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ABSTRACT 

This paper deals with a new approximation method for large scale queuing net
work models with multiple job types. 

In recent years mean value oriented approximation algorithms have received 
much attention. Most of the approximation methods are based on decomposition 
and aggregation arguments and use iteration to obtain a fixed point of an impli
citly defined set of non-linear equations for the relevant performance measures, 
such as mean response times, throughputs and mean queue lengths. 

In this paper a recursive aggregation-disaggregation method is introduced to 
bypass the computational problems involved in evaluating the standard multi
dimensional recursive schemes associated with exact mean value analysis in 
separable queuing networks with multiple job types. As a side result we study the 
influence of Pollaczek-Khintchine type approximations for the mean response 
times at first-in first-out single server queues with non-exponential service 
demand distributions. 

The power of the method is tested with a closed central server model involving 
multiple central processors, disk units and job types. 
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hoven 
2 Department of Mathematics and Computing Science, Eindhoven University of Technology, P.O. Box 513, 
NL-5600MB Eindhoven. 
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1. Introduction 

NetwoIks of queues are used in many areas tD model and analyse real-life systems, as for instance 
computer systems, communication netwoIXs, transportation systems, harbour facilities, flexible 
manufacturing systems and production lines. The use of such models is justified by a common 
characteristic of such systems: they can be viewed as a collection of interconnected resources 
providing service tD groups of custDmers with specific job requirements. The resources have finite 
capacities or service rates and, consequently, waiting lines of jobs will be formed. 

Stochastic models and particularly (semi) Markov processes are a widely used tool for the 
analysis of queuing netwolk. systems. Under certain ergodicity conditions the equilibrium distri
bution of the Malk.ov process may be obtained as the unique strictly positive and normalized 
solution of a set of linear equations relating the equilibrium probabilities. If a queuing network 
model apart from these ergodicity conditions satisfies so-called separability conditions, the solu
tion attains an attractive product-form. These models form the class of product-form or separable 
queuing netwolk. models. 

The search for separability in queuing networks started in Jackson [19]. Noteworthy papers in this 
line are Gordon and Newell [16] and Baskett, Chandy, Muntz and Palacios [2J. Important theoret
ical extensions are covered in, for example, Lam [24], Kelly [20], Hordijk and Van Dijk [17] and 
[18] and Cohen [43]. 

Apart from the fact that for separable queuing netwolk. models analytical expressions have been 
obtained for the solution of the equilibrium equations, it has been shown that important system 
characteristics may be computed in a relatively simple and efficient way. 

In this paper we shall be concerned with the computation of relevant performance characteristics 
in so-called closed queuing netwoIXs, i.e. for each job type a fixed number of jobs proceeds 
through the network and the jobs neither enter nor leave the system. For such netwoIXs the 
product-form establishes the equilibrium distribution up to a normalization constant. The evalua
tion of this constant causes computational problems, as it involves a summation of the unnormal
ized equilibrium probabilities over the complete state space. 

The two main procedures for solving this problem are known as the convolution method (CM) 
and mean value analysis (MV A), which lead tD the CM algorithm and the MV A algorithm 
respectively. Recently, a third convolution-like procedure has been developed known under the 
name of recursion by chain algorithm (RECAL). This approach almost immediately found its 
mean value sister in the mean value analysis by chain algorithm (MY AC). 

The CM algorithm, introduced for the simplest situation in Buzen [6], is a recursive procedure for 
the computation of the normalization constant. It appears that the system characteristics can be 
expressed in the recursively computed values and thus may be evaluated efficiently. In Reiser and 
Kobayashi [31] the procedure has been extended tD cover a large class of separable queuing net
wolk. models. 
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The MV A algorithm is based on a set of recursive relations between important system charac
teristics, such as mean response times, mean queue lengths and throughputs. It has been intro
duced in Reiser [29] and extensions can be found in Reiser and Lavenberg [32], ZahOIjan and 
Wong [40], Krzesinski. Teunissen and Kritzinger [23] and Bruell, Balbo and Afshari [5]. 

Whereas CM and MV A are essentially based on a recursion in the number of job types, RECAL 
and MV AC are based on a recursion in the number of work stations. RECAL is described in 
Conway and Georganas [8] and MV AC in Conway, De Souza e Silva and Lavenberg [9]. 

