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Chapter IV 

Mathematics education at university level 

J. H. van Lint 

INTRODUCTION 

This chapter deals primarily with the education of mathematicians, although some trends related 
to disciplines which need mathematics as a tool are discussed in section 4. There is nothing about 
incidental mathematics courses which students in many different areas may take as options. 

It is clear that suggestions which are useful in the context of one country are not necessarily 
useful everywhere. Nevertheless we hope that readers of this chapter will find something which 
they recognize as useful to them. If the information they subsequently require is not in the 
chapter (lack of space has limited me in mentioning sources) then they should write to me and I 
shall help if I can. 

One extremely useful report should be mentioned right away, Mathematics in India, Meeting 
the Challenge ( 1973). A report concerning Europe, with nearly the same title as this chapter, 
appeared a few years ago (Fiala, 1970). 

Some comments on the scope are necessary. In November 1975, an outline of this chapter was 
sent to 200 universities all over the world. Many questions were included with a request for 
answers and general information. The author is extremely indebted to those colleagues who took 
the trouble to send him answers, in fact often lengthy reports of a quality exceeding that of the 
present survey. Many of the suggestions were most helpful. This chapter was intended to be a 
report on international trends and I trust that many correspondents will indeed recognize some 
of their contributions and answers to the questionnaire in the following sections. 

The final version of the chapter was written after the Third ICME in Karlsruhe and it 
incorporates a number of suggestions and corrections which were made by participants at the 
meeting and by an international panel of experts on the subject of this chapter. 

I am most thankful for the international assistance which I received, and which helped me in 
taking personal responsibility for the contents of this survey. For the sake of information of the 
readers I mention the countries which contributed: Canada, United States, Costa Rica, 
Venezuela, Brazil, Argentina, Ireland, United Kingdom, Norway, Sweden, Denmark, Netherlands, 
Federal Republic of Germany, France, Switzerland, Italy, Czechoslovakia, Bulgaria, Libyan 
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Arab Jamahiriya, Egypt, Uganda, South Africa, Lebanon, Kuwait, Qatar, Bangladesh, India, 
Japan, Singapore, Australia, New Zealand. Besides these countries I mention Ghana, Israel and 
the U.S.S.R. because of contributions made at the Karlsruhe Congress. 

Following this introduction, there are four sections in this chapter: 1. Curriculum trends 
(contents and objectives); 2. Structure of the programme (educational methods); 3. Mathematics 
as a minor subject; and 4. The role of university mathematics teachers. Within each section, we 
shall first discuss trends in objectives if they exist and then turn to trends concerning the actual 
achievement of these objectives. On that background, we discuss some of the corresponding 
problems and possible solutions for these. 

1 CURRICULUM TRENDS 

The education of mathematicians at bachelor's, master's and Ph.D. level has in many countries 
and during a long period of time essentially been based on the assumption that they would 
become research mathematicians, future university staff, or something comparable. Even the 
mathematicians who became teachers at secondary level or found employment in industry were 
often trained as research mathematicians. However, this has not been the case in all countries and 
now the pattern is changing everywhere, i.e. the objectives of mathematical education at 
universities are much more diverse than before. As an example we mention that the education at 
bachelor's level in many colleges in the United States has noticeably had as its objective the 
production of students who would be accepted by good graduate schools, while now a trend in 
the other direction - offering a balanced education leading to a good terminal degree - is 
starting. There is also increasing realization of the value of a bachelor's degree in mathematics 
as preparation for graduate work in fields other than mathematics. For data concerning trends 
related to undergraduate mathematics courses in the United States in the past five years, we refer 
to Botts and Fey (1976). 

In a number of countries there now exist short terminal programmes; for example, 2-year 
courses for programmers and statistical analysts. A programme related to business and economics 
is described by MacDonald (1976). The development of more balanced programmes mentioned 
above, as opposed to the idea of specialization, is a trend which is being forced by the 
employment situation. 

Another trend affecting the curriculum is caused by philosophical changes. In some countries, 
interpretations of the idea of "equality" of people have led to an egalitarian attitude which has a 
negative influence on the level of the curriculum. 

A problem which has clearly not been solved, judging from the many situations that were 
described, is the idea of splitting mathematical education into several stages such that each of 
these is not only the qualifying part for the next stage, but also a satisfactory education to 
terminate with and then find corresponding suitable employment. In such a system, the first 
level would cover basic mathematics and specialization could occur at subsequent levels. There is 
some experience with this idea in Bulgaria (Iliev, 1976). 

1.1 Early years - e.g. leading to a bachelor's degree 

We consider below problems relating to the education of students entering the university, after 
some kind of secondary education, with the intent of majoring in mathematics. 
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1.1.1 More abstract courses 

About 20 years ago, Bourbakism started to have its effect on the first years of mathematical 
education. Traditional calculus and geometry courses were replaced by more abstract courses. As 
examples we mention introduction of general topology and metric spaces at a very early stage of 
the curriculum. Even abstract integration and Lebesgue integration in the freshman year has 
occurred. The most significant change was the disappearance of geometry which became 
completely algebraic (linear algebra, etc.). Probably this process started in France where the 
introduction of abstraction in the freshman year was easier because of generally higher level of 
the students entering university. For a long time one could say that increasing abstraction was a 
trend almost everywhere and simultaneously an ever increasing stress on "rigour". From the 
answers to our questionnaire, it seems that there are only a few countries where the process has 
not started yet (we know of Japan and the U.S.S.R.). Many correspondents report that 
abstraction is still increasing. However, from the majority of the replies the impression emerges 
that the most general recent trend is a slowing down of the process and in many countries a 
definite reversing of the tendency towards rigour and abstraction. Complaints about lack of 
motivation for the mathematics which is taught and not enough intuition being used in the 
courses are general. 

