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Luc Florack

Eindhoven University of Technology, Department of Biomedical Engineering,
P.O. Box 513, NL-5600 MB Eindhoven, The Netherlands

L.M.J.Florack@tue.nl

Abstract. A geometric model is proposed for an artificial foveal vision
system, and its plausibility in the context of biological vision is explored.
The model is based on an isotropic, scale invariant two-form that de-
scribes the spatial layout of receptive fields in the the visual sensorium
(in the biological context roughly corresponding to retina, LGN, and V1).
It overcomes the limitation of the familiar log-polar model by handling its
singularity in a graceful way. The log-polar singularity arises as a result
of ignoring the physical resolution limitation inherent in any real (artifi-
cial or biological) visual system. The incorporation of such a limitation
requires the introduction of a physical constant, measuring the radius of
the geometric foveola (a central region characterized by maximal resolv-
ing power). The proposed model admits a description in singularity-free
canonical coordinates that generalize the well-established log-polar co-
ordinates, and that reduce to these in the asymptotic case of negligibly
sized geometric foveola (or, equivalently, at peripheral locations in the
visual field). Biological plausibility of the model is demonstrated by com-
parison with known facts on human vision.

Keywords: Generalized log-polar map, foveal vision, cortical magnifi-
cation, scale invariance, receptive field scaling.

1 Introduction

The visual system of humans (and many other mammalian species) is triggered
by a sensorium that is characterized by receptive fields of various sizes and
profiles. Scale space theory potentially provides a feasible foundation for the
description of receptive field profiles, their taxonomy and functional role as the
basic operators for a “differential geometry engine”, a rationale introduced by
Koenderink in his seminal papers that boosted efforts in multiscale image analy-
sis [1,2,3,4,5,6,7,8,9,10]. Established linear scale space theory, however, typically
adopts spatial homogeneity as one of its axiomatic principles, and ignores the
foveal properties and dynamic exploration degrees of freedom typical of many
biological visual systems.

The visual system of humans shows a roughly linear decrease of visual acuity
with eccentricity, is more or less rotationally invariant relative to the foveal point,
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and exhibits a large degree of invariance to object size. Taking into account the
dynamic exploration degree of freedom, i.e. the ability to shift the foveal point
arbitrarily relative to the visual world, this yields a homogeneous, isotropic, scale
invariant visual sensorium. Numerous empirical results exist in the literature in
support of these claims, including quantitative studies of retino-cortical magni-
fication [11]. Among others, this phenomenon is responsible for the fact that, in
the case of humans, about half of the striate cortex is devoted to a foveal region
covering only one percent of the visual field, and is usually described with the
help of so-called log-polar coordinates. The log-polar mapping arises naturally in
simplified models of foveal systems endowed with aforementioned properties, cf.
previous work [12]. Image processing algorithms as well as space-variant CMOS
cameras [13] have been constructed to mimic this mapping. These have turned
out useful in computer vision as they help to simplify certain tasks, such as time
to impact calculation.

However, previously proposed theoretical models (to the best of my knowl-
edge) fail to give a plausible and accurate account of the entire retina, including
the fovea centralis (the immediate neighbourhood of the central fovea), where the
log-polar model breaks down. This hiatus is reflected in the design of log-polar
mapping algorithms and space-variant cameras, in which one typically employs
some heuristics to implement the transient behaviour between the (peripheral)
validity domain of the log-polar model and the central retina. This is especially
regrettable, as the fovea happens to be the most crucial part of a foveal system!

In this paper an alternative model is presented that overcomes the difficulties
of the log-polar paradigm. It is based on invariance principles, viz. rotational
invariance (with respect to the foveal point) and spatial scale invariance, and
explicitly incorporates the physical resolution limitation of any visual system.
It should be regarded in the first place as a model for artificial foveal vision,
but we will touch upon its biological merits by comparison with known results
on human vision. As in previous work [12] a differential geometric rationale is
adopted, but unlike previous work the physical resolution limitation is taken as
a point of departure. For simplicity we ignore stereopsis, and model the retina
as a flat disk. A rudimentary understanding of n-forms and exterior products
may be helpful [14,15], but the theory should be more or less self-contained even
without it.

