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Abstract

Substitution of an operator into an operator-valued map is defined
and studied. A Bezout-type theorem is used to derive a number of
results. The tensor map is used to formulate solvability conditions for
linear matrix equations. Some applications to system theory are given.

1 Introduction

In this paper, we describe properties of operator substitution into an operator
valued analytic function. The general definitions and many properties are
valid for operators defined on Banach spaces, but the most complete results
can be obtained for finite-dimensional operators. The substitution operation
described here is a generalization of the more familiar operation of substi
tuting an operator A into a scalar function f(z). This latter operation is
described rather extensively in functional analysis (see e.g. [Dun 58, Ch.
VII]) and it is attributed to M. Riess and N. Dunford. On the other hand,
the substitution of an operator into an operator-valued function is only con
sidered rarely. An example is [Gan 60, Ch. IV, §3], where the special case
of substitution of matrices into a matrix-valued polynomial is mentioned.

In section 2, we will derive a number of basic results. In particular a Bezout
type theorem and, what we will call the partial substitution rule, will play
an crucial role in the remainder of the paper. A number of convenient
properties of substitution into scalar functions, like the product rule, are not
valid in the general case, unless some commutativity assumption is made.
The consequences of such an assumption are discussed in section 3. In
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section 4, the tensor map corresponding to a function F and an operator A
is introduced. This map has nice algebraic properties. It can be used for
deriving conditions for the solvability of linear operator equations. This will
be the subject of section 4 and 5. Finally, in section 6, we will give some
examples of application of the results in system theory.

2 Fundamental concepts

If S and T are Banach spaces, we denote by LST the space of linear bounded
maps S ---+- T. If Q ~ C is a nonempty open set, we denote the space of
analytic functions Q ---+- LST by A(Q ---+- LST). If F E A(Q ---+- LST) and
G E A(Q ---+- LTU), then (GF) E A(Q ---+- LSU) is defined by (GF)(z) :=

G(z)F(z) for z E Q. In particular, we write (GC)(z) for G(z)C, where C is
a constant function, Le., C E LST. The expression (BF)(z) for constant B
is defined similarly.

In this section, we assume that S, T are Banach spaces, Q is an open set
in C, FE A(Q ---+- LST) and A E Lss is such that a(A) ~ Q (where a(A)
denotes the spectrum of A).

We define the right substitute of A into F(z) as the map

F(A):= i F(z)(zI - A)-ldz, (1)

where f is an abbreviation of 2~i J and r is a contour enclosing a(A) and
contained in Q. It is a consequence of Cauchy's theorem that this integral
is independent of the particular choice of r.

REMARK 2.1 Similarly, we may define the left substitute of A into F(z)
as

Results about this concept will be similar. We will concentrate on the right
substitute. 0

If F(z) is scalar, Le. of the form F(z) = f(z)I, then F(A) = f(A). Hence
right substitution is a generalization of the familiar concept of substitution
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of a map into a scalar analytic function. Some of the properties of the scalar
case remain valid in this more general situation. E.g., it is obvious that
(F +G)(A) = F(A) +G(A), F(al) =F(a) and (BF)(A) =BF(A), where
G E A(O - £ST) and B E £TU for some Banach space U and a E C.
In particular, we have ('xF)(A) = 'xF(A), for ,X E C. Also, if Fn(z) 
F(z) (n - 00) holds uniformly on 0, then Fn(A) - F(A) (n - 00). Sim
ilarly, if H (z, () is analytic on 0 x 0 with values in £ST, it follows easily
from (1) that H(z, A) is analytic in O.

EXAMPLE 2.2 We mention a number of special cases of right substitute:

1. If F is polynomial, say, F(z) = Fo+ Ftz +... +Fnzn, then F(A) =
Fo+FtA +... +FnAn. This is an easy consequence of the linearity
and the scalar case.

2. If F is given by a power series, say, F(z) = l:~=o Fnzn and u(A) is
contained in the domain of convergence, then F( A) = l:~=o FnAn.
This is a consequence of the limit property.