For notes on the implementation of the CM and MV A algorithms we refer to Bruell and Balbo 
[4]. Reiser [30] and Zahorjan and Wong [40]. 

Though separable queuing network models are an important tool to study queuing network sys
tems. the application area is restricted. Most realistic models for practical problems do not satisfy 
the separability conditions, whereas separable models tend to be very large and, therefore, cannot 
be evaluated using standard methods. For both types of problems the use of approximation 
methods seems a natural way out 

The importance of the MV A relations in the development of simple and efficient approximation 
methods lies in the fact that they have an attractive intuitive interpretation in terms of Little's for
mula (cf. Little [25] and Stidham [36]) and an arrival theorem, that couples the equilibrium distri
butions at the departure and arrival moments of individual jobs with the equilibrium distribution 
of the network model with one job less (cf. Lavenberg and Reiser [411 and Sevcik and Mitrani 
[34]). An extra property of MVA based approximation methods is that they, in general, can be 
implemented very easily in existing MV A codes. 

Since the presentation ofMV A a wave of papers has appeared on the subject, see e.g. De Souza e 
Silva. Lavenberg and Muntz [37] and Van Doremalen and Wessels [12] for an overview and 
appraisal. 

In this paper we shall be concerned with a combination of the modelling and computational prob
lems. The line of argument is as follows. 

We start with an introduction of the MV A algorithm for a class of closed queuing networks with 
multiple job types in Section 2. In Section 3 a heuristic extension of the basic MV A relation for 
the mean response times at first-in first-out single servers is introduced. Our main contribution to 
the literature on queuing network models is the recursive aggregation-disaggregation method 
introduced in Section 4. The method is developed for the approximation of large scale closed 
queuing network models with multiple job types. The basic idea is to aggregate groups of job 
types. This leads to a substantial reduction of the number of dimensions in the multidimensional 
MVA scheme and, consequently, to a reduction in the computational complexity. In order to 
maintain the influences of the original job type structure, an elementary disaggregation step is 
perfonned in every recursion step of the reduced scheme. In Section 5 we investigate the merits 
of the method by means of a numerical example stemming from computer perfonnance evalua
tion: a closed central server model with multiple central processors, disk units and job types. 
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Section 6 concludes with some final remarks, related topics and points of future research. 

2. The MY A algorithm for closed queuing network models with multiple job types 

2.1. The queuing network model 

Consider a closed queuing netwotk with N workstations and R job types. The Kr jobs of type r 
proceed through (part of) the netwotk in accordance with a Matkov routing defined by an irredu
cible stochastic matrix Pro r =: 1.2, ... • R. The relative visiting frequencies I",,. of jobs of type r at 
the woIkstations n = 1,2, ...• N are defined as the limiting distribution of the discrete Markov 
chain generated by the matrix P r' The service demands of type r jobs at wotkstation n are sto
chastically independent random variables with finite mean W",r and variance 0';,,.. We allow for 
three service disciplines: first-come first-served (FCPS), processor sharing (PS) and infinite server 
(IS). It is assumed that the service rates at each of the workstations are fixed and normalized to 
unity and that the service demands are exponentially distributed with the same mean for each job 
type at PCFS wotkstations. 

The relevant steady state system characteristics are: 

SIJ1'(!): 

A,.,.(K) : 

LIJ1'(!f) : 

expected sojourn time of a type r job at wotkstation n. 

throughput of type r jobs at wotkstation n, and 

expected number of type r jobs at wotkstation n, 

where the argument !f denotes the dependence on the population vector that is introduced as 
!f=(K1.···,KR ). 

22. The MVA algorithm 

In Reiser and Lavenberg [32] it is proved that the system characteristics are related through the 
following so-called mean value relations. These relations constitute the kernel of the MV A algo
rithm. 

The first relation couples the expected sojourn times at population vector !f with the mean 
number of jobs at the population vectors !f -.£1' !f - '£2, •.• ,!f -~, where!r denotes the r-th unit 
vector, 

(2.1) 

R 

{ 

(l:L,.,,{!f -!r)+ l)wlI,r. ifn isFCFS orPS 
1=1 

SlI,r(!) = if . IS WlI,r. n 18 • 

The relation (2.1) is based on an arrival theorem (cf. [34], [41]). 

