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Abstract 

Starting from first principles, by considering classical plate theory (Kirchhoff) and contact dynamics, 
a reduced-order model is developed describing the dynamic behavior of a clamped, axisymmetric, 
electrostatically actuated, radio-frequency microelectromechanical switch (RF MEMS switch). Tuis 
type of switch is an interesting altemative for current RF switches, since this switch has a lower energy 
consumption and results in a higher quality of the transmitted signals. However, reliability issues and 
the high actuation voltage required prevent them from wide commercial availability. For these reasons, 
models are required to gain more insight in the dynamic behavior of these switches. 

Reduced-order models are derived by taking flexural vibration mode shapes as basis functions 
for the transverse displacement. Tuis reduced-order model is linked to a lumped approximation of 
the squeeze-film damping effect, by considering a linear spring damper combination placed in series 
under the center-point of the switch acting on the first basis function. All other loss mechanisms are 
captured by an equivalent modal damping parameter. 

Tuis reduced-order model enables fast and efficient parameter studies, for both statie and dynamic 
analyses ofRF MEMS switches. The predictivevalue of the proposed reduced-order model is evaluated 
by comparing the numerical results with experimentally obtained results. 

For statie deformations of a plate, the pull-in parameters are found by using numerical contin
uation. It is found that 2 basis functions give a converged solution up to the pull-in point. Good 
correspondence with measurements is obtained for deflections without contact. In contact situations, 
it is found that the solution has not converged when 4 basis functions are included. In order to obtain 
improved results for larger deflections, it is concluded that more detailed information about the actual 
switch geometry, e.g. gap-size and surface topology, is required for more accurate model parameter 
values. 

The reduced-order model is also used to study the axisymmetric nonlinear transient dynamic be
havior of clamped axisymmetric RF MEMS switches, which is compared to experimentally obtained 
results. It is found that all relevant physical aspects are captured in the proposed model. The oscillat
ing dynamic behavior due to squeezing of the air film is predicted qualitatively. Moreover, the dynamic 
deflections without contact can be simulated with only 2 basis functions accurately. For larger dynamic 
deflections it is concluded that the squeeze-film damping model should be deflection dependent for 
improved results. Moreover, nonlinear material behavior may become important. 



Samenvatting 

Uitgaande van natuurkundige basisprincipes, door klassieke plaat theorie (Kirchhoff) en contact dy
namica in ogenschouw te nemen, is een gereduceerd model ontwikkeld voor het dynamisch gedrag 
van een axisymmetrische, elektrostatisch aangedreven, micro-elektromechanische switch (RF MEMS 
switch) met radio-frequentie (3 kHz - 300 GHz). Dit type switch is een interessant alternatief voor 
huidige RF switches, omdat deze switch minder energie verbruikt en tot een betere kwaliteit van het 
doorgevoerde signaal leidt. Echter, problemen omtrend betrouwbaarheid en hoge actuatie voltages 
verhinderen de toepassing van dit type switch op grote schaal. Daarom is het gebruik van modellen 
voor de dynamica van zulke switches belangrijk om meer inzicht te verkrijgen in hun dynamisch 
gedrag. 

Gereduceerde modellen zijn afgeleid door buigmodes als basisfuncties voor de transversale ver
plaatsing te nemen. Dit gereduceerde model is gekoppeld aan een discreet model voor het squeeze
film dempingseffect, bestaande uit een serieschakeling van een lineaire veer en een lineaire demper, 
die geplaatst is onder het middelpunt van de switch en werkt op de eerste basis-functie. Alle andere 
verlies mechanismen worden in een modale demping parameter gevat. 

Dit gereduceerde model maakt een snelle en efficiënte parameter studie mogelijk, voor zowel 
statische als dynamische analyses van RF MEMS switches. De voorspellende waarde van het voor
gestelde gereduceerde model is geëvalueerd door de numerieke met de experimentele resultaten te 
vergelijken. 

Voor statische vervormingen van een plaat zijn de pull-in parameters gevonden met behulp van 
een numerieke continuerings methode. Het is gebleken dat de oplossingscurve tot aan het pull-in 
punt convergeert wanneer 2 basisfuncties zijn meegenomen in het model. Goede overeenkomst met 
de metingen is verkregen voor doorbuigingen zonder contact. In contact situaties is geconstateerd dat 
de oplossing nog niet convergeert wanneer 4 basisfuncties zijn meegenomen. Met het doel om betere 
overeenkomst te verkrijgen voor grotere doorbuigingen is geconcludeerd dat meer gedetailleerde in
formatie van de werkelijke switch geometrie, bijvoorbeeld de spleet afmetingen en de topologie van 
het contactoppervlak, nodig is voor nauwkeurigere bepaling van de waarden van de modelparameters. 

Het gereduceerde model is ook gebruikt om het transiënte niet-lineaire dynamische gedrag van 
de RF MEMS switch te bestuderen. De resultaten zijn vergeleken met experimenteel verkregen resul
taten. Het is gebleken dat alle relevante fysische aspecten zijn opgenomen in het voorgestelde model. 
Het oscillerende dynamische gedrag, als gevolg van het samenpersen van de lucht film, is kwali
tatief voorspeld. Bovendien kan de dynamische doorbuiging zonder contact nauwkeurig worden ge
simuleerd met slechts 2 basisfuncties. Voor grotere dynamische doorbuigingen wordt geconcludeerd 
dat het squeeze-film dempingsmodel op een niet-lineaire manier afhankelijk zou moeten zijn van 
de doorbuiging om verbeterde resultaten te verkrijgen. Bovendien kan niet-lineair materiaalgedrag 
belangrijk geworden. 
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Chapter 1 

Introduction 

1.1 Genera} introduction 

The subject of this thesis is on predictive modeling of the dynamics of a specific microelectromechan
ical system (MEMS) , namely a MEMS switch. MEMS are characterized by their coupling between 
the electrical and the mechanica} domain, which enable the utilization of a mechanica} (movable) 
structure within an electronic circuit. Their size scale ranges from 1 µm to I mm, and they are fabri
cated using integrated circuit batch-processing technologies [15]. The miniaturization of mechanica} 
structures is interesting from both mechanical/dynamical and environmental perspective. The small 
size of MEMS results in a low weight structure, which is relatively insensitive to gravitational forces . 
Moreover, (precious) high-performance materials can be used, which in macrosystems would result 
in prohibitive costs. From environmental perspective, the low energy consumption of MEMS is an 
attractive feature [15]. 

Many MEMS applications can be identified, which can be categorized into MEMS actuators and 
MEMS sensors. The first category is activated by an electrical signa} to change the overall systems 
properties, whereas MEMS sensors work the other way around, i.e. a change in an environmental 
property creates an electrical signa}. Typical applications of MEMS sensors include accelerometers, 
gyroscopes and pressure sensors. Among others, MEMS actuators can be found in inkjet printers, 
micromirrors for miniature projectors and radio frequency (RF) switches. The focus in this thesis 
is on the latter one, which finds its application in wireless communication systems, where switches 
route the RF signals to different (sub)systems. In contrast with modem RF switches, for instance 
transistors, RF MEMS switches exhibit low energy losses and a high quality of the transmitted signal. 

Research conducted on MEMS can be grouped in two categories, production techniques and multi
physical analysis. Typical production techniques for MEMS include bulk and surface micromachining. 
Furthermore, (deep reactive ion) etching techniques enable to create free standing structures, which 
are the beating heart of any MEMS. Multiphysical analysis focusses on the multiphysical (electrical, 
mechanica}, fluidic, thermal, optica}) behavior ofMEMS devices, from which important device charac
teristics can be extracted. Tuis thesis will focus on the multiphysics analysis of an RF MEMS switch. 

1.2 Modeling of RF MEMS switch dynamics 

Modeling of MEMS dynamics involves the understanding of the interaction between different active 
physical domains. For instance, in the case of RF MEMS switches a mechanica}, electrical, and fluidic 
domain can be addressed, as will become clear in Section 3.3. Therefore, design engineers must have 
knowledge about these individual domains and how they are connected. Additionally, effects that 
are relevant at macroscopie level may be negligible at microscopie level and vice versa. Moreover, 
knowledge about fabrication techniques is required to realize manufacturable designs. All together, a 
multidisciplinary approach is inevitable in the design of functional MEMS. 

1 



Chapter 1 

The importance of modeling RF MEMS switch dynamics is obvious, because computational proto
typing is more economical than physical prototyping, under the condition that numerical simulation 
is sufficiently fast and accurate. However, developing models, which fulfill this condition, forms a 
challenging task due to the multiphysical nature of MEMS. To summarize, a useful predictive model 
should preferably meet the following requirements: 

• All essential device behavior is captured in the model, i.e. all physical aspects that contribute to 
the switch dynamics are included, without unnecessarily increasing the complexity of the model; 

• The resulting set of equations of motion are in an analytica! representation, which enables qual
itative reasoning about the effects of design changes, without requiring additional simulations; 

• Quasistatic and dynamic behavior are predicted accurately, i.e. in a quantitative sense, but at 
least in a qualitative sense, for both non-contact and contact situations; 

In literature, different approaches of modeling MEMS switch dynamics can be identified, which 
are listed as follows: 

• A heuristic approach: by introducing an equivalent system with a priori known complexity and 
behavior a simplified representative model can be extracted; 

• Starting from first principles and partial differential equations (PDEs) that describe the full
system's dynamics and by applying model reduction or approximation techniques, a model can 
be extracted. This modeling approach is only applicable to systems with a simple geometry, for 
which analytica! expressions for the displacement field exist; 

• Commercially available finite element (FE) packages, with multiphysics modeling capabilities, 
can be utilized to define a model. For complex geometries this is the only suitable modeling 
approach. 

All approaches additionally require measurement data to gain confidence in the accuracy of the 
obtained model. The heuristic approach usually starts with inspecting the measured data to select an 
existing representative model which (globally) describes the observed behavior. The second approach 
starts from first principles capturing the full-system's dynamics, which means that appropriate formu
lations for relevant effects are selected, which together result in coupled PDEs, which have to be solved 
by applying model-reduction or approximation techniques. The last approach starts with defining the 
geometry of the system within a well-chosen software package. After discretization in finite elements 
of this geometry a solution can be obtained by sol ving the resulting set of equations. 

From the modeling approaches listed above, the first principles approach is selected in this thesis, 
since on beforehand it is believed that this approach fits best with the requirements defined. Moreover, 
the geometry of the switch is simple enough. Finite element software packages will result in uneco
nomical long simulation times, while a heuristic modeling approach wil! (generally) not result in a 
model that captures the full system's dynamics. The resulting first principles based model will be vali
dated by measurements performed on an experimental setup made available at NXP Semiconductors 
in Eindhoven. 

1.3 Research objective 

The research objective is formulated based on the insights of Section 1.2, in which the multiphysical 
nature of MEMS and the consequences of this nature on the modeling approach are stressed, and is 
defined as follows: 

The main research objective in this thesis is to develop a first principles based model of RF MEMS 
switch dynamics, which meets the modeling requirements stated in Section 1.2 and is to be validated 
by experimental results. 
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Introduction 

The intended goal of this first principles based model is to enable efficient design optimization of RF 
MEMS switches. 

1.4 Outline 

Tuis master's thesis is build up as follows. First, in Chapter 2, some background information on radio 
frequency switches, and more specific on MEMS switches, will be presented. The potential of these 
switches will be discussed and the challenges that design engineers face will be highlighted. Moreover, 
an overview ofrelated literature on the modeling ofMEMS switches will be presented. 

Next, in Chapter 3, a first principles based model of RF MEMS switch dynamics will be proposed. 
Tuis model will enable statie and dynamic simulations ofMEMS switches ofboth the capacitive and 
the metal to metal contact type. Relevant physical effects will be discussed and the approach for 
deriving the reduced-order model will be presented. Moreover, the numerical implementation of this 
reduced-order model will be described. 

Chapter 4 contains the numerically and experimentally determined (quasi) statie equilibria ofboth 
types ofRF MEMS switches. Moreover, by comparing these results the proposed first principles based 
model will be validated quantitatively, or at least qualitatively. 

Next, the dynamics of the capacitive and metal to metal contact switches will be discussed in Chap
ter 5. As in Chapter 4, numerically and experimentally obtained results will be compared to validate 
the model in a quantitative, or at least qualitative, sense. 

Finally, in Chapter 6 the main conclusions and recommendations for future work will be summa
rized. 

3 



Chapter 2 

Literature review 

2.1 Introduction 

The research field of MEMS switches finds its roots in the early 1980s with the first demonstration 
of a MEMS switch for low-frequency applications. However, this field remained a laboratory curiosity 
until 1990-1991 when the first MEMS switch for microwave applications was developed [25]. It was 
demonstrated that excellent performance could be achieved, which resulted in stirring the interest 
of several research groups. By 2001, more than 30 companies were working in this area, including 
some giants of consumer electronics, such as Motorola, Analog Devices, Samsung, Omron, NEC, and 
ST-Microelectronics [25). In the past IO years, a lot of research has been published about all aspects of 
MEMS switches, including switch configuration, electro-magnetic modeling, switch fabrication and 
packaging, reliability, power handling, and mechanica! modeling. The latter one is the main topic of 
this master's thesis. More specific, the modeling ofMEMS switch dynamics and the aspects involved 
will be treated in detail. First, however, this chapter gives an historica! overview of radio frequency 
switches and the motivation for MEMS switches. Furthermore, developments in the field of MEMS 
switches are described and examples of different modeling techniques for the MEMS switch dynamics 
are presented. 

2. 2 Radio frequency switches 

Radio frequencies (RF) range from 3 kHz to 300 GHz and are widely used in wireless communication 
systems for transmitting and receiving signals. Within these systems, RF switches enable to route 
signals to different subsystems. For example, a common use of an RF switch can be found in routing 
signals to and from a single transmitter/receiver (TR) antenna, see Figure 2.1. Depending on the states 
of the switches this TR antenna can be used for either sending or receiving RF signals. 

Antenna 

Receiver / ___,_ Transmitter 

Figure 2.1: Schematic diagram of a TR antenna containing two radio frequency switches [6]. 
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Chapter 2 

An ideal switch should transmit the RF signals without losses if it is switched "on" (if it shorts 
a circuit), and should not transmit energy if it is switched "off" . These on-state switch losses and 
off-state energy transmission are referred to as insertion loss and isolation respectively [6]. Hence, 
an ideal RF switch should combine low insertion loss and high isolation. Furthermore, the switching 
time, i.e. the time to switch from the off-state to the on-state and vice versa, is desired to be as low 
as possible. Additionally, the power consumption should be minimized, while the amount of power, 
which can be transmitted, should be high enough for the specific application. Finally, an ideal switch 
should be linear in Ohm's law. 

In genera!, two types of commercially available RF switches can be differentiated: solid-state switch 
elements based on specialized diode and transistor elements; and ferrite switch elements based on 
magnetic material that controls the direction of microwave energy flow [6]. The first one finds its 
applications in devices such as battery operated radio systems, nuclear magnetic resonance imaging 
systems, and electronically steered antenna arrays. Ferrite switches are usually only found in applica
tions such as high power radar systems where hundreds of kilowatts of power must be controlled [6 ]. 
The solid-state RF switches can be divided into two more groups , namely, p-i-n diodes and field effect 
transistor (FET) elements. The FET elements switch faster than p-i-n diodes, but p-i-n diodes can 
handle higher power levels. Both types have small dimensions, for instance p-i-n diodes range from 
w µm to roo µm in diameter, having a length of 25 µm to 250 µm respectively, depending on the 
power level of the application. FET elements have dimensions up to r mm. The success of these 
solid-state switches is mainly a result of its small dimensions, high switching speed, and extremely 
low production casts. An overview and characteristics of commonly used microwave switches can be 
found in Table 2.1. 

Table 2.1: Characteristics of common microwave switch elcrnents [6\. 