2 Theory

2.1 Modeling the Sensorium

Consider the basic scale invariant non-exact one-forms

dξ =
dx

√
x2 + y2 + a2

and dη =
dy

√
x2 + y2 + a2

, (1)

in which (x, y) ∈ IR2 are Cartesian coordinates. We will confine the region of
interest to a disk of radius R, which represents the radius of the geometric retina.
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This could model the radius of the human retina, but it could also delimit some
circularly symmetric functional attention window within it (think of “tunnel vi-
sion”). The physical parameter a > 0 represents a transient radius separating
two regions of a qualitatively different geometric nature, viz. the geometric fove-
ola (

√
x2 + y2 < a) and its periphery (

√
x2 + y2 > a). (Terminology betrays a

modest amount of foresight.)
The one-forms of Eq. (1) induce a scale invariant area two-form, which can be

roughly viewed as the geometric counterpart of a (space variant) pixel element,

Ω =
√

g dx ∧ dy = dξ ∧ dη (2)

in which
√

g =
1

x2 + y2 + a2 , (3)

is the squareroot of the metric determinant associated with the 2-dimensional
spatial metric1 in Cartesian coordinates,

g =
dx ⊗ dx + dy ⊗ dy

x2 + y2 + a2 . (4)

2.2 Modeling Retino-Cortical Magnification

Let us now consider the infinitesimal area of the ring δΓ : ρ<
√

x2 + y2 <ρ+dρ:

dV (ρ) =
∮

δΓ

√
g dx ∧ dy = dρ

∫ 2π

0

ρ

ρ2 + a2 dφ =
2πρ dρ

ρ2 + a2 . (5)

Geometrically the quantity

V ′(ρ) =
2πρ

ρ2 + a2
def= P (ρ) (6)

equals the perimeter of a circle of radius ρ around the foveal point2. As an aside,
observe that this perimeter is bounded by a maximal perimeter P (ρ) ≤ Pmax;
equality occurs precisely at the transition ρ = a, i.e.

Pmax = P (a) . (7)

1 This metric defines a so-called Einstein manifold, i.e. the Ricci tensor is proportional
to the metric tensor, viz. Rμν = 1

2R gμν , with curvature scalar R = 4a2

x2+y2+a2 . The
model proposed elsewhere [12] hinges on the assumption that Rμν = 0, and thus
fails to account for the metrical structure at the fovea centralis.

2 Note that relative to the metrical units defined by Eq. (4) the length of a circular
segment over a polar angle dφ equals ds = ρ dφ/

√
ρ2 + a2, while the proper length

element in the radial direction equals ds = dρ/
√

ρ2 + a2. Asympotically we have
ds → dφ, respectively ds → dρ/ρ if ρ � a (“log-polar coordinates”). Details on the
connection with log-polar coordinates are discussed in Section 2.3.
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This follows by solving the quadratic equation that results from fixing P and a
in Eq. (6), which yields two distinct solutions for ρ if P a < π, a unique solution
if P a = π (viz. ρ = a), and none if P a > π.

If we normalize V (ρ) such that V (0) = 0, and introduce the dimensionless
quantities

v(t, T ) =
V (a t)
V (a T )

, (8)

with 0 ≤ t ≤ T , and

t =
ρ

a
and T =

R

a
, (9)

then

v(t, T ) =
ln

(
1 + t2

)

ln (1 + T 2)
. (10)

This integrated retino-cortical magnification measures the relative capacity ded-
icated to the foveal region inside the disk of radius ρ relative to that of the full
retina. Obvious limiting cases are v(0, T ) = 0 and v(T, T ) = 1. Cf. Fig. 1 for an
illustration.
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Fig. 1. Retinocortical magnification (left) and its integral (right) illustrated for the
case T = 95, recall Eqs. (9–12). The peak on the left occurs at t = 1, marking the
border of the geometric foveola. Half maximum on the right is reached at t ≈

√
T ,

corresponding to the geometric equipartitioning radius. In our model the geometric
foveola has a relative processing capacity (not explicitly indicated in the right figure)
of v(t=1, T =95) ≈ 8%, recall Eq. (10).