3. Let F(z) := J: f(t, z)H(t)dt, where H is a continuous £sT-valued
function and f is a continuous complex function, which is analytic
w.r.t. z, for z E O. Then F(A) = J: H(t)f(t, A)dt.

o

Some properties for the scalar case are no longer valid. For instance, the
product rule (fg)(A) = f(A)g(A) and the spectral-mapping theorem do not
carryover. As to the latter property, one might for instance be tempted to
expect that F(A) is invertible if F(z) is invertible for every z E u(A). The
following example shows that this is not true:

EXAMPLE 2.3 Let S := T := C 2 and F and A given by the matrix repre
sentations:

F(z) :~ [~ ~] ~ 1+ zN, A:~ [~1 ~], where N :~ [~ ~].

Then F(z) is invertible for all z E C. On the other hand, F(A) = I +N A
is singular. This example also shows that the product rule does not hold.
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In fact, F(z)F( -z) = I, but F(A)F( -A) = I can not be true, because
otherwise, F(A) would be invertible. 0

The main obstacle here is the noncommutativity of maps. In the next sec
tion, we will derive a number of results based on certain commutativity
assumptions. In this section, we develop some basic results.

LEMMA 2.4 If P E LTT has its spectrum in S1, G E A(S1 - LTU) and
C E LST satisfies PC = CA, then (GC)(A) = G(P)C. In particular, we
have (FA)(A) = F(A)A.

PROOF: Because (zI - p)-IC = C(zI - A)-I for z ¢ u(A) U u(P), the
result follows immediately from the definition. 0

PROPERTY 2.5 (Bezout)

1. If F(z) = M(z)(zI -A)+R for some M E A(S1 - LST) and R E LST,
then F(A) = R.

2. There exists a function W E A(S1 - LST) such that F( z) = F( A) +
W(z)(zI - A).

PROOF: The first property follows directly from the definition. As a con
sequence of this part, we observe that if F(z) = M(z)z, we have F(z) =
M(z)(zJ - A) + (M A)(z) and hence F(A) = M(A)A, where we have also
used Lemma 2.4.

For the proof ofthe second statement, we define H(z, () := (F(z)-F«())/(z
(). It is easily seen that H is analytic in S1 x S1. Therefore W(z) := H(z,A)
is in A(S1 - LST). Substitution of (= A into the relation F(z) - F«() =
H(z, ()(z - () yields F(z) - F(A) = W(z)(zI - A), in view of the remarks
in the previous paragraph (with z replaced by (). 0

As a result, we have the partial-substitution rule:

COROLLARY 2.6 JfG E A(S1 - LTU), then (GF)(A) = (GF(A))(A).
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PROOF: Because of Property 2.5,2 we have (GF)(z)-(GF(A»(z) = G(z)(F(z)
F(A» = G(z)W(z)(zI - A) for some W E A(n - £ST). Because of Prop
erty 2.5,1, it follows that (GF)(A) - (GF(A»(A) = O. 0

The main result of this section is the following:

THEOREM 2.7 Let U be a Banach space and G E A(n - £TU). Fur
thermore, let P E £TT be such that (T(P) ~ n. Consider the following
statements:

1. F(z)A = PF(z) for all ZEn,

2. F(A)A = PF(A),

3. (GF)(A) = G(P)F(A).

Then we have 1=?2=?3.

PROOF:
1 =? 2: We have (PF)(z) = (FA)(z) and hence PF(A) = (PF)(A) =
(FA)(A) = F(A)A.
2 =? 3: (GF)(A) = (GF(A»(A) = G(P)F(A), where we have applied
Lemma 2.4 with C = F(A). 0

Next, we investigate the invertibility of F(A). We say that F is left A
invertible, if there exists an open set nl containing (T( A) and a function
G EA(n1 - £TS) such that G(z)F(z) = Is on n l n n.

LEMMA 2.8 If F is left A-invertible then F(zo) is left invertible for each
Zo E (T(A). Conversely, if F(zo) is left invertible for each Zo E (T(A) and (i)
S = T or (ii) (T(A) is countable, then F is left A-invertible.