Switch type 
FET elcments 

p-i-n diodes 
Fcrritc switch 

Switching encrgy 
very low 
medium 

high 

Switching time 
very fast (3-4 µs) 

fast (10-50 µs) 
slow (100 µs and up) 

2.3 Motivation for RF MEMS switches 

Power handling 
watts 

kilowatts 
megawatts 

In some aspects MEMS switches outperform modern solid-state switches. For example, the low
resistance metal used in MEMS switches provides lower energy losses and better linearity (in Ohm's 
law) compared with semiconductors [8] . Moreover, MEMS switches can operate over a wider frequency 
range [8] , and because of their low insertion loss the quality of the transmitted signa! is superior [14). 
In Table 2.2 the on-state resistance and off-state capacitance and corresponding cut-off frequency of 
some galliumarsenide (GaAs) RF switches and MEMS switches are compared. The cut-off frequency 
is defined as the frequency at which the ratio of off-impedance to on-impedance reduces to unity and 
is expressed as [15] 

l 
f cut-off = R C 271" on off 

(2.1) 

The cut-off frequency for MEMS switches equals a spectacular 30 THz, which is about 40 times as 
high as the cut-off frequency of GaAs p-i-n diodes, and even more than IOO times as high as the cut
off frequency of GaAs FET switches. For these reasons RF MEM S are believed to be a key technology 
in wireless appliances operating in the home/ground, mobile, and space spheres. Initia! motivation 
for this technology emerged from its potential to enable superior electronically scanned antennas 
(ESAs) [30]. Nowadays, however, a wide range of wireless applications has been recognized, such as 
handsets, base stations, and satellites [29). 

6 
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Table 2.2: Performance comparison between various RF switches l15J. 

Switch type 
GaAs FET elements 

GaAs p-i-n diodes 
MEMS switch 

Ron IOJ 
2.2 
5.6 

0.15 

Cotf [fF] 
250 
42 
35 

2.4 RF MEMS switch designs 

Cut-off frequency [GHz] 
285 
755 

30315 

Design engineers of MEMS switches face a significant difference in forces dominating the response 
oftheir systems when compared to macro-world systems. Since MEMS switches have a very low mass 
(around 10-10 - 10-11 kg), surface forces and viscous air damping dominate over inertial and gravi
tational forces [26]. Moreover, the mechanica} stiffness of the system, defined by the switch geometry, 
material properties and anchor design, has to be tuned such that the system stores enough energy in 
the deflected state (on-state) to have sufficient pull-up force when the actuation force is removed. On 
the other hand, a high stiffness requires a high actuation force to switch from the off- to the on-state. 
These design trade-offs together with requirements on reliability, power consumption, and switching 
speed have resulted in a large scala of newly proposed MEMS switch designs. Most designs consist of 
suspended beam and/or plate structures, or cantilever beams above a substrate actuated by an electro
static force. The gas between the movable structure and the substrate is commonly air at atmospheric 
pressure. 

Two major classes of MEMS switches can be differentiated, metal to metal contact (or ohmic) 
switches and capacitive switches. The metal to metal contact switches contain low-resistance metal 
contact areas, which short an electrical circuit when the switch is closed, whereas the metal signa} 
lines in capacitive switches are separated by a dielectrical layer. By closing a capacitive switch the 
capacitance will increase significantly, while in the open-state the capacitance is (very) low. Note that a 
metal to metal contact switch behaves as a capacitor in the open-state, and as a resistance in the closed
state. For illustration, existing designs of a metal to metal contact switch and a capacitive switch are 
depicted in Figure 2.2. The metal to metal contact switch exists of two flexible beam elements with 
two metal contact points at the end, whereas the capacitive switch exists of a plate which is suspended 
by 8 springs. 

(a ) Metal to metal RF MEMS switch (9) . (b) Capacitive RF MEMS switch (1) . 

Figure 2.2: Illustrative designs of a double-beam metal to metal contact switch and a plate capac
itive switch. 

These switch designs date from 1999 (ohmic, [25]) and from (before) 2004 (capacitive, [3r]) respec
tively. An extended overview of MEMS switch designs can be found in Chapter 5 of [25]. Nowadays, 
MEMS design engineers/researchers frequently report on new designs, which are combinations of 

7 



Chapter 2 

beam and plate elements, e.g. in 2oro, Samaali et al. [28] presented an RF MEMS switch design that 
incorporates two electrostatically actuated micro-plates, each attached to the end of a cantilever. Since 
both micro-plates are displaceable the required actuation voltage to close the switch is significantly 
lower compared to single-beam designs. 

During the research presented in this thesis, the focus has been on metal to metal contact switches. 
However, for model validation purposes, capacitive switches (with a geometry that is very similar to 
the metal to metal contact switches) have been investigated as wel!. 

2.5 Challenges in the development of RF MEMS switches 

Despite the advantages ofMEMS switches to their solid-state counterparts, some major concerns pre
vent them from wide commercial availability. Main issue is the reliability of MEMS switches. The 
metal to metal contact in ohmic switches can contribute to damage, pitting, hardening, or welding 
of the metal contact area, leading to a permanent open or closed state after a number of switching 
cycles [29]. Moreover, Yang et al. [4r] report on material transfer between the contact points of the 
switch and the transmission line during contact. In capacitive switches, the reliability is affected by 
dielectric charging, leading to a shift of pull-in and release voltage, ultimately resulting in stiction of 
the moving electrode. Furthermore, to protect the switch from humidity MEMS switches are required 
to be packaged to ensure a (near-) hermetic seal. Packaging costs are relatively high and the packaging 
process itself may adversely affect the reliability of the MEMS switch [26]. Moreover, the power han
dling of most MEMS switches is limited to 20 - 50 mW. MEMS switches that handle 0.2 - 10 W with 
high reliability simply do not exist [26]. An other challenge is to decrease the switching speed under 
1 µs. Nowadays, the switching speed of most MEMS switches equals 2 - 40 µs, which is unacceptable 
for certain communication and radar systems [26]. 

In battery powered applications, like mobile phones, the available (battery) voltage will be limited, 
so the actuation voltage of MEMS switches is preferred to be as low as possible. Contrarily, high 
switching speeds require high actuation voltages. Moreover, low actuation voltages require the me
chanica! stiffness of the system to be rather weak, which will affect the reliability in a negative way. 
Therefore, to evaluate different design trade-offs, numerical models of (potential) switch designs are 
of crucial importance to design engineers. 

2.6 Research on RF MEMS switch dynamics 

Fora better understanding of the dynamica! behavior of MEMS switches and for the process of im
proving their performance, accurate models of MEMS switch dynamics are desired. In this way, com
puter simulations can reduce the amount of physical experiments significantly. However, since MEMS 
devices are multiphysical of nature and nonlinearities are involved, the modeling of MEMS switch dy
namics provides a challenging task. Depending on the requirements a model has to meet, different 
modeling approaches can be used to predict the dynamic behavior accurately and in an efficient way. 
In genera!, three different modeling approaches can be differentiated. Going from many degrees of 
freedom models to a single degree of freedom model, these are: 

8 

• Commercially available finite element software packages (with multiphysics capabilities) can be 
employed for modeling full system dynamics. The system geometry, imported from computer 
aided design (CAD) software or by specifying it directly, has to be discretized into a mesh, re
sulting in a (large) set of ordinary differential equations (ODEs) to be solved using numerical 
methods embedded in the fini te element software package; 

• Starting from partial differential equations (PDEs) and first principles a set of ODEs can be 
derived after applying model reduction, e.g. by Galerkin discretization, or by using other dis
cretization techniques, e.g. finite differences (FD) or finite elements (FEM); 

• A single mass-spring-damper model that represents a single location of the geometry can be 
derived. This lumped approximation results in a single second order ODE to be solved. 



Literature review 

The larger the set of ODEs to be solved, the more time-consuming a si,nulation will be. Hence, a 
lumped model will be most time-efficient. Modeling MEMS switch dynamics using a lumped 1-DOF 
approach is treated in detail in (25]. Consequences of the use of only I DOF include that all individual 
contributors to system stiffness (and damping) are captured in only one equivalent parameter. More
over, only one mode can be considered resulting in neglecting higher order mode effects, which are 
inherently involved when large switch displacements are considered. To cover the dynamic behavior 
of the complete geometry, first principles (starting from PDEs) or FEM software packages should be 
incorporated. In this way, model parameters are more likely to resemble a physical feature of the 
system. Moreover, insight in the deflection of the full system will be obtained. FEM simulations us
ing a commercially available software package are inevitable for complex geometries, when analytica! 
solutions are not available. For instance, Marcelli et al. [17] and Guo et al. (9) used the commercial 
software packages Comsol and Ansys, respectively, to model the dynamic behavior of an RF MEMS 
switch. Creating an optimal mesh is a meticulous task, since a coarse mesh will result in less accu
rate results whereas a fine mesh results in longer simulation times. Moreover, geometrie parameter 
studies require to create a new mesh for every simulation. Hence, FEM models are not suitable for 
(efficient) parameter studies. 

In Table 2.3, modeling approaches used in literature are listed (in ariti-chronological order). Au
thors, who used a lumped I degree offreedom (DOF) approximation, are typically interested in gaining 
some first insight in switching speeds, pull-in and release voltage, or capacitance/voltage curves (for 
capacitive switches). For large displacement simulations, a first principles approach or a numerical 
FEM model is indispensable. Since most MEMS structures consist of (a combination of) suspended 
beam and/or plate elements, analytica! solutions for the dynamics are readily available from litera
ture. Therefore, a first principles approach starting from PDEs, which are discretized using reduced 
order or approximation techniques, has the potential to contribute to an accurate and efficient model 
ofMEMS switch dynamics. 

Table 2.3: Modeling approaches used in literature. 

Author 
Lun-De Liao et al. [16J 
He et al. [13J 
Marcelli et al. [17J 
LaRose et al. [14J 
Guo et al. [9] 
Granaldi et al. [8] 
Decuzzi et al. [7J 
Steeneken et al. [31] 
Xie et al. [40J 
McCarthy et al. [19J 

Year 
2010 
2009 
2009 
2009 
2007 
2006 
2006 
2005 
2003 
2002 

Switch type 
Capacitive 
Capacitive 
Capacitive 
Capacitive 

Ohmic 
Ohmic 
Ohmic 

Capacitive 
Capacitive 

Ohmic 

Modeling approach 
First principles, Galerkin 
First principles, FEM 
Lumped model, FEM (COMSOL) 
Lumped model 
FEM (Ansys) 
Lumped model· 
First principles, FD 
Lumped model 
First principles, Galerkin 
First principles, FD 

2. 7 Physical effects incorporated in first principles based mod
els of MEMS dynamics 

The dynamic response of electrostatically actuated MEMS is influenced by different physical effects. 
From these effects, the most dominant ones should be selected to be included in a (first principles 
based) model. In Table 2.4, an overview is given of literature on first principles based models of 
MEMS dynamics. All articles in this table startwith formulating PDEs of the MEMS dynamics (involv
ing (non)linear material behavior, nonlinear electrostatic actuation forces, and/or forces for (squeeze
film) damping and/or contact), which are discretized using either Galerkin, Finite Difference (FD), or 
Finite Element Method (FEM) procedures, resulting in a finite set of second-order ODEs. Nayfeh et 
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al. [22) state that all three discretization methods are adequate for the analysis of the statie deflections 
(equilibrium positions) ofMEMS devices. However, for dynamic simulations FD and FEM require the 
time integration of thousands of second-order ODEs (one for each degree of freedom in the model), 
making simulation, device optimization, interactive design, and evolutionary design almost impos
sible. As a result, reduced-order modeling (especially Galerkin discretization) of MEMS is gaining 
attention as a way to balance the need for enough confidence in the model against the numerical 
efficiency necessary to make the model of practical use in MEMS designs. 

Tablc 2.4: Literature overview of physit:al effects in the mechanica! and fluidic domain incorporated 
in first principles based dynamic models of clectrostatically actuated MEMS. 

Mechanical/ fluidic effect 
Structure Discretization Material / Geometry Damping 

Contact 
Lincar Nonlinear Viscous Modal Sq uecze-film 

Galcrkin [28J [10, 11 , 211 [21 , 42] [11 , 28J 

Bcam 
[40, 42 , 381 [38] 

FD [7, 191 [7 , 191 [7, 19] 
FEM [13J [13J 

Plate Galcrkin [16I [2 , 37] [16, 37] [2] 

The geometrie effects included in the reduced order models are modeled either linear or nonlin
ear, dependent on the maximum deflection of the movable electrode. For deflections smaller than 
the plate/beam thickness, linear geometrie effects (without mid-plane stretching) will suffice. For 
large deflections or high oscillation frequencies mid-plane stretching effects should be included for 
improved accuracy [20]. Wang et al. [38] introduce a size-dependent material model using strain gra
dient elasticity theory applied to thin beams with thicknesses of the order of microns or smaller (i.e. 
when the beam dimension is comparable to the material length scale parameter, for which classica! 
continuum elasticity theory no Jonger holds). This results in a higher-order (nonlinear) model, which 
more accurately predicts the pull-in voltage of thin micro-beams. 

Most of the damping in MEMS structures operated at atmospheric pressure is caused by squeeze
film damping [25]. As the MEMS is actuated, the air (or gas) must be pushed from underneath the 
moving electrode. When the air can escape easily, e.g. along the edges (and holes) of the switches 
presented in Figure 2.2, the damping force may be modeled purely viscously. However, if the gas is 
trapped it might be compressed by the movement of the MEMS structure, which is the motivation for 
amore complex formulation of the squeeze-film effect. For instance, McCarthy et al. [19] derive a sim
plified form of the Navier-Stokes equation known as the Reynolds equation, based on the assumption 
that the viscous and pressure forces in the fluid film dominate the inertial terms. This results in an 
additional PDE for the fluid pressure, which is coupled to the PDE describing the MEMS structural 
dynamics. 

Contact forces must be included in models of MEMS structures that will come in contact with the 
substrate, as occurs in MEMS switches. Contact models presented in literature are mostly applied in 
lumped 1-DOF models, see for instance [25) . Surprisingly, in first principles based models less atten
tion is paid to surface interaction. McCarthy et al. [19) and Decuzzi et al. [7] use a linear tip spring 
at the end of the cantilever beam. Since their models are discretized using finite differences, these 
spring forces can be added to selected nodes within the finite difference scheme. Batra et al. [2) in
clude attractive Van der Waals and Casimir forces for the interaction between two approaching parallel 
plates. However, a repulsive force has not been included, and consequently their simulations could 
only be validated for deflections up to separation distances of 1 µm. 

Note that only effects from the mechanica! and fluidic domain are included in Table 2+ Effects 
from other domains, e.g. heating effects (thermal domain) and fringing fields (electrical domain), are 
not mentioned. To the author's knowledge, these effects have not been taken into account in literature 
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on MEMS switch dynamics. However, for other MEMS devices it is shown that these effects can be 
important, see for instance (20). 

The analyses on plate structures, as presented in the literature in Table 2.4, is limited to statie cases 
to predict the pull-in phenomenon and natural frequencies of the deflected plate. Vogl and Nayfeh (37] 
and Lun-De Liao et al. [16) perform these analyses on circular axisymmetric plates, whereas Batra et al. 
[2] additionally investigate rectangular plate structures. All these authors compared their statie results 
with experimental results. Dynamic analyses, however, have not been performed. Therefore, relevant 
physical aspects for dynamic analyses could have been neglected in their models. 

2.8 Conclusions 

Very low insertion loss and high isolation underlie the emerging attention for RF MEMS switches 
over the past 20 years. However, some challenges prevent these switches from wide commercial 
availability, with reliability taking a top position. A clear understanding of the switch dynamics is an 
inextricable necessity for failure mode investigation. Computer simulations offer the opportunity to 
both gain knowledge of the dynamica! behavior of the MEMS switch and perform (design) parameter 
studies efficiently. Moreover, the amount of expensive and time-consuming physical experiments can 
be reduced. A first principles based model of the switch dynamics seems most valuable, since this 
approach results in a compact set of equations of motion with a clear representation of individual 
physical effects. Therefore, this modeling technique is employed in this thesis. 
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Chapter 3 

First principles based modeling for 
RF MEMS switch dynamics 

3.1 Introduction 

From the modeling techniques addressed in the previous chapter, a first principles based approach is 
favorable. Models starting from first principles enable fast and accurate simulation of the nonlinear 
dynamic behavior of RF MEMS switches, while the influence of the individual physical phenomena 
can be evaluated afterwards. As a result, a first principles based model allows for design optimization 
without requiring time-consuming and expensive experiments. In this chapter first two different 
RF MEMS switch devices, which are subject of this thesis, are discussed. Next, the most relevant 
physical aspects of these switches are described in detail by their governing equations. Subsequently, 
the governing PD E is introduced, rewritten in non-dimensional form, and discretized using a Galerkin 
approach, which results in a reduced-order model (in genera! a set of coupled ODEs) to be solved. 
Finally, the numerical implementation is described. 