The second relation is a version of Little's formula and couples throughputs and expected sojourn 
times, 



(2.2) /ll,r K" All,rClf) = -N::-:---=;=-~-

~ /m.,rSm,r® 
m=1 
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The last relation is a direct application of Little's fonnula and couples mean numbers of jobs, 
mean sojourn times and throughputs, 

For more details on the interpretation of the MV A relations we refer to Reiser [29], Reiser and 
Lavenberg [32] and Van Doremalen [13]. Bard [I] uses these interpretations for constructing 
approximations in non-separable systems. 

2.3 Notes on the complexity of the MVA algorithm 

The MV A relations (2.1), (2.2) and (2.3) constitute a recursive algorithm for the evaluation of the 
system characteristics over a range of population vectors. The initialization is by Lll,r(Q) = 0 for 
each couple n and r. The recursion runs through all the vectors in the range of (0, 0, ...• 0) up till 
(K1,Kz '" ,KR). Hence. the computational complexity is largely detennined by the fact that 
R 

I1(K,. + 1) recursion steps are necessary. For larger values of R, K h ••• ,KR this will prohibit an 
,,=1 
exact evaluation of the scheme within a reasonable amount of time. Furthennore, the storage 
requirements also grow exponentially with R, as the larger part of all computed infonnation must 
be stored. 

3. Non-identical and non-exponential service demands at FCFS single server queues 

Consider the network introduced in Section 2. However, now the service demands of type r jobs 
at a FCFS workstation n are distributed with mean w..,,. and variance cs~,. without extra conditions. 
This relaxation of the model assumptions leads to a violation of the separability conditions and, 
consequently. the MVA relations are no longer valid. 

In this section we shall adopt an approximation method advocated in Reiser [28] that lends itself 
to a direct implementation in any existing MV A algorithm. First we shall describe the method 
for lucidity of presentation. Then we will make some comments. 

A first approximation for the evaluation of expected sojourn times in the non-separable queuing 
network at FCFS single server queues would be the following. Using an adjustment of (2.1) 

R 
(3.1) Sll,r(!) = ~LII,I(K -~)WII,I+WII," • 

1=1 

as if the arrival theorem holds (which is not the case) and, consequently, a type r job would see, 
upon its arrival at workstation n, an expected number of L",I(K -~) jobs of type 1 in front of it. 
The mean service demand of a type I job is W..,l. So, summing these mean service demands and 
adding the mean service demands of the job itself, yields relation (3.1). 
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The approximation may be improved upon. If a type I job is being served upon the arrival 
moment of a type r job, its expected residual service demand, in general, will not equal Wl&,l. It 
seems a better guess to apply the mean residual life time fonnula at an arbitrary time instant So, 
if a job of type I is in service, we use 

0!,+W;., 
(3.2) 

2wII,I 

to approximate the expected residual service demand at the arrival moment of a type r job. 

Note that A...,([f -!r)WII.1 is an obvious approximation for the probability that a type r job finds 
upon its arrival at woIkstation n a type I job in service. This yields the following improvement of 
relation (3.1). 

R 

(3.3) SII,,,([f) = l:(LI&,I([f -!r) - A,.,I([f -!r) WI&,I) Wil,l 
1=1 

R Z 2 
01&,1 +WII.1 

+ l: A...,([f -!r) WII,I + WlI,r • 
1=1 2WI&,1 

The similarity between this fonnula and the Pollaczek-Khintchine fonnula for MIG II-queues 
should be observed, cf. Oliver [27] and Kleinrock [21] and [22] for similar reasonings to obtain 
the expected sojourn times in MIG II-queues. 

Observe that (3.3) with (2.2) and (2.3) fonns a strictly recursive scheme for the evaluation of 
approximations of the system characteristics. It is easily verified that, in a straightforward way, 
the scheme can be implemented in any existing MY A algorithm. 