It is of course hard to measure the effect which this abstraction has had. However, there is a 
feeling that it has led to a compression of material, making it harder for students to absorb the 
course content and to relate it to concrete problems, to examples in physics, etc. It is significant 
that most universities in the United Kingdom and the United States feel that we have overreached 
ourselves. The effect has been that some students have learned to play the game, with little 
idea why, and that the weaker students were completely lost. 

This is an area where international discussion is desirable. The countries where certain mistakes 
have not been made yet would certainly profit! Clearly the language of metric spaces and the 
methods of linear algebra have been an improvement and they will remain, along with many 
notational improvements. It would be wise to find a balance between those new methods which 
have generally been considered succesful and the topics in concrete analysis, geometry, physical 
applications, etc. which disappeared but should not have done. 

1.1.2 New subjects 

Besides the change in style treated in the previous section, another significant trend has been the 
introduction of new subjects in the curriculum for the early years. In the first place, we mention 
statistics which has made its entry practically everywhere. In some countries, the change has been 
easier because probability theory was introduced in the secondary school programme (although 
there is some doubt whether the pupils really learn much about probability theory). A 
recommended programme can be found in A Compendium of CUPM Recommendations, Vol. II 
( 1973). In some places, topics from operations research have also been introduced. 

Next on the list are subjects from computer science (or informatics as it is now called). Both 
these and probability theory mentioned above are usually compulsory subjects. As far as 
computing is concerned, the minimum is usually a course on programming. Other topics are 
algorithms, languages and elementary numerical analysis. We refer to A Compendium of CUPM 
Recommendations, Vol. II, p. 571-627, where the main theme is the introduction of computing 
aspects into many different topics of the curriculum. 

A more recent trend is the introduction of a selection of topics from discrete mathematics in 
the early years (e.g. the United States, eastern Europe, Netherlands, Denmark). There are many 
reasons for this. Clearly there are strong connections with applications, statistics and computing. 
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Another important point is the possibility of offering a challenge in a programme that might 
otherwise bore or scare off many students. Most important of all is probably the possibility of 
rediscovery (by the students) of results, which has become rather unlikely in the more abstract 
parts of the curriculum. 

Of course, the coming of new subjects has implied the disappearance of others. One of these is 
geometry. From many responses it has become clear that practically everywhere the amount of 
physics which is compulsory for students of mathematics has decreased very much, sometimes 
to nothing! In the long run this may prove to be a most unfavourable development. In some 
universities, extended courses in the new topics treated in this section are options. They seem to 
be replacing courses in hard analysis and other difficult subjects, thus creating the danger of 
unbalanced education and too early specialization. 

As developments in the near future we expect, an increase in the number of computing-oriented 
calculus courses (cf. CUPM Recommendations, Vol. II), more emphasis on the algorithmic 
approach to mathematics (cf. Chapter XIII), and a growing influence of hand-held calculators on 
the curriculum, probably also in high schools (National Science Foundation Report, 1976). 
When considering such trends and maybe even more such innovations, it is essential that we keep 
in mind that basic analysis, linear algebra and elementary probability theory remain the most 
important subjects to teach and are usually more than enough for most students to digest. 

1.1.3 Level of students at entrance 

In this section we examine trends related to the level of students entering the university. Mathe
matical education at primary and secondary level has been changing much more in recent years 
than at the university and the effects of this change are being felt. Some sources observe an 
increase in the ability of young students to handle abstraction (whatever that may be worth; 
cf. Chapter III, section 3.4). In some countries, the introduction of probability theory in 
secondary schools has had favourable effects. Certainly the early use of linear algebra is 
considered advantageous, but the toll that had to be paid was too heavy. From all corners of the 
world one hears that because of the replacement of Euclidean geometry average students now 
have practically no geometric knowledge, intuition or insight, and as a result one has to devote 
more time to trying to help students to develop this insight. 

There were some correspondents who observed that in their country the goal of secondary 
education was not to prepare for tertiary education but to prepare for life as a citizen. Often this 
is a reaction against past university dominance of final year secondary school curricula. In 
countries where this is true, the preparation for tertiary education apparently becomes a 
preliminary task of the universities! 

It was the opinion of some of the participants at the Third ICME that even if present day 
secondary education is a less suitable preparation for a university education in mathematics, it 
has become a better education for the majority of the pupils (who do not go on to study mathe
matics). 

Practically universal is the complaint about a most significant trend: the strong decrease in 
manipulative skills of students entering university. The same is true for other fundamental skills 
such as reading and writing. (Older people claim that this complaint has always been made!) 

Not always, but certainly quite often, the "new math" is described as a complete failure, 
partly because too much change took place too quickly after decades of immobility, partly 
because the teachers were not prepared for the change and there was not enough suitable material 
available (see Chapter VIII, section 2.1). Data to support opinions are known (e.g. a project by 
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Dr. J. Hunter of the University of Glasgow to measure the state of preparedness of students at 
entry to the university). However, in the United States new math has been around for about 
twenty years. The recent sudden drop in preparation of first year undergraduates cannot be due 
to new math alone. Probably the causes are of a social nature. It is very important to find out 
what they are. 

Besides the change of mathematical material in secondary schools, many new subjects have 
been introduced, resulting in a decreasing number of classroom hours for mathematics (in several 
countries). In addition to a decrease in manipulative skills it seems that students are also less 
able to handle problems including several steps. In many universities, it has become necessary to 
use remedial teaching for the freshmen. In others, which have not reacted yet, it is feared that 
soon the standards will have to be lowered. It is not unreasonable to assume that one of the most 
important factors influencing the level of the freshmen is the tremendous increase in the number 
of students entering university in recent years. First of all, this means that the social and cultural 
background of the present day student differs from what it was. 

This implies an increased educational task for the universities. Furthermore, many students are 
far less motivated than they used to be and many are absolutely unable to complete the 
traditional university education. Consequently, considerably more staff energy goes into guidance 
and counselling than into the teaching itself. It is probably advisable to have an examination at 
the end of the freshman year and to structure the curriculum in such a way that the first year 
gives a good indication of the probability of completing a mathematics education in a reasonable 
time. At least this is better than having an entrance examination for possibly insufficiently 
prepared students. It is clear that if one follows this suggestion, a high dropout rate after one 
year should be considered acceptable. 

