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Multi-scale modelling of paper
hygro-mechanics
An asymptotic homogenization approach

E. Bosco, R.H.J. Peerlings and M.G.D. Geers

/ department of Mechanical Engineering / Mechanics of Materials

Project goal
Moisture induced deformations of paper strongly influence the
industrial performance in the field of digital ink-jet printing. The
aim of this project is to link the hygro-mechanics of paper at the
sheet level with the response of the underlying fibrous network,
see Figure 1.
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Figure 1: Multi-scale nature of the hygro-expansive phenomena af-
fecting the dimensional stability of paper.

Meso-scale fibrous network
The meso-structure is described through a 2D fibrous network,
see Figure 2, in which the anisotropy is included through an ori-
entation probability density function [1]. The fibres are described
as transversely isotropic continua. The mutual constraint be-
tween fibres in hygro-expansion is accounted for by treating the
inter-fibre bonds as layered composite plates.

(a) (b)

Figure 2: Meso-structural fibrous network, showing the local hygro-
mechanical properties: (a) Cy1y1/EL and (b) βy1y1/βL .

Asymptotic homogenization
The effective hygro-mechanical properties of the network are de-
rived via asymptotic homogenization. Asymptotic homogeniza-
tion [2] is based on the separation of the macro-scale and meso-
scale components of the solution, by defining a slow variable x
associated to the macro-scale and fast variable y associated to
the meso-scale. The displacement field is represented by asymp-
totic expansions in powers of η = y/x:

u = v0 + η( v1 + 3N1 : ∇v0 + b1χ) (1)

Functions 3N1 and b1 (see Figure 3) describe the meso-scale

corrections to the overall displacement field associated with the
overall strain and with the overall moisture variation, respec-
tively.

Figure 3: Functions (a) N1
111 and (b) b11.

Results
The effective stiffness referred to an isotropic fibre orientation is
shown in Figure 4 as a function of the coverage, for five different
network realizations. The stiffness increases with the coverage.
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Figure 4: Stiffness versus coverage (magenta Cy1y1 , blue Cy2y2).

The corresponding effective hygro-expansive coefficients, illus-
trated in Figure 5, approach a limit value as coverage increases.
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Figure 5: Hygro-expansive coefficient versus coverage (magenta
βy1y1 , blue βy2y2).

Conclusions
The proposed model offers a powerful way to predict the effective
hygro-mechanical properties of paper by incorporating geomet-
rical and physical features of the fibrous network.
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