3.2 RF MEMS switch layouts under investigation 

At the research department of NXP Semiconductors in Eindhoven, capacitive and metal to metal con
tact switches [39] are available for experimental evaluation of their dynamic properties. The global 
layouts of these switches (not to scale) are presented in Figure 3-1. The switches exist of a circular 
clamped (solid) silicon nitride membrane above a substrate, on which a stationary grounded electrode 
is located. In the silicon nitride membrane, another gold electrode is present, which is connected to 
a DC-voltage generator. The voltage difference between these electrodes induces an electrostatic force 
that forces the membrane to move towards the substrate. Furthermore, the membrane contains holes 
for wet-etching purposes and to enable a gas-flow from underneath the switch when the membrane 
deflects. The metal to metal contact switch differs from the capacitive switch at two points. First, a 
gold contact dimple is located under the switch and secondly, the actuation electrodes do not cover the 
complete membrane area, but are 'divided' in a left and right electrode (which are connected). When 
the switch is unactuated the gap-size between the stationary electrode and the membrane is estimated 
to be do = 300 nm. The initia! gap-size between the contact dimple and the stationary electrode is 
estimated to be de = 150 nm. However, it must be noted that the measured devices are research sam
ples, for which large variances in the actual gap-sizes (of the order of 100 nm) have been identified in 
measurements, see Chapters 4 and 5. 
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(a) Capacitivc switch. (b) Metal to metal contact switch. 

Figure 3.1: Schcrnatic layouts of the two RF MEMS switches under investigation, top view and 
cross-scction ( not to scale). 

3.3 Physical aspects 

The three interconnected relevant physical domains involved in the modeling approach of MEMS 
switches presented in this thesis are shown in Figure 3.2. The mechanica! deflection of the switch 
is coupled to both the electrostatic force and squeeze-film forces acting on the movable membrane. 
Note that fringing fields , heating effects (this would result in an additional thermal domain) and the 
fini te electrical resistance of the contacts (for ohmic switches) have been neglected. The first principles 
approach is based on Newton's second law for the mechanica! part, on Coulomb's law for the electro
static part and on Reynold's equation for the fluidic part. Despite of the use of these established laws 
of physics, additional linearization or simplification is sometimes required to gain an expression that 
facilitates simple numerical implementation. Consequently, it might be point of discussion to what 
extend the obtained model is first principles based. A detailed description of the individual effects is 
given in the following sections. 

3.3.1 Structural dynamics 

The structural dynamics part of the model describes the relation between structural displacements 
and material stresses. Many theories for this relationship have been developed, see for instance [36]. 
Classica! plate theory (Kirchhoff plate theory) is the most widely applied theory for linear, elastic, 
small-deflection bending of thin plates. The basic assumptions of this theory are [36] 
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• A plate can be considered thin for small thickness to radius relations. The radius R to thickness 
h ratio considered in this thesis is between 25 ~ ~ ~ 90, which classifies the plates as thin 
plates. 

• The material of the plate is elastic, homogeneous , and isotropic. 

• The plate is initially flat. 
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Figure 3.2: Involved physical effects for MEMS switches, categorized per domain. 

• The deflection (the nonna! component of the displacement vector) of the midplane is small 
compared to the thickness of the plate. The slope of the deflected surf ace is therefore very small 
and the square of the slope is a negligible quantity in comparison to unity. 

• Straight lines, initially normal to the middle plane before bending, remain straight and normal 
to the middle surface during the deformation, and the length of such elements is not altered. 

• The stress normal to the middle plane is small compared with the other stress components and 
may be neglected in the stress-strain relations. 

• Since the displacements of a plate are small, it is assumed that the middle surface remains 
unstrained after bending. 

With these assumptions the three-dimensional plate problem is reduced to a two-dimensional one. 
These assumptions hold for small-deflection bending of thin plates. The condition for small-deflections 
is that the ratio between deflection w and plate thickness meets îf :=:; 0.3 [36]. The MEMS switches 
available at NXP Semiconductors have a gap-size of do = 300 nm and a thickness of h = 950 nm, 
which results in a maxima} ratio of 7f = ~~g = 0.32. Tuis indicates that shear forces and mid-plane 
stretching may become important for MEMS switches in contact, especially when a large area of the 
switch is in contact with the substrate. However, in this thesis the mid-plane stretching effect has been 
neglected. Hence, under these conditions the accuracy of the model might decrease. It is expected 
that this affects the results for capacitive switches more, since metal to metal contact switches close at 
smaller deflections. 

Ventsel and Krauthammer [36] derive the classica} plate theory by combining strain-curvature re
lations (kinematics) with stress relationships, and simplify the goveming set of equations by applying 
the assumptions listed above. Finally, the goveming differential equation for the deflections for thin 
plate bending analysis based on Kirchhoff's assumptions is yielded. For the analysis of circular struc
tures it is convenient to define a polar reference coordinate system with its origin in the plate center. 
Moreover, since the deflection of the switch is assumed to be axisymmetrical, the deflection depends 
only on the radial coordinate r, reducing the problem toa one-dimensional one. The Kirchhoff plate 
differential equation in polar coordinates is given by [36] 

( 
d

2 
1 d ) ( d

2
w 1 dw) 4 

D dr2 + ~ dr dr2 + ~ dr = D"v w(r) = f(r) , (3.1) 

in which D represents the bending stiffness of the plate, w( r) is the axisymmetric displacement field 
of the plate and J(r) is an applied axisymmetric load in z-direction. The biharmonic operator is 
denoted by '74

• The solution to (3.1) can be obtained by applying appropriate boundary conditions, 
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which fora clamped axisymmetric plate are defined by 

dw d3 w dw 
dr lr=O = dr3 lr=O = wlr=R = dr lr= R = 0. (3.2) 

The physical interpretation of these boundary conditions is that there are no rotation and shear force 
possible in the plate center (axisymmetric condition) and the plate edge cannot deflect and/or rotate 
(clamped condition) . 

Bending stiffness of a multilayered plate The movable membrane of the MEMS switch is 
a sandwich construction of a gold actuation electrode and two dielectric silicon nitride layers , see 
Figure 3.3. The thicknesses h; of these layers are given in Table 3-1, in which the subscript i denotes 
the i th layer. For each layer a neutra! plane z; is calculated according to 

(3.3) 

Subsequently, the location of the neutra! plane of the multilayered m embrane can be evaluated as 

(3.4) 

in which E; denotes the Young's modulus of the ith layer material. The equivalent bending stiffness 
of the sandwiched plate is obtained by 

3 
E [h:i ] 'i i 2 D = L ~ - + h;.(z,; - Z,w ,t) , 

·i=l 1 V.; 12 
(3.5) 

in which v ; represents the Poisson ratio of the i th layer material. 

···SiN·····-·--···-···---·--····--····------------· - $ --h, - .. -+-- ------ ----------------------------- ·--------- ---------- ------------ z, 
Au _____ h, _______ · z, 

---SiN---- -------------- ----------------------------- -- --- ------- ----- t . l "h, ·---------- ---- -------------- -------- ------------------ z, 

Figure 3.3: T he membrane is built up by three layers, two dielectric layers of silicon nitride (SiN) 
a nd the gold (Au) actuation electrode. 

Table 3.1: Nomina! layer thickness of the MEMS switch membrane. 

Dimension Value Unit 
h1 400 nm 
h2 250 nm 
ha 300 nm 

lnitial condition of the movable membrane The second assumption of the Kirchhoff plate 
theory requires the movable membrane to be initially flat. However, residual stress is usually present 
in a structural layer fabricated in a surface micro-machining process, like the switches under investi
gation, and will cause initia! bending. The residual force induced by the residual stress corresponds to 
a tensile or compressive transversal load, depending on whether it is positive or negative. This force 
affects the plate's resistance to bending and can result in an initia! deflection of the plate. In this thesis 
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only the latter effect is approximately taken into account by defining an additional radial coordinate 
dependent term for the gap-size 

(3.6) 

where dó represents the maximum additional deflection at r = 0. This formulation results in an 
S-shaped curve that corresponds with the shape of the analytica! solution of the deformation of a 
clamped circular axisymmetric plate under a uniform transversal load [36]. Note that the gravitational 
force is insignificant compared to this residual stress, since the gravitational force would result in a 
deflection of 0(10-14 - 0(10-12 ) m, whereas the initia! deflection induced by residual stress is in the 
order of tens of nanometers. For example, the gap-size d( r) = do + dadd ( r) as a function of the radial 
coordinate for two different values of dó is presented in Figure 3.4. 

0.8 

...L 

:fil..., 0.6 

0.4 

--di;=O 
0.2 - - - di;=0.05d 

· - · - ·di;=0.1d 

0.2 0.4 0.6 0.8 

Figure 3.4: Non-dimensional gap-size for initially deformed switches; dó is chosen as 5 and 10% of 
the nominal gap-size. 

3.3.2 Electrostatic actuation 

movable electrode 

stationary electrode 

Figure 3.5: Electrostatic force acting on a parallel plate capacitor. 

The MEMS switches available at NXP Semiconductors are actuated electrostatically. A voltage 
difference is applied between the bottom and upper electrode, as depicted in Figure 3-1, which induces 
an attractive electric field. In Figure 3.5 a schematic picture of a parallel plate capacitor is depicted, for 
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which the parallel plate capacitance is given by [25] 

c-~ 
- do - w ' (3. 7) 

in which Eo represents the permittivity of air (which equals the permittivity of vacuum), A represents 
the area of the plate capacitor, and do - w equals the deflection dependent gap-size between the two 
parallel plate capacitors. The electrostatic force (directed downward) is given by 

(3.8) 

This result implies that a movement of the switch towards the substrate gives rise to a nonlinear in
crease of the electrostatic force. The electrodes of the MEMS switch under investigation are separated 
by a dielectric layer of silicon nitride (the bottom layer of the movable membrane) . Therefore, the ef
fective gap distance has to be corrected (enlarged) , for instance see [25], which results in the following 
electrostatic force 

(3.9) 

in which Er represents the relative permittivity of silicon nitride. Note that the actual deflection profile 
w of the MEMS switch is not parallel to the stationary electrode, but depend on the radial coordinate 
r. However, it is assumed that the parallel plate formulation holds, since small-deflections are con
sidered. Furthermore, the initia! deformation of the movable membrane must be taken into account. 
The resulting deflection dependent electrostatic force is given by 

Fc(r ) = ~ Eo AV2 
" 2 (d(r) - w(r ) + 1!:..i. )2' 

€r 

(3.10) 

with 

(3.11) 

Note that the electrostatic force increases nonlinearly when the switch electrodes move to each 
other, due to the quadratic term in the denominator. Due to this nonlinearity, deflections w(r) exist for 
which the electrostatic force will become larger than the mechanica! restoring force of the deflected 
plate , resulting in a sudden snap of the movable membrane towards the substrate. This effect is 
called pull-in [25]. Moreover, after pull-in the applied voltage difference between the electrodes can 
be reduced significantly to decrease the electrostatic force such that it equals the mechanica! restoring 
force again. This effect is called hysteresis, i.e. the statie deflection of the switch w(r) depends both on 
the applied electrostatic force and the history of the deflection of the switch. These nonlinear effects 
wil! be treated in more detail in Chapter 4. 

3.3.3 Contact dynamics 

When two structures come in contact with each other, the stress in the contact point(s) increases and 
the material deforms. To calculate this stress, the contact area should be known. However, microscop
ically the surfaces of the structures are not flat , which complicates the calculation of the contact area . 
In Figure 3.6, the contact between two approaching rough surfaces is shown. The surfaces contain 
many deformable asperities , which are randomly located over the entire surface. At the moment of 
first contact only one asperity wil! be involved, i.e. the contact area wil! be very limited. When the 
compressive load is increased further, the contact area and reaction force wil! increase significantly. 

Van Spengen et al. [34] approximate the contact area of MEMS by calculating the distance proba
bility function between two rough surfaces. They introduce a Gaussian distribution function ha and 
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z 

Surfacea 

Figure 3.6: Modeling of two rough approaching surfaces; Gaussian distribution of surface heights 
is assumed l34]. 

hb for respectively surface a and b: 

_1 _ exp [- (z - Za )
2

] 

a a v"Frr 2a~ ' 
(3.12) 

_1_ exp [- (z - zb)
2

] 
ab v"Frr 2at ' 

(3.13) 

with a the standard deviation, z the surface height and Za and Zb the mean surface height of surface a 
and b. The distribution of the distance between the surfaces hab(z) can be calculated to transform the 
situation of two rough surfaces into a situation of one rough and one flat surf ace 

1 [ (z - (za + zb))2] 
hab(z, Za + zb) = J27r(a~ + a~) exp - 2(a~ + at ) . (3.14) 

The Gaussian distribution is an approximation, which is rather crude, and becomes less useful when 
the forces between the surf aces are very weak, because of the deviations from the real distribution in 
the tail of the Gaussian. However, the real distribution can only be determined from measurements. 
Consider the case that the surface roughness of the two plates is transposed to a single rough surface 
(and the other one to be flat) . One may formulate an equivalent standard deviation for the surface 
heights for the single rough surface by 

(3.15) 

Moreover, the nominal surface heights Za and Zb are set to zero, such that the surface height becomes 
Gaussian distributed around the nominal distance between the two plates. In this way, the following 
formulation for the surface height distribution is obtained 

1 [ z
2

] hab(z ) = r,,= exp --2 . 
ay27r 2a 

(3.16) 

The contact area can be calculated by integrating this height distribution hab (z) and multiplying it 
with the total surface area A 

Acontact(z) = A 1-: hab(z )dz = 1erfc ( O'~) , (3.17) 

which results in the so-called hearing method formulation as used by Suy et al. [33). Note that if 
the nominal distance between the two surfaces becomes zero, a contact area of A/2 is obtained due 
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to the Gaussian distribution. The complimentary error function is denoted by erfc and is defined by 
erfc(x) = }rr J,~ e-

12 dt. The repulsive contact force is calculated by multiplication of the indentation 
hardness of the materials and the real contact area, and is given by [34] 

(3.18) 

in which Hnb = ~'+~S is the effective indentation hardness of the two impacting materials a and 
b, i.e. the indentation hardness of the two materials is transferred to one surface, while the other 
surface is assumed to be flat and infinitely hard. The values for the indentation hardness of the switch 
materials are obtained from [18] and equal Hau = 250 MPa and HsiN = 16 GPa for gold and silicon 
nitride respectively. Note that for the Au-Au contact in metal to metal contact switches the effective 
hardness equals H aa = Jft. The value for the standard deviation is assumed to be in the order of 
several nanometers. The distance z between the two approaching surfaces can be replaced by the 
actual gap of the RF MEMS switch to obtain the resulting contact force formulation, which is used 
throughout the remainder of this thesis 

F ( ) _ - H ~ f (d(r) - w(r)) 
c r - ab er c r,:;; . 

2 O-y7r 
(3.19) 

In Figure 3.7 it can be seen that the non-dimensional contact area of the switch increases from 0 to 1 
for switch deflections of about 300 nm (a nomina! gap-size is used do = 300 nm and d8 = 0 nm). The 
deflection upon initia! contact depends only on the standard deviation of the surface heights a. 

~ 

-1- a=l nml - - - a =4 nm 
· a =7 nm 

0.8 

0.6 

0.2 

0 

200 250 

I , 

w( r) [nm] 

, 
I 

I 

I 

I 

I 

1 

1 

1 

1 
1 

I 

300 350 

Figure 3.7: Non-dimensional contad area as a function of the MEMS switch displacement. 