Besides the remarks made above, it is a personal impression of the author that every year 
students are less able to express themselves reasonably in their own language (or any other), 
which clearly has a disastrous effect on the ability to study mathematics. 

One can hardly expect an easy solution for the problems of this section. The topic "new 
math" alone is enough for lengthy arguments. However, some of the facts mentioned above, 
observed by many authorities, make it clear that in the future there should be much more 
contact between secondary and tertiary education concerning programmes and methods. We refer 
to a recent report by the German Mathematical Society concerning insufficient preparation of 
undergraduates in mathematics (Deutsche Mathematiker-Vereinigung, 1976). The fact that the 
expression "remedial teaching" was used by a number of correspondents shows that there is not 
enough agreement on the division of tasks between secondary and tertiary education (see also 
Chapter III, section 3.6). 

At a meeting on the teaching of mathematics at university level, held in Strasbourg in 1969, 
one of the conclusions was that pre-university education for those who wish to take up university 
studies in mathematics should include some linear algebra, elementary functions and some 
calculus, the terminology and notation of set theory, the notion of a group and group 
isomorphism through examples and some combinatorial calculation (Fiala, 1970). I believe that 
it should be made clear that this list should also include geometric insight (and it should be 
specifically stated what is actually desired in this respect), manipulative skills and maybe some 
elementary probability theory. Even without those, it is doubtful whether the recommendations 
of the Strasbourg meeting can be achieved in present day secondary education. 

Concerning the level of students entering the university mathematics departments in 
developing countries, there is a trend that should be mentioned. In many of these countries, the 
importance of mathematics is not realized sufficiently by the authorities and consequently the 
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career possibilities for mathematicians are not as appealing as those in many other fields (mathe
maticians receive low salaries). The level of the freshmen reflects this undesirable situation; 
changing it is strongly advised! 

1.1.4 The non-mathematical content of the programme 

It is much more difficult to identify general trends in the non-mathematical content of the 
undergraduate programme. There have always been tremendous differences from country to 
country. Language requirements were absolutely necessary (as a preparation for future study) in 
many countries and this remains true, whereas in others the necessary knowledge of languages is 
obtained through secondary education. 

Also, the objectives of undergraduate education still vary from a preparation for further 
education in mathematics to a broad general education with an accent on mathematics. In 
general, the English-speaking countries still have the broadest programme, whereas many 
European countries have curricula including only mathematics, physics and mechanics. 

Nevertheless, there is a general trend towards a decrease in the number of compulsory physics 
courses and also in the number of physics courses which are chosen when they are optional. 

In some universities, the increase in the number of students has resulted in parallel courses, 
e.g. a course on physics especially for mathematicians (instead of both mathematicians and 
physicists). Strangely enough, there are many many complaints that this has lowered the level 
of teaching of physics for mathematicians. Such facts, and the presence of many new areas where 
mathematics is applied at a reasonable level, e.g. economics, have led to a decreasing appreciation, 
by both students and faculty, for physics as part of a mathematics education. Many universities 
report that physics has completely disappeared from their mathematics programme. A few 
mention that as a reaction to the over-abstraction of a few years ago mechanics and physics have 
been reintroduced as compulsory subjects. 

A second general trend is that the number of non-mathematical options has increased. Again 
this varies quite a lot. Sometimes it means courses in economics, computing, general science, etc. 
In other cases it is broader, including subjects like geography or geology. 

But often, e.g. United States, United Kingdom, practically anything seems to be a possible 
subject. In these countries, together with a larger variety of options, there is a decrease in the 
number of compulsory courses. 

If we look at the countries where a bachelor's degree is only a preparation for graduate study 
and not a degree with which one can terminate the study, there is a definite trend to have less 
time available for non-mathematical parts of the curriculum. Partly, these have had to make way 
for statistics and computing, just as some parts of mathematics itself have had to be dropped. 

1.1.5 Mathematical models 

Our next subject is connected to the previous one. It is not a widespread trend yet, but starting 
slowly in a number of countries (e.g. United States, United Kingdom, France, Netherlands, the 
Scandinavian countries), courses in the construction of mathematical models are being 
introduced. (We refer to Chapter XII, and to Maki and Thompson, 1973.) Usually there are 
several motivations for this such as the decrease in physics courses, the increasing number of 
disciplines in which interesting mathematical problems arise, the fact that only a few of the 
students will become academic mathematicians, etc. Generally the courses emphasize the 
principles behind the construction of mathematical models, and how a model should contribute 
to the understanding of the real situation it is intended to describe. It is recommended that the 
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problems should be chosen from a wide range of different subjects. There is not much experience 
with these courses yet, and on the whole this is a difficult theme to teach. A lot depends on 
non-mathematical questions, such as good judgement and understanding of the practical situation. 
Furthermore, if one wishes to teach such courses early then one is often faced with the problem 
of not having enough mathematics available to actually solve the mathematical problem. We 
expect that the number of courses of this type will increase in the future. Designing them is a lot 
of work. To avoid unnecessary duplication of this work, it is desirable that course contents, 
results, classroom experience, etc. are published (e.g. in Educational Studies in Mathematics or 
the International Journal of Mathematical Education in Science and Technology). For a report 
on this subject, we refer the reader to § 3.3.2 of Adapting university mathematics to current and 
future educational needs (London Math. Soc., 1975). Also see the CUPM Recommendations 
(1973), Noble (1967) and Gross (1972). 

1.1.6 Mathematical engineering 

For more than ten years, there have been institutions in some countries offering a programme of 
mathematical engineering, e.g. the technological universities in the Netherlands, in Darmstadt, 
Vienna, Graz, some of the Ecoles d'Ingenieurs in France, some institutions in the United 
Kingdom and Sweden. Since the phrase "mathematical engineering" is probably unfamiliar, we 
shall define it in this section. First of all, we do not identify it with applied mathematics (Seidel, 
1973, and SIAM Review, 1975). Neither are we thinking of short programmes in industrial 
mathematics with internships in industry (sandwich courses). 

