
 

Optimal control of routing to two parallel finite capacity queues
or two parallel Erlang loss systems with dedicated and flexible
arrivals
Citation for published version (APA):
Brouns, G. A. J. F. (2003). Optimal control of routing to two parallel finite capacity queues or two parallel Erlang
loss systems with dedicated and flexible arrivals. (SPOR-Report : reports in statistics, probability and operations
research; Vol. 200303). Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/2003

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/fddadd0f-43a0-4ddf-a5a2-be94084c5939


TUIe technische universiteit eindhoven

SPOR-Report 2003-03

Optimal control of routing to two parallel finite
capacity queues or two parallel Erlang loss systems
with dedicated and flexible arrivals

G.A.J.F. Brouns

SPOR-Report
Reports in Statistics, Probability and Operations Research

Eindhoven, January 2003
The Netherlands

/ department of mathematics and computing science



SPOR-Report
Reports in Statistics, Probability and Operations Research

Eindhoven University of Technology
Department of Mathematics and Computing Science
Probability theory, Statistics and Operations research
P.O. Box 513
5600 MB Eindhoven - The Netherlands

Secretariat: Main Building 9.10
Telephone: + 31402473130
E-mail: wscosor@win.tue.nl
Internet: http://www.win.tue.nl/math/bs/cosor.html

ISSN 1567-5211



Optimal control of routing to two parallel finite capacity queues or
two parallel Erlang loss systems with dedicated and flexible arrivals

Gido A.J.F. Brouns
g.a.j.£. brouns@tue.nl

Eindhoven University of Technology
and

University of Amsterdam

Nov 5,2002

Abstract

We consider two closely related systems with two parallel service stations to which
arriving jobs must be routed. Both stations are subject to blocking. The first system
concerns two parallel exponential servers, where each has its own finite capacity queue.
The second system concerns two parallel stations, where each has its own set ofexponential
servers. In this system there is no waiting room at any of the stations or servers.
Considering the objective to minimize the total number of blocked jobs, we show that
the optimal routing control policy for both systems has a threshold structure. We also
show that Least Loaded Routing is the optimal routing policy ifthe system is symmetrical.

Key words: load balancing, routing control, optimal threshold policies, Markov
decision processes.

1 Introduction

There is an extensive literature on the routing of jobs to parallel queues. An extensive
overview is given in HARIHARAN, KULKARNI AND STIDHAM [4]. STIDHAM AND WEBER [13]
also review the topic of routing control in parallel queues in their survey of Markov decision
models for optimal control of queueing systems.

The perhaps most basic routing control problem in parallel queues is studied by WINSTON [15],
who considers a queueing system consisting of a finite number of identical exponential servers
in parallel, each having its own queue. Jobs arrive at the system according to a Poisson
process. Upon arrival of ajob, it must be assigned to one of the queues. Under the assumption
that jockeying between queues is not permitted, it is shown that the shortest line discipline
is optimal in terms of maximizing throughput.

HORDIJK AND KOOLE [5] prove that the shortest line discipline maximizes stochastically the
number of jobs served at any time t when the queues have finite buffers. The servers are
assumed identical but the buffers may have different capacities. TOWSLEY, SPARAGGIS AND
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CASSANDRAS [14] also consider identical servers and finite buffers with unequal capacities.
They also allow for buffering to be available at the controller.

KOOLE, SPARAGGIS AND TOWSLEY [7] show that the shortest line discipline is optimal with
respect to various cost functions. Their results cover systems with two parallel queues with
infinite or finite capacity, arrivals that are independent of the state of the system but otherwise
arbitrary, and a broad class of service time distributions.

KOOLE [8] studies the static assignment of jobs to parallel, exponential, heterogeneous servers.
There is no waiting room at any of these servers, and blocked jobs are lost. The objective
is to minimize the average number of blocked jobs. In the case of dynamic assignment it
is optimal to route to the fastest available server; see KOOLE [9]. The static version of the
problem is formulated as a stochastic control problem with partial observation. Numerical
experiments are conducted and the structure of the optimal policy is studied.

All these models assume a single server at any of the queues. In JOHRI [6] state-dependent
service rates are considered. Under certain regularity conditions on these rates, the shortest
line discipline minimizes stochastically the number of jobs at any time t.

HAJEK [3] considers two interacting parallel stations with two servers at each station and a
fifth server that is shared by the two stations. Both stations have an infinite capacity queue.
There are three Poisson arrival streams: two dedicated streams and one flexible stream. Jobs
in the first dedicated stream always join station 1 and jobs in the second dedicated stream
always join station 2. Jobs in the flexible stream may join either queue. So for each arriving
flexible job it must be decided to which queue it is routed.

In MENICH AND SERFOZO [12] the service and arrival rates are functions of all queue lengths.
This includes the case of a number of parallel service stations, each having s identical
exponential servers. They do not allow for finite buffers.

