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Abstract. We consider the space of ternary words of lengthn and fixed weightwwith the usual Hamming distance.
A sequence of perfect single error correcting codes in this space is constructed. We prove the nonexistence of
such codes with other parameters than those of the sequence.
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1. Introduction

We use the usual terminology of coding theory. In this note we shall consider as space
R the subset of all words of fixed weightw in Fn

3 for givenw andn. Hamming distance
d(a,b) of two wordsa, b is defined in the usual way. Clearly, the total number of words in
R is

(n
w

)
2w.

A subsetC of R will be called aperfect single error correcting codeif every word inR
has Hamming distance 0 or 1 toexactlyone word inC. Since the number of words in a
Hamming ball of radius 1 inR isw+ 1, one can prove thatC is indeed such a perfect code
by showing thatC has minimum distance 3 and that|C| = (n

w

)
2w/(w + 1).

An easy example of such a code is obtained from the ternary Hamming code of length
4 by deleting the all-0 word. Heren = 4, w = 3, and|C| = 8. Recently T. Ericson
showed the first author a construction of such a code of length 8 due to M. Svanstr¨om. This
triggered our interest in these codes. In this note we shall show that the code of length 8 is
an element of an infinite sequence of perfect ternary constant weight codes with parameters
n = 2l , w = n− 1. In our construction, the code size is obviously 2n−1, so we only have
to show that the minimum distance is 3. We also show that these parameters are the only
ones for which perfect single error correcting ternary codes exist. In fact, the proof of the
nonexistence theorem shows that the construction that we give is more or less forced.

2. A Lemma

Let C be a ternary constant weight code of lengthn with d = 3. Clearly

|C| ≤
(n
w

)
2w

w + 1
. (2.1)
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If equality holds in (2.1), thenC is perfect.
Now, letC be perfect (i.e. we have equality in (2.1)). Define the subcodeCi of C by

Ci := {c ∈ C|ci = 0}, (i = 1, . . . ,n). (2.2)

Each word inC is in exactlyn− w of these subcodes. Hence we have

1

n

n∑
i=1

|Ci | = n− w
n
|C| =

(n−1
w

)
2w

w + 1
. (2.3)

Since deleting thei -th symbol inCi yields a ternary constant weight code of lengthn− 1,
it follows from (2.1) and (2.3) that each of these shortened codes is again perfect. We state
this as a lemma.

LEMMA 1 If C is a perfect single error correcting ternary constant weight code with pa-
rameters n andw, then the shortened codes, defined by deleting the i-th coordinate in the
codes Ci of (2.2), are also perfect(with parameters n− 1 andw).

COROLLARY 1 If the code of Lemma 1 exists, thenw + 1 must be a power of 2.

Proof. Apply Lemma 1n− w times to find a code with 2w/(w + 1) words.

Remark 1. The result of applying the lemman − w times is essentially a binary code
which is perfect (with the Hamming parameters).

3. An Infinite Sequence of Perfect Ternary Constant Weight Codes

If C is a perfect ternary constant weight code of length 2l and weightw = 2l − 1, then by
Remark 1, the code obtained by considering the words with a zero in positioni and then
deleting this zero is a binary perfect single error correcting code (on the alphabet{1,2}). If
we replace each zero coordinate inC by a 1 or a 2 insuch a way that the new words have
an even number of 1’s and 2’s, then the fact that these words are all different implies that
we have obtained the even weight binary code of length 2l . We exploit this by considering
the even weight binary code as a union of cosets of the extended binary Hamming code.

We first need a lemma. Letn = 2l −1 and letα be a primitive element inF2l (l ≥ 3). Let
H be the binary Hamming code of lengthn, i.e. the cyclic code generated by the irreducible
polynomial withα as a zero. Codewords are written asc = (c0, c1, . . . , cn−1) and also as
c(x) = c0+ c1x + · · · + cn−1xn−1.

LEMMA 2 H does not contain a word of weight 4 with 1’s in the positions i, i +1, j, j +1.

Proof. If there were such a word, thenαi + αi+1 + α j + α j+1 = 0, i.e. we would have
(1+ α)(1+ α j−i ) = 0, contradicting the fact thatα is primitive.

Denote the [2l ,2l − l − 1,4] extended code byH and denote the overall parity check
symbol byc∞.
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We decompose the even-weight code of lengthn + 1 into cosets ofH. Each proper
coset contains(n + 1)/2 words of weight 2 of which the supports form a partition of
{0,1, . . . ,n − 1,∞}. We denote the coset that contains the word of weight 2 with 1’s in
positioni and position∞ byHi , (i = 0,1, . . . ,n− 1).