The original questionnaire which was sent out to prepare this chapter contained a question 
asking whether the curricula at universities and technological institutes were growing further 
apart (in the Netherlands, Denmark and Argentina the answer was yes; in France the opposite 
is the case). The question caused a lot of confusion since there is a tremendous diversity in 
technical institutes, technological institutes, etc. 

In this chapter we mean by institutes of mathematical engineering, institutes which offer an 
education in technology at the university level. Many countries have technical institutes of a 
considerably lower level than universities and the point of the question was lost. In some of these 
countries, the technical institutes were imitating the university curricula in an attempt to improve 
their image. Still others did have technological universities but their mathematics departments 
offered the same education as universities. 

Somewhat closer to what is meant by mathematical engineering is the possibility of 
specializing in mathematics offered by some engineering and physics departments (e.g. Sweden). 
I am convinced that for the future it is most important that in every country there should be a 
possibility to obtain an education in mathematical engineering. Certainly for the developing 
countries this is essential, but it is equally important in the countries which have been producing 
too many potential academic mathematicians. Finally, future teachers of mathematics will 
probably do a better job if they have been educated with a good background in applications. 

The main principle behind the term mathematical engineer is that one must learn to 
understand the problems of non-professional mathematicians, find solutions and then explain 
them to the customers (McLone, 1973). A long and extremely useful discussion of what one 
wants can be found in "Education in Applied Mathematics" (SIAM Review, 1967); here, 
however, the theme was still applied mathematics. A more accurate description of what is meant, 
including a possible programme, can be found in "Mathematical engineering, a five-year program", 
p. 649-683 in the CUPM Recommendations. 

An important problem to be discussed in connection with this different curriculum is how to 
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inform both those teaching mathematics and those giving advice on careers what the mathematical 
engineering programmes are. Even today it is not uncommon for a secondary school teacher in 
the Netherlands to advise a pupil interested in mathematics not to go to a technological 
university because no "real mathematics" is taught there; this seems to happen in other countries 
too. 

1.1. 7 Students' opportunities for choice 

What are the trends regarding the amount of choice which students have when making up a 
programme? In preparing for this survey, it was my opinion that this has been increasing. The 
basis of this opinion was knowledge of programmes of some years ago involving practically no 
choice whatsoever, and information on recent local trends. 

From most of the correspondents I learned that in the early years there generally still is very 
little choice. The institutes where the early years are preparatory usually offer the possibility 
of choosing from a few, otherwise practically fixed, programmes. In many universities in the 
United Kingdom and the United States (more generally in those countries where one can 
terminate with a bachelor's degree) there is indeed more choice than ever. From some of the 
correspondents I received the impression that this had gone too far, leading to extremely un
balanced programmes and superficial development. There is very little point in studying to 
become a dilettante in three different subjects simultaneously. Generally, the system of degrees 
based on a number of credit points only did not meet with much approval. 

A problem we face in the coming years is increasing pressure from students for more choice 
and options, supported by members of staff who wish to teach their own specialism. Concerning 
this problem, there are two recent trends. First of all it is clear that in the past years there has 
been an enormous amount of thinking and talking about curricula meeting the needs of society 
and of the students. At the same time we observe the trend that more and more students (even 
among those who do not know any mathematics yet) seem to believe that they know better 
what they should learn than do their educators. In my opinion it would be irresponsible to give 
in, even though it would certainly be easier and save us a lot of time! 

1.2 Later years - leading to something like a master's degree 

In this chapter, the treatment of the education of mathematicians after the bachelor's degree has 
been split into a section on the master's degree and one on the doctorate. In some cases, this does 
not fit the actual situation, e.g. sometimes the Ph.D. follows after the bachelor's degree. That this 
is becoming less common in the United States can be seen from a report in Notices of the 
American Mathematical Society (1976). If the Ph.D. follows after the bachelor's degree, I would 
consider the course work required for the Ph.D. as comparable with the master's education in 
those countries where this is the common terminating degree. In section 1.3. I below on Ph.D. 
programmes we shall be interested in the thesis. 

In the master's phase we consider three qestions: first, the degree of specialization and 
corresponding trends; next, the interaction of mathematics with other fields, - at this stage it is 
no longer a question of motivation for doing mathematics but a question of true applications of 
advanced mathematical techniques to other subjects; and finally, we raise the question whether 
at this stage of education the student is actually preparing for some specific function as a mathe
matician in society. 

1.2.1 Specialization 

The question of specialization in the circulated questionnaire has not produced replies of very 

73 



Mathematics Teaching IV 

much interest. Many universities answered that indeed specialization at this stage was common, 
notably so for the typically vocational directions such as statistics and computer science. It was 
not unusual that the degree of specialization depended on whether a Ph.D. programme existed 
or not. In the former case, one tried to postpone specialization; in the latter, specialization at 
master's level was unavoidable. No trend can be discerned. It is true that in countries where the 
employment situation gives cause for concern the question has been asked whether a more 
general education would increase the possibility of finding employment after graduation. 
However, this has not led to any action yet. 

1.2.2 Interaction between mathematics and other sciences 

Traditionally physics has been the subject where students of mathematics could study the inter
action of mathematics with other sciences. Here, high level mathematics is used and quite often 
the mathematics was even developed to handle the physical situation. Departments with a strong 
applied mathematics group still stress such applications. However, the decreasing knowledge of 
physics which the students have is making this more difficult. Many departments mention both 
biology and economics as subjects which are playing an increasing role in the curriculum at this 
level, and some already have research groups in one of these areas. Quite often the final year of 
study is spent on a joint project with a biology or economics department. Future developments 
in this area look promising. Whether catastrophe theory falls under this heading is not clear, but 
it was mentioned a few times. 