By combining the last model with the model considered in [3] and by disallowing buffering,
we obtain systems with a number of parallel MIMIsis stations and dedicated as well as
flexible arrivals. These are highly suitable for modelling wireless networks; see ALANYALI
AND HAJEK [1]. Such a network consists of a number of base stations and of users. The users
require communication channels, which are available at the base stations. A station may only
serve users that are within geographical range of the station. Users may be in range of several
stations and the resource allocation problem concerns the question of station selection. If each
location has finite capacity, Le., a finite number of channels, then a consumer is lost if upon
its arrival all channels of all stations in its neighbourhood are already in use. The goal of the
allocation policy is to minimize the fraction of lost consumers. The authors provide a lower
bound for the consumer loss probability under any allocation policy. Structural properties of
the optimal policy are not addressed.

For the specific case of two parallel stations with Cl and C2 channels, respectively, and
exp(f.l)-distributed service times at any of the Cl + C2 channels, VAN LEEUWAARDEN, AALTO
AND VIRTAMO [10] consider various optimal static routing policies. They also consider
dynamic routing, for which they discuss a one-step policy improvement algorithm and its
performance. They conclude with a brief discussion of three open problems. The first,
although intuitively clear, is to show that the optimal routing policy is of a switch-over type,
Le., is a threshold policy.
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Proving that the optimal routing policy in this model, termed Model Ifin the remainder, has
indeed a threshold structure is the main goal of this paper. However, we will first establish
the same result for a closely related model, termed Model I, and then extend this result to
Model II. Model I will be described in Section 2. In Section 3 we state and prove our main
results for this model. In Section 4 we shift our attention to Model II. Its description is taken
from [10]. In Section 5 the threshold result obtained for Model lis extended to Model II.

The second open problem posed in [10] is to show that Least Loaded Routing is the optimal
routing policy in the symmetrical case, i.e., in the case of equal dedicated arrival rates and
equal capacities. We prove this assertion in Section 5.2.

2 Model description Model I

We consider the system depicted in Figure 1. The system consists of two identical parallel
servers. Service times are exp(fL)-distributed. The servers have separate queues, with finite
capacity. Station 1 is formed by server 1 and its queue. Station 2 is formed by server 2 and
its queue. The maximum number of jobs at station 1 is Cl ~ 1 and the maximum number
of jobs at station 2 is C2 ~ 1. So the buffer sizes of stations 1 and 2 are Cl - 1 and C2 - 1,
respectively.

v

Figure 1: Queueing system corresponding to Model I

There are three Poisson arrival streams: two dedicated streams and one flexible stream. Jobs
in dedicated stream k (k = 1,2) arrive according to a Poisson process with rate >"k and
automatically join station k. Jobs in the flexible stream arrive according to a Poisson process
with rate v and may join either station. Upon arrival of a flexible job it must be decided
to which of the two stations it is routed. We assume that the decision maker has complete
information, i.e., he knows the number of jobs at each of the two stations. The structure of
the system is that of a (semi-)Markovian decision process. It can be described as follows.

States: The state of the system is described by the tuple (i, j), where i (0 ~ i ~ Cl) is the
number of jobs at the first station and j (0 ~ j ~ C2) is the number of jobs at the second
station.

Events: We distinguish two possible events: (i) the arrival of a new job and (ii) a service
completion.

3



Decisions: If the event is an arrival and it concerns a flexible job, then it has to be decided to
which of the two stations the job is routed (decision '1' if station 1, decision '2' if station 2).
If the event is an arrival and it concerns a dedicated job from stream 1 (or stream 2), then
decision '1' (or decision '2') is taken automatically. If the decision is such that the arriving job
is routed to a station that is loaded to capacity, then the job leaves the system immediately.
If the event is a service completion, then no decision has to be taken.

Costs and rewards: If an arriving job is routed to a station that is loaded to capacity, then
blocking costs of 1 are incurred. Alternatively, one can say that blocking yields a reward of
-1. These are the only costs; there are no holding costs for jobs residing in the system.

Criterion: The objective is to minimize the expected (blocking) costs (i.e., number of blocked
jobs) over an n-period time horizon. Alternatively stated, the objective is to maximize the
expected reward over an n-period time horizon.

Uniformization: Applying uniformization, we can consider that transitions occur at the
jump times of a Poisson process with rate )'1 + A2 + 1/ + 2p,. By scaling time, we take
Al + A2 + 1/ + 2p, = 1 without loss of generality. Then, with probability Ak (k = 1,2)
a transition concerns the arrival of a dedicated job from stream k, with probability 1/ it
concerns the arrival of a flexible job, with probability p, a service completion at station 1 and
with the same probability a service completion at station 2. A service completion is either a
real service completion or an artificial service completion when the server idles because there
are no jobs at the station.

