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Introduction

The detection of atherosclerotic lesions at an early stage ofthe disease,
which means only minimal narrowing of the arterial lumen, is of high
clinical interest. An area of special importance is the internal carotid artery
circulation, where emboli generated by these lesions can cause cerebral
disturbances like transient ischaemic attacks. In the neck the common
carotid artery divides into the external and internal carotid arteries. The
latter supplies the brain with blood and generally shows a dilation at its
offspring: the carotid sinus or bulb (fig. l). Since atherosclerotic lesions are
often located proximally in the bulb, this site in the internal carotid artery
has been subject to investigation to evaluate whether there is a relation
between these lesions and the local flow velocity pattern so that they could
be diagnosed by detecting the flow velocity disturbances. This possibility

has become pertinent because multigate pulsed Doppler systems have been
developed to measure velocity profiles with high spatial and temporal reso-
lution in man 12,31 (Íig. 2). However, complete description of the flow in

Fig. L ^typical geometry ofthe human carotid artery bifurcation. The characteristic
dimension (in mm) were determined by Bharadvaj et al. [1].

Fig. 2.'the axial velocity profiles at discrete time intervals during the cardiac cycle
in the common carotid artery of a healthy subject. The profiles are synthesized lrom the
instantaneous velocity wave forms as recorded by a multigate pulsed Doppler system.
Also the relative diameter changes during the cardiac cycle are shown.
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Fig. 3. a Fluid circuit as used in the 3D flow experiments. R: Reservoir; P: voltage
controlled gear pump; RM : flow meter. ó Measurement sections of the square step
configuration, the 2D bifurcation model, the curved tube and the 3D bifurcation model.

the human vascular system is diffrcult because of the complex geometry of
the carotid artery bifurcation: the daughter branches have a tapering cross-
section, are curved and bifurcate. Moreover, the flow is unsteady and
therefore affected by wave propagation and reflections [4].

In the present study, steady and unsteady flow patterns were analysed
in rigid models of the carotid artery bifurcation. Both measurements and
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calculations were carried out enabling an experimental validation of the
numerical model. The study presented here has been performed in several
more or less distinguishable steps, coinciding with the development of the
numerical method, but also coinciding with some distinct flow properties
occurring in the carotid artery bifurcation. First the experimental method
is treated. Next, the numerical method is dealt with. Finally, the results for
steady and unsteady flow will be discussed.

Experiments

The experiments were performed on perspex models of the carotid
artery bifurcation (frg. 3), dimensioned according to the geometry data
presented by Bharadvaj et al. []. Two-dimensional (2D, square step and
bifurcation) and 3D (bifurcation and curved tube) models were used, the
former primarily to validate the numerical method. The flow entering the
model was fully developed and laminar. For unsteady flow the Reynolds
number, based on the common carotid aÍtery, varied between 250 and
770, while, according to Ku and Giddens [5], the Womersley parameter
was adjusted to 4. For the steady flow case commonly a Reynolds number
of 700 was taken. For a more detailed description of the experimental
set-ups we refer to other papers [6-8].

The fluid velocity was measured by a one component laser doppler
instrument (DISA, measuring volume : 500 X 50 X 50 pm3) with a
Bragg cell to discriminate velocity directions. The fluid used in the 2D
models was water in which some milk was dissolved to obtain appro-
priate scattering of the laser light. The fluid in the 3D model consisted of
a mixture of oil (Shellflex 214 BG) and kerosine. This substance was cho-
sen because its index of refraction is similar to that of perspex. The oil
mixture was kept at a constant temperature of 40oC to lower the viscos-
ity (30 cP at 20 "C, l0 cP at 40lC). For seeding silicagel was used here. A
microcomputer was used to control the traversing mechanism: a three-
stage step motor positions the sample volume at the desired location with
an accuracy of 0. 1 mm. By traversing the sample volume both in the
plane ofthe bifurcation and perpendicular to it, the radial distribution of
the axial velocity could be determined. The microcomputer also controls
the data acquisition and data transport to a minicomputer (Prime 750)
where the velocity profiles are calculated as averages with confidence
intervals.
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The numerical method used was based on Galerkin's finite element
approximation of the Navier-Stokes and continuity equation. This approx-
imation leads to the following set of non-linear differential equations

[9 ,  l0 ] :

M U + [ S + N í U ) ]  U + L r P : F + B L U :  O

where ML/ represents the local acceleration term, SU the viscous term,
N(U)U the convective acceleration term, LrP the pressure gradient term

and LU the velocity divergence term. ,F and -B represent the volume and
boundary forces respectively and [/ contains the velocity and P the pres-

sure unknowns in the nodal points. The element used in the 2D-calcula-
tions was the so-called modified Crouzeix-Raviart element with one pres-

sure and twelve velocity unknowns. The accuracy for the velocity is
O (Lxz), Ax being a characteristic dimension of the space discretisation. To
avoid partial pivoting, this set of equations was uncoupled with the penalty

function method and the discretised continuity equation becomes

P :  a D  t L U

with D the pressure matrix and o a large parameter so thal LU becomes
very small. The non-linear convective term in the discretised Navier-