The Construction

We definen + 1 ternary codesT , T0, T1, . . . , Tn−1 as follows. The codeT is obtained
fromH by replacing the symbol in position∞ by a 2. The codeTi is obtained fromHi by
replacing the symbol in positioni + 1 by a 2, where we interpret the indices modn.

PROPOSITION1 Each of the codesTi andT have minimum distance 3.

Proof. Trivial.

We now consider two codesTi andTj (0 ≤ i < j ≤ n − 1). We distinguish between
j = i + 1 and j > i + 1.

First, let j = i + 1. Consider two wordsa′ ∈ Ti , b′ ∈ Tj . These have the form

a′ = (a0, . . . ,ai + 1,2,ai+2,ai+3, . . . ,an−1,a∞ + 1)

and

b′ = (b0, . . . ,bi ,bi+1+ 1,2,bi+3, . . . ,bn−1,b∞ + 1),

wherea andb are inH; (here addition is still mod 2).
If a = b, thena′ andb′ differ in positionsi , i + 1, andi + 2. If a 6= b, thena′ andb′

differ in positionsi + 1 andi + 2 and in at least one position6= i becausea andb have
distance≥ 4. Henced(a′,b′) ≥ 3.

Now supposej ≥ i + 2. We find

a′ = (a0, . . . ,ai + 1,2, . . . ,aj ,aj+1, . . . ,an−1,a∞ + 1)

and

b′ = (b0, . . . ,bi ,bi+1, . . . ,bj + 1,2, . . . ,bn−1,b∞ + 1).

If a= b, then clearlyd(a′,b′) = 4. If a 6= b, thend(a′,b′) = 2 would imply that there is a
codeword of weight 4 inC with its 1’s in the positionsi , i + 1, j , and j + 1, contradicting
Lemma 2. Hence, again a word inTi and a word inTj have distance at least 3. A similar
argument applies to a word inTi and one inT .

We have proved the following proposition.

PROPOSITION2 The ternary codeT ∪ T0 ∪ · · · ∪ Tn−1 has minimum distance 3.

Each word of this code has exactly one coordinate equal to 2. So, by adding(1,1, . . . ,1)
to all the codewords we find a new ternary code of lengthn + 1 of the same size and
minimum distance 3 with all its words of weightn. Since this code has 2n codewords, our
construction is complete.
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THEOREM1 There exists a sequence of ternary constant weight perfect single error cor-
recting codes with length n+ l = 2l and weight n (l≥ 3).

Note that forl = 1 there is a trivial example and forl = 2 an example was given in the
introduction.

4. A Nonexistence Theorem

SupposeC is a ternary constant weight code with weightw = 2l − 1, lengthn = w + 2,
andd = 3. Define

S := {(c, x)|c ∈ C, x ∈ {1,2}n, (ci 6= 0)⇒ (ci = xi ), (i = 1, . . . ,n)} (4.1)

Clearly

|S| = 4|C|. (4.2)

Let c andd be inC, x ∈ {1,2}n and(c, x) and(d, x) both in S. Note thatci = xi = di

for all i for which ci 6= 0 anddi 6= 0. The fact thatC has distance 3 implies that either
c = d or there is no position whereci = di = 0. Therefore, for eachx there are at most
n−1

2 codewordsc such that(c, x) ∈ S, i.e.

|S| ≤ 2n

(
n− 1

2

)
. (4.3)

Hence

|C| ≤ 2n−3(n− 1) = 2w−1(w + 1) <
2w
(
w+2
w

)
w + 1

and therefore it follows from (2.1) thatC is not perfect.
We have proved the following theorem.

THEOREM2 A perfect single error correcting constant weight code with parametersw =
2l − 1 and n= w + 2 does not exist.

If we combine Theorem 1 with Lemma 1, we find our main result.

THEOREM3 If C is a perfect single error correcting ternary constant weight code, then
either C is essentially a binary perfect code of length2l − 1 (so n= w = 2l − 1 ), or we
havew = 2l − 1 and n= w + 1 for some l.

We cannot show that the codes constructed in Section 3 are unique and in fact we doubt
that this is the case. Since there are many codes with the parameters of Hamming codes,
these can conceivably be combined in a similar way to form ternary perfect codes.