A proof will be given in the appendix. Notice that the countability condition
holds if A is compact, in particular if S is finite dimensional.

COROLLARY 2.9 Let F be left A-invertible. Then F(A) is left invertible iff
there exists a map P E £TT such that F(A)A = PF(A).

PROOF: The 'if' part follows from G(P)F(A) = Is, where G is a left inverse
of F. If M is a left inverse of F(A), we can take P := F(A)AM. 0

Finally, we remark that in the finite-dimensional case, the function F may
be replaced by a polynomial.
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THEOREM 2.10 If S has dimension n, there exists a polynomial map P of
degree < n such that peA) = F(A).

For the proof, we need the following lemma:

LEMMA 2.11 If f E A(f! - C) and p is a polynomial of degree n, there
exists q E A(f! - C) and a polynomial r of degree < n such that fez) =
q(z)p(z) + r(z).

PROOF: We may assume that p is monic. We use induction with re
spect to n. If n = 1, p is of the form p(z) = z - a. Then we have
fez) = (z - a)q(z) + f(a) (compare Property 2.5). If the result is shown
for n - 1, we write p = PIP2, where degpl = n - 1 and P2 = z - a. Then
we have f = PlqI + rZ, with ql E A(f! - C) and deg rl < n - 1. Next
we substitute qI(Z) = (z - a)q(z) + ql(a) into this equation. This yields:
fez) = p(z)q(z) + r(z), where r(z) := ql(a)PI(z) + rI(z) is a polynomial of
degree < n. 0

PROOF OF THEOREM 2.10 Write F(z) = Q(z)p(z) +P(z), where p(z) :=
det(zI - A), and P(z) is a polynomial map of degree < n. Then F(A) =
Q(A)p(A)+P(A) = peA), because ofthe Cayley-Hamilton theorem. Notice
that (Qp)(A) = Q(A)p(A) is a consequence of Theorem 2.7 0

REMARK 2.12 The Cayley-Hamilton Theorem is actually an easy conse
quence of our results: If A is a map in a finite-dimensional space then,
according to Cramer's rule, we have adj (A)A = det(A)I. Replacing A with
zI - A, we find that B(z)(zI - A) = p(z)I, where B(z) is a polynomial
and p(z) is the characteristic polynomial of A. Substituting z = A gives
peA) = O. 0

3 The commutative case

In this section we are going to assume the following set up:

• S, T are Banach spaces,

• f! ~ C is open,
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• FEA(n-+[,ss),

• A E [,ss is such that O"(A) ~ n,

• F(A)A = AF(A). This condition holds if F(z)A = AF(z) for all
zEn.

In this situation, F is A-invertible iff F(zo) is invertible for all Zo E O"(A).
Special cases of the theorems of the previous section are the following:

THEOREM 3.1

• IfG E A(n -+ [,ST) then (GF)(A) =G(A)F(A).

• If F is A-invertible then F(A) is invertible.

The A-invertibility of F is not necessary for F(A) to be invertible.

EXAMPLE 3.2 Define over S := C 2
:

Then

F(A) ; I + [~ ~] [~ ~]; [~ ~].
o

We can obtain information about the spectrum of F(A):

COROLLARY 3.3 O"(F(A» ~ UIlEu(A)O"(F(p».

P ROOF: If A E 0"(F( A», then F( A) - AI is not invertible. Because of the
previous lemma, F(z) - AI is not A-invertible. Hence, there exists It E O"(A)
for which F(p) - AI is not invertible. 0
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REMARK 3.4 This is a one-sided version of the spectral-mapping theorem.
The two-sided version is not valid because the sets are usually not equal, as
follows from the previous example. In fact, U~Eq(A)O'(F(J.L» can be quite a lot
bigger than O'(F(A». For example if S = en, F(z) := diag (h(z), .. . , In(z))
and A:= diag(al, ... ,an ), then F(A) = diag(h(al), ... ,ln(an)). Hence
O'(F(A)) = {h(al)"'" In(an)}, whereas U~E<1(A)O'(F(J.L)) = {!i(ak)lj, k =
1, ... ,n}. 0

Finally, we can derive a formula for a composite function:

COROLLARY 3.5 Let nl be an open set in C which contains the closure A of
U~Eq(A)u(F(J.L))and let G E A(f!l --t LST). Then (G 0 F)(A) = G(F(A)).