3.3.4 Squeeze-film damping 

Squeeze-film damping is the most dominant loss mechanism of MEMS operating under atmospheric 
pressure [25]. As depicted in Figure 3-2 squeeze-film damping is in the fluidic domain, hence a brief 
review of the fundamentals of gas motion is important. As the MEMS plate is actuated the air is 
pushed from underneath the membrane through the sacrificial holes, see Figure 3.1. The plate deflec
tion has a maximum at the center, which induces an airflow from the plate center towards the edge 
where the holes are located. However, initially the air molecules wil! be deflected perpendicular to the 
switch area, i.e. in the same direction as the switch deflects. Therefore, the air molecules may undergo 
several collisions with other molecules in the gap between the movable membrane and the stationary 
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electrode. Hence, different regimes of fluid flow can be considered, which can be identified by several 
numbers. 

The distance covered by a molecule in a gas between successive collisions with other molecules is 
defined as the mean-free path and is given by [25] -

À- 1 
- ~1rN<7;,,_ ' 

(3.20) 

where N is the number density of the gas (N = ~, where m 0 is the ma.ss of a single molecule and 
Pair is the mass density of the gas) and am is the diameter of a gas molecule of the medium. The 
mean-free path for air at standard pressure and temperature (STP is 25°C, 101 kPa) equals 68 nm. 
The ratio between the mean-free path and the gap size is a measure for the viscosity of the gas, and is 
defined by the Knudsen number 

(3.21) 

For large gap sizes, the Knudsen number will be low and an air molecule will experience many colli
sions and the gas behaves viscously. For large Knudsen numbers, however, particle-wall interactions 
become important, reducing the flow resistance, or viscosity µ in [Pa-s], through a slip-effect, where 
particles have fewer interactions with each other, hut more with the plate walls before escaping. As 
a consequence, the lateral speed of the molecules near the plate wall becomes higher. This effect is 
called slip-flow, and can be modeled by a gap-size dependent viscosity, first introduced by Veijola et al. 
[35] 

µ 
µe = 1 + 9.638Knl.159 , (3.22) 

which is accurate within ±5% for O :S Kn :S 880 [35]. 
Furthermore, Blech [4] defines a non-dimensional squeeze number <7, which gives the ratio be

tween viscous and compressive effects in the gas film 

(3.23) 

where l is the characteristic length, Pa is the ambient pressure, and wis the mechanica! frequency 
in [rad/s] of the vibrating movable membrane. The characteristic length is given by the radius of 
the membrane excluding the holes. For high squeeze numbers, <7 > 3, the gas is trapped in the 
structure by its viscosity, and acts like a spring [25]. For low squeeze numbers, the gas escapes from 
the gap without compression. For the MEMS switches investigated in this report, a typical mechanica! 
frequency of2 MHz and a smallest characteristic length of20 µmis considered, which yields a squeeze 
number of <7 = 118. This motivates the inclusion of air compression effects in the model. 

Different modeling approaches are presented in literature to link squeeze-film damping effects 
to the mechanica! domain, e.g. McCarthy et al. [19] use the linear incompressible Reynolds gas
film partial differential equation, which is coupled to the partial differential equation of the structural 
dynamics to determine the gap dependent dam ping force. Since they use the incompressible Reynolds 
equation, spring-like forces are not captured. Moreover, the nonlinear compressible Reynolds gas
film differential equation depends on the mechanica! frequency w, and is therefore inappropriate 
in a transient analysis [27]. Since measurement results clearly reveal spring-like effects of the air 
in the transient dynamic behavior of the MEMS switch, see Chapter 5, it is chosen to model the 
squeeze-film effects as a linear spring and damper placed in series at the plate center, see Figure 3.8. 
A more extensive way of such a modeling approach is described in Rocha's dissertation [27]. The 
spring constant for lumped analyses can be derived as (25] 

PaA 
kair = do' (3.24) 

with A the area of the movable membrane. This spring constant has been derived from a linearized 
(frequency independent) form of the compressible Reynolds gas-film equation (25), which results in 
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Figure 3.8: Reprcsentation of squeezc-film effects. 
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Boyle's law for compressible isothermal gas films pV = const, with pand V the pressure and volume 
of the gas film respectively. The damping coefficient has also been derived from a linearized form of 
the compressible Reynolds gas-film equation, and equals [25] 

3 µA 2 

bair = 
2

7!" d5 • 
(3.25) 

Note that this damping coefficient is independent of the deflection of the membrane. This is a rather 
crude approximation, since the denominator should read ( do - w )'1. However, this would results in an 
infinite damping force for contact situations, such that the switch will not release anymore. Further
more, a deflection dependent viscosity µ e ( w) instead of a constantµ should be used, see (3.20)-(3.22). 
However, by modeling the squeeze-film effect by a linear spring and damper placed in series, an easy 
coupling of the fluidic domain to the mechanica! domain is facilitated, since the fluidic behavior is 
captured by classica! mechanical elements. The equation of motion of the spring-damper model is 
derived by equating the spring and damper farces (Newton's 3rd law), which are given by 

Fspring 

Fdam per 

kair(Wr=O - s) , 

- ba; ,s , 

(3.26) 

(3.27) 

in which s represents the state (displacement) of the upper part of the damper and w,.=0 is the mid
point deflection of the switch, see Figure 3.8(b). Force equilibrium, F spring + Fdamper = 0, results in 
the following first order ordinary differential equation 

3.4 Equation of motion 

. kair ( ) 
S = -b. Wr = O - S . 

air 
(3.28) 

The physical effects described in the previous sections hold for axisymmetric structures. However, 
the metal to metal contact switches are not fully axisymmetrical. Still, it is chosen here to use an 
axisymmetric equivalent formulation. Therefore, the electrostatic actuation force is adjusted. The 
difference in bending stiffness is assumed to be negligible (only the gold layer is not axisymmetrical). 
In Figure 3.9, a schema tic layout (not to scale) of the proposed axisymmetric model is depicted. As can 
be seen, the electrode in the movable membrane has a hole in the center with radius rv to compensate 
for the smaller actuation area of a metal to metal contact switch, see Figure 3.r(b) . Furthermore , 
parameters of the radial coordinate dependent gap d(r) are depicted, see (3.11 ). Note that an additional 
term in the gap-size formulation has to be included to correct for a smaller gap-size de under the 
contact dimple. 
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Figure 3.9: Schematic layout of the axisymmetrical model with geometrie dimensions and radial 
coordinates. 

For the metal to metal contact switch the formulation for the gap-size becomes (for the capacitive 
switch (3.11) still holds) 

(3.29) 

where H is the Heaviside step function, such that the gap-size equals de for radial coordinates r < Re, 

with Re the radius of the contact dimple. Consequently, the gap-size equals do+ dli (r2'"itf) 2 

for radial 
coordinates r > Re, Using (3.29), it is chosen that the initia! deflection does not affect the gap
size under the contact dimple, such that a uniform gap under the dimple results. This results in a 
straightforward implementation of the allowable deflection under the dimple, which follows directly 
from measurements, without requiring additional calculations with dli involved. The formulation for 
the applied actuation voltage becomes 

V(r) = H(r - R.,)V. (3.30) 

The electrostatic actuation force per unit of area is now given by 

1 EoV(r)2 

Pe(r) = 2 (d(r) - w(r) + .!!:l. )2 ' 
lr 

(3.31) 

and the contact force per unit of area becomes 

( ) _ Hab ,., (d(r) - w(r)) 
Pc r - - 2 er1c u..JÏr . (3.32) 

Notice that these formulations can be used for capacitive switches as well, by setting the values de = do 
and Re = Rv = 0. In this way one single model formulation is obtained that enables the simulation 
of the dynamics ofboth capacitive and metal to metal contact switches. 

As a starting point, first the undamped equations of motion will be presented. In Sections 3.8 
and 3.9, modal damping and squeeze-film forces will be included. The partial differential equation in 
polar coordinates, which describes the undamped axisymmetric time-dependent transverse deflection 
w(r, t) of a clamped circular Kirchhoff plate with flexural rigidity D and mass per unit area ph under 
an electrostatic force and contact force per unit area, is govemed by 

h 8
2
w(r, t) + D\l4 w(r t) = ! EoV(r)

2 
_ Hab erfc (d(r) - w(r, t)). 

p 8t2 r ' 2(d(r)-w(r,t)+!!:l.) 2 2 u..Jïr 
lr 

(3.33) 

3.5 Non-dimensional equations of motion 

Since the switch deflections are of 0(10-7) mand the structural eigenfrequencies are of 0(106 ) Hz, 
PDE (3.33) is written in non-dimensional form, such that the deflections and frequencies become 

23 



approximately of the same order, according to 

A r 
r = R' 

A w 
w = do ' 

The dimensionless spatial and tempora) derivatives become 

Chapter 3 

(3 .34) 

(3.35) 

Tuis transformation to the non-dimensional form results in the following non-dimensional POE 

82w 4 A V(f)2 (cg(f) - 'ÛJ) 
~ + 'v ;-W = Cv ( ( A) A )2 - Ccerfc . 8t Cg r - W + Cd Cv ar 

(3.36) 

where 

R4
Eo _ 2 hr1 R4 

H ab O"-/ir 
Cv = 2Ddg [V ], Cel = do e,. H, Cc = 2Ddo H, Cvar = do H , 

( A) de ( d~ ( A2 )2 de ) H( A R e ) [ ] c9 r = - + 1 + - r - 1 - - r - - - . 
do do do R 

(3.37) 

Transforming boundary conditions (3.2) to non-dimensional boundary conditions results in 

aw(o, t) _ éPw(o, t) _ A ( ) _ aw(l , t) _ 
0 ar - ar:1 - w 1' t - ar - · (3.38) 

3.6 Discretization methods 

In order to find an approximate solution of partial differential equation (3.36) , different numerical 
methods can be used. Besides methods as the fini te difference method and the fini te element method, 
the Galerkin method is gaining attention in the last decade for MEMS applications [22]. All these 
methods discretize the differential equation with respect to the spatial coordinates, such that the dif
ferential equation is approximated by a set of time-dependent ODEs (if starting from a POE), or by a 
set of algebraic equations (if starting from an ODE), which can be numerically solved. The selection 
of a discretization method is based on the required accuracy, efficiency and ease of implementation. 
As an illustrative example of the differences between these three methods, the statie deformation of 
a clamped axisymmetric Kirchhoff plate under a uniform load is calculated with these three methods 
and compared with the analytical solution. The governing fourth-order ODE is given by 

D'viw(r) = Po, (3.39) 

where p0 is a constant distributed load per unit area. Discretization by a second-order finite difference 
(FD) procedure, for example see [3], a finite element method (FEM) using ring- and circular elements, 
see [23], and the Galerkin method with the undamped linear mode shapes as basis functions, for 
example see [37], results in an algebraic set of n linear equations to be solved 

Kq = Q , (3.40) 

where Kis the n-by-n stiffness matrix, q is the n-by-1 column with degrees of freedom (FD and FEM) 
or generalized coordinates (Galerkin), and Q is the n -by-1 column with the applied distributed force. 
For the described problem, the relative errors of the solution obtained by the discretization methods 
with respect to the exact analytical solution as a function of problem size (number of equations to be 
solved) are presented in Figure 3-ro, from which it can be concluded that the Galerkin method may 
result in the most compact set of equations to be solved for any required accuracy, and therefore may 
be the most efficient approximation technique. The success of the Galerkin method depends however 
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on an appropriate choice of the Galerkin basis functions . In Figure 3.10, the finite element method 
results in a set of algebraic equations that is about 7 times larger to obtain the same accuracy as the 
Galerkin method. Moreover, an optimum for the number of elements exists for the solution of the 
finite element method. By increasing the number of elements first the solution will converge towards 
the analytica} solution because of the decreasing truncation error. However, by using more than ap
proximately 400 elements (:=::::: 800 equations) the matrix K becomes badly conditioned, resulting in 
an increase of the relative error. For these reasons, the Galerkin method is selected to transform PDE 
(3.36) into a set of time-dependent ODEs. Note that it is required to solve this set of ODEs every time
step in dynamic simulations, emphasizing even more the necessity of a compact, accurate method. 
A more extensive comparison between the finite difference, finite element and Galerkin procedure is 
presented in Appendix A. 
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Figure 3.10: Relative error between the approximate solutions and the exact analytical solution 
of (3.39) as a function of problem size. 

3. 7 Galerkin discretization 

With the Galerkin method, an approximate solution of PDE (3 . 36) is sought of the following form [36]: 

N 

w(r, t) :=::::: L Qi(t)<l>i(r), (3.41) 
i=l 

where Qi(t) is the ith generalized coordinate for the ith basis function c/>i(r). These basis functions 
satisfy all prescribed boundary conditions (3.38) a priori, hut not necessarily differential equation 
(3-36) . For an increasing number of included (and well-chosen) basis functions N the approximation 
will become exact. For a dynamic problem, a commonly made choice for these basis functions are 
the linear undamped mode shapes of the mechanica} system, i.e. the non-trivia} solutions of (3.36), 
where the right-hand-side (RHS) is set to zero, which are given by [5] 

(3.42) 

where J0 and 10 are the Bessel and the modified Bessel function of the first kind of order 0, respec
tively. The parameters Ài are related to the non-dimensional resonance frequencies wo,i in [rad/s] by 
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À; = ,JWcG, [12 ], and are the roots of the frequency equation 

(3.43) 

where J1 and 11 are the Bessel and modified Bessel function of the first kind of order 1. In dimensional 
form the resonance frequency Jo ,-; in [Hz] is given by 

wo ; D 
[ ] 

1/ 2 

fo ,i = 27rR2 ph , 

The first four axisymmetric mode shapes are presented in Figure 3.11. 
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Figure 3.11: First four axisymmetric mode shapes </>i of a circular isotropic plate. 

(3.44) 

For notational convenience the hats in non-dimensional PDE (3.36) are omitted and differentiation 
with respect to non-dimensional time is represented by dots, resulting in 

.. 4 V(r) 2 (c9 (r) - w) 
w + 'ïl"w = Cv ( ( ) ) ., - Ccerfc . 

c9 r - W + Cct - Cv ar 
(3.45) 

Replacing the deflection w (r, t) in the non-dimensional PDE by the truncated series (3.41) results in 

.. 4 V(r) c9 r - L,i= I Q;</>i _ , N N 2 ( ( ) .._, N ) L Qi</>i + L q; 'ïl ,.</>-; - Cv N + Ccerfc ---"---'----=="---=--- - Er, (3.46) 
i= I i= l (cg(r) - Li= l Qi</>i + cd)2 Cvar 

where Er is called the residual, which should be minimized. The biharmonic operator applied to the 
basis function (/>; gives [37] 

'iJ;q>; = W6, ;</>i.· (3.4 7) 

Moreover, note that the basis functions are orthonormal, which gives 

1' </>m(r) </>,, (r )rdr = 8"m , (3.48) 

where ó,.,m is the Kronecker delta. Since the Galerkin method gives an approximation, which will 
(generally) not be exact over the interval r E [O , 1], the magnitude of the residual of (3-46) is required 
to be minimal over this interval. Note that the number of included basis functions N influences the 
residual, i.e. for different numbers of N a different residual is to be minimized. The condition for 
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minimization is equivalent to the requirement that the residual is orthogonal to each of the basis 
functions. Tuis can be understood by the fact that if the residual would not be orthogonal, the error 
could be reduced by adding a component of the basis function <Pi to the solution. Therefore, the 
residual (3.46) is multiplied by r </>n (n = 1, 2, ... , N ) and integrated over r from O to 1 to obtain the 
following set of N discretized equations 

for n = 1, 2, ... , N. Note that the left hand side (LHS) of (3.49) is decoupled by the orthonormality 
condition (3.48), which results in 

forn = 1, 2, ... , N. 

3.8 Modal damping 

It is assumed that, besides squeeze-film damping (see next section), all other loss mechanisms, e.g. 
anchor losses and material damping, can be represented by a simple modal damping formulation. 
Furthermore, for high frequencies (high non-dimensional squeeze numbers, or short time-scales) the 
damper of the squeeze-film model can be considered as infinitely stiff. In that case, the modal damp
ing formulation should also represent the viscous damping acting on the membrane. Note that such 
a way of modeling dam ping effects, results in a linear combination of forces for the viscous dam ping 
force, i.e. the viscous damping force is now represented by both the modal (for high frequencies) and 
the squeeze-film damping parameter (for low frequencies , i.e. long time-scales). The equation for a 
modal damping force is given by 

(3.51) 

where ( i is the non-dimensional modal damping parameter and wo,i is the non-dimensional natura! 
frequency of the ith mode. After applying Galerkin discretization to (3.51) and making use of the 
orthonormality condition, the (decoupled) LHS of (3.50) is extended to 

(3.52) 

for n = 1, 2, ... , N . 