In Reiser [28] it has been reported that the approximation perfonns quite well, especially for 
values of the coefficient of variation vlI.r=0l&,rlwlI,r in the range of OS vlI,rS 1. Recently, in Bondi 
and Whitt [3], the influence of the service demand variability in closed queuing networlcs with 
FCFS single server queues has been analysed in more detail. Bondi and Whitt compare four 
approximation methods, namely 1. Reiser's MY A-based apprOximation (Reiser [28]), 2. the 
extended product fonn method (Shum and Buzen [35]), 3. the generalized product fonn method 
(fripathi [38]) and 4. Marie's device complement method (Marie [26]). The authors conclude that 
Marie's method performs best. However. Reiser's method, especially for smaller values of the 
coefficient of variation, perfonns reasonably well also. If we consider the question of implemen
tation, especially for larger closed networlcs with many job types. the MY A adjustment proposed 
by Reiser has to be advocated. Our numerical results support the findings in Reiser [28] and 
Bondi and Whitt [3]. 



-7-

4. A recursive aggregation-disaggregation method 

4.1. Introduction 

The computational complexity and storage requirements of the exact MV A algorithm introduced 
in Section 2 prohibit the evaluation of closed queuing network models with a large number of job 
types. The complexity is largely caused by the fact that the number of recursion steps grows 
exponentially with the number of job types. 

In the literature much attention has been paid to this complexity problem and a number of 
approximation methods have been proposed and analysed. Three lines of research can be dis
cerned. 

The first approach is to avoid the recursion and to concentrate on the evaluation of the perfor
mance measures at the desired population vectors. A typical representative of this approach is the 
widely appraised Schweitzer method, introduced in Schweitzer [33], and its refinements sug
gested in Chandy and Neuse [7]. 

The second approach is to decompose the queuing network model by analysing adjusted queuing 
network models per job type. The mutual influence of the job types is approximated e.g. by 
adjusting the operation of the service centres by slowing down the service rates as in Reiser [28] 
and Reiser and Lavenberg [32] or by adjusting the MV A scheme as in Van Doremalen [13]. 

The third approach is to aggregate the groups of job types in some way or another. The standard 
way to do so is to define a smaller number of new job types and to assign each original job type 
to one of the newly defined types. The problem is then to assign job type characteristics to the 
newly formed job types. In most instances this is done in an iterative way. 

Typical of the methods presented in the literature is that they are iterative in nature. In fact, most 
methods can be viewed as successive approximation methods to determine a fixed point of an 
implicitly defined set of non-linear equations. 

We shall present a recursive aggregation-disaggregation method that is based on the aggregation 
of job types, but that tries to preserve the typical features of the distinct job types in the recursive 
disaggregation. We start with a description of the aggregation method in its most extreme form: a 
total aggregation. Then a refinement. the partial aggregation, will be discussed. Eventually, a so
called depth-improvement will be introduced. 

4.2. A total aggregation metlwd 

We shall introduce an approximation method based en a recursive aggregation-disaggregation of 
the job types. The aggregation concentrates on the sojourn time relation (2.1). The disaggregation 
concentrates on the throughput relation (2.2). Starting point of the analysis is the exact MV A 
algorithm of subsection 2.2. In this we assume exponentially distributed service times, but in a 
similar way as in section 3 the method can be extended to the non-exponential case. 
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The complexity of the MV A algorithm is caused by the multidimensional recursion in the popu
lation vector. We suggest to aggregate the set of job types into a single type of job. As a conse
quence the adjusted MV A algorithm will run through the integers 0, ... , T, where 

R 
(4.1) T=:E Kr . 

1'.1 

A recursion step starts with a sojourn time relation. The expected sojourn time with k jobs in the 
system, k = I, 2 •...• T. is given by 

R 

{ 

(:ELII,I(k-l) + 1) wlI,Tt n isFCFS orPS 
'-I 

SlI,r(k) = w..,,.. n is IS (4.2) 

for a type r job at workstation n. 

The basic idea of the disaggregation is that the jobs which are lumped together in a single type in 
the aggregation step, may be distributed over the original types in a disaggregation step. Let, 
therefore. a,.. r = I, ... ,R be the fraction of the total number of jobs being of type r, i.e. 

(4.3) 
K,. 

ar=T' 

Then we approximate the throughput of type r jobs at workstation n by 

(4.4) A (k) _ a,.!lI,rk 
11,7' - N 

:E !m,rSm,r(k) 
",-I 

The last relation in the MV A-algorithm remains unchanged, i.e. 

(4.5) LII,.,.(k) = A..,.,.(k) SII,.,.(k) . 

