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1. Practicality of aatheaatics 
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It is of mathematics that the practicality is sought. Such 

is the premisse of our present considerations. We will then 

have to ask why it is so particularly difficult to take 

mathematics to {economie or other) use. This note will deal 

with the practicality problems precisely in as far as they are 

connected to the nature of mathematica! thought. We will 

outline a proposal fora practice oriented training of 

mathematicians. The emphasis in this outline is on that part of 

the teaching which aims at avoiding or overcoming problems of 

practicality. 

Being useful means meeting concrete goals in a real world 

situation. Not so much a mathematica! insight, being of an 

abstract type of kn9wledge, but rather a realization or 

reification of this insight can be useful in a real world 

situation. The reification reflects the mathematica! insight 

within the world of experience. If it is useful in a particular 

situation, we will then say that there is an instruaental link 

between mathematica! insight and that situation. The key notion 

of instrumental link further introduced in the next section. 

An instrumental link yields only one situation, the proof of 

usefulness is in the actual use. lts succes is experienced. As 

a consequence the knowledge of an instrumental link is 

knowledge by experience. Therefore experience is the first 

1Thls note is prepared fol lowlng a dlscusslon wlth prof.dr. H.Neunzert, whlch first 
started In 1985 In Kalserslautern. 1 ttiank hlm for the lnsplrlng debate and for the challenge. 
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component of the practice-oriented training: cases-in

practicality (cf. 3.2.A). 
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Furthermore, we do not want the practice-oriented mathematician 

to stick to one single instrumental link and to one situation. 

In order to create new links for new situations some distance 

is needed. This distance is offered by theoretica! reflection. 

Material for such reflection will be presented in reflexive 

courses (cf. 3.2.C). 

Thus on the one hand the experience of instrumental linking, 

the case-in-practicality, is a reflection of the mathematica! 

insight by action. On the other hand reflexive courses offer a 

theoretica! reflection upon such experience. The two are 

interconnected by the third component of the training: the case 

report (including a case history, cf. 3.2.B). The case report 

describes the experience of establishing an instrumental link 

thus showing a reflection upon the practicality of mathematics. 

The aim of adding these three components to the education of 

mathematicians clearly is practice-orientedness. The two-sided 

reflection results in a true integration of practicality in 

their training, in the first place. Moreover, whereas training 

for non-academie professions may tend to overrule the academie 

spirit, the reflexive components educate for thoughtfulness. 
Such education will -produce selfconscient and responsible, and 

at the same time practice-oriented, academies. 
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2 Training for instrwaental linking 

2.1 Criteria of practicality 
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The practicality of mathematics is established when a 

mathematica! insight is brought to bear upon the answering of a 

question in a rea l world situation: an industrial, management, 

or other situation. First of all this implies a correspondence 

relation between the mathematica! formulae and the situation. 

Secondly the practicality of mathematics implies a judgement of 

adequacy of the mathematica! insight to the question in view. 

Thus the link between mathematics and the real world is highly 

dependant on the question which is asked. Thirdly, and perhaps 

most important, it implies the matter of efficacy: does the 

particular mathematica! insight in fact help in answering the 

question? In other words: is it a means towards an accepted 

end? 

The fulfillment of all three criteria - that it is a proper 

description, allowing the question and forwarding the answer -

means that mathematics has come of use. In that case a 

mathematica! insight is being realized, maybe even reified, as 

a tool. We will therefore call such a case an instruaental link 

between mathematics and the real world. Coming of use is an 

event rather than a -state of affairs. It should be explicitly 

stated, that the instrumental link underlies the actual use. 

lts existence can only come to light through the actual use. By 

consequence the knowledge of an instrumental link is knowledge 

by experience. 

2.2 Bducational goals 

The goals of a specific training for practice oriented 

mathematicians will at least include: 

* the knowledge of a kit of mathematica! tools which are known 

to be of actual use in some particular area of industrial 

management or policy situations (i.e. of technology in the 

broadest sense) 

* the knowledge of what it means to use such tools 
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* the ability to develop new tools adequate for new situations 

The emphasis in an academie training will generally be on 

the latter, the ability to develop new links between 

mathematics and the real world. Even such ability, however, can 

only start from a sound knowledge of at least one existing 

link, which will then serve as a kernel for further 

development. The reason for this necessity is that the ability 

consists partly of knowledge by experience. 

We may sumrnarize, after the preceding section, the 

educational goals for practice oriented rnathematicians as the 

ability of instrumental linking. These mathematicians are to 

acquire the ability to establish instrurnental links between 

mathematics and real world situations - be it by entering new 

situations with known tools or by developing new tools toa 

given question in a given situation -. The practice oriented 

mathematician should not only know his way around in a number 

of wellknown instrumental links but, in order to rise above the 

level of a mere technician, he should also know what it rneans 

to develop such instrumental links between mathematics and the 

real world. 