As a result, the times between consecutive events are identically distributed. Such times
are called periods and if we reverse the direction of time, we can consider the number n of
periods left until the process hits time zero. Uniformization enables us to use induction on the
remaining number of periods to prove our results for any finite time horizon. Using a standard
argument, these results can then be extended to the infinite time horizon case (average cost
criterion); see, e.g., DENARDO [2]. Note that since CI and C2 are finite, the system is a finite
state system.

Besides dynamic programming we will occasionally make use of sample path arguments. For
an exposition of the sampIe path approach we refer to Lm, NAIN AND TOWSLEY [11].

2.1 Dynamic programming formulation

In this section we complete the model in terms of a mathematical formulation. After that,
we successively state and prove our main results.

Recapitulating, i and j denote the number of jobs at station 1 and 2, respectively, and (i, j)
is the state of the system, 0 ~ i ~ CI and 0 ~ j ~ C2. We will use the following notation:

• Wn (i, j) denotes the maximum expected n-period reward when the current state is (i, j).
State (i, j) may be the result of an arrival-where the system is observed immediately
after the new job has been routed to one of the two stations-or a real or artificial
service completion.

• Wn(i, j; IT) denotes the maximum expected n-period reward when the current state is
(i, j), given that there is an arrival event at this point in time and given that decision IT
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is chosen with respect to the new job; 7r = 1 if this job belongs to dedicated stream 1,
7r = 2 if the job belongs to dedicated stream 2 and 7r E {1, 2} if the job is a flexible job.
Let 7r* denote the optimal decision. Note that in the notation 7r* the dependence on i,
j and n is suppressed.

Then our model is defined by the following Dynamic Programming Equations (DPEs), where

{
-I

-1[<1>] := 0

For n ~ 0 and all 0 SiS Cl and 0 S j S C2:

if <1>,
else.

Wo(i, j) o

A1Wn(i,j; 1) + A2Wn(i,j; 2) + v max{Wn(i,j; 1), Wn(i,j; 2)} +
/LWn(max{i - 1, O},j) + /LWn(i, max{j - 1, O})

-1[i = Cl] +Wn(min{ i + 1, cd, j)

3 Main results for Model I

We will prove the following proposition.

Proposition 1 {CHARACTERIZATION OF THE OPTIMAL ROUTING POLICY}

Let the remaining number of periods be n. Then the optimal routing policy can be
characterized as follows. If it is optimal to route an arriving flexible job to station 1 in
state (i, j), then it is optimal as well to route it to station 1 in all states (i, j + k) with
o< k S C2 - j and in all states (i - k, j) with 0 < k S i.

Remark 1 Alternatively stated, Proposition 1 reads that if it is optimal to route an arriving
flexible job to station 2 in state (i, j), then it is optimal as well to route it to station 2 in all
states (i + k,j) with 0 < k S Cl - i and in all states (i,j - k) with 0 < k S j.

In order to establish Proposition 1 we will prove the following monotonicity results.

Proposition 2 {KEY PROPOSITION}

For n ~ 0,

Wn(i, j + 1) - Wn(i, j + 2) > Wn(i + 1, j) - Wn(i + 1, j + 1), (1)

Wn(i + 1, j) - Wn(i + 1, j + 1) > Wn(i, j) - Wn(i, j + 1), (2)

W n(i+l,j+l)-Wn(i,j+l) > Wn(i+2,j)-Wn(i+l,j), (3)

for all i, j for which the four states appearing in the respective inequality exist (i.e., (1) holds
for all 0 S i < Cl and 0 S j < C2 - 1, (2) for all 0 S i < Cl and 0 S j < C2, and (3) for all
oS i < Cl - 1 and 0 S j < C2)'
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Inequalities (1) and (3) correspond to properties (c2) and (c1) of [3], respectively, where Vn (·)

is the minimum expected cost, so in our model the inequality signs are read the other way
around. Inequality (2) corresponds to property (b) of [3], although the latter is more general.

Remark 2 Combining (1) with (2) for i = CI -1, and combining (3) with (2) for j = C2 - 1,
we obtain, for n ~ 0,

Wn(CI,j + 1) - Wn(CI,j + 2) > Wn(CI,j) - Wn(CI,j + 1),

Wn(i + 1, C2) - Wn(i, C2) > Wn(i +2, C2) - Wn(i + 1, C2),

where (4) holds for all 0 :S j < C2 - 1 and (5) for all 0 :S i < CI - 1.

(4)

(5)

The proof of the Key Proposition uses induction on the remaining number of periods and runs
as follows. Step 0: Observe that (1), (2) and (3) hold for n = O. Step 1: Assuming (1), (2)
and (3) to hold for some n ~ 0, prove that (1), (2) and (3) hold for n+1 as well. Note carefully
that it suffices to prove (1) and (2) for n + 1. Namely, once these two inequalities have been
established, (3) follows by interchanging the names of the two stations (i.e., station 1 is now
termed station 2 and vice versa) and then rearranging the terms of (1) such that it reads (3).