PROOF: Define H(z, 'l := (zI - F(())-I for z E C, ( E n such that z ¢
u(F('l). Substituting (= A into the equality H(z,()(zI - F(()) = I, we
find H(z,A) = (zI - F(A»-I for z ¢ A. We choose a contour r l enclosing
A and contained in nl • Furthermore, r 2 is a contour enclosing 0'(A) and
contained in n. Then

G(F(A» = 1 G(z)(zI - F(A»-ldz =
Jf\

= 1 G(z) 1 H(z, 'l((I - A)-ld(dz =Jr1 Jr2

1 1 G(z)(zI - F('l)-ldz((I - A)-ld( =
Jr2 Jrl

1 G(F('l)((I - A)-Id( = (G 0 F)(A).Jr2

o

Notice that, because of Remark 3.4, it may happen that G(F(A)) is defined
whereas (G 0 F)(A) is not.

4 The tensor map

In this section we drop the commutativity assumption. We assume that
S, T, U are Banach spaces, n ~ e is open, FE A(n --t LTV) and A E LSS
such that u(A) ~ n. .
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We will define and study a map, FA : LST -+ Lsu. This map can be used
to investigate the solvability of a certain class of linear map equations.

DEFINITION 4.1 The (right) tensor map FA : £ST -+ LsU is defined
by FAX:= (FX)(A).

Recall that (FX) stands for the function z I-t F(z)X.

THEOREM 4.2 We have the following properties:

1. (F +G)A = FA +GA,

2. IA = I, (BF)A = BFA,

3. (GF)A = GAFA,

provided that in each case the map B and the domains of the functions G
are such that the algebraic formulas are well defined.

PROOF: We only show property 3. For X E LST, we define Y := (FX)(A) =
FAX and we find

(GF)AX = «GF)X)(A) = (G(FX»(A) = (G(FX)(A»(A)

= (GY)(A) = GAY = GAFAX.

o

COROLLARY 4.3 IfF is left A-invertible, then FA is left invertible. If Sand
T are finite dimensional, the converse implication holds. Similar statements
can be made about right invertibility.

PROOF: Let G be an analytic left inverse of F on some set nb containing
u(A). Then G(z)F(z) = I implies GAFA = I.

Let Sand T be finite dimensional. Because of Lemma 2.8, it suffices to
show that F(>.) is injective (and hence left invertible) for every>. E u(A).
Suppose that there exists v ::j; 0 satisfying F(>.)v = O. We will identify v
with the (injective) map a I-t av : C -+ S. We also have an eigenvector
w E S' of the adjoint map A* : S' -+ S' corresponding to the eigenvalue >..
Then wA = >'W (Here wA denotes the composition of maps. Recall that
w : S -+ C). If w~ define X := vw, then X ::j; 0 and we obtain
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FAX = (Fvw)(A) = ((Fv)w)(A) = (FV)(A)W = F(A)VW = 0,

where we have used Lemma 2.4, with C = W, P = A.

The statements about right invertibility follow by duality.

We can also obtain a form of the spectral mapping theorem.

o

THEOREM 4.4 Suppose that F E A(n -+ LTT) and hence FA : LST -+ LST.
Then

If Sand T are finite dimensional, then we have equality.

PROOF: If A E O'(FA), then FA - AI is not invertible. By Corollary 4.3, it
follows that F(z) - >"1 is not A-invertible. Consequently, F(J-l) - >"1 is not
invertible for some J-l E O'(A). Hence>" E U!'Eu(A)O'(F(J-l)).
If Sand T are finite dimensional, the converse implication chain can be
made, because, if F(z) - >"1 is A-invertible then FA - >"1 is invertible. 0

Next we show how the tensor map appears as derivative of a nonlinear
operator map. Let F(z) be an Lss-valued function on n. Then F(z) defines
the map :F : X 1-+ F(X) : LSS -+ LSS, defined for X with spectrum
contained in n. We are interested in the derivative (or linearization) of this
map. Given A with spectrum in n, we have for small Y:

F(A +Y) - F(A) = i F(z){(zI - A - y)-l - (zI - A)-l }dz =

= i F(z)(zI - A - y)-lY(zI - A)-ldz.