There are departments of mathematics which have established contact with industry, seeking 
to identify industrial problems where mathematicians can help or where interesting mathematical 
problems arise. This is a trend to b.e encouraged but it will take some time to develop. It certainly 
would be valuable for students to participate in these activities. 

With respect to this question, control theory was mentioned a few times. Probably this is 
considered too mathematical to fall under the present heading. The social sciences other than 
economics were not mentioned at all. Clearly, the mathematics used in this area is not of a 
sufficiently high level to be able to contribute to the mathematics curriculum at graduate level. 

If we consider this part of the curriculum of importance (and the author certainly does), then 
there is a big problem to be solved. Smaller universities and also the universities in the developing 
countries often do not have staff in the mathematics department with any knowledge of subjects 
such as biology or economics. (In larger universities, joint appointments have proved to be quite 
succesful.) There is very little literature which would make it possible to organize seminars on 
these topics. How can one, in such circumstances, introduce such topics? It may interest the 
reader that some of the large departments of mathematics admitted that very few of their staff 
knew even any physics! 

1.2.3 Preparing for specific functions in society 

Is the curriculum designed in such a way that in the final part of the course the student is 
actually preparing for some specific function as a mathematician in society? Let me start with the 
developing countries where this is a very important question and where the danger exists that 
universities stress some subjects unwisely. Sending the students abroad for the final phase of 
education may be questionable, since it is essential to give them motivation and opportunity to 
serve in their own country after graduating and this indicates that they should remain there. The 
project known as Centre Pedagogique Superieur de Bamako in Mali is apparently succeeding in 
this respect. We refer the interested reader to a report on this project (D'Ambrosia, 1975). We 
also remark that it is not very stimulating for mathematicians in developing countries if their 
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countrymen who finally return home after a prolonged stay abroad get appointed to higher 
positions than those who remained in the country to do a lot of very necessary work! 

With the exception of eastern Europe, there seems to be very little attention paid to the future 
functions of the students in the design of the programme. An exception is of course made for the 
vocational directions such as statistics and computer science. Clearly the mathematical 
engineering programme mentioned earlier is specifically designed to create mathematicians who 
will work in industry. On the other hand, some countries have practically no preparation for 
mathematicians in industry. A common answer to my question was that there was such a 
diversity of careers that the only sensible thing to do was to teach mathematics in its own right. 
A good mathematician can learn the rest in a preliminary period of training in his chosen career. 
One trend mentioned was stressing the necessity of learning how to write about project work. 
This is useful in many future careers. 

Although the education of future mathematics teachers was originally excluded from this 
chapter we cannot ignore it completely. It is my strong opinon that the preparation of teachers 
for the highest secondary level definitely belongs to this chapter, because I feel that they should 
receive a rather large part of their education together with future research mathematicians and 
industrial mathematicians. However, a student intending to become a teacher should also prepare 
for this function while he is at the university. Therefore the problem is related to the present 
section and a question concerning the education of future teachers was included in the 
questionnaire. In some countries, secondary school mathematics is not taught by university 
graduates (a deplorable situation) and hence the question was left unanswered. General agree
ment with my point of view (reflecting the situation in the Netherlands) came from the United 
Kingdom. Here the attitude was also that intending teachers should study mathematics deeply 
and widely and should be familiar with its place in society as a whole. In some British universities 
special programmes exist (Howson, 1975). 

It is the opinion of the author that future teachers should have a course on the language and 
the structure of mathematics which should be taught by a first rate mathematician. Essential 
questions such as "What is a variable?" and "What is an axiom?" should be treated in the course. 
Also, the recent history of mathematics should be treated in a special course. In any case, some 
experience with research (at any level) is necessary. 

A notable programme preparing students for a specific function is the Doctor of Arts 
programme (cf. section 1.3.1 below). This includes topics in the teaching of undergraduate 
mathematics. 

1.3 (Post-) graduate - doctorates and later 

1.3.1 The Ph.D. programmes 

Regarding trends in Ph.D. programmes, there is much to report, including some quite interesting 
developments. Before considering these, we discuss the situation where no Ph.D. programme 
exists. There are several reasons for this. In Norway and Denmark, there is a doctorate of higher 
level than we mean by the Ph.D., and the work is done without supervision. In Sweden and 
Denmark, there exists a new doctorate at the Ph.D. level. The purpose is to facilitate the entry 
of graduates into the job market. In Italy, there is no Ph.D. programme. Many smaller universities 
and at present many universities in developing countries do not offer such a programme, and as a 
consequence, students often go abroad to obtain a Ph.D. For other reasons it also happens (e.g. in 
Europe) that students acquire their degree in a foreign country. Besides the obvious language 
problems, different entrance standards, prerequisites, etc. make this switching from one university 
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to another much harder than it should be in this age. A suggestion worth looking into is the 
following. It should be possible for a university in a developing country to establish a form of 
co-operation with a university in a foreign country (for example in Europe). This co-operation 
could be structured in such a way that it becomes easier for the host university to accept students 
from abroad, and to arrange for the home institution to award the degree when the student has 
reached a level which is locally acceptable. Certainly there is no reason (at present) to insist that 
the Ph.D. degree should have the same level everywhere. 

The situation concerning the Ph.D. production in the United States and Europe has been quite 
different, but in both cases it has led to new ideas about the programme. The United States has 
had an overproduction of Ph.D.s. This overproduction was caused by the fact that during a long 
period the number of students increased rapidly and there were not enough Ph.D.s to fill the 
teaching positions. This has now reversed. A resulting trend is a tendency to make the programme 
broader to try to produce employable mathematicians. Certainly the percentage of Ph.D.s. in 
applied mathematics is increasing. 

In many European countries it has always been difficult to get a Ph.D. in mathematics, 
certainly if one compares with other disciplines (e.g. in the Federal Republic of Germany less 
than 3 per cent of the master's degrees go on to the Ph.D.). In France the level is even going 
up. In a number of countries the level is being reconsidered and requirements are being slightly 
lowered. 