3.9 Squeeze-film force 

The squeeze-film damping force , as presented in Section 3.3.4, acting on the movable membrane is 
approximated using the truncated series (3.41) 

F spring = (3.53) 

s (3.54) 
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in which cp; (0) represents the ith mode shape evaluated at r = 0. Following the Galerkin method, 
and as a term to be added to (3.49), the force Fspring is multiplied by 4>n (n = 1, 2, ... , N - 1, N) and 
integrated over r from 0 to 1 to obtain 

S s f = 1' Fspringó(r) cpndr = Fspring ci>n (0). (3.55) 

The squeeze-film damping effect is assumed to act only on the first axisymmetric mode shape of the 
MEMS switch cp1 . For higher-order modes air compression will be less prominent, since some parts 
of the switch area move in opposite directions, resulting in a much smaller change in volume under 
the movable membrane. Therefore, it is assumed that 

. - --,r,;-
{ 

P" A 
kair -

0 

3.10 Reduced-order model 

ifn = 1, 

if n =/ l. 
(3.56) 

The Galerkin method is applied to derive a reduced-order model of the dynamics of the MEMS 
switches presented in Section 3.2. The linear undamped mode shapes of a clamped axisymmetric 
plate have been used as the basis functions. This choice results in mass-normalized equations of 
motion. A similar approach is presented in [37]. The genera! form of the reduced-order model, includ
ing squeeze-film forces, can be formulated as the following set of N coupled nonlinear second-order 
ODEs, complemented with one linear first-order ODE 

s (3.57) 

where the matrices n and 3 are N-by-N diagonal positive definite matrices, with respectively the 
non-dimensional natura! frequencies w; and non-dimensional modal damping coefficients ( ; on their 
diagonal. Columns f e, fc, and f , J have dimension N-by-1, and contain the electrostatic, contact, and 
squeeze-film forces respectively. These columns are explicitly given by 

and 
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c. r' erfc (c,,(r) - I:: f- , q,q,, ) ,1, rdr l c Jo Cvar lf' l 

Cc rI erfc ( c" (r)-~f- , q,q,, ) ci>N rdr ' 
JQ Cva,· 

f ,J = 

4t;- ( I:f:1 q.;cp.; (0) - s) 4> 1 (0)dr 

0 

0 
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3.11 N umerical implementation 

In order to find the statie or transient solution of the reduced-order model (3.57), the integrals have 
to be evaluated numerically, since an analytica! solution of the integral of a combination of Bessel 
functions cannot be obtained. Besides the numerical evaluation of these integrals, the reduced-order 
model remains in symbolic form, allowing for parameter studies. As a first step of the numerical 
implementation, the equations of motion (3.57) are implemented in symbolic form in the software 
package Maple, which is very suitable for symbolic mathematica! calculations. The integrals in the 
time-dependent force vectors in the RHS of (3.57) are evaluated numerically in Matlab. 

Statie equilibrium points and stability 

For calculation of the statie equilibrium points only the time-independent part of the equations of 
motion has to be considered, and is given in matrix form as 

(3.61) 

where q is the column of time-independent generalized coordinates, which can be determined by 
solving this system of nonlinear algebraic equations (3.61). For this purpose, the set of equations 
are exported from Maple to Matlab. By evaluating the eigenvalues of the Jacobian of (3.61) the local 
stability of an equilibrium point q = Qe can be determined. The Jacobian is given by 

J(qe) = a;;t (qe), (3.62) 

which has N eigenvalues. An equilibrium point Qe with eigenvalues Ài is said to be 

• locally stable, if all eigenvalues are positive: Ài > 0 Vi, 

• locally unstable, if one or more eigenvalues are negative: :li Ài < 0, 

• at a bifurcation point, if one or more eigenvalues equal zero: :li >.i = 0. 

Once an equilibrium point is found, numerical continuation can be applied to calculate a bifur
cation diagram, see for instance [20]. The electrostatic actuation voltage Vis used as the bifurcation 
parameter, and for an initial solution Qe(Vo) a subsequent solution is calculated for V = V0 + ~V. 
A numerical zero-finding algorithm based on damped Newton-Raphson iteration is used for this pur
pose. The same algorithm is used in [20] and is based on [24]. Subsequently, the value of Qe(V0 + ~ V) 
can be used as a starting point of the next iteration. Near bifurcations, problems may arise when a 
solution reaches a turning point, i.e. for small ~ V the solution may not converge. To overcome this 
problem, arclength continuation is implemented. A practical example of numerical continuation on 
MEMS switches is presented by Stulemijer et al. [32]. They present the numerically obtained equilibria 
and their stability of a 2-DOF and 5-DOF model of a capacitive MEMS switch. 

Transient dynamics 

The time-dependent solution to the set of N nonlinear second-order ODEs coupled toa single linear 
first-order ODE, describing the squeeze-film effect (3.57), is obtained by the transformation to an 
equivalent set of 2N + 1 first-order ODEs by introducing the state x = [qT qT sf and adding the 
trivial equation q = q, which results in 

:i; = [ -02q - 230q + Je(:) - f c(q) - fsJ(q, s)] ] · 
s(q ,s) 

(3.63) 

Tuis set of ODEs is exported to Matlab and solved using the ode15s solver, suitable for stiff ODEs, 
which is available in Matlab. The choice for the ode15s solver is made, because the transient solution 
has time intervals where the solution components change slowly, altemating with time intervals where 
the solution components change rapidly. Compared to the ode45 solver, the ode15s solver is about 3 
times faster in calculating the solution. 
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3.12 Conclusions 

Two different RF MEMS switch devices (capacitive and metal to metal contact) have been introduced. 
The most relevant physical aspects determining the dynamics of these switches are described in 
detail by their governing equations and the governing POE has been introduced, rewritten in non
dimensional form, and discretized using a Galerkin approach. This approach has resulted in an effi
cient reduced-order model that can be used for simulations for both types of switches. The formula
tions for the mechanica! and electrostatic part are first principles based. The squeeze-film force, and 
to a lesser extent the modal damping force, however, cannot be considered as first principles based, 
since they are based on rather crude approximations. Using the commercial software packages Maple 
and Matlab, the statie equilibrium points and dynamics of the MEMS switches under investigation 
can be determined. 
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Statie equilibrium points and their 
stability 

4.1 Introduction 

The first principles based reduced-order model of the MEMS switch dynamics presented in the pre
vious chapter is used as a starting point to simulate the statie behavior of the clamped axisymmetric 
switch. The influence of small variances in the different model parameters is investigated to gain 
useful experience required for fitting the model on experimental results. First, the statie equilibrium 
points of the system and their stability will be determined. Next, the experimental setup and the exper
imentally determined quasi-statie behavior of the switches will be discussed. Finally, the reduced-order 
model parameters will be tuned to find a qualitative match between the numerically and experimen
tally obtained results. 

4.2 Simulation results 

The statie deflection of the switch due to an applied DC voltage Vdc is calculated by solving the time
independent part of the system of Galerkin discretized equations, see section 3.7, 

lst(q) = n.2q - f e(q) + fc(q) = o, (4.1) 

Note that squeeze-film forces do not play a role. Since the attractive el~ctrostatic force is inversely 
proportional to the square of the distance between the p1ates, whereas the mechanical restoring force 
increases linearly with displacement, a limit point exists, at which the electrostatic force overcomes 
the mechanical restoring force of the switch, resulting in a collapse of the membrane to the substrate. 
Tuis phenomenon is called pull-in and, likewise, the accompanying DC voltage is called the statie pull
in voltage Vpi• When the switch is closed, the applied DC voltage can be reduced significantly below 
Vpi until it will reach a pull-out voltage Vpo, below which the switch opens again. To identify the statie 
equilibrium points and the pull-in and pull-out voltages, numerical continuation is applied to follow 
the branch of equilibrium points, in which the DC voltage is used as the bifurcation parameter, see 
Section 3-11. The stability of these points follows from a local eigenvalue analysis. 

First, a capacitive switch with model parameters as presented in Table 4.1 is considered. Simula
tions have been performed to determine the statie equilibrium points and their stability. The pull-in 
curves for discretized models based on a single mode, N = 1, up to 4 modes, N = 4, are shown in 
Figure 4.1. The bifurcation parameter Vdc is indicated on the horizontal axis, whereas the midpoint 
deflection of the switch is depicted on the vertical axis. The solution curve consists of two stable parts 
connected by an unstable part. The transitions between the stable and unstable branch are accom
panied by two limit point bifurcations identifying respectively the pull-in and release voltages. The 
lower stable branch of equilibria converges to one solution curve for models including higher-order 
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Tablc 4.1: Nomina! model parameters of the capacitive MEMS switch. 

Parameter Value Unit Parameter Value Unit 
R 50 µm E2 (Au) 70 GPa 
Re, R v 0 µm Vj , V3 (SiN) 0.23 
h1 400 nm v2 (Au) 0.44 
h 2 250 nm H" (SiN) 16 GPa 
h3 300 nm Hb (Au) 250 MPa 
do 300 nm (J" 1 nm 
de, d15 0 nm Eo 8.854-10~12 F / m 
Ei , E 3 (SiN) 250 GPa f..,. 7.5 

modes, see Figure 4.r(b). All multi-mode simulations show a similar mid-point displacement at pull
in of about Wmül = 165 nm and the approximated pull-in voltage equals V,, i = 20.24 V applying 
the discretized model based on 4 modes. By inspecting the statie deflection of the midpoint for con
tact situations, see Figure 4.r(c) , it can be concluded that the solution curve has not converged after 
incorporating four modes, which is a consequence of the choice for the basis functions (the eigen
modes of a clamped circular plate, without further constraints). The mid-point deflection at release 
(V,w = 14.4 V) is predicted to be Wm:id = 296 nm. In Figure 4.r(d), the individual contributions of the 
modes are shown for the 4-modes model as a function of the actuation voltage Vdc • It can be noticed 
that the first mode has the largest contribution to the total deflection. The higher-order modes, in 
particular the second mode, become important for contact situations. 

The stable deflection of the membrane just after pull-in shows great differences for different num
ber of modes involved, as is depicted in Figure 4.2, in which the deflection w is plotted versus the 
radial coordinate r of the switch. Roll-offbehavior is expected for the switch in closed-state. However, 
a closer look of the simulated deflections near the switch center (Figure 4.2(b)), i.e. the area of the 
switch that is in contact, reveals a nonuniform deflection of this area. This behavior may originate 
from the employed mode shapes, namely the free undamped axisymmetrical modes of a clamped cir
cular plate, for which a large number of modes wil! be required to simulate accurately the expected 
roll-off behavior. 

The local eigenvalue analysis for determining the stability of the equilibria, also yields the local 
natura! frequencies of the membrane. These frequencies correspond to the mode shapes used as basis 
functions in the Galerkin discretization. The local natura! frequencies fora 4-mode model, linearized 
around the statie equilibrium points, are presented in Figure 4.3- The first natura! frequency drops to 
zero towards pull-in, and corresponds with observations in [37] . Due to this equilibrium the effective 
spring force approaches zero. The higher-order modes are hardly affected by the electrostatic actuation 
force . When the membrane is in contact with the substrate, the natura! frequencies increase due to 
the contact area of the membrane that is 'fixed'. 

Influence of model parameters 

Starting from first principles (at least for the mechanica! and electrostatic part) the reduced-order 
model presented in Chapter 3 has been build up. The values for most parameters in the formulations 
for bending stiffness, electrostatic, and contact force are selected from theory (e.g. material proper
ties, electric properties). Other parameter values are based on assumptions. These parameters are: 
R v, do , de, dii, O". Since the model assumes ideal conditions and zero product tolerances, while the 
manufacturing processes will never result in a perfect switch, the influence of some model parameters 
on the statie equilibrium points is investigated. In the following sections, a 4-mode model is used. 

Contact mode l parameters Varying the contact model parameters (O" and Hab) results in statie 
equilibrium points as shown in Figure 4.4 and Figure 4.5. For a higher standard deviation of the 
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Figure 4.1: Statie equilibrium curves for models based on 1, 2, 3 and 4 modes Galerkin discretiza
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(b) Zoom of na tura! frequencies before p ull-in. 

Figurc 4.3: Local non-dimensional frequencies of a rcduced-ordcr model using 4 modes of a capac
it ive switch. 

surface heights, the maximum deflection of the switch will be smaller, since the point of initia! contact 
will be reached earlier. From Figure 3.7 in Section 3.3.1 it is clear that the standard deviation has a large 
influence on the contact force, since this parameter determines the deflection at which contact force 
will be build up. The difference in maxima! deflection between the models with a standard deviation 
of 1 and 10 nm is about 30 nm. This implies that the actual contact area is very limited. The hardness 
of the contacting materials is not influencing the statie equilibrium points much as can be seen in 
Figure 4.5. The effective hardness is extremely underestimated (compared to the nomina! value for 
the hardness) by 50 % and 75 % without showing large differences in the statie solutions. 
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Figure 4.4: Influcnce of standard deviation in surfacc heights on statie equilibrium points. 

Gap-size When the gap-size is decreased or increased, the pull-in and release voltages will decrease 
or increase as well, see Figure 4.6, since the electrostatic force depends inversely on the gap-size 
squared. Moreover, when an initia! (upward) membrane deflection of 50 or 100 nm is taken into 
account, see (3.11 ), the bifurcation diagram for the mid-point of the switch and deflected shape of the 
membrane in contact actuated at ½,;, becomes as in Figure 4.7, from which it can be concluded that 
the maximum deflection of the switch and the pull-in and pull-out voltages increase. Furthermore, the 
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Figure 4.6: Influenee of gap-size on statie equilibrium points. 

distance between the two stable branches increases, i.e. the gap-size is larger for an initially deformed 
membrane at the pull-in point. 

For metal to metal contact switches, the gap-size and actuation voltage become a function of the 
radial coordinate, since an unactuated contact dimple (de = 150 nm) is located under the movable 
membrane_ Since the actuated area decreases by increasing Rv, see Figure 3.9 , the available electro
static force is less compared to capacitive switches (with the same membrane radius) . In Figure 4.8, 
the bifurcation diagrams and deflected shapes of two metal to metal contact switches with different 
contact dimple radii are shown. As can be seen, the metal to metal contact switch has a touch-down 
of the contact dimple without pull-in of the switch center. However, pull-in towards and pull-out from 
the actuation electrode of the metal to metal contact switch is observed at a radial positions of about 
r = 20 µm. For the switch with the large contact dimple, see Figure 4.8(b) , it can be observed that the 
mid-point of the switch loses contact with the substrate to be able to round the corner near the edge 
of the dimple, when pull-in of the electrode occurs. 
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4.3 Measurement set-up 

The accuracy and validity of the derived axisymmetrical model for the clamped circular MEMS switch 
is investigated by performing measurements on an experimental set-up. For this purpose, experi
mental facilities and expertise at the research department ofNXP Semiconductors in Eindhoven have 
been made available. Both quasi-statie and dynamic responses (see Chapter 5) of the switch under dif
ferent loading cases have been measured and compared with simulation results. The MEMS switch 
devices are manufactured on a silicon wafer with a diameter of 150 mm [39]. This wafer is placed 
on a movable chuck, above which a microscope and laser-Doppler vibrometer (LDV) are situated, see 
Figure 4.9. The devices that have been used in the measurements are listed in Table 4.2. Two types of 
metal-to-metal contact switches have been measured, "Srf xx" and "4-P-RC-3-xx", where 'xx' indicates 
the switch radius. The "4-P-RC" switches differ at two points from the "Srf" devices: 

• The "4-P-RC" switches have 4 gold RF lines, two between the top and two between the bottom 
electrodes, see Figure 4.3, thus showing symmetry around 2 perpendicular lines, whereas the 
"Srf' switches have 1 RF line in the top membrane and 1 in the substrate. ·Consequently, "Srf' 
switches are symmetrical around l line (see Figure p(b)); 

• The radius of the contact dimple of the "4-P-RC" switches equals 3 µm, whereas the radius of 
the dimple of the "Srf" switches equals 1 µm. 