It follows easily that the required linearization is

We can also write this as

L(Y) = i W(z)Y(zI - A)-ldz = (WY)(A) = WAY,
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where W(z) := (F(z) - F(A»(zI - A)-I. (See Property 2.5)
Here we have used that

t(ZI - A)-IY(zI - A)-ldz = 0,

as one can easily see by letting r be a circle with radius tending to 00 and
using the estimate II (zI - A)-I II~ M II z 11-1 for II z II sufficiently large.

We can use this result to investigate the local invertibility of the map F.
To this extent, we apply the inverse-function theorem. This theorem states
that F is locally invertible at A iff £, is invertible, Le., iff WA is invertible.
According to Corollary 4.3, this is the case if W is A-invertible. The latter
condition can be written as: W(A) is invertible for A E O'(A). In the finite
dimensional case, this condition is also necessary.

In the special case of substitution of a map into a scalar function F(z) =
fez), this condition can be simplified. In this case, according to the spectral
mapping theorem, W(A) is invertible iff H(j.t, A) f:. 0 for j.t E O'(A). Here,
H(z, () := (f(z) - f((»/(z - (). (Recall that W(z) = H(z, A).) As a
consequence, we find:

COROLLARY 4.5 If S is a finite-dimensional space, F is defined by F : X t--t

f(X) : S --+ S, where fez) is a scalar analytic function on n, and A E £'ss
is such that O'(A) ~ n, then F is locally invertible at A iff

• f(A) f:. f(j.t) (A,j.t E O'(A), A f:. j.t)

• f'(A) f:. 0 (A E O'(A).

Notice that these conditions are exactly the conditions for the function fez)
to be locally invertible on 0'(A), i.e., for the existence of a function g( z),
analytic in an neighborhood of f(O'(A», such that g(f(z» = z. Hence the
local inverse of F is given by g : X t--t g(X). We find that we have the
following:

COROLLARY 4.6 If F : X t--t f(X) has a C1 inverse at a certain map A,
then there is an inverse of the form g : X t--t g(X), where 9 is an analytic
function on some neighborhood of A.

Notice that not every function that is analytic in the neighborhood of a
certain map has the representation g(X) (take e.g. g = XT, the transposed
map, with respect to a given basis).
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5 Operator equations: Universal solvability

In this section, we investigate the equation

(FX)(A) = C (2)

for X E £ST, where C E £ST. Recall that (FX)(A) denotes the result of
substitution of A into the function z ~ F(z)X. We restrict ourselves to the
finite-dimensional case, where the most complete results can be obtained.
However, a number of the results, in particular the sufficiency parts, can be
generalized to the general case.

We will call equation (2) universally solvable if it has a solution for every
C. If a solution exists for a particular C, the equation is called individually
solvable. The following general condition for the universal solvability of
equation (2) is an immediate consequence of Corollary 4.3:

THEOREM 5.1 Equation (2) is universally solvable iffF is right A-invertible,
i. e., iff F(.x) is right invertible for every .x E 0'(A). Specifically, a solution
is given by X := (GC)(A), where G is a right inverse analytic on O'(A). 0

EXAMPLE 5.2 Sylvester's equation reads BX - XA = C, where A E
£SS, B E £TT and C E £ST are given maps. This can be seen as (FX)(A) =
C, where F(z) := B - zI. Theorem 5.1 yields a well-known result: This
equation is universally solvable iff FCA) is invertible for every .x E O'(A), Le.,
iff A and B have no common eigenvalue (see [Mac 60, Theorem 46.21). 0