In Step 1 of the proof we will need the following lemma and proposition. The latter contains
inequalities of the form Wn(.) :S 1 + Min (.). The idea to use such inequalities is also found
in [5].

Lemma 1 Let 8 m = (im, jm), m = 1, .. _, 4, given that there is an arrival of a flexible job,
and let ¢, 'I/J E {1,2} and recall that 11"* E {1,2} denotes the optimal decision in state 8 m 

Then,

(6)

implies

(7)

o

We will use Lemma 1 in the following way. When distinguishing between all possible
combinations of optimal decisions in certain states 82 and 83, we choose ¢ and 'I/J such that (6)
holds. Then (7) holds as well.

Proposition 3 For all n ~ 0,

o < Wn(i,j) - Wn(i,j + 1) < 1,

-1 < Wn(i + 1,j) - Wn(i,j) < 0,

0:S i:S CI,0:S j < C2,

0:S i < CI,0:S j:S C2·

(8)
(9)

Proof. By coupling and a sample path argument. We first consider the right-hand inequality
of (8). Consider two n-period instances of our model, instance I a starting in (i, j) and instance
II starting in (i, j +1). We coupie all events and all decisions. Instance I a follows the optimal
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policy and instance II copies all decisions taken in I a. In particular, if I a idles at station 2
because it has run out of jobs at that station, then II takes its additional job into service.

Then the costs are the same for both instances as long as I a does not route a new job to
station 2 in some state (k, C2 - 1) for 0 :S k :S CI. If this does not occur before time hits zero,
then the difference in reward is O. Now suppose it does occur before time zero, at time T say.
If, even earlier in time, at time T' say, II completed service at station 2 while I a was idling at
that station, then I a and II became identical at T ' , and hence their difference in reward is O.
Alternatively, assume I a has not witnessed an artificial service completion at station 2 before
T. Then, at T, the job routed to station 2 in I a is blocked in II, incurring a reward of -1
for II and causing I a and II to become identical immediately afterwards. So the difference
in reward between I a and II is 0 - (-1) = 1.

The reasoning is almost the same for the left-hand inequality of (8). Again, let instance I a
start in (i,j) and instance II in (i,j+ 1). But now let II follow the optimal policy and let I a
copy all decisions taken in II. In particular, if II starts serving its additional job at station 2,
then I a idles at station 2.

Finally, (9) follows from (8) by interchanging the names of the two stations.

o

We note that the left-hand inequality of (8) and the right-hand inequality of (9) correspond
to property (a) of [3].

We further note that one may easily verify that from Proposition 3 the following intermediate
result can be obtained (ef. Remark 3 in [10]).

Corollary 1 {THE OPTIMAL ROUTING POLICY IS GREEDY}
For any n, the optimal routing policy will route an arriving flexible job to station 1 if i < CI

and j = C2 and to station 2 if i = CI and j < C2.

We now return to the Key Proposition.

Proof of the Key Proposition.

Step o. Inequalities (1), (2) and (3) hold by definition for n = O.

Induction hypothesis. Assume that for some n 2 0, (1) holds for all 0 :S i < CI and
o :S j < C2 - 1, (2) for all 0 :S i < CI and 0 :S j < C2 and (3) for all 0 :S i < CI - 1 and
o:S j < C2. This will be our induction hypothesis.

Step 1. Under the induction hypothesis, we show that (1) and (2) hold for n + 1 as well.
Then (3) also holds for n + 1; ef. the paragraph below Remark 2.

Proof of (1). Let 0 :S i < CI and 0 :S j < C2 - 1. Then,

Wn+di,j + 1) - Wn+l(i,j + 2)
JL[Wn(max{i - 1, O},j + 1) - Wn(max{i - 1, O},j + 2)] <D+

JL[Wn(i, j) - Wn(i, j + 1)] @+
AI[Wn(i,j + 1; 1) - Wn(i,j + 2; 1)]@+ A2[Wn(i,j + 1; 2) - Wn(i,j + 2; 2)] ®+

v[max{Wn(i,j + 1; 1), Wn(i,j + 1; 2)} - max{Wn(i,j + 2; 1), Wn(i,j + 2; 2)}] ®
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> {induction hypothesis; <D ~ 0; ® ~ 8; @ ~ 8; @ ~ 0; @ ~ 0; see below}

J1[Wn(i,j) - Wn(i,j + 1)] 0+ J1[Wn(i + 1, max{j - 1, O}) - Wn(i + l,j)] 8+

Al[Wn(i + l,j; 1) - Wn(i + 1, j + 1; 1)] 8 +

A2[Wn(i + 1, j; 2) - Wn(i + 1, j + 1; 2)] 0 +

v[max{Wn(i + 1, j; 1), Wn(i + l,j; 2)} -

max{Wn(i + l,j + 1; 1), Wn(i + l,j + 1; 2)}] 0

Wn+I(i+ l,j) - Wn+I(i+ l,j +1).