Stokes equation was linearised by a Newton-Raphson iteration-method

N(U I+ r )U I+ r  =  J (U I )U t+ t  -  N (U I )U I

where I denotes the iteration number and J the Jacobian matrix of N. For
steady flow the maximal difference between two successive solutions was
used as stop criterion for the iteration process. Finally, the time-derivative
term Uwas approximated with a O-method. Considering the equation U:/
the approximation is defined by

un"-un : fe
At

w i th /e :@fn+ t  + ( l  -@) /n ,0  <  @ <  1 , í " : / ( nA t ) .  Fo r@:  I  t h i sscheme
is reduced to the Euler-implicit scheme and for @ : 0.5 to the Crank-
Nicolson scheme. The accuracy for the latter scheme is O(Át2) for linear

( l )

(2)

(3)
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equations with At a characteristic dimension of the time discretisation.

First the Euler-implicit scheme was carried out to damp errors induced by

the initial solution. Next, the Crank-Nicolson scheme was used until the

maximal difference between the solutions of two successive flow cycles was

small. The time step between two successive solutions was assumed to be

so small that one Newton-Raphson iteration-step was appropriate to

linearise the convective term with a desired accuracy. A more extended

description of the numerical method used has been published before

l l  I ,  l 7 l .

Results and Comments

The finite element model for incompressible Newtonian flow and its

application to the modelling of carotid artery flow was evaluated for sev-

eral flow configurations. Firstly, the accuracy of spatial discretisation and

time discretisation were verified by computations of oscillatory flow

between two flat plates and Von Karman vortex shedding behind a circular

cylinder I I]. Besides, the penalty function method employed was found to

be well suitable. Next, the steady and unsteady 2D flow over a square step

was analysed. For the steady flow case, a recirculation zone downstream of

the step was found with a length almost proportional to the Reynolds

number of the flow. The calculated axial velocity profiles agreed with those

obtained from laser-Doppler experiments (frg. 4). The unsteady flow over a

square step completely differed from the steady flow case. Reversed flow

regions, strongly depending on the instantaneous flow rate, were found at

both the step-side wall and the non-step side wall of the channel. Due to the

influence of the three-dimensionality and instabilities in the experiments

only qualitative agreement between the experiments and the calculations

can be obtained [2].
From the experimental validation of the computation of the pulsatile

flow in a 2D bifurcation model, it is concluded that the numerical model

used provides an accurate approximation of the spatial and temporal

velocity distributions. In general the steady flow in bifurcation models can

be characterized as follows. Reversed flow regions are observed at the non-

divider side walls of both the internal and external carotid aÍeries (fig. 5).

Due to the presence ofthe sinus, the axial and cross-sectional extents ofthe

reversed flow region in the internal carotid artery are larger than in the

external carotid artery. The unsteadiness of the flow is associated with
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Fig. 4. Expeimental (0) and numerical (-) axial velocity profiles for the steady flow
over a square step (Re : 660).

Fig. 5. a Two-dimensional experimental (0) and numerical (-) axial velocity profiles
in the common, internal and external carotid arteries for the steady flow case (Re: 660).
ó Two-dimensional experimental (0) and numerical (-) axial velocity profiles in the com-
mon carotid artery (left) and internal carotid artery (right) during a flow cycle ( I 50 < Re
<  7 7 0 .  o : 8 ) .

1 0  h 0 h 2uo 23 F,
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rather complex spatial and temporal velocity distributions and leads to
temporal variations of the location and length of the reversed flow regions

[8]. Comparing calculated 2D velocity profiles with those from 3D exper-
iments, it is observed that in the common carotid artery and in the proxi-
mal parts of the internal and external carotid arteries the 2D numerical
model provides valuable information with respect to the 3D configuration.
In the more distal part of especially the internal carotid artery, deviations
are found between the results of the 2D numerical model and those of the
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Fig. ó. Experimental and numerical secondary velocity vectors (a) and axial isovel-
ocity contours (c) attwo locations (22.5" and 67.5") downstream from the entrance (Re:
300. a/R: 1/6).

3D experimental model. These deviations can mainly be attributed to the
absence of secondary flow in the 2D model t101.

To characterise the secondary velocity fields in the carotid artery
bifurcation, the first 3D steady entrance flow in a curved tube, exhibiting
properties that resemble the flow in the internal carotid artery [3], was
analysed. Laser-Doppler velocity measurements were performed on the
entry flow in a 90" bend of circular cross-section with a curvature ratio a/R
: l/6 (fre.6). The steady entry velocity profile was parabolic, having a
Reynolds number Re : 700, with a corresponding Dean number r: 286.
Both axial and secondary velocities were measured, enabling a detailed
description of the complete flow field. It appeared that the development of
the axial flow freld can be quite well explained by the secondary velocity
field [7]. Besides, as a first step towards fully 3D calculation of carotid
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artery flow also the steady entrance flow in a curved tube was calculated
(a/R: l/6, 100 < Re < 500, 41 < K < 204). The calculations of both the
axial and secondary velocity distributions for Re: 300 (r :122) agree well
with the experimental results obtained from laser-Doppler anemometry,
which indicate that the finite element model applied offers an accurate tool
for 3D flow analyses [10, 14].