EXAMPLE 5.3 More generally, consider the equation

k

I:pj(B)Xqj(A) = C,
j=O

where Pi and qi are functions, analytic on O'(B) and O'(A), respectively, and
A and B are as in the previous example. Here we find universal solvability
in terms of p(z,() := L:J=oPi(Z)qj((). In fact the equation is universally
solvable iff p(.x,p) =f 0 for.x E O'(B), J.L E O'(A) (see [Mac 60, Theorem 43.8]).

o
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EXAMPLE 5.4 We get a further generalization if we consider an equation of
the form

k

LFjXqj(A) = C,
j=O

where Fj E LST for j = 0, ... , k. Now we find universal solvability iff the
polynomial map F(z) := L:j=o Fjqj(z) is left invertible for z E O'(A). This
result was given in [Hau 82]. The special case where S = T of this result
was given in [Dat 66] and [Wim 74]. A recent discussion an an algebraic
treatment is given in [Wim 92].

o

EXAMPLE 5.5 Let

where B is a map in S -+ Sand S a finite-dimensional linear space. Then
F(z) is an entire function and

Now F is left A-invertible iff

I T
e(>..-JL)tdt =I- 0,

for A, /L E O'(A), Le., iff A- /L =I- 21riklT for any nonzero integer k. Hence
the equation

I T
etBX e-tAdt = C

is universally solvable iff for all nonzero k E Z, we have 21rikIT ¢ 0'(A) 
O'(B). (Compare [Ros 66, §14.2]). 0
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6 Operator equations: Individual solvability

For individual solvability, we will give a generalization of Roth's Theorem.

THEOREM 6.1 (Roth) Let Sand T be finite-dimensional linear spaces and
A E Lss,B E LTT,C E LST linear maps. Then the equation BX -XA = C
has a solution if and only if the maps

(3)

in LT(f)S,T(f)S are .similar.

(See [Rot 52]) In order to be able to generalize this theorem, we reformulate
it. According to [Gan 60, VI, §4 and §5], two maps M and N are similar
iff zI - M and zI - N are crz]-equivalent, i.e., iff there exist invertible
polynomial maps P(z) and Q(z) such that P(z)(zI - M) = (zI - N)Q(z).
Using the theory of section 2, we can give an easy proof of a generalization
of this result, which also holds for infinite-dimensional maps. We will say
that P and Q in A(f2 -+ Lss) are f2-equivalent if there exist maps F, G E
A(f2 -+ £SS) invertible in f2 and satisfying P(z)F(z) = G(z)Q(z).

THEOREM 6.2 Let B, A E LS8, f2 ;2 u(B) Uu(A). Then zI - Band zI - A
are f2-equivalent if and only if B and A are similar.

PROOF: If B and A are similar, say B = p-1AP then (zI - B)F(z) =
G(z)(zI - A), where F(z) := G(z) := P. On the other hand, if (zI 
B)F(z) =G(z)(zI - A), we substitute z = A into this equation and obtain
F(A)A = BF(A). Now the result follows, since by Corollary 2.9, F(A) is
invertible. 0

Consequently, Rqth's theorem can be reformulated as: The equation BX 
X A = C has a solution iff

are f2-equivalent.

The extension of Roth's Theorem reads as follows:
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THEOREM 6.3 Let F E A(11 -+ £ST), A E £ss and C E £ST. Then the
following statements are equivalent:

1. The equation (FX)(A) = C has a solution X E £ST.

2. The equation
F(z)U(z) +V(z)(zI - A) = C (4)

has a solution (U(z), V(z)) E A(11 -+ £SS) x A(11 -+ £ST).

3. The maps

-C ] [F(Z) 0 ]
zI - A' 0 zI - A

are 11-equivalent.

PROOF: 1=>2: According to Property 2.5, there exists a function W E
A(11 -+ £ST) such that

F(z)X = (FX)(z) = (FX)(A) +W(z)(zI - A) = C +W(z)(zI - A).

Hence, we can take U(z) := X, V(z) := -W(z).

2=>1: llight substsitution of z = A into (4) yields

(FU(A))(A) = (FU)(A) =C,

so that X := U(A) is a solution.