I<D ~ 0 IBy (1) if i > 0, and by (1) and subsequently (2) if i = O.

I ® ~ 8 I By (1) if j > 0, and by (8) if j = O.

I @ ~ 81 By executing decision 1 and subsequently by (1) if i < Cl -1, and by (4) if i = Cl-1.

I @ ~ 0 I By executing decision 2 and subsequently by (8) if j = C2 - 2, and by (1) if j < C2 - 2.

I@ ~ 01 The next decision, d1 say, prescribed by the (optimal) policy corresponding to
Wn (i, j +2), is either 1 or 2. The same can be said about the next decision, d2 say, prescribed
by the (optimal) policy corresponding to Wn (i + 1, j). There are at most four joint cases
(d1 , d2 ), namely: (1,1), (1,2), (2,1) and (2,2).

Under (1,1), we choose 1 in the other two states appearing in (1) as well. Then the result
follows by @ ~ 8 and Lemma 1. Analogously, under (2,2), we choose 2 in the other two
states as well, after which the result follows by @ ~ 0 and Lemma 1.

Thirdly, under (1, 2),

Wn(i,j +1; 1) - Wn(i,j +2; 1)

to which we subsequently apply Lemma 1.

Fourthly, under (2,1),

Wn(i + l,j + 1) - Wn(i + l,j + 2)

Wn(i + l,j; 2) - Wn(i + l,j + 1; 2),

Wn(i,j + 1; 2) - Wn(i,j + 2; 2)

Wn(i,j + 2) - Wn(i, min{j + 3, C2}) + l[j = C2 - 2]

> {induction hypothesis; (8) if j = C2 - 2; (1), (4) if j < C2 - 2 and i = Cl - 1;

(1) twice if j < C2 - 2 and i < Cl - I}

Wn(min{i + 2, Cl},j) - Wn(min{i + 2, Cl},j + 1)

Wn(i + l,j; 1) - Wn(i + l,j + 1; 1),

to which we subsequently apply Lemma 1.

This concludes our proof of (1) for n + 1.

Proof of (2). Let 0 ~ i < Cl and 0 ~ j < C2. Then,

Wn+I (i + l,j) - Wn+I(i + l,j + 1)

J1[Wn(i,j) - Wn(i,j + 1)] <D+ J1[Wn(i + 1, max{j - 1, O}) - Wn(i + l,j)] ®+
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Al[Wn(i + 1, j; 1) - Wn(i + 1, j + 1; 1)] @+

A2[Wn(i + l,j; 2) - Wn(i + 1,j + 1; 2)] ®+

v[max{Wn(i + 1,j; 1), Wn(i + 1, j; 2)} -

max{Wn(i + 1, j + 1; 1), Wn(i + 1, j + 1; 2)}] ®

> {induction hypothesis; <D 2: 0; @ 2: 6; @ 2: 8; ® 2: 0; ® 2: 0; see below}

fL[Wn(max{i -l,O},j) - Wn(max{i -l,O},j+ 1)]0+

fL[Wn(i,max{j -1,0}) - Wn(i,j)]6+

Al[Wn(i,j; 1) - Wn(i, j + 1; 1)] 8 + A2[Wn(i,j; 2) - Wn(i, j + 1; 2)] 0+

v[max{Wn(i,j; 1), Wn(i,jj 2)} - max{Wn(i,j + 1; 1), Wn(i,j + 1; 2)}] 0

Wn+1 (i, j) - Wn+l (i, j + 1).

1<D 2: 01 By (2) if i > 0, and with equality if i = 0.

1 @ 2: 61 By (2) if j > 0, and by @ = 6= °if j = O.

I @ > 81 By executing decision 1 and subsequently with equality if i = Cl - 1, and by (2) if
i < Cl - 1.

I ® 2: °I By executing decision 2 and subsequently by (2) if j < C2 - 1, and by ® = 0 = 1 if
j = C2 - 1.

1® > 01 Analogous to the proof of ® 2: 0 for (1) for n + 1, we distinguish the cases (1,1),
(2,2), (1,2) and (2,1). Again, the first case can be dealt with by choosing 1 in the other two
states as well, and the second by choosing 2 in the other two states as well.

Thirdly, under (1,2),

Wn(i + 1,j; 2) - Wn(i + l,j + 1; 1)

Wn(i + l,j + 1) - Wn(min{i + 2, Cl},j + 1) + l[i = Cl -1]

> {induction hypothesis; (9) if i = Cl - 1; (2), (3) if i < Cl - I}

Wn(i,j + 1) - Wn(i + l,j + 1)

Wn(i, j; 2) - Wn(i, j + 1; 1),

to which we subsequently apply Lemma 1.