The latter, the knowledge of what it means to use 

mathematica! tools, is on the one hand knowledge by experience, 

on the other hand knowledge about the relation of mathematica! 

thought to the real world situations. It is therefore the 

result of a tvo-sided reflection: 

* concrete reflection by experience. 

This is a reflection by action: the "hands" of the 

mathematician reflect the notion of engaging a mathematica! 

insight as an instrument. The result is a mathematician 

experienced in the practicality of mathematics. He knovs 

what it means to make use of mathematics. 

* theoretica! reflection upon the practicality of aatheaatics. 

By a second thought on his activity the rnathematician will 

know what it aeans to use mathematic; what an instrumental 

link is. Such theoretica! reflection is not solely an 

academie matter, it is a prerequisite for developing new 

instrumental links. Although haphazardly some use of some 
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mathematica! tool in a certain situation may come up 

unconsciously, still systematic2 development of instrumental 

links presupposes a reflection upon the practicality of 

mathematics. 

If the mathematician is to gain the ability to expand the 

kernel of one, or a couple of, established links to the 

development of new links, then he must be offered both sides of 

the reflection. Moreover, concrete reflection by experience and 

theoretica! reflection should go hand in hand. 

2oeveloplng lnstrumental links over and agaln In ever new sltuatlons Is one of the 
essentlal dlfferences of contemporary "appllcatlon" of mathematlcs Cmathematlcal modelllng; 
systems development) from the classic appllcatlon. E.g. the appllcatlon to modern physlcs 
tradltlonally takes place wlthln the framework of one lnstrumental link Cvlz. mechanlcs wlffl 
the goal of explalnlng motion), today wlthln a flnlte number of links Call offering 
explanatlons wlffl the goal of understandlng nature). 
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3. Realisation 

3.1 Context 
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The presupposed context for the training is a vivid link 

between a branch of mathematics and some field of actual use. 

This implies the presence of direct goals, the interestedness 

of partners from the field of use, e.g. industrial partners. It 

implies the relative absence of too tight commercial interest, 

because we are in a teaching situation. The ideal circumstances 

would be offered in a situation of academy cooperating with 

industry (or commerce, or policy-making and the like). The 

academy situation is essential in view of the teaching element. 

The interestedness of commercial or industrial partners is 

essential, because the crucial part of an instrumental link is 

in establishing concordance between mathematica! insight and 

direct goals in the real world.3 

3.2 The educational scbeae of band in band reflection 

A. Cases-in-practicality 

Students are offered a realistic experience, using 

mathematica! thought to meet direct goals: to be named a 

case in practicality or case in the practicality of 

mathematics. These cases are no different from many of the 

existing case studies, except for the twofold restriction 

that * the training takes place within the universities, if 

to be named academie teaching. 

* instrumental links are established, i.e. all three of 

their premises are fulfilled (proper description, 

allowing the question, forwarding the answer). 

3The deslred clrcumstances of flourlshlng oooperatlon wlth lndustry wlll be found wlth a 
majorlty of the lnstltutlons partlclpatlng In the European Consortium for Mathematlcs In 
lndustry. Each of them has lts own style of establlshlng lnstrumental llnks and lts own field 
of speclallzatlon. The exchange of students Is the perfect ldea. Students should sta long 
enough to grab hold of the styles and speclallzatlons: In thelr training not becomln the 
butterfly type, dwlrllng from flower to flower, but llke the bee, ponderlng long eno gh at 
enough at each lnstltute to make honey out of lt. 
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B. Case history 
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Students are to keep note of their experience. Together with 

a technica! report they produce a case history: a written 

account of the linking process. (specified in 4.B below)4 • 

A case history mediates between acting and theoretic~ l 

reflection in that is a direct rendering of the first, the 

case,opening the way for the second,the second thought. In 

fact it wil! bring together the educational material of A 

and C. 

c. Reflezive courses 

The mathematician does not possess by training the to
1 

ls and 

building bleeks fora reflection upon his discipline. If 

desired, as is claimed here, reflexive material must be 

explicitly added to thr education. Courses offering 

reflexive material are needed to develop a versatility in 

establishing instrumental links. These are needed if p nly to 

write case histories at a secondary level (cf. 4.B below}. 

The practice oriented training offers "reflection by action" 

through the experience of cases in practicality. Buil~ ing 

bleeks and tools _for theoretica! reflection upon 

mathematica! thought and its practicality are brought ) 

forward in special reflexive courses. (specified in 4.C}. 

Within a schedule of educating practice oriented 

mathematicians (e.g. when preparing for the ECMI-prog f arn} 

these courses would parallel or precede the second case 

(supposing more than one case-in-practicality is offe f ed}, 

in order to enable a that point a wellfounded and better 

structured case history. 

