link functie

wordt gebruikt. Het iteratie proces kan worden geschreven in een vorm die sterk lijkt op

de iteratieve gewogen kleinste kwadraten methode. Het algoritme kan op eenvoudige

wijze worden gelmplementeerd in statistische programma's zoals GUM en GENSTAT.

Hoofdstuk X beschrijft voor tellingen met twee variantiecomponenten hoe de

vereenvoudiging eruit ziet die wordt verkregen als wordt verondersteld dat de conditionele
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(Poisson) log-likelihood bij benadering een kwadratische functie is. In het iteratieve

proces wordt gebruik gemaakt van conditionele verwachtingen en conditionele varianties

van random effecten. De conditionele verwachtingen van de random effecten kunnen na

standaardisatie worden gebruikt voor het bestuderen van de verdeling van de random
effecten of voor het zoeken van uitbijters. De hoeveelheid rekenwerk is klein vergeleken

met de maximum likelihood methode waarbij numerieke integratie wordt toegepast. De

hoeveelheid rekenwerk hangt voomamelijk af van het aantal parameters in de lineaire

predictor.
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1.
Generalized linear mixed models zijn een onmisbaar statistisch instrument voor het
analyseren van resultaten van plantenveredelingsonderzoek.

Dit proefschrift

2.
Residual maximum likelihood (REML) biedt slechts een gedeeltelijke oplossing voor het
probleem van de onzuiverheid van maximum likelihood schatters van variantie
componenten.

Dit proefschrift
Patterson, H.D. and Thompson, R. (1971) Recovery of inter-block information when block sizes are unequal.

Biometrika, 58: 545 - 554.

3.
Ret uitvoeren van experimenten waarin per experiment slechts een factor wordt
onderzocht, zoals nog steeds gebruikelijk in veel plantebiotechnologisch onderzoek, is niet
efficient.

4.
De klassieke theorie over het opzetten van proeven richt zich te veel op ideale situaties.

Mead, R. (1990) The non-orthogonal design of experiments (with Discussion). Journal of the Royal Statistical
Society A, 153: 151 - 201.

5.
Algoritmes voor het genereren van proefopzetten gebaseerd op het optimaliseren van een
zinvol criterium bij door de praktische situatie opgelegde randvoorwaarden, dienen een
vooraanstaande rol te spelen bij het opzetten van experimenten maar ook bij opleidingen
op het gebied van de proeftechniek.

Jansen, 1. Douven, R.C.M.H. and Van Berkum, E.E.M. (1992) An annealing algoritllln for Searching Optimal
Block designs. Biometrical Journal, 34: 529 - 538.

Jones, B. and Eccleston, J.A. (1980) Exchange and interchange procedures to search for optimal designs.
Journal of the Royal Statistical Society B, 42: 291 - 297.

6.
Niet in aile gevallen zijn metingen te prefereren boven visuele beoordelingen.

Jansen, 1. and Bouman, A. (1988) Statistical analysis of data involving internal bruising in potato tubers. Journal
of Agricultural Engineering Research, 44: I - 7.

Straathof, Th.P., Jansen, J. and Loffler, H,J.M. (1993) Determination of resistance to Fusarium oxysporum in
Lilium. Phytopathology, in press.

7.
Biometrici dienen zich meer te richten op het publiceren in biologische tijdschriften en bij
te dragen aan de redactie van deze tijdschriften.

N.a.v. discussie binnen de International Biometric Society over het uitgeven van een tweede tijdschrift.



8.
Termen zoals quasi-likelihood, pseudo-likelihood, extended quasi-likelihood .... dragen
niet bij tot de populariteit van de statistiek.

Carroll, R.I. and Ruppert, D. (1988) Transformation and weightiug in regression. London: Chapman and Hall.
NeIder, I.A. and Pregibon, D. (1987) An extended quasi-likelihood function. Biometrika, 74: 221 - 232.
Wedderburn, R.W.M. (1974) Quasi-likelihood functions, generalized linear models and the Gauss-Newton

method. Biometrika, 61: 439 - 447.

9.
Onbelangrijke significante effecten zijn in veel gevallen het resultaat van inefficient
onderzoek.

10.
Bij de opleiding tot statisticus wordt te welmg aandacht besteed aan communicatie met
niet-statistici. Dit leidt vaak tot fouten van de derde soort: fraaie antwoorden op niet
gestelde vragen.

II.
Gezien de lengte van kinderen van 10 en 11 jaar is de 'pupillenlat' bij het voetbal ten
onrechte afgeschaft. Het was beter geweest am naast de 'pupillenlat' 'pupillenpalen' in te
voeren.
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