The algorithm is easy to implement and has the considerable advantage over most existing 
methods that it is non-iterative. 

4.3. Partial aggregation 

In this subsection we discuss a refinement of the total aggregation method. It seems a good idea 
to use a partitioning of the set of job types. Each of the created subsets fonns the basis for an 
aggregate closed job type. 

A partitioning of C. where C is defined as {I.··· ,R}, in! subsets, Cl>"', C1 say, is the basis of 
the partial aggregation method. The sets Ci are disjoint and their union is C. With the subset Ci we 
associate a population sizeB;. where 

(4.6) Bj = :E K,. . 
ree, 

This defines a population vector ~ = (B 1> ••• ,BI ) for the aggregated model. We introduce for all 
r e Cj the quantity a,. as the fraction of the number of jobs in the aggregate Cj which is of type r, 
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i.e. 

(4.7) 

The approximating MV A-algorithm again is an adjusted mean value analysis scheme involving 
an I-dimensional recursion on the population vector !t. 

The recursion is defined by the following four relations at an arbitrary population vector 
!! = (b 1, ••• ,bl ) in the range of (0, ... ,0) through (B 1 •••• ,BI ). 

For all r E Cit i = 1 •... • 1 and n = 1 •... ,N evaluate 

(4.8) 

(4.9) 

I 

{ 

<L LII,I<!!. - ~) + 1) wlI,rt n is FCPS or PS 
1=1 

S,.,r<!!.) = WII,T' n is IS 

a.,.bJ',.,r 
AlI,r(~) = -N=---'--

L fm,rSm,r<!!.) 

(4.10) LlI,r<!!.) = AlI,r<!!.) SlI,r<!!.) , 

Note that the fractions a.,. remain constant during the recursion. In fact, it would be difficult to 
define a local value for these frnctions. 

The recursion runs through all the vectors in the range of (0, ...• 0) through (B 1 •••• ,BJ) and. con
sequently, 

I 
(4.11) n (Bi + 1) 

1=1 

recursion steps are to be evaluated. The amount of work per recursion step is very similar to that 
in the original MV A-algorithm. As a consequence the total amount of work to be done will be 
much less than for the original MV A-algorithm if the value of I is not too large. 

We have introduced the partial aggregation method. The problem that remains, is a good choice 
of a partitioning. The accuracy of the method will tend to be better for a more detailed partition
ing. but a refined partitioning will cost more computation time and larger storage facilities than a 
simple one. One has to look for a partitioning in the range of I = R corresponding with the exact 
MV A-algorithm, and I = 1 corresponding with the global aggregation. which yields the right bal
ance between desired accuracy and acceptable computational costs. 

The number of recursion steps gives a good indication of the computational complexity and may 
be used to give a prior estimate of the efficiency of a given partitioning. 
The accurncy of the method for a given partitioning is hard to measure as no bounds are presently 
known for the resulting procedures (compare the final remark of the next subsection). Here. 
numerical experiments and intuition have to be combined to come up with guidelines. For more 
details we refer to Section 5. 
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4.4. Depth improvement 

The total aggregation method is highly efficient and fairly accurate, even for quite substantial 
differences in the workloads of the respective types (see section 5). However, if a higher accuracy 
is required and one is willing to spend extra computation time and storage facilities, a straightfor
ward depth improvement may be considered. 

The basic idea is to stalt with the computation of approximations via the total aggregation 
method for the behavioural characteristics at the population vectors K. - £T, r = 1 •... ,R, and then 
to evaluate the last step in the recursive MY A-algorithm exactly. We shall refer to this improve
ment as a first order depth improvement. It is a special case of a range of improvements which we 
have called depth improvements. 

The MY A-algorithm runs through all vectors in the range of (0, ... , 0) up to (K 1 ••••• KR). With v 
we denote the set of all R-dimensional integer valued vectors in this range. ie. 

(4.12) V={!=(kh ... • k,) jt,e 10. ···.K,l.r-l.· ..• R} . 

The MVA-algorithm is recursive in the number of customers of the distinct chains. So, it makes 
sense to introduce the sets V(t), t = O. I, ...• T. as . 