2{:}3: We apply Gustafson's extension of Roth' Theorem to general commu
tative rings (see [Gus 79]). In this paper, Gustafson proves that the matrix
equation AU+VB = C over an arbitrary commutative ring 'R has a solution
iff the matrices 3 are 'R-equivalent. We obtained our desired equivalence by
applying this result with the ring of analytic functions on 11 and interpreting
the maps as matrices. 0
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7 Examples in system theory

We give a few examples to demonstrate how the concepts of operator sub
stitution can be useful in system theory. We assume the systems to be finite
dimensional. Let Land S be finite-dimensional spaces. We are interested
in the equation

V(z)G(z) +W(z)(zI - A) ::: F(z), (5)

where G E A(n -+ £ST), A E £ss,F E A(n -+ .cST),n 2 <T(A) and V, W
are the sought functions, which we require to be analytic on n. The special
case of this equation where G(z) ::: C is constant, or rather its dual, appears
when one tries to find a state feedback achieving some prescribed (matrix)
denominator for the transfer function. Specifically, if the system is described
by the frequency-domain equations zx ::: Ax + Bu, a feedback of the form
u::: M x +v, where M ::: N D-I is the transfer function of the compensator,
yields x ::: (zI - A - BM)-l Bv ::: D«zI - A)D - BN)-l B. So we see
that (zI - A)D - BN is the denominator of the transfer function. One is
interested in finding a polynomials Nand D such that this denominator
takes a prescribed value. A additional restriction is that N D-1 be (possibly
strictly) proper. Equation (5) (with G(z) ::: C) is a dual version of this
equation.

THEOREM 7.1 Let V E A(S1 -+ .cTS). Then there exists W E A(S1 -+

£SS) such that (V, W) is a solution of equation 5 if and only if (VG)(A):::
(VG(A»(A) ::: peA). Consequently, there exists a solution iff the equation
V(z)G(z) +W(z)(zI - A) ::: peA) has a solution.

PROOF: IT (V, W) is a solution, we can substitute z ::: A and find (VG)(A) :::
F(A). Conversely, if (VG)(A) ::: F(A), we find (VG)(z)-F(A) ::: (VG)(z)
(VG)(A)::: -W(z)(zI - A) for some WE A(n -+ £ss), according to prop
erty 2.5. 0

A pair of maps (C, A), where C E .cST, A E .css is called observable if the
map

is left invertible or, equivalently,
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[
AI-A]rank C = n,

for every A E u(A), where n denotes the dimension of S. We have the
following corollary:

COROLLARY 7.2 Equation 5 has a solution (V, W) iff the equation (VG(A))(A) =
F(A) has a solution V. Furthermore, the follwing statements are equivalent:

• equation (5) is universally solvable (i. e., has a solution for every F).

•
[

AI - A ]
rank F(A) = n,

for every AE u(A)

• (P(A), A) is observable.

Here are two examples where one encounters the condition (6).

(6)

o

EXAMPLE 7.3 (Cascade connection) Consider a series connection ~ser

of two observable systems ~i : ZXi = AiXi + BiUi, Yi = CiXi + DiUi, with
state-space dimensions ni for i = 1,2. Assume that u(A1 ) n u(A2 ) = 0.
Then it is known (see [Hau 75]) that ~ser is observable iff rankH(A) = n2

for all A E u(A2), where

o

EXAMPLE 7.4 (Sampling) Consider the observed continuous-time system

x= Ax,y = Cx,

where C E £ST, A E £SS. Assume that the the output is sampled with
sampling period T via the sampling mechanism

17



Yk = iT(dR(O»y(O +kr) (k =0,1, ...),

where R(0) E L,TU and U is a finite-dimensional linear space. We assume
that R is of bounded variation. The sampling operation results in a discrete
time system

where F := eTA, H := J;(dR( O))CeOA . In [Hau 72], it is shown that the
sampled system is observable iff

rank [ ~(~)~ 1= n,

for every .x E O'(A), where N(A) := I; e>.tdR(t).
o

The results found in this section enable us to give a solvability condition for
the following "Operator-interpolation problem" (cmp. [BGR 90]):

PROBLEM 7.5 Given maps Ai E L,SS,Ci E LST,Mi E LSS for i = 1, ... ,k,
determine an open set 0 ~ C such that 0'(Ad ~ 0, (i = 1, ... , k), and a
map F E A(O -+ LTS) such that (FCi)(Ai) = Mi (i = 1, .. . ,k).