4 a. A. case hlstory Is per se not an account of the student's learning process l. 
b. Today In Eindhoven the mathematica! engineer In spe glves an oral presentatlon of hls 
practical work. In the Kalserslautern Problemsemlnar, as In the Claremont Clinics, students 
offer oral presentatlons of thelr work at every next stage. E.g. an extract of the sbr les of 
such presentatlons and dlscusslons would already be close toa case hlstory. The advantage of 
a wrltten account Is that lt expl lcltly forces to rethlnklng. 
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4. Specifications 

4.A. Cases-in-practicality 

as in several ECMI institutions: 

within the university: because it is teaching 

- developing instrumental links 

4.B. Case bistory 
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A case history gives an account of the instrumental linking 

process and is ideally based on a diary {logboek). It 

contains: 

{i) The context 

- the situation in which one works: the institution, 

its specialization, some reference to its linking 

style; 

- the larger research-scheme of which the case is part, 

the positioning of the case within this scheme; 

- the external {industrial or other) partners, their 

overall and specific goals; the basis of cooperation. 

{ii) The problem 

- the original question 

- the real world situation, the goals to be met 

- the question as it evolved and as it was dealt with 

{iii) The linking process 

- the evolution, more in particular the 

mathematization, of the problem definition 

- mathematics and software used; was there a 

mathematica! problem solved? 

- how were the two taken toa meeting point? At which 

level, intermediate between mathematics and the real 

world did they meet {or why didn't they)? 

- is there a palpable result? State and status of the 

solution; implementation. 

{iv) Evaluation 

- was an instrumental link reached {three criteria) 

- implementation 

evaluating opinions, by student, supervisor, 
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and industrial partner 

{v) Assessment 
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The assessment part is added to take the reflexive 

component into the case history. This extra is 

different from case to case. 

Fora first case: 

A {short) interview with one of the partners, 

preferably the industrial partner, on the practicality 

of mathematics. 

Fora second case: 

Does the technica! report reflect the three levels of 

perception alluded to in 4. {real world situation; 

mathematized description of it; mathematica! thought) 

For further case studies: 

* A discussion of styles of establishing instrumental 

links. Such discussion can consist of either the 

minutes of an actually held debate or an extract from 

literature. 

* Or instead: A discussion of the commercial value of 

the work done, including a design for selling the 

product. 

Assuming that a student deals with two cases at least 

growing standards are set for the explicity of reflection: 

A first case history covers all items of {i) through {iv) 

and ends with an interview in {v). 

Whereas the first case history may consist of a resume of 

impressions and prima facie reflections; the second case 

history should meet such standards as being wellfounded and 

wellstructured. Furthermore the relation of the case history 

to the technica! report is discussed in {v). 

Ina second case history some items are more extensively 

treated 

sub {i) The linking style of the institutions 

sub {ii) Explicit reference to mthematization of the 

problem as compared to the non-mathematized real world 

context. 

sub {iii) Mathematica! thought and direct goals meet 
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halfway, the instrumental link is established at an 

intermediate level of perception, viz. the mathematized 

description of the world. 

sub (iv} Making use of mathematics conveys two typical 

effects 

* the typical consultation effect is the 

claryfying and precisifying effect that always 

foreruns the factual mathematized description. 

* the typical implementation effect is the actual 

installment of schemes and algorithms. 

4 C. Reflezive cources 

The reflexive courses enhance the insight in nature of 

mathematica! thought and in its relation to the persuit of 

practical goals. Within the present context the function of 

a reflexive course is to give insight in what an 

instrumental link is and thus to foster the practice

oriented mathematician's ability to deal with and develop 

new instrumental links. A further reason for these courses 

is to enable him to develop into a conscient and responsible 

professional. 

Possible themes for these courses are: philosophy of 

mathematica! tho~ght; a comparison of styles of linking; a 

history of views on the application of mathematics; etc. 

Just as the various institutes of ECMI each have their own 

particular style of instrumental linking, they may also vary 

and specialize in these reflexive courses. This is not to 

say that "anything goes": to be respected is the firm 

restriction that each of these courses refers to the nature 

of and the practicality of contemperary mathematica! 

thought. 

There are three main roads of reflection which can be taken 

in the courses: 

- historica! reflection 

A genera! course in history of mathematics would probably be 

counterproductive in the present context, for the simple 

reason that anything too general is a burdon within the 
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framework of a condense training of practice oriented 

mathematician. However a course on Greek mathematics with 

special reference to the Pythagorean worldview and its 

actuality todfay would serve well. So would a history of 

technology provided it showed the technological aspect of 

mathematics and the mathematization of technology. Most 

adequate were a course on the historica! development oif 

applying mathematics, mathematica! modelling and systems 

building. 