(4.13) V(t) ={k e V If kr = t} with T= f Kr . 
,=1 r==l 

Observe that the sets V (I) are disjoint and their union is the set v. These sets fonn the basis for an 
efficient implementation of the MV A-algorithm as well, cf. Zahorjan and Wong [40]. To evaluate 
the characteristics at the vectors in the set V(t) the behavioural characteristics at the population 
vectors in the set V(t -1) are needed only. 

We now introduce the tilt-order depth improvement. First, approximations via total aggregation 
for the behavioural characteristics at the population vectors in the set V(T - t) are evaluated. 
Afterwards, an evaluation of the original MY A-algorithm is perfonned for the population vectors 
in the sets V(T - t + 1) through V (T). 
The depth improvement is a generally applicable method and it yields very satisfactory results. 

For most purposes a first order depth improvement, with t = 1. will suffice. An interesting use of 
higher order depth improvements is the Perfonnance Bound Hierarchy method introduced in 
Eager and Sevcik [14] and [15]. The method generates upper and lower bounds on certain perfor
mance characteristics by an appropriate choice of initial sets of characteristics. 

4.5. Non-identical ond non-exponential service demands 

So far, the computational methods have been developed under the service demand restrictions for 
separable networlcs. However, section 3 shows how an MY A-algorithm can be adapted in the 
case of non-identical and non-exponential service demands at single server FCFS-stations. These 
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adaptations do not lead to exact solutions, but the approximations appear to be reasonable (see 
section 3). If necessary the methods described in this section can and will be analogously 
amended. In the numerical examples of section 5 this is executed for the disks in the relevant 
cases. 

5. A numerical example 

5.1. The test environment 

The power of the introduced class of approximation methods has been tested with numerical 
experiments. The basic model is a closed central server model with multiple central processor 
units (CPUs), a shared set of background storage devices (DISKs) and multiple job classes. Such 
models can be used to evaluate optimal configurations, job allocations and multi-programming 
levels. 

In our examples the computer system comprises three CPUs and nine DISKs. The CPUs operate 
in a processor sharing (PS) fashion and the service discipline at the DISKs is first-come first
served (FCPS). 

We discern three types of jobs. The jobs are characterized by their routing probabilities and their 
workloads at the DISKs. For job type i, i = 1,2, 3, the probability to visit DISK j, j = I, ...• 9, 
after a visit to one of the CPUs is p;J. The probabilities are pictured in Table 1. 

PiJ DISK UNIT 
1 2 3 4 5 6 7 8 9 

type 1 .25 .25 .25 .05 .05 .05 .06 .04 .00 
type 2 .15 .15 .15 .10 .10 .10 .05 .05 .15 
type 3 .00 .00 .05 .05 .15 .15 .20 .20 .20 

Table 1 
The routing probabilities. 

Each job is associated with a single CPU. So, we can discern nine job classes. It is assumed that . 
to each CPU a fixed number of jobs from each type has been allocated. KiJ is the number of jobs 
of type i, i = 1,2,3, associated with CPU j. j = 1,2,3, in the system. In Table 2 the three popula
tion vectors that we have used in our experiments have been pictured. 

Note that our definitions lead to a closed queuing network model with nine job chains. 
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KiJ case a CPU caseb CPU casec CPU 
T=16 1 2 3 T=20 1 2 3 T=26 1 2 3 

TYPE 1 3 1 1 4 2 1 4 2 2 
TYPE 2 2 2 1 2 3 2 3 4 2 
TYPE 3 1 2 3 2 2 2 3 3 3 

Table 2 
The population vectors. 

The service demands at the CPUs are deterministic. This assumption is relatively arbitrary. In the 
separable case it is unimportant, but in the other cases it might have some influence on the results. 
For the service demands at the DISKs we have tested detenninistic demands (coefficient of varia
tion 0), exponential demands (coefficient of variation 1) and hyperexponential demands 
(coefficient of variation 2). Those demand distributions have been tested with the four sets of 
mean service demands as pictured in Table 3. Note that only those models are separable that have 
job type independent exponential service demands at the DISKs. 