A considerable piece of original research remains the main requirement, but it has become 
possible (e.g. France, Netherlands) to get the degree on the basis of a collection of papers written 
in a period of less than five years to which an introduction has to be added. In other countries, 
similar systems are sometimes used (even without the time limit), in some cases including 
compulsory course work. 

Another trend seems to be that the value attached by society to a Ph.D. degree is decreasing, 
with the exception of academic circles. It is claimed by some people that it is harder to find 
certain kinds of employment (such as a teaching position in a 2-year college in the United States 
and certain positions in industry), if one has a Ph.D. degree than without it. It would be most 
undesirable if it became a general attitude that a Ph.D. had no other purpose than to improve 
one's prospects in teaching. An important development about which much cannot be said in the 
available space is the American Doctor of Arts degree. The degree was proposed in the early 60s 
(cf. E. Moise, 1961) in the period when the Ph.D. production was too low and the creative 
requirements were too high for many students. It was intended as a difficult course of study for 
which success would be reasonably predictable for suitably qualified people; (this is not the case 
for the Ph.D.). 

The essential idea was for the new degree to represent scholarly achievement, but not 
necessarily creative talent. The programme was designed to provide exceptionally strong 
preparation for teaching mathematics to undergraduates. This programme merits a serious study 
especially by those countries which have a demand for teachers of mathematics (Bushaw, 1973). 
The idea of a thesis which has little original work but contains a good survey, research in recent 
history of mathematics, some didactical problem, etc., which is included in the above programme, 
does not seem to have been followed anywhere else yet. Clearly serious consideration is necessary 
before one starts such a programme. There is a rather large probability that the D.A. becomes a 
degree for those who tried for the Ph.D. and failed, and this should be avoided. A D.A. 
programme can succeed if the Ph.D. programme is taken very seriously, if there are enough 
people of real mathematical talent to fill the available positions, and finally, if there are people 
who can take on the difficult task of supervising D.A. theses. 
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1.3.2 Continuing education 

Is there a visible increasing task for university departments of mathematics related to continuing 
education? (See Chapter V.) The need is felt and has been officially acknowledged by a number 
of governments (which generally do not subsequently provide the necessary funds). In 
Czechoslovakia, legal measures in this direction are expected. In Sweden, more continuing 
education at the universities is expected. There are several countries in which universities have 
offered refresher courses for teachers and often there are institutes (like IREM in France, IOWO 
in the Netherlands, the Open University in the United Kingdom) which organize this on a 
national scale. It is said that the effect has often been disastrous because the university lecturers 
had no conception of how much the teachers had forgotten, how quickly they could assimilate 
new work, what they really needed, and how it should be taught. In France this is no longer true, 
showing that it is possible to learn how to do the job in the right way. 

Clearly this is an area where a lot of thinking still has to be done. The introduction of 
computing aspects in secondary schools is a separate problem (IFIP Report, 1972). Refresher 
courses for scientists and engineers are being discussed in many places, but university experience 
is limited. Some industries (e.g. Bell Laboratories) offer a continuing education programme for 
their own employees, often including courses in mathematics at all university levels. Several 
universities in the United States (e.g. University of California in Los Angeles - UCLA) have 
offered such courses for a number of years (see Chapter V). 

2 STRUCTURE OF THE PROGRAMME (EDUCATIONAL METHODS) 

When considering objectives related to structure, the question is not what mathematics one is 
teaching or why, but what one is trying to achieve through the special form of the programme. 
For instance, a series of lectures can have as objective the complete teaching of a subject or only 
the preparation of the students for reading the literature (thus learning the subject on their own), 
or anything in between. Objectives related to the educational methods of the programme are 
motivation, enthusiasm, developing technique versus understanding, coping with different intake 
levels, etc. We have tried to discover the trends in this area. 

2.1 The courses - form and style 

One cannot say that there are many changes in courses. Complete explanation is more common 
than global treatment and usually problem sessions are connected to the courses. Books are used 
as often as not. There is a trend to use duplicated lecture notes more than before, with the effect 
that students do even less reading around the course on their own than before. Some of the 
courses are including more material to motivate students than a few years ago. Representing 
opposing trends are the integrated courses given in some universities to show connections 
between various topics, and efforts by others to make it easier for students by breaking up the 
subjects into labelled bits. In my opinion, this last mentioned strategy has a bad effect on 
students who often have a tendency to make such breaking up on their own initiative and to 
regard the bits as independent and unrelated. 

Some experimentation has been going on with "self-paced courses". One of the purposes is to 
cope with the problem of diversity of background of freshmen. The method is said to be suitable 
for courses with a high manipulative content. There were also some reports of successful use of 
the method to introduce topics such as elementary linear algebra, in this case alongside 
traditional lecturing methods. I have seen very little of the method and I must admit that I have 
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strong doubts about its value. An explanation of the nature of these doubts and support for them 
can be found in Moise (1973). Some information on an experiment in Southampton can be 
found in §2.3 of the Proceedings of the Nottingham Conference (London Math. Soc., 1975). 

An idea which has been used in a number of places, not always successfully, is the "problem 
clinic", manned by staff and senior students for several hours a day, where students can drop in 
with their problems. 

Several audiovisual expedients are now being used. We mention videotape recordings of 
lectures which make it possible for students to see and hear certain difficult parts of a course 
for a second time and which also off er the possibility of having lectures, held by a visiting expert, 
repeated annually. 

2.2 Apprentice-type education 

A new trend, not widespread yet, is the method of apprentice-type education. There are several 
variants. One is to have the student work for a short period of time in one of the research groups 
of an institute and, depending on what is going on at that time, acquiring the background 
knowledge which the researchers already have, by experiencing the need for this knowledge and 
finding it in the literature. Active participation in the work of course also helps. 