Fourthly, under (2,1),

Wn(i + 1,j; 2) - Wn(i + l,j + 1; 2)

Wn(i + 1,j + 1) - Wn(i + 1, min{j + 2, C2}) + l[j = C2 - 1]

> {induction hypothesis; (8) if j = C2 - 1;

(4) if j < C2 - 1 and i = Cl - 1; (1), (2) if j < C2 - 1 and i < Cl - I}

Wn(i + l,j) - Wn(i + 1,j + 1)

Wn(i,j; 1) - Wn(i,j + 1; 1),

to which we subsequently apply Lemma 1.

This concludes our proof of (2) for n + 1 and hence our proof of the Key Proposition.
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o

We now derive Proposition 1 from the Key Proposition by means of two corollaries. Note
that Corollary 3 is exactly Proposition 1.

Corollary 2 For all n ~ 0,

W n(i,j;2)-Wn(i,j+l;2) > W n(i,jj1)-Wn(i,j+l;1), 0:Si:SCl,0:Sj<C2, (10)

Wn(i + l,j; 2) - Wn(i,jj 2) > Wn(i + l,jj 1) - Wn(i,j; 1), 0:S i < Cl, 0:S j :S C2. (11)

Proof. One may easily verify that (10) follows from (8) for 0 :S i :S Cl and j = C2 - 1,
from (1) for 0 :S i < Cl and 0 :S j < C2 - 1, and from (4) for i = Cl and 0 :S j < C2 - 1.
Analogously, (11) follows from (9) for i = Cl - 1 and 0 :S j :S C2, from (3) for 0 :S i < Cl - 1
and 0 :S j < C2, and from (5) for 0 :S i < Cl - 1 and j = C2.

o

Corollary 3 Let n ~ 0, 0 :S i :S Cl and 0 :S j :S C2. If it is optimal to route an arriving
flexible job to station 1 in state (i, j), then it is optimal to route it to station 1 in state
(i,j + 1)' provided j < C2, and in state (i - l,j), provided i> O.

Proof. Let n ~ O. It suffices to show that

Wn(i, j; 1) ~ Wn(i, jj 2) ===? Wn(i, j + 1; 1) ~ Wn(i, j + 1; 2), 0:S i :S cl, 0 :S j < C2, (12)

Wn(i,j; 1) ~ W n(i,j;2) ===? Wn(i -1,j; 1) ~ Wn(i -1,j;2), 0 < i:S Cl,0:S j:S C2. (13)

One can easily verify that implications (12) and (13) are immediate from inequalities (10)
and (11), respectively.

o

3.1 Extension to heterogeneous service rates

In our model we considered homogeneous service rates, i.e., the service rates at stations 1
and 2 were both equal to f.l. Now assume the service rates are heterogeneous and equal to
f.ll and f.l2, respectively, where f.ll f. f.l2. Then, by replacing each occurence of f.l in the DPEs
and all proofs by f.ll or f.l2 (depending on which of the two is applicable there), it is readily
verified that all results and proofs remain intact.

4 Model description Model II

Consider the system depicted in Figure 2. The system consists of two parallel Erlang loss
stations. The first has Cl ~ 1 parallel servers and the second has C2 ~ 1 parallel servers. All
Cl + C2 servers are identical, and service times are exp(f.l)-distributed. Since the stations are
loss stations, there is no queueing. The maximum number of jobs at station 1 is Cl and the
maximum number of jobs at station 2 is C2, as in Model 1.

10
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Figure 2: Queueing system corresponding to Model II

The arrival process is the same as in Model I, i.e., there are three Poisson arrival streams:
two dedicated streams and one flexible stream. Jobs in dedicated stream k (k = 1,2) arrive
according to a Poisson process with rate )...k and automatically join station k. Jobs in the
flexible stream arrive according to a Poisson process with rate v and may join either station.
Upon arrival of a flexible job it must be decided to which of the two stations it is routed.
The decision maker has complete information, Le., he knows the number of jobs at each of
the two stations.

The structure of the system is that of a (semi-)Markovian decision process, and its description
is almost identical to that of Model 1. We distinguish the same states, events, decisions, costs
(or rewards) and assume the same criterion, Le., minimizing the expected number of blocked
jobs over an n-period time horizon. The only essential difference lies in the total service rate
of a station, which is fl o l[i > 0] in Model Iwhen there are i jobs present at that station, and
which now becomes ifl. Consequently, also the uniformization is slightly different. We take
)...1 + )...2 + V + (Cl + C2)fl = 1 without loss of generality. Then, with probability (i + j)fl there
is a real service completion, whereas with probability (Cl +C2 - (i + j))fl there is an artificial
service completion.