THEOREM 7.6 In the situation of the previous problem, there exists a solu
tion iff (C, A) is observable, where

PROOF: The relations (FCi)(Ai) = Mi (i = 1, ... ,k) are equivalent to
(FC)(A) = [M}, ... , Mk]. Hence we can apply Corollary 7.2 0

COROLLARY 7.7 If(Ci, Ai) is observable for i = 1, ... , k and O'(Ai)nO'(Aj) =
ofor i # j, Problem 7.5 has a solution.
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PROOF: The conditions of the Corollary imply that (C,..4) is observable. 0

Finally, we have

THEOREM 7.8 If equation (5) has a solution, there is also a solution where
V is a polynomial of degree < n, where n = dim S.

PROOF: According to lemma 2.11 we can write V(z) = Q(z)p(z) +R(z),
where p(z) := det(zI - A) and R(z) is a polynomial map of degree < n.
Then we have (VG)(z) = (QG)(z)p(z) + (RG)(z), and hence (VG)(A) =
(QG)(A)p(A) +(RG)(A) = (RG)(A). 0

It is a consequence of this result that if a solution of equation (5) can be
found, and if F(z) is a monic polynomial with deg F(z) 2:: n, we can find
a solution (U, V) with deg V < n. It is easily seen that then U must be a
monic polynomial with deg U 2:: n - 1. Hence VU- l is proper.

For applications of the solvability conditions of sections 4 and 5 to the reg
ulator problem, we refer to [Hau 83].

8 Appendix: Proof of Lemma 2.8

The first statement is obvious. Assume now that S = T and that F( z) is
invertible for z E (T(A). Then G(z) := (F(z»-l exists and is analytic in
some neighborhood fh of (T(A) (See [Kat 66, Ch. 7, §1]).

The rest of the proof is concerned with the case where (T(A) is countable.
Let Ab A2,'" be an enumeration of (T(A). The map F(Aj) is left invertible
for every j, with left inverse, say Gj. Since GjF(Aj) = I, there exists Ej > 0
such that GjF(z) is invertible for IZ-Ajl < Ej. Next we construct a sequence
of discs Dk in the following way. D l := {z E C1lz- All < En, where Ei ~ £1
is chosen positive and such that the boundary of D l contains no points of
(T(A) and D l ~ Q. If Db'." Dk have been constructed, we choose the
first Aj that is not contained in V := U~=lDm • Then, by construction, we
know that Aj ¢ V. Hence we can find a positive Ek+l ~ £j such that the
disc Dk+l := {z E C1lz - Ajl < Ek+d is disjoint with V, is contained in Q

and contains no points of (T(A) on its boundary. We can continue this way
until (T(A) is contained in Ql := U~=lDm' Note that this must happen for
a finite k, because of the compactness of (T(A). (Otherwise we would get
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a countable sequence of open discs covering u(A), which we could reduce
to a finite covering.) Now we can define the function H : n1 --t £TS by
H(z) := Gj for z in the disc Dk with center Aj. Then H(z)F(z) is analytic
and invertible on n1 . Hence we can take G := (HF)-1H .

REMARK 8.1 The result can be generalized. To this extent, we define a set
A ~ C to be totally disconnected if for all c > 0, there exists a finite set
of points Zt, ... ,Zn such that A ~ Ui'=IB(Zj,E) and B(zj,£) n B(Zk,E) = 0
for j ::P k. Here B(a, r) := {z E C1lz - al < r}. Then we have: If F(zo) is
left invertible for each Zo E u(A) and u(A) is totally disconnected, then F
is left A-invertible. 0
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