CASE A CPU DISKS DISKS DISKS DISKS 
1 2 3 1,2,3 4,5 6,7 8,9 

TYPE 1 15 15 15 30 50 60 80 
TYPE 2 25 25 25 30 50 60 80 
TYPE 3 40 40 40 30 50 60 80 

CASEB CPU DISKS DISKS DISKS DISKS 
1 2 3 1,2,3 4,5 6,7 8,9 

TYPE I 15 15 15 36 60 72 96 
TYPE 2 25 25 25 36 60 72 96 
TYPE 3 40 40 40 36 60 72 96 

CASEC CPU DISKS DISKS DISKS DISKS 
1 2 3 1,2,3 4,5 6,7 8,9 

TYPE 1 10 15 15 30 50 60 80 
TYPE 2 20 25 30 30 50 60 80 
TYPE 3 30 40 50 30 50 60 80 
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CASED CPU DISKS DISKS DISKS DISKS 
1 2 3 1,2,3 4,5 6.7 8,9 

TYPEl 15 15 15 25 45 55 75 
TYPE 2 25 25 25 30 50 60 80 
TYPE 3 40 40 40 35 55 65 85 

Table 3 
Mean service demands. 

5.2. The numerical experiments 

The following evaluation techniques have been used: 

SIM Via a discrete event simulation the perfonnance characteristics have been approxi
mated. We have used a sub-run argument to obtain 90% confidence intervals. 

MV A A direct implementation of the MV A algorithm with the Pollazcek-Khintchine 
adjustments at FCPS worle. stations. No aggregation involved. 

T A Aggregation of all job types into a single type. 

TA-FODI The first order depth improvementofTA. 

PA-CPU A partial aggregation where all job types associated with a specific CPU have been 
aggregated. The number of job types has been reduced to three. 

PA-TYPE A partial aggregation where all job types associated with a given disk-routing are 
aggregated. The number of job types has been reduced to three. 

The MV A-algorithm has only been used for the cases with T = 16 in order to keep computation 
time within reasonable bounds. 

The Tables 4 and 5 picture the results of our numerical experiments. The perfonnance measure at 
stake is the utilization of the CPUs. Pictured are the means and maxima of the relative differences 
in the results of the approximation methods and the simulation results in percentages. We have 
grouped the numerical results in accordance with three model criteria: 1. the coefficient of varia
tion of the service demands at the DISKs (Table 4a), 2. the total number of jobs in the system 
(Table 4b) and 3. the mean service demand characteristics (Table 4c). For the DISKs the same 
results have been pictured in the Tables 5a, 5b and 5~. 
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COEFFICIENT VC=O VC=1 VC=2 

OF 
VARIATION MEAN MAX MEAN MAX MEAN MAX 

PA-CPU 1.87 2.94 1.66 6.73 3.50 7.41 
PA-TYPE 8.53 11.17 5.99 8.62 5.11 8.18 
TA 9.69 13.14 7.36 10.33 6.52 9.72 
TA-FODI 2.71 4.32 1.22 2.96 1.72 4.87 

Table4a 

NUMBER T=16 T=2t) T=26 
OF 
JOBS MEAN MAX MEAN MAX MEAN MAX 

PA-CPU 2.50 7.38 2.48 7.41 2.05 6.61 
PA-TYPE 4.75 11.17 6.71 10.98 6.24 10.62 
TA 8.32 13.14 7.97 12.21 7.29 11.36 
TA-FODI 1.78 4.87 2.02 4.25 1.85 4.32 
MVA 1.38 5.70 -- -- -- --

Table4b 

DEMAND CASE A CASEB CASEC CASED 
AT 
DISKS MEAN MAX MEAN MAX MEAN MAX MEAN MAX 

PA-CPU 2.23 7.41 3.38 7.38 2.58 6.73 2.70 6.80 
PA-TYPE 7.37 10.54 4.75 8.15 6.77 11.17 8.28 10.98 
TA 8.51 12.23 6.45 9.44 6.08 13.14 8.39 11.56 
TA-FODI 2.04 4.10 1.83 4.87 1.66 3.94 1.99 4.32 

Table4c 

Table 4 Mean and maximum relative error in the evaluation of the utilizations at the CPUs in per
centages. 
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COEFFICIENT VC=O VC=1 VC=2 

OF 
VARIATION MEAN MAX MEAN MAX MEAN MAX 

PA-CPU 2.72 4.78 2.50 5.35 3.51 7.07 
PA-TYPE 9.23 12.02 6.79 10.76 5.07 9.30 
TA 10.34 12.98 8.11 11.74 6.49 10.42 
TA-FODI 3.24 5.94 1.90 4.77 2.03 5.63 