- sociological reflection 

A sociology of mathematics or of mathematicians would hardly 

fit in the present framework when lacking reference to the 

societal impact of mathematica! thought and its consequences 

for the professional outlook of mathematicians. 

- philosophical reflection 

Again, courses in merely ethics or merely logic are in 

danger of being counterproductive. On the contrary an 

wxcerpt from philosophy of mathematica! thought would fit 

perfectly. Also an analysis of communication between 

mathematics and other discipline would be of highest 

interest provided the particular content of such 

communication - viz. mathematica! insights - were taken into 

account. 

Generally speaking all such reflexive courses should reveal 

some of the essentials about mathematica! thought and should 

relate to the experiences and the specific problems of 

taking mathematics to practicality today. Therefore, in 

order to reveal some of the essentials, the philosophical 

reflection must be named the most adequate approach. In 

order to have a t least one concrete example we present as an 

appendix the draft of a course on the philosphy of 

mathematica! thought. 
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5. Pinal reJDarks 

5.1 Goals and background 
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Any training of practice oriented mathematicians should 

start off with a shorthand explicitation of its goals and 

background. There are specific problems to the practicality of 

mathematics due to the specifically abstract nature of 

mathematica! thought. The aim is to teach the ability to cope 

with these problems that arise at every instrumental link anew. 

Still these problems share some genera! aspects: mathematica! 

abstraction is different from other abstractions and requires 

mathematizations as a preparatory step. 

Given these common features, every institution has its own 

national and local traditions: its own style of instrumental 

links, its proper views on the practicality of mathematics. All 

too often the local and national traditions, which are 

indipensable fora proper understanding of todays ways of 

linking mathematics and practice, are not even mentioned. The 

collection of say 15 page introductions to the institutes would 

create a most valuable ECMI booklet. 

5.2 Acade■ic spirit 

The three components of a practice oriented training, the 

reflection by experience (case-in-practicality), the 

theoretica! reflection (reflexive courses) and· the mediating 

component of case histories, were derived from the need of 

versatile and creative mathematicians in industry, commerce and 

polib ymaking. Simultanuously the training scheme proposed here 

enhances an academie spirit with the mathematicians. The 

academie spirit will of course not mean that they are less 

practicle, rather that they acquire some wisdom on top of their 

ability. The reflexive courses offer some insight in the 

practicable power and limitations of mathematical thought. Such 

insights are prequisite for becoming a responsible 

professional. The reflection upon the ability to establish 

instrumental links enables the mathematician to engage his 

ability not only in ever new situations but also with 

appropriateness. 
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APPENDIX 

A shorthand survey of a possible course in 
PHILOSOPHY OF MATHEMATICAL THOUGHT 

O. Zur Binsthllllung: 
Turing's man by J. David Bolter. Ch. 1 & 2. 
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1. Features from practice: problems concerning the practicality 
of mathematics. 
Keywords: implementation, practicality gap 
Lit. from: - Mathematica! modelling in economics and 

industry I & II (M.G. Kendall ed) 
- The implementation of management science 

(Doktor,Schultz & Slevin eds.) 
- local examples 

2. Introduction of the approach and relevance of philosophy of 
aatbematical tbougbt (Reference to Becker, Beth, Dreyfus). 
Schematic introduction of keywords: mathematica! thought; 
mathematica! abstraction; mathematization; structure; 
system; implementation; practicality. 

3.a. Views of practitioners, e.g. 
- J.G. Kemeny: 'The social sciences call upon mathematics' 
- E.P. Wigner: 'The unreasonalble effectiveness of 

mathematics in the natura! sciences' 
- D. v. Dantzig: 'Genera! procedures of empirica! science' 
- more recent authors 

b. Interpretation of 1 and 3.a. in terms of 2.(keywords). 

4. NatbeJBatical tbougbt 
selection from: E.W. Beth, Aristotle, and Descartes 

5. Natheaatical thougbt: power and liaitations 
selection from: o. Becker and H.Dreyfus 

6. Natbematization 
a. Lit. on Galileo; Von Neumann (Morgenstern; Tinbergen; 
Ackoff). 
b. on contemporary examples of mathematica! modelling and 

systems development. 

7. A critique of unreflected (unconcerned, quixotic) 
aatbematization (on Kemeny and Ackoff and other "Turing's 
men") 
Lit.: A. Rapoport: 'Uses and limitations of mathematica! 

models in the social sciences' 
Dreyfus and Dreyfus: Mind over Machine 

8. Iapleaentation:integration of aatbeaatical tbougbt in 
practice (further analysis of keywords of 2; in particular 

on "structure" and "system"; refutation of dualist 
'integration') 

9. On the possible role of aatbeaatical thought: 
- experts and expert systems (lit.: Dreyfus and Dreyfus) 
- decision making and decision support systems 