4.1 Dynamic programming formulation

Since we have the same states, events, decisions, costs and criterion, the dynamic programming
formulation is almost the same as for Model 1. We use the same notation, Le., the same value
functions Wn(i,j) and Wn(i,j;rr), and we only need to modify the DPE for Wn+l(i,j).
Namely, for n 2: 0 and all 0 ~ i ~ Cl and 0 ~ j ~ C2 (under the convention that iflWn(i -1, j)
is zero for i = 0 and any j, and jflWn(i,j - 1) is zero for j = 0 and any i):

)...1 Wn(i, j; 1) +)...2Wn(i,j; 2) + v max{Wn(i, j; 1)' Wn(i, j; 2)} +
iflWn(i - 1,j) + jflWn(i,j - 1) + (Cl + c2 - (i + j))flWn(i,j)

11



5 Main results for Model II

We claim that Propositions 1, 2 and 3 (and thus Corollaries 1, 2 and 3) all remain intact.
Consequently, the optimal routing policy for Model II has a threshold structure. Note that it
suffices to show that Propositions 2 and 3 remain valid.

It can easily be verified that Proposition 3 holds for Model II as well. The proof is analogous to
the proof given for Model I. For example, consider the right-hand inequality of (8). Consider
two n-period instances of Model II, instance I a starting in (i, j) and instance II starting in
(i,j + 1). We couple all events and all decisions, and also all servers. Instance I a follows the
optimal policy and instance II copies all decisions taken in I a. Let S denote the server that
is idle in I a at time n and serving a job in II at time n.

Then the costs are the same for both instances as long as I a does not route a new job to
server S. If this does not occur before time hits zero, then the difference in reward is O. Now
suppose it does occur before time zero, at time T say. If, even earlier in time, at time T' say, I a
witnessed an artificial service completion at server S and, consequently, II completed service
at server S, then I a and II became identical at T', and hence their difference in reward is O.
Alternatively, assume I a has not witnessed an artificial service completion at server S before
T. Then, at T, the job routed to server S in I a is blocked in II, incurring a reward of -1
for II and causing I a and II to become identical immediately afterwards. So the difference
in reward between I a and II is 0 - (-1) = 1.

We will now focus on Proposition 2, the Key Proposition. For Model I, for each of the
inequalities (1) and (2)' Step 1 of the proof consisted of 5 parts (namely, establishing <D 2: 0
through ® 2: 0). One may easily verify that the last three parts (@ 2: e, ® 2: e and ® 2: 0),
i.e., the parts concerning the three arrival processes, remain intact for Model II, since we have
the same induction hypothesis and the same DPEs at arrival times as for Model I.

It remains to show that <D + @2: 0 + 8 for the terms <D, @, 0 and 8 corresponding to (1)
and (2) for n + 1 for Model II. (Again, (3) will follow from (1) by interchanging the names of
the two stations.)

Proof. We first consider (1). Let 0 ~ i < C1 and 0 ~ j < C2 - 1. Then,

<D+@ = ip[Wn(i - l,j + 1) - Wn(i -1,j + 2)] <D1+ p[Wn(i,j + 1) - Wn(i,j + 2)] <D2+

(C1 - (i + 1))p[Wn(i, j + 1) - Wn(i, j + 2)] <D3+
jp[Wn(i, j) - Wn(i, j + 1)] @1 + p[Wn(i, j) - Wn(i, j + 1)]@2 +
p[Wn(i,j + 1) - Wn(i,j + 1)]@3+
(C2 - (j + 2))p[Wn(i, j + 1) - Wn(i, j + 2)] @4

> {induction hypothesis; @3 = 8 2= 0; <D1 2: 0 11 <D3 2: 0 3, @1 2: 8 11 @4 2: 8 4 by (1);

@2 = O2; <D2 ~ 8 3 by (I)}

ip[Wn(i, j) - Wn(i,j + 1)] 0 1+ p[Wn(i, j) - Wn(i, j + 1)] O2+
(C1 - (i + 1))p[Wn(i + l,j) - Wn(i + l,j + 1)] 0 3 +
jp[Wn(i + l,j - 1) - Wn(i + l,j)] 8 1+ p[Wn(i + l,j) - Wn(i + l,j)] 8 2+
p[Wn(i + 1, j) - Wn(i + 1, j + 1)] 8 3+
(C2 - (j + 2))p[Wn(i + 1, j) - Wn(i + l,j + 1)] 8 4
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= O+el.

Remark 3 In the derivation above we have used explicitly that the service rates of the servers
at station 1 are equal to the service rates of the servers at station 2.