To test the biological plausibility of our model consider the equipartitioning
case, i.e. Eq. (10) with equipartitioning radius ρ 1

2
= a t 1

2
, defined such that

v(t 1
2
, T ) def=

1
2

. (11)

A straightforward computation yields

t 1
2

=
√√

1 + T 2 − 1 ≈
√

T , (12)



Modeling Foveal Vision 923

in which the approximation holds under the assumption that T � 1. In other
words, assuming this assumption to hold, the theoretical equipartitioning radius
equals the geometric mean of the radii of the geometric foveola and geometric
retina3:

ρ 1
2

=
√

a R . (13)

In the case of humans it is known that about half of the striate cortex
is devoted to the portion of the retina that lies within 7◦–8◦ of the fovea4

[11, Chapter 12]. The monocular visual field covers approximately 160◦ × 175◦

(width×height [16]), or roughly (85±5)◦ in eccentricity when approximated by
an isotropic figure for our model5. With these figures we have (for the biological
counterparts of the quantities involved) t 1

2
/T = ρ 1

2
/R ≈ 0.1024, from which one

deduces with the help of Eq. (12) that a = (t 1
2
/T )2 R ≈ 0.22 mm for a retina

with R ≈ 21 mm. The value T = (R/ρ 1
2
)2 ≈ 95 justifies our assumption T �1,

and the predicted size of the geometric foveola agrees well with that of the human
foveola6 , which gives us a physiological interpretation of the geometric foveola
a, and at the same time justifies its name. Cf. Figs. 2–4.

Fig. 2. Unfolded striate cortex. Source and further details: webvision.med.utah.edu.

Sofar results are consistent with those reported elsewhere [12] despite the dif-
ferent geometric approach. In the next section we consider the modification of the
log-polarmap by taking into account the physical resolution limitation of the fovea
centralis, and show how it connects asymptotically to the log-polar map.

3 Generalizing Eqs. (11–13) we may define v(tα, T ) def= α for 0 ≤ α ≤ 1, yielding
tα =

√
(1 + T 2)α − 1 ≈ T α, or, in terms of physical length scales, ρα = a1−α Rα.

4 A typical retina measures R≈21mm; 1◦ of visual angle corresponds to approximately
288μm. Source: webvision.med.utah.edu.

5 Hartridge [17] reports a functional limit on visual field eccentricity of 104◦.
6 Rodieck [11, Chapter 9] reports a value of 0.20 mm.
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Fig. 3. The geometric retina can be partitioned into concentric disks with constant
relative increments of spatial processing capacity based on Eqs. (9–10). The sketch
shows some isocontours of the function t(v) =

√
(1 + T 2)v − 1, for fractional capacities

v 1
4

= 1
4 , v 1

2
= 1

2 (recall Eq. (11)), v 3
4

= 3
4 , and v1 = 1. Fig. 2 shows the actual

realization of the retinotopic receptive field distribution in the visual cortex.

Fig. 4. Retino-cortical mapping. A: (hemifield) visual striate cortex, B: retina. Source:
web.mit.edu/bcs/schillerlab (courtesy of Prof. Peter H. Schiller.)
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2.3 Canonical Coordinates

Retinocortical magnification can be best described in terms of canonical coordi-
nates. To this end, consider the following coordinate transformation:

⎧
⎪⎨

⎪⎩

p = arcsinh t = ln
(
t +

√
1 + t2

)
,

q =
t φ√
1 + t2

(0 ≤ t ≤ T , −π < φ ≤ π) .
(14)

Since ⎧
⎪⎪⎨

⎪⎪⎩

dp =
dt√

1 + t2
=

dρ
√

a2 + ρ2
,

dq =
t dφ√
1 + t2

+
φdt

(1 + t2)
3
2

=
ρ dφ

√
a2 + ρ2

+
a2 φdρ

(ρ2 + a2)
3
2

,
(15)

it follows that, recall Eq. (2),

Ω = dp ∧ dq . (16)

Note that Eq. (4) can be transformed into canonical coordinates, yielding

g =
(

1 +
4q2

sinh2(2p)