A second new idea is the project group in which the whole group starts more or less from 
scratch with the purpose of solving some open problem. The idea is that the members of the 
group will be motivated by the problem to acquire the necessary knowledge and skills, but 
despite the many slogans used by advocates of the method it seems to the author to be just 
another example of misplaced egalitarianism, and clearly to be an ineffective and extremely time 
consuming approach. Reports of failure of the method are hence not surprising to the author. A 
more structured attempt to use the idea of project work as part of the course is the educational 
experiment at Roskilde (Denmark). We refer the interested reader to Niss (1976). 

Extremely useful, especially for the applied mathematicians, is an industrial internship as part 
of the programme (cf. The Statistician, 1976). For this, one needs good contacts with industrial 
laboratories. The method is being used successfully in a number of countries. (Regarding an 
industrial internship as part of the education of mathematics teachers, we refer to section 3.4 
of Chapter XII.) 

The idea of an internship in one of the research groups of an institute is not being used as 
much as it should. Many research projects which are funded by grants hire students as assistants, 
e.g. in vacations, but this is not what is meant. The internship should be a recognized part of the 
curriculum (as it is at my own university). 

The idea of an external (teaching) internship is part of the D.A. programme at Washington 
State University where it is considered an essential element. Both a teaching and a service intern
ship (in industry) are a useful aid in the matchmaking process between prospective employer and 
prospective employee. 

Several American universities have an "Undergraduate Research Opportunity Program", where 
undergraduates may work alongside some faculty member or outside scientist in their research. 
(Massachusetts Institute of Technology - M.I.T. - reports that the mathematics department 
does not have much experience with the programme yet.) 
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2.3 The role of problem solving 

Problem solving is one of the essential activities in mathematics. However, the period of 
abstraction seems to me to have de-emphasized this fundamental fact. In the questionnaire a 
question was included whether problem solving is ever a recognized part of the curriculum. Here 
I do not refer to the problem sessions corresponding to certain lectures but e.g. to special 
problem solving seminars (we have a Polya-Szego seminar for students) or groups (including 
students) which regularly meet to solve all kinds of problems (e.g. from the problem sections of 
journals). To me there is little doubt that this could be an important contribution to the 
education of most students. Many of the replies received came down to "A very nice idea; too 
bad that we do not do it at our university". A positive response was received from 
Czechoslovakia. Problem solving seems to be in bad shape in many countries, and a trend which 
was pointed out is that students find problem solving too hard and prefer proving various trivial 
consequences of axioms and definitions. A number of American universities have a tradition of 
intensively coaching the best students for the Putnam competition, but this is an extra-curricular 
activity. From the correspondents I believe that a large number of universities feel that a revival 
of problem solving should be encouraged; a weak but promising trend. 

2.4 The role of research 

The next question we look into is whether some form of research plays a role in the educational 
programme up to master's degree (for the Ph.D. it obviously does). For the master's degree it is 
customary in some countries (examples are Australia, the Federal Republic of Germany, the 
United Kingdom, Netherlands, Czechoslovakia) to require a thesis or an essay or a report. 

This thesis takes from one half to one year of research, often guided. New results are generally 
not demanded, but the work must be done by the student. Sometimes a survey of some area is 
also satisfactory. It is significant that in those universities where this system is used it is 
considered one of the most essential parts of the course. The idea of research projects at under
graduate level was more or less new to most correspondents. I have used it with very satisfactory 
results for discrete mathematics courses in Eindhoven. This is an area where individual enterprise 
is possible and indeed some of the students have produced results which were subsequently 
published in journals. Even if the results are not that good, it is a rewarding experience for the 
students after so many years of just learning known results. The same method has been used at 
Southampton (see section 3 in Howson, 1975, and Hirst and Biggs, 1969). Here too, the results 
were very good. It seems worthwhile to suggest that others experiment with these ideas (also see 
p. 95 and p. 117 of The Statistician, 197 6, and Bajpai et al., 1976). 

A difficulty with these projects (observed both in Southampton and by myselD is that many 
students tend to become too committed, to the detriment of other work. It is important that the 
supervisor carefully checks scope and demands of the project and that appropriate credit is given. 
Since some of the projects misfire, there should also be a possibility for the supervisor to 
terminate the project (again awarding appropriate credit for the work which was done). 

Some universities have "elementary seminars" for undergraduates. This does not seem to be 
much of a success. The students preparing for their talk learn something and possibly the presen
tation itself is a useful experience but the effect of having to listen to these presentations is more 
or less disastrous. However, this could be a good idea for intending teachers. A much better idea 
came from Czechoslovakia. Here students' research groups present their results at annual 
meetings of the students' branch of the Socialist Youth Association. The fact that the best papers 
are awarded prizes stimulates the students. 
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2.5 Examination methods 

We have tried to identify trends in examination methods (see also Chapter VIII). There seem to 
be few. One of them is the introduction of frequent smaller tests during courses, the results of 
which are used as part of the final assessment. More generally, one can say that the idea of 
continuous assessment is becoming more popular. In fact, despite an increase in the number of 
students, there is more assessment by observation than in the past. A second trend, probably also 
related to large numbers of students and pressure to study quickly, is the tendency of students 
to take examinations in subjects much too soon after completion of the course. In this way there 
is no time for a deepening of understanding nor for practice in manipulation. 

There is also a greater variety in types of assessment (e.g. as indicated in section 2.4) but 
multiple choice tests have practically disappeared in many countries, and this is in my opinion 
a fortunate development. One effect of experiments with multiple choice tests and similar 
methods is a trend away from long answer tests to short answer tests, which share some of the 
advantages of multiple choice tests but which are not as difficult to design properly. 