The capacitive switches are labeled "Res-xx" , where the switch radius again is indicated with "xx". 

Actuation The switch is actuated by connecting 2 probes to the bond pads of the switch, one is 
connected to a voltage source, while the other probe is connected to the ground to realize a voltage 
difference between the bottom and upper electrodes of the switch, see Figure 4.rn. Note that the 2 
bond pads for the DC voltage or ground are interconnected. The other bond pads in Figure 4.rn are 
used for measuring electrical properties of the switch, such as its contact resistance. 

Detection The out-of-plane deflections of the circular MEMS switch under investigation are mea
sured using a Polytec LDV. The laser is aimed at the surface of the switch and the doppler frequency 
shift in the reflected laser beam is used to determine the speed and time dependent position of one 
point on the membrane. The laser beam is reflected by the gold actuation electrode in the movable 
membrane, since the silicon nitride cap and top-layer of the switch are transparent. The LDV has a 
voltage range of ± 10 V and the sensitivity can be set in the control-unit. The laser-spot on the switch 
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Figure 4.8: Bifurcation diagram and deflected shape of two metal to metal contact switches with 
different dimple radius. 

has been made visible on a computer screen, from which the measured position could be verified. 
However, the laser-spot itselfhas a radius of approximately a few micrometers. 

4.4 Measurement results and model validation 

The statie equilibrium points are determined experimentally by slowly sweeping the DC voltage up and 
down. To ensure quasi-statie behavior of the switch, the speed of the sweep should be low enough. 
The actuation scheme (fora switch with a radius of25- 35 µm) is shown in Figure 4.11 and consists of 
both a positive and negative voltage sweep up and down. Note that the electrostatic force is the same 
for both the positive and negative voltage sweep (if no charge trapping in the dielectric occurs), since 
the voltage is squared in the expression for the electrostatic force, see (3.10). In this way the statie 
deflection of the switch is measured twice in a single experiment. The maximal applied DC voltage 
is sufficiently high to close the switch, and obviously differs for different switch radii; large switches 
are actuated with lower maximum voltages than small switches, e.g. the maximal applied DC voltage 
for a switch with 90 µm radius equals 50 V. The sensitivity of the LDV has been set to 50 nm/V for 
measuring deflections of up to ±500 nm. The actuation scheme is applied 200 times, after which the 
measured deflections have been averaged. 
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(a) Complete set-up. 

(b) C lose-up of the chuck. 

F igure 4.9: Mcasuremcnt set-up at NXP Semiconductors. 

Quasi-statie measurements have been performed on the switches listed in Table 4.2. Of each 
type of switch, only one specimen has been investigated, so nominally identical switches have not 
been compared. The measured deflection of a capacitive switch with R = 50 µm (Res-50) at the 
center of the membrane is shown in Figure 4.12(a). Furthermore, the measurement results of a metal 
to metal contact switch with R = 45 µm (4-P-RC-3-45) can be found in Figure 4.12(b) . As can be 
seen the capacitive switch clearly shows pull-in and pull-out behavior at respectively 29 and 26 V, 
whereas the metal to metal contact switch has a touch-down of the contact dimple without pull-in of 
the switch center. In the Jatter case, the branch of quasi-statie deflections for the sweep down seems 
to completely overlap the branch for the sweep up. The measured quasi-statie behavior of a capacitive 
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Table 4.2: Switches available for measurements. 

Metal to metal Radius lµm) 
Srf 25, 4-P-RC-3-25 25 
Srf 30, 4-P-RC-3-30 30 
Srf 35, 4-P-RC-3-35 35 
Srf 40, 4-P-RC-3-40 40 
Srf 45, 4-P-RC-3-45 45 
Srf 50, 4-P-RC-3-50 50 
Srf 55 55 
Srf 60, 4-P-RC-3-60 60 
Srf 65 65 
Srf 70, 4-P-RC-3-70 70 
Srf 75 75 
Srf 80, 4-P-RC-3-80 80 
Srf 85 85 
Srf 90, 4-P-RC-3-90 90 

(a) Switch and bond pads. 

Capacitive Radius lµm) 
Res-25 25 
Res-30 30 
Res-35 35 
Res-40 40 
Res-45 45 
Res-50 50 
Res-55 55 
Res-60 60 
Res-65 65 

(b) Close-up of the switch and 
measurement points. 

Figure 4.10: Picture of a metal to metal contact switch (4-P-RC-3) and indication of measurement 
points used for experiments. 

and metal to metal contact switch qualitatively corresponds with the statie behavior from simulations, 
as can be observed by comparing Figure 4.12(a) with Figure 4.1(a) and Figure 4.12(b) with Figure 4.8(a) 
respectively. However, the (very) small jumps, which would occur after passing the bifurcation points 
in a sweep up or down, see Figure 4.8(a), are not observed in Figure 4.12(b), which is probably due to 
the employed basis functions in the numerical model. 

It can be concluded from the quasi-statie measurements that the dimensions of the gap-size are 
not according to specifications. For instance, from Figure 4.12(a) it can be concluded that the gap-size 
is about 410 nm large, while the nomina} gap-size is intended to be 300 nm. Many experiments show 
such a difference, from which it is concluded that the actual gap-size varies between 230 nm and 
420 nm for capacitive switches and between 290 nm and 610 nm for metal to metal contact switches 
(for the gap under the electrodes). These variations originates from the manufacturing process of 
these switches, in which the etching process to remove the sacrificial layer under the switch will have 
the largest contribution to the definition of the gap. Furthermore, material stresses can be induced in 
the manufacturing process, e.g. intrinsic stress can be induced by the deposition process and stresses 
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(b) Metal to metal contact switch with R = 45 (4-P-RC-
3-45). 

Figure 4.12: Measurcd quasi-statie mid-point defleetion of a MEMS switch. 

can be induced by thermal processes, which all may cause initia! deflections of the membrane. 

Model validation 

The results of the quasi-statie experiments have been used for model validation purposes. A best possi
ble fit of the numerical solution on the experimental results is intended to be obtained by performing a 
careful fit procedure. The nomina! parameter values in Table 4.1 are used as a starting point. First, the 
measurement results (maximum deflections) are analyzed to determine appropriate model parameter 
values for the gap-size, i.e. d0 , dr, , de. Secondly, the contact model parameter value fora is optimized. 
Finally, for metal to metal contact switches the unactuated area of the switch should be set by fitting 
of Rv. The value for Rr. (contact dimple radius) equals 1 or 3 µm for "Srf" or "4-P-RC-3" switches 
respectively (but is not a fit parameter). The remaining model parameters, i.e. the switch radius, 
switch thickness, material properties and permittivity constants, are not considered to be tunable, and 
remain as presented in Table 4.1. 

The goal of the model verification is to demonstrate that the model is able to quantitatively, or at 
least qualitatively, predict the behavior of the MEMS switch. As can be seen in Table 4.2, 32 different 
MEMS switches have been selected for measurement purposes. lt has to be noted that: 
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• Some switches were initially broken. Others got damaged during the experiment, resulting in 
rejected measurements. It is easily observed if a device is broken, by inspecting the color of the 
device. If (parts of) the gold electrode(s) have tumed black, it is probably broken; 

• The measurements of functioning devices reveal that the switch diniensions are largely affected 
by production tolerances. For example, the gap-size of the different devices, which should be 
identical (300 nm) differ relatively much. Therefore, it is required to perform a parameter fit 
procedure for every single device, which is very time-consuming. 

For these reasons, it is chosen to demonstrate the capabilities of the model for carefully selected 
devices, i.e. for selected measurements maximum effort is performed to gain an optima! (at least 
qualitative) match with simulation results. 

Capacitive switch The experimental and numerical statie equilibrium points of a capacitive switch 
with R = 50 µm (Res 50) are presented in Figure 4.13. The nomina! and optima! fit-parameters found 
are presented in Table 4.3. Both simulations and experiments reveal branches of stable equilibrium 

Table 4.3: Nomina} and optima} fit parameter values for the capacitive Res 50 MEMS switch. 

Parameter Value (nomina}) Value (fit) Unit 
R 50 50 µm 

do 300 355 nm 
dö 0 70 nm 
(7 1 8 nm 

points before and after pull-in. The experimentally determined pull-in voltage equals 29.3 V and the 
numerically determined pull-in voltage equals 29.9 V. The release voltage is underestimated in the 
simulation (23.5 V versus 25.7 V), which might be due to the contact force which might be overesti
mated, since the Gaussian model might not be applicable. The simulated roll-off behavior depends 
largely on the number of structural modes incorporated. Compared to the first stable branch (starting 
at V = 0 V), the second stable branch (after pull-in) converges less clearly to one solution when higher 
modes are included, as was already observed in Figure 4.1. The models based on 1- and 2-modes 
are not plotted, since these models do not (accurately) predict the roll-offbehavior. Furthermore, for 
the 2-mode model a second unstable branch has been observed, which is due to a second 'pull-in' 
of the switch area near the edge. This has not been observed in measurements and is a numerical 
side-effect, i.e. the first two modes have to describe the roll-off behavior completely. Waves can be 
seen in the second stable curves of the 3- and 4-mode discretization. It is expected that when higher 
modes are added the second stable curve will converge and become smoo~ eventually. Obviously, in 
the axisyrnmetric models, the results are axisyrnmetric with respect to r = 0. Based on Figure 4.3, 
the experimental results should also be symmetrie (although not completely axisyrnmetric). However, 
the results in Figure 4.13 show clearly asyrnmetry. This can be explained by the axi-asyrnmetry of the 
actual gap-size. 

Metal tot metal contact switch The experimentally and numerically (incorporating 4-modes) 
determined statie equilibrium points of a metal to metal contact switch with R = 45 µm are pre
sented in Figure 4.14. The nomina! and optima! fit-parameters found are presented in Table 4.4. Both 
simulations and experiments reveal touch-down behavior of the contact dimple. For low voltages (V 
~ 26 Va quantitative match is obtained. For higher actuation voltages (V ~ 38.9 V) the left and right 
electrodes show pull-in behavior in the simulations. However, experiments do not reveal this kind of 
pull-in, which might be caused by an asyrnmetrical shaped gap-size compáred to simulations. Exper
iments reveal contact of the electrode at negative radial coordinates, if actuated with approximately 
55 V, see Figure 4.14(c). Increasing the gap-size parameters may result in a better approximation at 
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Figure 4.13: Statie equilibrium points of a capaci t ivc switch , with R = 50 µm , simulations and 
experiments. 

high voltages, since this will result in a shift of the equilibria to the right in the bifurcation diagram. 
However, for low voltages this will decrease the accuracy of the simulation. Therefore, it might be 
recommended to employ a different formulation for an r -dependent gap-size. All together, it has to 
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Table 4.4: Nominal and optimal fit parameter values for the metal to metal 4-P-RC-3-45 MEMS 
switch. 

Parameter Value (nominal) Value (fit) Unit 
R 45 45 µm 
Re 3 3 µm 
R v 10 µm 
do 300 300 nm 
de 150 240 nm 
dó 0 0 nm 
a 1 12 nm 

be concluded that fitting the reduced-order model on experimental data for metal to metal contact 
switches is more cumbersome compared to capacitive switches. Most important explanation for this 
conclusion is the asymmetrical behavior of metal to metal contact switches, which occurs when one 
side (electrode) of the switch is pulled-in, while the other side is not at its pull-in point. Moreover, 
the presence of the contact dimple requires a more extended formulation for the gap-size, while less 
information can be extracted from the experimental data. 

4.5 Conclusions 

In this chapter, the equilibrium points and their stability of a first principles based reduced-order 
model of the MEMS switch are presented and compared with results obtained from quasi-statie ex
periments. The numerical results are obtained using a single- to 4-mode discretized Galerkin model. 
The bifurcation diagram of capacitive switches typically consists of two stable branches of equilibria, 
interconnected by an unstable branch. Two limit point bifurcations occur at the transition of stable 
to unstable branches. At these bifurcations the switch is pulled-in to or -out from the substrate. A 
qualitative match is obtained between the numerically (multi-mode) and experimentally determined 
equilibria. 

Metal to metal contact switches have a touch-down of the contact dimple before pull-in of the 
electrodes. Fitting of the model on experimentally obtained quasi-statie equilibria is experienced to be 
relatively cumbersome, especially for actuation voltages for which the contact dimple is in contact with 
the substrate, since asymmetrical effects may become significant. These high voltages, however, are 
outside the operational range of the switch. Moreover, a lack of information about the actual gap-size 
may demand many iterations before an set of model parameter values is obtained resulting in a good 
fit. More important, for small deflections (up to touch-down) a quantitative match can be obtained. 

Generally, it is concluded that more extensive information about the actual switch dimensions is 
essential to obtain a quantitative match between simulations and experiments, especially for large 
deflections when accurate gap-size information becomes important. Moreover, a critica} note on the 
employed mode shapes is in place. The free undamped mode shapes are less appropriate in the closed
state of a switch. Compared to the open-state, where 2 modes are sufficient to qualitatively determine 
the statie deflection, the large deflections in the closed-state require more modes to be included for the 
solution to converge. In the closed state, convergence is not fully demonstrated for models with up to 
4 modes. 
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simulations and experiments. 
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Chapter 5 

N onlinear transient dynamics 

5.1 Introduction 

The numerically determined statie equilibria of the first principles based model of a MEMS switch 
have been qualitatively validated with measurements in the previous chapter. It has been concluded 
that switch deflections without contact are predicted more accurately than large deflections (after pull
in or touch-down). In this chapter, the accuracy and validity of the axisymmetrical model describing 
the dynamics of a clamped axisymmetrical MEMS switch, which has been developed in Chapter 3, 
is investigated by comparing the numerically and experimentally determined transient dynamics of 
a switch. In this chapter, however, the model parameter for an initia} deflection dó will be ignored, 
since its influence compared to other model parameters is assumed to be small. Both contact and 
non-contact situations will be treated, for both capacitive and metal to metal contact switches. First, 
the simulation results will be discussed. Subsequently, the measurement results are presented, which 
enable a quantitative, or at least qualitative, validation of the model. 

5.2 Simulation results 

The dynamic deflection of a MEMS switch due to a suddenly applied DC voltage Vdc at t = 0 (step
function) is calculated by solving the system of Galerkin discretized equations, see (3.57) in Sec
tion 3.7, 

s (5.1) 

Tuis system of coupled non-linear ODEs is rewritten in a form that contains only first-order nonlinear 
ODEs, which is solved using the ode15s solver in Matlab, as described in Section 3-11. The nominal 
model parameter values used for simulations in this Section are presented in Table 5-1, where R and 
do are the switch radius and nominal gap-size respectively. The squeeze-film spring and damper 
constants kair and bair depend on the initia} condition of the air film, corresponding to an atrnospheric 
pressure Pa = 101 kPa and an air viscosity ofµ = 1.78 • 10-5 Pa-s. The nomina} dimensionless 
damping parameters (i are initia} guesses, and increase with the mode number. These initial guesses 
are based on experimental results, from which it is observed that only the first natural frequency is 
underdamped. 

Capacitive switch dynamics without contact 

First, capacitive switch dynamics (Re = R,, = 0) without contact are considered, which will be re
ferred to as small-deflection dynamics. A DC voltage step of 20 V is applied at t = 0 s, and removed 
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Table 5.1: Nomina! model parameters of the MEMS switch used in the dynamic simulations . 