)
dp ⊗ dp − 4q

sinh(2p)
dp ⊗ dq + dq ⊗ dq , (17)

from which it becomes evident that the (p, q)-coordinate lines generally do not
intersect perpendicularly, unlike the case of log-polar coordinates, cf. Fig. 5. For
the angle of intersection α at a fiducial point (p, q) we have

cosα =
−2q

√
4q2 + sinh2(2p)

, (18)

which is, however, close to zero for typical (peripheral) points.
If ΓT denotes the full retinal domain, then in (p, q)-space it corresponds to

the area in-between the graphs of

q±π(p) = ±π
sinh p

√
1 + sinh2 p

= ±π tanh p , (19)

and the lines p =0 and p= arcsinhT . (To see this, express q as a function of p
using Eq. (14) taking into account the domain boundaries.) By the same token,
if Γt denotes the fraction of the retinal domain on the left of the line p=arcsinh t
instead of p=arcsinhT , then a straightforward computation yields

∫
Γt

dp ∧ dq
∫

ΓT
dp ∧ dq

=

∫ arcsinh t

0 qπ(p) dp
∫ arcsinhT

0 qπ(p) dp
= v(t, T ) , (20)

as it should, recall Eq. (10). This once again confirms that the canonical coordi-
nates (p, q) given by Eq. (14) are indeed the natural ones to use in the context
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of an isotropic, scale invariant foveal system, as opposed to the commonly used
log-polar coordinates. The latter arise only in the limit of vanishing a, i.e. the
asymptotic case whereby T → ∞. As such log-polar coordinates fail to describe
both foveal as well as transient behaviour, and are suited only for the peripheral
field. Although the periphery represents by far the largest part of the visual field,
it is a serious shortcoming of the log-polar model that it fails to describe the
structure of the immediate neighbourhood of the foveal point, quite an essential
part of a foveal system!

The canonical coordinates, Eq. (14), on the other hand, can be used both for
central, transient, and peripheral vision. Near the foveal point we have

{
p ≈ t ,
q ≈ t φ (0 ≤ t � T , −π < φ ≤ π) .

(21)

These can be easily mapped to ordinary polar coordinates, (ρ, φ) = (ap, q/p), or
to Cartesian coordinates, (x, y) = (ap cos(q/p), ap sin(q/p)).

In the far periphery we reobtain the familiar log-polar coordinates (up to an
irrelevant offset):

{
p ≈ ln 2t ,
q ≈ φ (1 � t ≤ T , −π < φ ≤ π) .

(22)

In general, the physical part of the (p, q)-domain is shaped like a deformed
isosceles triangle, with its tip representing the foveal point, cf. Fig. 5. This is

0 1 2 3 4 5

�3

�2

�1

0

1

2

3

p

qΦ�p� canonical domain

Fig. 5. The canonical (p, q)-domain is the region between the graphs of q±π(p) =
±π tanh p and the lines p = 0 and p = arcsinh T (with T = 95.0 for the sake of
illustration), recall Eq. (19). The figure also shows the graphs of the functions qφ(p) =
φ tanh p for constant azimuth angles φ = 0, ±π

2 , as well as the lines p = arcsinh t for
t = 1, 2, 3, 4, 5. Cf. also Fig. 2.



Modeling Foveal Vision 927

somewhat reminiscent of the actually observed pear shape of the cortical surface
of V1, recall Fig. 2.

3 Conclusion

We have established a biologically plausible geometric model for an isotropic,
scale invariant foveal system that incorporates physical resolution limitations.
The model is most naturally described in terms of a singularity-free canonical
coordinate map that generalizes the familiar log-polar map typically used in
the context of foveal systems. Unlike the latter, however, the generalized map
has a globally valid domain of definition, and handles the transition from the
peripheral field (where the log-polar paradigm is appropriate) into the fovea
centralis (where a description in terms of standard polar coordinates is more
appropriate) in a graceful manner.

The proposed model is consistent with certain known facts on biological vision,
notably retino-cortical magnification. Further quantitative predictions could be
inferred from it to evaluate its biological feasibility, and perhaps to even predict
hitherto unexplored properties about biological foveal systems.
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