3 MATHEMATICS AS A MINOR SUBJECT 

It is not possible to do justice to this important topic in a few pages. We limit ourselves to a few 
observations, pointing out recent trends in objectives and curriculum structure. If we first look at 
traditional service tasks such as teaching the necessary mathematics to physicists and engineers, 
then already there are marked changes. The problem of motivation is taking too large an amount 
of the available time. From an interesting paper by H. Halberstam ( 1972) I quote the following 
remark concerning the idea of just trusting the teachers: " ... that would be reckoning without 
that grim, humourless rationalisation of the unwillingness to learn that is characteristic of so 
many students of our day. . .. they all ask the same question, 'What's the use of mathematics 
tome?' ... " 

This problem of motivation is becoming more difficult for a second reason. As we have already 
discussed above, more and more members of the faculty of mathematics departments know 
hardly any physics themselves. One fears that the argument runs: "I teach them mathematics; 
they'll find out for themselves when and where they need it". Since there is often very little time 
to teach the students the manipulative skills which they must have, such a remark would be easy 
to defend but as Halberstam pointed out it is no longer easy to put into practice. For an 
interesting survey of the many problems in this area and a number of suggestions for improvement 
we refer to Bajpai et al. ( 197 5). It seems that many of the problems discussed in this section do 
not exist in the U.S.S.R. 

A very clear trend is the fact that more and more disciplines need mathematics and as a con
sequence service courses in mathematics for the social sciences, economists, psychologists, and 
recently also for biologists are appearing all over the world. Here too, the motivational aspect is 
important but there is another problem. It is not uncommon for the departments in question to 
have large numbers of mediocre students. These students take these mathematics courses at an 
early stage of their studies and there it becomes one of the principal obstacles. Clearly such 
courses are not too popular! Looking at the contents of the service courses, we can say that the 
stress is still on manipulative skills and motivation. Many universities remarked that the mathe
matics courses for engineers and physicists have recently been getting more higher level 
mathematics put into them. Other important changes are: (a) an increase in the amount of linear 
algebra taught, particularly an increase in the amount of and emphasis on matrix theory; (b) a 
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reduction in the amount of geometry taught; (c) an increase in the amount of probability and 
statistics taught. Concerning courses for the social sciences we refer to CUPM Recommendations 
(1973), and Selby (1973). 

The courses for biologists seem to be rather successful and not unpopular. The important 
thing in such courses is clearly not to try to transform the students into active mathematicians 
but to show them which problems in biology can be attacked with mathematics and what kind of 
mathematics is used. It is sufficient if in their later careers they recognize such situations and 
then know who to consult with their problem. A typical course (Van der Blij, 1974) contains 
some elementary calculus and differential equations applied to growth processes, elementary 
probability theory, normal distribution, the concept of linearity (mappings, etc.), some linear 
programming, approximations to functions, diffusion; the examples (and pictures!) are chosen 
from biology. It would be a very good idea to collect the material from such courses (which have 
apparently been given at many universities in the last few years) in one place (where and how?) 
so that others can profit from the groundwork which has already been done. 

We point out another trend. It hardly ever happens any more that topics suitable for physicists 
or engineers and also for mathematics students are taught to these groups united in one class. 
Thus the technological university in Trondheim reports that a topic such as functional analysis 
is typically offered in separate versions. This seems unfortunate to me. A dangerous trend and 
one which should be discussed seriously by the mathematical community is the increasing 
number of mathematics courses (for non-mathematicians) being offered by other departments. 
A good example is the striking number of poor statistics courses being taught by eng!neers, social 
scientists, etc. Most professional mathematicians would be a lot more hesitant about teaching 
such a special topic if they were not experts themselves! If the mathematicians believe that they 
should halt and reverse this trend (and I surely do), then they should first find out which 
mistakes have been made in the past. It is essential that the lecturer be sympathetic to the needs 
of the students and aware of their difficulties. A very good suggestion, put forward in connection 
with the questionnaire by E. M. Patterson (Aberdeen), is to have a member of the staff of the 
department (to which the students being taught belong) attending the lectures and commenting 
on the suitability and relevance of the material presented. 

That we are really facing a serious problem here was pointed out by a number of corres
pondents. The stricter budgeting procedures which are an international trend, and the emphasis 
on cost per student put pressures on science and engineering departments (and others) to teach 
their own mathematics so as to reduce the "costs per studenf' in their departments. So, as well 
as concern for the level of mathematics, there is concern for the employment situation for 
mathematicians. 

Once again I stress that the relative amount of space devoted in this report to service courses 
is inversely proportional to the amount of discussion which is necessary. 

4 THE ROLE OF UNIVERSITY MATHEMATICS TEACHERS 

In this final section we mention some trends concerning the role of university mathematics 
teachers. This role has changed considerably in recent years. 

There is more personal contact with students than there used to be and time is devoted not 
only to their academic problems but also to their personal (and other) difficulties. Students 
expect more. Sometimes they even expect to understand without doing much work themselves, 
without reading around, etc. Despite the fact that in many universities the staff has grown more 
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rapidly than the number of students, more time is spent helping students, correcting papers, etc. 
than before. Where the number of Ph.D. students has gone up, or where projects are used, large 
amounts of time are often devoted to a single student. As a result, there is a practically universal 
complaint about lack of time for research. In countries where there is a shortage of teachers, the 
teaching loads become extravagantly large. Luckily, this is often compensated by regular 
(sabbatical) leaves which ensure that the scientific level of the staff does not decrease. A second 
method which is used in several countries is to have two kinds of appointments, one regular and 
one "teaching only". This has the advantage that the non-creative mathematician who is a good 
teacher gets opportunities. The danger of being considered a second rate mathematician, or 
eventually actually becoming one, is non-trivial. A second problem is the decrease in the number 
of students, which has already started. Soon there will be members of staff for whom there is 
no work. 

Luckily the trend of decreasing time available for research occurs simultaneously with an 
increasing emphasis on teaching skills at university level. This is reflected e.g. in the D.A. 
programme discussed in section 1.3.1. Another universal trend is an increasing amount of admini
strative work, committee work, etc. Some countries are suffering the difficulties of a 
parliamentary system in universities, which has made the process of administration and of taking 
decisions excessively slow. It is strange that so many complain bitterly about such waste of time 
and yet nobody actually does much to remedy the difficulties. 
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