Table5a 

NUMBER K=16 K=20 K=26 
OF 
JOBS MEAN MAX MEAN MAX MEAN MAX 

PA-CPU 3.05 7.07 2.89 5.88 2.79 7.04 
PA-TYPE 7.05 11.76 7.19 12.02 6.86 11.05 
TA 8.65 12.98 8.38 12.81 7.90 11.74 
TA-FODI 2.29 5.27 2.36 5.40 2.51 5.94 
MVA 1.78 5.63 .- -- -- --

Table5b 

DEMAND CASE A CASEB CASEC CASED 
AT 
DISKS MEAN MAX MEAN MAX MEAN MAX MEAN MAX 

PA-CPU 2.73 7.04 3.22 7.07 3.06 6.05 2.63 5.26 
PA-TYPE 7.82 11.23 5.63 9.01 6.78 12.02 7.90 11.85 
TA 8.93 12.60 7.28 10.02 8.09 12.81 8.94 12.98 
TA-FODI 2.55 5.63 1.90 4.91 2.27 4.76 2.83 5.40 

Table 5c 

Table 5 Mean and maximum relative error in the evaluation of the utilizations at the DISKs in 
percentages. 

5.3. Conclusions 

The results show that the refinement of the total aggregation method with a first order depth 
improvement (T A-FODI) and the partial aggregation with respect to CPU-routing (P A-CPU) both 
have a very good overall perfonnance. Quite remarkable is the relative insensitivity with respect 
to the choice of system characteristics. Particularly. the coefficient of variation has no severe 
influence on the accuracy of the proposed methods (ct. tables 4a and 5a). So, the deviations in the 
model from the exponential distribution (VC = 1) are well captured by the Pollaczek-Khintchine 
type approximations. 
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The TA-FODI approximation has to be recommended, as it is easier to implement and in general 
will require much less computation time. 

Noteworthy is that the partial aggregation with respect to CPU-routing (PA-CPU) has a very 
good performance, whereas the results of the partial aggregation with respect to DISK-routing 
(PA-TYPE) are poor and can be compared with the total aggregation method (TA). 

This leads to an important observation: a partial aggregation should be done in such a way that 
job types visiting approximately the same set of workstations are lumped together. This observa
tion has far reaching consequences for the analysis of large queuing networks with many job 
types which, for example, are typical in the analysis of communication networks. In such net
works partial aggregation has to be dissuaded, as the routing patterns of the job types will in gen
eral be highly disjoint 

In another context we have studied the performance of the aggregation method against other 
approximation methods (cf. Van Doremalen [10], Van Doremalen, Wessels en Wijbrands [11] 
and WiJbrands [39]). It has appeared that the Schweitzer method (cf. Schweitzer [33]) with a first 
order depth improvement has the same performance characteristics as the aggregation method. It 
should be observed that straightforward Schweitzer gives relatively poor results. The more so, 
when the method is integrated in further adjustments of the MV A scheme, as for example the 
Pollaczek-Khintchine adjustments. Linearizer, the refinement of the Schweitzer method proposed 
in Chandy and Neuse [7]. is Slightly better than our TA-FODI method. 

6. Concluding remarks 

The total aggregation method with a first order depth improvement offers an interesting alterna
tive to well-known existing methods, such as the Schweitzer method (with a first order depth 
improvement) and the Chandy and Neuse refinements (cf. Schweitzer [33] and Chandy and Neuse 
[7]). Apart from the fact that the performance of the aggregation method resembles that of related 
methods, it has the advantage that no iteration is involved. 

Furthermore, the method can be efficiently implemented on a personal computer. In fact, our 
tests have been run on a Philips P-3200. an IBM-AT compatible PC, in a TURBO-PASCAL 
environment. 

Finally, we would like to note that the method can be easily extended to cover approximation 
ideas in different situations. For example. in Van Doremalen. Wessels and Wijbrands [11] and 
Wijbrands [39] approximations for priority queues have been developed and successfully tested. 
At the moment we are testing MIG Ie adjustments in the MVA scheme based on theM/Gle approx
imations advocated in Boxma, Cohen and Huffels [42]. The first results are promising. 
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