In conclusion the numerical analyses appear 1o give accurate and
detailed descriptions of the flow field in simplified models of the carotid
artery bifurcation. For a complete 3D analysis, however, improved com-
puter capacity and a more efÍicient solution procedure are needed. To that
end flow calculations on a supercomputer (Cyber 205) are being per-

formed, which will be compared to laser-Doppler measurements in a 3D
model of the carotid artery bifurcation [5]. Moreover, the finite element
model will be extended with models of wall distensibility and the corre-
sponding wave phenomenon will be examined in a similar way as per-

formed earlier [16].

Summary

To obtain more insight into the complex blood flow patterns in the carotid artery

bifurcation numerical analyses, limited to Newtonian incompressible flows in rigid-wall
geometries, have been carried out combined with laser-Doppler velocity measurements.

The steady and unsteady flow in two-dimensional models of a stenosis and of the carotid

aÍery bifurcation were analysed. As a first step to a three-dimensional analysis, the steady

flow development in a curved tube was investigated.

References

Bharadvaj BK, Mabon RF, Giddens DP: Steady flow in a model of the human

carotid bifurcation. 1. Flow visualisation. 2. Laser-Doppler anemometer measure-

ments. J Biomech 1982;15:349-378.
Reneman RS, van Merode T, Hick P, Hoeks APG: Flow velocity patterns in and

distensibility ofthe carotid artery bulb in subjects ofvarious ages. Circulation 1985;

7 1 :500-509.
Reneman RS, van Merode T, Hick P, Hoeks APG: Cardiovascular applications of

multi-gate pulsed Doppler systems. Ultrasound Med Biol 1986;'12:-357-370.
Van Dongen MEH, van Steenhoven AA: Some fluid dynamical aspects of arterial

flow; in Reneman RS, Hoeks APG (eds): Doppler Ultrasound in the Diagnosis of

Cerebrovascular Disease. New York, Research Studies Press, 1982, pp 29-58.

Ku DN, Giddens DP: Pulsatile flow in a model carotid bifurcation. Arteriosclerosis

I  983;3 :3  1 -39 .



van Steenhoven/van de Vosse/Rindt/Janssen/Reneman

Corver JAWM, van de Vosse FN, van Steenhoven AA, Reneman RS: The influence
ofa small stenosis in the carotid bulb on adjacent axial velocity profiles; in Perren
SM, Schneider E (eds): Biomechanics Current Interdisciplinary Research. Dor-
drecht, Nijhoff, 1985, pp 239-244.
Bovendeerd PHM, van Steenhoven AA, van de Vosse FN, Vossers G: Steady entry
flow in a curved pipe. J Fluid Mech 1987;177:233-246.
Rindt CCM, van de Vosse FN, van Steenhoven AA, Janssen JD, Reneman RS: A
numerical and experimental analysis of the flow field in a 2-dimensional model of
the human carotid artery. J Biomech 1987;20:499-509.
Cuvelier C, Segal A, van Steenhoven AA: Finite Element Methods and Navier-
Stokes Equations. Dordrecht, Reidel, 1986.
Van de Vosse FN: Numerical analysis of carotid artery flow; PhD thesis, Eindhoven
University of Technology, Eindhoven, 1987.
Van de Vosse FN, Segal A, van Steenhoven AA, Janssen JD: A finite element
approximation of the unsteady 2D Navier-Stokes equations. Int J Num Meth Fluids
1986;6:427-443.
Van de Vosse FN, Vial FH, van Steenhoven AA, Segal A, Janssen JD: A Íinite
element and experimental analysis of steady and pulsating flow over a two-dimen-
sional step; in Taylor C (ed): Numerical Methods in Laminar and Turbulent Flow.
Swansea, Pineridge Press, 1985, pp 515-526.
Olson DE: Fluid mechanics relevant to respiration: flow within curved or elliptical
tubes and bifurcation systems; PhD thesis, University ofLondon, London, 1971.
Van de Vosse FN, van Steenhoven AA, Segal A, Janssen JD: Steady laminar
entrance flow in a curved pipe. Int J Num Meth Fluids 1989;9:275-287.
Rindt CCM, van Steenhoven AA, Reneman RS: An experimental analysis of the
flow field in a 3D-model of the human carotid artery bifurcation. J Biomech 1989;
21:985-991.
Van Steenhoven AA, van Dongen MEH: Model studies of the aortic pressure rise
just after valve closure. J Fluid Mech 1986;166:93-113.
Segal A: SEPRAN User Manual. Leidschendam, SEPRA, Chapter 7, 1984.

A.A. van Steenhoven, PhD, Department of Mechanical Engineering,
University of Technology, PO Box 513, NL-5600 MB Eindhoven (The Netherlands)

260

l 0

u

t 2

l 3

t 4

t 5

l 6

t 7