Parameter Value Unit Parameter Valuc Unit 
R 50 µm Ha (SiN) 16 GPa 
Re, R v 0 µm Hb (Au) 250 MPa 
h1 400 nm Eo 8.854-10- 12 F / m 
h2 250 nm Er 7. 5 
h3 300 nm k a ir ~ Nm - :i 

do 

do 300 nm b,ür l ~ Nsm- 3 
2 d0 

de, dr, 0 nm (1 0.3 
E1 , E 3 (SiN) 250 GPa (2 1.0 
E2 (Au) 70 GPa (3 1.2 
v1 , v3 (SiN) 0.23 (4 1.4 
v2 (Au) 0.44 (5 1.6 
(5 1 nm 

at t = 50 µs. In this way, the movable membrane is actuated for 50 µs, and de-actuated subse
quently. In Figure 5.r, the simulated dynamic midpoint (r = 0) deflections of a capacitive MEMS 
switch (R = 50 µm) , obtained for r, 2, and 3 modes discretized models, are presented as a function 
of time. The gap-size equals 300 nm, so, as can be seen, the switch does not come in contact with 
the substrate. Just after applying or removing the DC voltage an oscillation of the switch is observed, 
which is due to a combination of the air compression force and the mechanica! restoring force ex
ceeding the electrostatic actuation force. Moreover, it can be observed that the multi-mode models 
predict a smaller deflection than the single-mode model, which corresponds with the obtained results 
from statie simulations, see Figure 4.r(b). The difference in calculated maxima! mid-point deflection 
at t = 50 µs between the 3- and 2-modes models is less than 1 %, while the simulation time for the 
3-modes model is about 1.5 times larger than for the 2-modes model (24 versus 15 seconds respec
tively). Despite the acceptably small simulation time for the 3 modes model, it is chosen to perform 
small deflection simulations (without contact) using the 2-modes model, since this is sufficient for a 
converged result of the small-deflection MEMS switch dynamics. 

lnfluence of damping parameters 

Since the dynamic response ofMEMS switches is dominated by squeeze-film damping, the influence 
of damping parameters is investigated. Both the squeeze-film parameters and the modal damping 
parameters will be used as fit parameters, because accurate values for these parameters are difficult 
to obtain theoretically. In Figure 5.2, the influence of decreasing the spring or damper constant with 
a factor 2 is shown. Decreasing the spring stiffness results in a decrease of the (high) oscillation fre
quency, whereas decreasing the dam ping constant results in a fa ster movement of the switch towards 
its statie equilibrium position, while the (high) oscillation frequency is hardly affected. 

The simulation results for different values of the modal damping coefficient of the first mode ( 1 

are presented in Figure 5.3, from which it is concluded that this modal damping parameter only affects 
the amplitude of the high oscillation frequency of the switch. 

Large deflections with contact of a capacitive switch 

When large deflections, including contact, of a capacitive switch are considered, it is expected that 
more modes will be required to be included in the model to accurately predict the roll-offbehavior of 
the switch in contact. To investigate the influence of the number of modes incorporated, the simula
tion results of a capacitive switch (Res-50) actuated at 25 V for 2, 3, 4, and 5 modes discretized models 
are depicted in Figure 5+ Due to the higher actuation voltage, the switch is pulled-in and comes in 
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Figure 5.1: Dynamic deflection of a capacitive switch with R = 50 µm at r = 0 µm (Res-50) for 
different number of modes incorporated. 

contact with the substrate after approximately 32 µs. When the mid-point of the switch is deflected 
more than half the gap-size, the switch is pulled in, which explains the increase in speed. It can be 
concluded that the dynamic behavior converges for models with at least 4 modes. 

Large deflections of a metal to metal contact switch 

As for capacitive switches, large deflections of metal to metal contact switches require a model that is 
discretized using multiple modes to accurately describe the dynamic behavior of the switch in contact, 
i.e. after touch-down of the contact dimple. Note that for small deflections (without contact) the 
response of a metal to metal contact switch is qualitatively the same as the response of capacitive 
switches (Figure 5-1). In Figure 5.5, the dynamic response of a metal to metal contact switch actuated 
with V = 30 V is shown for different number of modes incorporated in the model. The model 
parameters presented in Table 5.r have been used, with the exception of Re = 3 µm, Rv = 5 µm 
and de = 150 nm. It can be concluded that the dynamic behavior of the switch converges for models 
with at least 2 modes. However, small differences between the predicted solutions at small radial 
coordinates of the multi-mode models are observed. 
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Figure 5.4: Dynamic large deflection of a capacitive switch with R = 50 µm (V 
different radial positions for different number of modes incorporated in the model. 

25 V) at 

5.3 Measurement results and model validation 

The transient dynamics of both capacitive and metal to metal contact switches are determined ex
perimentally by applying a step in the DC voltage, utilizing the experimental set-up as presented in 
Section 4.3. A typical (measured) actuation scheme is shown in Figure 5.6 and consists ofboth a pos
itive (from O V to 50 V at t = 0 s) and negative step (from 50 V to O V at t = 100 µs) in the applied 
DC voltage. So, the DC voltage has been applied for 0.1 ms, after which the DC voltage is removed 
for another 0.1 ms, after which the measurement stops. Tuis has been repeated 200 times with delay 
between the repetitions in order to let the transients damp out. Subsequently, the measured defl.ec
tions have been averaged. Small overshoots in the applied DC voltage can be observed after applying 
the positive or negative step. However, it is assumed that the infl.uence of these overshoots on the 
measurement results can be neglected. 

The dynamic defl.ections of a Res-50 capacitive switch and 4-P-RC-3-50 metal to metal contact 
switch due to such a block actuation scheme can be found in Figure 5.7. Depending on the applied 
maximum voltage the switch will close or not. Both these switches close when a maximum DC voltage 
ofV = 37 Vis applied. However, the defl.ection (at 23 V) of the metal to metal switch is significantly 
smaller compared to the capacitive switch for two reasons: the actuation area of the metal to metal 
contact switch is smaller, and the actual gap-size (under the electrodes) is larger for the metal to metal 
contact switch. A sinusoidal motion just after applying the voltage at t = 0 s and just after opening of 
these switches at t = 100 µscan be observed, which is due to the squeeze-film effect. 
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at different radial posit ions for different number of modes incorporated in the model. 

60 

50 

40 

~ 
30 ~ 

~ 

~ 
20 u 

D 

10 

0 

-10 
0 1 2 

Time[s] 
X 10-4 

Figure 5.6: Typical actuation scheme for the dynamic measurernents. 

Model validation 

Simulation results are compared with experimental results to validate the proposed model of the 
MEMS switch dynamics. To obtain the best possible fit, some model parameters have been selected as 

50 



N onlinear transient dynamics 

400---,-- -.-- .. -------- -----~ .------~ 

uill 350 

300 

-50'---- - ---~-------' 
0 1 

nme[sJ 
2 

X 10-< 

400,-------~-----;::::===;-i 

l
- 23V 
--- 30V 350 

300 

Ë250 

.S 200 
8 
J 150 

~ .. -- ··-····"······ ····"········"·"··· 
100 / ,-------------1 

....... 37y 

50 ?- ~ ... 
0 -------< 

-50'--------~-------' 
0 1 2 

Time (s] X 10-< 

(a) Capacitive switch with R = 50 (Res-50). (b) Metal to metal contact switch with R = 50 (4-P-RC-
3-50) . 

Figure 5. 7: Measured dynamic mid-point deflection of a MEMS switch. 

fit parameters. Besides the fit parameters selected in the statie analysis, the (squeeze-film) damping 
parameters are added, resulting in the following set of fit parameters: do , dó , de , R,,, a , kair , bair , ( i
The remaining model parameters are fixed and have the values presented in Table 5.1. 

As in the statie case, first the measurement results are analyzed to determine appropriate model 
parameter values for the gap-size: d0 , dó, de. Next, the model is fitted on the experimental data by 
fine-tuning subsequently the contact model parameter a and the squeeze-film and modal damping 
parameters: kair, bair, (i- In this process, the knowledge of the individual influence of the parameters 
is applied iteratively. In the following sections the model will be validated quantitatively, or at leat 
qualitatively, for small (without contact) and large (with contact) MEMS switch deflections. 

Deflections without contact of a Res 50 MEMS switch 

Both simulation and experimental results of the dynamics of a capacitive switch with a radius of50 µm 
are presented in Figure 5.8. The simulation results of a 2-modes discretized model are shown. As can 
be seen, a quantitative match is obtained in the sense that the time to reach the steady-state deflection 
is almost the same, and the frequency of the sinusoidal motion towards this steady-state deflection 
(due to squeeze-film effects) is simulated accurately. The nominal and optima} fit-parameters found 
are presented in Table 5.2. The remaining model parameter values are as in Table 5.1. Notice that 

Table 5.2: Nomina! and optima! fit parameter values for the capacitive Res 50 MEMS switch. 

Parameter Value (nomina!) Value (fit) Unit 
R 50 50 µm 

do 300 400 nm 
dó 0 0 nm 
kair 

E,._ 0.45~ Nm-3 
do 

bair l~ 3 R 2 
Nsm-3 0.2527 2 d0 0 

(1 0.3 0.15 
(2 1.0 1.0 

the squeeze-film parameter values are decreased a lot (by 55% and 75%), which may be qualitatively 
explained by the fact that the nomina} squeeze-film parameters are obtained from a linearization of 
the Reynolds equation fora membrane without holes. The holes in the measured devices will result in 
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a decrease of the squeeze-film force. Furthermore, the nomina! gap-size do is increased with 100 nm, 
since this corresponds with the maximum measured deflection of 400 nm (for situations with contact, 
see the following section) . This implies that the membrane deflection to thickness ratio increases, for 
which the Kirchhoff plate theory might not be applicable anyrnore, see Section 3.3.r. 
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Figurc 5.8: Dynamic mid-point deflection of a capacitive switch with R = 50 µm at r = 0 µm 
(Rcs-50) actuated with vd~ = 23 v. 

Moreover, the experimentally and numerically determined dynamic deflections of this capacitive 
switch at the radial positions r = R/ 3 and r = - R/3 are presented in Figure 5.9. The experimentally 
obtained results are captured both on the 'left' and 'right' side of the center of the switch, i.e. the 
results are obtained at radial positions that !ie on a straight line through the center of the switch. 
From the experiments, it can be concluded that the switch behaves asymmetrical, which might be 
due to production tolerances (a non-uniform gap-size) and/or a mismatch in positioning the laser at 
exactly the symmetrical positions (which could have been excluded by measuring more points) . It is 
concluded that the qualitative behavior of the switch is simulated accurately by the 2-modes model. 
To be able to obtain a more quantitative match, first more accurate information about the switch 
geometry is required. Secondly, the (squeeze-film) model could be reconsidered, since the amplitude 
of the oscillating behavior after applying a step in the DC voltage is overestimated. 
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Figure 5.9: Dynamic deflection of a capacitive switch with R = 50 µm (Res-50) at other radial 
coordinates. 

Deflections with contact (Res 50 and 4-P-RC-3-50) 

The numerically (based on 5 modes) and experimentally obtained large deflections of the mid-point 
of the capacitive switch (Res-50) actuated with 37 V are presented in Figure 5.10. The fit for the 5-
modes discretized model is obtained with almost the same set of fit parameters as for the case without 
contact, with additional (i values for the higher modes according to Table 5-1. Only the squeeze-film 
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damping parameter is increased from bair = 0.25bair,o to bair = 0.35bair,o to obtain a better match for 
the closing time. From the comparison, it can be concluded that the speed of the mid-point at pull-in 
is overestimated in the simulation, i.e. the switch experiences more damping during the experiment 
than is simulated for deflections larger than 250 nm. Furthermore, it is observed that the switch does 
not show oscillating behavior caused by squeeze-film effects after de-actuation in experiments. This 
behavior is observed in more experiments performed on capacitive switches with radii larger than 
or equal to 50 µm. Smaller switches do show oscillations after de-actuation. Therefore, it is recom
mended to introduce a deflection dependent squeeze-film damping constant bair(w), which increases 
non-linearly for increasing deflections, i.e. for decreasing gaps, for instance see [25, 31] . Physically this 
is justified by the fact that in decreasing gaps first the damping force decreases, see (3.22) (for gaps up 
to the mean free path of air molecules) and then for further decreasing gap-sizes increases asymptoti
cally, see (3.25) with d[j replaced with ( d0 - w )3 . In this way, closing and opening times will increase, 
which result in a more accurate prediction of the switch dynamics. An increase of the squeeze-film 
damping constant bair for large deflections has more influence on the de-actuation dynamics oflarge 
switches, since (for the same gap-size) large switches store relatively less restoring force in the closed
state compared to small switches. Due to this higher damping constant in small gaps, the velocity of 
large switches at de-actuation will be (much) smaller than the velocity of small switches, which might 
result in enough time for the air to flow back under the switch. Consequently, the pressure variations 
under the switch might be small for large switches. However, more research is needed to completely 
understand this observation. 
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Figurc 5.10: Dynamic mid-point deflection of a capacitive switch with R = 50 µm at r = 0 µm 
(Rcs-50). 
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The numerically (based on 2 modes) and experimentally obtained large deflections of the metal 
to metal contact switch (4-P-RC-3-50) actuated with 37 V are presented in Figure 5.11. The nominal 
and optimal fit-parameters found are presented in Table 5-3- The remaining model parameter values 

Table 5.3: Nominal and optima! fit parameter values for the metal to metal 4-P-RC-3-50 MEMS 
switch. 

Parameter Value (nomina!) Value (fit) Unit 
R 50 50 µm 
Rv 12 µm 
do 300 280 nm 
de 150 124 nm 
dó 0 0 nm 
a 1 4 nm 
k air 

f:',,._ o.5fo- Nm- 3 
do 

ba ir ~~ 3 R 2 
Nsm-3 0.2527 2 d0 0 

(1 0.3 0.2 
(2 1.0 1.0 

are as in Table 5.r. Only 2 modes are used in the simulation, since the switch is not pulled-in, but 
only has touch-down of the contact dimple, i.e. only the contact dimple comes in contact with the 
substrate. Therefore, two modes are sufficient to obtain a converged solution. From Figure 5.11 it is 
observed that the simulated opening time is clearly overestimated. This result could be improved by 
reducing the damping constant bair· However, in that case the closing time will become more under
estimated. Overall, it can be concluded that the model of the metal to metal contact switch can predict 
the experimental dynamics qualitatively. However, a quantitative match between numerically and ex
perimentally obtained results bas not been obtained. Inspecting the results of the switch dynamics at 
other radial coordinates confirms this conclusion, see Figure 5.12. 

5.4 Conclusions 

In this chapter, by performing experiments on an experimental setup, the proposed first principles 
based dynamic MEMS switch model (described in Chapter 3) has been validated, at leat qualitatively 
and in some cases quantitatively. Both capacitive and metal to metal contact switches have been inves
tigated. The numerical results are obtained using single- to 5-modes Galerkin discretization models. 
Both simulations and experiments reveal high-frequency oscillating behavior of the switch directly 
after switching the DC voltage on or off, which is due to the squeeze-film effect. Both under- and 
overestimation of the closing and opening times after contact (for both capacitive and metal to metal 
contact MEMS switches) is observed by comparing numerically and experimentally obtained results. 

For small dynamic deflections, i.e. when the membrane is not pulled in (capacitive) or the contact 
dimple does not touch the substrate (contact switch), metal to metal contact switches behave qualita
tively the same as capacitive switches and good correspondence between simulations and experiments 

(' can be obtained by carefully selecting appropriate fit parameters. At least 2 modes should be in
corporated in the model to obtain a converged solution. A qualitative, and on some aspects even a 
quantitative match with experiments is already obtained, despite of possible future improvements in 
the applied (squeeze-film) damping model. 

When the membrane or contact dimple comes in contact with the substrate, it becomes more 
complicated to obtain good correspondence between simulations and experiments. At least 4 modes 
are required in the model for converged results for the roll-offbehavior of capacitive switches, and 2 
modes for metal to metal contact switches (for situations without pull-in of the electrodes). The small 
mismatch between the simulated pull-in behavior of capacitive switches compared to the experimental 
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Figure 5.11: Dynamic mid-point dcflcction of a metal to metal contact switch with R = 50 µm at 
r = 0 µm (4-P-RC-3-50). 

behavior of the switch finds its roots in the squeeze-film damping parameter bair, which is constant 
in the model, while the actual dam ping force increases for large deflections , i.e. decreasing gaps. For 
metal to metal contact switches, the closing and opening times of the switch observed in experiments 
can not be predicted accurately by the proposed model. 
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Figure 5.12: Dynamic deflection of a metal to metal contact switch with R = 50 µm (4-P-RC-3-50) 
at other radial coordinates. 
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Chapter 6 

Conclusions and recommendations 

6.1 Conclusions 

The subject of this thesis is experimental validation of a first principles based, semi-analytic model for 
prediction of staties and transient dynamics of a radio frequency microelectromechanical (RF MEMS) 
switch. In Chapter r, the research objective was stated as to define a first principles based model of 
RF MEMS switch dynamics, which meets the modeling requirements stated in Section r.2. The main 
goal of this model is to enable design optimization of RF MEMS switches in an efficient way. In this 
way, the amount of expensive and time-consuming ad-hoc physical experiments can be reduced. 