Next, consider (2). Let 0 ~ i < C1 and 0 ~ j < C2. Then,

<D = itt[Wn(i,j) - Wn(i,j + 1)] <Dl + tt[Wn(i,j) - Wn(i,j + 1)] <D2+
(C1 - (i + l))tt[Wn(i + 1, j) - Wn(i + 1, j + 1)] <D3

> {induction hypothesis; <D2 = O2; <Dl ~ 0lr <D3 ~ 0 3 by (2)}

itt[Wn(i - 1, j) - Wn(i - 1, j + 1)] 0 1 + tt[Wn(i, j) - Wn(i, j + 1)] O2 +
(C1 - (i + l))tt[Wn(i, j) - Wn(i, j +1)] 0 3

0,

and

® jtt[Wn(i + 1,j - 1) - Wn(i + 1, j)] ®l + tt[Wn(i + 1, j) - Wn(i + 1,j)] ®2 +
(C2 - (j + l))tt[Wn(i + 1,j) - Wn(i + 1, j + 1)] ®3

> {induction hypothesis; ®2 = el2 = 0; ®l ~ ell, ®3 ~ el3 by (2)}

jtt[Wn(i, j - 1) - Wn(i, j)] ell + tt[Wn(i, j) - Wn(i, j)] el2+
(C2 - (j + l))tt[Wn(i, j) - Wn(i, j +1)] el3

el,

so <D ~ 0 and ® ~ el, and thus <D+® ~ O+el.

This concludes our proof of the Key Proposition for Model II.

o

5.1 Extension to heterogeneous service rates

Although not particularly interesting from a practical point of view (the service times in a
wireless network are determined by the users, not by the communication channels of the base
stations), a natural question would be whether the threshold structure also holds in case of
heterogeneous service rates, i.e., in case each of the C1 servers at station 1 has service rate ttl
and each of the C2 servers at station 2 has service rate tt2, where ttl =J. tt2. This remains an
open problem. Our approach for (1) will not work directly; d. Remark 3. In fact, (1) need
not even hold in case tt2 > ttl; see the following (counter)example.

Example 1 Consider the following instance of Model II with heterogeneous service rates:

Al = A2 = 0, V = 1
5
7' ttl = 117 , tt2 = 1

3
7 and C1 = C2 = 3.

For this instance we have calculated the optimal routing policy for the average reward
criterion. The desired accuracy was reached after 116 iterations (the accuracy in the
calculations is 10-5). We found

W l1d2, 1) - W116 (2, 2) = 0.094 < 0.097 = Wl16 (3, 0) - W116 (3, 1),

which violates inequality (1).
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Despite the fact that (1) does not hold in general if JL2 > JLI, the threshold structure of the
optimal policy may still very well apply, because Proposition 2 is not a necessary condition
for Proposition 1. For example, the optimal policy for the instance considered in Example 1
(clearly) is to route to station 1 only if station 2 is loaded to capacity, so it is still of a
threshold type.

Perhaps counterexamples can be constructed that show that the optimal policy need not be of
a threshold type in general, although we have not yet found any. Alternatively, if one wishes
to prove that the optimal policy always possesses the threshold structure, then an alternative
approach is required than the one used in this paper, since the Key Proposition is lost when

JLI =F JL2·

5.2 Optimality of Least Loaded Routing in the symmetrical case

In this section we prove the following proposition, which states that in case of equal dedicated
arrival rates and equal capacities, Least Loaded Routing, i.e., routing to the station with the
least number of occupied channels, is the optimal routing policy.

Proposition 4 {OPTIMALITY OF LEAST LOADED ROUTING}

Assume Al = A2 and CI = C2 (and JLI = JL2). Then, for any n, Least Loaded Routing (LLR)
is the optimal routing policy.

The assertion follows from Corollary 1 if one of the two stations is loaded to capacity. Define
A := Al = A2 and C := CI = C2. It is readily verified that for i < C and j < c the assertion is a
corollary of the following proposition.

Proposition 5 For all n ~ 0 and 0 ~ i < j < c,

(14)

Proof. By induction. Inequality (14) holds by definition for n = O. Assume that for
some n ~ 0, (14) holds for all 0 ~ i < j < c; this is our induction hypothesis. Then, for
o~ i < j < c,

Wn+I (i + 1, j)
A[Wn(i + 1, j; 1) +Wn(i + 1, j; 2)] + v max{Wn(i +1, j; 1), Wn(i + l,j; 2)} +
(i + I)JLWn(i,j) + jJLWn(i + l,j - 1) + (2c - (i + 1) - j))JLWn(i + l,j)

> {induction hypothesis; Wn(i + l,j;2) ~ Wn(i,j + 1;2) by (9) if j = c - 1;

Wn(i +2,j) = Wn(i + l,j + 1) by symmetry if i = j - I}

A[Wn(i, j + 1; 1) +Wn(i, j + 1; 2)] + v max{Wn(i, j + 1; 1), Wn(i, j + 1; 2)} +
iJLWn(i - 1, j + 1) + (j + I)JLWn(i, j) + (2c - (i + 1) - j))JLWn(i, j + 1)

Wn+l(i,j + 1).

o

Following the same steps, one may easily verify that LLR (which can then be referred to
as the shortest line discipline) is also the optimal routing policy in the symmetrical case of
Model 1.
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