The value of a semi-analytic model is that it results in a compact set of equations of motion with 
a clear representation of individual physical effects, which is very suitable for parameter studies. In 
Section 3.3, the relevant physical aspects of a capacitive and a metal to metal contact switch, available 
at NXP Semiconductors in Eindhoven, are presented. The mathematica} expressions for (most of) 
these aspects are based on established laws of physics, i.e. first principles based. The lumped model 
for the squeeze-film force in combination with the modal damping model, however, is a rather crude 
approximation, and can not be considered as first principles based. The resulting POE has been 
discretized using the Galerkin method. In this way, a reduced-order semi-analytic model of the MEMS 
switch dynamics has been obtained. 

Statie equilibrium points and stability 

The statie equilibrium points and their stability of the reduced-order model of the MEMS switch have 
been determined and have been compared with results obtained from quasi-statie experiments. It 
has been concluded that the statie load path of capacitive switches typically consists of two stable 
branches of equilibria, interconnected by an unstable branch, containing two limit point bifurcations. 
At these bifurcations the switch is pulled-in to or pulled-out from the substrate. A qualitative, and 
in some aspects even a quantitative match is obtained between the numerically (multi-mode) and 
experimentally determined equilibria. 

Metal to metal contact switches have a touch-down of the contact dimple before pull-in of the 
electrodes. Fitting of the model on experimentally obtained quasi-statie equilibria is experienced to 
be relatively cumbersome, especially for actuation voltages for which the contact dimple is in contact 
with the substrate, since asymmetrical effects may become significant. Moreover, a lack of informa
tion about the actual gap-size may demand many iterations before an optima} set of model parameters 
is obtained. However, for the operational range, i.e. for small deflections (up to touch-down), a quan
titative match has been obtained. 

Nonlinear transient dynamics 

The transient dynamic behavior ofboth types of switches has been obtained from numerical simula
tions and experiments. Both simulations and experiments reveal high-frequency oscillating behavior 
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of the switch towards its steady state deflection after applying a step in the DC voltage, which is due 
to the squeeze-film effect. For small dynamic deflections, i.e. when the membrane is not pulled in 
(capacitive switch) or the contact dimple does not touch the substrate (metal to metal contact switch), 
metal to metal contact switches behave similarly as capacitive switches and good correspondence be
tween simulations and experiments can be obtained by carefully selecting appropriate fit parameters. 
At least 2 modes should be incorporated in the model to obtain a converged solution, which gives 
a quantitative match with experiments, in the sense that the time to reach the statie deflection and 
frequency of the high-frequency oscillation is predicted accurately. 

When the membrane or contact dimple comes in contact with the substrate, it becomes more 
complicated to obtain good correspondence between simulations and experiments. At least 4 modes 
are required in the model for reasonably converged results. The mismatch between the simulated pull
in behavior of capacitive switches compared to those of experiments finds its roots in the squeeze-film 
damping parameter, which is constant in the model, while the actual damping force increases for large 
deflections. For large metal to metal contact switches a difference in damping force for the actuation 
and de-actuation region is observed in experiments, which can not be captured by the proposed model. 

Genera! conclusions 

A first principles based model of RF MEMS switch dynamics has been developed and has been val
idated, at least in a qualitative sense and sometimes in a quantitative sense, with measurements. It 
is concluded that the proposed model enables a fast and accurate method for prediction of the staties 
and transient dynamics of the MEMS switches under investigation. Despite of a Jack in accuracy at 
large switch deflections (for the metal to metal contact switch this is already outside the operational 
range), the model provides insight in the statie and dynamic behavior of a MEMS switch. 

Furthermore, it has been concluded that more extensive information about the actual switch di
mensions is essential. With this information the amount of fit parameters can be reduced, which 
results in more insight in the other shortcomings of the model. Moreover, it is concluded that the free 
undamped mode shapes, used as basis functions in the Galerkin method, are less appropriate in the 
closed-state of a switch. In the closed-state, full convergence of statie numerical solutions has not been 
obtained yet for models with up to 4 modes. 

6.2 Recommendations 

The most important recommendation for future work is to gain more knowledge of the actual switch 
geometry. By measuring a 2-dimensional grid of points on the surface of a switch, more detailed 
information about the gap-size can be obtained. Based on this information a more physically mean
ingful choice for the gap-size parameter values can be made. Consequently, other shortcomings of 
the model will become more clear. Moreover, information about the contact surface topography, for 
instance measured with atomie force microscopy, can contribute toa more carefully selected model of 
the distribution of the asperity heights in the contact force formulation. 

Based on the comparisons between numerically and experimentally obtained transient dynamic 
results, it can be recommended to include a deflection dependent damping parameter in the squeeze
film damping formulation. Tuis will result in a more accurately predicted damping force at large 
deflections. 

After implementation of these two recommendations mentioned above, it is expected that the ac
curacy of the model can be improved further. For example, non-linear plate theory could be utilized 
to include mid-plane stretching and shear effects. Such a model will be beneficia! when large deflec
tions of the switch are considered. For instance, it is believed that mid-plane stretching effects can 
not be ignored during roll-off of the switch. Moreover, the proposed model takes an initia) deflection 
of the movable membrane into account by changing the gap-size without considering the stresses 
in the material , which induce this initia! deflection. Therefore, it might be worthwhile to include a 
stress-function in the model formulation. 
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Conclusions and recommendations 

The predictive value of the proposed model has been shown on a selective number of devices, since 
it is required to perform a parameter fit procedure for every single device. However, to quantify the 
fit-parameters carefully, comparison between numerical and experimental results for more devices is 
necessary. 

A final recommendation is about the employed mode shapes. Since numerical convergence of the 
solution of the large deflection dynamics of an RF MEMS switch could not be obtained, it is recom
mended to investigate the possibilities to include closed-state mode shapes for large deflections in the 
model. An other possibility might be to resort to finite difference or finite element approximations for 
contact situations. 
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Appendix A 

Approximation techniques for the 
statie deflection of circular· plates 
under a uniform loading 

A.1 Analytica! solution for the statie axisymmetric bending 
of circular plates 

The Kirchhoff plate theory, based on the assumptions listed in Section 3.3.1, can be used to obtain some 
first insight in the accuracy of some numerical methods for the calculation of the plate defl.ections. 

Consider the statie defl.ection w(r, </J) of a circular plate with fl.exural rigidity D = 12(~~
3

,.,2) under a 
load p, that is govemed by the following differential equation in polar coordinates [36] 

( 
d

2 
1 d 1 d

2 
) (d

2
w 1 dw 1 d

2
w) p 

'v:w = dr2 + -;: dr + r 2 d<f>2 dr2 + -;: dr + r 2 d</>2 = D · (A.1) 

When the applied load and end restraints of the circular plate are independent of the angle </J, the de
fl.ection will only depend on the radial coordinate r. Tuis scenario is referred to as axially symmetrical 
and (A.r) can be simplified into 

(A.2) 

and in the extended form 
d4w 2 d3w 1 d2w 1 dw p -+-----+--=-. 
dr4 r dr3 r 2 dr2 r3 dr D 

(A.3) 

With the introduction of the identity 

(A.4) 

(A.2) can be rewritten as 

~! (r :r [~:r (r!;)]) = ;, (A.5) 

for which the particular solution is obtained by successive integration 

wv = j ~ j r j ~ j rp};) drdrdrdr. (A.6) 
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Fora uniform loading p = p0 , the particular solution is 

(A.7) 

The complementary solution is given by 

(A.8) 

where Ci ( i = 1, 2, 3, 4) are constants that can be evaluated from the applied boundary conditions. The 
sum of the complementary and particular solution gives the bending deflection of the circular plate. 
When the origin of the coordinate system is chosen at the center of the plate, i.e. at r = 0, it can be 
seen immediately that C1 = C2 = 0 in order to obtain finite displacements for the plate center. This 
results in a deflection surface for a circular plate subjected to an axisymmetric distributed load with 
arbitrary boundary conditions that is given by 

(A.9) 

Analytica! solution for a p late with clamped edge under a uniform load 

The boundary conditions for a circular plate with clamped edge (at r = R) are 

dw 
w lr=R = 0, dr lr=R = 0, (A.10) 

which result in 
C = _ PoR

2 
C = PoR

4 

3 32D ' 4 64D . 
(A.11 ) 

With this result, the deflection profile of a clamped axisymmetrical Kirchhoff plate becomes 

(A.12) 

A.2 Plate bending by approximate and numerical methods 

Various approximate and numerical methods exist to spatially discretize a differential equation like 
(A.2) . The accuracy of some of these methods is investigated for the bending problem of a circular 
plate with clamped edge under a uniform load. 

A .2.1 Finite difference method 

The principle of the fini te difference method is the fini te difference approximation of derivatives. The 
bending of an axisymmetric circular plate under a uniform load is governed by (A.3). When the deriva
tives in this equation are replaced by the second order accurate centra! difference approximations 

( d
4
w ) W; - 2 - 4wi - 1 + 6wi - 4w;+1 + w;+2 

(A .13) ~ 

dr4 i ó 4 

(d:lw ) 
~ 

- Wi - 2 + 2wi - l - 2w.;+1 + W;+2 
(A.14) 

dr3 . 2ó3 ., 

( d
2

w ) ~ 
Wi - 1 - 2w; + W;+ 1 

(A.15) 
dr2 . ó 2 

' 

(~;)i ~ - W i - 1 + W;+ J 
(A .16) 

2ó 
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a set of algebraic equations is obtained that can be solved nurnerically. Consider a number of M evenly 
distributed mesh points between the plate center r = 0 and the edge r = R. Since the plate center 
is a singular point, the first mesh point is located at r = 1- In this way it is possible to make use 
of the axisymmetric property of the plate for the mesh points near the plate center, i.e. w1 = w0 and 
w2 = W-1• Furthermore, for the clamped plate edge the relations WM = 0, WM-i = WM+i and 
WM- 2 = WM+2 hold. When the number ofmesh points is increased, i.e. the distance between the 
mesh points À is decreased, the solution of the finite difference approximation will converge towards 
the analytica} solution. 

A.2.2 Finite element method 

The finite element method (FEM) is based on the concept that any continuum can be replaced by an 
assemblage of simply shaped elements with well-defined force-displacement and material relation
ships. U sually, triangular or rectangular shaped elements are used to discretize a plate into a number 
of finite elements. However, for modeling the symmetrical bending of circular plates annular ring 
elements are favorable since they allow the use of interpolation functions that satisfy the equation of 
statie equilibrium exactly [23). 

Displacement function 

A 2-node annular ring element has four degrees of freedom; the lateral displacement and rotation 
of both nodes. By introducing the nodal circle deformations w1 , w2 , w3 and w4 for respectively the 
lateral displacement and rotation of node I and lateral displacement and rotation of node 2, the lateral 
deflection w ( r) of an isotropic annular ring of uniform thickness can be defined as ( 2 3] 

4 4 4 

w(r) = ef>1(r)w1 + 4>2(r)w2 + q>3(r)w3 + ef>4(r)w4 = L ef>i(r)wi = L L 'Yij Pj(r)wi, (A.17) 
i=l i= l j=l 

where the interpolation functions ef>i are used as given in [23] and satisfy the goveming fourth order 
equation for circular plates 

(A.18) 

Stiffness matrix 

In (23) the 4X4 stiffness matrix fora typical annular ring is calculated by sequentially giving a unit 
deformation to one generalized nodal circle displacement while holding the remaining generalized 
displacements zero. "The remaining fixed-end forces are the appropriate stiffness coefficients" (23). 

Closure element 

The first element at the plate center is not an annular ring element, hut a circular element with no 
center hole. In (23) the stiffness matrix coefficients for this special element are given as well. 

Unfortunately, the generalized forces given in (23) are the total resultant forces at the particular 
radii rather than the usual force/unit area. Tuis implies that equivalent joint loads need to be calculated 
at the particular radii as well. 

Equivalent joint loads 

As mentioned above, the pressure distribution p(r) needs to be rewritten into equivalent joint loads. 
Therefore, the pressure distribution p( r) needs to be integrated over the area of the particular element. 
In case of a uniform pressure distribution p0 this integral will become trivial. However, in case of the 
nonlinear electrostatic actuation force of MEMS switches the evaluation of this integral will be more 
challenging. 
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A.2.3 Galerkin method 

With the Galerkin method an approximate solution of differential equation (A.3) is sought in the 
following form [36]: 

N 

w(r, t)::::; L Qi (t)</>i(r), (A. 19) 
i = l 

where qi (t) is the i th generalized coordinate for the i th basis function rf>i (r). These basis functions 
satisfy all prescribed boundary conditions but not necessarily differential equation (A.3). A commonly 
made choice for these basis functions are the line ar undamped mode shapes of the mechanical system, 
which are given by for instance [5]. More information about the Galerkin method is presented in 
Section 3.7. 

A.3 Conclusions 

The Kirchhoff plate equations , that describe the statie bending deflection of a clamped axisymmetric 
plate, are solved using a finite difference approximation, finite element method and the Galerkin 
method, and have been compared with the analytical solution. From Figure A.1 it can be concluded 
that the Galerkin method results in the most compact set of equations to be solved for any required 
accuracy, and therefore is the most efficient approximation technique. The finite element method 
results in a set of algebraic equations that is about 7 times larger to obtain the same accuracy as 
the Galerkin method. Moreover, an optimum for the number of elements exists for the solution of 
the finite element method as can be seen in Figure A.I. By increasing the number of elements first 
the solution will converge towards the analytical solution because of the decreasing truncation error. 
However, by using more than approximately 400 elements (:=::; 800 equations) the matrix K becomes 
badly conditioned, resulting in an increase of the relative error. 
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Figure A. l : Rclative error betwecn the approximated and analyt ica! solution of (3.39) as a function 
of problem size. 

The advantages and disadvantages of each numerical method are summarized in the following 
sections. 
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Finite difference approximation 

The finite difference approximation results in a closed set of linear algebraic equations written for 
every nodal point within the plate. The advantages of the finite difference approximation are 

• It is straightforward in understanding and application; 

• The nodal deflections to be calculated are a function of the forces per unit area acting on these 
nodes. Hence, the actuation force and contact forces can be implemented in a straightforward 
marmer; 

• It is sufficiently universa!, being applied to both linear and nonlinear problems. 

The disadvantages of this method are 

• The matrix of the approximating system is asymmetrie; 

• The goveming differential equation is needed; 

• The "stiffness" matrix obtained by the finite difference approximations has not a mechanica! 
meaning; 

• Application of the fini te difference approximation to domains of complicated geometry may run 
into serious difficulties. 

Finite element method 

The finite element procedure that is given by (23], using ring and circular elements, has the following 
advantages 

• The interpolation functions satisfy the goveming fourth order equation for circular plates. In 
general, however, the solution by finite element method can be obtained without the use of the 
goveming differential equation; 

• The solution converges faster to the analytica! solution compared with the finite difference ap
proximation; 

• The finite element method has a clear mechanica! meaning, e.g. in a dynamica! analysis the 
stiffness and mass matrix can be used to identify the natural frequencies and mode shapes of 
the system. 

The biggest disadvantage is the following 

• The procedure given by [23] uses the resultant forces at the particular radii rather than the usual 
force/unit area. Tuis implies that equivalent joint loads need to be calculated at the particular 
radii as well. For the nonlinear actuation force and contact forces, this will result into some 
complications, since these forces need to be integrated over the area of each element. 

Galerkin method 

The Galerkin method has the following advantages 

• With a proper choice of the linearly independent coordinate functions the Galerkin method is 
an effective and efficient method to calculate solutions of the goveming differential equation; 

• It is not necessary to create a mesh with grid-points of the system; 

• The influence of individual physical properties can be clearly seen in the resulting set of equa
tions. 

The disadvantages of the Galerkin method are the following 
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• Discretization of the actuation force and contact force, which both depend nonlinearly on the 
radial coordinate r , is complicated compared with the finite difference method; 

• Many modes may be needed to calculate accurately the bending deflection for situations when 
the MEMS switch is in contact with the substrate. 
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